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VARIATION OF MODULI SPACES AND DONALDSON INVARIANTS UNDER
CHANGE OF POLARIZATION

GEIR ELLINGSRUD AND LOTHAR GOTTSCHE

1. INTRODUCTION

Let S be a smooth projective surface over the complex numbers and let ¢; € H%(S,Z) and
c2 € HYS,Z) be two classes. For an ample divisor H on S, one can study the moduli space
My (¢1,¢2) of H-semistable torsion-free sheaves £ on S of rank 2 with ¢;(E) = ¢) and ¢3(E) = c».
We want to study the change of Mg(cy, ¢2) under variation of H. It is known that the ample cone of
S has a chamber structure, and that Mg (e1, c2) depends only on the chamber containing H. In this
article we will try to understand how Mg (cy, c2) changes, when H passes through a wall separating
two chambers. The set-theoretic changes of the subspace consisting of locally free sheaves and of
Mp(e1, c2) have been treated in [Q1] and [GO1] respectively. We show that the change of the moduli
space when H passes through a wall, can be expressed as a sequence of operations similar to a flip.
In fact the moduli spaces at each step can be identified as moduli spaces of torsion-free sheaves with
a suitable parabolic structure of length 1. We assume that either the geometric genus py(S5) is 0
or that K5 is trivial. We shall also make suitable hypotheses on the wall, and walls fulfilling this
condition we call good. This assumption is reasonably weak if the Kodaira dimension of S is at most
0, but gets stronger if e.g., S is of general type. When the polarization passes through a good wall,
each of the steps above is realized by a smooth blow-up along a projective bundle over a product
of Hilbert schemes of points on S, followed by a smooth blow-down of the exceptional divisor in
another direction.

The change of moduli spaces can be viewed as a change of GIT quotients, treated in [Th2] and
[D-H]. These results could in principle be applicable, although it would still take quite some work
to do so. We have however chosen a more direct approach via elementary transforms of universal
families, which is more in the spirit of [Thl], and which also immediately gives the change of the
universal sheaves needed for the computation of Donaldson invariants.

In the case that Kg is trivial, i.e., S is an abelian or a K3 surface, we see that the change of
Mg (cy,ca), when H passes through a wall, is given by elementary transformations of symplectic
varieties.

In the case that pg(S) = (S) = 0 we use these results in order to compute the change of the
Donaldson polynomials under change of polarisation. The Donaldson polynomials of a C°°-manifold

M of dimension 4 are defined using a Riemannian metric on S, but in case b* (M) > 1 they are
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known to be independent of the metric, as long as it is generic. In case b4{Af) = |, (which for an
algebraic surface S corresponds to pg(S) = 0), the invariants have been introduced and studied by
Kotschick in [Ko]. In [K-M] Kotschick and Morgan show that the invariants only depend on the
chamber of the period point of the metric in the positive cone of H%(M,R). They also compute the
lowest order term of the change and conjecture the shape of a formula for the change.

The case we are studying corresponds to M being an algebraic surface S with py(S) = ¢(S) = 0
and a wall lying in the ample cone, in addition we assume that the wall is good.

In a first step we compute the change of the Donaldson invariants in terms of natural cohomology
classes on Hilbert schemes of points on S and then we use some computations in the cohomology
rings of these Hilbert schemes to determine the six lowest order terms of the change of the Donaldson
invariants explicitly. The results are compatible with the conjecture of [K-M] (which in particular
predicts that three of the terms above are zero.

Parallelly and independently similar results to ours have been obtained by other authors. Matsuki
and Wentworth show in [M-W] that the change of moduli spaces of torsion-free sheaves of arbitrary
rank on a projective variety under change of polarisation can be described as & sequence of flips. In

[F-Q] Friedman and Qin obtain very similar results to ours.

2. BACKGROUND MATERIAL

In this paper let S be a projective sutface over C. By the Neron-Severi group NS(S) of § we
mean the group of divisors modulo homological equivalence, i.e., the image of Div(S) in H*(S,Z)
under the map sending the class of a divisor D to its fundamental cycle {D]. Let Div®(S) be its
kernel. Let ¢; € H*(S,Z) and ¢» € H*(S,Z) = Z be elements which will be fixed throughout the
paper.

Let H be a polarization of §. As we mostly shall consider stability and semistability in the sense
of Gieseker and Maruyama we shall write H-stable (resp. H-semistable) instead of Gieseker stable
(resp. semistable) with respect to H and H-slope stable (resp. H-slope semistable) instead of stable
(resp. semistable) with respect to H in the sense of Mumford-Takemoto. Denote by Mg{c;, ¢a) the
moduli space of H-semistable torsion-free sheaves E on § of rank 2 with ¢;(E) = ¢; and c2(F) = ¢
and M} (¢, co) the open subscheme of M} (cq,¢a) of stable sheaves. Let Spl(c,,ca2) be the moduli
space of simple torsion-free sheaves with ¢\ (E) = ¢; and ¢2(E) = ¢o (see [A-K}).

Notation 2.1. For a sheaf F on a scheme .X and a divisor D let (D) := F @ Ox(D) .

Many of our arguments will take place over products S x X, where X is a scheme. We shall
denote by p: S x X — S and ¢x : S x X — X the two projections and if there is no danger of
confusion, we will drop the index .X. For a divisor D on X we denote Dg := ¢% (D). For a sheaf 7
on § x X and a divisor or divisor class, D on § we denote by F(D) the sheaf F(p=(D)).

If X is a smooth variety of dimension n, we denote the cup product of two elements « and g
in H*(X,Z) by o - 8 and the degree of a class a € H™(X,Z) by [, a. For a,8 € H*(S5,Z) let
(- B) := fs a-B. We write o” for (o - «) and, for y € H*(S,Z), we put {a,y) := (a - ¥), where ¥ is

the Poincaré dual of +.



Convention 2.2. If Y, X are schemes and there is a "canonical” map f : X — Y, then for a
cohomology class o € H*(Y,Z) (resp. for a vector bundie E on ¥Y) we will very often also denote
the pull-back via f by a (resp. E).

Definition 2.3. [0G2] Let B be a scheme. A family of sheaves, F, on S parametrized by B is a
B-flat sheaf on 5 x B. Two families of sheaves 7 and G on 5 parametrized by B are called equivalent
if there exists an isomorphism F ~ G @ gz M, for some line bundle M on B. Let (B;);¢s be an étale
cover of B by schemes. Assume that for each j € J there is a family F; of sheaves on X parametrized
by B;, and that for each pair k,{ € J the pullbacks of F; and F; to Bx xp B; are equivalent. Then
we will say that the above data defines a pseudo-family of sheaves on S parametrized by B. We will

denote it by F.

[t is clear what is meant by a map of pseudo-families and by two pseudo-families being equivalent.

The main reason to introduce pseudo-families is that the moduli space M (c1, c2) does not always

carry a universal family of sheaves, but there will always be a universal pseudo-family.

By the universal property of M} (c1,¢2) a pseudo family of H-stable torsion-free sheaves E on S
with ¢1(F) = ¢1, e2(E) = ¢z parametrized by B gives rise to a morphism B — M} (cy,c2).

Walls and chambers for torsion-free sheaves

We now recall some results about walls and chambers from [Q1], [Q2] and [Go6l].

Definition 2.4. (for the first part see [Q1] Def 1.2.1.5) Let Cs be the ample cone in NS(S) ® R.
For £ € NS(5) let

Wwé .= Csﬂ{z‘GNS(S)@]RI(I-f):O}.

We shall call W¢ a wall of type {ci,c2), and say that it is defined by £ if the following conditions

are satisfied:

(1) €+ ¢y is divisible by 2 in NS(S),
(2) 2 —4ey < €T <0,
(8) there is a polarisation H with (H -£) = 0.

[n particular d¢ := (4cs — c] +£%)/4 is a nonnegative integer. An ample divisor H is said to lie in
the wall W if [H] € W. If D is a divisor with [D] = &, we will also say that D defines the wall W.

A chamber of type {cy, ¢a) or simply a chamber, is a connected component of the complement of
the union of all the walls of type (c),c2). Two different chambers will be said to be neighbouring
chambers if the intersection of their closures contains a nonempty open subset of a wall.

We will call a wall W good, if D+ K5 is not effective for any divisor D defining the wall W.

If D defines a wall, then neither D nor —D can be effective because D is orthogonal to an ample
divisor. In particular every wall will be good if — K5 is effective or if [K'5] is a torsion class. More

generally, a wall W will be good if there exists an ample divisor H in W with {(Ks - H) <0.



Definition 2.5. Let Hilb'(S) be the Hilbert scheme of subschemes of length { on S. For o € NS(S)
and [ € Z, let M(1,a,{) be the moduli space of rank 1 torsion-free sheaves Zz(F) on S with
c1(Zz(F)) = [F] = a, ca(F) = length(Z) = I. Let
Tg"m = H M(l,a,n) x M{1l,c; — a,m).
2a=c1+£

Let Ny C NS(S) be the subgroup of 2-torsion elements. There is a (noncancnical) isomorphism
TE""" ~ Na x Hilb"$ x Div®(S) x Hilb™S x Div®(S),

which depends on the choice of an o € N S(S) with 2a = ¢; +£ and on a representative F in Div(S)
for .

For any extension
(€) 00— A — EF — 4, —0

where A; and A, are torsion-free rank one sheaves, we define A(¢) := x(A1) — x{Az). Then if
a = ¢1(A;) = ¢1(Az), the Riemann-Roch theorem gives A(e) = 1/2({e1(E) — Ks) - a} + ¢ca(A2) —
¢2(A;). Furthermore for any divisor D we have A(e(D)) = A(e) + (o - D), where (D) denotes
the extension ¢ twisted by the line bundle O(D). This follows immediately from the fact that
el (E(I) = e1(F) +2[D].

Assume that £ defines a wall of type (c1,¢q), and that n and m are nonnegative integers with

n+m=de=c2— (cf —€%)/4. Let E{"™ be the set of sheaves lying in nontrivial extensions
(2.5.1) 0—Zz7,(F)— F—Iz,(F)—0

where (Zz,(F1),Zz,(F3)) runs through TE""". It is easy to see that every sheaf E € E?'m is simple
([Go1}, lemma 2.3). Let

yom= Ep (IUE‘_*’E).

Notation 2.6. Assume that H, and H_ are ample divisors lying in neighbouring chambers sepa-
rated by the wall W. Then we define

a*t(w) = {e € NS(S) | € defines W and (¢ - 1) > 0}
and A= (W) = —AT(WV).

The following proposition mostly comprizes some of the results of [G51], that are generalizations
of the corresponding results of {Q1], [Q2] and will be important for the rest of the paper. Note that
unlike [G61] we assume walls to be defined by classes in NS(S) and not by numerical equivalence
classes, and that we look at moduli spaces with fixed first Chern class and not with fixed determinant.

The proofs in [Gol] stay however valid with very few changes.

Proposition 2.7. (1) For H not lying on a wall, My (c1,e2) \ M} (c1,c2) is independent of H
and My (c1,c¢2) depends only on the chamber of H.
For the rest of the proposition we assume that we are in the situation of 2.6 and that
£e AT (W),



(2) Every E € E}'™ is Hy slope-unstable and the sequence (2.5.1) is its Harder-Narasimhan
filtration with respect to H.

(3) Hom(Zz,(F),F)=C. Thus, for E € E?'m, the sequence 2.5.1 is the unique eztension
0 —}IWI(F&) — F —'}ILVQ(GQ) — 0

with ((2F1 — 1) - H:) > 0.

(4) In particular we see that, for £, 1 € A* (W), the subsets E?'m, E':'I of Spl(cy1,c2) do not
intersect, unless £ = n and (n,m) = (k,1).

(8) If £ € E?’m then E is H_-slope stable if and only if E € V™™ and H_-slope unstable
otherwise.

(6) On the other hand let E be a torsion-free sheaf with ¢1(E) = ¢1 and ¢2(E) = c¢o, which
is H_-semistable and H-unstable. Then E is H_-slope stable and E € E?'m for suitable
numbers n and m and £ € AT (W).

Proof. (1) is ([Go1), theorem 2.9(1)). (2) is easy. (3) follows from (2) and ([GS1], lemma 2.3). (4)
follows from (2). (5) is ([G61], prop 2.5). (6) is ([GO1], lemma 2.2). O

3. PARABOLIC STRUCTURES AND THE PASSAGE THROUGH A WALL

As mentioned in the previous section, My(c;,c2) depends only on the chamber to which H
belongs. If H' lies in a neighbouring chamber to H the moduli space Mg (cy,c2) will in most
cases be birational to Mg({ecy,c2), although new components do occur in some cases. If the wall
separating the two chambers is good, we will describe the birational transformation in detail by
giving an explicit sequence of blow-ups and blow-downs with smooth centers which are known.

If the wall is good, but the transformation is not birational, our arguments give a description of
the components which are added to or deleted from the moduli space.

For the rest of the paper we will assume that H; and H_ are ample divisors lying in neighbouring
chambers separated by the wall W/, and that H is an ample divisor in the wall W which lies in the
closure of the chambers containing . and Hy respectively and which does not lie in any other
wall. Furthermore we shall assume that M = H; — H_ is effective. By replacing Hy by a high
multiple if necessary, we can always achieve this.

Our aim is to divide the passage through a wall into a number of smaller steps. To this purpose
we will introduce a finer notion of stability. The starting point is the observation that unlike slope

stability, Gieseker stability is not invariant under tensorization by a line bundle.

