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TOPOLOGY OF ANGLE VALUED MAPS, BAR CODES AND
JORDAN BLOCKS.

DAN BURGHELEA AND STEFAN HALLER

ABSTRACT. In this paper one presents a collection of results relating the “bar
codes” and “Jordan blocks”, a new class of invariants for a tame angle valued
map, with the topology of underlying space (and map). As a consequence one
proposes refinements of Betti numbers and Novikov—Betti numbers provided
by a continuous real or angle valued map defined on a compact ANR. These
refinements can be interpreted as monic polynomials of degree the Betti num-
bers or Novikov-Betti numbers. One shows that these polynomials depend
continuously on the real or the angle valued map and satisfy a Poincaré dual-
ity property in case the underlying space is a closed manifold. Our work offers
an alternative perspective on Morse—Novikov theory which can be applied to
a considerably larger class of spaces and maps and provides features inexistent
in classical Morse—Novikov theory.
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In this paper a nice space is a friendlier name for a locally compact ANR. In par-
ticular a metrizable, locally compact, finite dimensional locally contractible space
is mice. Finite dimensional simplicial complexes and finite dimensional topological
manifolds are nice spaces but the class is considerably larger. A tame map is a
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2 DAN BURGHELEA AND STEFAN HALLER

proper continuous map f : X — R or f: X — S!, defined on a nice space X which
satisfies:

(i) each fiber of f is a neighborhood deformation retract,
(ii) away from a discrete set ¥ C R or & C S the restriction of f to X\ f~1(%)
is an Hurewicz fibration, cf. [1].

All proper simplicial maps, and proper smooth generic maps defined on a smooth
manifold !, in particular proper real or angle valued Morse maps, are tame.

The subspace of tame maps is residual in the space of continuous maps when
equipped with the compact open topology and weakly homotopy equivalent to the
space of all continuous maps (equipped with compact open topology)?.

Since our invariants are based on homology we fix once for all a field x and write
H,.(X) for the singular homology of X with coefficients in k. A vector space without
additional specifications will be over the field k.

We consider a tame map, f: X — S!, and as in [1] associate to it:

(i) the critical angles 0 < 61 <y < --- < 0, < 2,
and for any r =0,1,...,dim X,

(ii) four type of intervals of real numbers, subsequently called r-bar codes,
r=0,1,--- whose ends mod 27 are the critical angles
(1) closed a,b],
(2) open (a,b),
(3) closed—open [a,b),
(4) open—closed (a, b],
and

(iii) a collection of Jordan blocks, i.e. isomorphism classes of indecomposable
pairs J = (V,T), V a finite dimensional x-vector space, T a linear isomor-
phism.

We will denote by BE(f), B2(f), BE(f), B2°(f) the collections (multisets) of closed,
open, closed-open and open-closed r-bar codes and by J.(f) the collection of r-
Jordan blocks. Each bar code or Jordan block appears in its collection with a
multiplicity possibly larger than one. For u € x\ 0 we denote by 7, ,(f) the sub
collection {(V,T) € J-(f) | u € spect(T)}.

In the Appendix the reader can see an example. As shown in[1] these invariants
are effectively computable.

In this paper the bar codes will be recorded as the finite configurations of points
in C\ 0, denoted by C,.(f) and C™(f)3respectively, see below.

A pair (V,T) as in (iii) above is indecomposable if not isomorphic to the sum of
two nontrivial pairs. Note that if 7" has A € k as an eigenvalue all other eigenvalues

Ihere ” generic” means that for any « € M the quotient algebra of germs of smooth functions
at x by the ideal of partial derivatives is a finite dimensional vector space

2we are unable to locate a reference in literature for this statement, however in case that the
space X is homeomorphic to a finite simplicial complex, it is a straightforward consequence of the
approximability of continuous maps by pl-maps

actually C™(f) is a configuration of points in C \ {S* L0}
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are equal to A and (V,T) is isomorphic to (k*,T'(\, k)) where

A1 0 - 0
0o x 1 :
TNE)=10 o . . 0 (1)
. S |
o -~ 0 0 A

In [1] the indecomposable pairs (k*, T'(\, k)) were called Jordan cells. When
is algebraically closed all Jordan blocks are Jordan cells.

Fach tame map with X compact has finitely many bar codes and Jordan blocks.

These type of invariants, are based on changes in the homology of the fibers and
have been introduced in [4] and [1] using graph representations (in [4] only for real
valued maps).

Let £, € H 1(X;Z) be the integral cohomology class represented by f. The first
result we prove in this paper is:

Theorem 1.1 (Homotopy invariance). If f: X — S! is a tame map then:

(1) 8BS(f) + 8B2_1(f) is a homotopy invariant of the pair (X,&s), more precisely
equal to the Novikov—Betti number BN (X,&y) (see the definition in Section 4).

(2) The collection J,(f) is a homotopy invariant of the pair (X,&f). More pre-
cisely, @ ;e 7 (V(J),T(J)) is the monodromy of (X;&s) (see the definition in
Section 4).

(8) 8B(f) +8B2_1 (f) + 8T 1 (f) + 8Tr—1,1(f) is a homotopy invariant of X, more
precisely the Betti number (3,.(X).

Here f denotes cardinality of multi set. Item (3) has been already established
in [1] and is included in Theorem 1.1 only for the completeness of the topological
information derived from bar codes and Jordan blocks.

In view of Theorem 1.1 it is natural to put together BS(f) and B°_,(f). For
this purpose consider T = C/Z and At = A/Z where the Z-action on C is given
by (n,z) = z+ (2rn + i27n) and A = {z = a+ib | a = b}. We will record
the collections BE(f) U B2_,(f) as a finite configuration of points in T, denoted
by C,(f), and the collection BE°(f) U B2°(f) as a finite configuration of points in
T\ A7, denoted by C™(f). Precisely in the first case a closed r-bar code [a, b] will
be written as the complex number z = a + ib mod the action of Z and an open
(r — 1)-bar code (a,3) as the complex number z = § + ia mod the action of Z.
Similarly, in the second case, a closed-open r-bar code [a,b) will be written as the
complex number z = a + ib mod the action of Z and an open-closed r-bar code
(o, 8] as the complex number z = § + o mod the action of Z.

In Section 4 we will provide a direct definition of the configuration C,(f) of
which we derive the r—closed and (r — 1)—open bar codes of f and in Section 7
we will do the same for the configuration C]"*(f). The direct definition of CJ"(f) is
essentially a reformulation of the definition of persistence diagrams used in [5] but
the one for C,.(f) is not closed to anything considered so far. It should be noticed
that the configuration C,(f) makes sense for any continuous map and implicitly
the close and open bar codes can be defined for any such map.
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In view of Theorem 1.1 if f is in the homotopy class defined by ¢ € H'(X;Z) then
the configuration C,(f) has the support of cardinality? exactly 3N (X; &), see below,
and can be regarded as a point in the n-fold symmetric product S™(T),n = BV (X, €)
of T. Note also that T can be identified to C\0 via the map z — €¥*~ 72 Therefore
each C,.(f), and in fact any element of S™(T), can be regarded as a monic polynomial
Pf(2) of degree n with non-vanishing free coefficient, hence S™(T) identifies to
C"~1 x (C\ 0). We equip S"(T) with the topology of the symmetric product or
equivalently with the topology of C"~! x (C\ 0).

Let C(X,S!) denote the space of all continuous maps equipped with the compact
open topology and let C¢(X,S!) be the connected component corresponding to &.
Let Ce (X, S!) be the subspace of tame maps in C¢(X,S'). Our next result and in
some sense the least expected is the following theorem.

Theorem 1.2 (Stability). The assignment C¢ (X,S') 5 f ~ C.(f) € S™(T),
n = BN(X,€), is continuous. Moreover, if X is homeomorphic to a simplicial
complex, it extends to a continuous assignment Ce(X,S') > f ~ C.(f) € S™(T).

The configuration C,.(f), equivalently the polynomial P/ (z), can be viewed as a
refinement of the r-Novikov—Betti number. The Poincaré duality for closed mani-
folds extends from Novikov—Betti numbers to these refinements and we have:

Theorem 1.3 (Poincaré duality). If M" is a closed k-orientable® topological mani-
fold with f: M — S a tame map then C,.(f)(2) = Cn_.(f)(z71) where St is viewed
as the set of complex numbers of absolute value equal to 1, f: X — S' C C denotes
the composition of f with the complex conjugation and C,.(f) and Cp_, are viewed
as configurations of points in C\ 0.

The proofs of Theorems 1.2 and 1.3 we provide use an alternative definition
of the configuration C,.(f). More precisely, one defines the function §f on T with
values in Z>g, one checks that it is equal to the configuration C,(f) and one verifies
Theorems 1.2 and 1.3 for 6/ instead of C..(f).

Similarly, the Jordan blocks introduced in [1] via graph representations, can
be recovered in a different manner, more precisely, as the regular part of a linear
relation, as stated in Theorem 1.4 below.

Recall that a linear relation R: V ~» V. concept generalizing linear map, dis-
cussed in more details in Section 8, has a canonical linear isomorphism Rreg: Vieg —
Vieg associated with it, cf. Section 8. We continue to write R, for the pair
(Vieg Brce). )

Given a tame map f: X — S! the infinite cyclic covering f: X — R is defined
by the pullback diagram

R
Sil.

7
.
f
s

SIS,

4the cardinality of the support of a configuration is the sum of the multiplicities of its points
5If k has characteristic 2 any manifold is k-orientable if not the manifold should be orientable.
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For any 6 € S* regular angle, one obtains a linear relation R? by passing to homology
in the diagram

F7HO) = T7H0) = JH(18,6 +2n)) > f (O +2m) = [H(0).

Here the real number § € R corresponds to the angle . We have the following
theorem.

Theorem 1.4. If f is a tame map then for any angle 6, and any r, nonegative
integer, the pair (RY),eqg is isomorphic to @JZ(VT)EJT(]C)(V, 7).

Finally we note that the collection BS°(f) can be identified to the collection of
persistence intervals considered in [12] or [5] for the map f : X — R, made equiv-
alent modulo 27—translation. Similarly the collection B2¢(f), after changing (a, b]
into [—b, —a) can be identified to the collection of persistence intervals of —f. The
stability result of [5] can be reformulated as a stability result for the configuration
C(f). The configurations C!™( f)s do not have the supports of constant cardinality
when f varies in a fixed homotopy class. To give meaning to ”stability” the set
of finite configurations of points in T \ At has to be equipped with the topology
induced from the bottle neck metric introduced by the authors of [5]. This metric
can make arbitrary ”close” configurations with supports of different cardinality,
provided the difference is caused by points close to At. A statement of the result
in [5] (in a slightly weaker form), in terms of the configuration C™(f) is provided
in Section 7, see Theorem 7.1. In this case one can not extend the assignment
[~ C™(f) continuously to the entire space C¢(X;S?).

Poincaré duality holds for the configuration C*(f) but in analogy with the
Poincaré duality for the torsion of the integral homology for closed orientable man-
ifolds. Precisely we have the following result.

Theorem 1.5. (Poincaré Duality) If M™ is a closed k-orientable topological man-
ifold and f: M — S* a tame map then C™(f)([a,b]) = C™ 1 _, (= f)([—a, —b]) with
[a,b] denotes the image of (a,b) in T.

When f is real valued C,.(f) and C*(f) can be considered as a finite configura-
tion of points in R? without passing to T. The cardinality of the support of C,.(f)
is the standard Betti number (,(X), the Poincaré dualities become C..(f)(a,b) =
Cn—r(—f)(—=a,—b) and C*(f)(a,b) = Cr—1_r(—f)(—a,—b) and there are no Jor-
dan blocks. These configurations can be recovered from the information derived
via zigzag persistence proposed in [4].

We like to regard the elements (i), (ii), (iii) associated to a tame angle valued map
f: X — S'in analogy to the rest points, the isolated trajectories between rest points
and the closed trajectories (actually Poincaré return maps for closed trajectories)
of grad, f when (M, g) is a closed Riemannian manifold and f: M — S! a Morse
map. These are the elements which enter the classical Morse-Novikov theory.

The generality of the class of spaces and maps which our theory can handle,
the finiteness of the number of the elements (i), (ii) and (iii), the computability (by
implementable algorithms) at least for X simplicial complex and f simplicial map),
cf. [1], end especially the robustness of C,.(f) to small perturbations of f, make this
theory “computer friendly” and hopefully of some relevance outside mathematics.

The paper contains in addition to the present section, which summarizes the
results, seven more sections and one appendix. In Section 2 we review and prove
simple results about graph representations of the two relevant graphs for this paper,
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Gom and Z. In Sections 3 and 4 we provide the background and intermediate
results for the proof of Theorem 1.1 and the verification that 6/ and C,.(f) are
equal. We also prove Theorem 1.1. In Section 5 we define the function §f and
prove Theorem 1.2. In Sections 6 and 7 we discuss the Poincaré duality for the
configurations C,.(f) and C}"(f) and establish Theorems 1.3 and 1.5. In Section 8
we discuss some linear algebra of linear relations and prove Theorem 1.4. The
appendix provides an example of tame map and describes its bar codes and Jordan
cells. The example is taken from [1].

The algebraic topology-minded reader can easily realize that the collection of bar
codes described in this paper can be derived from the Leray spectral sequence of
the map f : X — S! whose Fy— term is the homology of S with coefficients in the
constructible sheaf defined by the homology of f~1(U), U C S*. The interpretation
of the stability results (Theorems 1.2 and 7.1) in terms of such spectral sequence is
an interesting problem.

