THE CATEGORY OF REDUCED ORBIFOLDS

ANKE D. POHL

ABSTRACT. It is well known that reduced orbifolds and proper effective fo-
liation groupoids are closely related. We propose a notion of maps between
reduced orbifolds and a definition of a category in terms of (marked atlas)
groupoids such that the arising category of orbifolds is isomorphic (not only
equivalent) to this groupoid category.
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1. INTRODUCTION

The purpose of this article is to propose a definition of the category of reduced
(smooth) orbifolds and the definition of an isomorphic category in terms of a cer-
tain kind of Lie groupoids. In both categories, the morphisms will be explicitely
given. In the orbifold category morphisms are defined via local charts and maps
between them, and in the groupoid category morphisms are described as certain
equivalence classes of groupoid homomorphisms. Moreover, the isomorphism
between the two categories is explicitely given.
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2 A. POHL

It is well known that reduced orbifolds and proper effective foliation groupoids
are intimately related. More precisely, given a reduced orbifold and an orbifold
atlas representing its orbifold structure one has an explicit construction of a
proper effective foliation groupoid from this data (see, e. g., [MMO03]). Moreover,
there is a natural notion of isomorphisms between orbifolds. Using this notion,
Moerdijk and Pronk [MP97] provide a precise bijection of isomorphism classes
of reduced orbifolds and Morita equivalence classes of proper effective foliation
groupoids. This bijection can be used to establish an equivalence between a cat-
egory of proper effective foliation groupoids and a category of reduced orbifolds
(see [Moe02] for details). Originally, the morphisms in this orbifold category are
defined only implicitely as the corresponding morphisms in the groupoid cate-
gory. To achieve an explicit description of these orbifold morphisms (that is, in
terms of local charts) one needs, as a first step, a characterization in local charts
of (classical) groupoid homomorphisms. Unfortunately, the characterization in
[LUO4] (which to the knowledge of the author is the only attempt in the ex-
isting literature) is flawed. In this article we provide a correct characterization
of groupoid homomorphisms in local charts. We use the arising maps between
local charts to define a geometrically motivated notion of orbifold maps. Then
we characterize orbifolds and orbifold maps in terms of groupoids and groupoid
homomorphisms. This enables us to define a category in terms of groupoids
(which is not the classical category of groupoids) which is isomorphic to the
category formed by reduced orbifolds with orbifold maps as morphisms.

We start by recalling briefly the necessary background material on orbifolds,
groupoids, pseudogroups, and the well-known construction of a groupoid from
an orbifold and an orbifold atlas representing its orbifold structure. Groupoids
which arise in this way will be called atlas groupoids. We will see that different
reduced orbifolds might give rise to the same atlas groupoid. Therefore it is
not possible to find a bijection between the class of all reduced orbifolds and
the class of atlas groupoids (or the class of certain equivalence classes of atlas
groupoids). In particular, it is not possible to establish an isomorphism between
a category whose class of objects consists of all reduced orbifolds and a category
whose objects are (equivalence classes of) atlas groupoids. To overcome this
problem we introduce, in Sec. 3, a certain marking of atlas groupoids, which al-
lows to recover the orbifold. In Sec. 4 we characterize homomorphisms between
marked atlas groupoids in local charts. On the orbifold side, this characteri-
zation involves the choice of representatives of the orbifold structures, namely
those orbifold atlases which were used to construct the marked atlas groupoids.
Hence, at this point we get a notion of orbifold map with fixed representatives
of orbifold structures, which we will call charted orbifold maps. In Sec. 5 we
introduce a natural definition of composition of charted orbifold maps and a
geometrically motivated definition of the identity morphism (a certain class of
charted orbifold maps), which allows us to establish a natural equivalence re-
lation on the class of charted orbifold maps. An orbifold map (which does not
depend on the choice of orbifold atlases) is then an equivalence class. The lead-
ing idea for this equivalence relation is geometric: we consider charted orbifold
maps as equivalent if and only if they induce the same charted orbifold map on
common refinements of the orbifold atlases. Moreover, using the same idea, we
define the composition of orbifold maps. In this way, we construct a category of
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reduced orbifolds. Finally, in Sec. 6, we characterize orbifolds as certain equiva-
lence classes of marked atlas groupoids, and orbifold maps as equivalence classes
of homomorphisms of marked atlas groupoids. These equivalence relations are
natural adaptations of the classical Morita equivalence. In this way, there arises
a category of marked atlas groupoids which is isomorphic to the orbifold cate-
gory. An additional benefit is that the isomorphism functor is constructive.

We expect that the constructed category of marked atlas groupoids is isomorphic
to a category of which the class of objects consists of equivalence classes of all
marked proper effective foliation groupoids and the morphisms are given by
certain equivalence classes of groupoid homomorphisms.
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Training Group 1133 “Geometry and Analysis of Symmetries”. The author
is very grateful to the participants of this workshop for their abiding interest
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and the Institut fiir Theoretische Physik in Clausthal for the warm hospitality
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by the International Research Training Group 1133 “Geometry and Analysis
of Symmetries”, the Sonderforschungsbereich/Transregio 45 “Periods, moduli
spaces and arithmetic of algebraic varieties”, and the Max-Planck-Institut fiir
Mathematik in Bonn.

Notation and conventions: The set Ng = NU{0} denotes the set of non-negative
integers. If not stated otherwise, every manifold is assumed to be real, second-
countable, Hausdorff and smooth (C*°). If M is a manifold, then Diff(M)
denotes the group of diffeomorphisms of M. If G is a subgroup of Diff (M),
then G\M denotes the space of cosets {gM | g € G} endowed with the final
topology. If Ay, As, B are sets (manifolds) and f1: Ay — B, fo: Ay, — B
are maps (submersions), then we denote the fibered product of f; and fo by
Ay p X g, Ag. As well known, Ay y, X p, Ag is uniquely isomorphic to

{(a1,a2) € A1 x Ag | fi(ar) = fa(az)}
for which reason we will identify A; ¢ x5, Ap with this set (manifold).

Finally, we say that a family V = {V; | i € I} is indexed by I if I — V, i — V],
is a bijection.

2. REDUCED ORBIFOLDS, GROUPOIDS, AND PSEUDOGROUPS

This section has a preliminary character. It recalls definitions and results con-
cerning reduced orbifolds and groupoids.

2.1. Reduced orbifolds. In the modern literature, two definitions of reduced
orbifolds are used. They differ in their respective concept of orbifold atlas. In
this work we prefer the definition which can be found in [BH99] and [GHOG].
It is better suited to our needs than the common one used, e.g., in [MMO03].
However, it is fairly easy to prove that the arising orbifold structures in both
definitions are identical (cf. [MMO03, Prop. 2.13]). Therefore we may use all
results about orbifolds from [MMO3].
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Definition 2.1. Let () be a topological space.

(i) Let n € Ng. A reduced orbifold chart of dimension n on @ is a triple
(V,G, ) where V is an open connected n-manifold, G is a finite subgroup
of Diff(V), and ¢: V — @ is a map with open image ¢(V') that induces
a homeomorphism from G\V to ¢(V). In this case, (V,G, ) is said to
uniformize o(V').

(ii) Two reduced orbifold charts (V, G, ¢), (W, H, 1) on @ are called compatible
if for each pair (z,y) € V x W with ¢(x) = ¢ (y) there are open connected
neighborhoods V of x and W of y and a diffeomorphism A : V — W such
that ¢ o h = ¢|;;. The map h is called a change of charts.

(iii) A reduced orbifold atlas of dimension n on @ is a collection of pairwise
compatible reduced orbifold charts

of dimension n on @ such that (J;c; vi(V;) = Q.

(iv) Two reduced orbifold atlases are equivalent if their union is a reduced
orbifold atlas.

(v) A reduced orbifold structure of dimension n on @ is a (w.r.t. inclusion)
maximal reduced orbifold atlas of dimension n on @, or equivalently, an
equivalence class of reduced orbifold atlases of dimension n on Q.

(vi) A reduced orbifold of dimension n is a pair (Q,U) where @ is a second-
countable Hausdorff space and U is a reduced orbifold structure of dimen-
sion n on Q.

Let (Q,U) be a reduced orbifold. The term “reduced” refers to the requirement
that for each reduced orbifold chart (V, G, ¢) in U the group G be a subgroup of
Diff (V). Hence the action of G on V is effective. Orbifolds with this property are
also known as “effective orbifolds”. Since we are considering reduced orbifolds
only, we omit the term “reduced” from now on.

Let M be a manifold and G a subgroup of Diff (M). A subset S of M is called
G-stable, if it is connected and if for each g € G we either have ¢S = S or
gSnNs=40n.

Remark 2.2. The neighborhoods V and W and the diffeomorphism £ in Def. 2.1(ii)
can always be chosen in such a way that h(z) = y. Moreover V may assumed to
be open G-stable. In this case, W is open H-stable by Prop. 2.12(i) in [MMO03].

Definition 2.3. Let (V,G, ), (W, H,) be orbifold charts on the topological
space (). Then an embedding

p: (V.G o) — (W, H,9)

between these two orbifold charts is an open embedding p: V- — W between
manifolds which satisfies ¥ o p = . If p is a diffeomorphism between V' and
W, then p is called an isomorphism from (V, G, ) to (W, H,1). Suppose that
S is an open G-stable subset of V and set Gg := {g € G | ¢S = S}, the
isotropy group of S. Then (S,Gg, ¢|s) is an orbifold chart on @, the restriction
of (V,G,p) to S.

Remark 2.4. (i) Let (V,G,¢) be an orbifold chart on the topological space
@ and that S is a G-stable subset of V. Then (S,Gg,¢|s) is obviously
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embedded into (V, G, ¢) by idg, and hence compatible with (V,G,¢). In
turn, restrictions of orbifold charts in an orbifold structure U are them-
selves elements of U.

(ii) Suppose now that (W, H,1)) is an orbifold chart on @ which is compatible
with (V, G, ¢). Further suppose that (z,y) € V x W with p(z) = ¥(y).
Then Remark 2.2 shows that there exists a restriction (S,Gg,¢|s) of
(V,G, ) with x € S and an embedding h: (S,Gg,¢|s) — (W, H,¢) with
h(z) =y.

(iii) Suppose that p: (V,G,p) — (W,H,v) is an embedding. In [MMO3,
Prop. 2.12(i)] it is shown that p(V') is an open H-stable subset of W,
and that there is a unique group isomorphism 7z: G — H,y) for which

n(gr) = p(g)pu(z) for g€ G,z € V.

In the following example we construct two orbifolds with the same underlying
topological space. These orbifolds are particularly simple since both orbifold
structures have one-chart-representatives. Despite their simplicity they serve as
motivating examples for several definitions in the following.

Example 2.5. Let @ := [0, 1) be endowed with the induced topology of R. The

map
{92

xr —
is a homeomorphism. Further the map pr: (—1,1) — [0,1),  — |z|, induces a
homeomorphism {£id}\(—1,1) — Q. Then

Vi:=((-1,1),{£id},pr) and Vi:= ((—1,1),{%id}, fopr)

are two orbifold charts on Q. We claim that these two orbifold charts are not
compatible. To see this assume for contradiction that they do be compatible.
Since f opr(0) = 0 = pr(0), there exist open connected neighborhoods Vi, Vs of
0 in V} resp. V5 and a diffeomorphism h: Vs — Vi such that proh = fopr |‘~/2.

We construct all possible candidates for h. For each x € ‘72 we have

|h(z)| = pr(h(z)) = f(pr(z)) = 2,

hence h(z) € {£2?}. Now h being continuous reduces the possible candidates
to the four maps

hy(z) == 2
hy(z) = —a?
x? z >0
h, = -
3(33) {_:EQ <0
—z2 >0
hy(z) == {xg z <0,

neither of which is a diffeomorphism. This gives the contradiction.

Let Uy be the orbifold structure on @) generated by Vi, and Us be the one
generated by Va.
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2.2. Groupoids and homomorphisms. A groupoid is a small category in
which each morphism is an isomorphism. In the context of orbifolds this concept
is most commonly expressed (equivalently) in terms of sets and maps. The
morphisms are then called arrows.

Definition 2.6. A groupoid G is a tuple G = (Gg, G1, s,t,m, u, i) consisting of

(a) a set Go, the set of objects, or the base of G,

(b) a set G, the set of arrows,

(¢) amap s: Gy — Gy, the source map,

(d) a map t: Gy — Gy, the target map,

(e) a map m: G1 sxy G1 — Gy, the multiplication or composition, where

G1 <t Gri={(g, f) € G1 x G1 | s(g) = t(f)}

is the fibered product of s and ¢,
(f) a map u: Gy — Gi, the unit map,
(g) amap i: Gy — Gy, the inversion,

which satisfy the conditions
(i) for all (g, f) € G1 sx¢ Gy it holds

s(m(g, f)) = s(f) and t(m(g, [f)) = t(g),
(ii) for all (h,g), (g, f) € G1 sx¢ G1 we have
Note that (h,m(g, f)), (m(h, g), f) € G1 sx; G1 due to (i).
(iii) for all z € Gy we have
s(u(z)) = & = t(u(z)),
(iv) for all z € Gy and all (u(z), f), ( u(x)) € G1 sx¢ G1 it follows
m(u(z), f) = f and m(g,u(z)) =g,
(v) for all g € Gy we have
s(i(g)) = t(g) and t(i(g)) = s(g),
and
m(g,i(g)) = u(t(g)) and m(i(g),g) = u(s(g)).
The maps s,t, m,u, i are called the structure maps of the groupoid G. We often
use the notations m(g, f) = gf, uw(z) = 1., i(g) =g ', and g: z — y or = LR Y

for an arrow g € Gy with s(g) = =, t(g) = y. Moreover, G(z,y) denotes the set
of arrows from x to y.