Lemma 3.1. There is a posilive integer ng such that for all I > ny and all torsion-free rank 2
sheaves E on S with cy(E) = ¢q, ca(E) =¢2
(1) E is H_-stable (resp. semistable} if and only if E(—IM) is H-stable (resp. semistable).
(2) E is Hy-stable (resp. semistable) if and only if E(IM) ts H-stable (resp. semistable).

Proof. It will be enough to show (1). As H_ does not lie on a wall, it is easy to see that E is
H_-(semi)stable if and only if £{M) is. Also there are only finitely many £ € N 5(S) defining the

wall W. Therefore lemma 3.1 follows tmmediately from lemma 3.2 and lemma 3.3 below. O



Lemma 3.2, (1) Assume E s H_-semistable but H-unstable. Then E € Eg'm for suitable
n,m and £ € AT (W).
{2) Assume E is H_-unstable but H-semistable. Then E € E'lfm for suttable n,m and £ €
AT (W).

Proof. We just prove (1), the proof of (2) being analoguous. By assumption there is an extension
(¢) 0—Zz,(F1) — E—Iz,(F)—0

with A(e({H_)) < 0 and A(e{({H)) > 0 for { >> 0. In particular we have (n- H_} <0 < (n- H)
where 17 := 2[F1] — ¢1. If 0 < (- H), there would be a wall separating H_ and H. So (n- H) =0,
and unless 75 is a torsion class, it defines a wall in which H lies. As A lies in a unique wall it must
be . Hence n € A*(W), and E € E'™.

Assume that 7 is a torsion class. Then /| and F; are numerically equivalent, and it is easily
verified that

Ae(lH2)) = Ale(lHY)
which is a contradicition. [J

Lemma 3.3. Given n,m,£. Then there ezists an integer ko such that for all k > ky and all
E € E{'™, the sheaf E(~kM) is H-stable if and only E' is H_-slope stable. Otherwise E is both
H_ -slope unstable and H -unstable.

Proof. Let E € E"™. Then there is an extension

(e1) 0—Iz,(F)— E—I5,(F)—0
with & = 2[F}] — ¢1. Assume first that E is H_-slope-stable and let
(€2) 0 — Iy, (G1) — E — Iy, (G2) — 0

be another extension. Put  := 2[G,] — ¢;. As E is H_-slope stable we have (n- H_) < 0, and
because there is no wall between H_ and H, we know that {n- H) < 0. For any integers & and !

Alea(=kM +1H)) = Alea) — Ky - M)+ 1(n- H).

Hence if (n- H) < 0 for all extensions €, above, then E(—kM) will be H-stable for any k. Assume
that (- H) = 0. By assumption H is contained in a single wall W, so necessarily n € A+ (W).
Hence by proposition 2.7(3), we get Zz,(F1) = Zy,{G1). Therefore it suffices to see that for k¥ >> 0

and any [ we have the inequality
Ale(—kM +1H)) <0.
Now
Aler(—kM +H)) = Aley) — k{n- M),

which is negative for & >> 0 as (n- M) > 0.



To prove the converse, assume that £ is not /{_-slope stable. Then by proposition 2.7(5) there

is an extension
(e3) 0 — Iy, (F2) — £ — Iy, (F1) — 0.
Because 2[Fs] — ¢; = —& we have
Ales(—kM +IH)) = Alea) + (=€ - (kM +1H)) = A(ea) + k(- M) >0
fork>>0 0O
From now on until the end of this section we fix ng as in lemma 3.1, and we put C := (ng + 1) M.
Definition 3.4. Let a be a real number between 0 and 1. For any torsion-free sheaf E we define
Po(E) = (1 - a)x(B(=C)) + ax(E(C)))/rk(E).

A torsion-free sheaf E on S is called a-semistable if and only if every subsheal E' C FE satisfies
P, (E'{IH)) < P;(E(lH)) for all { >> 0, and it is called a-stable if strict inequality holds.

In particular, by lemma 3.1, E is 0-semistable if and only if it 18 H_-semistable, and it is 1-
semistable if and only if it 1s Hy-semistable.

For any extension
(6) 00— A — E— 43 —0

we define Agy(€) := Pa(A1)—Ps(Az). Then Ay(e) = Afe)+{2a—1){C-a) where o = ¢1 (A1) —c1(A2).
Clearly Aq(e(D)) = Aa(e) + (D - a) for any divisor D. A sheaf E is a-stable (resp. a-semistable) if
Ag(e(lH)) < 0 (resp. <0) for all I >> 0 and for any extension ¢ whose middle term is F.

Remark 3.5. 1t is easy to see that P,(E({H)) is the parabolic Hilbert polynomial of the parabolic
bundle (£(C), E(—C), a), (i.e. with a filtration of length 1). Therefore E is a-semistable if and only if
(E(C), E(=C), a) is semistable. In [Ma-Yo] a coarse quasiprojective moduli space of stable parabolic
sheaves with fixed Hilbert polynomial is constructed, and by [Yo] there exists a projective coarse
moduli space for S-equivalence classes of semistable parabolic sheaves. In particular there exists a
coarse moduli space M, (e, c2) for a-semistable sheaves E on § with ¢ (E) = ¢; and ¢ F = ¢q. We

denote by M2(c1,cq) its open subscheme of stable sheaves.

Remark 3.6. We see that My _(c1,c2) and My(ey,ca) respectively My, (c1,c2) and Mi(cy, cz) are

coarse moduli schemes for the same functor and therefore they are isomorphic.

Remark 3.7. The same proof as in the case of H-stable sheaves shows that M2(cy,e3) carries
a universal pseudofamily. One checks easily that every E € M?(c1,¢2) i1s simple. As MI(e,¢c2)
and Spl(cy,ca) both carry universal pseudofamilies, V and W respectively, there exists a morphism
f i MI(c1,c2) — Spl(cy,ca) such that (ids x f)*(W) = V. Let M be its image. By the same
argument there exists a map g : M — M${c,c2), with (ids x f)*(ids x ¢)*(V) = V. Hence f is an
open embedding. In particular and what is the most important thing for us, the tangent space to
M2 (c1,¢2) at a point E is Ext!(E, E).



Definition 3.8. For all a € [0, 1] let A% (a) be the set of (£, n,m) € AT (W) x Z3, satisfying
(3.8.1) n+m = c—(ci~€%/4,
(3.8.2) n—-m = (£ -{c; = Ng)}/2+(2a-1){¢-[C]).

A number a is called a miniwall if A*(a) # 8. A minichamber is a connected component of the
complement of the set of all miniwallsin [0, 1]. It is clear that there are finitely many minichambers.

Two minichambers are called neighbouring minichambers if their closures intersect.

Remark 3.9. Note that AT (a) is the set of all £, n,m with £ € AY(W) for which there exists a

(possibly split) extension
{€) 0— A4 —EF— Ay —0
with &€ = ¢1(A1) — e1(A2), n = ea( A1), m = ca(Az) and Aq(e) = 0.

Lemma 3.10. Let 0 € a.. < a4 < 1 and assume that neither a_ nor ay is @ miniwall. Let E be
a_-semistable and a -unstable. Then there exists a miniwall a between a_ and ay and an element
(€,n,m) € A% (a), such that £ € E}'"™.

Proof. By assumption E is ay-unstable. Hence there is an extension
(6) 0—)A1—PE——}A3—}0

such that for all { >> 0 we have Ay, {¢({H)) > 0. Putting & := ¢1(A41) — ¢ (As) and using that E is
a_-semistable, we obtain the following inequalities valid for all { >> 0

Da_ (e(1H)) = Do (€) +U{H -€) <0< oy ((lH)) = A, (€) +I{H -€).

In particular (H - &) =0 and A,_(€) < 0 < g, (€).
Furthermore £ is not a torsion class and £ defines a wall on which H is lying, which therefore
must be W. There clearly is an a such that As(¢) =0. O

Lemma 3.11. Let a. < a4 be in neighbouring minichambers separated by the miniwall a. Let
(€,n,m) € A*(a).

(1) Any E € E'E"m is a_-stable, strictly a-semistable and b-unstable for all b > a.

(2) Any F € E'fe" is ay-stable, strictly a-semistable and b-unstable for all b < a.

Proof. By symmetry it is enough to show (1}. Let £ € E?‘"‘. Then E is given by an extension
() 0 — Tz, (F1) — E — Tz, (Fa) — 0

with £ = 2[F,] — ¢y and length(Zy) = n, length(Z;) = m. Now if b > a we have A,(e(IH)) =
Aq(e(lH)) + 2(b— a){(C - &) = 2(b—a){C - &) > 0 since Aq(¢) = 0 and (C-€) > 0. Thus E is

b-unstable. Assume that £ is not a_-stable. Then it lies in an extension

(61) ) 0— I}’I(G1) — £ —)I}’,(Gg) -0,



for which A,;_(e1(IH)) > 0> Aq(e1({H)) for I >> 0.

Hence we obtain ((2G1 —c1) - H) > ((2F1—c1)-H) and Py_(Zz,(F1 +1H)) < Ps_(Zv,(G1 +{H))
and thus x(Zz,(F1 +HIH -C)) < x(Zy,(G1+IH-C)) or x(Zz,(Fi1+{H +CY)) < x(Zv,(G1 +{H+C)).
Comnsequently Hom(Zy, (G1),Zz,(F1)) = 0 and the obvious map Zy, (G1) — Zz,(F2) is an injection.
Hence Fo—G| is effective. If F» # G, we would have ({G,—F3)-H) < 0, and, by {{-H) = 0, we would
get the contradiction ((2G; — ¢1) - H) < 0. So G = F5. By the injectivity of Iy, (G1) — Lz,(F2)
and the fact that 2.5.1 is not split, we get length(Z2) < length(Y1) which shoes that F s a_-stable.

A similar argument shows that E is strictly a-semistable. O

Remark 3.12. We can also easily see from the above arguments that in the situation of 3.11 any
sheaf E € M,_{cy,¢c2), which does not lie in any E?‘m for (£,n,m) € A*(a) is a_-stable (resp.

semistable) if and only if it is a-stable (resp. semistable).

Remark 3.13. (1) Looking at the proof of [Ma2] for the sufficient criterion for the existence
of a universal family on My (cy,ca), we see that the same proof also works for M,(cy, c2)
and we get the same criterion, i.e. if ¢; is not divisible by 2 in NS(S) or otherwise 4¢y — c3
is not divisible by 8 and M,(c;, c2) = M} (c1,¢2), then M2(cy, c2) carries a universal family.

(2) From the results obtained so far it follows easily that, under the above conditions for the

Chern classes, M;{cy,c2) = M?(cy,c2) if and only if a is not a miniwall.

Proposition 3.14. (1) Mo(er,c2) = My_(c1,c2) and My(cy1, ¢2) = My, (c1,ca).
(2) Ifb €10,1] is not on a miniwall, the moduli space My(cy,c2) depends only on the minicham-
ber in which b is lying, and My(cy, c2) \ M{(c1,c2) is independent of b.
(3) Let a_ < a4 be in neighbouring minichambers separated by the mintwall . Then we have a

set-theoretical decomposition

Ma (c1,e2) = (Ma- (e1,e2) \ H E?m) U ( H ET&") )

(§:n.m)eAt(a) (Em,m)eAt(a)

and there are morphisms

Ma_(e1,¢2) Mg, (c1,c2)

N\ ¥- ar
JW.,(cl y Cg)

which are open embeddings over

Ma_{ey, e} \ H Eg’m and Mg, (c1,c2) \ H T;
(¢,n,m)eA+(a) (E,n,m)eA+(a)
Proof. (1), (2), (3) follow by putting together the results of this section. By lemma 3.11 all the
points of M,_(cy1, c2) and M,_(c1,c2) are a-semistable and hence we get the morphisms ¥ and ¢4
The statement that they be open embeddings over the indicated open subsets, follows from remark
3.12. O



4. THE NORMAL BUNDLES OF THE EXCEPTIONAL SETS

Qur aim in this and the next chapter is to describe the passage through a miniwall which cor-
responds to a good wall. We keep the assumptions from the beginning of the previous section. In
addition to those we assume that either pg(S) = 0 or Ks is trivial, and that the wall W is good.

Let a define a miniwall and let (£, n,m) € A¥(a). Let a_ < a4 lie in neighbouring minichambers
separated by a. For simplicity of notation we shall assume that A*(a) = {(£,n,m)}. Because,
for (&, ny,m1), (&2, n2,m2) distinct elements of A*(a), the sets E?l"m‘ and E?:""’ are disjoint
by proposition 2.7 and our arguments are local in a neighbourhood of each Ei,", this assumption
can be made without loss of generality. Furthermore we assume for simplicity of notation that
NS(S) has no 2-torsion. Then the classes (ci + €)/2, (c1 — £)/2 € NS(S) are well-defined and
TE"’"‘ = M(1,{(c; +8)/2,n) x M(1,(c; — £)/2,m). Again this assumption is not important, as
otherwise the components of £;"™ and E”}" are disjoint.

Notation 4.1 We shall write M_ = Ma_(e1,c), My := Mo (er,02), M2 := ME_(en,c2), M} =
M;, (e1,¢2) and put E_ := E"™ and E := E™".

Definition 4.2. Let F| (resp. F}) be the pull-back of a universal sheaf over S x M(1, (¢c; +£}/2,n)
(resp. S x M(1,{ci —&)/2,m)) to § x T, where T := M(1,(c1 +£)/2,n) x M(1,(c; — £)/2,m).