Prior work: The approach of relating the topology of a space to the homological
behavior of the levels of a real or angle valued map expands the ideas of “persistence
theory” introduced in [12]. It also owes to the apparently forgotten efforts and ideas
of R. Deheuvels to extend Morse theory to all continuous functions (fonctionelles)
cf. [8], ideas which preceded persistence theory. The stability phenomena for bar
codes in classical persistence theory was first established in [5]. The first use of
graph representations in connection with persistence appears first in [4] under the
name of zigzag persistence. The definition of bar codes and of Jordan cells for
St-valued tame maps was first provided in [1] based on graph representations.

2. GRAPH REPRESENTATIONS

Let k be a fixed field and I' an oriented graph, possibly with infinitely many
vertices. A I'-representation p is an assignment which to each vertex x of I" assigns
a finite dimensional vector space V, and to each oriented arrow from the vertex x
to the vertex y a linear map V, — V,,. The concepts of morphism, isomorphism=
equivalence, sum, direct summand, zero and nontrivial representations are obvious.

If po, @ € A, is a family of I'— representations with the property that for any x
all but finitely vector spaces V,* are zero dimensional, then one considers ) . 4 pa
the I'—representation whose vector space for the vertex x is the direct sum @,V
and for each oriented arrow the linear map is the direct sum ©,V;* — @V =
D, (Ve — V).

The I'-representation p is called:

regular, if all the linear maps are isomorphisms,
with finite support, if V; = 0 for all but finitely many vertices and
indecomposable, if not the sum of two nontrivial representations.

In this paper the oriented graph I'" of primary concern will be Gsa,, and for
technical reasons we will need the infinite oriented graph Z. The graph I' = Ga,,
has vertices x1, xa, ..., oy and arrows a;: xo;—1 — x2;, 1 < i < m, and b;: x9;41 —
To;, 1 <1 <m—1and b,,: xt1 — Tomy. The graph I' = Z has vertices x;, i € Z,
and arrows a;: xo;—1 — X2; and b;: x9;41 — To;.
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Both G, and Z—representations p will be recorded as
p=AVe, a;: Vi1 — Vay, B Vi1 — Vai}

in the first case with 1 <r < 2m,1 <14 < m, with the convention that V,,+1 = V7,
in the second case with r,7 € Z.

Any regular Gap,-representation p = {V,., a;, f; }, not necessary indecomposable,
is equivalent = isomorphic to the representation

p(V\T)={V/ =V,ay =T,c, =1d i # 1, B, = Id}

with T = Bt -anl - By ay

The Z-—representations we consider are either with finite support or periodic.
The representation is periodic if for some integer N, V. = V,yon, i = N, Bi =
Bi+n - Both type of Z—representations, periodic and with finite support, as well as a

finite direct sum of of such representations will be referred to as good Z—representations.

2.1. The indecomposable G5, and good Z—representations.
The indecomposable Gs,, — representations are of two types, (cf. [1]).

Type I (bar codes): They are indexed by the four types of intervals I with integer
valued ends r and s, r < s, 1 < r < m, namely [r, s] with r < s, and (r, s), [r, 5), (7, ]
with r < s,

They are denoted by p!({r,s}) with ”{” notation for either ”[* or ”(” and ”}”
for either ”]” or”)” and described as follows.

Suppose the vertices x1, T2, - Tom_1, Tom are located counter-clockwise on the
unit circle say at the the angles 0 < t1 < 01 <to <0y < -+ < tp, < 0y, <27 with
the t; angle corresponding to an odd vertices and the #; to an even vertices.

To describe the representation p({i,j + mk}), 1 < i,j < m, draw the coun-
terclockwise spiral curve from a = ¢; to b = 6; 4+ 2wk with the ends a black or an
empty circle if the end is closed or open. Black circle indicates that the end is on
our spiral empty circle that the end is not.

Let V; be the vector space generated by the intersection points of the spiral with
the radius corresponding to the vertex x; and let «; and (; be defined on bases
as follows: a generator e of Va4 is sent to the generator ¢’ of V5; if connected by
a piece of spiral and to 0 otherwise. The spiral in Figure 1 below corresponds to
k=2.

Type II (Jordan blocks/cells): They are indexed by Jordan blocks J = (V,T)
and denoted by p!!(J). Recall that a Jordan block is an isomorphism class of
indecomposable pairs (V,T), V a vector space T': V' — V an isomorphism. The
representation p!(.J) has all vector spaces equal to V, oy =T and 31 = a; = f3; =
Id for 2 <i<m.

One refers to both the interval {r, s} and the representation p!({r, s}) as bar code
and to the indecomposable pair J and the representation p’f(J) as Jordan block.
One denotes by B(p) the collection of all bar codes (with proper multiplicity when
appear multiple times as independent summands) and by B¢(p), B°(p), B%°(p) and
B°¢(p) the sub collections of barcodes with both ends closed, open, the left closed
right open and left open right closed. One denotes by J(p) the collection of all
Jordan blocks (with proper multiplicity when appear multiple times as independent
summands).
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FIGURE 1. The spiral for [i, j + 2m).

For A € k\ 0 one denotes by Jx(p) the collection of Jordan blocks J = (V,T)
with T having A as an eigenvalue, hence of the form (x*,T'(\, k)).
By Remak-Schmidt theorem any G, —representation p can be decomposed as

p= @ p'(I)® @ P (J). (2)

I1€B(p) JeT(p)

The indecomposable factors and their multiplicity are unique. The above descrip-
tion is implicit in [13] and [10].

The indecomposable Z—representations with finite support are all bar codes in-
dexed by four type of intervals I with ends i and j, [¢, j] with ¢ < j, or [i, 5), (4, 4], (4, §)
with ¢ < j and denoted by p(I). The only periodic indecomposable representation
is denoted by pso. The representation denoted by p(I) has all vector spaces either
= r or 0 and the linear maps o, 3; equal to the identity if both the source and the
target are nontrivial and zero otherwise. Precisely,

(i) p([4,4]),i < j has V, =k for r = {2i,2i + 1,--- 25} and V, = 0 otherwise,
(i) p([¢,5)),t < j has V. = K for r = {2§,20 +2,---2j — 1} and V, = 0

otherwise,

(ii) p((4,4]),4 < j has V,, = k for r = {20 + 1,20 +2,---25} and V, = 0
otherwise,

(iv) p((i,4)),s < jhas V, =k for r = {20 +1,2i+2,---2j — 1} and V;, = 0
otherwise.

Both the labeling interval I and the representation p(I) will be referred to as bar
codes.

The indecomposable representation p.., has all vector spaces V, = x and all
linear maps o; = 3; = Id.

One denotes by B(p) the collection of all bar codes (with multiplicity) with B¢(p),
B°(p), B (p) and B°¢(p) the sub collections of closed, open, closed-open and open-
closed bar codes and by J(p) the collection of all copies of po, which can appear
as independent direct summands in p.
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The Remak-Schmidt decomposition for representations with finite support ex-
tends to all good Z—representations. Precisely, any such representation p is a sum
(in the sense described above) of possibly infinitely many indecomposables either
with finite support or isomorphic to peo,

p= @ P(I)@@pom 3)

IeB(p)

with indecomposable factors and their multiplicity unique up to isomorphism. Here
@D,, poc denotes the sum of n copies of pos. Each indecomposable p(I) or p, appears
with finite multiplicity.

The statements about G5, —representations or good Z—representations formu-
lated in this paper will be verified first for the indecomposable representations
described above and if hold true, in view of the Remak—Schmidt decomposition
theorem, concluded for arbitrary representations.

2.2. Two basic constructions.

The infinite cyclic covering of a Ga,,—representation p = {VT,az,b 1 <r <
2m,1 < i < m} is the periodic Z—representation p := {V,,a;, b;,r,i € Z} de-
fined by ‘/;=+2mk = Vi, Giplom = azaszrkm = b;. When applied to indecomposable
pl(I) or p'*(J) one obtains :

77>=69p<1+mk>

kEZ
@poo,n— Z dimV,J = (V,T).
JeJ (p)
where I + a, a € Z denotes translate of the interval I, with a units.
The truncation T}, ; of a Z—representation is defined for any pair of integers k, [, k <
[ and of a G4, —representation for a any pair of integers k,[,1 < k <1 < m.
If p={V;, i, Bi} and Ty (p) = {V//, o, Bj} then
Ve 2k<r<2]
0 otherwise

v/ =

T

;) E+1<r<li
~ 10 otherwise

0 otherwise.

ﬂ,:{ﬁr E<r<l—1

More precisely for the indecomposable Z—representations one obtains

T 1(poo) =p([k,1])
T 1 (p(1)) =p(I N [k, 1])

and for the indecomposable G5, —representations one obtains
Tra(p I({i l}) =p' ({i,1} N [k, 1))
Tii(p @p ([, 1)), n = dim V. (7)



10 DAN BURGHELEA AND STEFAN HALLER

Given a Gg,, —representation p we write:

J (p) for the collection which contains with any Jordan block J € J(p), a number
of n(J) = dim(V') copies of J = (V,T') and ) S
B (p):={l+2nk|Ie€B"(p),kecZ} with B any of B, 5°,8°, 5, B°°.
With the above notation one has :
Observation 2.1.

1.If p is a Gay—representation then
B(5) =B (o)
J(p) =T (p).
2. If p is a good Z or a Ga,,—representation then
B(Tix(p)) ={I € B(p),I N [k,1] # 0 and closed} LI 7 (p),
BY(Tux(p)) ={1 € B(p).T C [k, 1]}

2.3. The matrix M(p) and the representation p,.
For a Gy, —representation p = {V,,a;,5:;} 1 < r < 2m,1 < i < m, the linear
map M(p) : @1§¢§m Vaio1 — @1§i§m Vs, is defined by the block matrix

[e%] —B1 0 0
0 (6) —52 0
0 PN @ oo | _ﬂm—l
—Bm e e QA

and the Ga,,—representation p, = {V, af, 5} by
V! =V, o] =uag, of =a; for i #1 and g, = ;.

For a Z—representation p = {V,., a;, 3;} the linear map M(p) : @, ., Vai_1 —

®i€Z V5;, is defined by the infinite block matrix with entries

€L

ap, if s=r
M(p)ar—1.2s = Or_1,if s=r—1
0 otherwise .

Denote by:
(i) dim(p) : I' = Z>¢ with dim(p)(z,) = dim 'V,
(ii) dker(p) := dimker M (p) and
(iii) dcoker(p) := dim coker M (p).

As noticed in [1]

Observation 2.2.

(i) dim(p,) = dim(p),
(i) (p1 © p2)u = (P1)u D (P2)u;
(m) pHO‘a k)u = pH(U)" k)’

(iv) p'({i, 5} k) = p'({i, 5} ),

(v) dim(py @ p2) = dim(p1) + dim(p2),
(vi) dker(p; ® p2) = dker(p1) + dker(p2),
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(vii) dcoker(py @ p2) = dcoker(py) + dcoker(ps).

and one has
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Proposition 2.3.
1. For indecomposable Gg,, —representations of type I
(i) dker p'([i,j]) = 0, d coker p' ([i, j]) = 1,
(ii) dker p’([i,)) = 0, dcoker p!([i,5)) =0,
(iii) dker p'((i,4]) = 0, dcoker p’((i,j]) =0,
(iv) dker p!((i,5)) = 1, dcoker p!((i,5)) =0
and for indecomposable Z—representations with finite support
(i) dier p(ji, j]) = 0, deoker p([i, j]) = 1,
(ii) dker p([i,j)) =0, dcoker p([i, 7)) = 0,
(111) dker p((i,j]) =0, dcoker p((i,5]) =0,
(iv) dker p((i,7)) =1, dcoker p((4,5)) = 0.
2. For indecomposable Ga,,—representations of type 11
(i) dker p't(J) =0 if J # (¥, T(1,k)); dker p! 1 (k*,T(1,k)) =1
(ii) dcoker pT1(J) =0 if J # (x*,T(1,k)); dcoker p! (k¥ T(1,k)) =1
and for the representation ps
(i) dker(pss) =0 dcoker(ps) = 1.

To check Proposition 2.3 one notices that the calculation of the kernel of M (p)
boils down to the description of the space of solutions of the linear system

a1(v1) =P1(vs)
aa(vs) =Pa2(vs)

(679 (IUme 1) :5m (UI)

which in the case of indecomposable are easy to do.

Proposition 2.3 can be refined. For each indecomposable consider the concrete
description presented above and specify a nonzero vector in ker M (p) or coker(M (p)
when the case. For example for Jordan blocks such choice is needed only for the
Jordan cells of form (1,%) since the kernels and cokernels are otherwise zero di-
mensional. This additional specification will be regarded as part of the concrete
realization of the indecomposable representation and referred to as the model for
the indecomposable.

Recall that for a set S one denotes by k[S] the vector space generated by S,
equivalently the vector space of k—valued maps on S with finite support.

Proposition 2.4. 1. Let p be a G, —representation equipped with a decomposition
p = Dresp oI @ D p'I(J). The decomposition induces the canonical
isomorphisms
W RB(p) U T (p)(1)] — coker M(p)
W K[B(p) U T (p)(1)] — ker M(p).
compatible with truncations.
2. Let p be a good Z—representation equipped with a decomposition
p= @IeB(p) p(I) ® @, poo, n =1J(p). The decomposition induces the canonical
isomorphisms
W K[B(p) U T (p)] — coker M(p)
U k[B°(p)] — ker M(p).
compatible with truncations.
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The construction of ¥¢ and W? is tautological for the model of indecomposables
as presented above. For an arbitrary representation the decomposition permits to
assemble the tautological ¥“’s and ¥°’s into isomorphisms as stated. Note that a
specified decomposition of p provides, in view of Observation 2.1, a decomposition
of 5 and of the truncations Ty ;(p) and Ty ;(p).