Definition 2.7. Let G and H be groupoids. A homomorphism from G to H is
a functor ¢: G — H, i.e., it is a tuple ¢ = (g, p1) of maps ¢o: Gy — Hy and
p1: G1 — Hy which commute with all structure maps.

Definition 2.8. Let GG be a groupoid.
(1) The orbit of x € Gy is the set

Gz ::t(s_l(x)):{yeGo‘ EIgGGlzxi»y}.
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(2) Two elements x,y € Gy are called equivalent, x ~ y, if they are in the
same orbit. The quotient space G/~ is called the orbit space of G.
It is denoted by |G|. Further, we denote the canonical quotient map
Gy — |G| by pr or prg, and we set [z] := pr(z) for z € Gj.

Since we will be considering smooth orbifolds, we need groupoids with a smooth
structure as well.

Definition 2.9. A Lie groupoid is a groupoid G for which Gy is a smooth Haus-
dorff manifold, G is a smooth (possibly non-Hausdorff) manifold, the structure
maps s,t: G; — Go are smooth submersions (hence Gy sx; G, the domain of
m, is a smooth manifold), and the structure maps m,u and i are smooth. A
homomorphism between two Lie groupoids is a homomorphism ¢ = (g, 1) in
sense of Def. 2.7 such that ¢y and ¢ are smooth maps.

2.3. Pseudogroups and groupoids. In this section we recall how to construct
from an orbifold and a representative of its orbifold structure a Lie groupoid.
This construction is well known in literature, see e.g. [MMO03]. It is a two-step
process in which one first assigns to the orbifold a pseudogroup, which depends
on the representative of the orbifold structure. Then one constructs from the
pseudogroup an étale groupoid. For purposes of generality and clarity we start
with the second step.

Definition 2.10. Let M be a manifold. A transition on M is a diffeomorphism
f: U — V where U,V are open subsets of M. Each of the two sets U and V is
allowed to be empty. In particular, the empty map () — () is a transition on M.
The product of two transitions f: U — V', g: U’ — V' is the transition

fogig HUNV) = fUNV'), z f(g(x)).
The inverse of f is the transition
LV U flx) -z

If f: U — V is a transition, we denote its domain by dom f := U and its
codomain, which here equals the image of f, by cod f. Further, if x € dom f,
then germ,, f denotes the germ of f at x, which is the set (or equivalence class)
of all transitions g on M such that z € dom g and that there is an open neigh-
borhood W of x contained in dom g Ndom f and for which g|lw = f|w.

Let A(M) be the set of all transitions on M. A pseudogroup on M is a subset P
of A(M) which is closed under multiplication and inversion. A pseudogroup P is
called full if idy € P for each open subset U of M. It is said to be complete if it
is full and satisfies the following gluing property: Whenever there is a transition
f € A(M) and an open covering (U;);er of dom f such that f|y, € P for all
i €1, then f € P.

A Lie groupoid is called étale if its source and target map are local diffeomor-
phisms. We now show how to construct an étale groupoid from a full pseu-
dogroup.

Construction 2.11. Let M be a manifold and P a full pseudogroup on M.
The associated groupoid I" := I'(P) is given by

Ip:=M, Ty:={germ,f|f€eP, xedomf}
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and, in particular,

[(z,y) :={germ, f | f € P, x € dom f, f(z)=y}.
For f € P define
Up:={germ, f| x € dom f }

The topology and differential structure of I'y is given by the germ topology and
germ differential structure, that is for each f € P the bijection

) Uy — dom f
vr germ, [ +— x

is required to be a diffeomorphism. The structure maps (s,t,m,u,7) of I" are
the obvious ones, namely

s(germ,, f) :=
t(germ, f) := ( )
m(germy,) g, germ,, f) = germ, (g o f)
u(x) := germ, idy  for any open neighborhood U of z
i(germ, f) i= germ () £

All structure maps are smooth, and s, ¢t are local diffeomorphisms (and in par-
ticular submersions). Hence I'(P) is an étale groupoid.

Special Case 2.12. Let (Q,U) be an orbifold, and let
V= {(VZ,G“TI'Z) ‘ 1€ [}
be an orbifold atlas of (), hence a representative of /. Suppose that V is indexed

by I. We define
V= HV’ and 7= Hm.
el 1€l
Then
(V) := {f transition on V | 7o f = T|qom s }-
is a complete pseudogroup on V. The associated groupoid I'(V) := ['(¥(V))
is the étale groupoid we shall associate to () and V. Note that this groupoid
depends on the choice of the representative of the orbifold structure U of Q). A
groupoid which arises in this way we call atlas groupoid.

Example 2.13. Recall the orbifolds (Q,U;) (i = 1,2) from Example 2.5, and
consider the representative V; := {V;} of U;. Prop. 2.12 in [MMO03] implies that

U(V;) = {g|U: U — g(U) | UC(—1,1) open, g € {:l:id}}.
In both cases the associated groupoid I' := I'(};) is

Iy = (_17 1)
{ germgid, germy(—id)} z=0=y
B {germxid} r=y#0
P(@.y) = { germ, (—id)} x=-y#0

0 otherwise.
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3. MARKED LIE GROUPOIDS AND THEIR HOMOMORPHISMS

In Example 2.13 we have seen that it may happen that the same atlas groupoid is
associated to two different orbifolds. The reason for this is that in the definition
of the pseudogroup which is needed for the construction of the atlas groupoid one
loses information about the projection maps ¢ of the orbifold charts (V, G, ¢).
To be able to distinguish atlas groupoids constructed from different orbifolds,
we mark the groupoids with a topological space and a homeomorphism. It will
turn out that this marking suffices to identify the orbifold one started with from
any (properly) marked atlas groupoid associated to it.

Recall that for a groupoid G' we use |G| to denote its orbit space, and that [z] =
prg(z) denotes the image of € Gy under the quotient map prg: Go — |G|.

Definition 3.1. A marked Lie groupoid is a triple (G, «, X) consisting of a Lie
groupoid G, a topological space X, and a homeomorphism «: |G| — X.

Proposition 3.2. Let (Q,U) be an orbifold and V = {(V;,Gi,m;) | i € I} an
orbifold atlas of Q) indexed by I. Define

V::HVZ- and ﬂ::Hm-:V—>Q.

iel iel
Then
Lol = @
' [z] = w(x)
18 a homeomorphism.
Proof. To show that « is well-defined, suppose [x1] = [z2]. Then there is an

arrow z1 — x9. Hence there exists f € ¥(V) such that x1 € dom f and f(x1) =
x9. From this it follows that 7(z1) = 7(f(x1)) = w(z2).

Obviously, « is surjective. For the proof of injectivity let 7(z1) = m(x2) for some
x1,x9 € V. Then there are orbifold charts (V;, G;, m;) € V withx; € V; (i = 1,2).
By compatibility of these orbifold charts and Remark 2.2 there is f € ¥(V) such
that 1 € dom f and f(x1) = x2. This means that germ, f:2z; — z3 is an
element of I'(V);. Thus, [z1] = [z2].

Consider now the commutative diagram

I

V)| =@

where pr is the canonical quotient map on the orbit space. One easily proves
that 7 is continuous and open. Therefore « is continuous and open (see [Bou9s,
1.2.4.6, 1.5.2.3]). Hence « is a homeomorphism. O

Let (Q,U) be an orbifold. To each orbifold atlas V of @) we assign the marked
atlas groupoid (I'(V), ay, Q) with ay being the homeomorphism from Prop. 3.2.
We often only write I'(V) to refer to this marked groupoid.



10 A. POHL

Example 3.3. Recall from Example 2.13 the orbifolds (Q,U;) (i = 1,2), their
respective orbifold atlases V;, and the associated groupoids I' = I'(V;). The
orbit of x € Ty is {x, —z}. Hence the homeomorphism associated to (Q,U;) is
rr - @ .
oy, { ‘m‘ — | for ¢ =1,
resp.
I — .
av22{’[x]’ . acQ for ¢ = 2.

Thus, the associated marked groupoids (I', ay,, Q) and (I', avy,, Q) are different.

Proposition 3.4. Let (Q,U) and (Q',U") be orbifolds. Suppose that V is a
representative of U, and V' a representative of U'. If the associated marked
atlas groupoids (T'(V),ay, Q) and (T(V'),ayr, Q') are equal, then the orbifolds
(Q,U) and (Q',U") are equal. More precisely, we even have V =V'.

Proof. Clearly, Q = Q'. Suppose that
V={(Vi,Gi,m) |iel} and V ={(V],G} 7)) ]|je ]}

where V is indexed by I and V' is indexed by J. From I'(V) = I'(V') it follows

that

[Tvi=tmo=T0V) =]V}

el JjEJ
Since each V; and each Vj’ is connected, there is a bijection between I and J.
We may assume [ = J. Then V; = V/ for all i € I. Let x € V;. Then

mi(x) = ay([z]) = av([a]) = ().

Therefore m; = 7, for all ¢ € I. In turn,

o /
T, = 7T’i7

el el

and thus ¥(V) = ¥(V'). Let g € G;. Then g € ¥(V) = ¥(V'). Hence, for each
x € V; we have 7l(g(x)) = m,(x). This shows that g(x) € G,z for each z € V;.
By [MMO03, Lemma 2.11] there exists a unique element ¢’ € G, such that g = ¢'.
Since this argument is symmetric in G; and G}, it follows that G; = G/ (as
acting groups). Thus, V =V'. O

A homomorphism between marked Lie groupoids is a pair consisting of a ho-
momorphism between the Lie groupoids and a continuous map (i.e., a homo-
morphism in the continuous category) between the topological spaces such that
these two maps are compatible.

Definition 3.5. Let (G, a, X) and (H, 3,Y) be marked Lie groupoids. A homo-
morphism (G,a, X) — (H,3,Y) is a pair (y,) consisting of a homomorphism
v = (po,p1): G — H of Lie groupoids and a continuous map ¥: X — Y such
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that the diagram

Go —2> Hy

Prcl lPrH

Gl
L)
X LN Y

commutes.

In the following we show that homomorphisms of Lie groupoids naturally extend
to homomorphisms of marked Lie groupoids. In turn, the category of marked
Lie groupoids is an “infinite cover” of the category of Lie groupoids.

Lemma 3.6. Let G be a Lie groupoid. Then prg is open.

Proof. Let U C Gy be open. Then
pr&l(prg(U)) = {y € Go‘ dxeU dge Gy xiy}
= t(s~1(U)).

Since s is continuous, s~'(U) is open. The map t: G; — Gy is a submersion,
hence open. Therefore t(s~1(U)) is open. This means that prs(U) is open. [J

Lemma 3.7. If o = (po,p1): G — H is a homomorphism of groupoids, then ¢
induces a unique map |@|: |G| — |H| such that the diagram

Go —~ Hy

Prcl lPrH
|l

|G| — |H]

commutes. If ¢ is a homomorphism of Lie groupoids (or, more generally, if ¢
is continuous), then |p| is continuous.

Proof. Let z,y € Gg. If there is an arrow g: = — y, then v1(g): vo(x) — wo(y).
Hence |¢|: |G| — |H|, [z] — [po(z)] is a well-defined map. Now let Gy and
Hy be topological spaces, and ¢y be continuous. Due to the definition of the
topology on |G|, the map |¢| is continuous if and only if |¢| o prs is continuous.
But |¢| o prg = pry opg, which is continuous. O

Let (p,¢): (G,a,X) — (H,[3,Y) be a homomorphism of marked Lie groupoids.
Lemma 3.7 implies that ¢ is completely determined by ¢, o and 3, namely
Y = Bo|p|oa"t. Hence we may and shall skip the map ¢ from the notation of
a homomorphism of marked Lie groupoids.

4. GROUPOID HOMOMORPHISMS IN LOCAL CHARTS

In this section we characterize homomorphisms between atlas groupoids on the
orbifold side, i.e., in terms of local charts. We proceed in a two-step process.
At first we define representatives of orbifold maps, each of which gives rise
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to exactly one homomorphism between the associated atlas groupoids. Since
each groupoid homomorphism corresponds to several such representatives, we
then impose an equivalence relation on the class of all representatives for fixed
orbifold atlases. The equivalence classes turn out to be in bijection with the
homomorphisms between the atlas groupoids. The constructions in this section
are subject to a fixed choice of representatives of the orbifold structures. In the
following sections we extend the constructions to be independent of the chosen
orbifold atlases.

