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(Super)-character and (super)-denominator
formulae for finite dimensional and affine Lie
superalgebras with non-degenerate,
supersymmetric, invariant bilinear forms

Urmie Ray

Abstract: In this paper we give a proof for the Weyl character and super-character
formulae for all irreducible highest weight integrable modules of finite dimensional
and affine Lie superalgebras with non-degenerate supersymmetric, invariant bilinear
forms, except for modules of level 0 of affine Lie superalgebras with zero dual Coxeter
number. We deduce a denominator and super-denominator formulae for these Lie
superalgebras except for affine Lie superalgebras with zero dual Coxeter number.

1 Finite dimensional Lie superalgebras

1.1 Introduction

Unless otherwise stated, a Lie superalgebra will mean a simple fi-
nite dimensional with symmetrizable Cartan matrix. A finite di-
mensional Lie superalgebra is of this type if and only if it is either
a simple Lie algebra or one of the following ones:

A(m,n), B(m,n),C(n), D(m,n), Fy,Gs, D(2,1; ).

The study of their representations was started in [K3]. More pre-
cisely a character formula was computed for what the author called
their typical representations. An irreducible representation of high-
est weight A with respect to a base II is typical if and only if there
are no isotropic odd roots « such that (A + p,«a) = 0, where p is
the Weyl vector with respect to the base II. In this case, its char-
acter formula is of the same form as the one in the context of finite
dimensional simple Lie algebras. The problem in the arbitrary case
is the existence of both positive and negative non-diagonal entries
in the Cartan matrix or in other words the existence of real roots
both of positive and negative norms. Indeed this makes it impossi-
ble to apply the standard proof of the character formula used in the



Borcherds-Kac-Moody setup [B, K4] as it relies heavily on inequali-
ties. The level of complications depends on the maximal possible di-
mension of an isotropic subspace of the set of roots, otherwise known
as the defect (as defined in [KW1]). In particular, if a Lie superalge-
bra has defect 0, or equivalently has no isotropic odd simple roots,
which is the case when the odd part of the Lie superalgebra is trivial
or G is of type B(0,n), there are no problems. When the defect is
equal to 1 — i.e. for the exceptional Lie superalgebras of type Fj,
Gs, D(2,1; ), and those of type A(0,n), A(m,0), B(1,n), B(m,1),
C(n), D(m, 1) —, the character formula for all irreducible integrable
highest weight representations was computed in [KW1]. When the
defect is equal to or less than 2, there is a base II with respect to
which the Cartan matrix is of Borcherds-Kac-Moody type, i.e. its
non-diagonal entries are all non-positive and hence the proof of the
character formula given in [Ray] for irreducible integrable highest
weight modules for which (A, a;) > 0 for all simple roots «; € II of
Borcherds-Kac-Moody superalgebras applies. In particular, it gives
the denominator formula for the Lie superalgebras of defect at most
2.

There have been several attempts to derive the (super)-
character formula for atypical modules. Apart from the papers cited
above the following is a far from exhaustive list of articles dealing
with several special cases: [BL], [F], [J], [JHKT-M], [S1] and [S2]. In
[KW1], the authors conjectured a denominator formula for all finite
dimensional cases. This was proved recently using combinatorial
methods recently in [G].

In this second part, we give a proof of the character formula
for all the irreducible integrable highest weight modules, equiva-
lently finite dimensional irreducible. From the (super)-character
formula, we deduce a (super)-denominator formula. Our proof is
not combinatorial and applies to all the finite dimensional Lie super-
algebras with symmetrizable Cartan matrix. The main idea behind
the proof is independent of special features of the different types of
finite dimensional Lie superalgebras and is heavily dependent on the
concept of odd reflections constructed by V. Serganova in [LSS].

1.2 Notation and some fundamental properties

In this section, we fix the notation that will be used throughout the
first part of this paper and give basic properties of the Lie superal-
gebras in question.

1. Z, will stand for the set of all non-negative integers and N for
the set of positive integers.



2. Let G be a finite dimensional Lie superalgebra with a non de-
generate, super-symmetric, invariant bilinear form (.,.).

3. Let H be a Cartan subalgebra of G and A < H*, Ay < H*,
A1 < H* be respectively the set of roots, even root, and odd
roots with respect to the Cartan subalgebra H. Set Ay = {a €
Ay : %a Z A},

4. Let 1T = {ay, - ,an} be a base of the root system A. Let
E = RII be the real vector space spanned by the base II. The
base II is a basis of the dual space H*.

Convention used in this paper: By Cartan matrix we mean the
matrix of the restriction of the bilinear form to the Cartan sub-
algebra H. In the usual sense, a Cartan matrix has a different
meaning: its diagonal entries are equal to 2 or 0 only. It may be
symmetrizable but not necessarily symmetric. When it is sym-
metrizable, its symmetric version (i.e. its product with an ap-
propriate diagonal matrix) can have entries both non-positive
and non-negative and not always equal to +2 is what we call
Cartan matrix in this paper. However, the Killing form may
be trivial and hence the usual Cartan matrix trivial, but there
may be other non-degenerate bilinear supersymmetric invariant
forms as is the case for A(n,n).

Let h; € H, 1 <i < N, be such that (h;, h;) = (a;, ).

Let A™ be the set of positive roots with respect to the base II.
Set

AF =ATNA,, Af =ATOA;

and IIy to be the base of the Lie algebra with positive root sys-
tem AJ. For Lie algebras or Lie superalgebras of type A(m,n),
C(n), B(0,n), a € Iy if and only if a € I or o € II.

For Lie superalgebras of type B(m,n), m > 0, D(m,n) or ex-
ceptional, we define 0 to be the positive root with the following
property:
1
0 € Iy, 0,5«9§ZH.
Indeed in these cases, a € I if and only if a € II or %oz ell

or o = 0.

5. Let
Go={r€G:[h,x]=a(h)z,h € H}.

As dimG < oo, dimG, =1 for all a € A.



Set e; € G,,, fi € G_,, to be the generators of the superalgebra
G, where [ei,fi] = hz and [h, ei] = (h, hi)ei, [h, fz] = —(h, hz>fz
for all h € H. Note that our generators are multiples of the
usual generators taken when the Cartan matrix is assumed to
be symmetrizable but not necessarily symmetric.

. For aroot a € A, write supp(«) for the support of a. By abuse
of language we use this terminology for both the simple roots
and their indices.

. As in [KW1],
e(\): E=RA —R
[ e(Ah)

Y oaem* axe(N)
Z)\GH* b>\e()\)
rational exponential functions, namely the numerator and de-

nominator are finite linear combinations of exponentials e(\).

is an exponential function and the expressions are

! [ (1 — e(—a)
e Mear Gt e-a)
and
o Taeag (1= c(-a)

[oca: (1 — e(—a))
to be respectively the Weyl denominator and superdenominator
with respect to the base II.

. Let p be the Weyl vector with respect to the base II, i.e.
1
(p, ;) = 5(0@,0@) V1<i<N.

Let py be the Weyl vector of the Lie algebra GGy with respect
to the base Ily. Set p1 = po — p. As dim G < oo,

1 1
,00252047 0125204-
acAF acAf

Because the bilinear form on G is non-degenerate, there is a
unique Weyl vector in E.

. Let V= V(A) be the finite dimensional G-module of highest
weight A € H* with respect to the base II, i.e. for all

2(A, «)
(@, q)

a € A" such that |al* # 0, €Z,.



10.

11.

The vector vy € V will denote a highest weight vector of the G-
module V(A). Set P(A) to be the set of weights of the module
V(A). For p e H*, we write V, = {v e V : h.v = p(h)v, Vh €
H}. Then, dimV, < oo for all p € H* and following [K4]

chV = Z(dim Vi)e(p) € €,

u<A

where £ is the algebra over C of formal series of the form

Z cue(p)

pneH*

where ¢, € C and ¢, = 0 for p outside the union of a finite
number of sets of the type D(\) = {u € H* : p < \}.

Let W be the Weyl group of the Lie superalgebra G. For
w € W, let I(w) be the number of simple reflections needed

to write w as a word and [ (w) the number of simple reflections
corresponding to the set Aj needed to write w. Set

e(w) = (-1)® and  guw) = (—1){®).

We define the following subgroups of the Weyl group:

Wy = (ry : |a]* > 0)

W_ = (rq : |a]* <0),
ie.

W - W_ X W+.

Go = (Go)+ ® (Go)—, where (Go)y = (Go : a € Ay, |a]70)
and (Go)- = (G4 : a € Ay, |a]<0). To express the (super)-
denominator formula in a simple manner, we need to choose
one of these summands. We do this as follows (see [KW1]).

Setting 0’ to be the maximal root in AT, define the dual Coxeter
number

1
W= 500"+ 2p)

to be the half of the eigenvalue of the action of the Casimir
operator on the Lie superalgebra G. h¥ = 0 if and only if G is
of type A(n,n), D(n+ 1,n), or D(2,1;a) (see [KW1]). Set

{ae A : |a*hY >0} if WY #£0
Al =< {ae Al :|a> >0} if G is of type A(n,n)

{ae Af : a!|0)> <0} if G is of type D(n+ 1,n) or D(2,1;a)
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12.

and
W= (ro: a € A%,

In the appendix of [LSS], V. Serganova introduced the concept
of odd reflections for finite dimensional simple Lie superalge-
bras with Cartan matrix. As the proof is heavily based on the
use of these reflections, we remind the reader of their definition.
For 1 <i < N, if |ag|* = 0, the linear map s,, on H* given by

a; if j # i and (a;,04) =0
Sai(@y) = { @ + i if (aj,00) #0
—a;  ifj=i.

is the corresponding odd reflection.

Write II; := s,,(II). This is another base of the set of roots A
whose simple roots are:

a; if i # j and (o, ;) =0
Bi=R o +a; if (a,05) #0

Define
A:'(_) = Ao N Z+Hi, Aj_l = Al N Z+HZ

The notation
A< p

will mean p — A € Z,II;. More generally if II' is a base then
A<

will mean p — A € Z,II'. From now on IT" will denote a base
obtainable from the base II by successive applications of odd
reflections. A consequence of the definition of odd reflections
is the following:

Corollary 1. Let a; € II be such that |o;|* = 0. Then the set
of positive even (resp. odd) roots with respect to the base 11; is

Ag (resp. (A7 —{ai}) U{—ai})

and
p+Q;

1s a Weyl vector with respect to the base 11;.



Proof. Let
o= Z kio; € AT,
i=1

Suppose that o # a;. We show that o remains a positive root
with respect to the base II;. We know from Proposition 1 that
« is a root and hence we only need to check positivity.

Suppose first that there is an index j € supp(«a) such that j # i
and (o, ;) = 0. As o; € II; and k; > 0, it then follows that
S Z+H/L)

Hence we can suppose that for all j € supp(a) such that j # i,
(ay, ;) # 0. Then, for j # 1,

aj = (a; + ;) + (—a).

Since a; + o, —a; € 11;, a; € Z4(I1;). Hence as k; > 0 it again
follows that a € Z(I1;). The first two statements follow.

It remains to check that p; = p + «; is the Weyl vector with
respect to the base II;. Now

(p+ i, ;) = (p, o)
for all (o, ;) = 0. In particular,
(p+ i, —a;) = 0.
If (v, ;) # 0, then

1
(p+ i, a; + aj) = S (aj, a5) + (g, o)

2
1
= §(az + OZj, a; + Oéj)
Therefore p + «; is a Weyl vector with respect to the base
IT;. O]
Set
pi =p+ Q.

We will write A’ for the highest weight of the finite dimensional
simple G-module V' with respect to the base I1;. More generally,
for the base IT', we will write p’ and A’.



1.3 (Super)-character and (super)-denominator formulae

1.3.1 Statement of main results

Let V' = V(A) be an integrable highest-weight irreducible G-module
with highest weight A with respect to the base II. Set Sjy, to
be a maximal subset of AT consisting of isotropic roots, mutually
orthogonal and orthogonal to the weight A + p. The cardinality of
the set Say, is called the degree of atypicality of the module V. It
is independent of the base. The cardinality of the maximal isotropic
subset of the set of roots is the defect of the Lie superalgebra and
clearly the atypicality of a module is at most equal to the defect of
the Lie superalgebra. If Sy;, = 0, then the module V' is typical. In
this case, the character formula was proved in [K3|. Our proof for
the general case includes the typical case and is different from the
one in [K3]. Based on the notation in [KW1], for a subset U of the
Weyl group W, set

7?\+P = UTSSA+p{Z Oé}
acT
to be the subset of H* of all possible sums of roots in Sy, and
Saip =SS0y U{BETa,: BE SavpB= D>, 7}
vEAT YESA+p

to be the subset of 7., consisting of roots in Sy, and of sums of
at least two roots in Sy, that can be written as sums of odd roots
not in Sa4,

Proposition 1. 1. If the atypicality of the Lie superalgebra G is
equal to 1, then Spyip = Satp;

2. if the base Il contains a unique isotropic root then Say, = Try,;

3. Zf S/H-p S H, then SA+p = SA+P'

e(A+p)
[Loes,,, (1 +e(—a))

LA spy,mu = Z e(w)w(

wel

)

and
e(A+p)

[loesy,, (1 —e(=a))

fA,SA+p,H,U = Z é(w)w(

welU
Define
INSpsp LU
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(resp.
JASaspILU)
to be the the cardinality of the set

e(w(A+p)) - e(A+p)

{wew: [aes,,, (1 +e(=w(@)  Tlaes,,,(1+ e<—a))}
(resp.
w , e(w(A + p)) _ e(A +p)
e e (= ew(@) ~ Tlacs, (1= e(—a))
Define
Ch A syp, L0 = Jr sy, ne(—P) R Tasy,,mu
and

scha, sy, L0 = Jxsy,,n€(—P) R Tasy,, o
We generalize the notion of a tame module given in [KW1]:

Definition 1. The G-module V' = V(A) is said to be generalized
tame (with respect to the base 11) if

chV =ch A,Sayp LW -

When the degree of atypicality of the module V' is at most 1, the
G-module V' is said to be tame.

