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ISING CORRELATIONS AND ELLIPTIC DETERMINANTS

NIKOLAI IORGOV AND OLEG LISOVYY

ABSTRACT. Correlation functions of the two-dimensional Ising model on the periodic lattice can
be expressed in terms of form factors — matrix elements of the spin operator in the basis of
common eigenstates of the transfer matrix and translation operator. Free-fermion structure of the
model implies that any multiparticle form factor is given by the pfaffian of a matrix constructed
from the two-particle ones. Crossed two-particle form factors can be obtained by inverting a
block of the matrix of linear transformation induced on fermions by the spin conjugation. We
show that the corresponding matrix is of elliptic Cauchy type and use this observation to solve
the inversion problem explicitly. Non-crossed two-particle form factors are then obtained using
theta functional interpolation formulas. This gives a new simple proof of the factorized formulas
for periodic Ising form factors, conjectured by A. Bugrij and one of the authors.

1. INTRODUCTION

The two-dimensional Ising model is the ground of our understanding of critical phenomena and
quantum field theory. Starting from Onsager’s calculation of the partition function [23], its study
has led to remarkable developments in many areas of mathematical physics, including the theory
of Toeplitz matrices, quantum integrable systems, Painlevé equations, and conformal field theory.
In an effort to keep the bibliography of reasonable size, we refer the reader to [19, 20, 25] for an
account of some of these developments and further references.

Correlation functions of the Ising model on an M x N square lattice with periodic or antiperiodic
boundary conditions in each direction can be expressed in terms of elementary blocks, called form
factors. These blocks are matrix elements of the spin operator in the basis of common eigenstates of
the 2V x 2"V transfer matrix and the operator of translations. Compact factorized formulas for the
form factors of Ising spin have been conjectured in [6, 7] on the basis of (i) long-distance expansions
of the two-point correlation function on the cylinder (M — oo) [5] and (ii) direct transfer matrix
calculations for small values of N.

One can try to prove the conjectures of [6, 7] in several ways, reflecting different facets of the
integrable structure of the Ising model. First, it can be seen as a special case of the eight-vertex
model. This is not very helpful, as the methods of computation of finite-lattice form factors for
models with elliptic R-matrix have not yet been developed. Another option is to consider the
Ising model as a particular case of the Baxter-Bazhanov-Stroganov 7(2)-model [1, 3, 17]. The
corresponding R-matrix is trigonometric, but the L-operator intertwines spin—% and cyclic type

evaluation representations of the quantum affine algebra Uq(;l\g). For this reason, the transfer
matrix can not be diagonalized by the standard algebraic Bethe ansatz technique, the corresponding
quantum inverse scattering problem does not admit a simple solution, and the Lyon method of
computation of form factors for XXZ-type models [16] can not be applied.

These difficulties can be partially overcome in the framework of Sklyanin’s method of separation
of variables [30]. Local spin operators are then expressed in terms of the quantum monodromy
matrix by means of an iterative procedure. The transfer matrix eigenstates are represented by
linear combinations of eigenvectors of an auxiliary problem, and the computation of form factors
involves summations over this auxiliary basis. Even in the Ising case, performing the sums explicitly
and showing that they do reduce to factorized expressions of [6, 7] is a highly nontrivial problem,
which was solved in [9, 10]. In spite of this success, the whole procedure looks overwhelmingly
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2 NIKOLAI IORGOV AND OLEG LISOVYY

cumbersome as compared to final answer, and there remains a strong feeling that the result can
(and has to) be obtained in a much simpler way.

The most natural approach would be to take advantage of the free-fermion structure of the Ising
model. This structure was discovered in [15], where it was used to give an alternative derivation
of the partition function.

Recall that the periodic Ising transfer matrix V' commutes with the global spin flip operator U.
Since U? = 1, the eigenstates of V split into two sets, corresponding to +1 and —1 eigenvalues of
U. The transfer matrix can be naturally written as

(1.1) V = const - (IZU Va + 12UV},) ,

where V, , commute with the projectors and are expressed in terms of the generators of a

Clifford algebra. They actually belong to the Clifford group, i.e. the generators transform linearly
under conjugation by V, ,. We emphasize that the same is not true for the full transfer matrix V.

Clifford group elements can, in principle, be reconstructed from the induced linear transforma-
tions, see e.g. Chapter II in [4]. The case of V, , is especially simple, as these matrices act on
the generators as products of commuting two-dimensional rotations; this becomes manifest after
discrete Fourier transforms (antiperiodic for V, and periodic for V,). Diagonalization of these
rotations gives the spectrum of V,, and hence, by (1.1), that of V. The eigenvectors of V, and
V, are given by multiparticle fermionic Fock states, constructed using two different sets of the
creation-annihilation operators [15].

Ising spin operator o also belongs to the Clifford group. However, it changes the value of Zo-
charge U from +1 to —1 and vice versa. According to (1.1), these values are associated with
fermionic eigenstates of V' of different types, and it is not clear how one can compute form factors
between them. The problem can be circumvented on the infinite lattice (N — o0), where the
distinction between two types of fermions effectively disappears. In that case, two-particle Ising
spin form factors have been found in [29], Theorems 5.2.1-5.2.3, and multiparticle ones in [27],
Theorem 5.0.

Further progress for finite N was made by Hystad and Palmer in two recent papers [11, 26].
It was noticed that if we combine the creation-annihilation operators of a- and p-fermions into
N-dimensional column vectors 15 f @E, @7, @, and express the result of conjugation of p-fermions

by o in the a-basis,
GPN (A B[
(2)=(2 5)(F),

then form factors of o between Fock states of different types can be expressed in terms of induced
rotations in essentially the same way as if we had an ordinary Bogoliubov transformation involving
fermions of only one type. For example, for T < T,

e an arbitrary n-particle form factor is given by the pfaffian of an n x n matrix, constructed
from the two-particle ones;
e normalized two-particle form factors coincide with the elements of N x N matrices D!,
BD~!, D~1C.
Explicit form of the blocks A, B, C, D can be fixed in a rather straightforward way. The com-
putation of finite-lattice form factors therefore reduces to the inversion of D and calculation of
the matrix products BD~! and D~'C. The present work is devoted to the solution of these two
problems.

The key point of our analysis is an elliptic parametrization of the Ising spectral curve, equivalent
to the elliptic substitutions used in Yang’s derivation of the spontaneous magnetization [33]. We
will show that in this parametrization D is given by an elliptic Cauchy matrix. Its determinant
and inverse can be computed using the so-called Frobenius determinant formula [8]. (Let us
mention that the Frobenius determinant and its generalizations have recently appeared in the
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computation of the partition function of the eight-vertex SOS model with domain wall boundary
conditions [24, 28]). In fact taking the N — oo limit of det D provides a useful alternative to
Yang’s derivation. Further, the products BD~!, D~'C can be calculated using theta functional
analogs of the Lagrange interpolation identities. The matrix of two-particle form factors also
turns out to be of elliptic Cauchy type. Computing its pfaffian and going back to the usual
trigonometric parametrization, we obtain the general formula for finite-lattice form factors of Ising
spin, conjectured in [6, 7].

It is worth noticing that in a recent paper [12] form factors of the quantum Ising chain in a
transverse field were derived. They represent a limiting case of the form factors obtained in the
present work. Although the derivation in [12] also uses the fermion algebra, it is motivated by
the calculation of form factors for superintegrable chiral Potts quantum chain [13] using Baxter’s
extension [2] of Onsager algebra and it does not use linear transformations induced by the spin
operator.

