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NILPOTENT GELFAND PAIRS
AND SPHERICAL TRANSFORMS OF SCHWARTZ FUNCTIONS
II. TAYLOR EXPANSIONS ON SINGULAR SETS

VERONIQUE FISCHER, FULVIO RICCI, OKSANA YAKIMOVA

ABSTRACT. This paper is a continuation of [FRY], in the direction of proving the conjecture
that the spherical transform on a nilpotent Gelfand pair (N, K) establishes an isomorphism
between the space of K-invariant Schwartz functions on N and the space of Schwartz func-
tions restricted to the Gelfand spectrum Xp, properly embedded in a Euclidean space.

We prove a result, of independent interest for the representation theoretical problems
that are involved, which can be viewed as a generalised Hadamard lemma for K-invariant
functions on V. The context is that of nilpotent Gelfand pairs satisfying Vinberg’s condition.
This means that the Lie algebra n of N (which is step 2) decomposes as v & [n,n] with o
irreducible under K.
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We follow the notation of [7]. We say that (N, K) is a nilpotent Gelfand pair (n.G.p. in
short) if NV is a connected, simply connected nilpotent Lie group, K is a compact group of
automorphisms of N, and the convolution algebra L'(N)X of K-invariant integrable func-
tions on N is commutative. This is the same as saying that (K x N, K) is a Gelfand pair
according to the common terminology.
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By D(N)¥X we denote the left-invariant and K-invariant differential operators on N, and

by
D: (Dl,...,Dd> 5

a d-tuple of self-adjoint generators of D(IN)X. To each bounded K-spherical function ¢ on
N we associate (injectively) the d-tuple &(¢) = (&1(9), ..., &(p)) of eigenvalues of ¢ as an
eigenfunction of Dy, ..., Dy respectively.

The d-tuples £(¢) form a closed subset Yp of R? which is homeomorphic to the Gelfand
spectrum of L'(N)* [5]. If ¢ is the spherical function corresponding to € € Yp, the spherical
transform

0 GIF(E) = / Fla)pe(z ™) da |

N
can be viewed as a function on YXp.

The following conjecture has been formulated in [6].

Conjecture. The spherical transform maps the space S(N)X of K-invariant Schwartz func-
tions on N isomorphically onto
def

S(Zp) = SRY/{f : fisp =0} .

The inclusion G(S(N)¥) D S(Sp) is known to hold in general [2, 6], so that the conjecture
only concerns the opposite inclusion. Moreover, the validity of the conjecture does not depend
on the choice of D [6].

In a nilpotent Gelfand pair (NN, K') the group N is at most step-two. We denote by n its
Lie algebra and by v a K-invariant complement of the derived algebra [n,n]. We consider n
endowed with a K-invariant scalar product.

The conjecture is known to be true when N is abelian or the Heisenberg group [1, 2], and
when the following conditions are satisfied [6, 7]:

(i) the K-orbits in [n,n] are full spheres,
(ii) K acts irreducibly on b.

In this paper we remove condition (i), still keeping condition (ii). The pairs for which (ii)
holds have been classified by E. Vinberg in [14], and for this reason we call (ii) Vinberg’s
condition. Notice that, under Vinberg’s condition, [n,n] = 3, the centre of n.

We mention here that the classification of nilpotent Gelfand pairs has been completed in
[16, 17], see also [15, Chapters 13, 15].

Assuming Vinberg’s condition and disregarding the pairs for which the conjecture has
already been proved, the basic list of n.G.p. to look at is that contained in Table 1. The
space 3o which appears in the last column is the unique irreducible component of 3 on which
K acts non-trivially.

All other nilpotent Gelfand pairs satisfying Vinberg’s condition are obtained from those
in Table 1 by either of the following operations:

(a) normal extensions of K: replace K by a larger group K# of automorphisms of N
with K < K7;



K 0 3 notes | 3o (if # 3)
11 SO, R"™ 50, n>4
2 SU2n+1 C2n+1 A2C2n+1 n > 2
3| Spy x Sp,, | H? @ H" | spy n>2
4 U2n+l CQn—H A2(CQn+1 o R n Z 1 A2C2n+1
51| SUg, c* ANC R n> 2| A2C*"
6| U, cn U, n > 2| su,
7 | Sp,, H"™ HSH" & ImH | n > 2 | HSZH"
8 U2 X SUn C2 ® C" Uy n>2 Sl
9 U2 X Spn (CQ ® H" Uy n>2 Sl
10| Uy xSpin; | C®0O |ImO&R ImO
TABLE 1

(b) central reductions: if 3 has a nontrivial proper K-invariant subspace s, replace n by
n/s.

In [7] we proved that if N, K, K# are as in (a), and the conjecture is true for (N, K),
then it is also true for (N, K#). It will be proved elsewhere that, applying (b) to pairs for
which the conjecture is true, the resulting pair also satisfies the conjecture. We will therefore
concentrate our attention on the pairs in Table 1.

In this paper we do not give a proof of the conjecture for these pairs (this will be done
elsewhere), but we focus on one specific point, the proof of Theorem 1.1 below, which is
crucial in the proof of the conjecture, and which is rather involved in itself. It requires a
detailed analysis of the action of K on the polynomial algebras over v and 3 and on tensor
products of their irreducible components. In order to formulate Theorem 1.1, we need to
describe some aspects of the structure of Xp.

In >p one can distinguish a relatively open and dense “regular set” from a “singular set”,
and singular points may have different levels of singularity. The highest level of singularity
is reached by those bounded spherical functions which factor to the quotient group N’ =
N/expy 30. Call X this subset of Xp.

At this point it is convenient to introduce a preferred system D of generators of D(N)X,
obtained, via symmetrisation, from the bases of fundamental K-invariants on n listed, case
by case, in Section 7 of [7]. We denote by p = (p1, ..., pa) the d-tuple of these polynomials.

The polynomials p; have the property of being homogeneous in each of the variables v € v,
Z € 30, t € 3’ where 3’ is the orthogonal complement of 3¢ in 3; notice that K acts trivially
on 3'. For each j, we denote by [j] the degree of p; in the jo-variables.

Notice that [j] > 0 if and only if D; annihilates all the spherical functions which factor
to N’. At the same time, the polynomials p; with [j] = 0 provide a system of fundamental
K-invariants on the Lie algebra of N', 0 = v & 3/, where [0/, '] = 3. Symmetrising p; on
N’ produces an operator D} € D(NN’ )%, which is the push-forward of D; via the canonical
projection.



Suppose that the D; € D have been ordered so that Dy,..., Dy, are the operators with
[j] = 0. Then % can be realised as the intersection of ¥p with the coordinate subspace

Sy ={(€Sp gy ==& =0}.

What has been said above shows that there is a natural identification of X% with the
Gelfand spectrum Yo of the pair (N', K), with D' = {D},..., D} }.

We will decompose the variables of R? as & = (£,£"), with & = (&,...,&,), &' =
(€4g41, - - -, &€a). To have a consistent notation, multi-indices o” will have components indexed
from dy + 1 to d, so that monomials £¢*” only depend on &” and, similarly,

1"

o Qdy+1 (o}
D = Dyt DS

We set [o] = Z;l: dor1 7] Of course, [a] equals the order of derivation of D" in the
30-variables.

Let us go back to the conjecture. Given a function F' € S(N)¥ we are interested in proving
that its spherical transform (1) extends from ¥p to a Schwartz function on R¢. In [7], one
of the crucial points in the proof was Proposition 5.1, providing a Taylor development of GF’
along the singular set; in that situation, there was just one level of singularity.

Recast in our present situation, that result can be phrased as follows: given k& € N, there
exist K-invariant Schwartz functions {F,» }ja<k—1 on N, with GF,» only depending on &',
and such that

[a]<k—1 |8|=k
with Rs € S(N) for every .
It is clear, by induction, that it will be sufficient to show that the remainder term

Oy (v, 2,t) = Z 9 Rs(v, 2,1)
181=k

can be further expanded as

(3) o= Y DFut+ Y OIS,

)=k Iy|=k+1

for some new functions F,» € S(N)¥X, [o”] = k, and some new S, € S(N).