We need to distinguish between two types of isotropic roots.

Definition 2. The isotropic root o € A% is said to be of the first
kind if there is a base II' = s, - - - s1(II), where the s; are odd reflec-
tions, such that o € II'. Otherwise the isotropic root « is said to be
of the second kind.

Proposition 2. When the Lie algebra G is of type A(m,n), C(n)
or is exceptional, all isotropic roots are of the first kind. This is
not the case when the Lie algebra G is of type B(m,n), m > 0, or
D(m,n).

Theorem 1. Let G is either a Lie algebra or a Lie superalgebra of
type A(m,n), C(n), or B(0,n). Then all finite dimensional irre-
ducible G-modules are generalized tame with respect to all bases.

When the Lie superalgebra G is of type B(m,n), m > 0,
D(m,n) or is exceptional, set

W = (ro : a € Iy — {6})

and
W'= (rg,ro : a € Iy : |a]|0] < 0).



Theorem 2. Let the Lie superalgebra G be of type B(m,n), m > 0,
or D(m,n). Set a to be the maximal isotropic root of the second
kind such that i € supp(«) implies that |a;]|0] < 0.

1. If
(6.6) -
(equivalently the G-module with highest weight ro(A+ p) — p is
infinite dimensional), then the G-module V' is tame and

Saip = {a} or 0;

2. if the G-module with highest weight ro(A + p) — p is finite di-
mensional then the module V' is not generalized tame and

2(A+p

Ch = 7 > <0

Ch V — AvsA+paH:W f =
ch A sy, 1w — Chirg (At p)—p,Sa g, LW otherwzse

Moreover, if 2([(\”)’ ) < 0, then all isotropic roots in the set Sy,

are of the first kind and otherwise Syy, = {a}.

Theorem 3. Let G be an exceptional Lie superalgebra. Then,
W = (rg,ro : ||]|0] < 0}.

1. If
2(’/“9(/\ + p) - P 9) <0
(6.0) -
(equivalently the G-module with highest weight re(A + p) — p is
infinite dimensional), then the G-module V' is tame;

2. if the G-module with highest weight ro(A + p) — p is finite di-
mensional then it not generalized tame and

i 2(A+p,0)
chV = {Ch ASatp LW if (90% =0

ch ASapp LW — ch ro(Atp)—p,Sa g o, TL,W otherwise

As a consequence, the denominator formula can be nicely
expressed with respect to a base with special properties.

Theorem 4. Let G be a finite dimensional Lie superalgebra with a
symmetrizable Cartan matriz. Let 11 be a base containing a mazimal
1sotropic subset S of the set of roots A. Then the denominator
formula is:

e(p)R =Ty gmmw:-

10



In particular, when the Lie superalgebra is of type A(m,n) or C(n)
or B(0,n), the trivial module is generalized tame and when the Lie
superalgebra is of type B(m,n), m > 0, D(m,n) or is exceptional,
it 1s not generalized tame.

Theorem 5. For a Lie superalgebra G with symmetrizable Cartan
matrix, replacing ch with sch and I' with I' in Theorems 1, 2, 3
and 4 gives the super-character for the module V and the super-
denominator formula.

1.3.2 Proof: Part I

In the rest of this section we prove these theorems. As mentioned
in section 2, we fix an arbitrary base II. The arguments in [K3] or
[K4] lead to the next equality:

e(p) TT (1= e(-a)en v

aeAS‘
- Yo aeh+p) [T A +e(—a)), (1)
A<A, | A+p|2=|A+p|2 acAf

where cp =1, ¢, € Z.
In the first part, we aim to prove the following result:

Proposition 3. Let I be a base containing at most one isotropic
simple root and all of whose non-isotropic roots are even. Let \ € H*
be such that c) # 0.

1. When G is a Lie superalgebra of type A(m,n) or C(n),
At p=wA+p) — Z koo

aE€Su(A+p)

where w € W, for all o, ko € Z and k., # 0 implies that the
root a is a positive isotropic root. Moreover, when kg, ko # 0,

(o, 3) = 0.

2. Suppose that G is a Lie superalgebra of type B(m,n), m > 0
or D(m,n).

(a) If rg(A+ p) € A+ p, then Say, # 0 and

A+p=wlA+p) — Z koo

AESw(A+p)

for some w € W, keN and mutually orthogonal isotropic
roots « of the first kind;

11



(b) otherwise either Say, = (0 in which case
A+ p=w(A+p)

or Say, = {a}, where a is the mazimal isotropic positive
root of the second kind containing only simple roots of non-
negative norm in its support and

A+ p=wA+p—ka).

3. When G is an exceptional Lie superalgebra, Say, = 0, in which

case
At p=wlA+p)

or Snt+p = {a}, where a is an isotropic root of the first kind

and
A p=wA+p) — kw(x)

for some w € W,y if (A+ p,0) > 0 and for some w € W
otherwise.

We do not as yet restrict ourselves to a base with the prop-
erties described in Proposition 2. We assume that G is not a Lie
algebra or of type B(0,n) as in these cases there are no isotropic
roots and hence the usual proof of the character formula applies.
This will avoid mentioning these cases throughout the proof.

Note that ¢y # 0 implies that A < A. The point is that there
may be other sums for which this is not the case. In other words,
with respect to a base II' = {3, - , By} with positive even (resp.
odd) root set Ay (resp. A}), we may have:

e(p) T (1—e(-a))env

acAlt
= > delhrp) J] G +e(-a)), (2)
[A+plP=|A+p]? acA;t

with some weight A € H* such that d) # 0 but A £, A.

Suppose that 1 < j < n, a; € A; and |ay]* = 0. We show
that this situation arises when we consider equality (1) with respect
to the base II;. Corollary 1 tells us that equality (1) can be rewritten
as follows:

12



e(pj—a;) [] (1 —e(=a))chV

aeAjo
= > cieA+ple(—ay) [[ 1 +e(=a))  (3)
ASA, o= | A2 aeal,

Let us find the highest weight A/ of the G-module V with
respect to the base II;.

Lemma 1. With respect to the base I1;, the highest root of the G-
module V' is
A = A_aj Zf(A,Oé])%O
A Zf (A, Oéj) =0

Proof. fjun = 0 if and only if (A,a;) = 0 and hence the result
follows since ijUA = 0, the simple root «a; being isotropic. Il

As a result:
Corollary 2. |A + p|*> = [N + p,|?.

Proof. This is a direct consequence of Lemma 1 when (A, c;) # 0
and it follows when (A, ;) = 0 since (p, a;) = 0. O

Simplifying equality (3), from Lemma 1 and Corollary 2, we
get:

e(p) T] (1= e(=a))chv

aeAj‘O
= > aeM+p) [ @ +e(-a) (4)
AZA, [Mpl2=[Ad+pj|2 aeAf;

We will say that equality (4) is equality (1) with respect to
the base II;. Note that this is not the same as substituting the base
I1; for the base IT in equality (1): indeed, A+ p = (A — ;) + p; and
cx # 0 implies A —a; < A—a; < A7 but A —«; <; A7 may not hold.
More generally we will use the phrase "equality (1) with respect to
the base II"” for bases II' obtainable from the base II by successive
applications of odd reflections. Writing

A=A-> ko € H,

13



Atp=

N+ Pj — Zz’;ﬁj kzﬁzj - (Zi,(ai,aj);éo ki — k]>ﬁ§ ' if (O‘ja A) #0

N +pj — Zi;&j ki3] — (Zi7(ai7aj)?g0 ki —k; — l)ﬁjj otherwise
(5)
In other words, with respect to the base 1I;, the coefficient
of the base element ﬁ; may be positive. The proof of the theorems
is based on the observation that with respect to the base II;, for
each weight A appearing on the right hand side of equality (4), i.e.

with ¢y # 0, at most one summand, namely that corresponding to
the simple root 6;, may be positive.

Lemma 2. Let

i#]
be a weight for which dy # 0 in equality (2) and such that for all i,
ki € Zy and k; > 0 for some index 1 < j < n. Set

p=A~A- Z kif;.
i#]

Then

|6i] =0
and for all integers s > 1,

Ayvsp; = (_1)871dﬂ+ﬁj'
In particular, d,.y5, # 0,
(A, 55) = 0= (1, 5)
and for all integers s > 0,
1+ s8; + pl* = |A + pl*.

Moreover if the term e(pu + p) does not appear on the left hand side
of equality (2), then d,, # 0 and in particular, d,. s, = (—1)°d, for
all s € N.

Proof. Let the weight A = A—3%". . k;8; + k;3; be such that dy # 0,
k; > 0 for all 1 <7 < N and k; > 0. Since no terms on the L.H.S.
of equality (2) equals e()),

dy+ Y driy =0,

~

14



where the sum is taken over sums v of distinct odd roots. We prove
the result by induction on k = ;. k;. Let k be minimal. Then,
dxyp; 7 0 and dyi, = 0 for all v # ;. So

dx + dxip, = 0.
Next replacing A by A + [3; we get
drtp; + dat2p;, = 0.
More generally, for all integers s > 0,
drysp, = (—1)%dy.
In particular
A+ p+sBi, A+ p+s6;) = A+ p, A+ p)
for all integers s > 0 and so
(B,8;) =0
and
(A, B;) =0

since (p, B;) = 0.

Suppose that k; > 1. If dy_5, = 0, then as 3; € A7, there
is a term on the right hand side of equality (2) equal to e(A — ;).
However this is false if £; —1 > 0. In this case, the above arguments

imply that dx_5, = —d,. Continuing in this manner we can deduce
that if
p=~A=> ki,
i#]

then for all integers s > 1,

dpysp; = (_1)s_ldu+ﬁj-

Moreover if the term e(u + p) does not appear on the left hand side
of equality (2), then d,, # 0 and in particular, d, s, = (—1)°d, for
all s € N.

Now

duss, O _(=1%e(s8)) [ (1 +e(=a))

520 aeA]

= duys,(1+e(b) " J] (1 +e(—a)

aeA)

=duge(-03) J[ (L+e(-a)

aeA]—{B;}

Therefore the result follows by induction on k. n
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As we have seen previously, we can apply Lemma 2 to equal-
ity (4) with respect to the base II;. Since 3] = —a;, this gives:

Corollary 3. Suppose that 1 < j < r with |a;|* = 0. Let A\ € H*
be such that cy # 0 and

Atp=N+p =) LG
i=1

Suppose that [; < 0. Set p = X — (l; + 1)a;. Then for all integers
s>1,

Cu—sa; = (—1)%¢y
and

(:uv aj) = 0.

In particular, ¢y = (—1)4tVe, and ¢, # 0. In particular, p < A
and pp <; L;. Furthermore, the term e(p + p) appears in the left
hand side of equality (1) or cyta; # —Cpu-
Proof. We only prove the last inequality and statement. p+ p =
(u+067)+pj and p+ G <; M. In particular, 4 <; A/. From Lemma
2 we know that either the term e(y+a;+ p) appears in the left hand

side of equality (4) or ¢yio; = —c,u. Since p; = p + a;, the former
case is equivalent to the term e(u + p) appearing of the left hand
side of equality (1). O

Since at each base change by an odd permutation, precisely
one base vector changes sign, the following is a consequence of the
fact that e(u + p) appears in the left hand side of equality (1).

Lemma 3. Let A\, € H* and the simple root o be as described in
Corollary 4. Suppose that the term e(u+ p) appears in the left hand
side of equality (1). Let (3] be an isotropic simple root of the base
II; and 11, = s,(I1;). Then, writing ;1 + p as a linear combination
of the basis vectors in Il;, the coefficient of sk(ﬁi) 15 at most 1.

Note that there are two types of isotropic roots. Let o € A}
be such that |a|* = 0. Then, either there is a base I’ (as described
in section 1, obtainable from II after successive applications of odd
reflections) such that « € II" or for any such base II', o ¢ II'. We
will say that the root £« is either of the first or second kind. If
there are isotropic roots, then all of them are of the first kind if and
only if the Lie superalgebra G is of type A(m,n) or C(n).