Throughout this section let (Q,U), (Q',U’) denote two orbifolds.

Definition 4.1. Let f: @ — Q' be a continuous map, and suppose that (V, G, 7) €
U, (V',G',n") € U are orbifold charts. A local lift of f w.r.t. (V,G,7) and
(V.G ,7") is a smooth map f: V — V' such that 7’ o f = fom:

vy

l f l“'

Q—q
In this case, we call f a local lift of f at q for each q € w(V).

Recall the definition of the maximal pseudogroup A(M) from Def. 2.10.

Definition 4.2. Let M be a manifold and A a pseudogroup on M which is
closed under restrictions, i.e., if f € A and U C dom f is open, then the map
flu: U — f(U) is in A. Suppose that B is a subset of A(M). Then A is said
to be generated by B if B C A and for each f € A and each x € dom f there
exists some g € B with € dom g and an open set U C dom f N dom g such
that z € U and

fluv =glu.

We remark that each subset B of A(M) generates a unique pseudogroup on M
which is closed under restrictions. If we drop the latter closeness condition, then
B obviously is generating for more than one pseudogroup on M.

A subset P of A(M) is called a quasi-pseudogroup on M if it satisfies the fol-
lowing two properties:

(i) If f € P and x € dom f, then there exists an open set U with z € U C
dom f and g € P such that there exists an open set V with f(z) € V C
dom g and

(flo) ™" = glv-

(ii) If f,g € P and € f~!(domg), then there exists h € P with = € domh
such that we find an open set U with € U C f~!(dom g) N dom h and

go flu=hlv.

A quasi-pseudogroup is designed for work with the germs of its elements. There-
fore identities (like inversion and composition) of elements in quasi-pseudogroups
are only required to be satisfied locally, whereas for (ordinary) pseudogroups
these identities have to be valid globally.
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In the following definition of a representative of an orbifold map, the underlying
continuous map f is the only entity which is stable under change of atlases or, in
other words, under the choice of local lifts. The pair (P, v) should be considered
as one entity. It serves as a transport of changes of charts. We ask here for a
quasi-pseudogroup P instead of working with all of U(V) for two reasons. In
general, P is much smaller than W()). Sometimes it may even be finite. In
Example 4.6 below we see that for some orbifolds, P might even happen to
consist of only two elements. Moreover, if the orbifold is a connected manifold,
P can always be chosen as a singleton. The other reason is that it is much
easier to construct some quasi-pseudogroup P and compatible map v from a
given groupoid homomorphism than a map v defined on all of ¥ (V).

The examples below show that in the following definition the requested objects
in general are not immediate or uniquely determined.

Definition 4.3. A representative of an orbifold map from (Q,U) to (Q',U") is
a tuple
f = (f7{fi}i€[7pul/)

where

(R1) [:Q—Q isa continuous map,
(R2) for each i € I, the map f; is a local lift of f w.r.t. some orbifold charts
(Vi, Gi,m) €U, (V! G, ) € U’ such that

Um(vi) =@
el
and (‘/iaGiaﬂi) 7é (W?Gjaﬂj) for Z?] € Ia { #]7
(R3) P is a quasi-pseudogroup which consists of changes of charts of the orbifold
atlas
VvV ={(V;,,Gi,m)|iel}
and generates (V).
(R4) Let ¢ := [1,c; fi- Then v: P — ¥(Y') is a map which assigns to each
A € P an embedding

vN): (W' H X)) — (VG ¢)

between some orbifold charts in U’ such that

(a) 1/} oA = V()‘) © w’dom)\y

(b) for all A\,u € P and all z € dom A N dom p with germ, A = germ,, ,
we have germ,y v(\) = germy,,) (1),

(c) for all A\, i € P, for all x € A~!(dom y) we have

eIy (o)) V(1) - germy, ) v(A) = germy,y v(h)

where h is some element of P with z € domh such that there is an
open set U with x € U C A™!(dom p) Ndom h and po Ay = h|y,

(d) for all A € P and all x € dom A such that there exists an open set U
with x € U C dom A and \|y = idy we have

germy ) V() = germy ) idw-
where W' := [[,.; V/.
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The orbifold atlas V is called the domain atlas of the representative f , and the
set

{(V/,Gj,m) |iel}
is called the range family of f . The latter set is not neccessarily indexed by I.

Remark 4.4. (i) We show that the condition (R4c) is independent of the choice
of h. Suppose that hi,hy € P with x € dom hy N dom ho such that there
exist open sets Uy, Uz with 2 € U; € A~ (dom y) Ndom hj and po Ay, =
h; \Uj. Then there exists an open set V' C UyNUs with « € V. It follows that
hily = hsly and hence germ, hy = germ, he. By (R4b), germy,) v(h1) =
germ ;) v(ha).

(ii) The additional condition “(V;,Gj,m;) # (V;,Gj, ;) for i # j” in (R2) is
not a restriction. By considering V; as identified with V; x {i} one can
always consider two charts as being distinct. We require this property
because we use I as an index set for V in (R3) and other places.

Example 4.5 below shows that the continuous map f in (R1) cannot be chosen
arbitrarily. It is not even sufficient to require f to be a homeomorphism.

Example 4.5. Recall the orbifold (Q,U;) from Example 2.5. The map f: Q —
Q, f(x) = /x, is a homeomorphism on ). We show that f has no local lift
at 0. Fach orbifold chart that uniformizes a neighborhood of 0 is of the form
(I,{£1},pr) where I = (—a,a) for some 0 < a < 1. Seeking a contradiction
assume that f is a local lift of f at 0 with domain I = (—a,a):

(~a,0) —2> (—va, ya)
lpr ) prJ{
0,a) 0, va)

For each x € I, necessarily f(z) € { + 4/ |x|} Since f is required to be contin-
uous, there only remain four possible candidates for f, namely

fl(iﬂ):\/ma f:2=—f71,
- {\/E x>0

—V/=r <0,
fi=—fa.

But none of these is differentiable in x = 0, hence there is no local lift of f at 0.

The following example shows that the pair (P,v) is not uniquely determined by
the choice of the family of local lifts.

Example 4.6. Recall the orbifold (Q,U;) and the representative V; = {V;} of
Uy from Example 2.5. The map

ek - Q
f’{qr—»O
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is clearly continuous and has the local lift
f~. (_171) - (_171)
’ x — 0

with respect to V; and V;. Consider the quasi-pseudogroup P = {iid(_l,l)} on

Vi. Prop. 2.12 in [MMO03] implies that P generates ¥(V;). The tuple (f, f, P)
can be completed in the following two different ways to representatives of orbifold
maps on (Q,U):

(a) vi(£id_y 1)) =1id11),
(b) va(id(—1,1)) = id(—11), vo(=id(11)) == —id(1 ).

We will see in Example 4.8 below that (f, f, P,v1) and (f, f, P,vs) give rise to
different groupoid homomorphisms.

Given a representative f = (f,{f;Yicr, P,v) with domain atlas V and range
family contained in V', the following proposition shows that f determines a
homomorphism ¢ = (g, ¢1): ['(V) — T'(V') of marked atlas groupoids. The
map ¢p only depends on the family { f,}ze 1, whereas ¢ also involves the change-
of-charts-transport (P, v). Recall the definition of ay from Prop. 3.2.

Proposition 4.7. Let f = (f, {fi}ie],P, v) be a representative of an orbifold
map from (Q,U) to (Q',U"). Suppose that

V:{(V%Givﬂ-i) | (XS I}v

is the domain atlas of f, which is an orbifold atlas of (Q,U) indexed by I. Let
V' be an orbifold atlas of (Q',U") which contains the range family

{(Vi,Gi,m) | ieT}.

Define the map ¢o: T(V)o — T'(V')o by
vo =] /i
i€l
Suppose that p1: T'(V); — T'(V')1 is determined by
©1(germ, A) == germ, () v(A)
for all A € P, x € dom\. Then
¢ = (po,1): T(V) = T(V)

is a homomorphism. Moreover, anyr o || = f o ay.

Proof. Let V' be indexed by J, and set
V= HVZ-, m= Hm, V' i= HVJ/ and 7’ := Hw;
icl icl jeJ jeJd
The differential structure on V' implies immediately that g is smooth.

We now show that ¢; is a well-defined map on all of I'(V);. To that end let
g € U(V) and = € dom g. Then there exists A € P such that x € dom A and

glv = Mu
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for some open subset U C dom gNdom A with x € U. Hence germ,, g = germ,, \.
So

p1(germ,, g) = pi1(germ, A) = germy, ) v(A).
If there is u € P such that z € dom p and g|w = p|w for some open subset W of
dom gNdom p with z € W, then germ, = germ, . By (R4b), germ, () v(11) =
germ, ;) ¥(A) and thus

p1(germ, p1) = p1(germ,, A).

This shows that ¢ is indeed well-defined on all of I'(V);. By definition, ¢
commutes with the source maps. The properties (R4a), (R4c) and (R4d) yield
that ¢ commutes with the other structure maps as well. It remains to show
that ¢ is smooth. For this, let germ, A € I'(V); with A € P. The definition of
v shows that 1 maps

U = {germ, A | y € dom A}
to
U':= {germ, v()\) | 2 € domv(\)}.
Now the diagram

®1

U U’ germy A — germ, () V(A)
dom A — dom V()\) Y0 (y)

commutes, the vertical maps (restriction of source maps) are diffeomorphisms
and g is smooth, so ¢ is smooth. Finally, suppose z € V;. Then

(avr o l]) ([2]) = avr([po(2)]) = v ([fi(2)]) = 7i(filx)) = f(mi(2))
= (foay) ([z]).
O

Example 4.8. Recall the setting of Example 4.6 and the associated groupoid
I' := I'(V1) from Example 2.13. The homomorphism ¢ = (¢g,¢1): I' — T
induced by (f, f, P,v1) is ¢o = f and

@1(germ, (+id(_y 1)) = germgid_y 1y -
The homomorphism ¢ = (¢g,11): I' — T induced by (f, f, P, vy) is ¢y = f and
Y1 (germ, id(_q 1)) = germgid(_y 1), 1(germy,(—id_1 1)) = germg(—id_q 1))

The following proposition is the first step towards a converse of Prop. 4.7. It is
complemented by Prop. 4.11 and 4.12.

Proposition 4.9. Let V be an orbifold atlas of (Q,U), and V' an orbifold atlas
of (Q',U"). Suppose that

¢ = (po,1): T(V) = (V')
is a homomorphism. For each f € ¥(V) and each v € dom(f) there exist an

element g € W(V') and an open neighborhood U of x (which may depend on g)
with U C dom(f) such that for each y € U we have

p1(germ,, f) = germy, () g-
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Proof. By definition of I'(V); and ¢1, there exists g € ¥(V') such that

¥1 (germx f) = geIM (1) G-

Since @1 is continuous, the preimage of the germ g-neighborhood

wo(x)
U, = {germ, g | z € dom g}
is a neighborhood of germ, f. Hence there exists an open neighborhood U of z
with U C dom f such that
Upr = {germ,, f |y € U} C 7" (U}).
Thus, for all y € U we have

¢1(germ,, f) = germ,, () 9-
g

Remark 4.10. We remark that in Prop. 4.9 each two possible choices for g
coincide on some neighborhood of ¢g(z).

The proof of the following proposition is constructive. Moreover, we will use
this construction to define the functor between the category of orbifolds and
that of marked atlas groupoids.

Proposition 4.11. Under the hypotheses of Prop. 4.9, there exist a family P
of changes of charts of V and a map v: P — (V') satisfying (R3) and (R4)
with T,Z) = &0-

Proof. Let f € U(V) and z1,22 € dom f, x1 # x9. For j = 1,2 we choose,
using Prop. 4.9, a pair (g;, U;) where g; € ¥()’) is an embedding between some
orbifold charts in ¢’ and Uj; is an open neighborhood of z; such that f lu, is a
change of charts of V. Clearly, the in respect to Prop. 4.9 additional conditions
can be fulfilled. Further, to make sure that the map v defined below is well-
defined, we require that either Uy # Uy or g1 = go. This condition can equally
well be satisfied. Let P be the family of all changes of charts which we have
chosen. By construction, P is a quasi-pseudogroup which generates ¥ (V). We
define the map v: P — ¥(V') by
v(A) =g

where ¢ is the unique element in W()’) attached to A € P by our choices. For
A € P and x € dom \ we clearly have

(1) v1(germ, \) = germ ;) v(A).
Now (R4a) is satisfied for each A € P and = € dom A since

wo(A(x)) = wo(t(germ, A)) = t(p1(germ, A))

= t(germy, () ¥(A)) = v(A)(go(x)).
For \,u € P and # € A~!(domp), (R4c) is proven as follows. Suppose that
h € P and U is an open set with x € U C A~'(domu) N dom h such that
hly = po Ay. Then
Berm , (A(2)) V(1) - germy, ) V(A) = @1(germy ) i - germy, A)
= p1(germ, p o A) = p1(germy, h) = germy, ;) v(h).