This paper is organized as follows. In Section 2, we introduce basic notation and recall Kauf-
man’s fermionic approach [15] to the diagonalization of the Ising transfer matrix. Section 3 trans-
lates the results of [11, 26], expressing spin form factors in terms of induced linear transformations,
into the language of creation-annihilation operators. In Section 4, we derive a number of identities
relating trigonometric and elliptic parametrization of the Ising spectral curve. The main result is
Lemma 4.2, which gives elliptic representations for the matrix elements of A, B, C and D. Sec-
tion 5 is devoted to the computation of two-particle form factors, i.e. the matrices D=, BD~! and
D~1C. The principal results of this section are summarized in Theorem 5.6. Finally, the general
factorized formula for the multiparticle form factors is established in Section 6. We conclude with
a brief discussion of results and open questions.

Acknowledgements. The authors are grateful to G. von Gehlen and S. Pakuliak for stimulating dis-
cussions and especially to S. Spiridonov for drawing their attention to Example 3 on p. 451 of [32]. We
also thank Max Planck Institute for Mathematics (Bonn), where a part of this research was done, for
hospitality and excellent working conditions. This work was supported by the French-Ukrainian program
Dnipro M17-2009, the joint PICS project of CNRS and NASU, the Program of Fundamental Research of
the Physics and Astronomy Division of the NASU and Ukrainian FRSF grants $28.2/083 and ©29.1/028.

2. TRANSFER MATRIX DIAGONALIZATION
The two-dimensional Ising model on an M x N lattice is described by the following Hamiltonian:

M—-1N-1

_IBH[O'] = Z Z (K::po'j,kUjJrl,k + ICyO’j’]ng’kJrl).

7=0 k=0

Spin variables {0 1 }j—o,....m—1 take on the values £1, and the boundary conditions in each direc-
=0,....,N—1

tion are either periodic or émtiperiodic. This means that for j =0,..., M —1and k=0,...,N—1
we have oy = €,00,% and o N = €400 With €, = £1. To simplify some of the arguments
below, it will be assumed that K, € R>¢. From physical point of view, this involves no loss of
generality, as any real values of coupling constants can be made non-negative by a suitable change
of spin variables and boundary conditions.

Typically one is interested in calculating n-point correlation functions

S0 Tirkr - T e € PHI]
Z[o’] e_/BH[O']
The 2V x 2V transfer matrix V can be thought of as an operator of discrete evolution in the

z-direction. It acts in the space of states, which admits two equivalent descriptions: as a space of
maps f : (ZQ)XN — C or as an N-fold tensor product C?> ® ... ® C2. To write V explicitly, it is

(21) <0j1,k1 s anakn> =
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common to define the operators

$i=1®..9180.01®...01,

j times
C;=1®..9100,21®...01,
—_———
j times
where j =0,...,N —1 and 0, . denote the Pauli matrices

(01 (0 =i (1 0
9%2=\10) %=\(i o) 2= o0 -1 )"

The action of {s;}, {C;} on the space of maps is given by

(sjf) (007 ey O'Nfl) :ij(007 e 70-N71)7
(C]f) (0-0) s aON—l) :f(007 vy 05—-1,705,0541,--- 7UN—1)a
where ¢, ...,o0n_1 € {1,—1}. The transfer matrix can now be written as
(2.2) V = (25inh 2C,) V2V, V2,
with
N-1 N-1
(2.3) Ve = exp {IC; Z Cj}, V, = exp {le Z sjsj+1}.
7=0 =0

Here sy = gys0 and K, = arctanh e~ 2K+ ¢ Ry denotes the dual coupling.
As already mentioned, V' commutes with the global spin flip U = CyCy...Cny_1. It also
commutes with the operator T,  of y-translations, defined by

(Teyf) (007 cee 70'N71) = f(017 e 70-N7175y0'0)7
as it may be easily checked that
T, ;72" = sji1, T. CT.' = Cjpa, j=0,...,N—1,

EyJ

with Cny = Cy. It is clear that [Tgy7 U] = 0, and therefore the operators T.,, U and V can be
diagonalized simultaneously. Correlation function (2.1) with j; < jo < ... < j, is equal to the
trace ratio

<Uj1 k?l"'o.jn k">: id Y Yy y 7
s s TI‘ |:VMU1—2%:|

which can be straightforwardly computed in terms of matrix elements of sy in the corresponding
basis of normalized common eigenstates.

Remark 2.1. The transfer matrix considered in [11, 26] is given, in our notation, by
1 1
V' = (25inh 2K,) V2V, Vi2.

Since V' is related to V in (2.2) by a similarity transformation, both definitions work equally
well if one is interested in the partition function. However, V, does not commute with the spin
operators {s;}, and therefore V' can not be used in the calculation of Ising correlation functions.
This explains discrepancies reported in Section 9 of [11].

On the other hand, the transfer matrix V' possesses the same set of eigenvectors as the hamil-
tonian of quantum XY-chain in a transverse field. Ising spin matrix elements between the eigen-
vectors of V' should therefore coincide with the form factors of ¢® between the eigenstates of
XY-hamiltonian, which were found in [14] by the method of separation of variables.
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For j =0,..., N — 1, introduce the operators
D = Ur®~~~®0m®az®1®w-®1:COH-ijlsja
—_——
J times
GG =0,0...00,R0,01®...01=1iCy...Cjs;,
—_———
j times
satisfying anticommutation relations for the generators of the Clifford algebra:
{pj o} = {4j. ax} = 26, {pj,ax} = 0.
It can be shown that

(2.4) V = (2sinh2K,) % (1 +2€yUVa . _;yUVp) :

where . .

V, =V VaVidu, v =a,p,

N-1 N-1

Ve = CXp{i/C; Z quj}, Vyw = CXp{—i/Cy Z pj+1qj},

§=0 §=0
and py = —po (pn = po) for v = a (resp. v = p). Note that U anticommutes with all {p,}, {g;}
and hence commutes with V.

Consider discrete Fourier transforms

;N 1 Nl
2.5 Py = —— e—ijép_ G = —— e—ijeq_.
25) SO M
Two sets of quasimomenta will be important for us: 6, = {%, 3W”,...,27r— %} and 0, =
{0, %’H L2 — QW”} In both cases one has inversion formulas

1 - 1 .
(2.6) p; = ﬁ Z %y, 4 = ﬁ Z %4,

0€0, 0€b,
and anticommutation relations
{po,por} = {40, 06} = 206467,0 mod 2 {po,q0'} = 0.

The conjugation by V, , acts linearly on the generators {p,;} and {¢;}. In particular, Fourier
components with 6 € 8, (v = a,p) transform as

_ cosh ie"
V,,(pe)V,,1=<_.i079 h9>(p0)’
0 ie"w_g coshy 0

where the functions wy and -y are defined by

(2.7 wy = cosh® K sinh 2KC,, (1- aeie) (1- Be*w) ,

(2.8) coshys = cosh 2K, cosh 2K, — sinh 2K}, sinh 2/C,, cos 6, Yo > 0,
with o = tanh K coth I, and 8 = tanh K} tanh IC,,. It can be easily checked that

sinh? 4y = cosh* K sinh? 2K, (1 — aeie) (1 — oze_ie) (1 — Bew) (1 — Be_w) .

From now on, unless otherwise is stated explicitly, we will work in the ferromagnetic region of
parameters. The latter is defined by K < Ky, or, equivalently, o < 1. In this case, it is convenient
to write wig in (2.7) as

wig = bigsinhyy,
with

(2.9) by = [b—e]_l _ \/(1 — ae?) (1 — Be=19)

(1 — Bei?) (1 — ae~0)’

The branches of square roots in (2.9) and below are defined so that they have a positive real part.
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Finally, introduce creation-annihilation operators of a- and p-fermions, which correspond to
0 € 0, and 0 € 0, respectively:

2} = e 0\/bgp_g — in/b_g g0,
20 = €\/b_gpy + iv/bg qo.