As a consequence of Lemmas 2, 3 and Corollary 3, applying
successive odd reflections, the following can be deduced:
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Corollary 4. Let A € H* be such that ¢y # 0. Then there is a
wetght p € H* for which the height A — p is such that ¢, # 0 such
that

)\+P:M+P— Z ka@a

aEAT
where ky € Z4

1. ko # 0 implies that o € AT, (a,u) =0 = (o, B) if kg # 0; in
particular the root a is isotropic of the first kind; and

2. either 4 p <, N + p' for all bases II" and p+p+a A + 0,
for bases II' with respect to which the root «v is simple; or the
term e(pu+p) appears in the left hand side of equality (1). If the
latter holds then there is a base II' = {(,--- , Bn} of the above
described type and an isotropic simple root (B, € II' such that
ptp=N+p + B — > Libi, where for all i # k, l; € Z.
Furthermore if B for k # i is an isotropic simple root, then
writing pi+p as a linear combination of simple roots in sg, (1I'),
the coefficient corresponding to sg, (Bx) is at most 1.

For reasons of simplicity which will become obvious later,
from now on we assume that the base Il contains one isotropic simple
root and all other simple roots are even. This is always possible (see
K1)

A(m,n):

631 Q41 Amtnti
O—"-0—&® —0O--—0
B(m,n) (m # 0):

o a, Qmin
oO-—0O0—® —0— ~—0=0
C(n)
o Qnp,
® —-O-+-0—0<0
D(m,n)

O Qmin-1
oy Qp /
O-»—0—®& —0O0— —0O

AN

O am+n
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D(2,1;a): o Qg g

O-® ;0
F(4): a1 Qp Q3 Q4
® -0<0—-0
G(3): ap Qo3
® —0<0O

3 We set o € I1 to be the unique simple isotropic root. Define
W to be the following subgroup of the Weyl group W:

W = <7”i . |Oéi|2 # 0>

Without loss of generality, we assume that when W #£ W, 16]? < 0.
We make the following observations which can be easily
checked:

Lemma 4. If G is a Lie algebra or a Lie superalgebra of type
A(m,n) or C(n), then W = W. Otherwise W = (W,ry). When
the Lie superalgebra G has defect 1, the root 6 is the unique even
positive root of negative norm. When the Lie superalgebra G is of
type B(m,n) or D(m,n) withm >0, if a, f € Ay such thatrq, € W
and rg & W, then |a|* # 8>

We next study the action of the group W on the weights
A € H* such that ¢y # 0.

Lemma 5. For all weights A\ € H* such that c) # 0,
wA+p) <A+p
for allw e W.

Proof. Since W is the Weyl group of the Lie algebra with simple
root system {a; € I} U {2q; : a; € II}, it suffices to prove the
result for w = r,,, where |o;|? # 0 (see [K4], 3.12). Without loss of
generality, we may assume that |a;]? > 0. Applying the reflection r;
to both sides of equality (1) we get:

—e(p) T (1-e(-apenv

= > ene(rid+p) [ W +e(=a)  (6)
ASA, A+plP=[A+pl? a€At
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If A € H* is such that ¢y # 0, then

i=1
where k; € Z, for all 1 <¢ < N. Set
T=ri(A+p) — p.
Then, .
T+p:A+p—ZaiOéz,

i=1
where the coefficients a; € 7Z are integers but are not necessarily
non-negative. For all j # ¢, a;j = k; > 0. If a;, < 0, applying

Lemma 2 leads to a contradiction since |o;|? # 0. Therefore for all
1<j<n,a; >0and so

T+p<A+p.

Given the definition of the group W, the result now follows.
O

A consequence of Lemma 5 is the following:
Lemma 6. Let A € H* be a weight such that cx # 0. Then for all
w € W, Cu(rip)—p = €(w)c.

Proof. Suppose first that w = r; for some simple root «; € II such
that |o;|* # 0. By Lemma 5, for any A € H* such that ¢, # 0,
there is a weight u € H* such that A\ + p = r;(u + p), p < A and
}u + p| = !A + ,0|. Hence, we may write

Z dre(A+p) = Z exe(ri( A+ p)).

2 2 2 2
ASAAo| =[A4] ASAAo| =[A4]

On the other hand, applying r; to to equality (1), we can
deduce that

> (dx+c)eh+p) J] A +e(=a)) =0 ()

2 2 +
ASA,lA—i—p‘ :|A+p‘ a€h)

Suppose there exists a weight A € T for which dy + ¢\, # 0. We
may take A to be such that the height A — X is minimal with this
property. Then, equation (i) gives

d)\ +cy\+ Zd)‘+“ +C)\+u = O,
w
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the sum being taken over all distinct sums p of positive odd roots.
This proves the result for w = r;. )

The result for arbitrary w € W follows by induction on the
number of generating reflections of the above type needed in any
given expression for w. O

Lemmas 5 and 6 and Corollary 5 immediately imply the next
result.

Corollary 5. Let G be a Lie superalgebra of type A(m,n) or C(n).
Then for all weights X € H* such that ¢y # 0,

wA+p) <A+p

and
Cw(M+p)—p = E(w)CA
for allw e W.
. We first concentrate on the Lie superalgebras G for which
W = W. Let us consider the vector space V as a Gg-module.

The Gy-module is the direct sum of finitely many finite dimensional
irreducible Go-modules V!, ... V™ of highest weight I'.

If A+ po is a weight such that the term e(\ + py) appears in
the left hand side of

(o) T] (1 - e(-a))echv

aGA(}L
= Z c,\e()\ + po) H (1 =+ 6(—0&)), (8)
A<A, | A+p|2=|A+p|2 aeAt

then it appears in the expression

() Mess (1~ e(—0) S eV = 3 37 (C1) e(w(T + )

=1 i=1 weWw

Lemma 7. For all1 <i<m, if N #AT%, then A —T" is the sum of
distinct odd positive roots.

Proof. Since
V = U(Ng )U(NY Joa,

v=1v+ V2,
where
vy € U(N{ )ua and vy € U(Ny )Ny U(N Jva

Then v; # 0 as v is a highest vector. We can therefore deduce that
A — X\ is a sum of odd positive roots. Since v; € U(Ny )vy, there are
no repeats in this sum. ]
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Lemma 8. Let i be a weight satisfying the conditions of Corollary
4. Then, for allw € W, w(p+ p) <, A+ p for all bases IT'.

Proof. We first prove the result for w = 1. Suppose first that u+p <,
AN +p'. From Corollary 1 and Lemma 1 it follows that A'+p" <, A+p.
Hence the result follows in this case. Remember from Corollary 1
that the set Al remains the set of positive even roots with respect
to the base II', and so p'y; = py. Otherwise, by definition of p and
from above discussion, there is an irreducible Go-submodule V of V
of highest weight I" (with respect to the base II") such that for some
we W,

o+ p=w(l + po) — ph.
Hence

ptp=T+py—B—ph,
where 0 <, 5. Equivalently,

p=T—p8+p —p.

Now, I' <, A’. Corollary 1 tells us that p’ — p is a sum of positive
(with respect to the base II') isotropic roots and by induction of the
number of odd reflections needed to arrive at the base IT" from the
base II, Lemma 1 that this is not only also the case of A’ — A but
that A’ — A < p' — p. Therefore, u <, A.

We next consider the more general case 7+ p = w(u + p),
where w € W. For w € W, Lemma 6 tells us that cyuqp)—p # 0.
Moreover for any isotropic positive root of the first kind «, w(a) > 0.
Hence it follows from Corollary 2 that the weight 7 satisfies the same
conditions (stated in Corollary 4) of the root u. Hence the above
arguments applied to the weight 7 instead of the weight p imply
that 7 <, A. O]

For each base IT', set
Wi

to be the subgroup of the group W generated by reflections r, such
that o € II' or its support (with respect to the base II") contains
two distinct isotropic roots and set

WH/ = WH/ N W
So W = WH.

Lemma 9. Let i € H* be a weight satisfying the conditions ex-
pressed in Corollary 4 such that % > 0 for o; € 11 such that
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;|2 # 0. Then, for all w € Wiy,
w(p) < w(A)

for all bases 1I'. In particular when G is either a Lie algebra or of

type A(m,n) or C(n), for allw € W,
w(T) < w(A)
for all bases IT'.

Proof. We first prove the result for simple reflections and start by
considering the base II. Set r € W.

Case 1: 7 =r,,, where |a;]? # 0
Case (a): the term e(r(u + p)) appears in the left hand side of
equality (1).

Since the reflection r multiplies equality (1) by —1, and
hence the term e(u + p) appears in the left hand side of equality
(1) Then,

p+p=w(l+po) —p1
for some w € W and some highest weight I' of a Gp-submodule of
V. Hence,
1+ po = w(l' + pp).

Since (‘(‘Jrﬂ > 0 for all non-isotropic root «;; this also holds for

Q;,0;)
i+ po. Therefore, W > 0 for all positive roots a € (a; :

lo;|* # 0). Note that as « is an even root it is positive with respect
to any base I'. As a consequence if W = W, then w = 1. Otherwise
by assumption the root # has negative norm and hence as W =
W_ x W,, either w = 1 or w = rgw;, where w; is a product of
reflections r,,, where |o;|> < 0 and of the reflection 7. Now from
the above, w; = r,,wy for some root o; of negative norm for which
(0, ;) > 0. There are no such roots and so w =1 or w = ry. In all
cases

pw="I—10,
where t is a non-negative integer. Then

n= A/ — 10 — s

where v is sum of distinct odd positive (with respect to the base I1')
roots. Now A" = A or A+ p— p/. Since f3; is a sum of positive (with
respect to the base IT) roots all of the same norm, r(p) = p — sg;,
where s > 1. As 3; € I, r(p') = p’ — 5;. As a consequence,

r(u) <"r(A)
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since the root § being non-isotropic remains positive with respect to
all bases IT'.

Case (b): The term e(r(u + p)) does not appear on the left hand
side of equality (1).

We apply the reflection r to both sides of equality (1). Since
the term e(r(p+p)) does not appear in the left hand side of equality
(1), if

r(p+p) =r(A+p) +sa; — Y kjay
J#
with s € N and k; € Z,, then the arguments of Lemma 2 imply
that |;|* = 0, contradicting assumptions.
This proves the result for simple reflections and the base II.

Next consider a set II' = {3y, , Bn}-
Case 2: 7 = rg,, where |3;|? # 0

T, (H) % Tﬁz‘<A)' (7’)
Since |3;]* # 0, 3; € A§ and in particular is positive with respect
to all bases II". Hence (3; is a positive sum of the simple roots in Iy,
the base of the positive root system Af. Since ; must be even (by
definition of the base II), this forces (3; to be a simple root in the
base II. Therefore, by Case 1, rg () < rg,(11). As a consequence,
assumption (¢) implies that

r(p) =r(A) = a;0 + 56,
J#i

where s € N and a; € Z;. However by Lemma 8,
p=A- Z k;B;,
j=1

where k; € Z,. Hence applying the reflection r to both sides of this
equality contradicts the fact that s > 0.

Therefore, the result holds for all reflections r with respect
to any base IT'.

Case 3: Suppose r = 1, € W is such that the support of the root a
contains two distinct simple (with respect to the base II') isotropic
roots.

Let the root o € Af be such that its support with respect
to the base II' contains two distinct isotropic roots. Then,

Oé:/le—i_...—i_ﬁjs?
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where [5;,]2 = 0 = |81 for 1 < i,k < s, |8;,]* = |8;,]* # 0 and
|23, 1* < 0. Since the reflection r, is a product of reflections r,,,
it follows that the bases IT’ and II; are obtainable from the base
IT by successive apphcatlons of odd reﬂectlons in such a way that at
each stage the isotropic simple root chosen is positive with respect
to the base II. Moreover with respect to these bases, the height of
the root « is strictly smaller to its height with respect to the base
IT". Therefore by Case 1 and induction,

Ta(T) <rji Ta(A)

and
Ta (T) <1js Ta (A)

This forces

ro(T) < To(A).

Next suppose that the result holds for all element w € W
of length less than [ (as a product of reflections of the above types)
and consider the element r,w, where o € II' or is as in Case 2.
Then & (( )) ) implies that the length of r,w is strictly less than

that of w (see 3.11 in [K4]) and hence the result holds by induction.
Otherwise we can apply the above arguments to the weight w(u—+ p)
(when this is equal to w'(I" + pg) — p1, the element w is such that
w'(I'+ po) = I' + po — v, where 74(y) > 0) and the result follows for
rqow. Hence the result holds for all w € W. O

We are now ready to prove the main result about weight
u for the Lie superalgebras G for which W = W. Note that if u
satisfies the conditions of Corollary 4, then so do w(u + p) — p for
all we W.

Corollary 6. Let G be a Lie superalgebra of type A(m,n) or C(n).
Let n € H* be a weight as described in Corollary 4 such that for all

simple non-isotropic roots oy € 11, (’(L;rpf;) > 0. Then,

uw=A.

Proof. Since W = W, by Lemma 9, w(u) <, w(A) for all w € W
and all bases IT". We show that ;= A. To do this we choose a base
' = {By,-+,Bn} such that for all 1 < i < r, |3]*> = 0 and for
1>, |ﬁz|2 > 0.
Case 1. r=2p+ 1.

Set u = A — Zfil kiB;. Since p <,1 A, ko > ki. Then,
consider r = rg, ;.45 Since r(u) <, A, considering the coefficient
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of By in r(u — A), we get ky > ko. Therefore, setting v, = 31 + 5
and considering the Lie superalgebra with base ~q, 33, , Oy, we
get

ki = ko = ks.