Conditions (R4b) and (R4d) are proven along the same lines. O
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Proposition 4.12. Let V be an orbifold atlas of (Q,U), V' an orbifold atlas of
(@, U"), and

¢ = (p0,1): T(V) = T(V')
a homomorphism. Then o induces a representative of an orbifold map

(fv{fi}iEbpvy)

with domain atlas V, range family contained in V', and

fi=olv,
for all i € I. Moreover, we have
f=ayolp|o a;l,
Proof. Tt remains to show that the image of ¢g|y; is contained in Vj’ for some
(V{,G%, ;) € V'. The claim then follows from the definition of ay, ay and
Prop. 4.11. To that end let x € V;. Then there is a unique (V;,G},7%) € V'
with ¢o(z) € V]. We consider

A={yeV;|poly) € Vj}.

Let y € A. Since (g is continuous and Vj’ open, there exists an open neighbor-
hood U of y in V; such that ¢o(U) C V;. Thus U C A, which shows that A is
open. By the same reasoning, for each z € V; \ A there is a neighborhood U of
z in V; such that U C V; \ A. Hence A is closed. By the choice of Vj’ , the set A
is nonempty. Thus, A is an open and closed nonempty subset of the connected
set V;. Therefore A = V. So, po(V;) C Vj’. O

Prop. 4.12 guarantees that each homomorphism

¢ = (vo,1): T(V) = T(V)
induces a representative of an orbifold map (f,{ ﬁ},e 1, P,v) with domain atlas
V, range family contained in V', f; = ¢olv;, and f = ayro|y| ooz;l. For the pair
(P,v), Prop. 4.11 allows (in general) a whole bunch of choices. On the other

hand, different representatives of orbifold maps may induce the same groupoid
homomorphism.

The following definition and the proposition below serve to characterize these
classes of representatives, and to show that the constructions are bijective on
equivalence classes. In view of Prop. 4.7 and Remark 4.10, the relevant infor-
mation stored by the pair (P,v) are the germs of the elements in P and the via
v associated germs of elements in W()’). This observation is the motivation for
the equivalence relation.

Definition 4.13. Let f := (f, {fi}ier, Pi,v1) and § := (g, {gi}ier, P2, 12) be
two representatives of orbifold maps with the same domain atlas V representing
the orbifold structure ¢ on @ and both range families being contained in the
orbifold atlas V' of (Q",U"). Set 1) := [, fi. We say that f is equivalent to §
if

f=y

fi=g foralliel,
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and if

germy(,) V1(A1) = germy,,y v2(A2)
for all \y € P, Ay € P, z € domA; Ndom Ay with germ, A\; = germ, As.
Equivalence is clearly an equivalence relation. The equivalence class of f will
be denoted by [f] or

(f {fikier, [(Pr ).

It is called an orbifold map with domain atlas V and range atlas V', in short
orbifold map with (V,V') or, if the precise atlases are not important, a charted
orbifold map. The set of all orbifold maps with (V,)’) is denoted Orb(V,V").

It will often be convenient to denote by
y Loy

an element f € Orb(V, V).
Proposition 4.14. Let V be an orbifold atlas of (Q,U), and V' an orbifold atlas
of (Q',U"). Then the set Orb(V, V') of all orbifold maps with (V,V') and the set
Hom(T'(V),T' (V")) of all homomorphisms from T'(V) to T'(V') are in bijection.
More precisely, the construction in Prop. /.7 provides a bijection

Fi: Orb(V, V') — Hom(T'(V),['(V")),
and the constructions in Prop. 4.11 and 4.12 define a bijection

Fy: Hom(T'(V),T'(V")) — Orb(V, V),

which is inverse to Fj.

Proof. We start by showing that F} is well-defined and injective. Suppose that f
and h are two equivalent orbifold maps with (V,V"). The definition in Prop. 4.7
of the homomorphism from I'(V) to I'(V’) depends only on the germs of the ele-
ments in P resp. {¢(\) | A € P} and not on the specific choice of P. Hence f and
h induce the same homomorphism from I'(V) to I'(V'). Thus, the construction
in Prop. 4.7 induces indeed a well-defined map

Fi: Orb(V,V') — Hom(T'(V), T (V")).
Suppose now that f := (f,{fi}ier, Pr,»1) and § := (g,{Gi}icr, Pa, ) are two

representatives of orbifold maps with (V,V’) such that Fi([f]) = Fi([g]). We

set ¢ = (o, 1) := Fi([f)] = Fi([g]). Then
ﬁ:¢0|w=§i for all 1 € I.

Further for all A\; € P;, Ay € P, x € dom A\; Ndom Ay with germ, A\; = germ, Ay
we have

germy, iy v1(A1) = p1 (germ, A1) = @1 (germ, Ag) = germ, () va(A2).
Finally ¢ determines f and g via

f=avolrloay! =g

Thus [f] = [g], which shows that F} is injective.
We now prove that F5 is well-defined. Let

@ = (¢0,1): T(V) = T(V)
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be a homomorphism, and let (f,{fi}ier, Pr,v1) and (g, {gi}ier, Pa,v2) be two
representatives of orbifold maps with (V,)’) which are given by the construc-
tions in Prop. 4.9, 4.11 and 4.12. We have to show that f and ¢ are equivalent.
By construction we have

f=avolploayt =g,
and for each ¢ € .
fi = wolv, = Gi-
Finally, let A\ € P, A2 € Po, x € dom A\; Ndom Ay with germ, A\; = germ, A.
From the definitions of v and vy (see (1) in the proof of Prop. 4.11) it follows
that

germy, ) V1(A1) = p1(germy, A1) = @1 (germ, A2) = germy, () v2(A2).

Thus, f and ¢ are indeed equivalent, and hence F5 is well-defined. The identity
Py o Fy =id is obvious from the definitions. This and the previous observation
show that F} is bijective. In turn, F5 is bijective with inverse map Fj. O

5. THE CATEGORY OF REDUCED ORBIFOLDS

We are aiming at the definition of an orbifold category where the objects are
orbifolds and the morphisms are equivalence classes of charted orbifold maps.
To that end we have to answer the following questions:

(i) When shall two charted orbifold maps be considered as equal? In other
words, what shall be the equivalence relation?
(ii) What shall be the identity morphism of an orbifold?
(iii) How does one compose ¢ € Orb(V, V') and ¢ € Orb(V',V")?
(iv) What is the composition in the category?

The leading idea is that charted orbifold maps are equivalent if and only if they
induce the same charted orbifold map on common refinements of the orbifold
atlases. Therefore, we will introduce the notion of an induced charted orbifold
map.

It turns out that answers to the questions (ii) and (iii) naturally extend to
answers of (i) and (iv), and that the arising category has a counterpart in terms
of marked atlas groupoids and homomorphisms. We start with the definition of
the identity morphism of an orbifold. The definition is based on the idea that
the identity morphism of (Q,U) shall be represented by a collection of local
lifts of idg which locally induce idg on some orbifold charts, and that each such
collection which satisfies (R2) shall be a representative.

5.1. The identity morphism.

Definition and Remark 5.1. Let (Q,U) and (Q',U’) be orbifolds and let
f: Q — Q' be a continuous map. Suppose that f is a local lift of f w.r.t. the
orbifold charts (V,G,7) € U and (V',G',7') € U'. Further suppose that
X (W, K,x) — (V,G,m) and u: (W', K',x') — (V',G',7’) are embeddings be-
tween orbifold charts in U resp. in U’ such that f(A(W)) C u(W'). Then the
map

g::u_lofo)\:W—ﬂ/V'
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is a local lift of f w.r.t. (W, K,x) and (W, K’,x'). We say that f induces the

local lift g w. . t. A and u, and we call § the induced lift of f w.r.t. f, A and p.

f v

v
JA Flaow Tv

NOAW) = u() \!

A N,

Suppose that f is a local lift of the identity idg for some orbifold (Q,U).
Prop. 5.3 below shows that f induces the identity on sufficiently small orbifold
charts. This means that locally f is related to the identity itself via embeddings.
In particular, f is a local diffeomorphism. For its proof we need the following
lemma.

Lemma 5.2. Let M be a manifold, G a finite subgroup of Diff (M), and x € M.
There exist arbitrary small open G-stable neighborhoods S of x. Moreover, one
can choose S so small that Gg = G, the isotropy group of x.

Proof. Let U be a neighborhood of x, and let
{z1,...,20} =Gz

be an enumeration of the G-orbit of z, i.e., x; # x; for i # j. Suppose that x =
1. Since M is Hausdorff, we can choose for each i = 1,...,n a neighborhood U;
of x; such that these are pairwise disjoint and Uy C U. For ¢ = 1,...,n define

Gl :={g9€G|gr; =z}
and set .
Uf = (Ui | g € G}
i=1
For h € G with hx = z; we have h™! € G}. Then U] C h™1U; yields hU| C U;.
If i # 1, then U; N Uy = 0 and U C Uy, hence
hU; N U, = 0.
But for i = 1 we have h € G, and

n n
hUi = ({haU; 1 g € Gj} = ({9U; | g € Gj} = UT.
j=1 j=1
This means that U] is G-stable. Now let T' be the connected component of
U{ which contains . Then M being a locally Euclidean space (hence each
point has arbitrary small connected neighborhoods) shows that 7" is a closed

neighborhood of x. Therefore S := T° is an open G-stable neighborhood of x
with Gg = G,. ]

Proposition 5.3. Let (Q,U) be an orbifold and suppose that f s a local lift
ofidg w.r. t. (V,G,m), (V!,G',7") € U. For each v € V there exist a restric-
tion (S,Gg,7ls) of (V,G,7) with v € S and a restriction (S',(G")g,7'|s’) of
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(V. G, 7') such that f|s is an isomorphism from (S, Gg,m|s) to (S, (G") g/, 7| s')-

In particular, f|5 induces the identity idg w. r. t. idg and <f|5)

Proof. Let v € V and set v/ := f(v). Then n(v) = 7/(v/). By compatibility of
orbifold charts there exist a restriction (W, H, x) of (V,G,w) with v € W and
an embedding
A (W H,x) — (VG 7)
such that A(v) = /. Since M := f~Y(A(W)) N W is an open neighborhood of
vin V. Lemma 5.2 yields an open H-stable neighborhood S of v with § C M.
Then f(S) C A(W). Let
Gi=Aloflg:S—W
denote the induced lift of idg. Since
X°9 =X,
Lemma 2.11 in [MMO03] shows the existence of a unique h € H such that § = h|g.
Therefore the diagram

s —Lam(s))

N

h(S)

commutes, where the non-horizontal arrows are diffeomorphisms. Hence the
restriction f|g: S — A(h(S)) is a diffeomorphism, and in turn

f‘S: (57 HSa X’S) - (f(5)7 G/fN(SVﬂ—/’f(S))
is an isomorphism of orbifold charts. U

Not each local lift of the identity is a global diffeomorphism, as the following
example shows.

Example 5.4. Let Q be the open annulus in R? with inner radius 1 and outer
radius 2 centered at the origin, i.e.,

Qi={weR|1<|w|<2}={weC|1l<|w <2}

where we use the Euclidean norm on R?. The map a: Q — C x R,

aw) = (2wl -1)

Z =8 % (0,1).
Note that «(Q) covers Z twice. Then the map 3: Z — C,
2
ﬁ(z7 s) T 2 — 3
is the linear projection of Z from the point (0,2) € C xR to the complex plane.
The composed map f=Foa: Q — C,

maps ) onto the cylinder

z

~ 2uw?

f®) = G uDp
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is smooth and maps @) onto ). Further it induces a homeomorphism between
Q/{£id} and Q. Hence, if we endow @) with the orbifold atlas

{(Q.{xid}, f). (@, {id},id )},

then f is a local lift of idg w.r.t. (Q, {#id}, f) and (Q, {id},id) which is not a
global diffeomorphism.

For the proof of the following proposition recall from Remark 2.4 the notation 1
for the group isomorphism G' — H,,(y) induced by the embedding p1: (V,G,¢) —
(W, H, 1) between orbifold charts.

Proposition 5.5. Let (Q,U) be an orbifold and let {fi}icr be a family of lo-
cal lifts of idg which satisfies (R2). Then there exists a pair (P,v) such that
(idQ,{fi}ieI,P, v) is a representative of an orbifold map on (Q,U). The pair
(P,v) is uniquely determined up to equivalence of representatives of orbifold
maps (see Def. 4.13).

Proof. For i € I we suppose that f; is a local lift of idg w.r.t. the orbifold
charts (V;, Gy, m;), (V/, G, ) e U. We let

V= {(VZ,GZ,ﬂ'Z) | 1€ I}

be the arising representative of ¢/, indexed by I, and set ¢ :=[[,; f, We define
P to be the quasi-pseudogroup of all changes of charts A of V for which 9|qom A
and ©|coq ) are open embeddings. We claim that P generates W()). To that
end let g € ¥(V) and = € dom g. Suppose that z € V;, and g(z) € V4. Prop. 5.3
shows that there is a restriction (W, Hy, x5) of (Vi, Gy, ) such that g(z) €
Wy, C cod g and fb|Wb is an open embedding. Then (¢='(W3), 7 (Hy), g7 o xp)
is a restriction of (V,,Gg, Xq). Invoking again Prop. 5.3 we find a restriction
(Wa, Hyy Xa) of (Va, G, m,) such that z € W, C g~1(W}) and fa|Wa is an open
embedding. Then g|y, € P. Therefore P satisfies (R3).