Let us explain in more details what ”compatible with the truncations” means.
The inclusions of sets {i | k <i <} C{i | K <i <V} CZfori <l >1,
induce the commutative diagram

Pr<i<iVoi—1 — P<i<iVoi—1 — ®; Va1 (8)
lk[(Tk,l(P)) iM(Tk/,l/(/J)) lM((P)

Pr<i<iVoi —— P <i<ir Voy ——— P Vo,

and then the linear maps

ker M (T 1(p)) —> ker M(Ti v (p)) “— ker M (p) (9)

and
!

coker M (Ty..1(p)) — 7, coker M (T 1 (p)) 7, coker M(p). (10)

The linear maps ¢ and ¢’ are injective since by Observation 2.1 (2.) we have the
inclusions B(Tx,(p))° € B(Tw . (p))° C B(p)° C B(p)° U J(1), which make the
linear maps

KB (T 1(p))] —— &[B°(Thr 11 (p))] — £[B*(p) U T (1)] (11)

injective.
We also have the linear maps

KB (Th1(p)) U T ()] —— &[B(Ti 1 (p)) W T (V)] —=k[B(p) uT(1)]  (12)
which are not necessary injective, defined as follows. As the elements of B(T}:(p))
are elements of B(p), the linear maps in the sequence (12) send a bar code I €
B¢(Ty,1(p)) to itself if it belongs to the next set and to zero otherwise and any ele-

ment of 7 (1) to itself. The compatibility with truncation means the commutativity
of the diagrams.

ker M (T} 1(p)) —i>kerM(Tkr7l/(p)) z'/4>kerM(p) (13)

T T |

KB (Tk.1(p)] —— &[B°(Th 1 (p))] —— &[B°(p) U T (1)

with the vertical arrows ¥°s and
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’

coker M (Ty1(p)) — 9 coker M(Ty 1 (p)) 7, coker M(p)

! ! |

KB (Thi(p)) U T (V)] —— &[B(Th 1 (p)) U T (1)] —— &[B(p) LT (1).
(14)
with vertical arrows Wes.
We finish this section with an observation about the Z—representations p when
p is a Gap—representation. The shift of indices » — r + 2k for vector spaces and
i — i + k for linear maps induces the linear endomorphism 7, on the kernel and
cokernel of the associated matrices M (p). We will need the compositions

()~ 7. U k[B(p)] — K[B(p)]
and
()™ W w[BY(p) U T (p)] — w[B(p) U T (p)]
to provide a [T~ T]—module structure (multiplication by T') on ker M(p) and
coker M(p).

It suffices to describe these compositions separately, for Go,—representations p
with J(p) = 0 and with B(p) = 0. In the second case p is regular, hence isomorphic
with the representation {V;, =V, =T, 1 =0, =0, =Id,i > 2} withT:V =V
isomorphism.

Observation 2.5. 1. If p is a Gar—representation with J(p) = 0 then the com-
positions above are induced by the map on bar codes which sends the interval {r, s}
into the interval {r + k,l + k}.

2. If p is a Gop—representation with B(p) = () then B°(p) = B°(p) = 0 and the
pair (V,T) is isomorphic to (k[T (p)], (W)=t 7 - WE ).

Recall that §7(p) = >_(v.ryez(, dim V.

3. BAR CODES AND JORDAN BLOCKS VIA GRAPH REPRESENTATIONS

Let f: X — S! be a tame map and 0 < 0; < 0y < ---8,, < 27 be the critical
angles (the angles of the set ¥ in the definition of tameness). Choose the regular
values t1 < to,--- < t,, with 6;_1 < t; < 6; and 0 < t; < 1. In order to differentiate
between regular and singular fibers we write R; := f~1(¢;) and X; := f=1(6;).

The tameness of f induces the maps a; : R; — X; for1 <i<m, b;: Ri11 — X1
for i <m —1 and b, : Ry — X,, which are unique up to homotopy; this means
that different choices of the regular values, say t; instead of ¢;, lead to homotopy
equivalences w; : R; — R} s.t. a} - w; is homotopic to a; and b - w; is homotopic to
b;. Indeed the fiber R; identifies up to homotopy to regular fiber f~1(¢) and f~1(#')
with ¢ a regular value closed enough to 6; and ¢ a regular value closed enough to
0!_, to insure that f~1(¢) resp. f~1(¢') is contained in an open set which retracts
to X; resp. X;_1. The maps a; or b;_1 are the composition of such identifications
with these retractions to X; resp. X;_1. We leave the reader to do the tedious
verification that the homotopy classes of a; and b;_; are independent of the choices
made. Passing to r—homology one obtains the Gs,,—representation p, = p.(f)
whose vector spaces are Vo, = H,.(X,) and Vas_1 = H,(Rs) and linear maps «;
and (; are induced by the continuous maps a; and b;.
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The representation p,.(f) has bar codes whose ends are 7,5 + km, 1 < i,j < m.
Denote by B,-(f), the collections of intervals defined by the bar codes of p,(f) with
ends ¢ and j + km replaced by 6; and 6; + 27k. Denote by J,(f) the collection of
Jordan blocks of the representation p,.(f).

One can think to these bar codes in a way more consistent with points in the
space T. If f : X — R is the infinite cyclic covering of f then the real numbers
0; 4 27k are the critical values and t; + 27k are regular values (between consecutive
critical values) and the tameness of f gives the maps a;yxm : th+1+2,rk — X@ +ork
and b;ygm : Xt tork — X@ +ork- By passing to homology in dimension r one
obtains a good Z—representation p,.( f ) which is exactly the infinite cyclic covering

pr(f). The collections B,.(f), BE(f), B2(f), BE(f), B(f) are invariants w.r to the
27 translation and the collections B,.(f), BS(f) B2(f) BEo(f) B2°(f) can be viewed
as equivalence (= modulo the 27 translation) classes of elements of BS(f), B2(f),
B (f), B(f).

Given ¢ € H'(X;Z) and u € £\ 0, the pair (£, u) denotes the rank one represen-
tation Hy(X;Z) — Z — k\ 0, where the first arrow is given by & and the second
by the homomorphism < v >: Z — &\ 0 defined by < u > (n) = u™. One denotes
by H,(X; (£, w)) the homology of X with coefficients in the local system defined by
the representation (§,w), which for u = 1 satisfies H,(X; (¢, 1)) = Hy(X). When
restricted to R; and X; the local system is the constant one with fiber £ so by
passing to homology the G5, —representation obtained will have the same vector
spaces for all u's but not necessary the same o/s and S/s. The Ga,,—representation
obtained will be isomorphic to (p.(f)).. More general for X, o,) = f~'([01,02])
with 6 — 0 < 27, the restriction of the local system considered above is isomorphic
to the constant local system with fiber x and the inclusion Xjg, 4, C X induces the
homomorphism

H,. (X0, ,0,) — Hy(X; (& u)).

1. The relevant exact sequences. (cf. [1]). The tool which permits the
calculation of the homology of X, X and various pieces of these spaces is provided
by Proposition 3.1 below.

Observe that for §; < 0; critical angles of f and fjg, 4,1 denoting the restriction
of fto X, 9,) = J71[6:,6;] one has

pr(fi6:,0,1) = Tij (pr (£))-
Similarly, for ¢; < ¢; critical values of f and f[cl ¢;] denoting the restriction f to
X[ci,cj-] = f~Yei, ¢j] one has

pr(f[cqz,c]']) = Ti,j (ﬁr(f))

Proposition 3.1. Let f : X — S! a_tame map, f . X — R its infinite cyclic
covering. Let p, = p.(f) and p, = p.(f) = pr(f) be the representations associated
with f and f. One has the following short exact sequences:

0 — coker M ((pr)u) — Hr(X;(&f,u)) — ker M((pr—1)u) — 0, (15)
which for w =1 becomes
0 — coker M (p,) — H.(X) — ker M(p,_1) — 0, (16)

and
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0 — coker M (p,) — H.(X) — ker M(p,_1) — 0. (17)

The sequences are compatible with the truncations with respect to the pairs of critical
angles (0;,0;) and (0;7,60;), 0 < 6; <0y < 650 < 0; <21 resp. the pairs of critical
values (c;, ¢j) and (¢;r,¢cjr) with ¢; < ¢y < c¢j < c¢;j.

In the case of Ga,, — representation p,.(f) ” compatibility with truncation” means
the commutativity of the diagram (18)

0 — coker M (T j/(pr)) — Hr(Xp,,0,,1) — " ker M(Ty jo(pr-1)) —=0

S

3

0 — coker M(T; j(p,)) —— H, (X[, 0,1) —> ker M(T; ;(pr—1)) — 0

’ ’
\Lvl lvl lvr

0 —— coker M((p,)..) —— H(X: (€7,u)) —— ker M((p, 1)) —— 0

(18)

and in the case of the Z—representation p, the commutativity of the diagram
(19)

0 —— coker M(Ty js (p,)) —= Hy(Xe, c,,) —> ker M(Tys js(pr—1)) —> 0

0 ——> coker M(T; () ——> Hy(Xj¢, 0;) — ket M(T: ;(pr-1)) — 0

! ’
lvl lv’ \L’ur

0 —— coker M (p,) H,(X) ————=ker M(p,_1)

0.

. (19)

To establish these diagrams denote by R := Lhi<i<mPRi, R = UiegRi, X =
I—llﬁiSmXi and .)E = Uiezxi.

The short exact sequences (15) and (16) follow from the long exact sequence

(20)
with H,.(R) = @1§igm H.(R;) and H.(X) = @1§z‘§m H.(X;) (16 for u = 1)
and the short exact sequence (17) from the long exact sequence

Mpr), H,(%) — H.(X) — H,_1(R) Mpr—1), Hy (X)) — -

(21)
Since both long exact sequences (20) and (21) are derived in the same way we will
work only on (20) and for simplicity only for v = 1.

Hy 1(X) > .
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First choose an ¢ > 0 small enough so that 2¢ < ¢; and 6,1 + 2¢ < t; <
0; — 2¢. To simplify the writing, since ¢ < m, introduce 6,,+1 = 61 + 27 and define
F ([0 £ €01 €)= F ([0 L€ 01+ 27 +€]).

Define

(i) P = UicicmS ' ([6s,0i11 — €))
(i) P" =Ui<i<mf (0 + € 0i41])
and observe that in view of the choice of € and the tameness of f the inclusions
XCP,XCP and X UR C P'NP" are homotopy equivalences.
The Mayer Vietoris long exact sequence for X = P’ U P” gives the diagram

H,.(R) M(pr(f)) H,(X)

/me (Id,—Id) \
D1 ("=

—— Ho 1 (T) = Ho(R) © Ho(X) —> Hy(X) © H (X) > H(T) ——
Id

-
(

H,

A

X) —————— H.(X)

(22)
where A denotes the diagonal, ins the inclusion on the second component, pry the
projection on the first component, " the linear map induced in homology by the
inclusion X C 7.

The matrix M (p,(f)) is defined by

of =BT 0 0

0 oy —f% :

: . 0

0 0 O‘:n—l - :n—l
—Br 0 0 ar,

with of : H.(R;) — H.(X;) and 87 : H.(Ri+1) — H,(X;) induced by the maps a;
and b; and the block matrix IV defined by

o Id
A" Id

where " and 3" are the matrices

o 0 0 B0 0
0 af . . 0 0 ﬁg
2 ' ) and . S 0
Lo 0 : : ) )
0 0 ... 0 g,
0 0 0 amy B0 ... 0 0 '

The long exact sequence (20) is the top sequence in the diagram (22).
By carefully following the above construction one verifies the commutativity of
the diagrams. q.e.d.
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4. PROOF OF THEOREM 1.1.

_ Consider the pair (X,¢ € HY(X;Z)) with X a compact ANR and denote by
X — X the infinite cyclic covering associated to §. Recall from Section 1 that for
& = & the covering X — X is the pull back by f of the universal covering R — S'

X—R

|,

X ——sh

The vector space H, (X ) is actually a [T !, T]-module ¢ where the multiplication
by T is the linear isomorphism induced by the deck transformation 7: X — X.
Let s[T~!,T]] be the field of Laurent power series and define

HY(X;€) = H,(X) @17 [T, T]).

The &[T, T)]-vector spaces HY (X;¢) is called the r—th Novikov homology” and
its dimension over the field [T, T7]], the Novikov—Betti number BN (X;&).

Consider H,(X) — HN(X;¢) the x[T~', T]-linear map induced by taking the
tensor product with [T, T]] over x[T~1,T]. The [T, T]— module V (£),
V(€) == ker(H,(X) — HN(X;¢)),
when regarded as a k—vector space equipped with the linear isomorphism T'(£)
provided by the multiplication by T is referred to as the r—monodromy of (X, ). As

a k[T, T]—module V;.(§) is exactly the torsion of the x[T~!, T]—module H,(X).
Since X is a compact ANR all numbers dim H,.(X), 3, dim V (£) are finite.

A nonempty subset K of S* or R, will be called a closed multi-interval if it is a
finite union of disjoint closed intervals [0, 6] with 0 < 6; < 6 < 27 in the case
of S, and [a,b] with a < b or (—00,a] or [b,00) in the case of R. One denotes by
Xg = f"YK)if K ¢ S' and by Xg = f~1(K) if K C R.