Therefore by induction,
ki =---=ky.
Therefore

p=N—ki(Br+ -+ Bn)

Applying successive odd reflections to the base II’, we get a base

= 8p 4ty " 5846,1158,  ~ Sgs 56,11

and
p=AN—=Fky
for some ; € II. Then, applying Lemma 8 to the base II and S, (I1),
we have p <5 A. Therefore, k; = 0 and so
w=A.

Case 2. 7 =2p
Consider the reflection r = rg, 4...4g,. Then,

r(p—A) =kiBn +knb1 — Z 155,

J#LN

where [; > 0 for all 1 < j < N. Therefore,
ki =0=ky.

Hence the support of the weight u — A generates a Lie superalgebra
with base s, -+, By_1 of the type of II' but with » — 1 isotropic
roots. Therefore applying Case 1 we once again get

uw=A.
O

We next consider the cases when W # W. Note that the
exceptional Lie superalgebras do not have isotropic roots of the sec-
ond kind. Remember that we have assumed [0|> < 0. We first show
a technical property which will be useful both now and later on.
For the proof the assumption that the base Il contains a unique odd
root and which moreover is isotropic is needed. Hence our taking II
to be such a base.
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Lemma 10. Let G be a Lie superalgebra of type B(m,n), m > 0,
D(m,n) or exceptional. If T; # A, then |T; + p|> # |A + p|?

Proof. Suppose that for some I' =T7; £ A,
i+ p = |A+p? (2)-

Let v be a highest weight vector of the Gp-submodule of V/
of highest weight I'. Then

ea,v =0 V1 <i< N such that |o;|* # 0. (17)
Hence, applying the Casimir operator on the vector v we can deduce
that
> Juewr =0, (i)
uEAf’
where (e, f,) = 1. By assumption there is a unique simple isotropic
root in II', say f3;. Therefore ;1 € Ay implies that
fr=ag+ iy +po, (iv)
where py € Ad or px =0, |uy|* > 0 and |[u_|? < 0; or
B+ aj e Aa— (U)
Note that if the odd root pu is of type (iv) then it is not of type (v)
and conversely. When p4. # 0, let e,, € G, be such that
Cojtpusr = [eaﬁeﬂi]'

When p+ a; € A, set Juta; € Guya, to be such that

fu= [fquaj?eOéj]'

Next, apply the operator e,; to both sides of equality (izi). If -+
a; € A, then

[eaj’ fu] =0,

[eOéj76M] # 0,
and

(leays el fura,) = (e, fu) =1

If p4 o € A, then

lea, €u]

[eays fi!

unless p— =0 or py =0, and

=0,
=0,

(euia [eOéj7 fozfrﬂi]) = ([eaweui]a fozfr#i) = 1
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Therefore, using condition (1), we get

(T, oj)ejv + Z frevejv = 0.

YEAL

Writing € for the Casimir operator, this is equivalent to
(T, aj)ejv + Qe;v) — T+ aj + pl*eju = 0.
Since the G-module V' is highest weight of highest weight A,
Q(ejv) = |A + p|*ejv

(see [K2], [K4] or [Ray]). If e;u = 0 then v is a highest weight vector
of the G-module V' and so I' = A. Hence as I # A,

(Tya) = [T+ +p* = —|A+p].
This together with assumption (i) forces

(I'aj) =0

since |a;[* = 0.
Since (I',y)(y,v) > 0 for all non-isotropic positive roots
7, this implies that (I',a;) = 0 for all a; € II of positive norm.
Therefore by Lemma 7 and considering the action of GG on the vector
v, it follows that
A=~+T,

where 7 is an isotropic positive root such that
S(y) = {aj, ;s oy € 1, |ay|* < 0}

Hence
(A,0)=0

and
(A, Ozj) > 0.
Considering the support of the root 6, it follows that there is a

simple root «; such that |a;]*> > 0 but (A, a;) < 0, contradicting the
integrability of the module V. This proves that I' = A. [

We are now ready to prove our main result about weights y
satisfying Corollary 4 in the case when W # W. We do this in two
parts.

Lemma 11. Let G be a Lie superalgebra of type B(m,n), m >
0, D(m,n), or exceptional and p € H* a weight as described in
Corollary 4 such that for all simple non-isotropic roots «; € 1I,
% > 0. Then, either
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1. (A4 p,a) = 0 for some isotropic root « of the first kind; in
which case = A and ro(A+ p) £ A+ p; or

2. (A4 p,a) # 0 for all isotropic root v of the first kind; in this
case w(p+p) < A+p and w(A+ p) < A+ p for allw e W.

Proof. Let oy € II be the unique isotropic simple root in the base
IT and Iy be the base of the positive even root system Ag. Then,
Iy = {a : i # 1} U{0}. We deal with two cases.

Case 1: (A + p,«) # 0 for all isotropic root « of the first kind

By 3.12 in [K4] and Lemma 5, it suffices to prove properties
(2) for w = ry. Let € H* be a weight as described above.

There is a base IT" with respect to which the root 6 is simple.
We choose IT" so that the number p of odd reflections si,..., s, such
that TI' = s, - - - 5,(II) is minimal. Consider first the base IT = s, (II').
We write II' = {7, -+ ,7,} and f[ = {pf, -+ ,On}. We use the
notation < for the order relation, A and j for the highest weight of
V' and the Weyl vector with respect to the base II.

w'(p+p)<p+p
for all w' € W since % > 0 for all @ € (o; : @ # 1) and the

set of positive even roots with respect to any base obtainable from
the base II by applications of odd reflections remains invariant. We
show that )

ro(n+p)<A+p. (1)

Hence suppose that this inequality does not hold. Let 3, € II be the
isotropic simple root such that the odd reflection s; = sg,. Set

pkp=Rtp=3 ki,

and

roltp) = At p =D aifh )

If i # [ then (0, 3;) > 0.
Claim: (A + p,6) <0.

(A" + p/',0) < 0 since the module V is integrable and by
definition of the Weyl vector (p/,6) = 3(6,60). The assumption of
Case 1 and Lemma 1 imply that

N+p =A+p, (ii1)

and hence our claim follows.
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Let IV = s;---s,(II) and A7, p? the highest weight of the
module V' and the Weyl vector with respect to this base and <7 is
the associated order relation.

Our assumption implies that A + p = A/ + p/ for all j and hence by
Lemma 8, o '
pAp <N+ p

forall j=1,--- p.

Let v, be the isotropic root in the base II' which belongs to
the support of the root 6. Moreover, if u+ p + 8 £ A"+ p', then
clearly ro(p + p)<L + p and hence r¢(p 4+ p) <, A + p'.

Applying the reflection 74 to equality (1) with respect to the
base IT', since § € II', as in Lemmas 5 and 10, r9(u + p) <, A’ + p'.
Therefore equality (ii7) and above claim imply that in expression
(1), for all i # 1, b; € Z and b, € Z_. Applying 1y to equality (1)
with respect to the base IT we get

—e(p) [] @ —el(=a)chV =" cre(ra(A+ p)) H (1+e(—a)).

Indeed, as 6 € Ty, the only positive root v € Af such that rg(a) < 0
is 3, whereas a € Al and ry(a) < 0 if and only if o = 3; + 7 for a
root of positive norm ~ such that v < 6.

In consequence, by Lemma 2,

7"9(#+P):A+P—Zaiﬁi+ﬁq

i#l
and
(ro(p+ p), Bg) = 0.
Equivalently,
(4 + pra) =0, (iv)
where o = —ry(;) is the highest isotropic root whose support does

not contain negative norm simple roots. However o = %8 + 7, where
v € A is a root of positive norm. By assumption (u + p,0) > 0.
Therefore, property (iv) cannot hold. This proves the result in this
case for the base II.

We next consider the base so(II). The above argument now
applies to this base and thus tells us that g+ p—r3(pu+ p) is a sum
of positive roots with respect to this base. Hence by induction on
the number of reflections p, the result follows for the weight .

Case 2: (A 4+ p,a) = 0 for some isotropic root « of the first kind.
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We keep the notation of Case 1.
Case (a): there is a maximal index j such that p+ p </ A7 + p/.
By abuse of notation, for simplicity’s sake, write

IV = {ay, - ,an}.

Let oy, be the isotropic simple root such that o, € supp(f) (with
respect to this base). This means the odd reflection s;_; = sq,,.
Therefore from Lemma 2 we know that (p + p, y,) = 0. The defini-
tion of the index j forces

(N + ¢, a,) =0.

Set p+p=A+p— Zfil k;a;. By definition of the weight
7 and by Lemmas 8 and 9, whether the simple root «; is isotropic
or not, k; < ky. Next consider the simple root as, we get ko < k3.
Continuing in this manner, we get k1 < ky < --- < ky in the
B(m,n) and exceptional cases. Therefore,

nw+p = A+,O—l1(0(1+~ . '—|-OéN)—lg(042+‘ . '+OCN)—' . ‘—lNOéN, (’U)

However, this contradicts the fact that u + p £ A7 + p/*1. In the
D(m,n) case, k; < ky < -+ < ky_o < ky_1 + ky. Hence in this
case,

ptp =hlar+--+ay_1)——Iyrjay1—In(ar+- - +ay_otay)

(vi)
So the previous arguments once again imply a contradiction. Hence
in all cases, k; = 0 for all 7 and

w=A.

Case (b): p+p <9 A + p’ for all j
The assumption of Case 2 implies that (A + p,0) > 0.
Considering equalities (v) and (vi) with respect to the base II, let
0 =2(a; + -+ 1) + 6, where i is minimal such that k; # 0. It
follows that
ro(n+p) £ A+p.

As the set Iy = {«;, 0 : i # [}, this forces

ro(p+p) £ A+ p.

Hence .
ro(n—+p) SN+ p.
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As 0 is a simple root in the base IT' and the reflections r,,
for ¢ <1 —1 belong to Wiy, the arguments of Case 1

r@(ﬂ+p):A+ﬁ_Zbiﬁi+ﬁq
i#£q

with respect to the base IT. If the term e(rg(u + p) — 3,) appears in
the left hand side of equality (iv) then by the discussion preceding
Lemma 7,
ro(p+p) = B = w(l' + po) — pr

for some highest weight I' of a GGp-submodule of the module V' and
some element w € W. As the expression A+ p—ry(u+ p) — 5, does
not contain the simple isotropic root in the support of the root 0,
w € W and so Lemma 10 tells us that

ro(p+ p) — By = w(A +p).

Equivalently,
p+p=row(A+p) - B,

where 3 = —ry(f3,) is the highest isotropic roots whose support does
not contain any simple roots of negative norm. However, consider-
ing the coefficient of §, in the expression A + p — rpw(A + p), the
assumption of Case 2 and the fact that p < A, forces

1
row(A + p) < w(A+p) + 59.

Since (u+p,y) > 0 and (—03,v) < 0 for all positive roots of positive
norm, it follows that B
weW_NW.

As a result, since p 4 p<A + p,
w+p=w(+p).
Hence by assumption on u, w = 1. So,
p=~A+p—p.

Let j be the maximal index satisfying A + g = A7 + pi. If j # p,
then A7 = A7~!. Therefore,

p=N"4p =y —p,

where v € II"! is the simple root in the support of the root 6.
As there is a unique isotropic root 7 of the first kind such that
(A + p,v) = 0, it follows that A7=! + pi=t = A + p. As a result,

31



i = A — . However since v = o + -+ - + ag, where k < n, this
contradicts (v) or (vi). Therefore j =1 and so

uw=A.
The arguments of Lemma 2 applied to equality (iv) tell us that

Cutp+p8 7£ 0.

If
p+p+ B LN+ (vit)
for some index 1 < j < p, then Case (a) tells us that

p+p+B8=wA+p)

for some w € W. Equivalently,

p+p=wA+p—w(B)),

where w™'(3) > 0 since wW and w™' () is an isotropic root of the
first kind as the weight A+ p cannot be orthogonal to isotropic roots
of the first and of the second kind. Moreover, considering equality
(iv) and (v), calculations contradict condition (vii). Therefore,

p+p+ B <N+ p

for all indices 1 < 7 < p. So the weight p+ [ satisfies the conditions
of Corollary 4. Hence from what precedes, we can deduce that there
is an element w € W such that

wlp+p)+ B8 <N +p

for all indices 1 < j < p. Since w(F) > 0, this forces

ptp+> a<A+p,

where « is as a big a sum as we wish of positive roots. This is clearly
false. Hence Case (b) does not occur and this proves the result. [

Remark It is important to note that for any arbitrary element
r € W — W, it is not always necessarily true that c,(\,-, # 0
for a weight A € H* such that ¢\ # 0 and w(X + p) < A+ p for all
w € W. This is why not all finite dimensional irreducible G-modules
are tame when the Lie superalgebra G is of type B(m,n), m > 0,
D(m,n), or exceptional. We will prove this later.