Let A € P and suppose that S := domA C V, and cod A C V;. To satisty
property (R4a) we define

(2) v(A) == fro Ao (fals) "
Any other possibility to define v(\) must coincide with this one on dom A. We
have to show that v()) is an embeddig between some orbifold charts in /. Since

Vs = fals: (S, (Ga)s,mals) — VI, Gl 7h)

is an open embedding, [MMO03, Prop. 2.12] shows that S’ := f,(S) is a G-
stable open set. The definition (2) yields that v is functorial and commutes
with restrictions. Hence v satisfies (R4).

Finally let (P, 1) be any pair such that (idg, { fiYier, Pi,v1) becomes a repre-
sentative of an orbifold map on (Q,U). Let A € P; and x € dom A. Then we
find an open neighborhood U of x such that M|y € P. In particular, ¥|y is an
open embedding. Therefore

Ny =1%o Ao (¥]y) ™" = v(Av).

This yields immediately that (idg, {f;}ier, P,v) and (idg, {f; Yier, P1,v1) are
equivalent. ]
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The following proposition shows that whenever one has a charted orbifold map
(f.{fiYier, [P, v]) between orbifolds with the same underlying topological space
@ such that the continuous map f: Q — @ is the identity idg and such that all
elements of the family { ﬁ},e 7 are local diffeomorphisms, then the orbifolds are
identical.

Proposition 5.6. Let QQ be a topological space and suppose that U and U’ are
orbifold structures on Q. Let

f: (f7{f~.i}i617[P7V])
be a charted orbifold map for which

o f= idQ ,

e the domain atlas V is a representative of U,

e the range family V', which here is an orbifold atlas, is a representative
ofU', and .

e for each i € I, the map f; is a local diffeomorphism.

ThenU =U'.

Proof. Let (V;,Gi,m;) € V, (V],G},7;) € V' and x € Vi, y € V] such that
mi(x) = W;(y) Since fi: Vi — V! is a local diffeomorphism, there are open
neighborhoods U of = in V; and U’ of f;(x) in V; such that fi|p: U — U’ is a
diffeomorphism. We have

i (filw)) = mi(x) = 7i(y).

Therefore there exist open neighborhoods W of fi(z) in U’ and W’ of y in Vi
and a diffeomorphism h: W — W' satisfying 7 o h = 7. Shrinking U shows
that (V;, Gy, m;) and (V/, G}, ) are compatible. Thus U = U'. O
The following example shows that the requirement in Prop. 5.6 that the local
lifts be local diffeomorphisms is essential.

Example 5.7. Recall the orbifolds (Q,U;), i = 1,2, from Example 2.5, the
representatives V; := {Vi} and Vy := {Va} of U resp. Us, and set g(z) := 22
for x € (=1,1). Then g is a lift of idg w.r.t. V5 and V;. Further let P :=
{xid_1,n} and v(£id_1y)) = id(_y,1). Then (idg, {g}, [P, v]) is an orbifold
map with (Vo, V1) from (Q,Us) to (Q,Uy), but Uy # Us.

Motivated by Prop. 5.5 and 5.6 we make the following definition.

Definition 5.8. Let (Q,U) be an orbifold and let f = (f,{fi}ier, [P, v]) be a
charted orbifold map whose domain atlas is a representative of . If and only
if f=1idg and f; is a local diffeomorphism for each i € I, we call f a lift of the
identity id(g ) or a representative of id(g ). The set of all lifts of id(g ) is the
identity morphism id(qg ) of (Q,U).

5.2. Composition of charted orbifold maps. We present natural definitions
for the composition of two charted orbifold maps and for induced charted orb-
ifold maps. These we use to construct the category of reduced orbifolds. The
proofs and constructions in this section are quite technical due to the fact that
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we have to work with local charts. In Section 6 we characterize all these orbifold
concepts in terms of atlas groupoids and their homomorphisms.

Construction 5.9. Let (Q,U), (Q',U’) and (Q",U") be orbifolds, and V, V'
resp. V" be representatives for U, U’ resp. U”. Suppose that

f = (fAfi}ier, [Py,vy]) € Ob(V, V)
and

g= (97 {gj}jEJy [P97 Vg]) € Orb(v/7 V//)
with I C J. The composition

g o f =: il = (h, {}N‘Li}ie[, [Ph, Vh]) S Orb(V,V”)

is given by h := go f and h; := g; o f; for all i € I. To construct a representative
(Pp,vp) of [Py, vy) we fix representatives (Pg,vy) and (Py,vy) of [Pr,vs] and
[Py, vg), resp. The leading idea to define (P, v}) is to take P, = Py and v, =

vg o vy. But since vf(A) is not necessarily in Py for A\ € Py, the composition
vg o vy might be ill-defined. Therefore we have to refine this idea.

Let p € Py and suppose that dom p C V; and cod u C V; for the orbifold charts
(W,Gi,ﬂ'i) and (V}',Gj,ﬂ'j) in V. By (R4a)

fj o= Vf(:u) © fi|domuy
where v¢(p) € W(V'). For z € dom i we set y, := fi(x), which is an element of

domv(p). Hence we find (and fix a choice) &, € P, with y, € dom¢,, and
an open set U}, , C dom ¢, , N dom vy (u) such that y, € U}, , and

Enaloy, = vl , -

Then we find (and fix) an open set U,, C dompu with € U,, such that
fi(Upz) € U,, .. We may and will suppose that for p1, g € Py and 21 € dom py,
o € dom uo we either have
(3) P10, oy 7 120Uy ey OF &y = Epuna-
Now we define

Py = {plv,.| ne P, x €domp},
which obviously is a quasi-pseudogroup generating (V). Further we set

Vh(/’[/’Uu,x) = ()
for ply,, € Pn. Property (3) yields that v}, is a well-defined map from P, to
U(V"). One easily sees that v, satisfies (R4a) - (R4d), and the equivalence class
of (Py,vp,) does not depend on the choices we made for the construction of P
and vy,

Remark 5.10. Recall the maps F} and F5 from Prop. 4.14. Then the con-
struction of the composition of two charted orbifold maps f € Orb(V,V’) and
g € Orb(V', V") immediately implies that

Fi(go f) = F1(g9) o Fi(f).
Conversely, if ¢ € Hom(I'(V),I'(V")) and ¢ € Hom(I'(V'),T'(V")), then
Ey(i o) = Fa(¢) o Fa(e).

The reason for this is that the construction of (P, v},) (in the notation of Con-
struction 5.9) only depends on germs.
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The following lemma provides the definition of induced charted orbifold map
and shows its relation to lifts of the identity.

Lemma and Definition 5.11. Let (Q,U) and (Q',U") be orbifolds. Further
let

V={(Vi,Gi,m) |t € I} be a representative of U,
V' ={(V/,G},m]) | L € L} be a representative of U', and
f = (f AF}ier, [Py, v4]) € Orb(V, V).
Suppose that we have
o a representative W = {(W;, Hj,1;) | j € J} of U, indexed by J,
o a subset {(W[,H},¢%) | j € J} of U', indeved by J (not necessarily an
orbifold atlas),

e amap a:J — I,
e for each j € J, an embedding

it (Wjs Hjs 5) = (Vagi), Gag) Ta))
and an embedding
n: (Wi Hjs ) = (Vagy: Gagy M)
such that .
Fa() (X (W) € (W),
For each j € J set } )
hj = ,uj_l o fa(j) 0 Aj: Wi — W1
Then
(i) € == (idg,{\;}je, [R,0]) € Orb(W, V) (with [R, o] provided by Prop. 5.5)
is a lift of id(gu-

(i) The set {(W], H},¢3) | j € J} and the family {y1;}jes can be evtended to
a representative

W' = {(Wi, Hy,vp) | k€ K}
of U and a family of embeddings {ux}ker such that
¢ = (idg, {m ek, [R',0']) € Orb(W', V')

(again with [R',o'] provided by Prop. 5.5) is a lift of id g y4r)-
(iii) There is a uniquely determined equivalence class [Py, vy such that

hi=(f,{h;}jes, [Ph,va]) € OrbOW, W)
and such that the diagram

V—f>V’

/ X
W 4 W

We say that h is induced by f

commutes.
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Proof. (i) is clear by Prop. 5.3 and 5.5. To show that (ii) holds we construct
one possible extension: Let

y e\ | Jvwm)).
JjEJ
Then there is a chart (V/,G',7") € V' such that y € #/(V’). Extend the set
(Wi, Hy %) | o€ J} with (V/, G, ') and the family {u;};es with idy. If
this is done iteratively, one finally gets on orbifold atlas of ) as wanted. Then

Prop. 5.3 and 5.5 yields the remaining claim of (ii). The following considerations
are independent of the specific choices of extensions.

Concerning (iii) we remark that each h; is obviously a local lift of f. Fix a
representative (Py,vy) of [Py, v¢]. In the following we construct a pair (P, vp)

for which h is an orbifold map and the diagram in (iii) commutes. It will be
clear from the construction that the equivalence class [Py, vp] is independent of
the choice of (Pf,v¢) and uniquely determined by the requirement of the com-
mutativity of the diagram. Let v € ¥(W) and 2 € dom~. Possibly shrinking
the domain of vy, We may assume that dom~y C W; and cody C W}, for some
j,k € J. In the following we further shrink the domain of « to be able to define
vy, as a composition of v with elements of {u;}ecs. Let y:= A;(x). Since

Fi=Agovyo (Aj]dom,y)_l : Aj(dom~y) — Ag(cod )

is an element of W(V), we find 3, € Py such that y € dom 3, and germ,, (3, =
germ, 7. Then

2= fa()(y) € domwy(6,) N i (W)).
Since

Vi(By)(2) = far)(By () € p(Wy),
the set

U= domvy(By) N i (W)) O wp(By) ™ (e (W)
is an open neighborhood of z. Define
Uy :={w € dom 3, N Aj(dom~) | germ,, 3, = germ,, 7},

which is an open neighborhood of y. Then also

U:=Un f;é.)(U’)

is an open neighborhood of y. We fix an open neighborhood U, , C )\j_l(U) of
x. Further we suppose that for 71,7, € (W), 1 € dom~y;, z2 € dom~e, we
either have

(4) YUy, 0y F V20U 0y OF Vi(Byy) = vi(Br)-

Then we define

Py = {lv, .| v € ¥W), « € dom~}

and set

v (Vose) = iyt o vy (By) o g
for v|y,, € P, with x € W and v(z) € W}, (j,k € J). By (4), the map
vp: P, — W(W') is well-defined. One easily checks that (P, v},) satisfies all
requirements of (iii). O
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We consider two charted orbifold maps as equivalent if they induce the same
charted orbifold map on common refinements of the orbifold atlases. The fol-
lowing definition provides a precise specification of this idea.

Definition 5.12. Let (Q,U) and (Q',U’) be orbifolds. Further let Vi,V be
representatives of U, and V{,V} be representatives of . Suppose that f; €
Orb(Vy,V]) and fo € Orb(V,,V}). We call fi and fo equivalent (fl ~ fg) if
there are

a representative W of U,

a representative W of U/,

g1 € OrbOW, V1), €3 € Orb(W, Vs) lifts of id(QM),

g1 € Orb(W', V1), &5 € Orb(W', Vy) lifts of id (g g4y, and
a map h € Orb(W, W)

such that the diagram

v v
v :
w L w’
& e
Vo T Vs

commutes.

Prop. 5.15 below states that ~ is indeed an equivalence relation. For its proof we
need the following two lemmas. The first lemma discusses how local lifts which
belong to the same charted orbifold map are related to each other, the second one
shows that two charted orbifold maps which are induced from the same charted
orbifold map induce the same charted orbifold map on common refinements of
atlases. This means that ~ satisfies the so-called diamond property.

Lemma 5.13. Let (Q,U) and (Q',U") be orbifolds and let

f = (f A fitier, [P,v]) € Orb(V, V')

be a charted orbifold map where V is a representative of U and V' one of U'.
Suppose that we have orbifold charts (Vy,Go,7a), (Viy, Gy, ™) € V and points
Tq € Vo, xp €V such that wy(xy) = mp(wp). Then there are orbifold charts
(W,K,x)elUd, W ,K' x) el and embeddings

A (WK, x) — (Va, Ga, ma)
N (WKL X)) — (Vy, Gy,
p: (WK, x) — (Vo, Gb, m)
ps (WK X)) — (Vy, Gy, )
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with o € NW), xp € u(W) such that the induced lift g of f w.r.t. Fas N, N
coincides with the one induced by fy,, p, 1. In other words, the diagram

fa

v, L v
N
W ! W
N
vy L vy

commutes.