Here —#@ is identified with 2w — 6 for 6 £ 0. The operators in each of the two sets satisfy standard
anticommutation relations

(b oh Y = (o, oy =0, {00} = S0

(2.10)

Inversion formulas
(2.11) po=e /by (W_g + 1/’9) ; qo =1\/b_o (1/119 - 1/)9) ;

combined with Fourier transforms (2.5)—(2.6), allow to express “antiperiodic” creation-annihilation
operators as linear combinations of “periodic” ones and vice versa.
These operators transform diagonally under conjugation by V, ,,

wT (e 0 wT
VU(iﬁZ)V”l_( 0 679)(w2)’ 0eb,.

Since {s;}, {C;} (as well as {p;}, {g;}) generate full 2V x 2V matrix algebra, it follows from
Schur’s lemma that induced linear transformations fix V; , up to a scalar multiple. Now taking
into account that detV, , =1 and TrV, , > 0, we find that

Vuexp{ > v (z/fgwe;)}, v=a,p.

0€b,
Fock states

(2.12) 101, Ok)y =0 - W) Jvac),,  O1,....0k €6,

are therefore right eigenvectors of V,,, with eigenvalues equal to exp {% Zeeel, Yo — Zle Yo, } .

Here |vac), is a vector annihilated by all 1y with 6 € 0,,.

The operators {s;}, {C;}, {p;}, {¢;} are hermitian, hence pg =p_o, q;r, = ¢_¢ and the operator
w; is hermitian conjugate of 1)y, just as the notation suggests. Introduce the dual vacua ,{vac| =
|vac)!, annihilated by all z/;; with 6 € 6,. Left eigenvectors of V,, can then be written as

Ok, .., 01) = 01,...,00)] = L(vacly, ... v,, 01,...,0,€0,.

We will impose the normalization condition , (vac|vac), = 1, which automatically implies orthonor-
mality of the states (2.12).

Recall that only a part of eigenvectors of V, ,, are actual eigenstates of V', cf. (2.4). For ¢, =1
(i.e. periodic boundary conditions on spin variables) only the states with even number of particles
are eigenvectors of the full transfer matrix. For £, = —1, the number of particles in the surviving
states of both types is odd. This follows e.g. from an explicit diagonalization of V, , in the limit
K — 0, and observation that the eigenvectors for £ > 0 are related to those with K = 0 by
products of two-mode Bogoliubov transformations, which commute with U. In fact since U also
anticommutes with {w;ﬂ}7 {1g}, it is sufficient to show that Za-charges of the vacuum vectors |vac),
and |vac), are equal to +1 and —1, respectively.

To avoid confusion, in what follows we reserve the letters ’(/J;, g for the creation-annihilation
operators with 6 € 8, and denote the corresponding operators with 6 € 8,, by <p2;, pg. Our aim is
to compute spin form factors

(2.13) FD(0,0) = olb1,...,0u|s110, ..., 00)p = [p(0n, ... 005110, ..., 00)a]"

where 61,...,0,, € 0,4, 01,...,0], € 6, and * in the last expression denotes complex conjugation.
As explained above, matrix elements (2.13) are non-zero only if m and n are simultaneously even
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or odd. These are the only nontrivial form factors: since s; anticommutes with U, its matrix
elements between the eigenstates of V' of the same type vanish.

Remark 2.2. Let us show that the eigenstates of V' constructed above diagonalize the translation
operator T (since 79 = 7_g, the eigenvalues of V' are degenerate and this is not automatic).
Though translation invariance will be manifest in the final answer, which satisfies

(2.14) Fin (0.0 = NS SOV ED, (0,0),

it is instructive to explain it already at this stage.

Indeed, the vacua |vac),,, are non-degenerate eigenstates of the periodic Ising transfer matrix,
and therefore they are also eigenvectors of 7. It can be deduced from the limit K} — 0 by
continuity that the corresponding eigenvalues are both equal to 1. It is also straightforward to

check that
+ qJ ¥ 9 Qj+1 2 ) DI 5
where € = +1 and py = €pg, gnv = €qg. Performing discrete Fourier transforms, we obtain
T 15U e—iQwT 15U
2.15 T, ( Yo Yo 1P Yo )
( ) i(we)qi 2 (ezewe) 9 7
(2.16) Ti ( QDZ )T:;ll:l:U — ( 6_‘14:()0; ) ﬁ’
v 2 e" vy 2
which in turn yields the desired formulas:
.2k g
(2.17) Til1, . Ook)ap =€ 2101000 Oor)a
ikt g,
(218) T—|913-~-a02k+1>a,p =e 21 0 017~-~;92k+1>a,p-

3. SPIN FORM FACTORS AND INDUCED ROTATIONS

Just as in the above case of V,, ;,, conjugation by the spin operator s; acts linearly on the Clifford
algebra generators {p;}, {q;}:

1 .

) _ I— )

(3.1) Pift sgn(l = J)p» j=0,...,N—1,
sigjs; - =sgn(l —1— j)gj,

where sgn(z) =1 if 2 > 0 and —1 if z < 0. Recall that induced linear transformations fix s; up to
a scalar multiple.

Let us combine {¢£}7 {1y} and {cpg}, {¢y} into N-dimensional column vectors ot g, gt @
Their entries are thus given by 2V x 2V matrices. It will be very convenient to write the result of

conjugation of {cpg}, {¢p} by s; as a linear combination of {wg}, {Wp}:

(E)e-(E8)(F)

where A, B, C, D are N x N matrices. The entries of the 2IN-column in the L.h.s. satisfy canonical
anticommutation relations, from which it can be deduced that

(3.3) ABT + BAT =cDT + DCT =0,  ADT + BCT =1.

Since s; = sl_1 = slT, the operator s; is unitary. This yields further relations

(3.4) A=D, B=C.

Vacuum vectors |vac), (v = a,p) are fixed by the annihilation operators {tg}, {¢g} and the
normalization ,(vac|vac), = 1 up to inessential pure phase factors. This can be used to establish
a relation between the two vacua.
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Lemma 3.1. We have
(3.5) lvac), = X - s, ' Olvac).,,
where
1 1 _
[A| = |det D]z, O—exp{2 Z wg (D 1C)979,¢£/}~
0,6'€0,

Proof. Lemma is formulated and will be proved under assumption that D is invertible. This
point will be checked in Section 5, where det D is shown to be non-zero by explicit computation.
Acting on sl_lO|vac>a with the N-column ¢ of annihilation operators, one finds

(3.6) @s; 'Olvac), = sl_l(Cd_)'T + D$)Olvac), = s[lo(cw + DO 0)|vac),.

For two matrices X, Y satisfying [X, [X,Y]] = 0 holds eXYe™X =Y + [X,Y]. From this and the
fact that D=1C is skew-symmetric because of (3.3) we get

(3.7) O~ WO = —D 'Oy T + 4.

Since Plvac), = 0, it follows from (3.6) and (3.7) that @s; 'Olvac), = 0, and thus the vector
s; *Olvac), is proportional to |vac),.

Absolute value of the scalar multiple A in (3.5) can be determined from the normalization.
Indeed, the unitarity of s; implies that

(3.8) 1 = ,(vacvac), = |\?a(vac|OTOvac),.

To compute the vacuum expectation value on the right, one can e.g. write D™'C as GTFG,
where G is unitary and F' has block-diagonal form, with 2 x 2 skew-symmetric blocks containing
nontrivial eigenvalues of D~'C and 1 x 1 blocks containing zeros. Introducing new creation-
annihilation operators 5 t= GJ f E = Gz/; which satisfy canonical anticommutation relations, and
using that |vac), is annihilated by €, one obtains

o (vaclO0'Owac), = [det (1 + FFT)]% = [det (1 +(D7'C) (D_IC)T)]% = |det D| 7.