In case K C S! one considers

(i) By (f) ={I € BL(f) [ INK # 0}
(il) By k(f) ={1 e B4 (f) [ I C K}
and for u € x \ 0 the sets:
(i) Syl ) = B (F)UBL, 1o (F) U Tralf)
(iv) Sr,u(f) = Bi(f)uBr_ i (f)u jr,u(f) U jrfl,u(f)'

In case K C R one considers

(i) By k() ={I € B:(f) [ INK # 0}

(ii) 3371,1((]() ={I B2 ,(f)|IC K} and the sets:
(i) Sr i (f) = Bec (£) UL, 1o (H) LT (f)
(iv) Sp(f) = Bi(f) U By, (f) U T (f)-

6H[T*1, T] denotes the ring of Laurent polynomials with coefficients in

Tinstead of x[T~1,T]] one can consider the field x[[T~!,T] of Laurent power series in 71,
which is isomorphic to &[T~1,T]] by an isomorphism induced by T — T~!'. The (Novikov)
homology defined using this field has the same Novikov—Betti numbers as the the one defined
using x[T 1, T]].
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These sets have the following properties:

(i) If K1, Ky, K are closed multi-intervals in S' or R with K3 N Ky = () and
K = K1 U K5 then Sr,K,u =S¢ Ki,uU Sr,Kz,u and gr,K = Sr,Kl U ST’[Q
(ii) If Ky, Ky, K are closed multi-intervals in S* or R with K; N K3 = K then
Sr,K,u = Sr,Kl,u N Sr,Kg,u and Sr,K = Sr,Kl N Sr,Kga
(ili) If Ky, Ky closed multi-intervals with Ky C Ky then S, x, o € Sy K, and
ST,Kl - Sr,Kg-

For K a multi-interval in S' or R denote by:
L.(f; K, u) := img(H,(Xg) — Hr(X;(§ u))), and

]Ir(fi K):= img(Hr(XK) - HT(X))
With the notations and definitions above we have the following result which

calculates the homologies of X and X.

Proposition 4.1. Let f : X — S! be a tame map and suppose that for each r a
decomposition of the representation p,(f) as a sum of bar code representations and
Jordan block representations is given. Let u € &k \ 0.

1. One can provide the isomorphism

W K[Sru(f)] = He (X5 (€, 1))
and for any closed multi interval K C S* the isomorphism
wr iu ¢ K[Sr K u(f)] = L (f; K, u)
such that for K', K closed multi-intervals in S' with K' C K, the diagram

L(f K’ u) —=—=L(f; K,u) —=> H.(X; (&, u)) (23)

wr,K’,uT Wv‘,K,uT wT‘,UT

K[ST,K’,u(f)] - R[ST,K,u(f)] - “[Sr,u(f)]

is commutative. The horizontal arrows of the bottom line in the diagram are induced
by the inclusions of the sets in brackets.
2. One can provide the isomorphism

wr ”[Sr(f)] — H.(X)
and for any closed multi interval K C R the isomorphism
oT)r,K : K[ST,K(f)] - ]Ir(fy K)
such that for K', K closed multi-intervals in R with K' C K, the diagram

L(F; K') — = 1,(f; K) —> H,(X) (24)

(:}T,K, T @ri K T @O T

KIS (F)] — K[Srx ()] — K[S: (/)]

is commutative. The horizontal arrows in the bottom line are induced by the inclu-
sions of the sets in brackets.
3. One can provide an isomorphism w® : k[T~1, T)|[S,] — HN (X;&5).
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It is also possible to calculate H,(Xx) for K c S' and H,(Xg) for K C R. In
this case, in addition to closed and open bar codes and to Jordan blocks, mixed bar
codes will appear. In this case it suffices to state the result for K consisting of only
one interval say [0, 6s], 0 < 6; < 62 < 27 in case of S' and [a,b], —00 < a < b <
in case of R.

To formulate the result one extends the sets S x (f), Sy.r(f) to Sk (f), S;’K(f),
K a closed interval in S* or R as follows.

For K C S! define

ri(f) =Bk (FUBY (f)UTo(f)
where B 1 (f) ={I € B, | IN K # 0,and closed} and for K C R define

5. (F) = Bl () U By i (/) U Tn(f)
where B;K(f) ={I€B, | INK closed and # (), }.

Proposition 4.2. Under the same hypothesis as in Proposition 4.1 one has:

1. For any pair of angles 0',60", 0 < 0" < 0" < 27 one can provide the isomor-
phisms w;’[e,ﬁ,,] : H[S{A’[e,’e,,](f)] — H,(Xg 97) so that for 0 < 01 <0y <03 <0, <
2m the following diagram

’

H,(X(0,,65]) —— H:(X[0,.0,]) — s Ho(X; (65,u)) (25)

wlﬂ[Szyeng ‘*’;,[91,94]T wr,uT

KLST, 105,001 (F)] —— ELST. 19, 0,1 (F)] —— &[S,u(f)].
18 commutative.
2. For any pair of numbers a',b', a' <b" or a’ = —c0 or b/ = oo one can provide
the isomorphisms d;7[a,b] : H[S;7[a7b] (f)] = Hp(X[q,p)) s0 that for a < b < c <d the
following diagram

H,(Xpp.e) — H,(Xjgq —H

(
]

K187, . (1] —— 58], (0. ) ()] — k[S, ()]
18 commautative.

In both cases the horizontal arrows in the top line are inclusion induced linear
maps in homology, while in the bottom line are defined as follows: a bar code in
the set SL or in S'L is sent to itself if continues to belong to the next set or if
not to the zero vector in the next vector space.

The isomorphisms claimed in these propositions are uniquely determined by the
decomposition of p/.s and by the choice of a splitting in the short exact sequences
(16), (17), (15).

Let « < a <b<p, ia,bapf): X[mb] - X[aﬁ] be the inclusion and i,(a,b :
a,f) : Ho(X(a,p) — Hr(X[a ) be the inclusion induced linear maps. The following
corollary of Proposition 4.2 will be of use later.
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Proposition 4.3. Under the same hypothesis as in Proposition 4.1 one has:
dim H, (X{qp) =8{I € B,(f) | I N [a,b] # 0 and closed}
+#{I € By_y(f) [ 1 C [a,b]} +£7-(f)
dimimgi,(a,b; o, 8) =t{I € B,(f) | I N[, 8] # O and closed, 1N [a, b] # O} +
+H{I € B2 (/) | 1 C la, b} +147,(f)
dim coker i, (a, b; ar, B) =t{I € B, | I N[, B8] # 0 and closed, I N [a,b] = 0}
+#{I e B, |ICa,fB],1 [a,b]}
dimkeri,(a, b;a, B) =t{I € B, | I N [a,b] # (Z) and closed, I N [«, 5] not closed}
dim H,n(f([a,ﬁ],f([a)b]) = dim coker i,.(a, b; a, ) + dim ker 4,1 (a, b; «, 3)

Proof of Propositions 4.1 and 4.2.

Proof. In view the properties of the sets Sk,... and S’K it suffices to prove the
statements for K consisting of one single interval and in view the tameness of f
one can suppose that 01,05 are critical angles and a, b critical values.

For each r choose a decomposition of p,. in bar codes and Jordan blocks, which im-
plies decompositions of T}, ;(p,)s and choose a linear splitting s : ker(M ((py—1)u) —
H,(X; (&f,u)) of m in diagram (18).

We treat first the item (1.) in both propositions.

In view of the injectivity of v, and v.., in diagrams (18) and (19) in Proposition
3.1, the splitting s provides by restriction the compatible splittings

S(01,04]  ker(M((Tp, 0, (pr—1)) — Hr(X319,,04))
and
S102,05] * ket (M ((To,,0,(pr—1)) = Hy(X500,,6] )-
This leads to the commutative diagram (27) with horizontal arrows isomorphisms

coker M (T, o, (p)) & ker M(Tp, o, (pr—1)) —= Hr(Xjp,05)  (27)

l"’l@qh‘ \L

coker M (Ty, 9, (pr)) ® ker M (Ty, 0, (pr—1)) — H(X[6,,6,])

coker M((py).) @ ker M((pr—1)u) ——= Hy(X; (€, )
Proposition 2.4 combined with Observation 2.1 gives the commutative dlagram

K[S7. 9, ,0,] —— coker M (Ty, o, (pr)) © ker M (T, 6, (pr-1)) (28)

l l@

‘%[S;,Gzﬂg,] — coker M(T91,94 (pT)) @ ker M(T91794 (prl))

\L \Lv{@v’r

K[Spu) —— coker M ((pr)u) ® ker M ((pr—1)u)-
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The isomorphism w,, (in Proposition 4.1) is the composition of horizontal arrows
in the last line of diagrams (27) (28) while the isomorphism w;,[92,93] and w;,[91794]
(in Proposition 4.2) are the compositions of the horizontal arrows in the first and
second lines of the same diagrams. The isomorphisms w,. (g, g, wand wy. (g, 9,],. are
restrictions of w;,. The commutativity of the diagrams claimed in Proposition 4.1
and 4.2 is the consequence of the commutativity of the diagrams (27), (28). This
establishes item (1.) in both Propositions 4.1 and 4.2.

Item (2.) is verified essentially in the same way. More precisely:

The decompositions of p}.s imply decompositions of g.s and Ty ;(pr)'s. Observe
that the commutative diagrams (27), (28) remain valid when we replace X by X,
the representation p, by p,, and 61,05, 03,04 by a,b,c,d. In this case © is defined
as w, was, namely as the composition of the horizontal arrows of the last lines in
the replaced diagrams (27), (28).

To check item (3.) in Proposition 4.1 one observes that w¥ = w ® s[T~1,T]].

O

Proof of Theorem 1.1.

Proof. Ttem (1.) and item (3.) follow from Proposition 4.1 (3.) and (1.) To check
item (2.) we first observe that the sequence (17)

0 —— coker M ((7,)) —— H,(X) —= ker M((p,—1)) — 0

is actually a sequence of k[T ~!, T]—modules where the multiplication by T" on the
first and third term in given by the m—shift described in the end of Section 2.

Next we consider the diagram (29), whose horizontal arrows on the second line
are induced by inclusion and projection (cf. the definitions of the sets 5’,,( f) and
J-(f)). Observe that the diagram is actually a commutative diagram of [T, T]—
modules, with the module structure on the vector spaces located on the last two
horizontal lines of the diagram (29) as described in Observation 2.5.

HT(X) ®K[T*1,T] H[T_l, T”

0 —— coker M ((pr)) H,.(X) ker M(p,—1)) —=0

T\I’“ [ we

—_~— ~

0= x[B*(pr) U T (pr)]

RSk ()] ———————>K[B(pr-1)] ——0

0 k[T (pr)] K[Tr(f)]

(29)

In view of Observation 2.5 the x[T~*,T]—module x[7 (p,)] = k[T, (f)] is the
k—vector space €D ;c; V(J) with the multiplication by 7" given by the linear
isomorphism ;. , 7(J). This is exactly the torsion of the k[T, T]—module
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#[S,(f)] isomorphic to H,(X) hence V(£;). This verifies item (2.) and then fin-
ishes the proof. ([

5. STABILITY FOR CONFIGURATIONS C.(f). PROOF OF THEOREM 1.2

The proof of Theorems 1.2 and 1.3 will require an alternative definition of the
configurations C,.( f). This will be provided by the integer valued functions 6/ which
will be defined for an arbitrary real valued tame map and then, via the infinite cyclic
covering for an angle valued tame map.

5.1. Real valued maps. For f: X — R a map and a,b € R denote by:
(i) X(a) = f'(a), X] = fH(~00,a]), X} = f7H([b,o0)), X; = XN X,
and i, : X, — X, i’ : X? — X the obvious inclusions,
(i) I5(r) := img(ia(r) : Ho(Xa) — H, (X)), 15(r) := img(i®(r) : H,(X®) —
H, (X)), and then
(iit) F7(a,b) == dim(L}(r) N15(r)) and G{(a,d) := dim H,(X)/(T](r) + T}(r)).

and observe that:

Observation 5.1.

1. Fora<d' b <b Ff(a,b) < F{(a',V') and G{(a,b) > G¥(a', V)

2. If|f —g| < e and a < b then Ff(a —¢,b+¢) < FI(a,b) and GL(a,b) <
G9(a—¢€,b+¢)

3. Ff(a,b) = F77(=b,—a) and G{(a,b) = G 7 (—b, —a)

To check (1.) notice that X C X({/ and Xj’i' B) X? which imply I/ C ]Ig, and
]I’}/ - HZ} hence Hg N ]Il} C ]If:, N ]II}/ and then the statement.

To check (2.) notice that |f — g| < e implies f — e < g < f + € which implies to
X({_e C X and be+€ C X . These inclusions imply H(’;_e C 19 and Hl}+€ C ]IZ hence
Ff(a—e,b+¢) < F9(a,b). The arguments for G are similar.