We sketch, without proof, the basic ideas that allow to reduce the problem to proving
Theorem 1.1 below, skipping many technical details that will be presented elsewhere.

It is convenient to introduce modified versions of the operators D;, an operation that
corresponds to replacing the group N with the direct product N = N’ x 30 of N’ with the
additive group 3o. We remark that (N, K) is also a Gelfand pair (not satisfying Vinberg’s
condition), as it can be checked from the classification in [17] or, through a direct argument,
from the fact that the Lie algebra n is a contraction of n.

From the same system of invariants p; used to generate the differential operators D; on
N, we produce, by symmetrisation, a system D = {Dl, ..., Dg} of generators of D(N)X. We
also use the same coordinates (v, z,t) € v X 39 X 3’ on N via the exponential map expy.
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Taking advantage of this common coordinate system for N and N, we can compare D; and
D; as follows: the left-invariant vector field corresponding to the basis element e, € v is

X, =0y, + > _bi(0)0, + Y clv)d,
7 ¢

on N, and
X, = 0y, + ZQ(U)@W
¢

on N. Therefore,

Dj—Dj= > al, (0)05070]
a,Byy:]B=1
where each term contains at least one derivative in the z-variables.
This implies that, if [o”] = k, then each term in D*" — D" contains at least k + 1
derivatives in z. Then it will be sufficient to prove (2) with each D" replaced by D®”, since
the difference can be absorbed in the remainder term. Therefore (3) is equivalent to

(4) Op= Y DFut+ > OIS,

o=k Iyl =k+1

2

To both sides of (4) we apply Fourier transform in the z-variables, that we denote by “ ™7,
e.g.,

For(v,¢,1) = / Eor(v, 2, t)e7 50 dz

30
where ( , ) is the given K-invariant scalar product on 39. We obtain:

(5) Bu(v,Ct) = Y DEFor(v.Ct)+ Y (i)'S,(v,¢, 1)
o’')=k [yl=k+1

where each Dj,g is obtained from Dj by replacing each derivative 0,, by i(,.
Modulo error terms that involve higher-order powers of (, we are left with proving that
the k-th order term in the Taylor expansion in ¢ of ®x(v,(,t), i.e

Z 8ﬁ Rs(v,0,t) ,
Ivl= k)
equals the k-th order term in the Taylor expansion in ¢ of (5), i.e.,
S D Fun(v,0,1) .
[o"]=k
This last point is the subject of our main theorem.

Theorem 1.1. Let G be a K-invariant function on N of the form

(6) G(v,¢, 1) = > (Gy(v,t)

Iv|=k
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with G, € S(N'). Then there are Hon € S(N')E, for [o] = k, such that

(7) G=> DYHu .
[

o=k

More precisely, given a Schwartz norm || ||y, the functions Hon can be found so that, for
some q = q(k,p), [|Hollp) < Crp 22—k 1G5l (@), for every o, ("] = k.

In Section 2, we prove Theorem 1.1 for the pairs in the first block of Table 1. Indeed, in
these cases the group N’ is reduced to v and is abelian.

The rest of the article will be devoted to the proof of Theorem 1.1 for the other pairs,
where N’ is a Heisenberg group, with the exception of line 7, where it is a “quaternionic
Heisenberg group” with Lie algebra H"™ & Im H.

In Section 3, we develop a careful analysis of the structure of the K-invariant polynomials
on v @ 39, describing the K-invariant irreducible subspaces of the symmetric algebras over v
and 3 that are involved.

In Section 4, we reduce the proof of Theorem 1.1 to an equivalent problem of representing
vector-valued K-equivariant functions in terms of K-equivariant differential operators ap-
plied to K-invariant scalar functions (Proposition 4.3). Then we analyse the images of these
differential operators in the Bargmann representations of N’; identifying the K-invariant ir-
reducible subspaces of the Fock space on which they vanish. This analysis reveals interesting
connections between these operators and the natural action of K itself on the Fock space,
once both are realised to be part of the metaplectic representation.

Finally, in Sections 5 and 6, we complete the proof of Theorem 1.1 for the pairs with N’
nonabelian.

2. PROOF OF THEOREM 1.1 FOR N’ ABELIAN

In this section, we consider the pairs in the first block of Table 1, where 39 = 3 and,
therefore, N = v is abelian. We call (v, K) an abelian pair. In this case, one can prove
that Theorem 1.1 is true with the additional property that the functions H, can be chosen
independently of p and depending linearly on the G.,.

Via Fourier transform in v, this statement is equivalent to the Proposition 2.1 below. We
first explain the notation. We split the set p of fundamental invariants into the two subsets
P, p', where p' contains the polynomials depending only on v € v, and p” those which
contain z € 3 at a positive power. This notation matches with the splitting of coordinates
(&',¢") on the Gelfand spectrum introduced in Section 1.

Proposition 2.1. Let G € C®(N)¥ satisfying

G, ()= Gy(v) |

Iv|=k
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with G., € S(v). Then there ezist gor € S(R™), ["] = k, depending linearly and continu-
ously on {G,}, and such that

= Z p(’l}7C>aHga// e} p,</U) .
a''l=k

The proof is quite simple and relies on two adapted versions of Hadamard’s Lemma on
one side, and of the Schwarz-Mather theorem [12, 13] on the other side. Hadamard’s Lemma
states that if a function of two variables f(x,y) € C*°(R" x R™) satisfies f(0,y) = 0 for
every y, then there exist C*°-functions g¢;(z,y), j = 1,...,n, such that

vy) =Y wigi(r,y) .
j=1

Adapting the proof of Hadamard’s lemma given in Proposition 5.3 in [7], it is easy to show
the following.

Lemma 2.2. Let f(x,y) € C°(R" x R™) and k € N. Then there exist smooth functions
ga(y) € C®(R™), |a| <k, and Ry (z,y) € C°(R" x R™), |a| =k + 1, such that

= Z %90 (y) + Z 2*Ro(z,y) .
la|<k |a|=k+1
Furthermore if f(z,y) € C*(R")QS(R™) in the sense that, for every L,
sup (14 [y))*1070, f(w,y)] < o0,

lal, 8], |z < L
yeR"
then the functions go(y), || < k, and Ry (z,y), || = k + 1, can be chosen in S(R™) and
C>®(R")QS(R™) respectively, and depending linearly and continuously on f.
Proof of Proposition 2.1. All the polynomials p; are homogeneous in v and z and, for j =
., dp, they only depend on v. Hence it is easy to adapt the proof of Theorem 6.1 in [2] to
show that there exists a continuous linear operator & : (S(0)@C> (3))K — S(RP)C>(RI~)

such that €(g) o p = g for every g € (S(n)@Coo(g))K. So let h = £(G). Using Lemma 2.2,
we obtain that, for any f = (5’ £) e RY,

= ) g+ D U
o<k la!|=k+1
where each g, depends linearly and continuously on h € S(R%)®@C>(R?~%), hence on
{G,},. Composing with p, we get:
G<U7 C) =ho ,0(1}, C) = Z p(U, C)a//ga” (p/(U)) + Z p<U7 C)aNUa” (p(U, C)) .
o/ <k o/ =41
As G is a polynomial of degree k in (, we have:

G, Q)= > p(0,0" gar (¢ (v)) . O

[a’]=k



3. N’ NONABELIAN: STRUCTURE OF K-INVARIANT POLYNOMIALS ON 0 & 3

From Table 1 we isolate the last two blocks, i.e., the cases where N’ is not abelian. To
each line we add the list of fundamental K-invariants on v & 3¢ as it appears in Theorem 7.5
of [7]. We split the set p of these invariants into three subsets, py, P, o, cOntaining the
polynomials which depend, respectively, only on v € v, only on 2z € 39, or on both v and z.
We call the last ones the “mixed invariants”. We convene to use the letters r, ¢, p to denote,
respectively, elements of py, s, Poz0-

The result is Table 2. Note that expressions like 2* refer to the k-th power of a matrix z.
For unexplained notation at lines 9 and 10, we refer to [7].