Let © be a weight satisfying the conditions of Corollary 4
and set

L+ p=w(p+p)
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be such that the height A + p — w(u + p) is minimal. Set

T if W =W or (1, 4+ p,6) <0 when |62 <0
T =
ro(T + p) — p  otherwise

In the first case, the height of A + p — (7 + p) is clearly minimal
among the elements of the set {A 4+ p — w(7 + p) : w € W}. In the
latter case, this remains true because rq,79(m1 + p) < 1r9(71 + p) for
all |a;|* # 0. Moreover, applying the reflection ry to both sides of
equality (1), we get

e(p) [T (@ - e(=a)erv =3 erelra(r+p) T] (1 +e(~a)).

anAar ouEAl+

Since x4 pikrg(a) = 0 for k >> 0 (otherwise, A+p+krg(a) < A+p), it
follows that the weight ry(7 + p) satisfies the conditions of Corollary
4. In summary,

1. ¢, # 0 (note that we do not know ¢, # 0 in the second case);
and

2. ((;Z)) > 0 for all non-isotropic roots a € A conjugate under

the action of the group W to a simple root in II; and

3. 7 <, A for all bases IT" obtainable from the base II by successive
applications of odd reflections; and

4. 7+ p <, N+ p for all bases IT', or the term 7 4 p appears in
the left hand side of equality (1) with respect to the base IT'.

5. forallw € W, w(r+p) < A+pand forall w € W, Cur4p)—p =
e(w)c(T); and

6. w(t) <, w(A) for all w € Wry.

When the base II' is such that its maximal root has negative
norm, Wi = W and the last property is simply Lemma 11. Oth-
erwise there is a base II obtainable from the base by applications
of odd reflections with respect to which W_ < Wy and the sub-
group Wi is generated by simple root reflections. Therefore when
the maximal root of a base II' has negative norm the arguments of
Lemma 11 apply.

Corollary 7. Suppose that (A + p, ) # 0 for all isotropic roots of
the first kind.
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1. When G is a Lie superalgebra of type B(m,n), m > 0 or
D(m,n), let a be the isotropic positive oot of the second kind
of maximal height whose support only contains roots of non-
negative norm. Then,

T=A—ka,
for some integer k > 0;
2. When the Lie superalgebra G is exceptional, 7 = A.

Proof. In each case there is a non-isotropic root containing one dis-
tinct isotropic simple root in its support. If IT' is a base with respect
to which the root ¢ still contains only one distinct simple root in
its support, then Wi = W. Let II be a base with this property for
which there exists some odd reflection s such that with respect to the

base s(II), the root ¢ is either simple or only contains non-isotropic
simple roots in its support. Set I1" = s(II).

Case 1: the Lie superalgebra G is exceptional or of type B(m,n).

Part of the Dynkin diagram corresponding to the base II in
the B(m,n) case is as follows:

For simplicity of notation, we keep the notation ay,--- , ay
for the simple roots in II and the the notation A, p for the highest
weight of the module V' and the Weyl vector with respect to the
base II. So the odd reflection is: s = sy_1, where ay_1 € supp(f)
(with respect to the base IT) and |ay_1]? = 0.

From the proof of Lemma 11 we know that

T=A=> Y (it +ay), (i)

i=1 i=1
where for each i, I; € Z,. Hence with respect to the base IT',

N n—-2

T=A— ZZQ(& + -+ 0n) = bfn — LBy + Bn). (i)

i=1 =1

We consider in turn the roots 3; + - - - + Bn. Depending on whether
they have positive or negative norm we use equality 1 or 2 and apply
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property 6 (stated before the Lemma) satisfied by the weight 7 and
the reflection rg,...; 5, . This gives

h=--=lyo=0.

Next considering the reflections r3, and r,, we get [y = {y_; and
SO

T=A—lya, (17)
where the isotropic root « is as described in the Lemma in the
B(m,n) and D(m,n) cases. In the exceptional cases, [y =0 = Iy_;

by definition of the weight 7 as all isotropic roots are of the first
kind.

Case 2: the Lie superalgebra G is of type D(m,n).
In this case, the root # is the sum of two distinct simple

isotropic roots (with respect to the base s(II). There are two odd

reflection s;, # s;, such that 8 € s;,s(I) for i = 1,2 and we set
" = s;,s(II). Set

I = s(I) = {B, -, Bn}-

Part of the Dynkin diagram corresponding to the base II is as follows:

e

Therefore once again, using equality (vi) from the proof of
Lemma 11 and similar arguments to the previous case, we get

T=A—la, (17)

for some integer [ > 0, where the isotropic root « is as described in
the Lemma. Il

For any weight A € H*, fix a maximal isotropic set Sy < II
of roots orthogonal to A, i.e.

Sy={aecll:(\a)=0=(a,08) V3 € Sy\}

and S, is maximal with this property. Proposition 2 is now an
immediate consequence of the definition of the weight 7, Corollary
4 and Lemmas 9 and 11.
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1.3.3 Proof: part II

Now that we know what conditions the weight A € H* must satisfy
if ¢y # 0 in equality (1), we need to prove the converse or more
precisely compute the coefficients c). We first need to observe the
following:

Lemma 12. Suppose that |Sas,| > 1. Then the set Say, contains
only isotropic roots of the first kind and the Lie superalgebra G has
defect at least 2. Moreover, for any subset S < Say, of cardinality
at least 2, there is a unique set S’ of positive odd roots satisfying the
following:

1. 8'n SAer = @,’ and
2. ZWES’Y:Z,BGS/ /8; CLnd
3. for any proper subsets T < S, T" < S’, ZveT”y # ZﬁeT, 0.

Proof. As shown in [K1] the atypicality of the module is equal at
most to the defect of the Lie superalgebra. Hence the first part fol-
lows. If there is a root of the second kind in Sx;, then by Lemma
11, |Sa+,| = 1. Hence for the second part, without loss of generality,
we may assume that G = A(m,n). Note that there are two possi-
bilities: either there is a root av € Sy, such that all simple roots in
supp(«) apart from that of norm 0 have norms of the same sign and
there is a simple root of non-zero norm; or there is no such root in
the set Sy, We first assume that the latter holds. Then, keeping
the notation used in the statement of the Lemma, for S < Sy, if
J is maximal such that j € supp(«), a € S, then a; +--- +a; € S’
(where «; is the unique isotropic simple root in IT). S" N Syy, =0
for otherwise (A + p, ;) = 0 for some ¢ # [, which cannot happen
since the module V' being integrable, A’O‘i)) > 0 and % > 0. The

(
(ai,a;
other case follows by symmetry. O]

Lemma 12 proves statement 2 of Proposition 1. We set

Thavp = Sa+p

if the atypicality of the module V' is 1 and

vES
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Lemma 13.

Z (CA‘i’P*ZagSAij kaa)e(A + p - Z kaa) =

ka,OIGSA+p OéESA+n
e(A+p)
oer,,, (1 +e(=))

unless the Lie superalgebra G is exceptional or of type B(m,n), or
D(m,n), Sayp, = {a}, where « is a root of the second kind, and

W > 0. In this case

ca=1 and cp_pe =0 VE>1.

Proof. Let
Atp=Atp— D kea,

OLGSA_H,

where k, € Z,. Considering equality (1) and since ¢, # 0 implies
that A < A,
CA+p = 1.
From Corollary 8 there are two cases to consider.
Case 1: All roots in the set Sy, are of the first kind

Let a € Sa4, and II” be a base for which o € II" such that
the number of odd reflections needed to arrive at the base Il from
the base II is minimal. Then, A + p = A’ 4+ p'. Consider equality
(1) with respect to the base TP (namely equality (4)). The terms
e(A + p — ka) for k > 0 do not appear on the left hand side of
equality (4). Also, w(A+p) —v # A+ p — ko, where 1 #w e W
such that w(A 4 p) < A+ p and  is a sum of distinct positive odd
roots. Therefore, as the root « is simple with respect to the base
IT', we must have cpq o 7# 0. Hence from Lemma 2 it follows that

CA+p—ka = (_1)k'

Now,
Y (—Dfe(Atp—ka) J] (+e(=8)) =e(A+p) J] (+e(-8)).
k>0 peat penf{a}

(1)
Let o/ € Spi, — {a} be the of minimal height. So choosing « to
be of minimal height in Sx;, we set II' = II". Replace the base II
by the base II'. Consider the base IT? for which o/ € II? such that
the number of odd reflections needed to arrive at the base II? from
the base II' is minimal. Considering equality (1) with respect to
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the base I1? and taking account of equality (i), it follows that the
terms e(A + p — ka — k'a) do not appear on the left hand side of
this equality for k + k' > 0. Note that

Adtp—ka—Kd =A+p—(k—Da— (K -1)d —l(a+d).
Considering Lemma 12, we get by induction on k + &’ that

CA+p—ka—Fk'ao!

= —CA4p—(k—1Da—k'a’ — CA4+p—ka—(k'—1)o/ — CA4p—(k—1)a—(k'—1)o/
min(k,k’)

_ Z (_1)k+k’+l‘

1=0

Therefore in this case the result follows by induction on the number
of roots in Sy, or equivalently the degree of atypicality .

Case 2: o € Sp4, is of the second kind

Claim: for all £ > 1, the terms e(A + p — ka)) do not appear on the
left hand side of equality (1)

Suppose that the term e(A+ p—ka)) appears in the left hand
side of equality (1). Then, from the discussion preceding Lemma 7,

A+ po— ka=w(T + py)

for some w € W and some highest weight I' of an irreducible com-
ponent of the Gy-module V. Suppose that k£ >> 0 so that

(A + po — ka, 8) > 0. (i4)

Therefore, by 3.11 in [K4], w = rpw; for some wy; € W such that
I(wy) < l(w). This in turn gives r9(A + po) + kay, where «; is the
unique isotropic root in the base II. Since (A + po,f) > 0, the
same type of arguments imply that w;, = r,, where r, € W, and
ry(cy) = . As a consequence

(A + po) + ka =T + po.

Since ' <A, % > k. However this contradicts assumption (7).

Therefore, if (i7) holds then the term e(A + p — ka) does not appear
on the left hand side of equality (1). Next suppose that
(A+ po — ka,0) <0.

Similar arguments as before lead to

A+ po— ka=w(I + py),
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for some w € W, < W. This gives
A+ p—ka=w+ p),

and so by Lemma 10, I' = A. Considering the coefficient of a; in
the expression w(A + p) + ko, we get a contradiction. This proves
our Claim.

As a consequence for all £ > 1, since k« is not the sum of
odd roots distinct from the root «a,

CA+p—ka = (_l)k

unless there is some 1 # w € W and a positive sum of distinct odd
roots v such that w(A+p) —v = A+ p—a. This happens if and only
if (rg(A+p) —p,0) < 0. In this case, ca4p—q = 0 and so cp4p—ka =0
for all £ > 1. This proves the result in Case 2. O]

By assumption on the base II, W is generated by simple
roots. Hence for any isotropic root o € A*, w(a) > 0 for all
w € W. Therefore

w(A+ p) — Z koo = w(A+ p — Z Eoaw ™ (a)).

QESu(atp) w1 (@) ESh+p

In particular, setting A\+p = A+P—ZaesA+p koo, since A\+p < A+p,
by Corollary 4 and Lemmas 6 and 13, for all w € W,

Cw(Atp)—p = €(W)Cx.
Note that in the case of the base II,
Jan=1
since the Weyl W is generated by reflections corresponding to roots
containing at most one isotropic simple root in their support.
Case I: The Lie superalgebra G is of type A(m,n) or C(n)

Since W = W, Theorem 1 follows with respect to the base
IT in these cases, namely all the modules V' are generalized tame.

Case II: The Lie superalgebra G is of type B(m,n) or D(m,n)

Case 1: all the roots in the set Sy, are of the first kind

Then Corollary 8 and Lemma 13 tell us that the module is
not generalized tame. More precisely, the character is as stated in
Theorem 2.

Case 2: Syy, = {a}, where « is a root of the second kind.
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We know from Corollary 8 that it is the highest isotropic root
all of whose support consists of non-negative norm simple roots and
that (A + p,0) < 0.

Case (a): (ro(A+p) —p,0) >0

As a consequence, from Corollary 5, letting wy, - -+ ,w; be a
set of representatives of right cosets of the subgroup W in the Weyl
group W, equality (1) becomes

e(p) T] (1= e(-apenv

ozeAOJr
=Y (> dwenupewwi(h+p) [ (1-e(-a)
weEW wiw;(a)>0 acll—{ww;(a)}
Y dwenmipewnhrp—a)  [[ (- e(—a)
w;w; () <0 aell—{ww;(a)}

(i)
We know that IIp = {o;, 0 : ¢ # [} and that for w =rg, § € I,
e(w)e(p) H (1 —e(—a))chV = Zc,\e (A+p)) H (1+e(—a))
ozeA(J)r aeAir
(for 5 =0, see proof of Lemma 11). Therefore for all w € W,

c(w)e(w(p)) [] A—e(=w(@))chV =3 ere(dt+p) [] Ate(—w(a))

acAd A acAf
(é4)

We set w; = 1, wy = 1y and without loss of generality, we may
assume that for all 4, w; € {rj,re : [a;| < 0}. Moreover, by 3.12 in
[K4], for each i, there is an element u; € W such that

(uiwi (A + p), o)
(aj, )
for all j # [. Without loss of generality, we consider w; to the

coset representative for which these inequalities hold. Note that the
elements 7., ., where

>0

fyl.d.:oéi—|—--~—|—05j,1+2(04]'+"‘+Oém>+9, 1> 0
Yoo =0, 70, =2(a;+ - +am)+0,

together with the identity element are a set of right coset repre-
sentatives. We order the elements w; so that if wiry, 5 € W, and
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WETy,, . € W, then i > k if the ht(v,, ;) > ht(y;,,,). From equal-
ities (7) and (i7), it follows that for w; cu,a4p) = €(w;) if for all w
such that 7 <1,

rwi(A+ p) =y # w(A+ )

for all € W and all sums ~ of positive distinct odd roots.
So we start with r = ry. Suppose that

ro(A +p) = w(A +p) — 7, (i)

where w € W and 7 is a sum of distinct positive odd roots. From
(1) it follows that none of the odd roots appearing in the sum are

equal to w(a). Let t = (/(\J”’ 9 Then,

Adp—th=wA+p) —7.