To check (3.) one uses the fact that f~1((—o0,a]) = (—=f) " ([~a,0)) q.e.d

If X is a compact ANR it is immediate that both F (a,b) and G{(a,b) are finite
since dim H,.(X) is finite. The same remains true for f : X — R a tame map
with X not compact but this statement requires arguments since dim H,.(X) is not
necessary finite. We have the following:

Proposition 5.2. For f: X — R a tame map then:
1. Ff(a,b) < oo,
2. GI(a,b) < o0,
3. If a > b then F{(a,b) = img(H, (Xt) — H,(X))

Proof. (1.) : In view of Observation 5.1 it suffices to check the statements for a > b.
Consider

ia(r) —i(r) : Hy(X,) ® Ho(X?) — H.(X)
and
ia(r) +i(r) : Hy(X,) @ Ho(X®) — H.(X)
and observe that I (r) N 1%(r)) = (ia(r) 4 i*(r)) (ker((ia(r) — i*(r))). Then

dim(]I{:(r) N ]Il}(r)) < dim(ker((i,(r) — ib(r))).
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Since a > b we have X = X,UX?". In view of the Mayer-Vietoris long exact sequence
associated with X = X, U X?

ker(iq(r) —i°(r)) = img(: Hy(Xg) — Hy(Xo) ® H,(X"))

has finite dimension since dim H,.(X?) is finite.

( 2.): If @ < b one uses the exact sequence of the pair (X, X, U X®) to con-
clude that H,.(X) /(I (r) —&—]Il}(r)) is isomorphic to a subspace of H,.(X, X, U X?) =
H,(X?, X (a)UX (b)) which is of finite dimension. Indeed f tame implies X (a), X (b)
and X?, compact ANRs, hence with finite dimensional homology.

If @ > b one use the Mayer-Vietoris exact sequence associated with X,, X® to
conclude that H,.(X)/(If(r) + ]IS’C (7)) is isomorphic to a subspace of H,.(X?) which
is of finite dimension. This long exact sequence implies item (3.) as well.

a
Let a < b, ¢ < d. We refer to the set
B(a,b:c,d) = (a,b] x [e,d) CR?, a<b, c<d
as a "box ” and define
MfJ(B) :F'rf(a7d) + F’rf(buc) - FZ(GHC) - Frf(b7 d) (30)

pl(B) = = Gf(a,d) — GL(b,¢) + GL(a,c) + GL(b,d).

One has

Proposition 5.3. If X is compact or f is a tame map then:

1 T (B) = pl (B).

Let pif (B) := ;) (B) = p ' (B).

2. uf(B) is a nonnegative integer number.

8. If B = By U By, By N By = () with By, By, By boxes then uf (B) = p/(By) +
u! (Bs), in particular if the B' and B" are two bozes with B' C B" one has uf (B') <
! (B").

Proof. To ease the writing, we drop f and r from the notations involving I and f
and introduce:
(i) I; := dim(I, N19)
i) Iy := dim(I, N1¢/I, N1%)
(iii) I3 := dim(I, N 1/1, N 1¢)
(iv) I := dim(T, N 1¢/I, NI¢ + I, N 1%)
)
i)
ii)

=

Iy := dim Iy /I, + I, N I°
I == dim1¢/I, UT¢ 419
I; := dim H/T, + I¢ with H = H.(X).
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H

Hd

I[C

Using the picture above is not hard to notice that:
F(a,d) =1

F(b,C) = (11 +IQ—|—[3 +I4)

F(a,c) = (11 +12)

F(b,d) = (I + I5)

and
Gla,d)=(I7+Is+ I5s + 1)
G(b, C) = 17

G(a,c) = (I7 + I5)

Gb,d) = (I7 + I)
Then we have:

F(a,d)+F(b,c)—F(a,c)=F(b,d) = Li+(Li+ Lo+ I3+ 14) = (I +12) = (L1 +13) = Iy
and

G(a, d)—FG(b, c)—G(a, C)—G(b, d) = (I7+16+I5+I4)+I7—(I7+I5)—(I7—|—I6) = 14.
These equalities establish items (1.) and (2.). Item (3.) follows from definition by
inspecting the relative positions of B; and Bs.

O

Define the jump function

6/ (a,b) :== lirr(l)uf((a—ga—l—e] X [b—eb+e)), (31)
The limit exists since by Proposition 5.3 the right side decreases when e decreases.

This function has values in Zxg, since the critical values of a tame map are discrete,
has discrete support and satisfies the following proposition.

Proposition 5.4. If X compact or f is a tame map then: .
1. For a < b,c <d one has pl((a,b] x [c,d)) = Y a<a<he<y<d 51 (z,y),
2. Fj(b7 C) = Z—oo,mgb;cgy,oo 5;(%, y)7
3. Gl(a,d) =" 61

a<z<oo;—oo<y<c T (33, y)
Proof. Ttem (1.) follows from Proposition 5.3 ( 3.)
Item (2.) follows from item (1.) by making a goes to —oco and d to oo and item
(3.) follows from item (1.) by making b goes to oo and ¢ to —oo. O
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For a tame map f the set of critical values is discrete so they can be written as
G < G < e Define

e(f) = inf(civ1 — ).
Clearly if f: X — R is tame with X compact then e(f) >0 and if f: X —Shis
tame then the infinite cyclic covering f : X — R is tame and €(f) > 0.

Proposition 5.5. Let f : X — R be a tame map with €(f) > 0.
1. For any €,¢' < e(f) one has:
Fl(ci,cj) = Fl(ci +e,c; — €)= Fl(cip1 —€,cj1 + ),
2. 60 (cives) = Fl(cimv, cin) + Fl (ciy ) = Fi (cimy ¢5) = Ff (ci, 1)

Proof. The tameness of f and of the hypothe51s the inclusions Xf C Xc ter ch C

X Pf i1 and XCJ ‘D XcJ XC’ e’ D X 7 induce isomorphisms in homology.
These facts imply that I = ]IC te= Hiﬂ—e' and ]I;”‘HrE = ]1;-7*‘/ = ]1;7‘ which imply

item (1.). To check item (2.) recall that in view of the definition, for € very small,
one has 6/ (c;, ¢j) = F(c;—¢,cj+€)+F(ci+e,cj—e)—F(c;—e, c;—e) —F(ci+€, cj+e).
Item (2.) follows then from item (1.) by taking € < e(f).

O

For a pair (a,b) € R? and € > 0 consider the box B(a, b; 2¢) = (a — 2¢,a + 2¢] X
[b— 2¢,b+ 2¢).

Proposition 5.6. Let f: X — R be a tame map. For any € < €(f)/6, g an tame
map with |f — g| < € and (a,b) € supp &' one has:

1. supp &f N B(a,b;2¢) = (a,b)

2. f(supp 98 N (U(a,b)esupp of B(a, b; 2¢))) = 4(supp 55).
In particular if the cardinality of the supports® of 65 and 69 are equal and |g— f] < €
then the support of 69 lies in an e—neighborhood ° of the support of 51 .

Proof. To simplify the writing the index r will be omitted from the notation.
Item (1.) follows from definition of §/.
To prove item (2.) observe that if (a,b) € supp 6 both numbers have to be
critical values, hence the a = ¢;,b = ¢;. In view of Proposition 5.5, for any €, ¢’ <
e(f)/2 one has

Fl(cii,cip1) =Ff(a—€,b+€")
Fl(ci,c;) =Ff(a+é,b—¢") (32)

Fi(ciycjp1) =F (a+€,b+€")

Fl(cii1,c5) =Ff(a—¢,b—¢").

Since |f — g| < ¢, in view of Observation 5.1 one has

8recall that the cardinality of the support is the sum of multiplicity of the elements in the
support
9here e—neighborhood of (a,b) means the domain (a — €,a + €) X (b— €,b+ €)
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Fl(a—3e,b+3€) < F9(a—2¢,b+2¢) < Fl(a—e,b+e),
Fl(a+eb—¢) <F9(a+2¢b—2¢) < F/(a+3€e,b— 3e),
Fl(a+e,b+3€) <F9(a+2¢,b+2¢) < F(a+3e,b+e),

Fl(a—3e,b—¢€) <F9(a—2¢6,b—2¢) < Ff(a—€,b— 3e).

Since € < €(f)/6, (32) and (33) imply that

F9(a—2¢,b+2€) = Ff(c;1,¢j41)
F9(a+2¢,b—2¢) = F'(c;, c;)
F9(a+2¢,b+ 2€) = Ff(ci,cjp1)
F9(a—2¢,b—2€) = F/(c;_1,¢)).

In view of Proposition 5.4

f(supp 6 NB(a,b: 2¢)) = u®(B(a,b: 2¢)) =
F9(a—2¢,b+ 2€) + F9(a+ 2¢,b — 2¢)
—F9(a — 2¢,b— 2¢) — F9(a+ 2¢,b + 2¢)
which in view of (33) and (34) and Proposition 5.5 (2.) leads to

#(supp 08 N B(a,b : 2¢)) = #(supp 6" N B(a,b : 2¢)) = 6'(a, b).
[l

5.2. Angle valued maps. Let f : X — S! be a tame map and f : X — R its

infinite cyclic covering. Recall that e(f) > 0 and observe that
5 (a,b) = 6/ (a + 27, b + 27). (35)

Consider the projection Let p : R? — T = R?/Z, with T the quotient space of
R? by the action p : Z x R? — R? given by u(n, (a,b)) = (a + 27n, b+ 27n).
Define
e(f) == e(f)
and i
o] (p(a, b)) := 6/ (a,b). (36)
In view of (35) &/ is a well defined integer valued function with finite support.
and Proposition 5.6 holds for f : X — S! with exactly the same conclusion.
Proposition 5.6 equally implies that the cardinality of the support of 69 with
g closed enough to f in C° topology is larger or equal to the cardinality of the
support of 6/ and therefore the cardinality of the supports of tame maps in the
same connected components is constant, a fact we already knew by Theorem 1.1.
For the proof of Theorem 1.2 we also need to show that 6/ and C,.(f) when
viewed as functions on T are equal.

Proposition 5.7. If f is a tame real or angle valued map defined on X, a compact
ANR, then 6 and C,.(f) are equal as functions.
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Proof. We check the case of an angle valued map f : X — S' only. The real valued
case can be regarded as a particular case of this one.First note that e(f) > 0. In

view of the definition of 67 it suffices to check that:

(i) If at least one, a or b, is not a critical value then we have §f(a, b) =0.
(ii) If a = ¢; b = ¢; are critical value with ¢; > ¢;

01 (i ;) = {1 € BE(f) | I = [cj cil}-

(ii) If a = ¢; b = ¢; are critical value with ¢; < ¢;

8l (ciyej) =T € BY_y (f) | I = (¢joej)}-

Recall that 6,(a,b) := lim._o(—F,(a —€,b—€) — F.(a+¢,b+¢€)+ F.(a—€,b+
€)+ Fr(a+¢€b—c¢).

In view of Proposition 5.5 if a is not critical value, for e sufficiently small Ff (a—
€)= Ff(a +¢,--+) which implies (Sf(a, --+) =0, and if b is not critical value
for € sufficiently small Ff(--- ,b—¢) = Ff .- b+ ¢) which implies 6/ (--- ,b) = 0.
This establishes statement (i)

Suppose that a = ¢; and b = ¢; critical values. In view of Proposition 5.5 and of
the definition of 6/ one obtains

61 (civej) = —Ff (cio1,¢j) = Ff (i, ej1) + Ff (cim1, 1) + Fl (cive;)  (37)

By Propositions 5.2 and 4.3, when ¢; > ¢;, one has

~ {T€B() | 10 [ej,ei] # 0} U
Fl(esses) = £ {1 €B_ (1) |1 € (e, i) (39)
()

and when ¢; > ¢;, in view of Proposition 4.1 one has

; {{1 Glgiﬁ(f) | 12 [eisei] U

Fl(ci,c;) =t ) (39)

Comparing the collections of bar codes whose cardinality are given by F,f (ciz1,¢4),
Ff(ciycjs1), Ff(ci—1,cj11) and Ff(c;,¢;) and using (37) and (38) one derives the
statement ii), and using (37) and 39) one derives the statement iii).

U

5.3. Proof of Theorem 1.2. We begin with a few observations.

(i) Consider the space of continuous maps C'(X,S!), X a compact ANR, with
the compact open topology. This topology is induced from the metric
D(f,9) := sup,ex d(f(z), g(x)), with ”d” the geodesic distance on S* given
by d(&l, 02) = 1Hf(|91 —92|, 2m — |91 —92|), 0< 017 0> < 27. With this metric
(C(X,S), D) is complete.

(ii) Consider SNT = (T x T---T)/Xy, with ¥y is the N—symmetric group
acting on the N—fold cartesian product of T by permutations equipped
equipped with the induced metric D induced from the complete metric on
T/Z. With this metric (SY(T), D) is complete.
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(iii) Observe that if f,g are in a connected component C¢(X,S') of C(X,S!)
and D(f,g) < 7 then for any t € [0,1] the map h; := h(f,g) € O(X;S!)
defined by the formulae

he(z) = | @ + (1= )g(a) if 0 < g0, £x) < 2m,£(x)
(1—t)f(z) + tg(x) if 0 < g(x), f(x) < 2, f(x)

is continuous and lies in the connected component of C¢(X,S') and for
any 0 =tg <t;---ty—1 <ty =1 one has

D(f,9) = Y D(hu,, he,). (40)

0<i<N

(iv) If X is a simplicial complex and U C C¢(X,S') denotes the subset of
p-l-maps then:
1. U is a dense subset
2. f,g € U implies h; € U hence €(h;) > 0 hence for any ¢ € [0, 1] there
exists 0(t) > 0 so that |t/ —¢| < §(t) implies D(hy, hy) < €(hy)/6.
Recall that f is p.l on X if with respect to some subdivision is simplicial
(i.e. the liftings to R of the restriction of f to simplexes are linear) and for
any two p.l maps f, g there exists a common subdivision of X which makes
f and g simultaneously simplicial, hence any h; is a simplicial map. Item
(1.) follows from approximability of continuous maps by p.l maps and item
(2.) from the continuity in ¢ of the family h; and of the compacity of X.
(v) Proposition 5.6 states that f,g € C(X,S'): ¢ and D(f, g) < €(f)/6 implies
D(81,52) < 2D(f.9). (41)

The above observations combined imply Theorem 1.2. Indeed, Item (v.) makes
§: C(X;SY e — SN(T) a continuous map and establishes the continuity of the
assignment C(X,SY);¢ 3 f — 6/ € SN(T) N = BN (X, €). To conclude the exis-
tence of a continuous extension of §, to the entire C'(X,S'), in view of item (i) and
(ii) and (iv), it suffices to show that for a Cauchy sequence {f,}, fn € U, &/ is
a Cauchy sequence in SV (T). This will follow once we can show that for any two
f,9 € U with d(f,g) < m we have D(61,69) < 2D(f,g). To establish this last fact
we proceed as follows.