IS |0 [ 30 | ri(v) [ w@ [ w2
2n+1 2" 2n+1 2 tr ((22)") v (5 )*v
4| Uznpa C A*C gl (1<k<n) | 1<k<n)
I'( 2 )k) *( =\ k
2n 202n 2 Z v*(Z2)"
5 || SUy, C A*C |v] ( Skﬁn ) (1<k<n-1)
n 9 t v*(12)"v
6] Un ¢ St [vl (2§k§n) (1<k<n-1)
n P 9 tr 2" v* 2R
71 Sp, H HS2H 0] c<tem |1k et
*\k
8 | UyxSU, |C2QC" | su, t(rk((:v ) )2)) |2]? itr (v*zv)
tr ((vv*)*)
9 | UyxSp,, |C*®C*™ | su, (k=1,2 |22 itr (v*zv)
[Pyl — (ey)”
. [l 2 ]
10 | Uy xSpin; | CRO ImO jor2Jual? — (Re (’Uﬂjg))Q H Re (z(v172))

TABLE 2

If X is a real vector space, we call P(X) the polynomial algebra over X, and P*(X)
the subspace of homogeneous polynomials of degree k. When X is endowed by a complex
structure, we denote by P*1¥2( X)) the terms in the splitting of P(X) according to bi-degrees;
for example P*? is the space of holomorphic polynomials in P*.

This applies in particular to v, which always carries a complex structure, and to 3¢ at lines
4 and 5. At line 7, in fact, v admits a different complex structure for every choice of a unit
quaternion.

The indexing of the elements py(v, z) of py;, is assumed to match with the notation of
Table 2 when there is more than one element in the family.

Coherently with the notation used in the previous sections, if p*(v, z) is a monomial in
the py, we denote by |«| its usual length, and by [a] its degree in z. When 3¢ is a complex
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space, we denote by [«] the bi-degree of p* in z, 2. The same convention on the use of [ |
and [ | applies to monomials in the g.

It follows from [7, Corollary 7.6] that the algebra P(v @ 30)¥ is freely generated by p =
Po U P30 U pos,- The pairs in Table 2 are distinguished by the property that we can add
a subspace 3/, of dimension one or three, to 3¢ keeping (K, N) as a nilpotent Gelfand pair
and v®j is a Heisenberg Lie algebra or a quaternionic Heisenberg Lie algebra. Another
observation will be of particular importance in the future.

Remark 1. Fix ¢ € 30 and let K, be its stabiliser in K. Then the pair (N’, K;) is also
a nilpotent Gelfand pair. The result goes back to Carcano’s characterisation of nilpotent

Gelfand pairs in terms of multiplicity free actions [4]. An alternative proof can be found,
e.g., in [14, Ch.2,84].

The first dividend we get is the following. Evaluating K-invariants at ¢, we get K -
invariant polynomials on n’, more precisely, on v. These polynomials have the same degree
in v and in v [8, Section 4]. Hence the expressions of the polynomials r(v) and pg (v, z) must
also have the same degree in v and © (this can be seen directly from Table 2). Therefore we
have the splitting

Po®s) = D (P""(0) @ P 0)"
m,k>0

We want to refine this decomposition, by putting special attention on the mixed invariants.
Any mixed invariant p(v, z) in (P™"(0) ® Pk(ao))K can be expanded as

(8) b= vaj,wj )
J

where, for each j, V; and W; are K-invariant, irreducible subspaces of P™™(v) and P*(30)
respectively, with V' ~ W equivalent to W as a K-module, and

(9) pv,w, (v,2) = an(v)bi(2) |
h
with {a,} and {b,} being orthonormal dual bases.
In a rather canonical way, we will now replace the basis of monomials p®(v, 2)¢°(2)r" (v)
by a new basis, obtained by replacing each p® by a new polynomial p® which is “irreducible”,
in the sense that it equals py, v, for appropriate irreducible V,, Wi,.

Before going into this construction, we remark some useful aspects of the list of pairs and
invariants in Table 2.

Remark 2.

(a) The first block of Table 2 contains four infinite families, with both dim v and dim 3o
increasing with the parameter n. Each pair admits a single invariant in p,, and
several in p,; and py ;.

(b) Inside the first block, the pairs at lines 4 and 5 have a special feature, in that ng
is a complex Lie algebra and 3¢ is a complex space. Each pair in these two lines is
“twinned” with a pair in line 6, the one with the same v. The invariants for a pair
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in line 4 or 5 coincide with the lower degrees invariants for the twin pair at line 6
evaluated at (v, —izz) instead of (v, z).

(c) Each line in the second block contains either an “exceptional” isolated pair (line 10),
or an infinite family (lines 8, 9), but with dim 3, fixed. Each pair admits a single
invariant in p,, and in p, ;,, but several in p,.

(d) For each pair, the k-th mixed polynomial pi(v, 2) is a finite sum

(10) pr(v,2) = Z@(U)bjk(z) :

with v; = dim 3¢ and the ¢; independent of k.

(e) For the pairs at lines 6-10, the polynomials bj;(z) appearing in the expression (10)
of p; are the coordinate functions on 3o. The real span of the polynomials ¢;(v) is a
K-invariant subspace of P1!(v) equivalent to 3.

(f) At lines 6, 7 and for k > 1, pi(v, 2) (resp. qx(2)) equals, up to a power of i, p; (v, 2*)
(resp. q1(2%)). Here again z* is the k-th power of a matrix.

At this point we must isolate the two special families of lines 4 and 5, and restrict our
attention to the pairs of lines 6-10.

For given m, k, we look at the structure of (P™™(v) ® 77"‘(30))[(, the space of K-invariant
polynomials on v @ 3¢ of bi-degree (m, m) in v and degree k in z.

Inside P™™(v) consider the subspace generated by polynomials which are divisible by
elements of p,, and let H™™(v) its orthogonal complement. More explicitly, if 77(v) is a
monomial in the r; of bi-degree (d,,d,), then

H™ ™ (0) = <1<52;m 707737”—%’“—%(n))l .

With an abuse of language, we call H™™(v) the harmonic subspace of P™"™(v). By the
K-invariance of each H™™(v),

(P™m(0) @ PRGo)) = S0 TS (0 (0) @ PR (0))
0<6<m 6,=6
Similarly, we set
1
Hio) = (D P G0))
1<[BI<k

For an element p of (P™™(0) ® Pk(gg))K we denote by p its v-harmonic component, i.e.,
its component in (H™™(0) ® 77'“(30))1(.
Finally, we denote by P™(¢) C P™™(v) the space generated by the monomials of degree
m in the ¢;.
Proposition 3.1. Let K, v, 30 be as in Table 2, lines 6-10.
(i) If k <m, (H™(v) ® Pk(zo))K is trivial.
(ii) For k=m, (H™™(v) ® Pm(go))K is one-dimensional, and it is generated by pT.
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(iii) Let V,, = H™™(0)NP™(L). Then V,, is absolutely irreducible, i.e., it stays irreducible
as a representation of K€ after the complexification V,,, ®r C. We fiz an orthonormal
basis aﬁ»m), 1 <75 <vy, of Vi,. Then

(11) P =" Wl (2) |
j=1

with the bg.m) non-trivial.
Let W, denote the linear span of the b

gm)} 1<j<v,. Then W, ~V,, and

(iv) If |a| = m, then p* # 0 and
=

(v) For every m and k, the products p°q® with || = m and [o] +[3] = k form a basis of
(H™™(v) ® 77’“(30))[(. In particular,

(H™"(0) © P*(30))" = (Vi ® PH(30)) "
(vi) The spaces V,, are mutually K -inequivalent.

Proof. (i) is a consequence of the structure of the p;. If k& < m, a monomial in the p,q,r
must necessarily contain some r-factor.

(ii) follows from the fact that p{" is the only monomial in (P™™(v) @ P™ (50))K which does
not contain r-factors. If we had p® = 0, this would establish an algebraic relation among the
fundamental invariants, in contrast with [7, Corollary 7.6]. This last remark also proves (v)
and the first statement in (iv).

The proof of (iii) requires some discussion of P™(¢). First of all, every element of
(H™™(0) ®77k(50))K necessarily belongs to the smaller space ((H™™(b)NP™(()) ®Pk(5o))K,
by the structure of the invariants.