The last equality follows from the relation CCT = 1 — DDT, which can be derived from (3.3)—(3.4).
Now (3.8) implies that |A| = |det D|z and the lemma is proved. O

Since T |vac)q,p = |vac)q p, the factor A = 4 (vac|s;|vac), is independent of [ and thus its phase
can always be absorbed into the definition of vacua. We will therefore assume below that A € Ry .
Under this convention, it follows from Lemma 3.1 that

(3.9) o(vac|sivac), = |det D|%.

Note that in the limit N — oo the Lh.s. of this formula gives Ising spontaneous magnetization.
Let us now compute general form factors fﬁi?n(a 0'). By (2.13) and (3.5), one has

ATUFD(0,67) = u(vaclyy, ...y, sl - by 5" Olvac, =
= o (vacliy, ...y (APT + By, ... (AP + Bih)g, Olvac),,

where we used (3.2) to pass from the first to the second line. Now pull O in the last expression to
the left vacuum, on which it acts as the identity operator. This can be done using (3.7) and the
fact that © commutes with all entries of ¢ . Moreover, (3.3) implies that

O Y AP+ BY)YO = (A— BD'C) ' + By = DT T + By,
where D~T = (D’l)T, so that
ATTFED (0,6)) = J(vac|(~DTICP T + g, ... (DI + 1), %
x(D~TG T+ Bi)g, ... (DTG + By [vac)a.
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Vacuum expectation value of any product of linear combinations of {1/%}, {1y} can be easily
computed using Wick theorem. The result is given by the pfaffian of the matrix of pairings
between different combinations. In our case, there are three types of pairings:

a(vac|(—D_1C'1;T + 1;) .(—D‘lCJT + J)0k|vac> = (D_lc)ej,ek J
o(vac| (=D 'Cy T + 1/)) (DTt 4 B¢)0’ lvac)q =D, 19'
o(vac|(D~ Tyt + Bl/J) (DTt + Bw)e,;lva@a = (BD~ )9,’.,9;c :

Accordingly, we obtain

Lemma 3.2. Form factors ]-",Si)n (0,0") of Ising spin have the following representation in terms of

induced rotations (3.2):

(3.10) F.0.0) = aenb-pin, R ( oo Hoo ),
' Rg o Roxe

where matriz elements of the blocks of skew-symmetric (m 4+ n) x (m + n) matriz R are given by

(3.11) (Roxe),1, = (D*10)0 0. Jk=1...m,
(312) (Rgxgl)jkz—(Rglxg)kJ —De_ 9/ j:L...,m, k:l,...,n,
(3.13) (R91X9/>jk = (BD‘ )9;,% , L k=1,....n

Observe that matrix elements (3.11)—(3.13) coincide with normalized two-particle form factors:

! /
_ (D_lC) al0|s1]0 >p _ D;é/, a{vacls|0,0 >p _ (BD_l)

007 (vac|si|vac), o(vacls;lvac),

o(0,8'|silvac),

.14
(3.14) o(vac|si|vac),

0,0/

The reader might have noticed that the only important point for the above derivation is the
formula (3.2). In particular, we have not as yet used the fact that s; belongs to the Clifford group,
i.e. that LZ_J'T, 1/7 and @1, @ are related by a linear transformation. However, this does play a role in
the proof of the following Lemma, which gives the explicit form of the induced rotation matrix.

Lemma 3.3. Matriz elements of A, B, C, D are given by

3.15 A D Hen ,/ba'
(8.15) b0n = Ho0r = 21Nsm— bG'

—i(l=3)(6+6")

21N sin %

(3.16) Boo = Cog =

where § € 0, 0" € 0,.

Proof. Express ¢y in terms of p;, ¢; using (2.10) and the Fourier transform (2.5), compute the
result of conjugation by s; using (3.1), and rewrite it in terms of {1/)2,,}, {1g/} using the inverse
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transform (2.6) and the formula (2.11). Explicitly,

ssgposi =0 (Vs + i an) i =
—1

e~ 10 (619 b_ospjs; —&-i\/bgslqjsfl):

2

. 5‘“ S 3l 4

<.
I
o

2

e =90 (ew b—gsgn(l —j)p; +iv/besgn(l — 1~ j)qj) B
0
N-1

e’ 9_9< b_gsgn(l — j)per +i\/b sgnl—l—]qgf):

J

€0, j=
eil(0'=0)

- 1 _ ei0'=0) ( VAL p9/+1\/7%’> =

0'€,
7l(9 —0) b@l bgl
2 1—i0'=0) {(\/ \/m)we’ ( b, Ve
0'co, 0 0
which gives C' and D. The formulas for A and B immediately follow from (3.4). g

= \

2w

Remark 3.4. An essentially equivalent result was obtained in [11], Theorem 4.1. However, the
function by appearing in the kernels of A, B, C, D differs from the one in [11]. This seems to be
related to the inappropriate initial choice of the transfer matrix, see Remark 2.1.

4. ELLIPTIC PARAMETRIZATION OF THE ISING SPECTRAL CURVE

Let us now go back to the lattice dispersion relation (2.8). Introduce the variables z = €',

A = €7 and rewrite it as an algebraic curve

—1 —1
(4.1) sinh QICx% + sinh 2K, itz

= cosh 2/C; cosh 2IC,,.

Topologically this is a torus realized as a two-fold covering of P!, branched at 4 points
z1,2 = (tanh IC}, coth ICy)il = ot
z3.4 = (tanh IC; tanh ICy)ﬂEl = p*L

The points 8 < a < a~! < 7! can be mapped to 0 < k < k! < 0o by a Mdbius transforma-
(z1—23)(z2 —2a) o
(22 — 23)(21 — 24)

tion. Such transformations preserve the anharmonic ratio (z1, z9; 23, 24) =

therefore
b B —a  sinh2K}
aB—1  sinh2K,
The parameter k plays the role of the modulus of the Jacobi elliptic functions uniformizing (4.1).
One also needs to introduce elliptic integrals

_/1 dt /
a 0 \/(1 —t2)(1— k2t2)7 \/ 1 _t2 k'2t2)

where the complementary modulus is defined by k2 = 1 — k2. Tt is known (see Theorem 2.2.1 in
[25]) that the functions
sn (u + in)

(4.2 ) = Sl

(4.3) AMu) = [ksn (u+in)sn (u—in)] ",



ISING CORRELATIONS AND ELLIPTIC DETERMINANTS 11

with v € [-K, K) x i[-K', K'), provide a uniformization of the Ising spectral curve (4.1). The
real parameter n € (—KT/,O) is determined by sinh 2K, = isn2in (it is related to a of [25] by

a=n+5.

Elliptig parametrization (4.2)—(4.3) establishes a one-to-one correspondence between the “phys-
ical” cycle Cy = {(z,\) = (¢, €7) |6 € [0,27)} and the set C, = {u|Reu € [-K, K), Imu = 0}.
It is convenient to denote by ug the image of the point (e, e7¢) € Cg in C,. In particular, one has
ug = —K, ur = 0 and, more generally, ug = —ug,—_g for 6 € (0,7].

The rest of this section is devoted to the derivation of a suitable elliptic representation for
the elements of the induced rotation matrix. We proceed by establishing a number of identities
between the two parametrizations. First note that for § € [0, 27) holds

_eEi
2

(4.4) e = —Vk sn(ug F in).