Let ¢ = gr : S x T — T be the projection. Let A’ := Ext;(fé,}'{) and A := Ext;( 1, F5)
and P_ := P(AL), Py := P(A,). Let m_ (resp. m,) be the projections of P_ (resp. Py) to T
and 7_ (resp. 74) the tautological sublinebundles of A_ := n% (AL) (resp. Ay := m3(AL)). Let

Fi:= (lds X Tf_.)'f{ and Fai= (lds x ﬂ’_)'fé.

Lemma 4.3. (1) A" is locally free of rank —€(€ — KNs)/2+ n+ m — x{Os) and its formation
commutes with arbitrary base change.
(2) There is an isomorphism Ext!(F}, F|) — H°(T, A"), hence over S x P_. there is a tauto-

logical extension
(4.3.1) 0— F1 — &= Fa(r-) — 0.
There is a morphism i_ . P_ — M_ with image E_.

Proof. As € defines a wall, Homg(Fo, Fy) is fibrewise 0, and, as the wall is good, F} — F» + K5
is not effective for (Fi, F2) € T, therefore by Serre duality for the extension groups [MuZ2] also
Extg(}'g,}]) = 0. So (1) follows by Riemann-Roch for the extension groups [Mu2]. Now we apply
[La]. O

Proposition 4.4, (1) If pg(S) = 0 or if Ks is trivial, then i_ : P_ — M_ is a closed
embedding and M_ is smooth along E_. The irreducible component of M_ containing E_
has the expected dimension.

(2) If pg(S) = 0, then the normal bundle Ng_yp_ of E_ in M_ s equal to A (7.).
(3) If Ks is trivial. then Ng_;y_ = QV(r_), where Q is the universal quotient bundle on
P_=P(A_).
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Proof. By proposition 2.7(3) and lemma 4.3 the map P_ — M_ is injective with image E_. We
also see by proposition 2.7 that E_ C M?. In case K is trivial, Spl(ey, ¢2) and thus also the open
subscheme AM? are smooth by [Mul].

In order to see that AM_ is smooth along E_ in the case pg(S) = 0, we have to show that
Ext*(E,E) = 0 forany E € E_. So let E € E_ be given by a nontrivial extension (2.5.1)

(€) 0—Zz,(F\)— E—1Iz(F)—0.

As the wall ¥ is good, we obtain by Serre duality and the fact that py(S) = 0 that Ext*(Zz,(F;), Iz7,(F;) =
0fori=1,2and j = 1,2. Hence applying Ext*(Zz,(F;), ) to () we get Ext*(Zz (F;), E) = 0 for
{ = 1,2 and this in turn shows that Extg(E, E)=0.
We now want to compute the normal bundle to E_.
First Case: py(S) = 0. Applying Homg(+, ) on both sides of the sequence (4.3.1) and denoting
by m; the composition of 7_ with the projection to the i** factor we get the following exact diagram

of locally free sheaves on [P_

0 0
0 — T?-/T — EXB;(T ),g) —_— HSTM(I.(cl—E)/E,m) — 0

(441) 0 —  Ext}(E,F) D i (T —  Ext)(§,F)(r-) — O

0

|

2(7-

|v
M_)

!

(F1,

0 — mMTu et/ — Ext;l & — A () — 0
0 0 0

To identify the entries in this diagram we have used the following facts.

(1) Homy(F,, F1) = Homgy(F,, Fa) = Op_.

(2) If Q is the universal quotient on P{.A_), then the relative tangent bundle is Tp_;r = @{—7_),
i.e. the cokernel of the natural map Op_ = Homy(F,, F1) — Ext;(}'z(r_),}'l).

(3) m5(Thr(1,(comg)/2m)) = Ext(Fa, F2) and m3Tas(1 (e, 4¢)2.m) = Exto(Fr, Fi).

(4) By Mukai’s sheafified Kodaira-Spencer map [Mul] we have i* Ty = Exté(E,S). Mukai
shows the result only if § is an abehan or IK3-surface, but in his proof he only uses that
Spl{cy, ca) is smooth in a neighbourhood of E_, (which we have just seen) and Exté(é',c‘})

is locally free and compatible with base change.

To show that the sequences in the diagram are exact we just use standard techniques. It is enough
to check the exactness fibrewise. One has repeatedly to make use of the fact that £ defines a good
wall, i.e. if E € E_ is given by (2.5.1), then Fy\ = Fy, Fo — Fy, Fy — Fo 4+ RKg, Fo — 1 + Kg
are not effective, which implies that Homg (Fy, Fa{T_})) = Homg(Fa(r-), F1) = Ext:é(.?-'l,fg(r_)) =
Extg(}'g(r_),}'l) = 0. In addition we use that all £ € E_ are simple and that Extg(fg,fg) =
Extg(}'l,}';) = (. We also use the vanishings from the proof of the smoothness of M_ along E_.
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Second Case: Kg is trivial.

We apply essentially the same arguments as in the first case. Now however we have Extg(é', Fi) =
Extg(}'g(r_),(‘,') = Extg(c‘:,é') = Extg(fl,fl) = Exts(fg,}-g) = Op_, which follows easily from
Mukai’s results {Mul]. We also notice that by Serre-duality A} is canonically dual to A_. Using all
this we again get the diagram (4.4.1) with the entry A, (r-) in the lower right corner replaced by
the kernel of the natural map Ay(r_) = Op_, i.e. Q¥(r_).

Claim: The image of the Kodaira-Spencer map & : Tp_ — Ext;(é‘, &) is Im{p)+Im(y) (see (4.4.1)).

Note that, by what we have shown so far, the claim implies the theorem.

Proof of the Claim. For dimension reasons it is enough to show that Im(y) and /m(¥) both are
contained in the image of k. We show it for Im(¢). It is enough to show this fibrewise. Let
Fye M(1,(e1+£)/2,n) and let (P_)F, be the fibre of the projection 71 : P_ — M(1,(c; +£)/2,n)

over Fy. Then (P_.)r, is the space of extensions

0-FM2FE=G=0
with G running through M (1, (¢; — §)/2,m). Let z € (P_)F, be given by an extension
(Az) 0= F1 = E—= G 0.

We will want to show that x(T{p_y,, (¢)) = (Ext'(G1, E)).
The tangent space to (P_)r, at z is the space of first order deformations of E together with an

injection £y — E. For t € T(p_), () we get therefore the diagram

0 0 0
| I
0 — Fy — £F — G — 0
! ||
0 — FAeFR — E — G — 0 (*)
[

0 — o — F — G — 0

| L

0 0 0

and we see that Tip_j. (2) can be identified with the space of diagrams (). Furthermore x(t) is
the extension class of the middle column of (). From (x) we also get a sequence 0 — E -—
E‘/‘)I(Fl) — G1 — 0 such that E is defined by pull-back

E/vF) — G

| T

E. — F

This gives a map 8 : T(p_),, (z) — Ezt!(Gy, E), such that the restriction of £ to Tip.)p, (z) I8 po08.

To finish the proof we have to see that § is an isomorphism. We give an inverse. Let

0 —=F—W-—>G, —0
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be an extension. We define £ as the fibre product

W — G1
[
E, — F

and we see that it lies in a diagram (). O

Remark 4.5. Assume py(S) = 0. From lemma 4.4 it follows that the dimension of E_ is at most

the expected dimension N = (d¢a — ¢?) = 3x(Os) + ¢(S). We have to distinguish two cases.

(1) dim(E_) < N and dim(E,) < N. Then the change from Af_ to M, is a birational
transformation.

(2) dim(E_) = N or dim(E ) = N. We can assume that dim(E_) = N. Then by lemma
4.4 E_ is a smooth connected component of A{_, which is isomorphic to P_. And, A4 (7-)
being the normal bundle to E_, we have A4, = 0 and therefore E; = @. This happens if
and only if (€ - (§ — K5))/2+ d¢ = x(Os). If we allow ¥ S5(S) to contain 2-torsion, we see
that all the connected components of E_ are connected components of M_.

Assume for the following definition and corollary that we are in case (1) of 4.5, i.e. that the

change from M_ to M is birational.

Definition 4.6. Let M_ be the blow-up of M_ along E_ and D the exceptional divisor. Similarly
let EJT.I. be the blow up of My along E. Let 7p, mp_, 7p+ be the projections from D to T, P_,

P, respectively.

Corollary 4.7. (1) If pg(S) = 0 then D is isomorphic to P_ x1 P, and with this identification
O(D)lp = O(r- + 7).
(2) If Ks is trivial, then A_ and A, are canonically dual and D is the incidence correspondence
{(t, H) e P{A_) x7 PY(A_) |1 C H} and O(D)|p is the restriction of O(r— + 14).

5. BLOW-UP CONSTRUCTION

We keep the assumptions and notations of the last section. In addition we assume that we in case
(1) of 4.5, i.e. the map M_ — M_ is birational. In this section we want to show that M_ and Ef.,,
are isomorphic. We shall construct a morphism ¢ : M_ = My, which we shall show is the blow-up
of My along E,. Let ¢_ : M_ — M_ be the blow-up mapand j: D — M- be the embedding. We
denote M?® = w-'M?* . Let U_ be a universal pseudo-family on § x M? and V_ := (ids x p_)*U_.
We want to make an elementary transform of V_ along Dg := § x D to obtain a pseudo-family V,
of a-stable sheaves on M? and thus the desired map 4. If U_ 15 a universal family, then also Vi

will be one.

Notation 5.1. For asheaf H on S x P_ (resp. S x P;) we will write Hp for (ids x #p_)*H (resp.
(ids x mp4)"H). We also write Fip and Fap instead of (F,}p and (Fa)p.
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Definition 5.2. By the universal property of M_ and lemma4.3 there is a line bundle A on D such

that there is an exact sequence
(5.2.1) 0= Fip(A) — V_|ps — Fap(r— + A) — 0,

indeed there is already a sequence like this on E_. Let v be the composition V. — V_|p, —
Fap(r- + A}, Then we put Vi := kery. Because V_ is flat on S x Hi, and Fap(A + 7_) is flat on
the Cartier divisor S x D, Vy 1s flat over S x M?.

The restrictions of V4 and V_ to § x M \ D are naturally isomorphic. There are diagrams of

sheaves on S % J'i;fi

0 0
| l
0 — V_.(-Ds) — Vi — Fip(A) — 0
| | |
(5.2.2) 0 — V.(-Ds) — V_ — V-lps — 0
l |
Fop(r— +A) == Fap(r—+1A) — 0
| |
0 0
0

0
0 — Ve(=Ds) — V_(-Ds) — Fopp(A-m) — 0

! | l

(523) 0 — V+(—Ds) — V.|.. — V+|Ds — 0
0 ¢

By the rightmost column of (5.2.3), (V;): € E4 for all x € D. Therefore by proposition 3.14 Vy isa
pseudo-family of a,-stable sheaves over Ef_’, and defines a morphism ¢ : Hﬁ — M. We see from
the definitions that the restriction of ¢y to M \ D is an isomorphism to M} \ E,, which coincides
with the natural identification A% \D>MI\E_. xM{\E,. AsE_ C M and E; C M}, we
see that ¢ extends to a morphism M_ — M, which we still denote by wy..

Theorem 5.3. ¢4 : M_ — My is the blow up of M, along E,.

Proof. By the above ¢4 (D) C E4. We want to show that ¢, |p is the projection mpy : D — E.

For this we have to show that the extension

0— Fap(A—74) — Vy|sxp — Fip(A)—0
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from the rightmost column of (5.2.3) is the pull-back via mpy of the tautological extension on P
(defined analogously to 4.3.1) tensorized with Op (A — 74). It is enough to show this fibrewise.
Let z=(z_,z4) €D CP_x7r Py and let V_ :=(V_), and V} := (V) be given by extensions

(5.3.1) 0 — F1 — V_ — Fy — 0,

(5.3.2) 00— F— V., — F —0.

Then 7p(z) is the point (F1, F2) € T and z_ € (P.)(p, 1) = P(Ext!(Fy, F1)) is the extension class
of (5.3.1). Then we have to show that z4 € (P1)(r, ) = P(Ext'(Fy, F2)) is the extension class of
(5.3.2).

Let R := SpecT(¢]/{¢*) and let ¢t : R — M_ be a tangeni vector to M_ at z, which is not
tangent to D. Then ¢ factors through 2D (i.e. the subscheme defined by Z3). If we restrict the
diagrams (5.2.2}, (5.2.3) to 2Dg, we see that the image of the map V_(=Ds)|aps — Vilops i
IDSV_/IIQ)SV_ and the image of the composition Vi (—Ds)|2ps — V-(—Ds)|ope — Vilaps is
InsFip(A) - /I} Fip(A). Therefore, by pulling back the diagrams (5.2.2), (5.2.3) to S x R via
(ids x t) and pushing down with the projection p: § x R — S, we get the diagrams

0
|

— F — 0
|

oq—.}ﬂ—ﬁh—_ﬁh—c

(5.3.3) 0 — V. — Vo — 0
|
= F — 0
|
0
0 0
| |
0 —- A — V. — Fb — 0
[ !
(5.3.4) 0 — 1 — Vi — Vi — 0

o — B —
S — T —
o

The extension class § € P(Ext'(V_,V_)) of the middle row of (5.3.3) is the class of the image of ¢
under dop_ : Ty (z) — Ty_(p-(z)) = Ext'(V_,V_). The image of the composition

Tar_{z) — @ {(Tyr_(z)) = - (Ne_/p_ (2))
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is the tautological subline-bundle of ¢ (Ng_ar_(2)) = Extl(Fl, F9) and the kernel is Tp(z). There-
fore the image of p(d) in (P4 ), ) = P(Ext!(Fy, Fa)}is z4. By (4.4.1) the map p is the composition

Ext'(V_,V.) L5 Ext!(Fy, Vo) £5 Ext (A, Fa)

given by applying Hom(, ) on both sides to the sequence 0 = F, — V_ — F5 = 0. By (5.3.3) p1(d)
is the extension class of the first row of (5.3.3) giving l7+, and then, by (5.3.4), p(d) is the extension
class of (5.3.2). So we see that ¢4 |p is the projection to E,.