Proof. By compatibility of orbifold charts we find a restriction (W, K,y) of
(Va, Ga,7g) with 2z, € W and an embedding
e (VV, K7 X) - (%,Gb,ﬂ'b)

such that p(z,) = xp (cf. Remarks 2.2 and 2.4). Then pu: W — (W) is an
element of U(V), hence there is a v € P with z, € dom~ and an open neigh-
borhood U of x, such that U C dom~y N W and

plu =u-
W.lo.g., v = u. Property (R4a) yields that

v(p) o falw = foop.
By shrinking the domain of v (), we can achieve that codv(n) C V; and still
fa(W) Cdomu(p) =: W. With p/ := v(u) it follows

Folp(W)) = ' (fa(W)) C p' (W)
and further ) )
falw = (W) o fyop.

This proves the claim. O
Lemma 5.14. Let (Q,U) and (Q',U") be orbifolds, V a representative of U,
and V' one of U'. Further let f € Orb(V,V'). If the charted orbifold maps h €
Orb(W1, W) and § € Orb(Wa, Wh) are induced by f, then we find a representa-
tive W of U and two charted orbifold maps 1 € Orb(W, W), g2 € Orb(W, W)
which are lifts of id(g ), and a representative W' of U’ and two charted orbifold
maps €y € Orb(W', W), ey € Ortb(W', Wy) which are lifts of id(q vy, and a
charted orbifold map k € Orb(W, W') such that the diagram

Wi Wy
A
W b W
N,

commutes.
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Proof. Let
f = (f7 {fa}aEAa [Pfa Vf])a
]Al = (fv {Ei}iélv [wa Vh])7
f] = (fv {gj}j€J7 [P97 Vg])v
and
Wr = {(Whi, Hii,%1) | i € I}, indexed by 1
Wi = {(Wi g Hi %1 ) | B € K}, indexed by K,
W2 = {(Wg,j,Hg,j,T/Jg,j) |j S J}, indexed by J,
W2 {(W2,,I7Hé,lv¢é,l) | le L}7 indexed by L

where I C K and J C L. Further suppose that

01 = (idg, {M1,i tier, [R1,01]) € Orb(Wy, V),
&1 = (idgr, {p k trex, R, 01]) € Orb(Wy, V'),
9y = (idg, {A2,j }jes, [R2, 02]) € Orb(Wh, V),
0y = (idqr, {p2.chier: [R), 05]) € Orb(Wy, V')

are lifts of id(g ) resp. id(gr ) such that

f051 :5/10]AI and f052:§705§.
Further we assume that all A\ ;, g1, A2j and p . are embeddings.
We will use Lemma 5.11 to show the existence of k. More precisely, we attach to
each ¢ € Q an orbifold chart (W, Hy,v,) € U with ¢ € ¢,(W,) and an orbifold
chart (W, Hy,vy) € U' with f(q) € ¢, (W,). We may consider orbifold charts
defined for distinct g to be distinct. In this way, we get an orbifold atlas
(5) W= {(Wy, Hg, ¥q) | q € Q}

of U which is indexed by @, and a subset {(Wy, Hy,v) | ¢ € Q} of U" indexed
by @ as well. Moreover, we will find maps a: Q — [ and #: Q@ — J and
embeddings

§1,00 We, Hg, ¥bg) = (Wia(e), Hi,a(0), Y1,0(0))
€27 (Wo, Hy,1bg) — (Wa5(g): Ha p(g), ¥2,8())
X1.q: (Wy, Hy, 00y) — (W a(q) Hi oe) V1alg)
X2,q* (WéaH;ﬂ/Jq) ( 2ﬁ(q 7/125 )

such that for each ¢ € @ the local lift k; of f induced by ha(q
cides with the one induced by gg(q), §2,¢ and x2,4. Lemma 5.11 shows that h resp.
¢ induce a charted orbifold map (f, {kqyYgeqs [P1, 1)) tesp. (f, {kq}acq, [Pos v2))-
Then it remains to show that [Py, v1] = [P, v2]. For that purpose we will show
that one may choose x1,4 = id for each g € Q.

Let ¢ € Q. We fix a chart (Wy;, Hy;,¢1,) € Wi with g € ¢1,(W;,;) and we
pick wy € Wy ; with ¢ = ¢ (w1). We set a(q) := i. Further we fix a chart
(W, Ha j, 102 5) € Wa with ¢ € ng(ng) and and element wy € Wy ; with
q = V2 (w2). We set B(q) := j. Lemma 5.13 shows the existence of orbifold

1, and x1 a coin-
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charts (Wy, Hy,1bq) € U with q € ¥, (Wy), say q = 4(w,), and (W, Hy,1y) € U’
with f(q) € ¢y (W,) and embeddings &1 4, 2,4, X1,45 X2,¢ and a local lift kq of f
such that the diagram

Ffata)
M.ale) Wia(g) —= P1,a(0) (W o)

Al,a(q)] Tul,a(q)
h

a(q) /
W1 o)

98(a)
W, 5(9) — W 50

A2,8(q) i lﬂzﬁ(q)

fa
2,50 (Wap(a) — 12,5(0) W3 5g))

commutes. Now
1= A p(g) © 2,4 © E1g © AT n(g) Maate) (E1a(Wa)) = Az 5(g) (E2,4(W))
is an element of W(V) with y := Aj 4(4)(§1,4(wg)) in its domain. We pick a
representative (Py,vy) of [Py, v¢]. Then there is v € Py with y € dom~ and an
open neighborhood U of y such that U C dom~ N domn and
o =9lv.
By (Rda),
vi(7) © faglu = fa) © v = faq) o nlu.
The map
- -1 -1 . ! !
1= 12,6(9) © X2 © X1,q © P a(q) Fale) (XLa(WQ)) = 12,5(¢) (X2.4(Wy))
is a diffeomorphism as well. Further there exists an open neighborhood V of y
such that . .
fa@ onlv = po faglv
Hence B B
vi(7) © fatg) = 1o fag)
on some neighborhood of Y. Therefore, after possibly shrinking W, we can
redefine Wé, X1,q> X2,¢ and kg, such that

(6) X240 = My g O VF (1) @ Bia(glw; and  xi4=id

and the diagram above remains commutative. We remark that this redefinition
might be quite serious if fa(q) and hence ﬁa(q), 9p(q) and fg(q) are of low regu-
larity. But since these maps all have the same regularity, we may perform the
changes without running into problems. Let W be defined by (5). Lemma 5.11,
more precisely its proof, shows that h resp. g induces the orbifold maps

k1 = (fa {];q}quv [Plvyl]) resp. 1%2 = (f? {I;:q}QEQv [P27V2])
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with (W, W), where W' is a representative of U’ which contains the set
{(We Hy vy | g € Q)

(the proof of Lemma 5.11 shows that we can indeed have the same W' for k;
and ko).

It remains to show that [Pi,v1] = [P2,1»]. Recall from Lemma 5.11 that
[Py, v1] is uniquely determined by h, {&1,4}qeq and {x1,4}4eq, and analogously
for [Py, v5]. Alternatively, we may consider k1 and ko to be induced by f . Thus,
[Py, 1] is uniquely determined by f, {AMatg) ©€1,0tqe@ and {11 a(q) © X1,4}4€@>

and [Py, 5] is uniquely determined by f, {A2,8(¢) 92,4 }qeq and {,ug Blg oxg,q}qu.
We fix a representative (Py,v¢) of [Py, v]. Let ~ be a change of charts in U(W)
and x € dom~. Suppose dom~y C W, and cody C W,. Using the same ar-
guments and notation as in the proof of Lemma 5.11 (without discussing the
necessary shrinking of domains, since we are only interested in equality in a
neighborhood of z) we have

B = M) © 10070 €0k 0 ALy
By = A2,8(q) Oé’quVOﬁng)\g;(l,)
V1(7) = Xi,q © Hingg) © Y1 (Bh) © Hia(p) © X1,
va(y) = Xg_,é o ,Ug_,é(q) ov(fy) © 2, 3(p) © X2,p-
Hence
B2 = X2,8(g) © €20 © A ag) © E1q © B1© M) © 19 063y © Ay -
Definition (6) shows that

(/\2 Blq) ©&2,q© 51 q Ai(l)l(q)) = M2,8(q) © X2,q © ,ul_,(lx(q)-
Then

va(7) = 1 g © Y (Br) © 11.a(p) = 11(7).

Hence the induced equivalence classes [Py, 1] and [Ps, 5] indeed coincide. The
lift £1 of id(g ) is given by the family {£14}4eq, the lift 2 by {24} 4eq, the lift
e} of id(q/ ury is any extension of {x1,4}qeq, and the lift e, is any extension of

{X2,q}q€Q- O

Proposition 5.15. The relation ~ from Def. 5.12 is an equivalence relation.

Proof. Let (Q,U) and (Q',U") be orbifolds. Suppose that for all i € {1,2,3}
the orbifold atlases V; are representatives of i and V] are representatlves of L{’
and f, € Orb(V;, V!) are charted orbifold maps such that fl ~ f2 and f2 f3
This means that we find representatives Wi, Wh of U, representatives Wi, W}
of U, charted orbifold maps hy € Orb(Wy, W), ho € Orb(Ws, W}) and lifts of
the respective identities &1 € Orb(Wy, V1), e2 € Orb(Wy, Va), &) € Orb(Wy, V),
el € OrbOWi,V5), m € Orb(Wa,Va), ma € Orb(Wa, Vs), 0 € Orb(W5, V%),
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nh € Orb(W5, V%) such that the diagram

h

VLNV
TN
Wi I W
VREELI Y
N
W b2 W
k\ ; 77/2
Vs vy

commutes. Since h; and hy are both induced by fg, Lemma 5.14 shows that there
are representatives W of U, W' of U’, a charted orbifold map k € Orb(W, W)
and lifts of identity 6; € Orb(W, W), d2 € Orb(W, Wh), 87 € Orb(W', W)),
845 € Orb(W', W4) such that the diagram

v oy
V &
Wi I A
V \\\6/1
W i W
& ;l ;/55
W 2 Wh
vy Ly

commutes. Since compositions of lifts of identity remain lifts of identity, it
follows that f; ~ fs. O

5.3. The orbifold category. Now we can define the category of reduced orb-
ifolds.

Definition 5.16. The category Orb of reduced orbifolds is defined as follows:
Its class of objects is the class of orbifolds. For two orbifolds (Q,U) and (Q',U’)

the morphisms from (Q,U) to (Q',U") are the equivalence classes [f] of charted
orbifold maps f € Orb(V,V’) where V is any representative of U, and V' is any
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representative of U’, that is

Morph ((Q,U), (@, U")) =
= {[ﬂ ‘ f € Orb(V, V'), V representative of U, V' representative of L{/} )

A,

The composition is described in the following. Let [f] € Morph((Q,U), (Q',U"))
and [§] € Morph((Q',U"), (Q",U")). Choose representatives f € Orb(V,V') of
[f] and § € Orb(W',W") of [§]. Then find representatives K, K', K" of U, U, U",
resp., and lifts of identity ¢ € Orb(K,V), &} € Orb(K',V’), &, € Orb(K', W),
¢’ € Orb(K”,W") and charted orbifold maps h € Orb(K, K'), k € Orb(K/, K")
such that the diagram

V—f>v/ W/LW//

K i K’ K’

commutes. The composition of [§] and [f] is defined to be

We have to prove that the composition in the category of reduced orbifolds is
always possible and well-defined. This means that we have to show that the
induced charted orbifold maps h and k indeed exist and that the composition
does not depend on the choice of the representatives f and §, and neither on
the choice of K, K/, K, h or k. The existence is shown by the following lemma,
the independence of the choices by Prop. 5.18 below.

Lemma 5.17. Let (Q,U), (Q',U") and (Q",U") be orbifolds. Further letV be a
representative of U, V' and W' be representatives of U', and W' a representative
of U". Suppose that f € Orb(V,V') and § € Orb(W',W"). Then there exist
representatives K of U, K' of U', K" of U", lifts of the respective identities
e € Orb(K, V), m € Orb(K', V'), n2 € Orb(K', W), 6 € Orb(K",W"), and
charted orbifold maps h € Orb(K,K'), k € Orb(K',K") such that the diagram

V—f>v/ W/ngl/

SN N
IC i” IC/ l; ,C//

commutes.

