The new approach to the local embedding
theorem of CR-structures,

the local embedding theorem for n 2 4

By

Takao Akahori

Manx-Planck-institut
 {¥]
Matherrnatik
Bibliothek
inv. Nr.: 20 76
Stand-Nr.:
Max-Planck~-Institut ~ Ryukyu University
£Ur Mathematik Naha
Gottfried~-Claren-Str. 26 , OKINAWA
Japan
5300 Bonn 3 P

MPI/SFPB 84/34




the local embedding theorem for n34

Max~-Planck-Institiit flir Mathematik
and

Ryukyu University

Intnthxhxxf_fnuspuq;xe of this paper is u:esuﬂn;dxthelxcal
embedding theorem of CR-structures for ihe real 7-dimensional
case . Let (M,°T") be an abstract strongly pseudo convex
CR-structure and Po be a referenée point . We study the
local embedding problem of (M,°T") at P, - As is well
known , in the case dimM=2n-129 ,i.e., n35 , this problem
was solved affirmatively by Kuranishi ((1),(2),(3)) . On
the other hand for the case dimRM=2n—1=3 ,i.e.,n=2, there

is the famous Nirenberg's counter example ((4)) . So the cases

n=3 and n=4 were left open . In this paper , we settle

the case n=4 . To see our approach , we recall Kuranishi’s

approach .
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For a given strongly pseudo convex CR-structure (M, T") ,

we take an approximate C"-embedding =~ f® satisfying 7
3% 0% (p) =0 ,

where D 1is the induced Sb—ope:ato: by (M,°T") , j‘k) means

k-th jets , and P, is a reference point . We modify f£° . Namel

we want to solve

Du = Df° on a suitable neighborhood U(po) of Po

satisfying
1) u 1is estimated by Df° in a certain sense .

If the above is solved , then

satisfies

2) D(f2u) = 0 ,

3) by 1) , f2u is an-embedaing .
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Hence. for establishing. CR-embadding theorem , it suffices to
soive " D-Neumann problem " on a suitable neighborhood . .For
" D-Neumann problem " ;, kuranish’i's approach is divided into

two parts .

Part 1 . For any approximate C™~embedding f , he shows

that For the CR-struéture (u,f'rh), » if dim M=2n-127 , on A(fT'f" ’
D®-Neumann problem can be solved , and if dim_M=2n-129 , on

A2 (Ernp>, Df-Nemu_ann problem can be solved , where DY means

the induced operator by (M,f'r") and

f'.l"*s {x : XE€ECT™™M , f£.X€ T'cn} + 1.e., the induced CR-

structure by £ .

Part 2 . To find f satisfying the above partial differential
equétion ’ vhe used Nash-Moser'’s process . Namely by induction ,
he constructed a sequence of neighborhoods Ux/'“ .+ and a C°°—

embeddings f{") of Ux}* into C" as follows .

on U

o g0 Ly p(0) (01 (0)
o

3t P o0 B w?f”uy“nf,}*‘“ on 05,‘ '



where NY7 = N'*” + , obtained in Part 1 and D’  means
the adjoint operator of oM | ana if dimR§i2n-L29 , this

sequenée converges and satisfies
Df =0 .

I must explain why he imposed the assumption dimkugp .'Roughly
speaking , to prove the convergence for f}M) by Nash-Moser'’
process is to show that Dfﬂu*l)can be estimated by the gquadratic

of Df’”’. And in his proof for Part 2 , he used

D(£S) - IV I e (M),

(oM - D)DIM ay WMpe i nj’;‘)*n}""’uﬁ"“’nfw

o - Dy ey MineH |, p s Y p M pe )

M - p)pIM e Ppe M DM a M () _ pype M

Here (D}Mr-b)nﬁ}”’ behaves like the quadratic of Dﬁ}“) .
In this equality , he used the assumption dimRM=2n-L29 . It is

needless to say that
D}ﬁ)*D}M)N;~on5wo = N}”)Q}”“*Dﬁh)oi}“’

doesn’t make sense because of the boundary condition ( we recall

avy



that at each step the domain U'r' varies ) . So in his
M

method , the assumption , 'd‘mku = 2n-129 is necessary .