Hence, considering the support of 6, w € W, and all simple roots
in the support of v have non-negative norm.
Suppose that w(A + p,a;) < 0 for some |o;|* > 0. Then
(7v,;) < 0. However there is a unique odd root p with only non-
negative norm simple roots in its support such that (u,a;) < 0
(namely a; + - -+ + ;). Considering the left hand side of equality
(i1i), we get (A + p, ;) = 0 which cannot hold. So w = 1. In other
words,
ro(A+p)=A+p—1. (iv)
Now the sum of all positive odd roots is 2p; = pf+ pu, where (i, 6) =
0. Since (w(a),0) = (a,w™ () = (o, 0) > 0, it follows that
t<p—1
Moreover, 25’6’19)) =p, p1 = po — p and (po,8) = 5(0,0) since 0 € I,.
Therefore our assumption implies that

Cro(A+p) = —L.

As a consequence in equality (i),

Z Z W) Cyprp(Atp—a)E(WTo (A + p — kar)) H (1+e(—a))

weW k=0 aeA}
= Z e(wrg(A+p — ) H (1+e(—a))
weWw aeAT —{w(a)}

More generally we next consider w;. Suppose that

wi(A+p) = w(A+p) =, (v)
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where w € W and w is not in the same coset as w;. Therefore,
wlwi(A+p) = A+ p—wi(y).

So w~tw; = rw; for some r € W. Since (8, ;) > 0 and (A+p, o) <
0 for all j < m, it follows from the conditions satisfied by the element
w; that if k£ is the minimal index in the support of a reflection
appearing in a minimal product for w; then

As a consequence, from our assumption

2(w;(A+p) — p,0)

6.6) < 0.

Therefore equality (v) cannot hold. In conclusion in Case (a), the
module V' is tame and part of Theorem 2 with respect to the base

IT follows.
Case (b): —2(7"9(1?;5))_”’9) >0

Then, Lemma 13 implies that

e(p) TT (1= e(=a)env =

> elw+p) J] (1+e(-a))
+ 2 cutarprare(wd +p—ka)) [T (1+e(-a))
wgW acAf

The assumption of case (b) implies that the term e(rg(A + p)) does
not appear on the left hand side of this equality for otherwise, rg(A+
p) = T + p for some highest weight T' of a Gy-component of the
module V', contradicting Lemma 10. However the above shows that
there is a sum =y of positive distinct odd roots such that r¢(A +p) =
A+ p —~. Hence as ¢(A) = 1, we must have

Cro(A+p) = — L.

Similarly the terms e(rg(A+ p — ka) for k > 1 do not appear on the
left hand side of equality (1), but neither do they cancel out on the
right hand side and so

Cro(A+p—ka) = 0 VE>1.
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In this case, calculations show that we always have

(r2a;+-+0(A + p) — p,0)
(6,0)

< 0.

As a result, with similar arguments as above for all

weW = (rg,r; : |ai]* > 0),

Cw(Ap—ka) = (_1)k€(w) :

This proves Theorem 2 with respect to the base II.
Case III: The Lie superalgebra G is exceptional

There is a unique positive root of negative norm # and W=
W.,. Hence the previous case simplifies and we get: (A + p,0) > 0,
then
chV = Rilch A Sptp LW, -

If (A+ p,0) <0 and the assumption of Case I1.2.(a) holds then the
module V' is tame. If (A4 p,0) < 0 and assumption of Case 11.2.(b)
holds then the character is as given in Theorem 3.

1.3.4 Proof: Part III

We now consider an arbitrary base.
Case 1: (A, o) #0

As A+ p = A+ p, from equalities (1) and (4), the results
follow with respect to the base II,, when Sx, only consists of roots
of the first kind. Otherwise, this is clearly true for tame modules.
So suppose that (A + p,a) = 0 where « is an isotropic root of
the second kind and that the module V' is not tame. If II' is the
base obtainable from the base II by applications of odd reflections
containing a unique isotropic root and such that W_ is generated
by simple root reflections, then calculations show that

(chamw — chamwy ) H (1—e(~a)) =
aEA{r

(Ch NIV W — (Ch A,H’,(W_,re/)) H (1 — 6(—05))

ac(A)T

Therefore the result follows for all bases obtainable from the base I1
by applications of odd reflections in this case.

Case 2: (A, q) =0.
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Corollary 8 tells us that in this case all the roots in the set
Sh+p are of the first type. Then,
e(—ay) 1

(1+e(—)) (A +e(a))

and —a; € II;. All other isotropic roots in the set Sy, positive with
respect to the base Il remain positive with respect to the base II;.
Moreover, note that in this case the set

Snito = (Sagp —{au}) U{B}

is a maximal isotropic set orthogonal to the weight A;+ p; in the set
A[, the set of positive roots generated by the base II;. Therefore
the results again holds with respect to the base II; = {f, -+, Bn}
for the set Sa,4,,- If Sat, = {oy}, then we are done. Suppose that
|Sa+p| > 1. Then Sy,4,, may not be the unique maximal isotropic
subset orthogonal to the weight A; + p; in A;f. Indeed, we know
from the above that in this case, there is a root a € Sy4, of the

type

where without loss of generality |o;]?> = -+ = |ay_1|* = —2 and

l41)? = -+ = |o|* = 2. With respect to the base II; this becomes
azﬂi"‘"""ﬁl"‘"""ﬁj‘
Therefore

N +p, B+ + B+ B+ -+ 585) =0.

However as |3_1]* = 0 = |341|*> and |5;|*> # 0 for i < [ — 1 and
¢ > 141, the roots B; + --- + 1 and Bj41 + --- + (; have norm 0
(whereas the roots o; +- - - +a;_; and a1 +- - - +a; do not). Hence
we may have

(Ao +p1, B+ -+ Bia) =0,
in which case we also have
(A +p1, B +---+ 5;) =0.
This is equivalent to
A+pai+--+oq)=—-1 and (A+p o+ +a;) =1

Therefore this may hold only if j =141 and ¢ = — 1. In this case
the set

S;\l-i-pl = {61-1, Bip1} U (Sagp — {u1,a})
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together with the set Si,,, are the two possible maximal isotropic
subsets orthogonal to the weight A; + p; in A", Therefore we need
to show that the result holds for the set S} , . Without loss of
generality, we need only consider the case A(1,1) and the trivial
module V' with highest weight A = 0. Simple calculations then
show that

Ch O’SPQ 7H2 ’W =

() !

(14 e(=B2))(1 +e(—=51 — B2 — B3))(1 + e(—p1 — 202 — B3))
1

(1+e(=51))(1+e(fs)) (1 + e(—=f1 — B3))
1

(1+e(Br)) (L + e(—=05))(1 + e(—=f1 — B3))
1

T 0T Bt Bt )1+ e(Ba)) (1 + e(—Br — )

1
= P T B T o))

1

(1+e(B2))(1+e(=51 — B2 — (33))
1

- ECh 075027H27W = Ch 07{ﬁ17ﬂ3}7n2’W+

)

As this calculations shows there may be bases Il for which
there exists more than one set Sy4,. We need to consider this
possibility. Indeed in the case at hand, (A; + p;, f;—1) = 0, in which
case (A; + pi, Bi+1) = 0 and conversely. Therefore by induction it
follows that statement 3 of Proposition 1 and Theorems 1 and 2
hold for all bases obtainable from the base Il by applications of
odd reflections. It follows that by induction on the number of odd
reflections needed to arrive at the base II’ from the base I the result
holds for all bases IT'. Since clearly the Theorems hold for the base
w(II) for all w € W, it follows that they hold for all bases.

1.3.5 Proof: Part IV

We next consider the denominator formula. Its clearest expression
is with respect to a base containing a maximal isotropic subset of
A. To see this, we first need a technical result about sets. When the
Lie superalgebra G if of type B(m,n) or D(m,n) we choose a base
with respect to which W* is generated by simple root reflections.
For simplicity of notation, we rename this base II = {ay, -+ ,ay}
if necessary.
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Lemma 14. Let S and T be mazximal isotropic subsets of A. Then,
there is a unique element w € W* such that for alla € T, wy(a) € S
or —wy(a) € S.
Proof. Without loss of generality, we may assume that S, 7 < AT,
Without loss of generality, assume that W*# = W, (note that this
assumption may not be consistent with our assumption above that
6] < 0 when ry & W, but this does not matter since this latter fact
will not be used in this proof). Let o € II be the isotropic simple
root.
Case 1: |S] =1

We may in this case assume without loss of generality that
S = {o}. Then, W = W* Then for all 4, |og|*> > 0. Let o be an
isotropic root in A*. For all w € W* w(a) > 0. Let w € W be
such that ht(w(«)) is minimal. For simplicity of notation, we may
without loss of generality write w = 1. Hence,

(,;) <0 and  (oy,04) <0
for all i # [. Since |a|* = 0,

a; € supp(a).

So
(o, ) <0.
Let
o = Z /{IZOQ
Then,

0=(a,) = Z ki(a, o)
forces k; = 0 for all i such that (o, ;) # 0. Therefore,
0= (a,00) = > ki, ),

which in turn gives k; = 0 for all ¢ for which («;, o) # 0. Tt follows
that (o, aq) = 0 for all i € supp(a). As the support of the root «
cannot be disconnected, we get a = «y, proving the result in this
case.

Case 2: |S]| >1

In this case all the roots in S are of the first kind (as can be
easily seen from the structure of the Lie superalgebras B(m,n) and
D(m,n)) and we may take

S={a,q1+a+a, o+ -+ a, -}
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It is not hard to see that for all r; € W_, there are roots a, 3 €
S such that r;(a) = o — «; and 7,(8) = B + «;. Moreover as
(ri(av), m(B)) = 0, these two roots are unique. Conversely, given
any root a € .S, there is a unique reflection r; € W_ (respectively,
r; € W_) such that r;(a) = o — a; (respectively, r;j(a) = a + «;)
unless o = g (respectively, @ = g + --- + agy1), in which case
there are none. Therefore, for all w € W_

w(Za) = Za.

a€eS a€esS

Now, let w € W be such that w(T) N S is maximal. Suppose that
w(T) # S. We may then also assume that among all such w, the
height of Zaew(T)f(w(T)m ) @ is minimal. Without loss of generality,
we write w = 1. Suppose that a € T'— S such that o + «; € A for
some simple root «; of negative norm. From the above, there is a
unique root § € A* such that 6 — «a; € A. If 8 € S then the above
implies that o € S, contradicting the definition of the root a. A
similar argument holds if o — «; € A. Therefore for all « € T'— 5,
if r, € W_ and r;(«) # «, then r;(3) # [ forces B ¢ S. In other
words, for all v € T'NS, (7, ;) = 0. By the above assumption for all
a € T—S, it follows that foralla € T—S, a—a; € T—S. If a # oy,
then this forces |r;(T)NS| > |T'NS|. Hence, T' = (r;(T)NS)U{cy}.
However a; € S, which gives a contradiction. Hence T" = S. As
w_(S) =8 for all w_ € W_ and for all wy € Wy, w_w, = w,w_,
the result follows in this case. O

Considering the set S described in the proof of Lemma 15
and the calculations preceding Lemma 15, it follows that there is a
base containing a maximal isotropic subset (though it may not be
the set S). Lemma 15 also tells us that for allw € W_, w(T") =T for
all maximal isotropic subsets in A and more particularly that if a €
T such that 7;(«) # «, then there is a root 3 € T such that r;(3) # 3
and r;(a) < aif and only if r;(5) > 8. Let Il = {31, - , Bn} be any
base containing a maximal isotropic subset S. Suppose that §; € S.
What precedes implies that there is a reflection r, € W_ such that
T’y(ﬁi) < 0. So

Y=0i++ 05,

where |3;]* = 0 = |;]? and if k € supp(3) — {i,j} (here the support
is taken with respect to the base II), then |3|? > 0. Moreover the
above also show that 3; € S. Also the roots (3 are short roots in A
and so 15, € W. Set w = r,7,_5,_s,. Note that [y|?|y—8;—3;|* < 0.
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As a consequence,

e(w(p))
(1 +e(—w(B:))(1 +e(—w(B;))
e(p+ 6 + ﬁ])
(L+e(B))(1 +e(5;))
e(p)
(L +e(=5)) (1 +e(=5)))

Hence by induction on |S|, for the trivial irreducible module V' we
get

Ch V - R_lCh O,S,ﬁ,Wu .