Proof. To fix notation suppose that

f=(fAfitier. [P vyl),
g= (97 {9i}jer, [Py, Vg])'
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Further suppose that
V ={(Vi,G;,m) | i € I}, indexed by I,
V' ={(V!,G.,7.) | c € C}, indexed by C with I C C,
W = {(W;,Hj/,wg) | j € J}, indexed by J,
W' = (W, H".4/%) | d € D}, indexed by D with J C D.
By Lemma 5.11 it suffices to find
a representative I = {(Ky, Lq, Xa) | @ € A} of U, indexed by A,
a representative K' = {(K}, L}, x}) | b € B} of U, indexed by B,
aset {(K}',L;,x}) | be B} of orbifold charts of Q”, indexed by B,
amap a: A — I,
an injective map 3: A — B,
for each a € A, an embedding
Aot (Ko Lay Xa) — (Va(a)7 Ga(a) ) 7Ta(a))

and an embedding

/

. / ! / ! !
Ha - (Kﬁ(a)aLg(Q),Xg(a)) - (Va(a)yGa(Q),Wa(a))
such that

fa(a) ()‘G(Ktl)) - MG(Ké(a))7
e amap y: B — J,
e for each b € B, an embedding
ov: (K, Ly, x3) — (W2 HY ), U0 1))
and an embedding
oyt (Ky, Ly, X5) — (Wi, Hi ey, W)
such that
vy (00(K3)) C op(Ky).
Let ¢ € Q and set 7 := f(q). We fix i € I and j € J such that ¢ € m;(V;) and
r € P(W]). Further we choose v' € V/ and w' € W] such that m{(v') = r =
¥5(w'). By compatibility of orbifold charts we find a restriction (K7, Ly, xg) of
(Vi G}, m;) with o' € K and an embedding
0q: (Kq, Ly Xq) — (Wi, Hj, ¥f).
Since f; is continuous, there is a restriction (Kq, Lg, xq) of (Vi,Gi, ;) such that
q € xq(Kq) and fi(K,) C Kg. We set (K7, Ly, xq) = (W], H},¢7). We may
and shall consider charts constructed for distinct ¢ to be distinct. Then we set
A:=Q, oalg) =1, N :=1id, pg:=1d,

B:=QUQ"\ f(Q) (disjoint union), S(q) :=gq, ~(q):=j, o04:=id.
For ¢ € Q"\ f(Q) we fix j € J with ¢’ € ¢ (W]) and set 7(¢) := j. Further we
set (K, Ly Xy ) = (Wi, Hi, %) and (K7, Ly, xg) = (W], HY 7). Again we
consider orbifold charts build for distinct ¢’ to be distinct and define g, := id
and oy :=id. Then all requirements are satisfied. O

Proposition 5.18. The composition in Orb is well-defined.
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Proof. Recall the notation from the definition of the composition. We have to
show that the composition of [f] and [k] does not depend on the choice

(i) of the induced orbifold maps h and k,
(ii) of the representatives of [f] and [g].

To prove (i) suppose that we have two pairs (ﬁj, l;:]) of induced orbifold maps
hj € Orb(K;,K%), k; € Orb(/C;-,IC;-’) ( = 1,2) such that the diagram

i i
\V—F v'/ \W’ s w"/
IC2/ b \ic’g/ & \IC”

commutes. The non-horizontal maps are lifts of identity. Lemma 5.14 shows the
existence of representatives H of U, H',Z' of U’', T" of U”, and charted orbifold
maps hg € Orb(H,H’), ks € Orb(Z',Z"), and appropriate lifts of identity such
that the diagrams

R
MoK K’

e s
~ . X

Kz —2> K Ky —2> Ky

commute. By Lemma 5.17 we find representatives K, K', K" of U,U’,U", resp.,
charted orbifold maps h € Orb(K,K’), k € Orb(K’,K"), and appropriate lifts of
identity such that

commutes. Hence, altogether we have the commutative diagram

Koy gy g

L

]C > IC/ > ,C//

L

Ko 2 I 2 Ky

which shows that l;:l o fll and kg o h2 are equivalent.
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For the proof of (i) let f; € Orb(V1,V}), f2 € Orb(Va, V4) be representatives of
[f], and g1 € Orb(W[, W), G2 € Orb(Wj, W¥) be representatives of [g]. Fur-
ther, for j = 1,2, let h; € Orb(K;,K}) be induced by f;, and k; € Orb(K}, K)
be induced by g;:

Vl fl Vl / g1 Wi/
/ ) \ / ) \ ”
1

PRIV Wy 2wy

o N N

Since fl and fg are equivalent, we find representatives V, V' of U, U’, resp., and
a charted orbifold map f € Orb(V,V’), and analogously for g; and g, such that
the diagrams

oo
K4

PRIy SNV
V / f \ ) / g \W”
v2 P V2 / 92 é/

commute. Lemma 5.17 yields the existence of h € Orb(K,K’) and k € Orb(K/, K")
such that

V—f>v/ W/_g>w//

SN

k

commutes. Since h is induced by f1 and by fg, and likewise, k is induced by g
and by g9, part (i) shows that k1 o hy and ks o hy are both equivalent to koh.
This yields that the composition map is well-defined. ]

We end this section with a discussion of the equivalence class represented by a
lift of identity. The following proposition shows that it is precisely the class of
all lifts of identity of the considered orbifold. This justifies the notion “identity
morphism” in Def. 5.8.

Proposition 5.19. Let (Q,U) be an orbifold and ¢ a lift of id(g.). Then the
equivalence class [€] of € consists precisely of all lifts of id(q -
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Proof. Let 1 € Orb(Vy,W1) and g2 € Orb(Vo, W) be two lifts of id(g ).
Prop. 5.3 (together with Prop. 5.5) implies that there is a representative V
of U such that 1 and €9 both induce the orbifold map

idg = (idq. {idv, }ier, [R, 0])
on V. Thus, each two lifts of id(g ) are equivalent.

Let now f be a charted orbifold map which is equivalent zu £. W.l.o.g. we may
assume that € = idg. To fix notation let

V ={(V;,Gi, ;) | i € I},indexed by I,
Ki={(Kia,Lia X1,a) | @ € A}, indexed by A,
ICo = {(Kap, Loy, x2) | b € B}, indexed by B,
Wi ={(Wh;,Hij,v¢15) | j € J}, indexed by J,
Wy = {(Wa i, Ha g, 02 k) | k € K}, indexex by K,
be representatives of U. Further let

a:A—1, (:A—J ~: A—B
and

6:B—1, nmnB—-K, (:J—K
be maps, and suppose that
f: (f7 {fj}jeh [Pfﬂ/f])
g= (9, {9ataca, [Py, Vg])
are charted orbifold maps and
e1 = (idg, {M.ataea, [ )
g2 = (idg, {A2,ataea, [ )
61 = (idg, {m}een, [R1,01])
8y = (idg, {p2,s }ren, [R2, 02])
are lifts of id(g ) such that the diagram

Pl,l/l

P27V2

a
y—2sp

N

Y
Ko
A

y

Wi AN Wh
commutes. Clearly, g = idg and hence f = idg. Further for each a € A, we
have

idVa(a) O)\l,a = H1,4(a) © Ja-
Since idv, .5 Al,e and i1 4(q) are local diffeomorphisms, so is §,. Now

fﬁ(a) o )‘2,a = H2,~(a) © Ja
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for each a € A. Hence fﬁ(a) is a local diffeomorphism. Lemma 5.13 implies that
fj is a local diffeomorphism for each j € J. Therefore, f is a lift of idigu). U

6. THE ORBIFOLD CATEGORY IN TERMS OF MARKED ATLAS GROUPOIDS

Prop. 4.14 and Remark 5.10 show that charted orbifold maps and their com-
position correspond to homomorphisms between marked atlas groupoids and
their composition. By characterizing lifts of identity and equivalence of charted
orbifold maps in terms of marked atlas groupoids and their homomorphisms, we
construct a category for marked atlas groupoids which is isomorphic to the one
of reduced orbifolds. To that end we first show that lifts of identity correspond
to unit weak equivalences, a notion we define below. Throughout this section
let pr; denote the projection to the first component.

A homomorphism ¢ = (g, p1): G — H between Lie groupoids is called a weak
equivalence if

(i) the map
topry: Hx,, Go — Hp
is a surjective submersion, and
(ii) the diagram
®1

G H,

(Svt)l l(svt)

®0X$Po
G(] X G(] —_— HO X HO

is a fibered product.

Two Lie groupoids G, H are called Morita equivalent if there is a Lie groupoid
K and weak equivalences

cx-opm

Definition 6.1. Let (G1, a1, X1) and (G2, sz, X2) be marked atlas groupoids.
A homomorphism ¢ = (¢o,1): (G1,a1,X1) — (G2, a9, X2) is called a unit
weak equivalence if ¢: G1 — G is a weak equivalence and ag o |y| 0041_1 =idy,:

(G1)y —= (Ga),

Prg, Prg,

G| —2L s |Gyl

all laz

Hence necessarily, X1 = Xy =: X. A unit Morita equivalence between (G1, aq, X)
and (Ga, a9, X) is a pair (11,12) of unit weak equivalences

wj: (G,Oé,X) — (Gj,()éj,X)
where (G, o, X)) is some marked atlas groupoid. If such a unit Morita equivalence
exists, then (G, a1, X) and (G, ag, X) are called unit Morita equivalent.
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In contrast to Morita equivalence of Lie groupoids, unit Morita equivalence of
marked atlas groupoids requires the third (marked) Lie groupoid to be an atlas
groupoid. In Prop. 6.4 below we will show that unit Morita equivalence of
marked atlas groupoids is indeed an equivalence relation.

The proof that lifts of identity correspond to unit weak equivalences needs the
following lemma. Recall that a groupoid is étale if its source and target map
are local diffeomorphisms.

Lemma 6.2. Let G, H be étale groupoids and ¢ = (po,91): G — H a weak
equivalence. Then po: Gog — Hq is a local diffeomorphism.

Proof. We show first that ¢ is a submersion. Let (h,z) € H; <,,Go. Choose an
open neighborhood Uy, of h in Hy such that s|y, and t|y, are open embeddings.
Further choose an open neighborhood U, of z in G such that ¢ (U,) C s(Up).
Then U}, X, U, is an open subset of Hy ;X ,, Go. By definition,

topry: HygxXyy Go — Hy
is a submersion, hence also its restriction
topry: Uy sXgo Uy — t(Up).
Since
sot L t(Uy) — s(Up)
is by construction a diffeomorphism, the map
sopr; =sot totopry: Uy sxpy Ur — s(Up)

is a submersion. From the commutativity of

pro
Uy, sX g U, —— U,

prll lm

Uh ® S(Uh)

it follows that
o o pry: Up sXpy Uz — s(Up)
is a submersion. For a manifold M and an element m € M let T, M denote the

tangent space to M at m. Since (1,,x) € Hy X, Go for each x € Gy, we know
that

@o(x) o pry(le, ) = (po 0 pro) (Le, ) T, 2y Hi sX oo Go — Tipy () Ho
is surjective. In particular,
eo(z): ToGo — Ty Ho
is surjective for each x € Gy. This shows that ¢( is a submersion and
m = dim Gy > dim Hy =: n.
We now prove that m = n. Set
M = (Go X Go) goxpoX (s,t) H1-

From ¢ being a weak equivalence, we know that the map

) G — M
v { g (s(9).t(g)01(9))
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is a diffeomorphism. Let (x,y,h) € M. The submersion theorem (cf. [BGO5,
Thm. 1.9.11]) shows that there are (manifold) charts (Uy, 1) with = € ¥1(Uy),

(Ua,v2) with y € ¥2(Uz), (V1, x1) with wo(z) € x1(V1) and (Va, x2) with ¢o(y) €
x2(V2) such that

n; = Xiocpoowi_lz (T1y ey Ty Tt 1y e e oy Tn) = (T, 000, X))

for i = 1,2. Now we choose an open neighborhood U}, of h in H; such that s|¢,
and t|y, are open embeddings, and such that s(Up) C Vi and t(Up,) C Va. By
shrinking the charts and Uj, we can achieve that s(Uy) = Vi, t(Uy) = V; and

TZJQ(UQ) = V2 =IxJ

with dim I = n, dim J = m — n. The open subset
(U1 X U2) goxpoX(s,t) Un
of M reads in local coordinates as
N = (T,le(Ul) X T;Z)2(U2)) m ><772><(X105,X20t) Uh
{(z,w, k) € Vi x Va x Up | (m(2),m2(w)) = (x2(s(k)), x1(t(k)) }
{(Z7w7 k) € ‘/1 X ‘/2 X Uh | ((Zb cee azn)v (wla s ,wn) = (Xl(S(k’)),m(f(k)))}
{((217 <oy 2ns 5)7 (XQ(t(S_l(Xl_l(Zh s 7Zn))))7 w)7 3_1(X1_1(217 s 72”))) ’
| (21,...,2n,2) € V1,w € J}

since k and (wy,...,w,) are determined by (z1,...,2,). Therefore
dimM =dim N =n+ 2(m —n).
On the other hand,
dim M = dim G; = n,
and so m = n. Hence g is a submersion between manifolds of same dimension,
which implies that it is a local diffeomorphism. U

Recall the maps I and F5 from Prop. 4.14.

Proposition 6.3. Let U and U’ be orbifold structures on the topological space
Q. Further let

V=A{(Vi,Gi,m) i €I} resp. W ={(W},H},¢j)|j€ ]}
be a representative of U resp. of U', indexed by I resp. by J.
(i) Suppose that U = U'. Let f = (idg, {fi}icr, [P,v]) € Orb(V,W') be a lift

of id@uy- Then Fi(f): (COV),a0,Q) — (PONV), amr, Q) is a unit weak
equivalence.
(i) Let e € Hom(I'(V),T'(W')) be a unit weak equivalence. Then U = U', and

F2(€) 1S a lth Of id(Q,U)'

Proof. Let G :=T(V) and H :=T'(W'). We will first prove (i). By Prop. 4.7 it

suffices to show that e = (g9,e1) := Fi(f) is a weak equivalence. We first show
that G
) HisxeyGo —  Hp
bopry: { () t(h)

is a submersion. Let (h,x) € H; <., Go. Recall from Prop. 5.3 that ¢q is a local
diffeomorphism, and from Special Case 2.12 that G and H are étale groupoids.
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Choose open neighborhoods U, of x in Gy and U, of h in H; such that ¢y,
and s|y, are open embeddings with s(Uyp,) = 9(Uy). Then Up, x, U, is open in
Hi ¢x., Go. Further

Up sXeo Up = {(k,y) € Uy, x Uy | s(k) =e0(y) }
= {(k,eg " (s(k)) | k € Up} .
Therefore,
pry: Up sXey Ux — Up,
is a diffeomorphism. Since ¢ is a local diffeomorphism, ¢ o pr; is a submersion.