The second fact is that the equivariant map of Remark 2 (e), from 3¢ to the span of the
¢;, induces a surjective equivariant map from P (3¢) to P"(¢).

Consider now H™™(v) NP™(¢). For every irreducible K-invariant subspace V' of it, there
must be an equivalent irreducible subspace W in P™(30). This gives rise to an invariant
pvw of (9), belonging to (V @ W)X c (H™™(v) ® Pm(ao))K. But by (ii), this space is
one-dimensional. Therefore there exists a unique V- C H™™(v) NP™(¢) and a corresponding
unique W C P™(30) equivalent to V. This forces V' to be all of H™™(0) N P™(¢), and it
must coincide with V,,,. The equality dim (V ® V)% = 1 implies also that V is absolutely
irreducible. .

Decompose now pi* as

pl Zq )

[6]>0
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with p* € V,, ® H™(30) and pbg €V, @ H™ Pl(30). Then p* and the p%’s are all K-invariant.
It follows from (i) that p% = 0 for every 3, i.e., ]/9717/"” =p* €V, @ H™(30).
To complete the proof of (iv), take any element p of (Hm’m(n) ® Pk(z,o))K. By (8),

p= ZPVJ-,W]- )
J

with the py, w, as in (9). Repeating the same argument used above, each V; gives rise to an
invariant polynomial in (H™™ () ® Pm(go))K. By (iii), V; = H™™(v) N P™(¢) for every j.
We prove (vi) by contradiction. If we had V,, ~ V,, with m < m/, the polynomial
ja§-m)(v)b§-m)(z) would be a non-zero element of (H™ ™ (v) ® Pm(go))K, contradicting

(i). n

Consider now the pairs of lines 4, 5. Introducing bi-degrees for polynomials on 3, we
obtain the following rather obvious variants, on the basis of Remark 2 (b).

Proposition 3.2. Let K, v, 39 be as in Table 2, lines 4, 5.

@) If k <m, (H™™(v) ® 77"”'“(50))[( is trivial.
(ii’) The polynomials p*, p™ coincide with those of line 6, evaluated at (v, —iZz). In
particular, (i), (iil), (iv), (v), (vi) of Proposition 3.1 have the same formulation (up

(m)

to the obuvious notational changes), with the same a; " and Vp, as for the twin pair

of line 6.
(iii’) For k >m, (H™™(v) ® Pk’k(zo))K =span {p®¢° : |a| = m, [a] + [B] = (k, k)}. In
particular,

K

(K™ (0) @ P**(30))" = (Vi @ P (30))

(iv') If k1 # ko, (H™™(0) ® Pkl’kQ(zo))K is trivial, except at line 5, for ky — ke = jn,
Jj € Z. In this case,

(Pf2) (H™™(0) @ PRk2(30)) " ifj >0,

m,m k,k2 K _
) e P ) _{(Wz)ﬂ(%ﬂ%(o)@P’Ml(z,o))K <o

Notice that Propositions 3.1 and 3.2 show that, for every «,

(12) P = PV wa
with m = |a| and W, C Plel(30) (resp. W, C Pl(30)) equivalent to V,.

Corollary 3.3. The polynomials p®q°r? form a basis of P(b @ 30)¥.



4. FOURIER ANALYSIS OF K-EQUIVARIANT FUNCTIONS ON N’

We start from a function G as in Theorem 1.1,

G, (1) =Y Gy(v,t) (lines 6-10) ,
IvI=k

G, t)= > (G, (v,t) (lines 4, 5) ,
[v1]+|v2|=k

13

which is K-invariant, and with G, € S(N’) (we use the variable ¢ as a reminder that, in the

course of the argument, we have taken a Fourier transform in z).
The following statement follows from Proposition 2.1 and Corollary 3.3.
Lemma 4.1.
(i) (lines 6-10) A function G € (S(N') ® Pk(go))K can be uniquely decomposed as

(13) G,¢.t)= > (O (v, O)gap(v,1) ,

[a]+[8)=F
with gos € S(N')X depending continuously on G.
(ii) (lines 4, 5) A function G € (S(N') ® Pk’k(go))K can be uniquely decomposed as
(14) Cwt= 3 POFW Oguslvt)
[o]+[8]=(k.k)

with gos € S(N')X depending continuously on G.

(iii) For the pair at line 5, (S(N') ® Pk“”’k(go))K equals (Pf2)7(S(N') @ Pk’k(go))K for

j >0, (PT2)79 (S(N") @ PF(30))" for j < 0.

From the right-hand side of (13), or of (14), we extract the single term

Vm,

PP, Odas(v,t) = Y al"™ (v)gas(v, )6 (C) |

J=1

with m = |o| > 1.

In order to emphasize that the following analysis depends only on m and not on the
specific multi-index «, it is convenient to introduce an abstract representation space V,, of

K, equivalent to V,,, and denote by {e§m)}1§jgym an orthonormal basis corresponding to the

basis {agm)} of V,,, via an intertwining operator.
We denote by 7, the representation of K on V,.
We replace p®gqg by the V,,-valued function

Gag<1}, t) = gag<2}, t) Z agm) (1)) egm) .

j=1
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Since the bg-a) form an orthonormal basis of the space W,, in (12) and W, ~ V,;, ~ V,, it
follows that G, is K-equivariant, i.e.,

Gop(kv,t) = 7 (k)Gag(v, t) | (ke K) .

In fact, we have the following characterisation of K-equivariant V,,-valued smooth func-
tions.

Lemma 4.2. Let H be a V,,-valued, K -equivariant smooth (resp. Schwartz) function H on
N'. Then H can be expressed as

H(v,t) = h(v,t) Y al™ ()el™
j=1

with h smooth and K -invariant (resp. h € S(N)X ), depending continuously on H.

(m)

Proof. Reversing the argument above, from a K-equivariant function H(v,t) = >_; H;(v, t)e;

we can construct the K-invariant scalar-valued function H(v,(,t) =3 i Hilv, t)bE-m)(g ).
If H is smooth (resp. Schwartz), so is H. By Proposition 2.1, H can be expressed as

A =3 (3 POPEQhuslv.b) .
m'<m  [o]+[B]=m
lal=m/
with each h,p K-invariant and smooth (resp. Schwartz). Each term in parenthesis can
be turned into a K-equivariant function with values in V,,. Since the V,,, are mutually
inequivalent, the only non-zero term is the one with m’ = m. 0

Remark 3. From this point on, we may completely disregard the special cases of lines 4 and
5, because in this abstract setting they are completely absorbed by those of line 6.

We denote by A§-m) € D(N’) the differential operators obtained from the polynomials agm)
by symmetrisation. Then
(15) My =3 el A
j=1
is a K-equivariant differential operator mapping scalar valued functions on N’ to V,,-valued
functions.
The following statement is the key step in the proof of Theorem 1.1.

Proposition 4.3. Let G be a V,,-valued, K -equivariant Schwartz function on N'. Then G
can be expressed as

(16) G(v,t) = Mpyh(v,t)
with h € S(N")¥.
More precisely, given a Schwartz norm || ||, the function h can be found so that, for

some q = q(m, p), ||kl < CrnpllGll(o)-
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The proof requires some representation theoretic considerations that will be developed in
the next subsections.

4.1. The Bargmann representations of N'.

The proof requires Fourier analysis on N’. As we mentioned already, N’ is either a
Heisenberg group or (line 7) its quaternionic analogue, with a 3-dimensional centre. It will
suffice to restrict attention to the infinite-dimensional representations.

When N’ is a Heisenberg group, i.e., n’ = 0 & R, we see from Table 1 that v is a complex
space (whose dimension we denote by k), with K acting on it by unitary transformations.
We use the Bargmann-Fock model of its representations, that we briefly describe.

If (vq,...,v,) are linear complex coordinates on v, the 2m left-invariant vector fields
1

_ 7 .
17]-(9,5, Zj:agj+zlvjat, jzl,...,li,

generate n'C.
For A > 0, the Bargmann representation m, acts on the Fock space Fy(v), defined as the
space of holomorphic functions ¢ on v such that

lollz, = (A/2r)" / (@) Pe 3 dy < oo |
o]
and is such that
(18) dma(Z;) = av]- ) dWA(Zj) = ——v; .