Indeed, the squares of both sides of this relation coincide because of (4.2)—(4.3). Since they never
vanish, it is sufficient to fix the sign for one value of 6. Set § = 7, then the Lh.s. becomes Fie 7~/2
and sn(ug F in) in the r.h.s. reduces to Fsnin. On the other hand isnin > 0, and the result
follows.

Setting u = ug, v’ = ugr, v = in in the easily verified formula

sn(u + v)sn(u —v) — sn(u — v) sn(u’ + v)
1 —k2sn(u+ v)sn(u — v) sn(u’ + v)sn(u’ — v)

= —sn(u — u') sn 2v,
and using (4.4), one finds that
(4.5) sn(ug — ug) = sinh 20, ——2—

This identity has several important consequences. Notice especially that for §/ = 0, 7,27 — 6 it
reduces to

(4.6) sn(ug + K)  sin g snug cos g sn2up  sinf
' sinh 2K, sinh 224707 sinh 2K, sinh 2=12e” sinh 2K,  sinhyp’

Since coshyy — coshyg = sinh 2/C% sinh 2/C, (cos 8’ — cos§) by (2.8), it can be inferred from the
second relation in (4.6) that

9 sinh t=1¢
(47) k sn Uy = e edve
sinh — 5
. : +7e/
sinh 7y, sinh 2-LYe"
(4.8) 1 — k?snug sn’ug = T 2

: fn : Am+Yer *
sinh =3¢ sinh I
Next we want to compute cnug and dnugy. For that, set 8/ = # in the last identity and combine
2snucnudnu
1 — k2sntu
fix the product cnug dnug. Together with the first identity in (4.6) (since sn(u + K) = Tu and
nu

the result with the doubling formula sn2u = and the second relation in (4.6) to

cnug, dnug > 0), this gives

9 i h2 1 h . h - . hm
(4.9) cnu@:sin\/ sinh 2/Cy sinh . ’ dnuez\/sm Y sinh 25

2 |/ sinh 22320 sinh 2¢53= sinh 2/C,, sinh 2¢2=

To find an elliptic representation for by in (2.9), recall that

(1 — aew) (1 — ﬁe_w)
sinh vy '

bg = cosh® K7 sinh 2K,
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As a function of 6, the numerator of this formula is a linear combination of 1, cos# and sin§. On
the other hand, (4.7) and (4.8) imply that

(4.10) 2k sn’uy _ cosh v, — cosh g
1 — k2snug sinh v, sinh vy
(4.11) 1+ k%sn*ug _coshvy, coshyy — 1

1 — k2snug sinh vy, sinh vy

Hence by is a linear combination of the Lh.s.’s of (4.10), (4.11) and the third relation in (4.6). A
little calculation then gives
2k%sn?ug 1+ k%sntug (dnug + ik snug cn u9)2

bg = tksn2uy — =
0 = st ste = k2sntug + 1 — k2snug 1 — k2snug

Taking the square root and fixing the signs via /b, = 1, one obtains

[\/b—]il _ dnwug £ iksnugcnug
0 N V1 — k2sntuy '

From (4.12) we can now deduce what we really want — namely, a nice elliptic representation of
the matrix elements of A, B, C, D in Lemma 3.3:

(4.12)

Lemma 4.1. Let 6,0' € [0,27) with 6 £ 60" # 0,27. Then

(4.13) [b ng sinh 2/C,, dn(ug — ugr)
’ 25sin 52 bel \/sinh g sinh vg: sn(ug — ugr)’

1 —isinh 2K
4.14 _— bob
(4.14) 2sin £ (m \/bgbg/ ) /sinh g sinh g/

Proof. From (4.12) it follows that e.g.

/b bg/ dn ug dnugr + k2sn ug cn ug sn ug cn ugr
2sin =2 b@f n 52 /(1 — k?snug) (1 — k2sntug)

dnudnv’ +k25nucnusnu cnu’

cn(ug — ugr).

Standard addition formula dn(u—u') = transforms the right side

1 — k2sn?u sn2u/
of the last relation into

1 — k2sn?ugsnug dn(ug — ug)
V(1 = E2snfug) (1 — k2sntug)  sin 5%

sinh JeTe’ 279'

V/sinh g sinh g’
becomes an immediate consequence of (4.5).

Similarly, applying (4.12) to the Lh.s. of (4.14) we get

1 1 . snug cnug dnug + dn ug Sn ug cn ug
————— | \/byby k .
2sin ‘9+9 < o \/bgbg/) 9+9 \/ — k2sn%ug) (1 — k2sn*ug)

Now (4.14) can be obtained from the addition formula

By (4.8), the first factor may be reduced to and the desired identity (4.13)

snucnudnu’ +dnusnu cnu’

en(u —u')sn(u +u') = 1 — k2sn2wu sn2u/

in a way analogous to the above. O
Finally, let us introduce two diagonal matrices A, (v = a,p) with elements

(ill=1)0
(4.15) (Av)gg = \/Th%) 0,075 0,0’ €9,
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and two non-diagonal matrices ®, ¥ defined by

dn(up — ug)

(416) (13979/ = \11919/ = CIl(U@ — ’U,Q/), 0 e 0,,,9’ €80,.

sn(ug — ugr)’
Combining the results of Lemmas 3.3 and 4.1, we arrive at

Lemma 4.2. Matrices B, C and D defined by (3.15)-(3.16) satisfy the following identities:

_iN -
41 o ¥ S e
(4.17) sinh 2/C, ¢ P
sinh 2/C .
4.1 BD ™' =i — LA U TIA!
(4.18) ! sinh 2/C,, P L
1 LSIDh2KCT
(4.19) D'C =i K A'OTIWA,,
. N
(4.20) |det D| = (sinh 2@") [det 2| S—
NN\/Heeep sinhyp [[pcq, sinh o
. inh 2/C* inh 2KC, -
Proof. Check that B = C = —% A WA, and D = —% A, ®A,. 0

Thus in order to obtain all finite-lattice form factors of Ising spin, it is sufficient to compute the
inverse ® ! and two matrix products ¥®~!, ®~!W. This will be done in the next section using
that ®, U defined by (4.16) are special cases of elliptic Cauchy matrices.

5. ELLipTIC CAUCHY MATRICES AND TWO-PARTICLE FORM FACTORS

5.1. Elliptic determinants. Consider 2N complex variables x1,...,Zn, Y1,-..,Yn. LThe deter-
1
minant of the Cauchy matrix V;; = —— (4,7 = 1,..., N) is a rational function of {z;} and {y;},

[ Yj
which vanishes whenever z; = x; or y; = y; for some pair of distinct indices 4, j. It is well-known

that there are no other zeros and the determinant is given by

N
Hi<j(xi —z;)(y; — ¥i)
< )
Hi,j(m’i ;)
There is an elliptic version of this relation due to Frobenius [8]. Namely, if we denote by 91 4(z)
ﬂl(xi —y; + Oé)
V1 — y;)01 ()

detV =

Jacobi theta functions of nome ¢ = €™", then for the elliptic Cauchy matrix f/L] =

depending on an arbitrary parameter o holds the identity

N N
U (Zz Ti— 2 vit O‘) Hi\ij V1(zi — x5)01(y; — vi)

(5.1) det V = ~
191 (a) Hi,j 191(-731 - Zlg)
Corollary 5.1. We have
N N

(5.2) o1 %} (Zi;én Ti — Zi;ém Yi + 04) va 91 (Tn — ¥s) Hf\' 1 (Ym — T4)

. o = ~ 7 .