Start with f, g € U with D(f,g) < 7 and consider h;, t € [o, 1] defined above.

Choose a sequence 0 = tg < tg < tg,---tony_2 < tay = 1 so that the open
intervals Io; = (t2; — 0(t2;), ta; + 0(t2;)) cover [0,1]. The compacity of [0, 1] makes
this possible.

By possibly removing some of the points ¢o;s and decreasing d(t2;) one can make
Io; N Igi40 # ? and tor_2,l2i4+2 §§ I5;. Choose t1 < tg < ---ton_1 With to; < to;41 <
to; and toi+1 € I, N IQH_Q. We have then |t2i+1 — t2¢| < (S(tgi) and |t2i+2 — t2i+1| <
O(t2it2)-

In view of item (iv) [toi11 — t2s| < d(t2;) implies D(hyy,, heyyyy) < €(hy,,)/6 and
‘t2i+2 — t2i+1| < 5(t2i+2) ll’IlphES D(ht2i+2,ht2i+1) < 6(ht2i+2)/6. In view of item (V)

the last inequalities imply Q(J?tz"“ , 57@*2"’) < 2D(hyy,, hy,,. ) and Q(&}«Hz”z ) 67{”2"“) <
he .
2D(hiy, 5, My, ). Therefore, for any 0 < k < 2N —1 one has D(6, g k) <
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QD(htk+1 s htk) Then

Q((va 59) < Z D((Sh(ti-‘rlv 5h(t1)) <2 Z D(hti+1 ) ht;)

0<i<2N—1 0<i<2N—1

which by item (iii) is exactly D(d,g).
This finishes the proof of Theorem 1.2.

6. POINCARE DUALITY FOR CONFIGURATIONS C,.(f). PROOF OF THEOREM 1.3

For an n—dimensional manifold Y, not necessary compact, Poincaré Duality can
be better formulated using Borel-Moore homology, cf. [3], especially tailored for
locally compact spaces Y and pairs (Y, K), K closed subset of Y. Borel Moore
homology coincides with the standard homology when Y is compact. In general,
for a locally compact space Y can be described as the inverse limit of the homology
H,.(Y,Y\U) for all U open sets with compact closure. One denotes the Borel-Moore
homology in dimension r by HEM . For Y a n—dimensional topological k—orientable
manifold, g : ¥ — R a tame map and a a regular value of ¢,'° Poincaré Duality
provides the commutative diagrams

HBM(Y,) ———— HBM(Y) —— HBM(Y)Y,) (42)

! i |

(Hp—r (Y, Ya))" ——= (Hp—r (V)" —— (Hn—r(Ya))"

The first vertical arrow in each column of both diagrams is the Poincaré Duality
isomorphism, the second is the the isomorphism between cohomology and the dual
of homology with coefficients in a field. The horizontal arrows are induced by the
inclusions of Y, or Y* in Y and the inclusion of pairs (Y,0) in (Y,Y,) or (Y,Y%).
We apply diagrams (42) and (43) to Y = M™ and g = f, with f : M — R
the infinite cyclic covering of f : M™ — S!, a tame map defined on a closed k—

05 f:fYa—ea+e) — (a—ea+e) is a fibration



TOPOLOGY OF ANGLE VALUED MAPS, BAR CODES AND JORDAN BLOCKS. 31

orientable topological manifold and obtain

iq (1) ~

HEM(T,) e () 2 v (o
s*(n—r) \L ~  r%n-r)) \L

Hﬂ(]i M) s B (M) = H (M)
|

(Hy o (6, 37 % ) D ()

i(r ~ b
HEM(rY)  — e gy ) L

| | |

~ (sp(n—r))™ ~ ry(n—r)

Hn—r(M)Mb) A Hn—r(M)) o HTL—T'(MZ))

| b

S Gy - (i (=) .
(anr(M7Mb>) - (anr(M» i (anr(Mb))

(45)
For M, M,, M* the Borel-Moore homology can be described as the following
inverse limits :
HBM(M) = lim H,(M,M-_
0<<l_~>oo

(U,
HBM (M) = lim H,(M,, M,_;),
p—
0<l—o00
HPM(M®) = lim  H, (M, M), (46)
0<l—o0
HPM(M, M) = lim H,(M,M, U M"™),
0<l—o00
HBM(NM M) = lim H,.(M, MU M,_;).
pr—
0<l—o00
The inclusion of pairs (M, M_y U MY) C (M, M_; U M) for I’ > [ induces in
homology an invers system whose limit is HZM (M). Similar inclusions of pairs
associated with I’ > [ induce inverse systems whose limits are the remaining Borel-
Moore homology vector spaces considered above.

The horizontal arrows in both diagrams are inclusion (possibly of pairs) induced
linear maps in homology when denoted by i(---)s and j(---)s or cohomology when
denoted by r(---)s and s(---)s . )

In view of the above involvement of Borel-Moore homology, in addition to I7 (r)
and ]I‘;;(r)7 consider

IPMI (1) = img(HPM(X,) — HPM (X)),
2 ) = img (P (X7) = HEM (X)),

and FPM7(a,5) = dim (I () 0 TEY4(r)).
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Note that the exact sequences in Borel-Moore homology of the pairs (M, M,)
or (M, M?), the top lines of the two diagrams, give

FPMI (a,b) = TP (r) A 120 () = ker P (1), 72 (7). (47)

Looking to the right side corners of the diagrams (44) and (45) one concludes
that

ker(jg M (r), 57 0(r)) = ker(r(n — 1), my(n — 7). (48)

In view of the canonical isomorphism between cohomology the dual of homology
one obtains

ker((r*(n —r),mp(n — 1)) = (coker(i*(n — r) + ip(n — 1)))*. (49)

In view of the definition and of the finite dimensionality of G/ (a,b) one obtains

Gf;,,(b7 a) := dim(coker(ip(n —r) +i*(n —r)) = dim(coker(ip(n —r) +i“(n —1r)))*.

(50)
Note also that
G (a,b) = G~ (=b, —a). (51)
Consequently FrBM’f(a7 b) = G:Lfr(fa, —b).
In order to conclude that
61(a,0) = 6,7 ,(~a,~b). (52)

it suffices to show that the function (SFMJ calculated from FfM’f using (31) is the

same as the function 5f . If so we obtain

§(z)=61_.(z"") (53)

for z = e***t(0=) which establishes Theorem 1.3.
For this purpose we need the following proposition.

Proposition 6.1. FfM’f(a, b) 4+ 87 (f) = F,f(a7 b) with § meaning 7 cardinality”.

Proposition 6.1 is proved by comparing FTBM’f(a, b) and F,f(a, b) calculated in
terms of number of bar codes with the help of Propositions 4.1 and 4.2.

The final outcome of the calculation can be summarized as follows: F2M:/(a,b) =
85" and Ff (a,b) = ${S’ U S} where

when a <b S = {I € B¢ | I D [a,b]} and

when a >b S ={I € BS|IN[bal #0yU{I B ,|IC (bal}

and for any a,b € R, §" = Tr. i

F/(a,b) can be read off from Proposition 4.1 directly. To calculate F2*:/(a,b)
one has to describe HPM (X,) — HEFM(X) and HFM (X?) — HEM(X).

Recall that for an interval I we denote by X; := f~1(I).

Notice that the long exact sequence of the pair (X, X \ X(_a,a)) and the inclu-
sion of pairs (X, X \ X(_a/ﬂ/)) C(X,X\ X(_aﬂ)) for a’ > a, gives rise to the
commutative diagram whose lines are short exact sequences
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0 — coker,(—a,a) — H,(X, X \ X(_,,)) —> ker,_1(—a,a) —0

0 — coker,(—a’,a') — H,.(X, X \ X(,a/’a/)) —ker,_1(—d',a’) —=0
where o ~

coker,(—a, a) = coker(H, (X \ X(_q,q)) — Hr(X))

ker,_1(—a,a) =ker((H,—1(X \ X(_a.a)) — Hr—1(X))

In view of Proposition 4.1 one has

liin ker(HT_l(X\X(—a,a)) — r—l(j()) =0

a—00

and then

HPM(X) = lim coker(H, (X \ X(_q,0)) — Hr(X)). (54)

By similar arguments one derives

HPM(X,) = lim coker(H,(Xo\ X(a,a) = Hr(Xa)),

a’——oo

HPM(XP) = lim coker(H, (X"\ Xjpy) — Ho(X)).

b’ — o0
From Proposition (4.1) for a < b one derives that
coker (H, (X \ X(a,)) — Hy(X)) = Hy(X)/T(r) + T3(r)) = K[Sy 0.0]
where
Srjat) = {1 € BI(f) [ 1 C (a,b)yU{T € BY_y(f) [ 10 (a,b) # 0O}
which implies . . .
HPM(X) = Maps(Bi(f) UB?_1(f), k) (56)

and identifies the canonical homomorphism H,.(X) — HPM(X) to

K[BL(F) UBY_ () U ()] = Maps(Bi(f) U B (f), ) (57)

induced by sending the elements of 7,.(f) to zero and the other to their characteristic
map.

Similarly one obtains

HEN[(X(L) :Maps(gr,(—oo,a]aﬁ) (58)
HTBM(XZ’) :Maps(gh[bm), K)
where

S (—ooa) = € Br(f) | IN(—00,a] closed end # 0} L{l € BS_(f) |1 C (—o0,a)}
Sy boo) =1L € B,(f) | I N [b,00) closed end # 0} L{l € By (f) | IC (b,00)}.
with HPM(X,) — HPM (X)) and HPM(X®) — HPM (X)) identified to
Maps (S, (—oc.a), K) = Maps(B;(f) UB)_i(f), )
Maps(Sy.p.00), ) = Maps(Bg(f) U By_y(f), )
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defined as follows: If I € Maps(S,...., x) its image [ € Maps((BS(f) U B, (f),K))
takes the same value as [ on any barcode in S,.... which belongs to BS(f)UB2_,(f)

and zero on all others. Using the definition of FTBM’f(a, b) one obtains FPM (a,b) =
85’ q.ed

7. THE MIXED BAR CODES. PROOF OF THEOREM 1.5

As pointed out in Section 1 for a tame map f : X — S! the set [;’ﬁo(f) and
the collection B;"( f) coincides with the collection of finite persistence bar codes
associated to the filtration by the sub-levels and sup-levels of f respectively, as
defined in [12]. Precisely the multiplicity of the r—persistence barcode (a,b) of
the map f is the multiplicity of the closed-open bar code [a,b) in the collection
Beo(f) and the multiplicity of the r—persistence bar code (—b, —a) for —f is the
multiplicity of the open-closed bar code (a,b] in the collection B2°(f). This can
be easily derived from Proposition4.3 and the relationship between persistence bar
codes and persistent homology.

As indicated in Section 1 one can record the closed open r—bar code [a,b) as
the point (a,b) € R? \ A (above the diagonal) and to open closed r—bar code(c, d]
as the point (d,c) € R?\ A (below diagonal), equivalently we put together the
r—persistence diagrams of f and of — f We obtain in this way a configuration
C™(f) of points in R? \ A, which defines the configuration C™(f) of points in
T\ Arp. There is no interaction between points above diagonal and below diagonal
when the map f varies, so associating closed-open r—bar codes with open-closed
r—barcodes is only an issue of economy rather than meaning.

One can derive the configuration CI"*(f) as the ”jump function” of the two vari-
able function 7/ : R2\ A — Zs in the manner described in section 5 for the

configuration C,(f). The function Tf is defined by:

T/ (a,b) =

dim ker(H,.(X%) — H,(X%)) ifa > b
If f is tame then so is f and the limit

; {dimker(HT(Xa) — H.(X,) ifa<b

omt (a,b) = lii%(—Tf(a—e,b—Fe)—T,f(a—|—e,b—e)—l—TTf(a—e,b—e)—&—T,f(a—i—e,b—i—e)
exists and defines a function which satisfies 67 (a+27, b+27) = §™/ (a+27, b+27)
and then, as in section 5, the function 6™/ : T\ Ap — Z>. Using Proposition 4.3
on can show that 6™/ and C™(f) are equal. The definition above is essentially
the description of the persistence diagrams of f and —f, cf [11], and will not be
pursued further in this paper.

The stability phenomena discovered in [5] can be formulated in terms of config-
uration C7"(f) when one equips the set of finite configurations of points in T \ Ay
with the topology induced by the bottle neck distance defined [5].Note that in this
case the configurations do not have the same cardinality and, in this topology, the
definition of ” proximity” largely ignores the points points near the diagonal Ar.