For A < 0, my acts on Fy as m(v,t) = my (v, —t), so that the roles of Z; and Z; are
interchanged:

A _
(19) dﬂ')\(Zj) == §Uj s dﬂ')\(Zj) == 8Uj .

By the Stone-von Neumann theorem, the Bargmann representations my, A # 0, cover the
whole dual object N’ up to a set of Plancherel measure zero.

The case n’ = v®Im H, with v = H", requires some modifications. For every y # 0 in Im H,
with polar decomposition p = Ag, A = |u| > 0, there is an analogous representations m,, = 7 ¢
which factors to the quotient algebra n. = v, @ (ImH/c*). This is a Heisenberg algebra,
with v. denoting v endowed with the complex structure induced by the unit quaternion g.
Then 7). is the Bargmann representation of index A of n, acting on the Fock space F(v,).

Again, the 7, cover N up to a set of Plancherel measure zero.
For the sake of a unified discussion, we drop the subscripts A or u, and simply write 7

and F. Only when strictly necessary, we will reintroduce a parameter A > 0, leaving to the
reader the obvious modifications for the other cases.
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In all cases, the fact that K acts trivially on 3 implies that each representation as above
is stabilised by K. In fact, if o denotes the representation of U, on functions on v given by

(20) (c(k)¢)(v) = p(k~'v)
one has the identity
m(kv,t) = o(k)m(v,t)o(k™) .

The representation 7 maps functions H € S(N')®V,, into operators n(H) € L(F)Q@V,, =

L(F,F @ V), depending linearly on H and such that
rT(h@w)=mnh)@w, heS(N').

If H is K-equivariant, then
(21) m(H)o(k) = (0 @ 1) (k)w(H) ,
for all k£ € K. Similarly, the equivariance of M, implies that, for k € K,
(22) dr(My)o(k) = (0 @ 1) (k)dm(M,,) |
i.e., 7(H) and dm(M,,) intertwine o with o ® 7,),.

With an abuse of notation, we denote the restriction of o to K by the same symbol.

Since (N, K) is a n.G.p., the representation o decomposes into irreducibles without mul-
tiplicities. We can write

(23) F=Y "V,
pnex

for some set X of dominant weights u of K. For each u, we denote by R(u) the representation
of K with highest weight . Each V(1) is contained in some P*%(b) with s = s(u), since
these subspaces are obviously invariant under o.

In particular, V' (u) consists of C*°-vectors for 7, so that dm(M,,) is well defined on V().

Notice that, for the pairs in the first block of Table 2, each P*%(v) is itself irreducible.
Only for the pairs in the second block, different V' (1)’s may be contained in the same P*%(v).

The following lemma in invariant theory will be important in the next proof.

Lemma 4.4. Let R(u1), R(us2), R(us) be three irreducible finite dimensional representations
of a complex group G on spaces Vi, Va, Vs respectively. Denote by c,,, (i, i) the multiplicity
of R(u:) in R(p;) ® R(pk). Then
Cui (11, ) = dim (V) @ V; @ V3,) = Cu (Hes 15)
where 1’ stands for the highest weight of the dual representation and V' for the dual vector
space of V. Over R the statement modifies as follows:
dim (V; @ V)% (15, ) = dim (V] @ V; © V) = (s p)elim (V; © V)6

Proposition 4.5. Let ® be a linear operator, defined on the algebraic sum of the V(u),
w € X, with values in F @ V,,, and intertwining o with 0 @ 7,,. Then

(i) for every u,
®:V(p) — V() @ Vi ;



17

(i) @}y, =0, unless R(p) C R(1) @ 7

(iii) @y, =0 if s(u) <m.
Proof. Let P, be the orthogonal projection of F onto V(u). If iy € X, (P, ® 1)@y,
intertwines R(u) with R(u1) ® 7, Hence (P, ® 1d)®y,,,, = 0 unless R(u) C R(p1) ® T

Take W,,, the linear span of the polynomials bgm)(z) in (11), as a concrete realisation of

Tm- Take also V(u1) as a concrete realisation of R(p;) and V(u) as concrete realisation of
the (complex) contragredient representation R(u) of R(p). By Lemma 4.4,

(24) R(i) € R(p) @ 7 = (V()@V (1)@ W) # {0} .

By Remark 1, for a nonzero element ¢ € 3¢, the pair (N', K;) is also a nilpotent Gelfand
pair, so that F(v) decomposes without multiplicities under the action of K.. Let p(v,2)

be a nonzero element of (V(,u)@V(ul)@Wm)K, and fix ¢ € 30 such that po(v) = p(v,() is

not identically zero. Then py is Kc-invariant and contained in V' (p)®V (p1). Hence V(1)
and V(p;) must contain two K -invariant, irreducible, equivalent subspaces. By multiplicity
freeness, this forces that p = iy and we obtain (i).

At this point, (ii) is obvious.

To verify (iii), observe that the subspaces V,, are mutually inequivalent by Proposi-
tions 3.1(vi), 3.2(ii’). Hence V;, does not appear in P**(v) for s < m. O

4.2. Multiplicity of R(u) in R(p) @ V..

We need at this point to obtain, for any m,

(a) a precise description of the “m-admissible” weights p, i.e., such that R(u) C R(u) ®
Vin;
(b) that, for such a pair, R(u) is contained in R(u) ® V,, without multiplicities.

Point (a) above forces us to go into a case by case analysis, from which we will obtain sets
of parameters for the m-admissible weights. This analysis will also give us a positive answer
to point (b).

For a simple complex (or compact) group, we let ; denote its fundamental dominant
weights.

4.2.1. Pairs in the first block of Table 2.
In these cases we know that V(u) = P*%(v) for some s.

Proposition 4.6. Let v = C", with K = (S)U,, or v = C** with K = Sp,,. Then P*°(v) is
contained in P*°(0) @ V,, if and only if s > m, and in this case with multiplicity one.

Proof. We know from Propositions 3.1 (i) and 3.2 (i’), that P*%(v) is not contained in
POb) @ V,, if s < m. We suppose now that s > m and apply the equivalence (24). Since
the only fundamental invariant depending only on v is |v|?, there is exactly one invariant
(up to scalars) in P*%(b) ® P*(v) @ W,,, namely |v|2=™)pin.

By Lemma 4.4, this gives existence and uniqueness of a subspace of P*%(v)®V,, equivalent
to P%(v). O
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4.2.2. Pair of line 8.

For convenience we assume that the action of SU,, (resp. SL,(C)) on the C"-factor in v
has the highest weight , ;. Also let S* denote the representation of SUs on P%°(C?) and
by x® the s-th power of the identity character on U;. Then, cf. [9],

i+2j=s

We call Ry; (with 0 < i <'s, s —i € 2N) the i-th summand above, and V;; the corre-
sponding subspace of P*°(v).

UlPSvO(u) -

Proposition 4.7. Ry, is contained in Vs; @ V,, if and only if i > m, and in this case with
multiplicity one.

Proof. Notice that both SU,, and the centre of U, act trivially on 3¢ and that the remaining
factor SUy of K acts on W,, by S?". Then we want to find when it is true that Rs; C
Ry; ® S*™. We have

Ry ® S = R(iw + jma) ® (S* @ S*™) @ x*

25 . , .
(25) = R(iwy + joo) @ (ST @ S22 g ... SPil @ y o

It is quite clear that we find the summand S? in the sum in parentheses if and only if
i > |2m —i|, i.e., i > m, and in this case it appears once and only once. 0

4.2.3. Pair of line 9.

With the same notation of the previous case, we have, cf. [9],

Tl penge) = Z R(iw) + jws) ® S' @ x* = Z Rsij .
i+2j<s i+2j<s
s—i€2N s—i€2N
Proposition 4.8. R, ; ; is contained in Vs ; j @ Vy, if and only if i > m, and in this case with
multiplicity one.