If for the moment we call T : Eff.,. — My the blow-up of M, along E, and D the exceptional
divisor, we get analogously that D ~ P_ x 7P, (or the incidence correspondence in P_xr P, in case
Kg is trivial). In the same way as above we can construct a morphism p_ : EL. — M_ such that
%_|p is the projection to E_ and .. |f4+\5 is just the natural identification Eﬁ. \D~ M \E; ~
M_\E_. Therefore we have morphisms p_ x oy : M_ = M_ x My, _xP, My = M_ x M,
which by the above are injective and easily seen to be injective on tangent vectors. Furthermore
(- x (,o+)(1$f_ \D}) = (7. x ¢+)(}\7+ \ D). Therefore M- and Ia'i,. are isomorphic and in fact both
isomorphic to the closure of the graph of the obvious rational map M_ — My. O

In the following theorem we put together the main results we have obtained so far.

Theorem 5.4. Let S be a surface with either pg(S) =0 or K trivial. Let ¢y € NS(S), c2 € Z and
put N :=dcy — c3 — 3x(Os) + q(S). Let W be a good wall of type (c1,c2) and let H_., H,. be ample
divisors on S in neighbouring chambers separated by W. Then for all a € [0,1] there ezxist spaces

Mg{cy,e2) and a finite set of miniwalls dividing [0, 1] into finitely many minichambers such that the
following holds:

(1) Moler, e2) = My_(ca,ca), My(cr,ca) = My, (c1,¢0).

(2) If ay, az are in the same minichamber then M,y (c1,co) = May (1, ¢2).

(3) Ifa- < a < ay and a is the unique miniwall between a_ and ay then My, (cy,c2) is obtained
from M,_(cy,c2) as follows: We blow up M,_(cy,c2) along the disjoint smooth subvarieties
E™, with (§,n,m) € A*(a) (see 3.8) which fulfill 0 < dim(Eg™) < N and blow-down the
exceptional divisors to BT respectively. Then we remove the E;'™ with (€, n,m) € A*(a)
and dim(Eg’m) = N (which are unions of connected components of M,_(c1,¢3)) and take
the digjoint union with all E™." with (§,n,m) € A*(a) and E{"™ = .

(4) If H is an ample divisor on W which lies in the closure of both of the chambers containing
H_ and H,, then, for all b € [0, 1], the space My(c1,c2) is a moduli space of H-semistable
sheaves on S with a suitable parabolic structure.

In [Mul] Mukai defines elementary transforms of a symplectic variety X as follows. Assume X
contains a subvariety P, which has codimension n and is a P,-bundle over a variety Y. Let X be the
blow-up of X along P. Then the exceptional divisor E is isomorphic to the incidence correspondence
in P xy P’, where P’ is the dual projective bundle to P. One can then blow down E to P’ to obtain
a smooth symplectic variety X’. We will for the moment call ¥ the center of such an elementary

transformation.
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So by the above we obtain the following:

Corollary 5.5. Let S be a K3-surface or an abelian surface. Let H_, H, be polarisations which
both do not lie on a wall. Then My (cy,c2) is obtained from My_(cy, ca) by a series of elementary
transforms, whose centers are of the form M(1, (¢, + €)/2,n) x M(1,(c1 — €)/2, m) for € defining
a wall between H_ and Hy and (n,m) running through the nonnegative integers with n 4+ m =
(dea — ¢} +€%)/4.

Remark 5.6. If ¢(S) # 0 we can also, for A € Pic(S), ¢2 € Z and an ample divisor H, study the
moduli space ETH(A,CQ) of rank 2 torsion-free sheaves E on S with det(F) = A and c»(E) = cs.
Then there is a morphism My (c1,c2) — Pic®(S), whose fibres are the various MH(A,CQ) for A
with ¢;(A) = ¢;. Then, by restricting our arguments to the fibres, we get that theorem 5.4 also

holds with the obvious changes for E'TH(A, ca).

6. THE CHANGE OF THE DONALDSON INVARIANTS IN TERMS OF HILBERT SCHEMES

[n this section we assume that q(S) = 0. Let v, ¢, 4 be the Donaldson polynomial with respect to a
Riemannian metric g associated to the principal SO(3)-bundle P on S whose second Stiefel-Whitney
class w»(P) is the reduction of ¢; mod 2 and whose first Pontrjagin class is p; (P) = (¢} ~4cz). Then
Yei.ca.g 18 @ homogeneous polynomial on H.(S, Q) of weight 2N = 2(4c; — ¢} — 3x(Os)), where the
elements of H;(S,Q) have weight 4 — i. In case py(S5) > 0 it is known that v, ., o does not depend
on the metric (as long as it is generic}.

In {Ko] the invariant has been introduced for 4-manifolds M with b4 (M) = 1. In [K-M] it has
been shown that in case b, (M) = 1, b;(3) = 0 it depends only on the chamber of the period point
of the metric in the positive cone of H*(M,R).

The algebro-geometric analogues of the Donaldson polynomials are defined as follows:

Definition 6.1. ({OG1], [0G2]) Assume that My (c1,c2) is a fine moduli space, i.e. My(ci,c2) =

M} (cq,c2), and there is a universal sheaf i« on § x My (cy,c2). We define a linear map

Veyeq H - H‘I(SsQ) - H4_i(1'VIH(Clac3)1Q); VC].C:.H(Q) = (C'l(u) - i—cf(U))/a,

where / denotes the slant product. We assume furthermore that My (cy,c2) is of the expected
dimension N := 4¢y—c? —3x(Os). Given classes a, € Hy;,(S,Q),fors=1,... kwith2k-3"_j, =
N, we set

Doy eamlan, ... o) = Veyea H(O1) * <o Ve, ea i (k).

Mp{ey,ca)
As ¢y, co are fixed in our paper, we will write vy = v¢, o, 1 and ¢y = O, ¢y 1.

Let pt € Ho(S,Z) be the class of a point in S. Knowing ¢y is equivalent to knowing the numbers

Gyipla) = vir(a) - va(pt)".
A‘IH(C‘.C’)

for alil,r with i 4+ 2r = N and all a € H5(5,Q).

Definition 6.2. Following [0G2)], we call M (¢, c2) admissible if the following holds:
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(1) H does not lie on a wall of type {¢1, ¢a);

(2) dim(Mpyicy, c2)) = N,

(3) if ¢, is divisible by 2 in NS(S), then N > (dcy — c}}/2;
(4) dim{(My(c1, k) + 2(ca — k) < NV for all k < ¢a.

For admissible My (c1, c2) the results of [Mo] and [Li] give

1){eiF{erKs)

Cu|ursg) = (- Yeu,eag(H) H3(S,Q)s

where g(H) is the Fubini-Study metric associated to H. Furthermore if ¢z >> 0, then &y =
(—1)(eitlerKsy oo,

We now want to determine how ¢y changes, when H passes through a wall. We assume that if
¢y is divisible by 2 in NS(S) then (4c; — ¢3) is not divisible by 8. Then, by the criterion of [Ma2],
My (cy,c2} is a fine moduli space, unless H lies on a wall.

Now we assume that we are in the situation of section 3, i.e. H_ and H4 are ample divisors
lying in neighbouring chambers separated by W, and H a polarization on the wall W not lying on
any other wall and lying in the closure of both the chambers containing H#_ and H,. We assume

furthermore that W is a good wall. For b € [0, 1] we have My{cy, ¢2) as in section 3.

Definition 6.3. By remark 3.13 we see that, for b not on a miniwall, My(c;, c2) = M {c1,¢2) and
there is a universal sheaf on My(cy, ¢2).

Assume that b € [0, 1] does not lie on a miniwall, Then analoguosly to the definition of &4 and
@y, in 6.1, we may define ®, and &y, by always replacing My (e, ca) by My(cy, ca).

We notice that ®_ = ®g and &5, = &, and it is obvious that ®, only depends on the minicham-
ber containing . We therefore have to determine the change of ®, when b passes through a miniwall.
We will make the same assumptions as in section 4, i.e. let @ be a miniwall and let {§,n,m) €
A*{(a). Let a— < a4 lie in neighbouring minichambers separated by a. To simplify the notation we
will for the moment assume that A% (a) = {(£,r,m)} and that H?(S$,Z) contains no 2-torsion. We

also assume that either p,(S) = 0 or K is trivial.

Notation 6.4. We use the notations and definitions of sections 4 and 5. If the change is birational,
i.e. we are not in case (1) of 4.5, we shall write M instead of M~. Let d := de =n+m, e_ =rk(A.},
ez = rk(Ag), then N =2d+e_ +ep —~1if pg(S) =0and NV =2d+e_ + ey — 2if K5 is trivial.
Weput vy i=va,, vo i=va_, Pri= by, O =@, Py =By - and O 1, =Py

Note that the condition ¢(S) = 0 implies Pie(S) ~ NS(S). For f € NS(S) we may therefore
denote by Os(3) the corresponding line bundle. Let gy, g2 be the two projections of T = Hilb"(S) x
Hilb™(S).

Remark 6.5. (1) 1f the change is birational, then by the projection formula &, ®.; . (resp.
®_, d_ ) coincide with the numbers which are defined analogously by replacing M (c1, ¢2)

by M and the universal sheal by Vi (resp. V.).
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(2} Assume py(S) = 0 and say E = @. Let £ be the universal sheaf on E_ from (4.3.1}, then
we can define o_ : H;(S,Q) — H*Y(E.,Q) and §_ and §_ 1 in the same way as v.
and ®_ and ®_ ;. by replacing M/_ by E_ and the universal sheaf on AM_ by £. Then
b, —P_=-4_.
Definition 6.6. Let Z,(S) C SxHilb™(S) be the universal subscheme. In S x Hilb" (S) x Hilb™(S),
we put Z; := (ids x 1)1 (Za(S)), 22 1= (ids x g2)"*(Zm(S)) and denote by Zz,, Iz, the cor-
responding idealsheaves. Let Fy := QOg{{c1 + £)/2), F2 := Os((c1 — £)/2). By our assumptions
T = Hilb*(S) x Hilb™(S) and F| = Zz,(F1), F5 = Iz,(Fs). Let h, : Hilb*(S) — SO} be the
Hilbert-Chow morphism [Fo], where S(") is the n-fold symmetric power of § with the quotient map
Yn 1 8" — S(M) Fori=1,...,n we denote by p; : S® = S the projection to the it® factor. We
denote A; := {(:c,:r:l, co,Ep) ES XS | = ::;} and Yy, = (ids % 9n)(A;1). We have linear maps
in: Hi(S,Q) — HY'(HIIB™(S),Q);  tale) = [Za(S)]/a and
in: Hi(S$,Q) — HISM Q) Ta(e) = [Yal/a.
For o € H*(S5,Q) put apm = [Z1)/a + [Z2]/a = ¢} (ta()) + ¢35 (tn () € HAH{(T, Q).
The map ¢, is in fact easy to describe:

Lemma 6.7. (1) [Zn(S)] = (ids x hy)" ([Ya]).
(2) (ids x @n)*([Ya]} = 3 2;{A)
(3) For a € H'(S,Q) we have 1y(a) = h} (I, () and ¢} (tn(e)) = i) Pi (&), where & is the
Poincaré dual of a.
Proof. {1). Out of codimension 3 on S x Hilb"(S) we have Oz () = (ids x ha)*(Oy,). So we
get [Zn(S)] = (ids x hn)"([Ya]). Out of codimension 3 we also have (ids x ¢4)"(Oy,) = @, Oa;.
Therefore (2) follows in the same way as (1). (3) follows immediately from (1) and (2).

Remark 6.8. For the total Chern classes we have ¢{{ids x j)"V-) = (ids x j)"c(V-) and ¢((ids x
IV VL) = (ids x j) e(V4 ), where, as above, j : D — M is the embedding of the exceptional divisor.

Proof. We have to see that Torkx (V_, Osxp) = 0 for all & > 0 (and similarly for V;). This follows
however easily from the flatness of V_ over M. O

Lemma 6.9. (1) Assume that we are in case (1) of 4.5, i.e. the change of moduli is birational.
Then, for a € Hy(5,Q), we have

vi(e)=v_(a) = —3(€a)D)

va(pt) = v-(pt) = pio(lr] = ()

(2) IfE; =0 then

o_(a) = %(f,ﬂ)["'-]i

o-(pt) = -%[T-]'“'.
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Proof. By (5.2.2) we have the sequence
0— V. — V+(D5) —_ f]D(/\ + 7. + T+) — 0.

Using Riemann-Roch without denominators [Jo] we get

c(Fip(A+7m-+14)) = [Ds]
co(Fip(A+71-+714)) = —a(Fip(A),
and thus
a(V4(Ds)) = a(V-)+[Ds],
c2a(Va(Ds)) = ca(V2) +[Ds] - ar(VZ) — (ids x j)a(ci(Fin(A)))
de3(Vy) —c1(V4)? = dea(Vi(Ds)) ~ ci(V4(Ds))?