Oy (N i = Sy + @) 91 (@n = ym) Tien 91 (= 20) Tl 01 (9 = 93)

Proof. Use (5.1) to compute the determinant and cofactors and (5.2) follows. O

Theta functions are related to the Jacobi elliptic functions by

05 91 (932 By 92(93 V4 93(93°

(5.3) _ V30105 u) u=f472( 0 dnu——473( )

T 00,0370 T e 0,05 %u) T 03 04(05 %)
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where ¥; = ¥;(0) for i = 2, 3,4. Elliptic modulus and half-periods are given by

2
k= g%’ 2K = m?g” 25K = 7r719:2,).
3
The functions 93 3 4(2) can be obtained from 1 (z) by shifting its argument,
T
(54) 192(2) = (Z + 5) s
i) T
(5.5) 93(2) = e~ iz ) g, (z +3-5 ) :
. —i(z— T T
(5.6) Da(z) =ie (== )y, (z - 7) .

Therefore one can deduce from (5.1), (5.2) the determinants and inverses for a number of matrices
with entries written in terms of the Jacobi elliptic functions.

Lemma 5.2. For 1 <14,j < N with even N we have
2

(5.7) det (\/E sn(u; — uj)) = ﬂ\/ﬁ sn(u; — uj)

inT

Proof. Set z; = ﬁgzui, Yi = 19§2ui + % and use (5.3)—(5.6) and the formula ¥, ("—27) =je 4 Uy
to write
01 (zi —y + )
1 (2 — ;) 1 ()
The determinant on the left side of (5.7) can therefore be deduced from (5.1) with ov = %F. Since

in our case y; = x; + = and in particular Y, 2; — >; y; = — 22T, it reduces to

Vksn(u; — uj) = 04e!@¥)

(_1)%—16—“\’%191(M) ﬂ V1 (2 — )01 (2 — 2) .

HOE) AT G )G n T
To transform the theta functions back to sn’s, use again (5.3)—(5.6) and the quasiperiodicity relation
V1 (z + bnT) = (—1)%‘”‘327_2%2191(,2), which holds for ¢ € Z. O

Remark 5.3. Taking the square root at both sides of (5.7) and fixing the signs via the rational
limit, one obtains a pfaffian version of this formula:

N
(5.8) Pf (\/E sn(u; — u])) = H Vi sn(u; — u;).

i<j
We note that this identity has already appeared in the proof of Theorem 5.0 in [27], where it was
used to obtain multiparticle Ising form factors on the infinite lattice from the two-particle ones.

dn(u; — v,
Lemma 5.4. Let ® denote a matriz with elements ®;; = M withi,7=1,...,N. Then
sn(u; — vj)
OO N N ar N N T qT
(5.9) det = e (N @i-Xwi=) g, (Zi zi= Y+ o - ?> »
N
% Hi<j V1w — 25)01(y5 — ¥s)
N ;
IL; 91 (@i — ;)
4(xn_ym,)q9 N R N . T __ 7T
95 € 1(21 nTi = Dizm Vi T
(5.10) ol =B ’ z 2 2]

Volayy (SN ai = XN v+ 5= %) 01 (o0 — ym)

1Y 01 (2 — y) T 01 (Y — 1)
ij\;n 191 (xn - xz) Hgém 191 (ym - yz)
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where ©; = 19§2ui, Yi = 193_21),;.

Proof. From (5.3) and the relation v, (f - ”2—7) = ¢~ "3 it follows that ®;; can be written as

O = e’i(””i’yf)ﬂﬂ?4 Vi (e —yi+ 5~ ) )
U3 D1(xi —y;)h (* - %)
Now to derive (5.9), (5.10), it suffices to set a = § — &~ in (5.1), (5.2). O
5.2. Theta functional interpolation. Let z1,..., 2, f1,-.., f;r be 2M complex variables. The

Lagrange polynomial P(z) is the unique polynomial of degree < M — 1, interpolating the set of
points (z;, f;) (in other words, f; = P(z;) for i =1,..., M). As is well-known,

(5.11) Zfz H

i JFi
Introduce M additional parameters z1,. .., 2, and the (M — 1)th degree polynomial

l_zj

M M
TORS | (CEFIES | (R

If we now set f; = f(z;) for j = 1,..., M, then the evaluation of the coefficient of z~! at both
sides of (5.11) leads to the identity

M M
(2
R R T ot
7 HJ;&z (ZZ - Z.]
The last relation has an elliptic analog, which turns out to be very helpful in the calculation

of the products BD™! and D7'C. Namely, if the parameters {z;}, {z]} satisfy the balancing
M M
condition > z; — > 2] = 0, then

M M /
(5.12) 3 w —0.

7 e 91z — %)
This identity appears in a somewhat disguised form in [32], Example 3 on p. 451, where it is
formulated in terms of the Weierstrass o-function. It can be proved by induction on M, using the
Riemann’s addition formula in the base case, see e.g. Theorem 7 in [31]. Another proof, based on
the Frobenius determinant formula, is given in the Appendix of [22]. The identities of type (5.12)
arise in [21, 22] in the analysis of a discrete time version of the Ruijsenaars-Schneider model.

Lemma 5.5. Let ¥ denote a matriz with elements ¥;; = cn(u; — v;) (4,7 =1,...,N) and P,
{z:}, {y:} be as in Lemma 5.4. Then we have

o0y (21 —an + N i =Ny + I
(5.13) (To1), = Zez(acn—acl——)19 ! ( ! 2) y

3 1(2 IEi—Zi yi+g—ﬂ2i)
— i) N9y (1 — i+ ZF)
XH 71-7—) H 191 (xn_xl)2 ’

191 Ilfyz z;én
v (m V=N v 3)
(5.14) (@ 1w) = ielln- Um——)gz 1\Y jﬂrZz;f Y vt
1(2 Ti— > yi+g_%7>

T MO (g -y — 5
XH - 11 11§?l(ymy_ -2)'

0 ( yzf:csz) o yi)

X
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Proof. We will prove only the first identity, since for the second the argument is completely
analogous. By (5.3), one can write

\Ijlm = _iei(ymixl*%)% 191 (y'm, —x; + g) .
Vo 04 (ym - T — L;)

Lemma 5.4 then implies that the Lh.s. of (5.13) is given by

T

_ ﬁ iei(wn—zl—T) Hiv 191(3371 _ yi)
In 92 ol (va i — SNy + 7 - ’;i) Hf\;n V1 (2 — ;)

N N
1 (ym — 21+ %) [lien 01 (Ym — 1)
S (5 oy oy ) I, |
- { 1 (Zz;ﬁnx Zl;ﬁmy 2 2 ) Al (ym — X — %) Hf\;m ﬁl(ym - y7)

(5.15) (To1)

If we denote

o zi=y;fori=1,....N,2yp1 =2+ 5,
o zl=x;fori=1,...,n—1land fori=n+1,..., N,
’ N N ’
e 2, =Ty— ity yit s+ 5 and 2y, =x — 3,

N (- 2)
then the sum in the second line of (5.15) can be written as Z 2

N+119
i H_j;ti 1(zi — %)
coincides with the sum in the Lh.s. of (5.12) with M = N 4 1. The missing (N + 1)th term is
given by

N+1 / N —
[T Y (z — 2 N N [T, 91 (x) — 2 + ZF
- (zn 1 — 2)) 191<7T+7TT)191<xl—xn+§xi—Eyi_W> 17;" 1(l 2).
I "1(zng1 — 2) 2 2 3 : 2) T 01 (v —yi + %)

Since the balancing condition is satisfied, our sum is equal to minus this missing term. Together
with the first line in (5.15), this leads to (5.13). O

. This almost

5.3. Trigonometric reduction. The matrices ® and ¥, corresponding to the Ising case, are

indexed by two sets of quasimomenta. Explicitly, u; = ug with 0 = w € 0,, and v; = ug

with ¢ = 27 (j — 1) € ,. Since for 6 € (0,2) each set contains both § and 27 — 6, there are

additional constraints on {x;}, {y;}. Their form slightly differs for odd and even values of N:

e For odd N, the value # = 0 belongs to the periodic set of momenta, but § = 7 is in the

antiperiodic one. Then for all j = 2,..., % and k=1,..., % we have

™
(5.16) Tj+INy2—j = Yk T YN41-k = 21 + 5 T YWN+/2 = 0.

e For even N, both exceptional values § = 0,7 belong to the periodic set. Thus for all
j:2,...,% andk;:l,...,% holds

T
(5.17) Ti+ITNt2—j =Yk T YNt1—k =21+ 3 =2TNj2y1 = 0.