Here is the definition for such topology on the space Confg(X \ K) of finite
configurations of points in X \ K, X locally compact space and K a closed subset
of X. Recall that a configuration is a map with finite support, § : X \ K — Zxo.
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Define a base for the topology by specifying a collection of open sets indexed by
systems S = {(Uy, k1), -+ (Ur, k), V} with:

(1) U;yi = 1---7 open subsets of X \ K, V open neighborhood of K,

(2) k1, ko, - - - k, positive integers.
The ”open set” of configurations corresponding to S is U(S) := {6 € Confg(X\K) |
support (§) CU; UUy---UU UV, Y d(x) =k} .
The MAIN THEOREM in [5] implies

Theorem 7.1. The assignment f ~» CI™(f) is a continuous map from the space
Ci(X,SY) of tame maps to Confg(T \ A) when the first space is equipped with the
compact open topology and the second with the topology described above in case
(X, K)=(T,A).

Poincaré duality also holds for the configuration C)”(f). Theorem 1.5 formulates
this duality. We understand that for f a real valued function it is implicit in the
work of Edelsbrunner and others. We treat however the angle valued maps rather
than real valued maps and derive its proof as a corollary to Proposition 4.2. We
provide below the arguments.

x€Uj

7.1. Proof of Theorem 1.5. In consistency with the notation in previous sections

for f: X — R the infinite cyclic covering of the tame map f : X — S we denote
by
(i) ia(r) : H(Xo) — Ho(X) and i8M(r) : HPM(X,) — H.(X),

(i) i*(r) : H.(X®) — H,(X) and i%Ma(r) . HEM(X,) — H,(X),

and for a < b

(iil) dab(r) : Hp(Xa) = Hp(Xp) and iZ) (r) : HPM(X,) — H,(X,),
(iv) i%%(r) : H.(X") — H,(X®) and #Mba(r) : HPM(XY) — H,.(X9)

the inclusion induced linear maps in homology and Borel-Moore homology.
We introduce

(i) Ka(r) := keriy(r) and KEM (r) := ker iBM (r),

Za
(i) K(r) := keri®(r) and KBM:a(r) := ker iBM:a(r)

and denote by
"i0.6(r) : Ko(r) — Kp(r) and ’igy(r) cKBM () — KBM(r),

%9 (r) : KO(r) — K(r) and 'iBM-ba(r)  KBMb(r) — KEMa(y)

the restrictions of of 44 (7), zféw(r) and of i%%(r), iBM:b9(r) to the respective
kernels K. (7).

Note that in view of the calculations of Borel-Moore homology of X%, X,, X and

of the canonical homomorphism H,.(M ---) — HBM (M -..) one concludes that
K(r) = KBM (1) and 'i(r) =" M ().

Proposition 4.2 permits to describe the vector spaces K, (r), K%(r), ker "iq (),
coker "iq (), ker i®%(r), coker 'i®?(r) in terms of mixed bar codes as summarized
in the next proposition.
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Proposition 7.2. Suppose f : X — S! is a tame map with f : X — R its infinite
cyclic covering, and a,b real numbers with a < b. Then
1. Kf(r) = wl[{I € B(f) | I 3 a}]
2. K;(r) =k[{I € B(f)|I>a}]
3. ker "iqy(r) = k[{I € B<(f) | I3 a, b¢ I}]
coker 'igy(r) = w[{I € B<(f) | I>b, a¢ I}
4. ker "i(r) = w[{I € B(f) | I >b, a¢ I}
coker 'i%(r) = w[{I € B(f) | I > a, b¢ I}

The long exact sequence for the pair (X' , )~(a)

~ ja(nf'r}_[ ~ ~ 0%n-r) ~ 1% (n—r—1) ~
HH’H—T(X) — n—r(XaXa) — n—r—l(Xa) —— n—l—T(X) I
(59)
gives rise to the canonical isomorphism
d*(n—r):coker j*(n —r) — keri*(n —r) =K*(n —r —1) (60)

which being "natural” w.r. to the inclusion of pairs (X, X?) C (X, X%) for a < b
implies the commutativity of the diagram

b

coker j(n —r) ——=Kl(n—r—1) (61)

\L lib'a’(nrl)
6% (n—r)

coker j%(n —r) ——=K*(n—r—1)

Suppose that X = M™ is a closed k—orientable manifold and a is a regular value of
f. Poincaré Duality for the manifold M™ and for the pairs (M, M,) and (M, M*)
provides the commutative diagram

Ko (r)

o s e

ker(j*(n —1))*) —— (H,_.(M, M“))* — (Hn_T(M))*

with the bottom vertical arrows the Poincaré Duality isomorphisms considered in
Section 6. The diagram is natural w.r. to the inclusion of pairs (X, X,) C (X, X3),
provided a and b are regular values, and leads to the commutative diagram (63)
whose vertical arrows are all isomorphisms.
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/ia,b('r)

Kao(r) Ky(r) (63)

ker(j(n —r))* ———ker(j®(n —r))*

coker j(n — r))* —— coker j°(n — r)*

5% (n—r)*

/ib.a(

K*(n —r — 1)xg gl)ﬁ%b(n —r—1))*

Let us review the information we have:

(i) The tameness of f implies that for a < b, a,b critical values and € < €(f)
the inclusions X, C XaJre and X% ¢ C X% are homotopy equivalences,

(ii) Poincaré Duality above and item (i) imply that for 0 < €,¢’ < €(f) and
a < b critical values one has

/ib—s,a—e/ (n 1 7,)

(64)
(iii) Proposition 7.2 implies that for a < b critical values and 0 < € < €(f)

ker igiepre (1) = ker "igp(r) = coker’ i%*(n — 1 —r) = coker

dimker ‘iq (k) — dimker "i,—c (k) — dimker 'iq p—e(k)+
+dimker ‘iq_cp—c(k)
Ci*(f)a,b) = =
dim coker iq (k) — dim coker ’ig_ (k) — dimcoker "i, p—c(k)+
dim coker "iq—c p—c(k)
(65)
and

+dimker /i2(k) — dimker /i~ (k) — dim ker 'i*= (k) +
+dimker /20 7¢(k)
C'(f)(ba) = =
dim coker 'i*%(k) — dim coker ’i»?~¢(k) — dim coker i®=%%(k)+
+ dim coker "i%¢b¢(k)
(66)

Item (iii) comes down to expressing the number of closed open or open closed
bar codes with end a and b critical values in terms of the number of bar codes which
contain a but not b and using Proposition 7.2

Putting together items (ii) to (iii) one derives that C™(f)(a,b) = C™ ,_,(f)(b,a)
and then C™(f)(a,b) = C'™ ,_,.(—f)(—a, —b) which is what Theorem 1.5 states.

q.ed
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8. LINEAR RELATIONS AND MONODROMY. PROOF OF THEOREM 1.4

This section can be read independently on the rest of the paper. For additional
future use we describe this piece of linear algebra in a larger generality, of modules
over a commutative ring rather than vector spaces over a field.

8.1. Linear relations. Suppose V and W are two modules over a fixed commu-
tative ring in particular field.. Recall that a linear relation from V to W can be
considered as a submodule R C V x W. Notationally, we indicate this situation
by R:V ~ W. For v € V and w € W we write vRw iff v is in relation with w,
i.e. (v,w) € R. Every module homomorphism V' — W can be regarded as a linear
relation V' ~» W in a natural way. If U is another module, and S: W ~~ U is a
linear relation, then the composition SR: V' ~» U is the linear relation defined by
v(SR)u iff there exists w € W such that vRw and wSu. Clearly, this is an associa-
tive composition generalizing the ordinary composition of module homomorphisms.
For the identical relations we have Ridy = R and idy R = R. Modules over a fixed
commutative ring and linear relations thus constitute a category. If R: V ~» W is
a linear relation we define a linear relation RT: W ~ V by wRv iff vRw. Clearly,
RY = R and (SR)t = Rt ST,
A linear relation R: V ~» W gives rise to the following submodules:

dom(R) :={veV|JweW:vRw}
img(R) :={we W |3Jv eV :vRw}
ker(R) := {v € V | vR0}
mul(R) := {w € W | 0Rw}
Clearly, ker(R) C dom(R) C V, and W D img(R) 2 mul(R). Note that R is a
homomorphism (map) iff dom(R) = V and mul(R) = 0. One readily verifies:
Lemma 8.1. For a linear relation R: V ~~ W the following are equivalent:
(a) R is an isomorphism in the category of modules and linear relations.
(b) dom(R) =V, img(R) = W, ker(R) =0, and mul(R) = 0.
(¢) R is an isomorphism of modules.
In this case R~ = RT.
For a linear relation R: V' ~» V| we introduce the following submodules:
Ky :={veV|3JkIv, € V:vRviRvR- - Ru R0}
K_:={veV |33 €V :0Rv_1R---Rv_sRv_; Rv}
Dy :={veV|3v; €V :vRvyRvsRuvsR---}
D_:={veV |3 eV : - Rv_sRv_sRv_jRv}
D:=D_nNDy={veV|IeV: - RvsRv_1RvRvRvsR---},
Clearly, K_ C D_ CV O D, O Ky. Also note that passing from R to RY, the

roles of + and — get interchanged. Moreover, we introduce a linear relation on the

quotient module
D

Ve = e TR A D

defined as the composition

D TpLsvEviypr D

Viee = ———""+—+—— - - @
£ (K_-+Ky)nD (K- +Ky)nD

= ‘/}egy
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where ¢ and 7 denote the canonical inclusion and projection, respectively. In other
words, two elements in V,.s are related by Rc iff they admit representatives in D
which are in related by R. We refer to R.cy as the regular part of R.

Proposition 8.2. The relation Rieg: Vieg ~ Vieg @5 an isomorphism of modules.

Moreover, the natural inclusion induces a canonical isomorphism
D (Ko+Di)Nn(D_+ K4)

(Ko+Ky)nD K +K,

which intertwines R with the relation induced on the right hand side quotient.

L

Vieg = (67)

Proof. Clearly, (67) is well defined and injective. To see that it is onto let
r=k_+dy=d_+kye(K_+Di)n(D_+ K,),
where k4 € K4 and d4 € Dy. Thus
x—k_—ky=dy —ky=d_—k_e€eD_NDy=D.
We conclude z € D + K_ + K, whence (67) is onto. We will next show that this
isomorphism intertwines R;es with the relation induced on the right hand side. To
do so, suppose xRZ where
r=k_+dy=d_+ky e (K_+Dy)Nn(D_+ Ky),
=k +dy=d_ +Fk e(K_+Dy)N(D_+Ky,),

and ki, ky € Ki and dy,dy € Dy. Note that there exist K, € Ky and K e K_
such that k, RE, and K’ Rk_. By linearity of R we obtain

(x—ky —k)R@E K, —k_).
eD_ €Dy
We conclude d := x—k kK € D, d:= i’fkg_ffc_ € D, and dRd. This shows that
the relations induced on the two quotients in (67) coincide. We complete the proof

by showing that Ryeg is an isomorphism. Clearly, dom(Ryeg) = Vieg = img(Ryeg)-
We will next show ker(Ryeg) = 0. To this end suppose dRd, where

deD and d=Fk_ +k (K +K.)ND

with k+ € K4. Note that k- = d—k, € K_ND,. Thus there exists k. € K_ND,
such that k_ Rk_. By linearity of R, we get (d— k,)Rl;:+, whence d —k_ € K, and
thus d € K_+ K. This shows ker(R.cg) = 0. Analogously, we have mul(R,cg) = 0.
In view of Lemma 8.1 we conclude that R,es is an isomorphism of modules. O

We will now specialize to linear relations on finite dimensional vector spaces and
provide another description of V¢, in this case. Consider the category whose objects
are finite dimensional vector spaces V equipped with a linear relation R: V ~» V
and whose morphisms are linear maps ¢: V' — W such that for all x,y € V with
xRy we also have ¥ (z)Qv(y), where W is another finite dimensional vector space
with linear relation Q: W ~» W. It is readily checked that this is an abelian cate-
gory. By the Remak—Schmidt theorem, every linear relation on a finite dimensional
vector space can therefore be decomposed into a direct sum of indecomposable
ones, R &2 Ry & --- & Ry, where the factors are unique up to permutation and
isomorphism. The decomposition itself, however, is not canonical.
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Proposition 8.3. Let R: V ~» V be a linear relation on a finite dimensional
vector space over an algebraic closed field , and let R = R1 @ --- @ Ry denote a
decomposition into indecomposable linear relations. Then Rieg is isomorphic to the
direct sum of factors R; whose relations are linear isomorphisms.

Proof. Since the definition of R,es is a natural one, we clearly have
chg = (Rl)rcg D---D (RN)rcg~
Consequently, it suffices to show the following two assertions:

(a) If R: V ~» V is an isomorphism of vector spaces, then Ve =V and Ryes = R.
(b) If R: V ~» V is an indecomposable linear relation on a finite dimensional vector
space which is not a linear isomorphism, then Ve = 0.

The first statement is obvious, in this case we have K_ = K, =0and D =D_ =
D, = V. To see the second assertion, note that an indecomposable linear relation
R CV xV gives rise to an indecomposable representation R _ V' of the quiver Gs.
Since R is not an isomorphism, the quiver representation has to be of the bar code
type. Using the explicit descriptions of the bar code representations, it is straight
forward to conclude Vg = 0. O

In the subsequent discussion we will also make use of the following result:

Proposition 8.4. Suppose R: V ~» V is a linear relation on a finite dimensional
vector space. Then:

Dy=D+K,;, D_=K_+D, and (68)
K nNnDy,=K_nNK,=D_nNK,. (69)
For the proof we first establish two lemmas.