Proof. As before, we want to find when it is true that R, ; C Ry, ; ® 52", The same identity
(25) as above holds and we obtain the same conclusion. U

4.2.4. Pair of line 10.

We can identify v with C®, with Spin, acting via the spin representation and U, by scalar
multiplication.

The spin representation defines an embedding of Spin; into SOg. Under the action of
U; x SOg, P9(C¥) decomposes into irreducibles as

PUC) = 3 n() TR = 3 Ve om0 =vf 4o
i>0 i>0
s—i€2N s—i€2N
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Since the compact groups Spin, and SOg have the same invariants on C®, this decompo-
sition is also irreducible under Spin,. Therefore

oy = D Riws) ®@x = R .

i>0 2i<s

s—i€2N
Proposition 4.9. R, is contained in Vs; @ V,, if and only if i« > m, and in this case with
multiplicity one.

Proof. The group Spin, acts on 3o via R(w;) (and U; acts trivially). The orthogonal pro-
jection of W, on the highest component R(mw;) of P™(39) must be non-zero, otherwise
Vi C P™2(30) and we would have an invariant contradicting Proposition 3.1(i). Therefore,
Spin; acts on V,, via R(mwy).

We follow [11, Example 5.2]: setting k = m — s + i, R(mw;) ® R(kws;) decomposes as a
direct sum

R(mw,) ® R(kws;) = Z R(a1@1 + asws + (as + ag)ws) |
a1,a2,a3,a4

extended over the quadruples (a;)1<j<4 of nonnegative integers such that
(26) al(l,O)+a2(1,2)+a3(0,1)+a4(1,1) = (mak) :

We are interested in the solutions of (26) which satisfy the requirement a; = as = 0 and
asz + aq = k. It is clear that there is one (and only one) solution if and only if m < k, with
a3 =m, ag = k —m. [l

4.3. Nonvanishing of dr(M,,) on m-admissible weight spaces.

We have shown that, if 4 is m-admissible, there is a unique subspace X (u, m) C V(1) @V,
equivalent to V'(u). Therefore, Proposition 4.5 (i) can be made more precise by saying that
an operator ® intertwining o with o ® 7,,, maps V' (u) into X (p, m) for any m-admissible .
Moreover, @, - is uniquely determined up to a scalar factor.

Assume that the identity (16) holds. Applying = to both sides, we obtain

m(G) = dn(My,)m(h) .

In this identity, 7(G) and dmw(M,,) satisfy the assumptions of Proposition 4.5, whereas
m(h) maps each V() into itself by scalar multiplication (this is the special case m = 0 of
Proposition 4.5).

The next proposition, whose proof is postponed to the end of this section, provides a
necessary condition for being able to solve equation (16) in w.

Proposition 4.10. For every m-admissible weight i, dn(My,)),, ., # 0.

Let C = (¢jx) be a k x k hermitian matrix (with x = dim¢v), and

lo(v) = Z CjkV; U,
ik
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the associated quadratic form. The symmetrisation process transforms ¢s into the operator
Lo € D(N'),

1 _ _
Le=3 Zk:cik(zjzk + 7,7
where the Z;, Z; are the vector fields in (17).
The image of L¢ in the Bargmann representations can be described in terms of the rep-
resentation o in (20).

Lemma 4.11. Let C = (¢i) be a k X k hermitian matrixz (so that iC € u,), and let

Lo = %i,zkcik(zjzk + 7, Z;) € D(N') .
Then, for A > 0,
dmy\(iLc) = %da(iC’) :
This identity extends by C-linearity to C € sl,., understanding Lo as %LCJrc* — %Li(C—C*)-

For the proof, that we skip, it suffices to verify the identity for C' = E;. + Ei; and
C = iFE;, — i1E)y;. Notice that o is the restriction to U, of the metaplectic representation.

Denote by L, the symmetrisation on N’ of the polynomials ¢;(v) appearing in the ex-
pression (10) of the mixed invariants p,. We want to identify how dr (span {L;}) sits inside
do(u,) and understand the action on V(4) of the complex algebra generated by the dm(L;).
By Proposition 4.12, this is equivalent to identify

¢ ={iC: Lc € span{L;}}
inside u, and study the algebra generated by do(¢®).

Proposition 4.12. As a representation space of K, ¢ ~ Vi ~ 39. Moreover,

(i) When 30 = su, (line 6 with r = n, or lines 8, 9 with r = 2), K contains a factor
Ky = SU, acting nontrivially on 30. Then ¢ = &.
(ii) For line 7, ¢ is the Sp,-invariant complement of $pa, in Sug,.
(iii) For line 10, let v be the inclusion of Spin, in SOg given by the spin representation
R(ws3). Then c is the 7-dimensional Spin,-invariant complement of di(so7) in sos.

Proof. The first statement follows from the equivalence span{L;} ~ span{/;} ~ V.

After Lemma 4.11, (i) is almost tautological: the symmetrisation of py(-, ) is L_;g(-). For
(i), it is basically the same argument.

For (iii), we must recall from [7] that the terms vy, v, in the expression of pi(v,z) =
Re (2(01172)) are octonions representing the two components of v = 1 ® v; + ¢ ® vq in the
decomposition of C ® O as the direct sum of R ® O and (iR) ® O.

For fixed z, p1(-, z) is a quadratic form satisfying p; (v, z) = —pi1(v, 2) (here v = 1 ®@ v; —
i ® vy). In complex coordinates, it is then expressed by a hermitian matrix C, with purely
imaginary coefficients. It follows that iC, € sog, and these elements span a Spin,-invariant
7-dimensional subspace. This is necessarily the complement of di(so7). U
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Notice that either ¢ C ¢ is already a Lie algebra, or € & ¢ C u, is itself a Lie algebra. Set
g = t+c. In two case, lines 7 and 9, g # &, when g is either suy, or g = sog @R, respectively.
Let G be the corresponding compact group with g = Lie G. Also notice that if g # €, then,
up to the summand R, € @ ¢ is the Cartan decomposition of the symmetric pair (g, £).

Lemma 4.13. The subspaces V(i) in (23) are also G-invariant.

Proof. The action of K on ¢ is equivalent to the action of K on 33. Therefore for each
1C € ¢, the action of the stabiliser K, on F is multiplicity free and ¢C preserves each of
the irreducible summands. Since K;c C K, the action of ¢C also preserves K-invariant
irreducible subspaces in F. 0

The statement of Lemma 4.13 can also be verified directly using the fact that K and G have
the same invariants on v.
We can now prove Proposition 4.10.

Proof of Proposition 4.10. First of all, recall that we do not treat lines 4 and 5, because they
are completely covered by line 6.

Fix a complex basis {uy, ... u,, } of 3§ with u; being a lowest weight vector (of weight, say,
—a) and let (21,...2,,) denote coordinates in this basis. Then « is also the highest weight
of ¢©, 2™ is a vector of the highest weight, ma, in P™(3¢), and the weights +ma do not
appear in lower degree polynomials on 3. Hence +ma are not among the weights of P*(/)
with s < m. Decomposing p; (v, z) with respect to z;, one gets

41

p(v,2) = a;(v)z

j=1
where af* is a lowest weight vector in P™(¢). We must have a}* € H"™"™(v), since other-
wise, by Corollary 3.3, the weight —ma would also be contained in lower degrees in ¢. By
Proposition 3.1, the K-invariant space generated by af* is V,,. In turn, this implies that 27"
belongs to the space W, of Proposition 3.1(iii).

We regard M; in (15) as

v
My =) Aj(v)z
j=1

identifying 39 with ;. Then

(27) M" =Y By,
[B]=m
) is an m-fold composition of the A;.

Each Bg is the symmetrisation of a polynomial bg depending on v and t € 3. The
polynomial

where each Bém

P(v,z,t) = Z bs(v,t)2"
B

is K-invariant, and its component of highest degree in v is p7*. Therefore, ]/)’1’7 is the highest
weight term in the decomposition (8) of P.
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In particular, M{" and M, have the same highest weight component. Then
<Mmaz71n> = <M}n’271n> = A" .
Let X be the lowest weight element in ¢© such that A; = Lyx. Lemma 4.11 implies that
dmy(AT) = (A/2)"do(X)™ .

