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Non—Degeneracy Theorem

A Note for Generic Smoothness Theorem
Lin Weng
Let S be an algebraic surface, H be an ample line bundle on S . We denote by

Mp(r.D.k) the moduli space of all isomorphic classes of H-stable rank r vector

bundles with fixed determinant bundle D and second Chern class k.

Fixed a line bundle L on S with hO(L) #0 , we can introduce a closed

subvariety filtration on My(r.D k) as follows:
r.D.k)

: 0 : .
where Z7 := {E e My(r.D.k){h'(ad E® L') # 0} and X7 = llJ T -

Such kinds of subvarieties are very important in studying vector bundles on
surfaces, smooth structures on surfaces, periods theory of surfaces and symplectic

structures on surfaces, etc. For examples:

I. IHwelet L= KS , the canonical line bundle of S, r=2, D= OS , then
Donaldson proves the following

Donaldson Lemma [1]. dijEII( <3 + A{k+ A, where A is a positive number
S

which only depends on the geometry of S .



The most important consequence of it is
Corollary [1]. For algebraic surfaces with Pg > 0 and sufficiently large k, k—th
Donaldson SU(2)—invariants do not vanish. Thus a simple connected algebraic surface
with p g > 0 at least has two different smooth structures.
. Ifwelet L=Kg only, Zuo [5] generalize Donaldson Lemma as follows:
neric Smoothness Theorem (Zuo [5]).
: 1

dimgEe <3k + A{K+A,

where A is a positive number which only depends on the geometry of S and D.

As an immediately consequence, we have

Corollary. For an algebraic surface with p g > 0 and sufficiently large k , its k—th
Donaldson SO(3)—invariant does not vanish. And My(2.D.k) is generic smooth.

III. Ifwelet L = 2KS ,and D = OS , we have the following
Analogue of Donaldson Lemma (Tyurin [4] ):

. 2
¢mcszsak+m+A,
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where A only depends on the geometry of S .

Corollary. For algebraic surfaces with Pg = 1(mod 2) , we have a well-defined theory of
periods of surfaces, which generalize the theory associated to the pair (C,J(C)) , where

C is an algebraic curve with its Jacobian J(C) .

In this paper, we want to generalize Zuo’s work on any line bundle L , instead of

Ks , i.e. we have the following
Non—Degeneracy Theorem. For any line bundle L on S with hO(L) >0,
dimgE] <3k + A{K+ A,
where A only depends on the geometryof S and L.
Surely, this theorem has I, II, IIT as special cases. Moreover, we can easily find an
application of it in studying symplectic structures on algebraic surfaces. In fact, in this

case, we only use Non—Degeneracy Theorem with L = 2K¢ [3].

The rough ideal behind the proof of Non—Degeneracy Theorem is from the

following analysis:

For any E € EIIJ , we find that there exists a nonzero section s € i (adE®L).

Consider the degeneracy locus of s. In this way, we can devide EI{ into two parts
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BL= {EeEHEIs#ogHO(adEeL), t e H(L), s.t. dets + t2 =0} ;

1 oy ol
951 = 2\ 31 -

For 1)311‘ , we can find two subline bundles of E , namely, kernel of the nontrivial
s:tidE@t
morphism E ——=— E®L . Their quotients are rank 1 torsion—free sheaves. But on
surfaces, rank 1 torsion—free sheaf is determined by its first Chern class and
singularity set (e.g. Kobayashi [2] and Tyurin [4]). We find that E is totally
determined by ker(s +idp ®t) , S,(coker(s+id, ®t)) and the extemsion group
associated to s+ idE @1t . Now, we can use the fact that E is H-stable to deduce
that c,(ker(s £idg ®t)) are only finite many. From here, it is not difficult to prove

the following
Lemma: dimg 1211' <3k +AJK+A.

For ,Zi , we note that 0#s:E——E®L only has degeneracy locus along
(det s)0 € |2L| , which is an even divisor and is mot resulting from |L| . By some
more or less standard theory, we can find a double covering along with (det s)o . With a
subtle modification, we can prove that E and S do come from a line bundle on the top
surface and a morphism from this line bundle to the pull back of E . Just as above, we
also can prove that such kinds of line bundles only fit into finite many classes. From

here, we can show that 22111 only has a relative low dimension.