= dey(V-) —c1(V-)2 +2[Ds] - e1 (V=) — [Ds]? = 4(ids x j)u (c1(Fip(A))).
Let o € Ho(S, Q). As [Ds) is the pull-back of [D] from M, we have
([Ds}- er(V-))/a = [Di(er(V-)/a) = {e1, a){D].
Furthermore (ids x j).c1(F1p(A))/a = j<(c1(F1{\))/ @), where the second slant product is taken on
S x D and ¢;(Fy) = np(ei(F])) = p*([F1]). So we get (ids x 7). (c1(F1)/a) = (F1 - a)[D]. As A is
the pull—back of a divisor on D, we have (ids x j).c1(A)/a = 0 and similarly [Ds]?/a = 0. So we
get v4(a) — v-(a) = —3(&, a){D]
By cl(}'1 = p([F]), e1(F2) = p"([F2]), we get c1(Fi}/pt = c1(F3)/pt = 0. Then the sequence
0— .'ru)(/\) — V_|D — Fap(r- + /\) — 0,

and remark 6.8 give

(e1(V-) - [Ds])/pt (ids x j)a(er(V-1p})/pt = 3o ([7-] + 2{A)),

@ (FoM/pt = JeFE O/t = 5.(A),
(Dsl*/pt = (D
So we get
velpt) = v (pt) = (DP 4 (27 + 4]} — 44 ([A])

= ()= [m])
{2) can be shown using essentially the same arguments. [
Lemma 6.10. Let{+2r=N.
(1) If we are in case (1) of 4.5, then

$iirla) — Py (a)
{ r
S () (Yoo [ (e S )
b=0 =0 D s4t=N-—- b 2c—-1
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(2) E4 =0, then

Spir(a) =@ r(a)

:ii(-l)'*“?"”“”([)( )(6, ¥- "f( L A

b=0 e¢=0

Proof. (1) By remark 6.8 we get for a € H;(S,Q) that [D]-v4(a) = j.((4c2(V+ ) —c1 (Vi |p)?) /4
(and similar for v_). By the sequences

0 — Fop(~14 +A) — Vi ps — Fip(A}) — 0
0 — Fip{A) — V_|ps — Fap(r- +A) — 0
we get
dea(Vi|p) — c1(Viip)® = 4(ca(Fip) + ca(Fap)) — (e1(Fap) ~ er{Fip) = [74])?
dey(V-|D) — er (V- |D)? = d(ca(Fip) + o Fap)) = (e1{Fip) — c1(Fap) — [r=])?

By the above we have ¢\(Fip) = p"([F1]}, c1{Fap) = p™([F2)]), c2(Fip) = (ids x mp)*(c2(Zz,)) =
(ids x mp )" ([Z1]) and ca(Fop) = (ids x 7p)"{[Z2]), where, as above, mp : D —+ T is the projection.

So we have
dea(Vilp) —ar(Valp)® = 4(ids x mp)"([21] + [Z2)) = (p"(€) + [m4])?,
der(V-|p) —ar(V-1p)? = 4(ids x mp)*([21] + [Z2]) - P' (€) = [))%,
and thus for o € Ha(S,Q):
Jlve(a)) = am+3 (5-0)[ T4
F-(a)) = anmt 5 a)r]
Fset)) = ptogn - %[n]2
Pfr-(pt) = Plym— %[T—]2 \

We write

Qrir(a)—bo (o) =
= [ (@) (o = = (o)) + w4 (1) (4 (0)' = v ()

M

=/ (}([—u]ﬂn])ﬁ( ) V+(pt)’U-(pt)‘V+(a)’)

D a4t=r—1

o [ T warnatnnr))

st=ial

Now the claim follows after a straightforward computation. (2) follows easily from lemma 6.9(2). O

Proposition 6.11. (1) IfS is a K3 surface and N > 0, then &, = P_.
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(2) Ifpg(S) =0, then for a € Ho(S,Q) and I, v withl + 2r = N we have

Proof. (1) It easy to show using Riemann-Roch, that the condition ¥ > 0 impliese_ > landey > 1.
Therefore, as an,m and pt,, ,, are pull-backs from T, it is enough to show that for k < e_ + e —2

(7p). ( Z (—r+)"ri) =0.

s+t=k
Now D is the projectivisation P(Q) where @ = A_/r_ over P_ = P(A"). Therefore

(7D )s ( Z (—T+)’Ti) m). ( Z S’—¢++2(Q)Ti)
sbt=k s4i=k
= (1 )u(sk_eis2({A))
= (T)aTl (Skeeyp2(AL)) =

Here m_ : P_ — T is the projection. (2) We just note that my).((~74)¥) = sk—e,41(A%) and
(m_)a(r*) = (=1)*=Hts4_o_41(ALY). Then the result follows immediately from the definitions and
lemma 6.10. O

we have

-For the rest of the chapter we assume that pg(S) = ¢(S) = 0. On the other hand we allow
NS(S) = H?(S,Z) to contain torsion.

Definition 6.12. Let £ € H?(S,Z) be a class defining a good wall of type {(c1,c2). Let d¢ :=
(41 —cf +6%)/4, eg := —(€- (€ — Kg))/2+de¢ + 1 and
Te :=Hilb*(Sus)= [] Hilb*(S) x Hilb™(S).
n4+m=d,

Let g¢ : §xT; — T be the projection. Let Vg be the sheaf p*(OQg(—£)POs(—€+Ks))on SxT¢. Let
2% (resp.Z5) be the subscheme of S x T; which restricted to each component S x Hilb™ (S} x Hilb™(S)
is the subscheme 2, (resp. Z3) from 6.6. Let sz, 135 be the corresponding ideal sheaves. For a €
Hi(S,Q) let & € H*™(T¢, Q) be the class whose restriction to each component Hilb?(S) x Hilb™(S)
of T¢ is an,m. Then for all {,r with { 4+ 2r = N we define a map H5(5,Q) — Q by

deur(a) = ii(-l)"”"?”““”(i) (:)(5,a)‘-°

b=0c=0

f (&'b};‘tcsgde_%_b(Ext;(sz Ts® vf))

Te
Theorem 6.13. Let S be a surface with py(S) = q(S) = 0. Let ¢y € H*(S,Z) and c2 € Z. Assume
that, if cy is divisible by 2 in H*(S,Z) then (dca—c3) is not divisible by 8. Let W be a good wall of type
(c1,c2) and let H_ and Hy be ample divisors on S lying in neighbouring chambers separated by W.
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Let ny be the number of 2-torsion points in H2(S,Z). Then for alll,r withl+2r = N = (4c2~c}) -3

we have

¢’H+,1,r - (I)H_,I,r = Na Z tfg,;,,-.
EEA+(W)
Here, as above,

AT (W) ={¢ € H*(S,Z) | Z defines the wall W and (¢ - Hy) > 0}.
Therefore we get for a class o € Ho(5, Q)

(761.62,9(H+) - ‘TC[,Cg,g(H—))(pt! caPhog o a) = (—1)(‘:3-’-(:1'!{5))”2 Z 65,'.”(0)'
r { EEAT (W)

Proof. If H*(S,Z) contains no 2-torsion, and a_ < a4 are in neighbouring minichambers separated
by a miniwall ¢ with A*(a) = {(¢,n,m)}, then proposition 6.11 computes Qo tr— Pa_ . By
Serre duality and the definitions we see that in the notations of proposition 6.11 A/, @ ALY =
Ext;(l'zl,l'z, ® V). Thus, if for all miniwalls a the set A¥(a) consists of only one element, the
theorem follows.

If No C H*(S,Z) is the subgroup of 2-torsion, then Tg"m ~ N x Hilb*(S) x Hilb™(S). So
the exceptional divisor in M has np isomorphic components (or we add ng isomorphic connected
components to M or subtract them), and each component gives the same contribution to &, ;, —
P iy

Assume that A+ (a) = {(£1,n1,m1),...,(€2,n2,m2)}. Then, as we have seen above, the E?',"m"
are disjoint, and, as the change @, 1, ~ ®,4_ 1+ can be computed on the exceptional divisor (or the
added components), it is just the sum of the contributions for all (¢;, n;, ;). The result now follows

by adding up the contributions of all the miniwalls. O

By the results we have obtained so far, in order to compute explicitly the change of the Donaldson
invariants, when the polarisation passes through a good wall W = W%, we have first to determine
the Chern classes of the bundles Extfn (szalzg ® Ve) on T, and then make explicit computations
in the cohomology ring of Hilb%($ U S).

In the rest of this section we will again use the assumptions and notations from 6.4, and will
adress the first question, i.e. we express the Chern classes of the vector bundles Ext; (Zz,,Z2,®V)
on T = Hilb"(S) x Hilb™(S), (where we have written V' := V¢) in terms of those of “standard
bundles”.

Definition 6.14. Using the projections p: SxT — S and ¢ : S xT — T we assoctate to a vector
bundle U of rank r on S the vector bundles [U]; := ¢.(Oz, ® p"(U)) and [U)s := ¢.(Oz, ® p~(V))

of ranks rn (resp. rm) on 7.
For a Cohen-Macaulay scheme Z, we denote by wz its dualizing sheaf.

Lemma 6.15.
Ext2(0z,,02, 9 p"V) = u(wz, Q@ur' @ 02, @ p"V)
and Ext;(Oz,,Oz, @pV)=0 fori#2.
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Proof. Let

(6.15.1) 0— By — By — Ogxr — 0z, — 0

be a locally free resolution on S x T. We apply Hom(-,0z, ® p”V) to obtain the complex
0—02,0p'V —=B100z,0pV —B,00:,®pV —0,

whose cohomologies are the £ a:ti(O 2,,0z,9p" V). We can arrive at this complex differently, namely
by first dualizing and then tensorizing by Oz, ® p*V. By dualizing and using that Z; is Cohen-
Macauley we obtain

0 — Osxr — B} — By —wz, Quy' — 0.
Tensorizing by Oz, @ p*V gives the sequence

0—02,8pV —B002,0pV —B;802,8pV —ws ®uws' ®0z,0p"V — 0,

which is exact by the corollaire on p. V.20 in [Se] because Z; and Z; are Cohen-Macaulay and
intersect properly. Hence £2t*(0z,,02, @ p'V) =wz, Qwi' ® Oz, @ p"V and Ext'(Oz,,0z, ®
p"V) =0fori< 2 As Z; and Z; are flat of dimension 0 over T, the result follows by applying
.. O

Proposition 6.16. In the Grothendieck ring of sheaves on T we have the equality
Extg(Zz,,Z2,@p"V) = [Vi+([VV(Ks)h)Y + (H'(S,0s(=€)) ® H'(S,0s(~£ + Ks))) @ Or
—¢u(wz, W' ® 0z, @p"V).

Proof. Case n=0: We will use repeatedly that £ defines a good wall, so in particular ¢.(p*V) =
R%q.(p*V) = 0. We apply Homy(Osxr, ) to the sequence

0 —>Z,0pV—pV—950zpV—00
to obtain
(6.16.1) 0 — [V]a — Exty(Osxr,Z2,®p"V) — Rlq.(p"V) — 0.

The surjectivity follows as Z, is flat of dimension 0 over T and the injectivity by ¢.p"V = 0.
General case: We apply Homg (-, Zz, ® p" V') to the sequence 0 — Iz, — Osyr — Oz, — 0 to
get

(6.16.2) 0 — Ext}(Osxr,Tz,®p"V) = Ext}(Zz,,T2, @ p"V) = Ext2(0z,,I2, @ p"V) = 0.

The exactness on the left follows from the fact that ¢.(Zz, ® p"V) = 0 and so Ext;(Oz1 Iz, 0p"V)
is torsion-free being a subsheaf of the locally free sheaf R'q.(Zz, ® p*V). Its support is contained
in (21 N 2,) and thus it is the zero sheaf.

We apply Homg(Oz,, }to 0 — Iz, @p"V — p'V — 0z, @ p"V — 0 and use lemma 6.15

to obtain

(6.16.3) 0 — Ext(0z,,Tz,®p V) — Ext}(0z,,p"V) — qu(wz, @wr' @ 0z, ®p"V) — 0.
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By duality Ext.g(ozl,p'V) = q.(0z, ® p"(VY(Ks))Y = [VV(Ks)]Y. Thus the result follows by
putting 6.16.1 to 6.16.3 together. O

7. EXPLICIT COMPUTATIONS ON HILBERT SCHEMES OF POINTS

The aim of this section is to make theorem 6.13 more explicit. We want to compute the contri-
butions é¢ to the change of the Donaldson invariants for a class £ defining a good wall, in terms of
cohomology classes and intersection numbers on S. We do not succeed in determining d¢ completely.
[t turns however out that J; can be developed in terms of powers of £ and we will compute the six

lowest order terms (as predicted by the conjecture of Kotschick and Morgan half of them are zero).

Notation 7.1. In this section we fix a class £ € H*(S,Z) which defines a good wall of type {c;, c2)
and will therefore drop & in our notation. In particular we write d := d¢, ¢ := e and T :=
Hilb*(S U S). As usual let p and ¢ be the projections of § x T' to S and T respectively. We write
V= Os(—€) @ Os(—€ + Rs), 21 := 2%, Zo:= 25 and 6, :=6¢yr. We put T = qu(wsz, Quslyr®
Oz, ®@p"V).

We see by theorem 6.13 that, in order to compute the change 4, it is enough to compute

Jr s(Exté(Iz,,Ig, ® p*V)) - v for all classes ¥ € H*(T,Q) which are pull-backs from 5@ via the
natural map Hilb¥(SUS) — (SuUS)¥ — 5 By proposition 6.16 we have

/S{Ext;(131,13,®P‘V))'7 = /3([‘/\/(1\"5)]},@[‘/]2)'7
T T

4 f (e(T) = Ds(VY(Es)]Y ® [V]2) - 7.
T

In the first part of this section we compute the first of these two integrals. As said in the beginning
of this section, we only want to compute the terms of lowest order of the change of the Donaldson
invariants. This corresponds to restricting our attention to a big open subset of the Hilbert scheme

of points.