In particular, in both cases we have

N N -

1 i — = ——=.

(5.18) ; x ; Y 5
This allows to rewrite (5.9)—(5.10) and (5.13)—(5.14) as

2 95703

va fz‘gz"

-1 — In9m
sn(tp — v’

mn

(5.19) (det @)
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(5.20) (\I/<I>_1)ln fnh(acl + %) sn(u; — up),

(5.21) (tl)_lllf)ml = — h(ylgiibgi) sn (v, — vy),

where h(z) = H m and {fn}, {gm} are defined by

s T1} 91(xn — i) i 17 91(ym — 22)
V294 Hf\;n 01 (20 — ;) T Ul ngm 1 (Ym — i)

Notice that (5.18), combined with the quasiperiodicity of ¥1(z), also implies that h(z + n7) =
—h(z). Further, it is easy to check using (5.3), (5.6) that the quantities x,, = — fuh (2, — &) and

T

Rm = gm/h (ym — 7) are given by

B Hiv sn(u, — v;) B va sn (U, — uy;)
(522) Xn = N ’ fom = N :
Hi#n sn(uy, — u;) H#m sn (v, — ;)
Thus, to write (5.19)—(5.21) in terms of sn’s, it suffices to find a suitable representation for the
function u(z,z’") = h(z)/h(z’). For that, one can use the constraints (5.16)—(5.17).
Suppose e.g. that N is even, then

fn:

1912 V1(z — )01 (2 + x4) 1912—:% 12" + i)
5.23 !
(5.23) nlz#) = 2 Hﬂlz—x 1(2 + x;) H 91(z —y)01(z + i)’

where we have put together the theta functions with arguments coming in pairs according to (5.17).

In each product of two theta functions, use the well-known addition formula, written in the form
V1(s + )01 (s — )95 =097(s)95(t) — 93 (s)03(t) =

sn?¥3s — sn2vit

5.24 =01(8)04(8)01 ()04 (t) —0—— 2>

(5.24) S04 (40D

After substitution into (5.23), almost all of the theta functions and denominators appearing in
(5.24) cancel each other, so that u(z, z’) reduces to
) ﬁ (snv3z —snw;) (snv32’ —snv;)

- (snd3z —snv;) (snvdz’ —snw;)

cnv3z (14 snv3z’
en 3z’ (1 + snviz)

(5.25) n(z, ) =

Similar manipulations for odd N lead to the same formula.
If we now denote \(u,v) = p (193_2u -, V320 — ZT), then by (5.25)

dnu (1 + ksnwv) ﬁ (1 —ksnu;snu) (1 —ksnv;snv)

(5.26) AMu,v) = dnov (1 +ksnu)

s (1—ksnv;snu) (1 —ksnu;snv)
Relations (5.22) and (5.26) then allow to rewrite (5.19)—(5.21) in terms of the Jacobi elliptic
functions:

(—)NV1— k2

/"JanA(Unu un)

5.27 det ®)* = . ol = ,
(527 ( ) va KiXi Mvi, uq) sn(Vm — n)
(5.28) (\Ijq)il)ln = Xn AU, Un) sn(ug — Uy ),

(5.29) (<I>_1\Il)ml = KmA(Vm, v1) sn(v] — Vpy,).

So far we have used only a reflection symmetry of the periodic and antiperiodic spectrum of
momenta. That these momenta take rather special values (recall that e is an Nth root of +1)
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leads to further simplifications. It will be convenient to switch the notation and write all matrix
indices in terms of momenta, as suggested in the beginning of this subsection. Thus, e.g.

H@’Eea Sn(ue - UG/) Heleep SH(U@ — ugl)

(5.30) Xo = Ko = ;
Hefeea,afﬁ sn(ug — ugr)

— Hg/eeps0/7£9 sn(’u,g — U@,)a

where in the first formula 6 € 6,, and in the second one 6 € 8,,. Likewise, for 0,0’ € [0,27) denote

dnug

1—ksn Ugrr SN U 1—ksn Ugrr SN Ugr
(531) /\979/ = /\(UQ,UQ/) = H H .
dn ugr 1 — ksnugr snug 1 — ksnugrsnug
0" €0, 0'"€0,
9//7é0

Our aim is to express Xg, kg and Ag g in the initial trigonometric parametrization (i.e. in terms
of 6 and 7). Introduce the function

: Yo+Yor
(5.32) vy = In Llreo. Smh

0 € [0,2m).
inh YetYer’ ’
o'cp, Sinh 757

Use (4.9) to rewrite the first factor in (5.31) and transform the remaining two products with the
help of (4.8). The calculation is slightly different for odd and even N, but the final result is given
by the same simple formula:

(5.33) Xoor = evor=ve)/2,

Similarly, the identity (4.5) allows to write (5.30) as

i in 9=¢
(5.34) vo meo b2y yeo, o057y g
sinh vy Ho/eep,e/;ée sin =5~
. 0—0
inh 2K ‘cp, SN
(5.35) kg —evo oty oo, 2 for0¢€,.

sinh 7y He/eea,e';ée sin Z5—

The products in the r.h.s. can be easily computed explicitly. One has

(5.36) oN-1 9,16_‘(! Sina_zel =(=1)""tsin N76,
(5.37) PR 9,1619 Sin9—26’ = (=1)" cos N707
(5.38) N -1 9,691_[9759, sin & _2 o _ (=1)N~IN cos N70 for 6 € 0,
(5.39) N -1 0/69]_[6#, sin = O (C1)N N sin M0 for 0 € 6.

The first two relations are valid for any § € C and follow from the obvious product formulas
[Toeo, (= — ey = 2N —1 and [Toeo, (2 — ¢®) = 2N 4+ 1. The third and fourth formula may be
deduced from (5.36)—(5.37) by taking appropriate limits.
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Substituting (5.36)—(5.39) into (5.34)—(5.35), and combining the result with (4.5) and (5.33),
we can rewrite (5.27)—(5.29) as follows:

N2NT — k2
(5.40) (det ®)? = — - " /2 sinh g e%/2 sinh ~y,
nh 2K 2N
(sin v) 0€6, 0€0,

sinh 2/C, e(vo —¥61)/2 sinh Y6+ Yo’
5.41 ol = — Y 2__ 0c0,0co,,
o "o NZ2sinh g sinh~yy  sin =0 ,

2
sinh? 2KC, e~ (votve)/2  gin 22
5.42 ot = — Y 2 0,0 € 6
( ) ( )0,0' N sinh g/ sinh We+279/ ’ ’ P
sinh? 2/C, e(votve) /2 gin £=0
5.43 o lw = - L 2 0,0 €8,.
( ) ( )079’ N sinh Yo sinh 76';’79’ ’ ’ €

Now from (5.40)—(5.43) and Lemma 4.2 one easily derives the main result of this paper:

Theorem 5.6. Let B, C and D be the matrices defined by (3.15)-(3.16). Then

vg—Vgr 1 e
(5.44) D7l = jemil=3)(0-9) elro )2 Smh%
0,0 N y/sinh vy sinh ~g sin¥ ’
. —(vog+vg in 0=
(5.45) (BD™),, = —iel=2)@+) sinh 26, e 0oto)2 sin 57
0,0’ sinh 2/C;; N+/sinh 4 sinh 4/ sinh w7
. vo+vgr)/2 in 9=¢
(5.46) (D7C)yp = — jo—il-b)o+e) S0 2K, el 1

0,0" sinh 2/C; N/sinh g sinh vg/ sinh 22 —;79, )

[(1 — kz) H el H e*”"}i,

0c0,  0€0,

(5.47) |det D

where 0 € 8,4, 0" € 0, in (5.44), 0,0 € 0, in (5.45), 6,0 € 0, in (5.46) and the function vy is
given by (5.32).