Note that the trivial module for the Lie superalgebras of type B(m, n),
m > 0, D(m,n) and exceptional is never tame since (p,0) > 0 in
these cases.

1.3.6 Proof: Part V

The super-character and super-denominator formulae follow in ex-
actly similar fashion. We only need to notice the following changes.
This time equality (1) is replaced by:

e(p) JT (1 —e(=a)sch (V) =

aeAS’

Y ae(h+p) [T 1 -e(-a)
ASA aeAtf
rsof <[+

Note that é(w) = e(w) for all w € W for the base II since the non-
isotropic simple roots in this base are all even. Moreover if the Lie
superalgebra G is not of type B(m,n), then Ay = A since the only
odd roots are isotropic. Hence in these cases, é¢(w) = e(w) for all
w € W. We have to be careful that ¢y_, = 1 for all £ > 0 and
a € Shy, since the product on the right hand side of the above
equation contains minus signs and not plus signs as is the case for
Weyl denominator. Moreover é(w) is needed rather than e(w) for
Lie superalgebras of type B(m,n). Indeed if we apply the reflection
rg to the above equality, letting § be the highest isotropic root with
only non-negative norm simple roots in its support, and as |a|=0,
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we then get:

ety +e®) T (- e(-a)sch (V)=
ae(Ag—{0})

S delro+ o)1~ ea))(1 — e())(1 ~ e(50))
A<A
sl

X H (1 —e(—a))

aeAT—{B,0q,30}

Equivalently,
e(p) T] (1= e(—a))sch (V) =
S b+ o) T (1 e(-a))

é‘SA 9 aGAT
‘A+p| =‘A+p|

In other words, contrary to the case of equality (1), which gets
multiplied by —1, this equality does not.

2 Affine Lie superalgebras

2.1 Introduction

Unless otherwise stated, in this second part we will simply say a Lie
superalgebra for an affine one with non degenerate, supersymmetric,
invariant bilinear form. By this we mean an affinization of any of
the following finite dimensional simple Lie superalgebras:

A(m,n), B(m,n),C(n), D(m,n), Fy, G, D(2,1; a),

as classified in [Y], hence including both twisted and untwisted ones.
Affine Kac-Moody superalegbras, namely the restricted subclass of
affine Lie superalgebras without isotropic simple roots, were studied
and a character formula computed for all their irreducible integrable
highest weight modules in [K2]. The technical problems arising in
the calculation of the character formula in the affine case is the same
as in the finite dimensional one. This is the reason why standard
methods do not work.

There have been some attempts to derive this formula in
particular cases. In [KW1], the authors consider the A(1,2)") case
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and conjecture a denominator formula for untwisted affine cases.
This is studied in greater detail in [KW2]. Based on her compu-
tations in the finite dimensional context in [G1], the author gives
a proof of the denominator formula for the affine Lie superalgebras
with non-zero dual Coxeter number in [G2]. The zero Coxeter case
has recently been proved in [GR].

In this second part, we give a proof of the (super)-character
formula for all the irreducible partially integrable highest weight
modules except when the Lie superalgebra is affine with dual Cox-
eter number equal to zero and the module is of level 0. The meaning
of integrability needs to be clarified. When G is a finite dimensional
Lie superalgebra, integrability means the module is finite dimen-
sional. Equivalently all the subalgebras of G isomorphic to sl(2)
generated by non-isotropic roots act (locally) finitely. However as
was pointed out in [KW1] and [Rao], if we restrict ourselves to this
condition for affine Lie superalgebras, then for several of them only
the trivial module satisfies this condition. Hence in the affine case,
we will take the definition given in [KW1] (see section 2). This in
effect amounts to partial integrability (as defined in [DP])or weak
integrability (as defined in [RF]) rather than full integrability. Our
proof of the character formula relies heavily on the proof of the char-
acter formula in the finite dimensional case given in the first part.
We deduce a denominator formula for affine Lie superalgebras with
non-trivial dual Coxeter number; in this case, there is a technical
problem in our method, which we do not address in this paper. The
main idea behind the proof is independent of special features of the
different types of affine Lie superalgebras with symmetrizable Car-
tan matrix, though final calculations have to take these into account.

2.2 Notation and some fundamental properties

In this section, we fix the notation that will be used throughout the
second part and give basic properties of the Lie superalgebras in
question. We do not restate any notation, results or explanations
already given in Part 1.

1. Let G be an affine Lie superalgebra with a non degenerate,
supersymmetric, invariant bilinear form (.,.).. If G is an un-
twisted affine Lie superalgebra, then set G =G0, If G is
twisted then set G = L), where L is a finite dimensional sim-
ple Lie superalgebra. So there is a diagram automorphism of
L of order i > 2 and we set the finite dimensional Lie superal-
gebra GG to be the 1-eigenspace of this autormorphism.
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2. Let H be a Cartan subalgebra of G and A < H*, Aqg < H*,
A1 < H* be respectively the set of roots, even root, and odd
roots with respect to the Cartan subalgebra H. Set

" 1
Aoz{aerziagA}.

3. Let I = {ap, a1, ,an} be a base of the root system A. Let
E = RII be the real vector space spanned by the base II.

Let h; € H, 0 <1i < n, be such that (h;, h;) = (a, oj).

Let A+ be the set of positive roots with respect to the base I1.
Set R R R R R R
Af =ATNA,, Af=ATNA;

ﬁ[o to be the base of the Lie algebra with positive root system
Af; Set
0= Z a; 0
i=1

to be the isotropic imaginary root in A+ such that all imaginary
roots are integral multiples mé with m € Z — {0}. As finite
dimensional Lie algebras do not contain imaginary roots, a; > 0
for all 0 < ¢ < n. Moreover, (§,«a) = 0 for all &« € A (see
[KW1]). Define the weight &, € H* as follows:

(®g, ;) = 0 if i # 0 and (P, 0) = ag*
Then, ITU {®o} is a basis of the dual space .
4. Let

A

Go={xeqG:[hz]=ah)z,hecH}

and R
mult(a) = dim G,.

Then, mult(a) = 1 if « € A — {nd : +n € N} and
mult(nd) = mult(J)

for all n € N.

Set e; € G, fi € G_,, to be the generators of the derived sub-
superalgebra [G, G|, where [e;, fi] = h; and [h,e;] = (h, h;)e;,
[h, fz] = —(h, hz)fz for all h € H.
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5. Asin [KW1],let Y = {u € H* : Re(d, 1) > 0}. The expressions
Loens DeQ) o meromorphic functions on the domain Y. Set
ZAEH* bre(N)
o mult(a)
[Macas (1 — e(~a))

R p—
[oca: (1 -+ e(—a))mi@

and
o Tlacar (1 —e(—a))ymie)

= HaeAf(l — 6(_a))mult(a)
are respectively the Weyl denominator and super-denominator
with respect to the base II.

6. Let p be the Weyl vector with respect to the base I, i.e.
1
(p, ) = §(ai,ozi) V0 <i<n,

po be the Weyl vector of the Lie algebra Gy with respect to a
base Ily. Set p; = po — p-
By the definition of the weight ®,

) 1
p=p+ ao(§’040|2 - (p> 040))(1)0

As in supp6.4 in [K4], 0" = p— agap is the maximal root in A™T.
Hence 1

(5.0) = (0.8 + 250
If ag = 1 then (p, ) is the dual Coxeter number h".

Because the bilinear form is of corank 1 on the space E, the
Weyl vector is only unique modulo RJ.

7. In [Y], H. Yamane extended the concept of odd reflections to
affine Lie superalgebras. The action of these linear maps on
the space F is the natural extension of the definition given in
section 1.2. For |a;|? = 0, write II; := s,,(II) and define

A= AgNZ L, A=A N7
The notation
A< p
will mean p— X\ € Z+flj. More generally if I is a base obtain-
able from the base Il by successive applications of odd reflec-

tions, then
A<

will mean u — \ € Z+f[’ . As a consequence of the definition,
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Corollary 8. Let 1 < i < N be such that o; € Al and
|;|> = 0. Then, with respect to the base 11;, the root § remains
the positwe imaginary root such that if o € Aisa positive
imaginary root with respect to the base Il;, then a = 10 for
some integer [ > 0.

Proof. Let 9; be the positive imaginary root such that if « € A
is a positive imaginary root with respect to the base 1I;, then
a = so for some integer s > 0. Since J is an imaginary root,
0 = 10; for some integer [ and symmetrically, 6; = [;0 for some
integer [;. Therefore, 6 = +4;. If [II] = 1 then G is a Lie
algebra and there is nothing to prove. Otherwise, there is an
index j € supp(d) such that 7 # ¢ and so d remains positive
with respect to the base II;. Equivalently, 6 = ¢;. n

For the proof of the following result, see Corollary 1.
Corollary 9. Let o; € I be such that |a;|> = 0. Then the set
of positive even (resp. odd) roots with respect to the base 11; is
Ay (resp. (A —{a;})U{-a:})
and
p+a
1s a Weyl vector with respect to the base 11;.
Set
pi = p+ .

Note also that (p,d) is invariant of the base chosen. Indeed
this is clear if we consider the base w(II), where w € W. By
Corollaries 1 and 2, (p + «a;,6) = (p,0) since (J,a;) = 0 (as
(0,a) =0 for all a € A).

As a consequence:

Lemma 15. If ay # 1, then

(p,0)h" =0
and (p,0) # 0.
Proof. By assumption, ag > 1.

Claim: (p,8)((p,0') + 3|¢'|*) > 0 Since all expressions are in-
dependent of the base chosen, without loss of generality we as-
sume the base II to contain at most one isotropic simple root.
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Hence if the finite dimensional Lie superalgebra G is of type
A(m,n) or C(n) then |¢'|> = 0 so that our claim holds. If G
is of type B(0,n) then we may assume all simple roots to have
positive norm and hence our claim holds. When G is of type
B(m,n), m > 0 or D(m,n) or is exceptional, without loss of
generality, assume that |¢'|> < 0. If (p,0") < 0, then our claim
again holds. So suppose that (p,0') > 0. In this case, 0/ = 6
and a case by case study shows that our claim holds unless
G is of type B(1,1). However from p.19 in [Y] we know that
B(1,1) only has untwisted affinizations, in which case ag = 1,
contradicting assumption.

Without loss of generality, assume that (p,6") > 0. If (¢',6") >
0. Then the result follows immediately. Otherwise, (p,d) > 0
also follows from the above claim and the fact that a;* < 1. [

. A highest weight G-module V = V/(A) of highest weight A € H*
with respect to the base II, is integrable if for all

2(A, )
(o, @)

Few representations satisfy condition (int). Indeed suppose
that the level of the irreducible highest weight representation
is non-trivial, i.e. (A,d) # 0. Without loss of generality, assume
that

a € AT such that |af* # 0, €ZLy. (int)

(A, 6) > 0.
Now, Go = (GA(O)‘F@(C}O)*? where (GO)+ = <éa ta € A, |~ 0)

and (Go)_ = (Go 1 v € Ay, |a]<0). IF G5 # 0, let a € AF be a
root of negative norm. Then, for all n € Z,, a +nd € At is a

root of negative norm. However, for n >> 0,

(A, nd + «)

(@, @)

< 0.

Let V' = V(A) be an irreducible highest weight G-module with
highest weight A € H* and let vy be a highest weight vector of
V. For reasons of simplicity, by abuse of notation, we will also
write A for its restriction to H.

We need to choose one of the components of éo. We do this
as follows. From Lemma 1, we know that if (p,d) = 0 then
the Lie superlagebra G is untwisted. From [KW1] it therefore
follows that (p,d) = 0 if and only if the finite dimensional Lie
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superalgebra G is of type A(n,n), D(n+1,n), or D(2,1;a) and
the affine Lie superalgebra G is untwisted. Set
{a € (Af :[al*(p,8) >0} i (p,6) #0
(A =< {ae (A : a2 >0} if G is of type A(n,n)
{a e (A : |a?|0)? <0} if G is of type D(n+1,n) or D(2,1;a).

Definition 3. The highest module G-V = V(A) of highest
weight A is said to be partially integrable if the following hold:

(a) the G-module generated by the highest weight vector vy is
finite dimensional; and

(b) for all roots o € Ab, the elements x € Gio act locally
finitely on the module V.

In other words, if a module is partially integrable, it satisfies
condition (int) for at least one component of the even part of
the Lie superalgebra. Note that in [KW1] these modules are
called integrable.

From now on the G-module V' = V(A) will denote a module
satisfying Definition 1. Set P(A) to be the set of weights of the
module V(A). For p € H*, we write
V,={veV:hv=uhw VheH}.
Then, dim V,, < oo for all u € H* and following [K4]
chV = Z(dim Vi)e(p) € €,
u<A

where £ is now the algebra over C of formal series of the form

Z cue(p)

peH*

where ¢, € C and ¢, = 0 for p outside the union of a finite
number of sets of the type D(A) = {pu € H* : up < A}

We assume that if the dual Coxeter number is zero then the

G-module V' has non-trivial level, i.e. (A,d) # 0.