Notation 7.2. A point ¢ € S is a formal linear combination >, mix; of points on S with positive

integer coefficients and _; m; = n. The support supp(c) is the set of points ;. For all i < n let
S,(") = {o € St | #supp(c) > n—i+1}.

Furthermore, for any variety X with a canonical morphism f : X ~— 5™ we denote f~*S™ by

X;. For the universal family Z,(S) C S x Hilb" (5} we denote by Z,(S5); the preimage of Hilb"(S);.

In order to compute the first integral we will use an inductive approach, which is based on results

of [E1],[F-G] and which is similar to computations in [G52] on the Hilbert scheme of 3 points.

Definition 7.3. ([E1},[F-G]) Let SI"~1») — § x Hilb"~!(S) be the blow-up along the universal
family Z,.-1(S5), and let F, the exceptional divisor. Contrary to our conventions in the previous

section for any vector bundle £ on S we will denote by E[n] the vector bundle q.(Qz, sy ®p* E) on
Hilb™(S).
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Theorem 7.4. ([E1]) S™~1" is smooth. There is a natural morphism SV~ — Hilb™(5), and

on S*=1.n] we have an eract sequence
(74.1) 0 — V(-F,) = V[n] — V[n-1]—0,
where we have used convention 2.2.
It is easy to see that the induced map SI*~1") — § x Hilb™(S) factors through Zn(S) C

S x Hitb™(S), and that the map St*=1" — Z,(S) is an isomorphism over the open set Z,(S);.
We denote by .S't["-l'"] the preimage of Z,(5);.

Lemma 7.5. Let N, be the conormal sheaf of Z,(S) in S x Hilb™(S). Then we have an exact

sequence on S[g"_'l'n]
0— N} —T§ — O, (—F,) — 0.

Here we have used the convention 2.2, In particular on S[Z"_'l‘n] we get

1-F,
1-2F,"

s(NY) = s(T5)

Proof. 1t is easy to see that Sl[_,n_l‘"] — Hilb?(S); is a branched n-fold cover, étale out of F,, and
with ramification of order 1 along F,,. So the result follows in the same way as in the proof of ([F-G],
lemma 2.10). OO

Lemma 7.6. Let i be a positive integer and assume that oy, az € A*(Hilb"(S5)) have the same
pull-back to Hilb"(S);. Then

o f= / oz - B
Hilb™(5) Hilb™ (S)

for all B € H=%-2(5") Q). The same result holds if we replace Hilb™(S); by S,["'l’"].

Proof. Let j : Hilb™(85) \ Hilb"(S}); — Hilb"(S) be the inclusion. We get a1 = a2 + j.(p) for a
class u € A*(Hilb™(S) \ Hilb?(S);). As the codimension of the complement of S}") in S is 2, the

result follows by the projection formula. O

Notation 7.7. For all [ > 1 we denote by A; the ”small” diagonal {{z,... ,z) | # € S} and by [A/]

its cohomology class.

We define classes t,_,t2_,t3— € H*(S5,Q) by

tie = 14 (26— Ks)+ (362 - 36Ks + K3),
tae = 3+ (186 — 13Kg) + (636% — 91EKs + 33K 2 + 552(S5)),
ta_ = 27+ (2706 — 237Ks).
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Here s5;(S) := s5;(Ts) is the i*" Segre class of S. We define t,, {24, ¢34 by replacing Ks by (—Ks)
in the definition of ¢,_, {5_, {3 respectively and put ¢; ;= ;. +¢;4, Le.

t; = 24+4€+ 667 +2K2,
tr = 64366+ 12662+ 66K3 + 10s2(S),
ts = 54+ 540€.

Lemma 7.8. Let v € H¥"~2*(S(") Q) with k < 5. Then

o [ stvinh = (-1 Adpit- - s(VIn=1)

3
Hilb*(8) =

i=t

StxHilbr=!(8)
where py : S — S is the projection to the first factor.

Proof. By theorem 7.4 we have the identity s(V[n]) = s(V(=F,))s(V[n — 1]) on SI*~17 and fur-

thermore

stwi-r = 3 ((H T smr,

530 i+1
So we get
(7.8.1) n/ s(V[n)) -y = / s(V)s(V[n—1]) - v
Hilb"(5)
SxHilb==1(5)
i+j+2\ .
(1.8.2) + Z f F,.( i )s.(V)F;}s(V[n 1)) 7.
i,j20 5lr=1.n)

By using V = Os{—£) @& Os(—£ + Kg), we see immediately that s(V) = {;_. We denote for all i by

fi the composition
So=in=itl , &« Hilb™7H(§) = § x S0 5 &« (P9 7))

where the second map is induced by the diagonal map S — S* and put we +; := f7(¥). The integral
(7.8.2) can be expressed as an integral over F,,. We push it forward to Z,_;(S) C S x Hilb*™'(S)
and pull back to $7"~27=1. Note that f» maps S 2"~ to 5{*) . So we get, in view of lemma 7.5
and lemma 7.6,

(7.8.3) (7.8.2) = — / z (z—}-; +3)S.-(V)s_,-(N:_1)s(V[n- 1]) - ¥a.

i+ 1
§la=2,a=1]) £,5>0 +

We now again use the identity s(V[n — 1]) = s(V(=Fn_1))s(V[n — 2]) on S"=27-1] and obtain

(7.8.4) (7.8.3) = S (H_[+3)s.-(V)sj(V)s;(T§')s(V[n —9) e

i+1
; y 2
SxHilbr—2(s) ‘TIHS2

785+ [ ST s = D sV o) = (V) (13)

Sln—2,n-1] 4.
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By explicit calculation and the definition of V, we get for the first integral
i+ 1+ 3
> () smsmsmy
ipjH<2 L
=3+ 951(V) — 4Ks + 1352(V) + 651 (V)2 = 145,(V)Ks + 552(5)

to_.

Now we compute the integral (7.8.5). We use the formula

1- Fn-l
1—2F,

olth _ 1 1<(;
28 1 >0.
to obtain

) ithi+ke+3Y (a4 1\ -y
(7.8.5) = ] > F"'l( i+1 )( ikt )

s(N_1) = s(T§)

and the notation

Sla=2,n—1] DindaA1k2
-5i(V)sj, (V)sky (T5) FAZ " s(Vn = 2]) - 2.

This can again be expressed as an integral over F,,_;. We push forward to Z,_2(8) C $x Hilb“'g(S)
and then pull back to S"~3"=2], Note that f3 maps S,["_a‘"_zl to S}:é Therefore using lemma 7.5
and lemma 7.6 to see that we can replace the push-forward of F\,_, by the pull-back of s;_2(T¥)
via the projection $*=3n=21 _, & x Hilb"~>(S). We then push forward to S x Hilb"~3(S)
and notice that by theorem 7.4 and lemma 7.6 we can replace the push-forward of s(V([n - 2])
by s(V)s(V[n - 3]). Putting all this together we obtain

(7.85) = Z (i + "'1‘ + ko + 3) (.‘iz '.l'.'i:e + l) olka=1]
Sx Hilbn=3(§) "t tiatkitka <3 t+1 Ji+1

8i(V)sj, (V)si(V)si, (T4 )85 44,-2(T )s(Vn — 3]) - 7.

We obtain, again by direct calculation,

i+ k +ka+3 L+ je+1 _
> (" (728 )by ), (1) (T D23
L ) i+l J1+1

i+j1+jztkr+haHIL3

=27+ 1355, (V) — 102K ¢ = 27 + 270§ — 237 Ks.
This completes the proof. O

Remark 7.9. Let v € H4"~2(S(") () with k& < 5. Then the same proof shows

3
o[ Ay = [ 0 i sV (K- 0))

Hilb>(5) =g Hitbn-1(5)
We will now introduce a compact notation for some symmetric cohomology classes on S™ that

will also help us in organizing our combinatorical calculations.
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Definition 7.10. We denote by G, the symmetric group on n letters, which acts on S™ by per-
muting the factors. For a € H**(S*,Q) and § € H**(S' Q) we define axf8 € H*(Sk+ Q)Sx+ by
putting

1

axf = m Z {Po(ry X ... % Pa(k))*a (Po(ht1) X < X Po(kr))”B.
€Sk

It is easy to see that « is a commutative and associative operation. We will denote

o™ = arax .. ke,
N
k

Remark 7.11. The following elementary properties of + will be very important for our further

computations:

(1) For a € H*(5%,Q), 8 € H*(S',Q) and w € H*(S*H Q)®*+ it follows immediately from
the symmetry of w that

/ (xB)-w = / (P X i) o (Prt X - X Pet)™B - w
Skt Skt

Z /Skawl'v/;'ﬁwz-

(wl,wn)

Here w = Z(wl_w:) wy - wa is the Kiinneth decomposition. Analogous results hold if more
then two factors are multiplied via *.

(2) Let 1 denote the neutral element of the ring H*(S, Q). Then 1** is the neutral element of
H*(5%, Q).

(3) Tt is also easy to see from the definitions that * fulfills the distributive law ox(8; + F2) =
axfy + axfy. In fact + and = make @, 5, A2*(S", Q)" a commutative ring.

(4) In particular the binomial formula holds:

Z (:)a*k*ﬁ*l — (O+ﬁ)*n.
k+i=n

Notation 7.12. For a class @ € H*(S5,Q) and a postive integer 7 we denote by ()i := [Ai]pja €
H*(5%,Q)%, where [4] is the (small) diagonal {(z,...,z) | z € S} in S*. In particular (a); = a.
We will in the future write (a);(8); instead of (a);*(8); and (@)} instead of (a)}™. Furthermore

we write a*™B* and o*™(8); instead of a*™ %G and o*™x(B);.

Proposition 7.13. Let y € H*4=2%5(d) Q) with k <5 and w € H*42¥(S% Q) its pull-back to S°*.
Then

¢ / SV (B @ [V]a)
Hilb4{ Su5)

d —n d - d 0 k(d=
= [ (- (5) et 23 et D4 a() )

Sd
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Proof. Let n, m be nonnegative integers with n+ m = d. Let v, - v2 € H*(5™)) x §(™) )\ 0 be a
Kiinneth component of the pull-back of ¥ via S(*) x §(™) — S(@) | Let wy-wy € HA"~ (5" Q)% x
H4n=2r(S™ (3}~ be the pull-back of ¥, - 42. Then 0 < {,r < 5. By an easy induction using lemma

7.8, remark 7.9 and remark 7.11 and ignoring all terms of codimension > 6 we get
n! / s(VVY(Rs)n)Y) = / £,y
Hilb™(5)

Qm - Wa,
sm

m! / s(Vml]) -7
Hilb™ (5)

where

n n

n—2
Po = 7= 0= D(tas)otiT7 430 3T (- DG - D)0

i=2 i=2 j=it2
n
. . *(n=3
+ D (= = 2)(tas)ati v,
=3

and Q, is defined analogously to P, replacing n, 14, t24 and tay by m, ¢t -, t2_ and t5_ respectively.

Applying again remark 7.11 we obtain

nim! ] s((VY(Ks)[n))¥)s(Vm)) - v = f (PrxQm) - w,

Hilb™ ($)x Hilb™ (S) 59
and thus
. d
N AT AR T Sl (4 (AR
Hilb4 (SuS) ntm=d 54
Finally we have
Z (d)Pn*Qm
n4+m=d n
= > (d) (t’fit’ff‘ - (;) (tas)ot 1y~ et} — (';’ ) (t2-)ati G} 0"
n+m=d n

n o ne- n m n— M- m ) m-—
+3(4)(t2+)5t’{i “t:‘T+(2)(2)(t2+)2(te_)ztfi Ay "’)+3( 4)(t2_)§tr:ti‘£ Y

n - m m -
+2(3)(13+)3zl*$‘ Byrr +2(g)(t3_)3tf:tf£"‘ 3))

[

d _ d _ d -
= M- (t2)2t 4 13 [0 ) (12)2 T 1o D) (ta)at FY.
9 4 3
d

Now we want to compute the second integral
[ el = sV (R s(IVE) -
T

for v € H44=2%(5(4) () with & < 5, The conventions of 2.2 stay in effect.
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Definition 7.14. Let n, m be nonnegative integers with n + m = d. We consider the following

diagram

S x Hilb"* (S} x Hilb™(S) —— Hilb™(5) x Hilb™(5) —L— S x §(m)

[ d d
§x & x §m 4, Sn x 5™ 2, srxsm
Here, as above, g and § are the projections, g : Hilb"(S) x Hilb™(S) — S§(") x S{™) is the product of
the Hilbert-Chow morphisms and ¢’ : 5™ x §™ — S(") x §{™) is the product of the quotient maps,

and all the other varieties and maps are defined via pull-back. For i = 1,2 we put Zi = 571(2;)

and 21‘2 =2, N2y, (i.e. the scheme-theoretic intersection).

Notation 7.15. We denote by
(§1M) % §tm)y, = {(a+,a_) € 5  gtm)
#supp(oy) > n—1, #supplo-}) > m -1, #supploy +o-) > d— 2}.