By (3.9) and (3.14), Theorem 5.6 gives the vacuum expectation value ,(vac|s;|vac), and two-
particle form factors of Ising spin. Multiparticle form factors are determined by Lemma 3.2.

6. MULTIPARTICLE FORM FACTORS

We now compute general matrix elements fy(,ll?n(O,H’) using a trick learnt from [11]. There it
was shown that, roughly speaking, if the conjectures of [6, 7] are true for two-particle form factors,
then they also hold for multiparticle ones. Theorem 5.6 implies that the last statement is no longer
conditional.

The argument of [11] may be sketched as follows. Introduce an (m + n) X (m + n) diagonal
matrix ) with non-zero elements defined by

_exp {—i(l — %)0]‘ + ng/Z}
/N sinh vy,
exp{i(l = 3)05_m — v,

j—m
/N sinh Yo' _,.

Taking into account Theorem 5.6, the skew-symmetric matrix R in Lemma 3.2 can be written as

P = Roxe Roxe )
R = —ipQRX, R = ~ ~
r ( Rg'vo Roxer

for j=1,...,m,

Qj; = /2}

forj=m+1,...,m+n.
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/sinh 2 -
where p = % and matrix elements of the blocks of R are given by

- psin ejge’“
(61) (Rexe)jk = W’ j’kj = 1). Lo,m,
Yo 76,
~ ~ sinh —— )
(62) (Rgxg')_k:7<Rglxg)k':W, j:1,...,m, kil,...,n,
J J psin -~
(6 3) (,é ) pSin i —05 - .
. 0’ x 6’ = T A A HrR=14...,1
n sinh ARl

Let us recall the identity (4.5) from Section 4, which we rewrite in the form

’
L psin =

(6.4) Vksn(ug —ug ) = [\/%sn(ug —ug +iK')] T = inh 20 WE’W ’ 0,0 € [0,2m).
Introducing (m + n) variables
(6.5) i — ug, + iK' forjzl,...,m,

ug_ forj=m+1,...,m+n,

matrix elements of R can be written as Rij = VEksn(i; — 4;) with 4,7 = 1,...,m+n. The pfaffian
(3.10) can then be easily computed using the elliptic pfaffian identity (5.8):

N m—+n m+n
PfR = (—ip)™ 2" =" . detQ -PfR = (—ip) 2 H Qi H VEksn(i; — ).
i=1 i<j

Transforming sn’s back to trigonometric functions by (6.4)—(6.5) and taking into account (3.10)
and (5.47), we finally obtain the desired general formula for finite-lattice form factors of Ising spin:

Theorem 6.1. Spin matriz elements féi?n(e, 0'), defined by (2.13), for even m~+n can be explicitly
written as

m L —i(l=5)6;+ve, /2 n (lﬁ)ﬁ 71/9,/2

= \Veer H
/N sinh 7y, . /N sinh Yo
. (m—n)? . 0;—0; . 0,0 V0, T/
(smh 2KC, e sin =5~ sin 52 sinh —
()T sty P
sinh 2/C 9, +’Y9 Yo TVe! . 0,—0"
x 1<i<j<m sinh 1<i<j<n sinh ) L 1<i<m Sl —5 .
1<j<n

(6.6) F (0,0") =

m,n

where £ = |1 — (sinh 2K, sinh 2/Cy)’2|i, the function vy is defined by (5.32) and

[Tsco, 1o co, sinh” 257 '
(6.7) {r = H evo/t H eVt = l s . :

: Yo+Ye! : Yo+Yo!
0co, 0eo, [16,0°co, sinh =TI g cq, sinh ==

This result coincides with the conjectures of [6, 7]. It clearly satisfies translation invariance
constraint (2.14). In the thermodynamic limit & — 1, vy — 0, the spectra of quasimomenta
become continuous and (6.6) reproduces infinite-lattice form factors found in [27, 29]. In particular,
considering the N — oo limit of (5.47), it is straightforward to recover Yang’s formula (o) = /€
for the spontaneous magnetization [33].

Remark 6.2. We finally comment on the paramagnetic region of parameters (% > ;). The above
results remain valid if one performs analytic continuation in e.g. K. Nontrivial dependence of
(6.6) on % is hidden in the functions vy with 8 € 6,,. The result of analytic continuation of
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almost all such 7y from the region K < K, to K} > K, coincides with the definition (2.8). The
only exception is 7g, which is continued to —7. Then one finds that under continuation

in @ : inh Yeto : inh 2etYo
(6.8) smg sinh 2/C; sinh 5 oo/2 _y gval2 sinh 2/C, sinh 5
sinh w sinh2KC,  sin g 7 sinh 2K,  sin L

2 2
for § € (0,27) and

—vo/2 : —vo/2 -1 B —v
Go) o [Hnhk ( ¢ ) oy b
v/N sinh g sinh 2/Cy \ /N sinh g sinh 2/C, N sinh g

Quasiparticle interpretation of eigenvectors also changes. If the particle with § = 0 was initially
present or absent in a p-eigenstate, then it is annihilated (resp. created) after analytic continuation.
This means e.g. that the number of particles in p-eigenstates of the periodic Ising transfer matrix
becomes odd instead of even. Relations (6.8)—(6.9) then show that spin form factors are given by
the same formula (6.6), with odd m + n and appropriately adjusted first numerical factor.

It is also possible to derive this result along the above lines. However, for K}, > IC, the definition
of the creation-annihilation operators (2.10) should be modified and the corresponding matrix D
is degenerate, which leads to additional subtleties.

7. DISCUSSION

In this paper, exact expressions for finite-lattice form factors of the spin operator in the two-
dimensional Ising model were obtained. Starting point of our derivation was the idea of expressing
induced linear transformations of fermions in a particular basis, which was put forward by Hystad
and Palmer in [11, 26]. New crucial ingredient is the use of elliptic determinants and theta func-
tional interpolation. The presented approach seems to be quite natural and straightforward. It is
likely to be applicable to other free-fermion lattice models, such as those considered in [14, 18, 29].

A more ambitious challenge is to complete the program of form factor derivation for Zy-
symmetric superintegrable chiral Potts quantum chain, which presumably possesses a hidden
fermion structure. Two parts of the hamiltonian of this model generate Onsager algebra and
the space of states decomposes into a set of invariant irreducible subspaces (Onsager sectors) with
Ising-like hamiltonian spectrum in each of them.

Using Baxter’s idea of extending Onsager algebra by the spin operator [2], its form factors
between the hamiltonian eigenstates were found in [13] up to unknown scalar factors for each pair
of Onsager sectors. In the case N = 2 (quantum Ising chain in a transverse field), Onsager algebra
can be embedded into a fermion algebra, so that all irreducible representations of the former are
combined into one irreducible representation of the latter. This allows to fix all unknown scalar
factors and obtain form factors of the quantum Ising chain [12]. It is therefore natural to look for
a fermion-like algebra extending Onsager algebra for general N.
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