Now we prove that ¢ o pry is surjective. Let y € Hy, say y € Wj(, and set
¢;(y) =: g € Q. Then there is an orbifold chart (V;,G;, ;) € V such that
q € mi(V;), say q = mi(z).

fi W/
Q

z), hence .(z) = ¢ = Q,Z);(y) Hence, there are a restriction

(W/, H],9!) with z € §” and an embedding
A (S K X)) — (W Hj o))

such that A(z) = y. Then A € U(W') and (germ, \,x) € Hy sx., Gy with
t o pr;(germ, A\, z) = t(germ, \) = y. This means that ¢ o pr; is surjective.

Set

Vi

Set z == f;

i
(S",K',X') of

K = (Go X G0) (c,20)% (s,¢) H1-

It remains to show that the map

3: { G — K
| germgg = (2,9(2), €1 (germ, g))

is a diffecomorphism. Note that 5 = (s,t,e1). Let (m,y,germao(x) h) € K, hence
germ, ;) h: e0(z) — €o(y). By the definition of H; there are open neighbor-
hoods Uj of eo(z) and Uj of eo(y) in W' == [];.; W} such that h: U] — Uj
is an element of W(W'). Since g is a local diffecomorphism, there are open
neighborhoods U; of x and Uy of y in V := Hie[ Vi such that oy, is an open
embedding with eo(Uy) C U}, (k = 1,2). After shrinking U, we can assume that
e0(Ur) = Uj.. Let 7y := eoly,. Then

g:=75" choy: Uy —Us

is a diffeomorphism, hence g € ¥(V). Note that e1(germ, g) = germ, () h by
Prop. 5.5. Finally, we see

Blgerm, g) = (x,g(x), e1(germ,, g)) = (x,y, germe, () h).

Therefore (3 is surjective. Since germ, g does not depend on the choice of Uy
and U}, the map § is also injective. Finally, we will show that § is a local
diffeomorphism. Since s and ¢ are local diffeomorphisms, we only have to prove
that 1 is one, too. Let germ, f € G;. Choose an open neighborhood U of z
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such that U C dom f and gg|y: U — €¢(U) is a diffeomorphism. By the germ
topology, the set
U= {germ, f |y € U}

is open in G, and the set

Vo= {germ, v(f) | z € eo(U)}

is open in Hp. Further the diagrams

U o 174 germ, f — germ, () v(f)
U——2¢o(U) Yyr——mco(y)

commute. The vertical arrows are diffeomorphisms by definition. Therefore
1lg: U — V is a diffeomorphism. This completes the proof of (i).

We will now prove (ii). Prop. 3.4 shows that the orbifold atlases V and W' are
determined completely by the marked atlas groupoids I'(V) and T'(W'), resp.
Hence we can apply Prop. 4.12, which shows that F5(¢) is well-defined. Suppose
that

By(e) = (f. { fitier, [P,V)).

Prop. 4.12 yields f = idg. By Lemma 6.2 ¢ is a local diffeomorphism. Thus,
Prop. 4.12 implies that each f, is a local diffeomorphism. The domain atlas of
Fy(e) is V, its range family is W. From Prop. 5.6 it follows that 4 = U’. By
Def. 5.8 Fy(e) is a lift of id(g ). O

Proposition 6.4. Unit Morita equivalence of marked atlas groupoids is an
equivalence relation.

Proof. Since reflexivity and symmetry are easily verified, it suffices to show tran-
sitivity. Suppose that T'(V1), I'(V2), and I'(V3) are marked atlas groupoids such
that I'(V1) is unit Morita equivalent to I'(V2), and I'(Vs) is unit Morita equivalent
to I'(V3). Hence there exist marked atlas groupoids 'V, ), I'(Ws) and unit weak
equivalences e1: T(Wy) — T(Vy), e2: TWy) — T'(Va), e3: T(We) — T'(Va),
eq: TWa) — T (Vs):

(W) INQZ%Y;
r) L(Vy) L'(Vs)

Prop. 6.3(ii) (in combination with Prop. 3.4) shows that the orbifold atlases
Vi, Vo, V3, Wy, and W, are all representatives of the same orbifold struc-
ture U on some topological space ). Further Fy(e;) and Fy(eq) are lifts of
id(gu)- Prop. 5.19 states that I(e1) and Fa(e4) are equivalent. Hence there
exist a representative W of U and charted orbifold maps d; € Orb(W, W),
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do € Ol“b(W, Wg):

2
Wi ) 1%t

2N

2
Fs(e
W 2( 4) V

The maps 1 1= Fy(e1)od1 and 1z := F(e4)0d2 are lifts of id(g 4. By Prop. 6.3(i)
Fi(n) and Fy(n2) are unit weak equivalences. Hence I'(V;) and T'(Vs3) are unit
Morita equivalent. O

For an orbifold (Q,U) we define
rQ,u) := {(F(V),ay, Q) ‘ Y is a representative OfL{}.

Proposition 6.5. Let (Q,U) be an orbifold and let V be any representative of U.
Then I'(Q,U) is the unit Morita equivalence class of the marked atlas groupoid

(P(V)v ay, Q) :

Proof. Let (I'(W), aw, @) be a marked atlas groupoid which is unit Morita
equivalent to (I'(V), ap, Q). Then there exist a marked atlas groupoid (I'(K), ax, Q)
and two unit weak equivalences (I'(K), ax, Q) — (T'(V), ayp, Q) and (I'(K), ax, Q) —
(TOW), aw, Q). Prop. 3.4 shows that the orbifold atlases W and K on @ are de-
termined completely by (I'(W), ayy, Q) resp. (I'(K), ax, Q). Then Prop. 6.3(ii)
yields that W and K are representatives of U.

Now let W be a representative of U. Consider the charted orbifold maps

A~

f = (ido,{fi}ier. [P,v]) € Orb(V,V),

g = (idQv {gj}jGJa [R7 J]) € OI‘b(W, W)
where all f; and §; are identities (and [P, v] and [R, o] are given by Prop. 5.5).
Then f and g are clearly lifts of id(g.). By Prop. 5.19 f and ¢ are equiv-

alent. Hence there exist a representative I of U and charted orbifold maps
e1 € Orb(K, V), e2 € Orb(K, W) which are lifts of id(g ). The charted orbifold

maps 7y 1= fo e1 and 72 := g o &2 are lifts of id(g ). Prop. 6.3(i) shows that
F1(771) : (F(’C)v arc, Q) - (F(V)v ay, Q)a
F1(772) : (F(’C)v arc, Q) - (F(W)v aw, Q)

are unit weak equivalences. Thus, (I'(W), ayy, Q) is in the unit Morita equiva-
lence class of (T'(V), ay, Q). O

Equivalence of charted orbifold maps now translates to atlas groupoids as fol-
lows.

Definition 6.6. Let (G1,a1,X), (G2,a0,X), (Hy,(1,Y), and (Ha,32,Y) be
marked atlas groupoids. For j = 1,2 let

Vi (G, 0, X) — (Hy, B;,Y)
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be a homomorphism of marked Lie groupoids. We call ¥ and o unit Morita
equivalent if there exist marked atlas groupoids (G, «, X) and (H, 3,Y), a homo-
morphism x: (G, o, X) — (H,3,Y), and unit weak equivalences ¢;: (G, o, X) —
(Gj,a4,X), 05: (H,B,Y) — (Hj,B;,Y) such that the diagram

(GI,QI,X)L(HI,ﬁlaY)

(H,5,Y)

(Gay a2, X) —2 (Hy, B2, Y)

commutes.

Remark 6.7. For j € {1,2} let (Gj,a;,Q) and (G’,a’,Q’) be marked atlas
groupoids and

¢] : (G]7 Qi Q) - (G;7 04'7 Q/)
unit Morita equivalent homomorphisms. By definition there exist marked atlas
groupoids (K, a, Q) and (K’,a/,Q’), a homomorphism

X: (K7 Of, Q) - (K/7 O/, Ql)a

and unit weak equivalences

5] (Kvan) - (ijaj7Q)

(5;-: (K',d, Q") — (G;-,a;,Q')
such that the diagram

(G101, Q) —2- (G, 0, Q')

/
(K.0,Q) :
X\ w
(GQ,OZQ,Q)—2>( /270/2762,)

commutes. Let Vi, V5 and VW be orbifold atlases on () such that
(ij Qj, Q) = (F(V])v ay;, Q)

and
(K7 «, Q) = (F(W)7 aw, Q)

Likewise let V], V5 and W' be orbifold atlases on Q" such that (G, a’, Q") =
(I‘(V]’-),avjf_,Q’) and (K',o/,Q") = TW'),an,Q’). By Prop. 3.4 all these
orbifold atlases are uniquely determined. Prop. 6.3(ii) shows that Vi, Vs and
W determine the same orbifold structure U on @, and that F»(d;): W — V; are
lifts of id(g ). By the same reason, Vi, V5 and W' determine the same orbifold
structure U’ on Q', and F5(0%): W' — V; are lifts of id(qr ). Hence the charted

orbifold maps
F2(¢j)2 Vj — V]/
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are equivalent, and this equivalence is shown by the commutative diagram

F:
Vi 2(¥1) V1

Py (V \\\Fb(éll)
F>(x)
F(0 (\ Fa(y2) /6l

VQ I V2

An analogous argumentation allows to canonically convert equivalence of charted
orbifold maps f and § to unit Morita equivalence of Fy(f) and Fy(§). In turn,
equivalence of charted orbifold maps canonically corresponds to unit Morita
equivalence of homomorphisms between marked atlas groupoids, and vice versa.

Proposition 6.8. Unit Morita equivalence of homomorphisms between marked
atlas groupoids is an equivalence relation.

Proof. This follows immediately from Rem. 6.7 and Prop. 5.15. U

We define the category Agr of marked atlas groupoids as follows. Its class
of objects consists of all I'(Q,U). The morphisms from T'(Q,U) to T'(Q',U")
are the unit Morita equivalence classes [p] of homomorphisms ¢: (G, a, Q) —
(G',d/, Q") where (G,a,Q) is a representative of I'(Q,U) and (G',d/,Q’) is a
representative of I'(Q',U"). More precisely,

Morph (T(Q,U),T(Q",U')) =
= {[¢l]| ¢ € Hom ((G,0,Q),(G",0',Q")), (G,a,Q) € T(Q,U),
(G, Q) eD(Q U}

To define the composition in Agr let [¢] € Morph (I'(Q,U),I(Q",U')) and
[¥] € Morph (T'(Q',U"),T(Q",U")). Choose representatives ¢: (G,a,Q) —
(G',a,Q") of [¢] and ¢: (H',3,Q") — (H",5",Q") of [¢]. Then find repre-
sentatives (Kuva Q)7 (K/7’Y/7Q/)7 (K//77//7Q//) of P(Q7u)7 F(Qlaul)a F(Q//7u”)7
resp., and unit Morita equivalences

( 777 ) (G7a7Q)7

(K/7’Y 7Q ) (G/70/7Q/)7
ey (K. Q) — (H', 8, Q"),

(K" — (5.,

g:

and homomorphisms of marked Lie groupoids

x: (K,7,Q) — (K',,Q"),
ki (K'A,Q") — (K".7",.Q")
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such that the diagram

(G0, Q) —2= (G o/, Q) (H',3,Q) —2 (H", 8", Q")
(K,7,Q) X (K',, Q) a (K", ~",Q")

commutes. Then the composition of [¢] and [¢)] is defined as
[¢)] o [¢p] := [ o X].

Proposition 6.9. The composition in Agr is well-defined.

Proof. This follows immediately by invoking Rem. 6.7, Lemmas 5.11 and 5.17,
and Prop. 5.18. O

Recall the orbifold category Orb from Sec. 5.3. We define an assignment F' from
Orb to Agr as follows. On the level of objects, F' maps the orbifold (Q,U) to

A,

I'(Q,U). Suppose that [f] is a morphism from the orbifold (Q,U) to the orbifold

(Q',U"). Then F maps [f] to the morphism [F;(f)] from I'(Q,U) to T'(Q",U’).
Now one easily deduces the following theorem.

Theorem 6.10. The assignment F is a covariant functor from Orb to Agr.
Even more, F' is an isomorphism of categories.

Remark 6.11. The functor F is constructive. With an easy extension of [MMO03,
Cor. 5.31], also F~1 is constructive.
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