. Let VAVA be the Weyl group of the Lie superalgebra . For
w € W, let I(w) be the number of simple reflections needed

to write w as a word and [ (w) the number of simple reflections
corresponding to the set Aj needed to write w. Set

e(w) = (-1 and  éw) = (—1)I®).
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We define the following subgroups of the Weyl group:
Wy = (rq : o> > 0)

W_ = (rq : o <0),

i.e. X R X
W = Wf X W+.
Set R )
WH= (W,ry: a € A%,
Equivalently,

Wﬁ:TﬂxW,

where T* is the group of translations [K4] induced by the lattice
ZAS,

2.3 (Super)-character and (super)-denominator formulae

2.3.1 Statement of main results

Let V' = V(A) be a partially integrable highest-weight irreducible
G-module with highest weight A with respect to the base II. The
reason why the character formula of partially integrable modules of
level 0 of affine Lie superalgebras for which (p, §) = 0 does not follow
from the method used and would need extra arguments is given in
the following result.

Proposition 4. Suppose that (A,8) # 0 or (p,d) # 0. Then,
|Sa+p| < 0.

Proof. Suppose that the proposition is false. Since |Af| < oo, in this
case there is a root o € AT such that for infinitely many integers n,
(A+p, a+nd) = 0. Therefore, (A+p,d) = 0. However by definition
of a partially integrable module, this forces (A,d) = 0 = (p,d),
contradicting assumption. O

We restate here the list of affine Lie superalgebras for which
(p,d) = 0 (see section 2.1 for the proof).

Proposition 5. For the affine Lie superalgebra G, (p,0) = 0 zf and
only G is untwisted of type A(n,n), D(n + 1, n)(1 or D(2,1;a).
In particular, (p,d) is then the dual Coxeter number.

We generalize the notion of a tame module of an affine Lie
superalgebra given in [KW1]:
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Definition 4. The G-module V = V(A) is said to be generalized
tame (with respect to the base I1) if

Ch V = Ch A,SA+p,H,Wﬁ'

When |Say,| = 1, the G-module V' is said to be tame.
We need to distinguish between two types of isotropic roots.

Definition 5. The isotropic root o € A% is said to be of the first
kind if there is a base II' = s, - - - s1(II), where the s; are odd reflec-
tions, such that o € II'. Otherwise the isotropic root « is said to be
of the second kind.

Theorem 6. Let G be either a finite dimensional Lie algebra or a
Lie superalgebra of type A(m,n), C(n), or B(0,n). Assume that if
Lie superalgebra G is of type A(n,n)N), then the module V is not of

level 0, i.e. (A,p) # 0. Then the G-module V is generalized tame
with respect to all bases.

Theorem 7. Let the Lie superalgebra G be of type B(m,n), m >
0, or D(m,n). Assume that the Lie superalgebra G is not of type
D(m,n)® or A(m,m~+2n—1)* and when it is of type D(n+1,n)"),
assume that the module V' is not of level 0. Set « to be the mazximal
1sotropic root of the second kind in A}’ such that if i € supp(a),
then |a;|0] < 0.

1. If the G-module with highest weight ro(A + p) — p is infinite
dimensional, then the G-module V' is generalized tame.

2. if the G-module with highest weight ro(A + p) — p is finite di-
mensional then the G-module V' is not generalized tame and

. 2(A+p,0)
ch 7 . = <0
hV = A,Sptpp ILTEXW f (9,9)' =
ch ASpqp ILTEXW — ch 79 (A+p)—p,SA4p, ILTEX W/ otherwise

Moreover, if 2(?0;0’))’6) < 0, then Say, < AT contains only

isotropic roots of the first kind and otherwise Sy., = {nd £a}.

Theorem 8. Let the Lie superalgebra G be exceptional. When it is
of type D(2,1;a)V, assume that the module V is not of level 0.

1. If the G-module with highest weight ro(A + p) — p is infinite
dimensional, then the G-module V is tame;

o7



2. if the G-module with highest weight ro(A + p) — p is finite di-
mensional then the module V' is not generalized tame and
) ¢ 2(A+p,9)
chV — ch A,y p LT W if Top) <0
ch A,SA+p,H,TﬁD<Wf —ch TQ(A-FP)—p,SAer,H,T’jIXWf otherwise.

Let the Lie superalgebra G be of type D(m,n)® or A(m, m+
2n—1)®. Then G is of type B(m,n—1). Let M be the finite dimen-
sional Lie superalgebra with base Iy, = {ap, - ,ay_1} and root
system Ajs. Let (ITj7)o be the base of (A )NAG. Let 0, € (Ir)o be
the root such that 6, %HL ¢ II,,. Consider the subgroup of trans-
lations T < T* induced by the lattice generated by simple roots
whose norm is of the same sign as the (p,d) when G is not of type
D(2,1;a) and by simple roots of positive norm when G is of type
D(2,1;a)® (in which case as mentioned earlier, (p,d) = 0).

Theorem 9. Let the Lie superalgebra G be of type D(m,n)® or
A(m,m +2n — 1)@, The module V is never generalized tame and

r 2(Ap,0
if 25t <0

ch s
ChV — { A,SA+p,H,TD<W

chy sy, mixw = Doyt psu, iy Otherwise

As a consequence, the denominator formula can be nicely
expressed with respect to a base with special properties.

Theorem 10. Assume that the Lie superalgebra G is not of type
A(n,n)D, D(n+1,n)® or D(2,1;a)M. Let IT be a base contain-
ing a mazimal isotropic subset S of the set of roots A. Then the
denominator formula is:

e(p)R = Tosmmtmwvt
unless G is of type D(m,n)® or A(m,m+2n—1)%; in which cases,
e(p)R = FO,S,H,T[XW”

For the definition of W’ and W see discussion preceding
Theorem 2 and for W see section 1.2.

Theorem 11. Replacing ch with sch in Theorems 1, 2, § and /
gives the super-character for the G-module V' and the super-denominator
formula.

Note that even for the cases A(m,n)") in general our re-
sult is not equivalent to the conjecture in [KW1] since the roots in
Sa+p may not be contained in the finite root system A of the finite
dimensional Lie superalgebra A(m,n).
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2.3.2 The proof

In the rest of this section we prove these theorems. The main parts
of the proof of the finite dimensional case given in the first part
apply in its exact form to the affine Lie superalgebra G. Hence we
do not repeat these arguments. We once again consider the equality

(1):

e(p) T] (1 - e(—a)y™@chv

_ S aeA+p) T (1 +e(—a)™ (1)

ASA, [A+p2=|A+p[? acAT

Clearly Corollary 4 folds for any base II. We need to note
that as in the finite dimensional case, if we consider the module V" as
a Go-module, then from Lemma 9.6 in [K4] that for all weights \ €
H*, there are finitely many submodules U?,--- , U™ and a subset
J C{1,---,m} such that

0=0°cU'Cc---CcU"=V
and if i € J, U'/U*"! is isomorphic to an irreducible Gy-module V*
with highest weight some A" > X; if i € J, then (U*/U""1), =0 for

every weight 7 > A. As a consequence, if A+ py is a weight such that
the term e(A+ po) appears in the expression G(PO)HaeAg (I1—e(—a)),

then there are finitely many irreducible Go-submodules V1, ... V™
of highest weight I'* such that it appears in the expression

m

e(po)yens (1~ e(—a)) 3 ch V*

Z Z w(T* + po))

Without loss of generality, we will assume that (p,d) > 0
and hence

wt = L We W) i (p,6) >0
W otherwise

Moreover we assume that either (p,d) # 0 or (A, d) # 0 or equiva-
lently that

(A+p,0) #0.
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We first consider bases II for which the ﬁnlte type base II contains a
unique isotropic root and is such that A N A is generated by simple

roots in II. For the Dynkin diagrams, con81der1ng the list given in
[Y], we take:

0
X

Xz

A(m,n)® X N

m+n+1=N

0 1 N -1 N
>o
m+n=N-+1

m—+n=2N

0 1 N-—-1 N
B = X=0
m+n=N

60



0 1 N -1 N

A(m,n)@ (——X— —X— e

0 1 N -1 N
Am.m)® O X O

m+n=2N —2

X N-1
C(N)® 0 1 N —2
Dmm® —X
m+n=N

X N

(Z) 0 1 2 3 4
F(4) O—O0—0—0—0
G(3)) e OO

A case by case study shows that in all cases, except for
D(m,n)® and A(m,m + 2n — 1) any root of positive norm has
either no isotropic simple root in its support or has an even num-
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ber of distinct isotropic simple roots in its support. We therefore
separate the proof into two cases.

2)

Case 1: the Lie superalgebra G is neither of type D(m,n)® nor of

type A(m,m +2n —1)®
Hence arguments in Lemma 5 and 9 imply the following

Lemma 16. For all weights A\ € H* such that c) # 0,
wA+p) <A+p

for all w € W+.
As a consequence, Lemma 6 also holds:

Lemma 17. Let A € H* be a weight such that cy # 0. Then for all
w e Wi, cuirip)—p = e(w)ex.

Set WH/ to be subgroup of the Weyl group 44 generated by
reflections 7, € T% x W such that the support of the root a with
respect to the base II' contains either no isotropic simple roots or
an even number of distinct ones. Lemma 8 holds since all previous
results hold:

Lemma 18. Let p € H* be a weight satisfymg the conditions ex-
pressed in Corollary 4 such that “+p’) >0 forae AU (a; €Il :

|ai;|? < 0). Then, for all w € WH/,
w(p) < w(h)

for all bases 1I'. In particular when Gy is either a Lie algebra or of

type A(m,n) or C(n), for all w € W¥,
w(t) < w(h)
for all bases II'.

Corollary 10. Let p € H* be a weight satisfying the conditions in
Lemma 18. Then, u = A or p = A — ka, where a is an isotropic
root of the second kind in the root system generated by a finite type
sub-base of the base 1I.

Proof. Set
N

ptp=Atp—3 ki,

=1
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where k; € Z, . This may be written as follows:

M:A—la—leOé“
1#]
where [ < [; € Z,.
Let G’ be the finite dimensional Lie superalgebra with base
IV = II — {a;} and consider the irreducible highest weight G-
module U; of highest weight A (though it may not be finite dimen-
sional). The same arguments in the proof of Lemmas 9, 11 and 12

force
p=~A—16-> ko,

where k, # 0, kg # 0 implies that the roots a and 3 are mutually or-
thogonal isotropic positive isotropic in the root system A’ generated
by the finite type base II7 or

w+p=AN+p—100—ka,

where the root v € A’ has positive norm.
In the latter case, since (A + p,d) > 0 and

i+ p> = A+ p|?, (i)

we get
k=1=0.

In the former case, from Proposition 2, either all the roots «
are of the first kind or the sum contains a unique root « of the second
kind with the properties described in Corollary 7. If all the roots «
are of the first kind, since [ < [; for all ¢, by considering adequate
bases II', u <, A forces k, = 0 for all a. Since (A + p,d) # 0,
considering (i) we then get [ = 0.

Finally suppose that

w=~AN—-10—-ka,

where a@ € AJ is of the second kind. In this case we know from
Lemmas 11 and 12 that (?9’;’)9’?;) > 0, where ¢’ is the maximal root
in AJ. Equality () implies that (A + p,«) <0 and (A+p,a) <0 if
[ # 0. In the latter case however, what precedes forces |67|* < 0 and
so (A + p,d) < 0, contradicting assumption, and proving the result.

O

Lemmas 12 and 13 hold. All positive isotropic roots in A™
can be written as nd +«, where « is a positive isotropic root in some

63



finite type sub-system of A. Note that, as shown in the previous
proof, (A + p,kd + ) = 0, where « is a root of the second kind in
some finite type sub-system of A, then & = 0. As a consequence,
Theorems 6, 7, and 8 follow for the base II as in part 1 because of
Lemma 17.

2)

Case 2: the Lie superalgebra G is either of type D(m,n)® or of

type A(m,m + 2n — 1)@
Let M be the Lie superalgebra with base aq, - - ,any_1 and

root system Aj,s and the root 6y, be in Ajy; what the root 0 is in A.
Then |0|?|0]3; < 0 and

2(rg(A+p) — p,0)

6.9) <0

if and only if
2(T0M(A + p) - P 6)) >0
(9M70M> o

Without loss of generality, assume that ||> < 0. Then, the argu-
ments used in the Case 1 together with the previous observation
give Theorem 9 for the base II.

The arguments in the first part give these theorems with
respect to an arbitrary base, as well as the super-character formula
and the (super)-denominator formula. Note that with respect to the
base I, the coefficients ja s, ,mu and j’A,SAwH,U in the formulae is
always 1 and hence as there are only finitely many bases up to
conjugacy by the Weyl group, this coefficient is finite with respect
to an arbitrary base II.

The problem with the case (A+p,d) = 0 comes from Propo-
sition 4. Since (A+p,d) = 0if and only if (A, ) = 0 and (p, ) = 0, it
only corresponds to the (super)-denominator formula for untwisted
affine Lie superalgebras with 0 Coxeter number as for twisted affine
Lie superalgebras, (p,d) # 0 as has been shown previously.
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