Therefore it remains to show that under the identification 39 = ¢, the element do(X)™
does not vanish on V' (p).

As an illustration, consider first the example of line 6. Here ¢ = &, and X is a lowest root
vector in sl,. The complex group SL,(C) acts on V(p) via R(swy) with s > m. Clearly
do(X™) is non-zero on the highest weight vector of V().

In general, we argue in the following way. The action of X on polynomials on v is
completely determined by the action of X on v itself or by the representations of the group G.
If V(1) is m-admissible and do(X™) is zero on V (1), then it is also zero on the contragredient
space V (1), and, hence, do(X?™) vanishes on a copy of V,, sitting inside V (p)®@V (1) C P>*.

Now V,,, has the highest weight ma and X is of weight —«. Since X is a weight vector
(with a nonzero weight) of a torus in g, it is necessary a nilpotent element. Therefore
one can include it into an sly-triple {X, H, Y} C g%, where the semisimple element H is
contained in €. (If € = g this is Jacobson-Morozov theorem, in the two cases with g # € the
claim follows from the fact that (g, ) is a symmetric pair, see [10, Prop. 4].)

Then H multiplies a highest weight vector v € V,,, by 2m, therefore v gives rise to at least
one irreducible representation of {X, H,Y} of dimension at least (2m+1). By the linear
algebra considerations, do(X?™)v # 0. A more careful analysis can show that do(Y)v = 0
and do(X?™)v is a lowest weight vector of V,. O

5. PROOF OF PROPOSITION 4.3

First, let us fix some notation. Let T'= 0; be the central derivative of N when N’ is the
Heisenberg group. For the pair at line 7, where N’ is the quaternionic Heisenberg group, we
take T = 0y, j = 1,2,3, the derivatives in three orthogonal coordinates on 3.

We can assume that D' = (Df, ..., Dgy—1,i"'T) and D' = (Dy,..., D} 4,47 'T1,i Ty, 1 T})
respectively. The first dyg — 1 (resp. dy — 3) operators come from symmetrisation of the poly-
nomials p; € p,. We convene that D] is the sublaplacian, i.e., the symmetrisation of |v|?.
A point of the spectrum Yp of (N’, K) can then be written as & = (£, \) with A in R or
R3, depending on the pair considered. The points of the spectrum with A # 0 form a dense
subset of Yp and they are parametrised by A and p € X as §'(A, p), where (A, 1) is the
scalar such that

28) A (D)l = GO
Note that g, (A, ) = A and, if V(u) C P#9(v), then & (X, p) = [M(2s + k), cf., e.g., [1].
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By d0; we denote the degree of homogeneity of the polynomial p; (and hence of D)) with
respect to the automorphic dilations

(29) re(v,t) = (rzv, rt)
of ' (and of N'); ie., §; = %degpj for the first dy — 1 (resp. dy — 3) operators, and §; = 1
for the T7s. )

If (v, t) is a spherical function, then ¢, (v,t) = p(r2v,7t) is also spherical, and &(¢,) =
r‘sﬂfg(gp). Then Yp is invariant under the following dilations of R%:

(30) P (€ &) = (P gy )

In terms of the parameters (A, i), we have

r- &) =0 ) .
Now we define the following left-invariant, self-adjoint differential operator on N':

U = M* M, = ZAE»’")*AT) .
j=1
Note that

Um

kerU,, = ﬂ ker Agm) .
j=1

As ag-m) € P™™(v), the operators Ag-m) and U, are homogeneous of degree m and 2m,
respectively, w.r. to the dilation (29). Furthermore as M, is K-invariant, U, is also K-
invariant. Hence it can be written as U,, = u,,(D’) where u,, € P(R%) is homogeneous of
degree 2m with respect to the dilations (30) of R%.

By (28),
TAUm) v () = um (€' (A, w))1d .
Let
S =1{& € Xpr, un(&)=0}.
Then
(31) ker U,, NS(N)X = {f : suppGf C Sn} .

Moreover, S, is invariant under the dilations (30).
The next lemma shows that polynomials which vanish on S,, can be divided by u,,.

Lemma 5.1. Assume that p € P(R®) vanishes on S,,. Then p is divisible by u,y,.

Proof. We may assume that p is homogeneous with respect to the dilations (30) of R%.

Consider first the pairs in the first block of Table 2.

In this case there is only one invariant in p,, leading to the sublaplacian on N’; and then
only one coordinate &| besides those corresponding to the 7"s. The space V (1) coincides with
P=Y(v) and by Proposition 4.6 P*(v) C P*°(v) ® V,, if and only if s > m. By Proposition
4.5, w(M,,) vanishes on P9 if s < m. This is also the case of m(U,,) = 7(M,,)*n(M,,).
Hence the set S, contains all the points of the form (|\|(2s + ), A) for any A € R%™3 and
s=0,...,m—1.
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We decompose p into its odd and even part w.r. to ] as

p(€17A>:£1p1( )‘)_'_p?( 7)‘) )

where p; and ps are two polynomials with suitable homogeneity.
We claim that p; and p, must both vanish on the set of points (|A|*(2s + )2, \) with
A€ RIm& and s =0,...,m — 1. If it were not so, we would have the identity

p2(|A2(2s + k)% A)
pi(IA2(2s 4+ k)%, A)
This contrasts with the fact that the right-hand side is a rational function in A\, while the

left-hand side is not. Then p;(n, ) and py(n, A) are both divisible by I ;' (n — (254 x)2|A[?).
Therefore p(&, ) is divisible by [7 (€, — (25+#)|A|?). This also holds for p = u,,. Hence

(25 + k) = —

(32) m (€N _cH — (25 + K)?[N\]?) .

We consider next the pairs in the second block of Table 2

There are two invariants in p, for the pairs at lines 8 and 10 and three for the pair at line
9. In the notation of Subsection 4.2.3, the space V(1) coincides with Vj; or Vj ; ; respectively,
always with ¢ and s of the same parity. We adopt the notation

, (N s0) (lines 8,10) ,
Em) = {5’0\, s.i,j) (line 9) .

More precisely, & = |A\|(2s + k) only depends on A and s. For the pair at line 9, &, only
depends on A, s, 1, because it is invariant under the larger group U, x SUs,,.

The homogeneity degrees of the elements of D' w.r. to the dilations (29) are (1,2,1) at
lines 8 and 10, and (1,2,2,1) for the pair at line 9. By (30) and the subsequent comments,

We split S as the union of £y, = {¢' : &, = 0} = py(v) x {0}, cf. [2], and the sets

g _ {€(\,s,i), NER, s€i+2N}, (lines 8, 10)
O {EN s 0,)), AER, s€i+2N, 0<j < (s—1i)/2}, (line9)

depending on ¢ > 0.

By Propositions 4.7, 4.8, and 4.9, R, ; (resp. Ry, ;) is contained in V,; ® V,, (resp. V;,;; ®
V) if and only if ¢ > m. By Proposition 4.5 and Proposition 4.10 7(M,,) vanishes on V(1)
if and only if R(u) is not included in V' (u) ® V,,, which means ¢ < m. This is also the case
of m(Up) = (M) 7(M,y,).

Hence S, contains the union of sets S; for 0 < < m — 1. Moreover, each polynomial u,,
vanishes on S;, i < m, but is never zero on S;, i > m, except for the origin.

We prove recursively the existence of polynomials @; € P(R%), i > 0, such that

(a) ﬂl<£i7€é7/\) = Cl,igig + gé + di/\Q’ resp. (fOI line 9)7 ﬂz(&iagéu&l’ﬂ)‘) = Ci 1 + 52
c3,485 + did?;
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(b) each @; vanishes on S; but does not vanish on any other Sy, 1 2 1, except for the
origin;
(C) U, is a scalar multiple of 7" .
Once this is done, the proof can be concluded as in the previous case.
Consider the polynomial u;. Being homogeneous of degree 2, it must be of the form

(34) ur (€5, A) = ai€)” + alh + DA% 4 cEi N
resp.
(35) wi (€], €, €5, N) = a1€)” + ag€h + az€l + bA? + €|\

For i = 0, we have

N7 (1, 8) + aaN€5(1,5,0) +asA*¢h (1,5, 0, §) +DX° + AN (1,8) = 0,

~
only for line 9

for every A # 0, s even (and j < s/2). This forces ¢ = 0 by parity in A.