As our proof is essentially the same as Zuo’s original proof for Generic Smoothness
Theorem, which is also pointed out by Zuo himself, here I'd like to prove the lemma

only, in order to show how to make a modification. With this, we recommend readers to



see [5] for the proof of the rest part.
Proof of the Lemma: Consider the following maps
siidEOt :E—E®L.
As det(s *idp @ t) =det s + 2=0 , we have the following facts:

(1) ker(s + idp, ®t) are line bundles, denoted them by L #;

(2.) There exists the following exact sequence
0 — Og(L$) — E — Og(D ~ L) @J&k_’o
where J ¢+ are ideal sheaves of clusters £+ on S ;
(3.) (D~L%) - L + |€x] =k.
Furthermore, as
. . 2 . 2 X 2
(B(i)ldE ® ")(3(1)1(1}3 ®t)=8"-idp ®t"=—idp ®(dets +t°) =0,
we have the following non—trivial maps

Og(D-Let) @J, | — Og(L + L)

Thus

(*)



D-L+<L+L+.

Note that H is an ample divisor and E is H-stable, we have
(D-L+)H< (L + L¥)H,

and

L+ -H<D- H/2.
From this, we have

~L-Hg [—%—+Li] CH<O.

Next, we want to prove the following

Sublemma. With the same notation as above, we have

3. hO(Kg+D-2L4)<A;

4. #{(I¥)} <+o.

(*x)



Proof: 1. By Hodge Index Theorem,
D 2 D 2 9 2, 22
[—-2-+Li] < [[—-2-+Li]H] JH“<(LH)*/H° < A;

2. For any line bundle I, we have a decomposition

1
1=(I—1}1H+IH.
H

Thus
D
1 1 [— + L*]-H K.-H
-3+ ie ) x| < |[Rame ] BT+ 12 <

2
x H
H2 H2

By Hodge Index Theorem.

REHS 5J—[[—%—+ Li]lH]z J-(KLH)2 +A< AJ—[[—%+ Lt]lH]2 +A.

Note that

2
TR 0N N s U

_[_-I?)-+L:k]2+%]2i-ﬁ(;)k+ﬁu; (k)

3. It is sufficient to prove that



(Kg+D-2L%) - H<A,
which is an easy consequence of (**);
4. 1t is sufficient to prove that
(2H?) [cl [—3} + L+ ]] e 51Y(s) n BY(S,7)
has a bounded norm.

On the other hand, we have
2( D _ D 2, D |
oH [—-2-+L=i:] _2[[—-2-+L=k] -H]H+(2H )[—7+ L:k] ,

b

and [2[[—l}+ L-t] . H] H]2 (2*)

-

- Ly 2, (k)
| [(2112) L—§+ Lﬂ:] H] | < '4(H%H%(k + A) . Q.E.D.
By 4. we can decompose Ei into finite many subvarieties
1_ () iel
EL_liJ T,

where E e ‘zi comes from the extension 2. with the same c,(L#).
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By (2.), it is easy o sce that 'Z1 is parameted by ¢ e Hilbl¢1(5), L+ e Pic(s)

and
1
Ext OS(OS(D "L(:t)) GJE(i) , OS(L(i))) .

Thus

dim T < max{dim, '£1} < max{dim Ext} (Og(D—L)®J,, 0c(L/+)) +

L ; ¢ “L i 048 ¢£7 SV (L)

21yl +a(S)| = m?x{hl(os(Ks +D- 2L(i)) ® Jf(i)) +2{{&y| +a(S)} -

Note that we have the following exact sequence
0—Og(Kg+D+2L+,)®J — Og(Kqg+ D —2L+,) —
s\ts (5 " gy T USs ()

of(i)' ® Og(Kg + D —2L) — 0,
thus, h'(Og(Kg + D - 2L +)) ® Jﬁ( i)) < eyl + h'(Og(Kg + D — 2L ) =
If(i)l— x(Og) + hO(OS(KS +D- 2L(i))+ h2(Os(KS +D- 2L(i)) -
2

23 +1) )+ [ ) K .
= 161 =x(0g) + h%(0g(Kg + D - 2L 4)) - 2[—§+ L(i)] + [_g + Ly ] ‘Kg
2.,3. D 2

< Jek] + AR+ A 2=+ Tt |
1
1§yl + AJE+ AT —3[—%+ Li]

*

= —2[{t)| +3k+AE+A.
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Therefore, we have

dimg 5] <3k + AJE+A. Q.ED.
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