Lemma 8.5. Suppose R: V ~~ W is a linear relation between vector spaces such
that dimV = dim W < oo. Then the following are equivalent:

(a) R is an isomorphism.
(b) dom(R) =V and ker(R) = 0.
(¢) img(R) = W and mul(R) = 0.
Proof. This follows immediately from the dimension formula
dim dom(R) + dimmul(R) = dim(R) = dimimg(R) + dim ker(R)
and Lemma 8.1. O

Lemma 8.6. If V is finite dimensional, then the composition of relations
7TT L k L]L ™
Dy/Ky % Dy V5V %Dy 5 DKy,

is a linear isomorphism, for every k > 0, where v and w denote the canonical
inclusion and projection, respectively. Analogously, the relation induced by R* on
D_/K_ is an isomorphism, for all k > 0. Moreover, for sufficiently large k,

D_ =img(R*) and D, = dom(R").

Proof. One readily verifies dom(m.f R¥ir) = D, /K and ker(m:f R*ixt) = 0. The
first assertion thus follows from Lemma 8.5 above. Considering R we obtain the
second statement. Clearly, dom(R*) D dom(R**1), for all k > 0. Since V is finite
dimensional, we must have dom(RF) = dom(R¥*1), for sufficiently large k. Given
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v € dom(RF), we thus find v; € dom(R¥) such that vRv;. Proceeding inductively,
we construct v; € img(R*) such that vRv; RvaR - -+, whence v € D,. This shows
dom(RF) C D, for sufficiently large k. As the converse inclusion is obvious we get
D, = dom(R¥). Considering R', we obtain the last statement. (]

Proof of Proposition 8.4. From Lemma 8.6 we get img(m.!R¥) = D, /K, whence
D, Cimg(R*)+ K., for every k > 0, and thus D, C D_ + K. This implies D, =
D + K. Considering R' we obtain the other equality in (68). From Lemma 8.6
we also get mul(mif R*) = 0, whence mul(R*) N D, C K, for every k > 0. This
gives K_ND, = K_NK,. Considering R" we get the other equality in (69). O

Go,—representations and the associated relations. For a Go,,— rep-
resentation p = {V;,q;,0;} we have m relations R;: Va,_1 ~» V41 (consider-
ing Vot = Vi) given by the pair of linear maps alpha; : Va1 — Vi and
Bi : Vaipz1 — Vai. One can consider the compositions R': Vo;_1 ~ Vi1 R!
Vai1 ~ Vajpr ~ oo Va1 V1 ~ Voo Vo~ V.

Proposition 8.7. R! for any i,j and is conjugate to @ je7T(J).

reg reg

Proof. The statement is immediate for indecomposable representations for a general
representation implied by Proposition 8.3.

8.2. Monodromy, Proof of Theorem 1.4. The purpose of this subsection is to
establish Theorem 1.4
Suppose f : X — S is a continuous map and let

X—
denote the associated infinite cyclic covering. For r € R we put X, = f ~1(r) and

let H.(X,) denote its singular homology with coefficients in any fixed module. If
r1 < ro we define a linear relation

B::f H*(Xﬁ) ~ H*(sz)

.

%<—%

by declaring a1 € H., (X,,) to be in relation with ay € H,(X,,) iff their images in
H*(X[TMQ]) coincide, where X[T1 o] = F71([r1,72]). If 71 < 7o < 73 we clearly have
By B2 C B2, If ro is a tame value this becomes an equality of relations:
Lemma 8.8. Suppose v < ry < r3 and assume 19 is a tame value. Then, as linear
relations, By2 B2 = BJ3.
Proof. Since 73 is a tame value, we have an exact Mayer—Vietoris sequence,
H*(XTz) - H*(X[Tlﬂ“z]) @ H*(X[T’zﬂ“S]) - H*(X[T11T3])7
which immediately implies the statement. ([l
_ Fix a tame value 0 € St of f and a lift 6 € R, eif = ¢. Using the projection
X — X, we may canonically identify Xz = Xy = f71(0). Moreover, let 7: X — X
denote the fundamental deck transformation, i.e. for = f+2m. Note that 7 induces
homeomorphisms between levels, 7: X, — X, o, and define a linear relation

R: H*(Xg) ~ H*(Xg)
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as the composition

042w

H(Xo) = H(Kp) o H.(Rgpo)) ™ HA(Xp) = HX).  (70)

§+27r
In other words, for a,b € H.(Xp) we have aRb iff aBgH“(T*b), ie. iff a and 7,.b

coincide in H, (X[é,émﬂ])' Particularly:

Lemma 8.9. Ifa,b € H.(Xp) and aRb, then a = 7,.b in H.(X).

We will continue to use the notation Ky, D4, and R introduced in the previous
section for this relation R on H,(Xy). Particularly, its regular part,

Rreg: H*(Xe)reg - H*(X0>reg7
is a module automorphism.
Lemma 8.10. We have:
Ky = ker(H.(Xp) = H.(Xj5..,)))
K =ker(H.(Xg) = Ho(X_o )
Both maps are induced by the canonical inclusion Xg = Xé — X.

Proof. We will only show the first equality, the other one can be proved along
the same lines. To see the inclusion Ky C ker(H,(Xy) — H*()N([éﬁoo))), let a €
K. Hence, there exist ar € H.(Xp), almost all of which vanish, such that
aRa;RasR---. In H, (X[(;’@_zﬂ]), we thus have:

a4 = TxA1, @1 = TxG2, a2 = TxQ3,

In H.(Xj ), we obtain:
azT*alszangfa3=-~

Since some a; have to be zero, we conclude that a vanishes in H, (X[é OC)).
To see the converse inclusion, K, D ker(H,(Xy) — H*(f([é OO))), set

U:= |_| X[é+27rk,§+27r(k:+1)]’ V= |_| X[é+27rk,§+27r(k+1)]
0 < k even 1 <k odd

and note that UUV = X[é,oo)’ aswellas UNV = | | oy )~(§+2ﬁk. Since 6 is a tame
value, we have an exact Mayer—Vietoris sequence

P H. (%5200 = He (| Kgyam) = HaU) @ HL(V) = Ha(K 5 )
keN keN

For b € ker(H.(Xp) — H.(Xg ) we thus find by € H.(Xj,,,,), almost all of
which vanish, such that:

b=0b1 € Ho(Xj55,9m) bitbo =06 Hu(Xpg nrgyam)s brtbs =06 Ho(Xgar o)

Putting ¢ = (=1 1r7%b € H*(X'é), we obtain the following equalities in
H( X5 512m):

b=rTsc1, €1 =Tx«Co, Co = TyC3,
In other words, we have the relations bRcy ReoRegR - --. Since some ¢ has to be
zero, we conclude b € K, whence the lemma. (]
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Introduce the upwards Novikov complex as a projective limit of relative singular
chain complexes,

CEOV’Jr(X) . mc (X X[r,oo))a

and let H N°V+( X) denote its homology Analogously, we define a downwards
Novikov complex CN¥"™ (X )= lim C. (X X (—o0,r]) and the corresponding homol-

ogy, HY°"""(X). We will also use similar notation for subsets of X.
Lemma 8.11. We have:

Dy =ker(H.(Xg) — HY +(XU9 )

D_ =ker(H.(Xg) — HX" (X 5))
Both maps are induced by the canonical inclusion Xg = Xé — X.

Proof. Using the exact Mayer—Vietoris sequence

H Ho (X5 0mp) = Hyo"" ( |_| X§+2wk) — H}H(U)@HN (V) — HEOV’JF(X[é,oo))’
keN keN

this can be proved along the same lines as Lemma 8.10. (]

Let us introduce a complex

Ci.f. (X) = liilc*(XaX(foo,*T] UX[roo))

and denote its homology by HLf(X). If f is proper, this is the complex of locally
finite singular chains.

Lemma 8.12. We have:
K_+ K, =ker(H,(Xg) — H.(X ))
K_ + Dy =ker(H,(Xq) — HYV"(X))
D_ + Ky =ker(H,(Xq) — HY" (X))
D_ + D, = ker(H.(Xy) — H:"(X))
All maps are induced by the canonical inclusion Xy = Xé - X.
Proof. The first statement follows from the exact Mayer—Vietoris sequence
Ho(X) = HoX (o g) & Ho(X g o)) — Ho(X)

and Lemma 8.10. The second assertion follows from the exact Mayer—Vietoris
sequence

H*(Xé) — H*(X(—oo,é]) @ H, 0v+< (6,00 ) — HEOV’J'_(X)

and Lemma 8.10 and 8.11. Similarly, one can check the third equality. To see the
last statement we use the exact Mayer—Vietoris sequence

H.(Xg) = HYV 7 (X o) @ HYVH (X o)) — HIE(X)
and Lemma 8.11. O
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Lemma 8.13. We have
ker (HL(X) — BNV (X) @ HY™* (X)) C img(H.(X5) — H.(X)),
where all maps are induced by the tautological inclusions.

Proof. This follows from the following commutative diagram of exact Mayer—Vie-
toris sequences:

HYE (X) —2> H.(X) HY™(X) & HY(X)

] |

Y (R) T HL (%) — HYT (XL ) © HY (X )

A similar argument was used in [17, Lemma 2.5]. O

Theorem 8.14. The inclusion v: Xy = )~(9~ — X induces a canonical isomorphism
D
(K.+Ky)ND
mtertwmmg Ryeg with the monodromy isomorphism induced by the deck transfor-
mation 7: X — X on the right hand side. Moreover, working with coefficients in
a field, and assuming that H.(Xg) is finite dimensional, the common kernel on the

right hand side above coincides with
ker(H*(X) — H§0V7—(X)) = ker(H*(X) — H}:IOV""(X)).
Particularly, in this case the latter two kernels are finite dimensional too.
Proof. Tt follows immediately from Lemma 8.12 and 8.13 that ¢, : H,(Xg) — H,(X)
induces an isomorphism
(Ko+Dy)n(D-+ Ky)
K_+ Ky
In view of Lemma 8.9, this isomorphism intertwines the isomorphism induced by
R on the left hand side, with the monodromy isomorphism on the right hand side.

Combining this with Proposition 8.2 we obtain the first assertion. For the second
statement it suffices to show

ker (H,(X) — HN"*(X)) C ker (H (X) - HYV = (X) @ HEOH(X)), (71)

H*<X0)reg = iker(H*(X) —>H£IOV’_<X)@HEOV’+<X)),

s, ker(H*(X') — BN (X) @ HEOH(X)).

as the converse inclusion is obvious, and the corresponding statement for the
downward Novikov homology can be derived analogously. To this end, suppose
a € ker(H,(X) — HNOV +(X)) Then there exists k such that 7¥a is contained in

the image of H, (X (—o0d) — Hi(X X). Using the exact MayerVietoris sequence
HL(Xj) = Ho(R o) © HY (X ) — HYH(X)

we conclude, that 7%a is contained in the image of H,(X i) — H,(X). Thus 7Fa
is contained in ¢, (D4 ), see Lemma 8.12. Since H.(Xp) is assumed to be a finite
dimensional vector space, we have t,(D_) = 1.(D) = t.(Dy), see (68). Using
Lemma 8.12 we thus conclude 7Fa is contained in the kernel on the right hand side
of (71). Since this common kernel is invariant under the isomorphism 7, : H, (X' ) —
H,(X), we conclude that a has to be contained in the common kernel too, whence
the theorem. ]



TOPOLOGY OF ANGLE VALUED MAPS, BAR CODES AND JORDAN BLOCKS. 45

Clearly, Theorem 8.14 and Proposition 8.3 imply Theorem 1.4.

9. APPENDIX (AN EXAMPLE)

Consider the space X is obtained from Y indicated in picture below by identifying
its right end Y7 (a union of three circles) to the left end Yy (a union of three circles)
following the map ¢: Y7 — Yj given by the matrix

1 1 2

-3 4 2

-2 1 2
¢

2 O > circle 2
3 <) ) circle 3
Yo Y Yi
} f f 1 1 {
0 91 92 93 94 95 96 2T

FI1GURE 2. Example of r-invariants for a circle valued map

The meaning of this matrix is that the first circle is divided in 6 equal parts ; the
first part go around the first circle clockwise the next 3 over the second counterclock-
wise to cover this circle three times and the last two also counterclockwise to cover
the third circle twice. Similarly with he other two circles. The map f: X — S is
induced by the projection of Y on the interval [0, 27].

The bar codes and the Jordan blocks are collected in the following table. Their
calculation was done in [1] as an illustration of the algorithm proposed in that

paper.

map ¢ r-invariants
circle 1: 1 time around circle 1 . .
. . dimension bar codes Jordan cells

-3 times around 2, - 2 times around 3 0 )
circle 2: 1 time around circle 1 00 5 3’ 5
, 4 times around 2, 1 time around 3 (06, 01 + 2] (3,2)

. X 1 [62, 03]
circle 3: 2 time around 1, 0 ’0 )
2 times around 2, 2 times around 3 (04,65

Simply by looking at the picture the reader can notice the contribution the closed
1—closed bar code [02, 03] with one unit to the Betti number £ (X) the
contribution of the 1—open bar code (4, 05) with one unit to the Betti number
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B2(X) and the lack of contribution to homology of the open closed bar code
(06; 01 + 27’(‘]
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