Furthermore for all X with a natural morphism f : X ~— 5(®) x S(™) we denote X, := f~1(5(") x
S(m)y, . We put

Cnm = 0" (T|(Hib" () xHilb™ (5)). )

(see 7.1 for the definition of I'). For 1 <i < n (resp. 1 < j < m) we denote by pi4 (resp. p;_) the
projection from S® x S™ onto the i*? factor of S (resp. the j** factor of S™).

For e = +,—, n =+, — we put

6 = {(z,zf’,...ri,xf,...z;)ESxS"xSm’..":::cf}
APy = {(m;,...x:,z;,...z;)es"xsm|zg=xg}
AL = {(z,xf,...xi,xf,...x;) ESxSxS™ ‘:c: N :z;?}

We will also denote by Af7, Af7T., Ag. the pull-backs §7'(Af]), (ids x §)~'(Ag7;), (ids x
3)71(A§;). We denote D;; = g1 (AfT) and E;; := 571 (A7), Dij and Ej; are divisors (see

i.j
below), we denote F; := . . Di; and G, := 30, ; Bi ;.

Remark 7.16. The following easy facts will be used throughout the computation.

(1) Tt is well known that {Hilb" (S) x Hilb™(S}). is obtained from (S x S™). by blowing up all
the AF} and A]] and taking the quotient by the action of the product of the symmetric
groups &, x &,,,. It follows that in fact (8™ x §™). is just the blow up of (S™ x S™). along
the (disjoint) smooth subvarieties (Af;). and (A7; ). and the (D; ;). and (Ej ;). are the

exceptional divisors.
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(2) It is also easy to see that (Z)). = U.'.'=1(A3",.)_, (Z2). = UjZ1(Ag;)- and therefore

(We mean here the scheme theoretic union, i.e. the scheme defined by the intersection of
the ideals).

(3) For i # j we have (scheme-theoretically)

(A0+,i)' ndbﬁj (A;i)' N Dy ;,
(AgaeNAg; = (Agy).NE:;.

i

Lemma 7.17. (1) Let X be a smooth vartety, and let Y and Z be Cohen-Macauley subschemes
of X such that the ideal Iz;vyzy of Z inY U Z is Oy(—D) for a divisor D on Y. Then
in the Grothendieck ring of X we have

Ovuz = Oy(-D)+ 0z and
wy' Quyyz = wi' Quy(D)+wy' Quz.

(2) Let f. X — Y be a morphism between smooth varieties. Let Z CY be a Cohen-Macauley

subscheme of codimension 2 and assume W := f~1(Z) has pure codimension 2 in X. Then
Jwi'®@uwz) =wy' Quw.

(3) Let X be a smooth variety and Y and Z Cohen-Macauley subschemes of codimension 2
intersecting properly. Then in the Grothendieck ring of X we have

Oy © Oz = Oynz.
Proof. (1) The first identity follows from the standard exact sequence
0 — Oy (-D) — Oyyz — 0z — 0. (*)

Now we dualize (*) and use that for a two codimensional Cohen-Macauley subscheme W C X we

have
: 0 i< 2,
E:ct'(Ow,O,\-) =
w}l Quwy t=2
to obtain the sequence
00— w}l Quwzg — w}" R wyuz __}w;,l Quy (F) — 0

and thus the second identity.

(2) We take a locally free resolution
0—B—A—0y —0z —0.

Pulling it back we obtain the sequence

00— ffB— "A—Ox — Ow — 0,
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which stays exact by the Hilbert-Birch theorem (see e.g. [P-S] lemma 3.1). Dualizing we obtain the

exact sequence
0—=0x — ffA— "B —wy' @uwz — 0.
We can also arrive at this sequence differently, by first dualizing and then pulling back. This way
we obtain the sequence
0—0Ox — ffA— J'B — f (wy' ®uwz) — 0,
and (2) follows.
(3) By the corollaire on p. 20 in [Se] we have Tor;(Oy,0z) = 0 for i > 0, and (3) follows. O

Lemma 7.18. In the Grothendieck ring of (S* x 5""). we have the equality

@ (Cnm) = 3. 3 (Ous=(Fi = Gj = pi€) + 0= (Fi = Gj = piy (€ + Ks)).

i=l j=1

Proof. Using remark 7.16(2) and remark 7.16(3) and applying lemma 7.17(1) inductively we obtain
in the Grothendieck ring of § x (S5 x §™), the equalities

(7.18.1) Oz = Zoazyﬂ)
i=1

(7.18.2) Oz = ZUA;.,-(‘GJ) and
j=1

-1
[ ~ W
SxS"xSm® Z

n
-1
= w ~ o Gy F'
Z Sx§nxGm 53',.-( i)
i=1
n
= OA;",(_P;+K5 + F,),
. .

t

g =1
¥ (wSxHi]b“(S)xHilb"(S) Quz,)

where in the third and the last line we have used lemma 7.17(2). Now using lemma 7.17(3) and

tenzorizing by p™V we obtain in the Grothendieck ring of S x (§"‘ P §"‘). the equality

(ids x0)" (w5 ®wz, 80,8 V) = 3 3 (Ouss (Fi=Gi=pj4&)+0us= (Fi=Gs=piy (€-+K5)).
i=1 j=1 i e

The morphism ¢ : (5" x.5™). — Hilb™(S) x Hilb™(S) is flat. Therefore we get by ([Ha] prop.I11.9.3)

P g (wr' Quz, ® 0z, @p"V)
= u(ids x )" (W' Quz, ® Oz, ©p"V)

..
1]
-

“
1l
-

U}
—
.
1]
—

33



in the Grothendieck ring of (§" X .§"‘).. The last identity follows from the fact that the projection
Glas- 1 AfT; — A}7 is an isomorphism. O
T s :

Lemma 7.19. Let X be a smooth variety and let i 1 Y — X be the closed embedding of a smooth

subvariety of codimenstion 2 with conormal bundle NV. Let D be a divisor on Y. Then

(i (Oy(-D)) = 1-i.( 3

(k+l+1
k>0

[ )D‘sk(fv*’)).
Proof. This is a straightforward application of Riemann-Roch without denominators [Jo]. O

Lemma 7.20. Let 1 < k< 5. Then ck(I‘n'm|[ is the part of degree k of

Saxdm).)
= SR (2 + 41 € +4(Gs - ) + i (667 + 352(S) = K3) + 1291,€(G5 - F)
(1.7)

+O(FF + G2) + piy (2467 + 1260(5) — 4K)(G; — ) + 2pi, €G3 + FY) +8(G3 = ) (7.20.1)

+ Y [ATTHATT, 4+ 8pi € + 855,18
(5.0)£0 L)

Here (i,7) and (i1, j1) run through {1,... n} x {1,...,m}.

Proof. We compute on (5* x S™).. We notice that [A}'_'J-'] is just the pull-back of the corresponding
class in 8™ x 5™ via § and the conormal bundle of t_\f:j‘ is just the pull-back of the conormal
bundle, i.e. pj,(7¢). Furthermore we note that on (§* x S™). we have [A?:j"'] - Fi -Gy = 0.
Therefore we obtain by lemma 7.19 after some calculation that for 1 < & < 5 the Chern class
ck(OA?; (=pi4€ + Fi — Gj)) is the part of degree k of

—IAF 1+ P (26 = Ko) +2(G; = B+ P14 (367 = 3K + 52(9))
+pi4 (66 = 3K5)(G; — Fi) +3(G; + F?)
+9i (1267 = 12K5E +453(S))(G; — Fi) + pi, (126 — 6K5)(G} + FP) +4(GY — F?)).

Analogously we obtain that ¢ (Q+- (—pi (£ + Ns) + F; — (7;)) is the part of degree & of
1.7

1= [af7] (l + iy (26 + Ks) + 2(G; = Fi) + piy (36° + 36K s + 52(S5))
+0;, (66 + 3Ks)(Gj — F) + 3(G% + F})
+p14 (1267 + 12K 56 + 452(5)) (G5 — Fi) + pp (126 + 6K5)(GS + FP) + 4(G3 - F?))‘

We notice that {E'ﬂ:j‘]z = [A;"J—]p,’+(cQ(S)) Thus, by multiplying out, we get that Ck(OAt; (—pj &—
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Fi + G;) ® Op+- (—pip(€ + Ks) — Fi + G;)) is the part of degree & of
LE¥}

1- (A} (2 +4p;, &+ 4(G; — F)
+pi4 (662 + 352(5) — K3) + 12p1,€(G; — F) +6(G2 + F2)
+p74 (2467 + 125(S) — 4KE)G; — Fi) + 24p], £(G? + FP) +8(GY - F,.a)).

Now we take the product over all i, j. We use that on (S™ x §™). we have [A;“'}l] A ':h] F; =
[AF=]1-[A}7.] G; =0 unless {i1, 1} = {i2, j2}, and obtain the result. O

1,01 i3.J2

Remark 7.21. (1) In the Grothendieck ring of (S* x 5™). we have

Z p;-V(=Gj),

i=1

i

@ ([V]2|Hibn(5) x Hilbm (5))

e (VY (Ks)]Y b (s)xHilbm(s)) = ZPL(V(—KS))(F})'

i=l
(2) Therefore, for I < 3, s[((P-([V]'_ZIHilbn(s)xH“bm{s))) is the part of degree [ of

Hpj_t1-+ S (2B + 5o (106 ~ 5K) By, +3E2,)

1<€j€51<m

+p;-_(3og- ~ 306 Ks +9K3) By 5, + pj_ (186 = 9Ks) B2, + 43, ) ] w3,-tic,
Ja€{j 1}
(7.21.1)
and si{@" ([VY(Ks)])" 1Hiba(s)xHibm(5)) is the part of degree I of

Hp,+t1+ + Y (2D, - 5 (106 +5K5)Dis, +3D%,,
i 1<€i<i1<n

_p;+(305 +305115+9!\5)D,,,,+p,-’+(18£+9K5)D,2”—4D13”) [T rhitis
i3g{ii}
(7.21.2)

Proof. (1) follows from the formulas 7.18.1, 7.18.2 by tensorizing with p*V (resp. p*(VY(Ks))) and
pushing down via §.. (2) is just a straightforward computation using that £ ;- Ep; = Dy ;- Dy =0

for {i,7} #{k,{}. O

Remark 7.22. Let £ < 5 and v € H49-2%(5" x §™ () and assume that oy, e, € A*(S" x §™)
have the same pull-back to (" x $™).. Then, for all i < n, j < m, we get analogously to lemma
7.6

f A?:J7'(Q1—02)-7=0.
SnxSm
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Proposition 7.23. Let y € H*=2*(59) Q) with k < 5, and let w € H*~2*(5 Q) be the pull-back
of ¥ to S%. Then

di f (e(D) = (VY (K)Y)s([V]2) -7
Hilb4(SUS5)

=] (= dld~ 1)(2+ 126 + 426> 4 B5a(S) + K)ot}
54

+d(d — 1)(d ~ 2)(30 + 2608)sty “~)
+2d(d - 1)(d - 2)(d - 3)(2 + 125)51}‘(‘*—4)) w,

and, with
Rg =t} —d(d = 1)(5+ 308 + 10562 + 855(S) + 34K 2),t 742
+d(d — 1)(d — 2)(48 + 440¢)5¢1 4~
Ld-1)d - . 2)(d - 3)(5+30£)o Hd-4)
we get

d! / c(T)s([VY(Ks)]))s([V]2) /Rd w.
Hilb4(5u5)

Proof. We fix n and m with n+m = d and start by computing on (§“ x §™). Using remark 7.22 we
can restrict our attention to (§" P §”‘).. We multiply out the formulas (7.21.1),(7.21.2) and (7.20.1)
and push down to S™ x S™. We shall use the following facts: On (S™ x $™). any of D; and E;, gives
zero when multiplied by [A | Vi ~,)- Furthermore §.(D;;) = §.E;; = 0, §.(D};,) = [A;":]
§-(Ejj,)* = =[A7}], §.(D; ,,) = [aFF P (Ks), §.(E3;) = [A75 0P _(Ks).