In any case, we must have as # 0. Suppose in fact that as = 0. In the cases of lines 8, 10,
the identity above would hold for every 4, and u; would vanish on every S;. In the case of line
9, u; would not depend on &, and the polynomial p(&!, &) = uy (€], €5, 1) = a6, + as€y + b
would vanish at all points (25 + K, &(1, s, O,j)), for s even and j < s/2. Notice that, for s
and 7 fixed, the values &4(1, s, 4, 7) must all be different, because & is the only coordinate on
Ypr depending on j. Then we would have p = 0 and, by homogeneity, u; = 0.

Thus, we have obtained @, = u;/as satisfying (a), (b), (c¢) above.

Assume now that we have constructed i; € P(R%), i = 0,...,ig — 1, satisfying (a), (b),
(¢) above. Consider the polynomial u;,. It vanishes on S;, i < ig, but does not vanish on S;,
© > 19. Hence we can factor out u;, © =0,...,7p — 1, from u;, and there exists a polynomial
gi, such that w;, = ¢, HZ‘);Ol u;. Necessarily g;o is homogeneous of degree 2 with respect to
(30), and vanishes on 5’1-0 because the polynomials u;, ¢ < 29, do not vanish on it. Hence the
quotient ¢;, will have the form (34), resp. (35). Arguing as before, it can be shown that
¢ =0 and ay # 0. Then 4;, = ¢;,/as has the required properties. O

The higher complexity of the second part of the proof given above was due to the presence
of more than one polynomial in p,, but also by the fact that we did not use explicit formulas
for £(1,s,4) and &4(1,s,4,5). To find such formulas does not seem an easy task anyhow,
cf. [3]. On the other hand, the arguments used in the proof emphasize a pattern which is
common to all cases at hand.

Note that we have also proved the following identities:

g _ UZSH (M (25 + £),A), A€ RE™Y (lines 8, 10)
" UL S (line 9) .

Also note that what prevents S, from being an algebraic set is the dependence on |A| of
&) Tt follows from (32) and (33) that the zero set of u,, in R? is S,,, U S,,, where

Sp = {(=&,6,6,0) 1 (£1,6,85,0) € S},
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(with the &,-component omitted for the pairs at lines 8, 10 - this caveat will not be repeated
in the sequel).

Let now G be a V,,-valued, K-equivariant Schwartz function G on N’. Set f = M} G.
Then f € S(N')X and f belongs to the orthogonal complement of ﬂ;fl ker Ag-m) = ker U,,,.

Hence the Gelfand transform of f vanishes on S,,. The following lemma justifies that we
can choose Schwartz extensions of G’ f which vanish on S,,.

Proposition 5.2. Let f € S(N")X be such that its spherical transform G' f vanishes on S,,.
For any p € N, there exists 1 = ) € S(R®) such that:

(1) (um¥)s, =G'f
(ii) there exist C' = Cp, > 0 and q = q(p) such that ||[¥| ) < C|lfll@)-

We state first a preliminary lemma.

Lemma 5.3. Let P(y) be a real polynomial in y € R™. If f(z,y) € S(R x R") vanishes on

{(P(y),y) : y € R"}, then there exists f € S(R®) satisfying f(z,y) = (x — P(y))f(z,y).
Furthermore f depends linearly and continuously on f.

Proof. The conclusion follows easily from Hadamard’s lemma (Lemma 2.2), once we know
that the change of variables (z,y) — (m — P(y),y) preserves S(R™™!) with its topology.
This is trivial if deg P(y) < 1. If deg P = m > 1, it follows from the inequality

|z — P(y)| + ly| = C(lz|"™ + |y])

which can be verified distinguishing between the two cases |x — P(y)| < |y| and |z — P(y)| >
[yl O

Proof of Proposition 5.2.

Let p € S(R%™) be an extension of G'f. Such an extension exists by [2]. Let P, be the
homogeneous component of degree k with respect to (30) in the Taylor expansion of ¢ around
the origin. Since ¢ vanishes on S,,, which is invariant under these dilations, P, vanishes on
S

By Lemma 5.1, there exists Qr € P(R%) homogeneous of degree k with respect to (30)
such that u,,Qr = Pryom.

Applying Whitney’s extension theorem, there exists 1; € C*°(R%) with compact support
around the origin and Taylor expansion ), . Qx at the origin. Then ¢ — w1, vanishes of
infinite order at the origin.

We take now a function 1, homogeneous of degree 0 w.r. to the dilations (30), C*
away from the origin, and equal to 1 on a conic neighbourhood of X5 and equal to 0 on
a conic neighbourhood of .S,,. Such a function exists because, by the hypoellipticity of the
sublaplacian, Yp is contained in a conic region around the positive £}-semiaxis, cf. e.g. (15)
in [7]:

S € {(6,6.6.0) 612 + &[> + 1M < 08}
Then the function w = (¢ — u, Y1)y is Schwartz and vanishes on S, U S,.. By repeated

application of Lemma 5.3, w = w,,,1)5, with ¥y Schwartz. Take ¥ = ¥1+15. Then u,,Yn = ¢n,
so that (i) holds.
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Consider now the Schwartz norm ||¢||) < ||¥1lp) + [|1¥2]|)-
By Lemma 5.3, there exist an integer v = v(p) > p and a constant A, such that

[h2ll) < Apllwlle) < ALl — umtrlloy < Ap(llelle) + 1¥1llrzm) -

In order to estimate |41 ||(+2m), We use the fact that the Whitney extension of the jet

{Qr}ren can be performed so that the resulting function ¢; = Q/JEP ) satisfies, for an integer
r =r(p) and a constant B,

1rllor2m) < By Y 1@kl < By Y I Pesamll < Byllollrrom) -

k<r k<r

where the norm of a polynomial is meant as the maximum of its coefficients.
Putting all together,

191y < Collll maxtrp)+2m) -
By [2], there are an integer ¢ = ¢(p) and a constant C,, such that it is possible to choose
o = @) above so that
||‘70||(max(7“,u)+2m) < C;,/ngH(Q) )
and this concludes the proof. U

We resume the proof of Proposition 4.3.

Given G, set f = MG € S(N)X € (ker U,,)*. By (31), G'f vanishes on S,,,.

Applying Proposition 5.2, we can choose a Schwartz function i such that u,,1) extends
G'f. Defining h = Q’*l(w), we easily obtain, on Yp,

G (Unh)=u,p =G'f .
This implies
M) M,h=U,h=f=M G.
To factor out M}, observe that for any A # 0,
(M) (Myh — H) =0 .

By Proposition 4.5, both sides are 0 when restricted to a subspaces V (u) with p non-m-
admissible. If u is m-admissible, then Proposition 4.10 implies that 7, (M,,h — H) = 0 on
V(w). Then M,,h = H.

It remains to prove the estimates on the Schwartz norms. To the norm estimates given by
Proposition 5.2 it is sufficient to add that M}, and G’ ~! are continuous on the appropriate
Schwartz spaces. For G’ we refer to [2, 6, 7).

6. CONCLUSION

We complete the proof of Theorem 1.1.
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Let G € (S(N) ® Pk(go))K as in (6). We decompose G as in (13). We realise the
representation space V,, as W, when |a| = m. By Lemma 4.3, for each (o, 3), [a] + [3] = k,
there exists h, 5 € S(N')¥ such that

P*(0,Q)gap = Machap
where the operator M, ¢ = 3 7™ Ag-m)b§o‘)(C ) is the realisation of M, on W,.

In the notation of (5), the operators D?H form a basis of (D(N') ® P(go))K. Therefore,

each M, can be expressed as a linear combination of the D?” with [o'] = k, and one can
write G as

G= > DHy,
[a=k
where the functions H,~ are finite linear combinations of A, s.
The norm estimates are obvious after Proposition 4.3.
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