Below we collect the result of the push-down in ten terms according to the factors that they contain
before the push-down. All the summands contain at least one diagonal factor [A,*'J'] and at most two

diagonal factors [/_\ I, [AF7.]. The first seven terms come from summands containing precisely

1.1
one factor [A 7] So to deﬁnje these summandss we can fix i and j. The first term corresponds to
summands not containing any exceptional divisor D;;, or E;;,. The second to seventh summands
correspond in that order to the push-downs of the terms containing only powers of D; ;, with i} < ¢,
Ej; with j; < j, Diy, with iy > i, Ej;, with j1 > j, Dy, 4, with i € {i1,i2} and Ej, ;, with
i € {j1,72}. Notice that on (3’" x g’"‘). the class [AIJ-_]D,-I',-,EJ-,M, is zero for all 71,12, 1,2 and
[AF D402 Digiy = [ATF 1B jaEis g = 0 unless {i1,i2} = {i3,44} (resp. {j1,j2} = {43, ja}). The
last. three sumrmands correspond to terms containing two diagonal factors [A ][A . ]. In that order
they correspond to the possibilties that j = ji, that i = i; and finally that ¢ # i andj # j1. After a

long but elementary computation we get that, if & <5, §. (" (cx (Cn,m) = 1)s([VY (L s)[n}Y)s(V[m]})
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is the part of degree & of

Z( (AT 1974 (2 4+ 126 + 426° + 352(S) + K3) [T pi, 4 (tae) TT P, (ta-)

(.5) P S1#i

+ D (AT IIAR 1P (20 + 1606 + 90Ks) [ pipetas [] £5i-ti-
i<t i2€f{i,i1} J1#j

+ ) [AFF)IAT P (20 4+ 1608 — 90Ks) ] pfvtie [ 2h-ta-
1<y e i:i{j-.fx}

+ S (AR AT P (6 + 606+ 20K5) [ phatre [] #5oti-
i1 ia€{i, i} Ji#d

+ S AT (6 + 606 — 20K5) [] pistis [ Ph-te
Q1>§ i1#4 Ja#{jd1}

+3 0 ([A ALY i (24 126)p], 4 (3 + L8E + 13K'5)

HERPESRETEH

H p;a+t1+ H p;l—tl-) + Z Z ([A+-][AJI J:l]p.‘l 2+ 12‘5)

ia@{i,i1,i9) J1#3 J1#1 jatida<i
P; - (34186 — 13Ks) [ piistis [ p;a_tl_)
1E] Fa€{idria}
+ > A AR (4 + 406 +4Ks) T phatis [ p5i-tae
h<i ig@{ii} J1#j
+ Y (AR (4 + 406 = akss) [] phatie [ Pho-ti-
J1<d i Jjagldai}
+ 30 3R NA G @+ 1265 2+ 120) [T phate 1 p;,_tl_).
IS FIT 3] ig@{i,i} Ja€{ig}

Now we want to translate this result into the notation 7.12. Using remark 7.11 and notation 7.12
we see that for w € H%-2%(5% Q)% and a € H*(S, Q) we have

./ [ ]P‘+a H p'!+t]’+ H le— = ./Sd(a)zt,lk-(l-n_l)tr£m-1) W

i1 #i J1#i

Now assume j # j;. Then

/ [A A _“]p,+a H PP+t H Pj,—ts = /d(a)gtﬁn_l)tﬁm-ﬂ W
i # J2€{J.J1} S
We also see that [AFF][AF7] = [AF7)[A7] and [AFTALS] = [AfTHAHY) Wi# 4 and j # 51

we get similarly

- - - - 2) , ¥(m-—
/ [AFALS I api pan [ piyates H Pja-ti- - w = /sa(al) (@2)at ] PPy,

i2€{ii} Ja#{ii}
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We can translate our result into this notation and simplify it by collecting the terms number 2,4, 8
and the terms 3,5, 9 respectively. So we get for w € H*¥=2%(5¢ Q)¢ with k < 5:

[, 36 (elt) = Ds( (Ko s(V ) -

/ — nm(2 + 12€ + 426% + 352(S) + K3)at} im0
Sd

2
+ "‘) (30 + 2606 — 114K g)gt "~ Fom=2)

;)

+mn( ; 1) (24 12€)2(3 + 186 + 13Ii's)2tri"‘3)t’l"£m-1)

+(”) m(30 + 260€ + 114K s)at "2 im=D
2

+

(';’ (24 126)3t 14Dy m-2)

-1 m=3),%(n
+nm("‘2 )(2+125)2(3+185-131{3)2tfi R ”)-w

Now we sum over all m,n and keep in mind that the map ¢ : (S x §™), — Hilb™ (S) x Hilb™(S)

has degree m!n!. So we obtain

! / O (elr) = sV (Ks))s([V]:) -y
Hilb4(5US)

Z (d) /s‘ G (" ((c(T) = 1)s([VY(Ks)[n]V)s(V[m])) - w

n
n4+m=d
d-2 2 22y k{n—1),%(m—1)
> (2+ 126 + 4262 + 352(S) + K2)at] "~ V8)0
ndm=d §d n—1

+d(d — 1)(d - 2)(“’ 2)(3o+2sog)3z*‘“ Agplm=b)

+2d(d - 1)(d - 2)(d - 3)(:1 4) (24 126)2 0 2)t*(m_q)) »

- / (= dld = 1)(2+ 126 + 4267 + 352(8) + K357
Sd
+d(d = 1)(d — 2)(30 + 260¢)3t )
+2d(d = 1)(d = 2)(d — 3)(2 + 126)3¢}14" 4))

This shows the first formula. The second follows by combining this formula with proposition 7.13. [

Now we have described the intersection numbers f'I‘ s(Ext.;(Iz,,Iz, ®p*"V) -9, and are in a
position to finish our computation of the leading terms of the change of the Donaldson invariants
81, (). We first want to compute a formula for the change of 5 0(a) and then compute how one
has to modify this formula to get & . (a). The reason that the computation of énv () is easier, is

the following fact:
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Remark 7.24. Let [, j, k be positive integers, o € H*(S5,Q), 3 € H¥(S,Q) and v € H*(S*,Q)°~.
Then we get

(7241) _/Sk+'(ﬁ)j*7 . (p;a + ...+ P;+J'Ct)t = J'Q—i ﬁ*pt*(j"l)*ay . (PIQ+ . +p;+ja)'
i

Sk+4

Proof. For the diagonal A; C §7 and a class @ € H?(5,Q), we have (pja + ... + pja
Jpi{a)[4;]. By remark 7.11 the left hand side of (7.24.1) is equal to

(/ Ajp;ﬂ'(P;“+--~+PLa)2“) (/'7'(Pia+...+p}a)[+'.'2).
Sk 53

So the result follows. O

y (A =

Notation 7.25. We denote by gs the quadratic form on H,(S,Z) and, for v € H%(S,Q), we let
Ly be the linear form on H»(S,Q) given by a — (y,a). For a class g € H;(S,Q) we denote
B:=pif+...+pB € H* (S, Q), where as above, 3 is the Poincaré dual of 3. Note that by
lemma 6.7 and definition 6.12 " (§|Hnb-(5)xmbm(5)) is the pullback of f. Let N = 4cy — -3
again be the expected dimension of Mg {c;, ¢2).

Lemma 7.26. For allz,y > 0 and all o € H2(S5,Q) we have

(2d — z — 2y)!

é*zptiryl*(d—:—y) L ald-T=2y — =y qs(a)d‘”"”(‘f, a)”.

Sd

Proof. By remark 7.11 we have

greppru*ld-—z-y) gN-m /fif PR PipPt . PhygPt- (Pia+ .+ @)V,
54 s

gt stk 2d—x—2 d=z- E
and it is easy to see that this is just *Sg==3 q () Ve o). O

Theorem 7.27. In the polynomial ring on H*(S5,Q) we have

2 NI
-2\ N=2d+2k _d—k N—2d+6
deno = (~1)° kz ECEERTS (d_k)!Q(NdI 5Ll g4~* modulo L] ,
=0
where, by convention X =0 for m < 0 and
Qo(N,d,KE) = 1

Qu(N, d, K2) ON +2KZ—2d+8
Q2(N,d, K) = 2N?—4dN +4NK2+ 21N + 2d? — ddK% — 18d + 2(K3)? + 18K + 49.

Proof. Let Rq € H*(S¢,1QQ)®4 be the class from proposition 7.23 with

d! / (D)s([VY(K))s([V]2) -y = fRd W,
54

Hilb4(5US)
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By remark 7.24 there is a class U which is a linear combination of classes of the form ¢** pt*¥1*(d--v)
with fo, Rq-a® = [, U} - a® for all a € Ho(S,Q). We write U] := w0 Uz & pt*y ¥ d-2-y)
and Ug := T, cp Uz y€*7pt™¥1*(#=2=9) By definition 6.12 and theorem 6.13 we see that

2d .
Jf,N.O(Cf) = Z A - (E, a)/ {U:i}idzd_',
i=0 sS4

where { }; denotes the part of degree i, and the A; are suitable rational numbers. Thus & yo
modulo L?_2d+6 is already determined by Us. As S is a surface with pg(S) = ¢(S) = 0, we have
12 = 12x(0Os) = K% +c2(S) and thus we can replace s2(S) by 2KZ — 12. So, using proposition 7.23,
we obtain after a short calculation that
Ug = 2°01% 4290 1M0=Nyg 4 2941 4(d — 1)14(4- 2?2
+20d(36* + K2 - 5d + 5)1* 4 apt
+29d(d — 1)(662 + 2K2 — 10d + 5)1*4= D wgupt
+297%d(d — 1)(18(€%)% + 1262 K% + 2(K32)? — 60dE? — 20dK 2 + 50d°
+1562 — 10K 2 — 34d — 36)pt*?1*(4-2)
where we view £2 and K2 as integers and not as cohomology classes.
Now we apply definition 6.12 and lemma 7.26. Then, after some computation, we get the result
with Qo(N,d, K2), Q1(N,d, K2), Q2(N,d, K2) replaced by
Po(N,d,K§,€%)
Pl(Nyd;KS:E )
Py(N,d, K3, €%)

1

8N — 26d+66% +2K% + 26

18(£%)% + 12(63)(K ) + 2(K2)? + 48N ¢? — 156d¢>
~52d K% + 338d% + 16 KN + 32N? — 208dN + 207¢€°
+54K2 + 264N — 882d + 508.

We notice that by definition d = (4¢3 — ¢} +£2)/4 and N = dcp — ¢f — 3 and thus £ =4d — N — 3.
Substituting this into the P;(N,d, K2,£%) we obtain the result. O

We see that the result is compatible with the conjecture of Kotschick and Morgan. In fact it

suggests a slightly sharper statement,.

Conjecture 7.28. In the polynomial ring on H?(S, Q) we have

S0 = (= Z TR (d—k)!Q"(N’d’ )L

where Qx(N,d, K2) is a polynomial of degree k in N,d, K}, which is independent of S and €.

Now we want to compute é;» in general. We shall see that there is reasonably simple relationship
between the formula for §x g and that for &, (with { + 2r = N), which is however obscured by the

existence of a correction term coming from the failure of remark 7.24 for classes of the form a*~2pt
(instead of &*).
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Lemma 7.29. (1) Forallz,y> 0, allc <r and all @ € H2(S,Q) we have withm = 2d — 2c—
z - 2y
(d—z —y)! m!

*r kY kK(d—z— - -
v 1*( V. pt'a™ =
SdE p P (d z—y c)!gd_:_y_c

gs(@)777V70E 0
(2)

- - 4d - -
f (1)21*(d-2) - pt G244 = - 16 f pt*l*(d_]) ot 52d-4
S5d had Sd

Proof. (1) By remark 7.11 we have
. £ptY . ptta™ = _[d Pi€.. . Pz& PrpaPt. .. pipypt- (PiG+ ...+ pa&)™ - (pipt+ ...+ papt)°
s
and it is elementary to show that this is just

{d—z —y)! m!

(d=z—y—c) 2d=5-y—c G (N

(2) By remark 7.11 and remark 7.24 we have
f (1)21%(4-2) . pj 5244
Sd
= [ Bal - (ia o i) i+ i)

=2 (pia+. +Pd—ﬂa)qd 4+ +(d - 2)_/;.1-. [Arg] - (pla+ ...+ Pﬁd)u-4

$d=2
= (4d ~ S)f gd+
Sd=2
= {4d ~ 6)] pt + 1#(d=2)g2d-1
5d-1
_4d—6

= el ¥(d=1) . pp g2d-4
d—1 Jga pta

a

Theorem 7.30. Let i, r be nonnegative integers with ! + 2r = N. Then in the polynomial ring on
H*(S,Q) we get

(=1)retee : R -2 I-2d 42k d—k
(55'["' - Z 9—3c+2r Z (1 - 2d+ 2*) (d— k)!Qk—c.c([rdn [‘515 )LE'Iz ds

c=0

modulo £V 2948 where
Qmell,d, K2,6Y) = Pu(l,d, K% €% +2lme form+c<2
Here the P;(N,d, K%,£%) are the polynomials from the proof of theorem 7.27.

Proof. For i < r and a class y € H*(S? Q)5 we denote by W, () the map that associates to
o € H4(S,Q) the number
!

o N /r —c
Z(_l)r—c+c¢2b+-c—N (b) (c) (E,Q)‘_b [Sd - dbpt )

b=0

41



Let Ry, Ug € H"(S% Q)¢ be the classes from the proof of 7.27. By thm 6.13 and proposition 7.23
we get

‘fr,r = Z l'Vl.r.c(Rd)-

¢=0

By lemma 7.24 we see that W, o(R4) = Wi - 0(U4) modulo Lf"“*’ﬁ. Furthermore we get modulo
LEN—2d+6
Wiri(Ra) = 0 fork > 2
Wira(Ra) = Wir2(291%)
Wiri(Ra) = Wi, i(Ra),
where Rq =114 ~ 5297 2d(d — 1)(1),1*4=. By lemma 7.29(2) Wi, 1(Ra) = Wi, 1(U4) where
U =tF — 5. 2972d(4d — 6)ptx1*4-1),
Now the result follows by applyving lemma 7.29(1) and some computation. [J
Remark 7.31. Using £° = 4d — 2r — | — 3 we get equivalently
Qooll,d,K5,&%) = Qoul(l,d, K3,6%) = Qoall,d,KE, &%) =1
Quoll,d, K% €% A —-2d-12r+2K2 48
Q20(l,d, K%,6%) 72r% = 24rl + 24dr — 24K 3r 4 2% — 4dl + 4AKE
+2d? — 4dRE + 2(K2)* — 198r + 211 — 18d + 18K 2 + 49
Qua(l,d, K363 = 2A—-2d—12r +2K2% 429,

Remark 7.32. We see that our results contain as a special case the formulas for the change for
d < 2. In the case that d = 3 we notice that the spaces X. and Y. (for X and Y schemes with
a natural morphism to S(¥ and §() x (™) respectively) just coincide with X respectively Y.
Therefore our computations are valid on the whole of Hilb*($ U S) and our methods will also give
complete formulas for the change of the Donaldson invariants in case d = 3. We however do not

carry out the elementary but long computations here.
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