Therefore in order éb bypass ﬁf,ﬁhis difficulty , it is vety
natural to try to reduce our ptoblem to so called " D, -
Neumann problem " , where the boundary condition does not
appear . I must explain this part precisely .

First , we take a c“-embedding b4 satisfying ;

1P o) =0,

and

o) ‘,€- Tm,2T® T %)
where (4,°P)1e) ig the induced CR-structure by ¥  ana

| 6N')'r" = {x ; X=X + oo]«) (X)) , Xe¢€ f"r*},

(th_is :esu\vlty c#rtespondg to the local triviality of
defo:mationg,of contact ‘structures) . Next we modify W
Namely , we want to find a C°° -~ embedding fé satisfying ;

o(f%) s of [(M°T"Q (°'1"'fi)v '

o(£°) (py) = O

(V)



and
(1/b(f°))2’Dfo is bounded near at Py whe;e 2
is an integer sggisfying
3 2 30(3n+3)

and

b(£%) = B:;{ |Y2‘E5)tof° | 2

(this is proved in Sect.l.7) . Now we consider D - Neumann
problem on a neighborhood of Py ° We must introduce

a nice neighborhood for the differential operator D .

For this , we take a holomorphic function h. on C" |
satisfying that tef® = Re hof® is an admissible distance
'o(fo)

function for (M T*) (for the notation , see (2.12)

Definition in (3)) . And consider the domain defined by

ip ¢ per .tﬁfo(p)(r} .

However this domain is still not enough for solving D -

Neumann problem .

Vi



In following the Kohn'’s approach for @ -operator , in our

case there is one difficulty . Because

f-dim, ( c'mu'-r; + 'i'ﬁ )) = 2 ,

where  *Tp ={X'; X €°1", X(te£%) -0} .
And in treating with the bracket [wi.wj] '

where "1 means the prp_jection of Y, " along tof® *

namely ,.

o n-1l ,= o o
Wy ¥y - 0 (eesVBIE 2 g0y (Ty(eef2) /D120 Yy

X°-tem__ #nd Yo-fo ‘-term might appear , where
© = {1 h(t"°},s + ?on" - b?:?o
and
= 3501 @yteetimieCyy
And for xo-tom +» by the standard argument , we can
control this term . But for Y°-¥° -term , we have no

way to control this . Therefore we must modify £ .

For this , first , we consider coiembedding f satisfying

(A)  (1/b(£°)) | 388 (£-£2)1 <, (£2) on U _(£2)

vir)



For this £ , we see that y Dg - Neumann problem can be

solved on (f'l‘}';)’k if dimM = 2n-127 , and Dg -

operator is defined as follows . We set

n-1l =f

_ £ | e £
((¥g (£ £)) /D (£)) 2703 (Y (Eo£)/DIENYy

W o of

£ hon o(f)pm |
where iyi} 1$i$n-1 is an orthonormal base of T" ( this

is determined canonically ) . We note tht,by (A) this
¢ _

[ ]
T

bundle of f'r" » generated by Wf , i=1,2,,,,n-1 .

Then we have a differential subcomplex , le) - complex

makes sense on M-C . And defines by the sub-vector

of Df - complex .

(Vi)



Then , our problem’; i.e. , to find a filce nefighborhood for
solving D - Neumann problem is’feduced to

(B) Dbf = 0 along tef , namely

(Y, = (Y tef) /) :1 Y tet "7 )Zj‘;i((ﬁltof)/fzi 1Y tof Z)Y’e)f«
= o e 0("-'-'1,2.....,!1 ’

where £ satisfies (A) .

The condition (B) is equivalent to
* in [Wi'ﬁj] ' Y°-¥° -term doesn’t appear * .,
Therefore our problem is reduced to finding the solution of

the non-linear differential equation . Hence it is very

natural to rely on Nash-Moser’s process . And this is carried

out in Chapter 8 .

axy
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Chapter 1

1.1, nefmumtheoryof CR-structures

Iet (M,°™*) be an abstract CR-mnifold and p_ be a point of M . This means
that °T" 4is a subbundle of complexfied tangent bundle CIM satisfying

1L.1i1) °T"a°T = 0 , f-dim.((CIM)/(°T"+°T*)) = 1 ,
Lu2)freger , t o) ¢ fmom

where '\'IM.’T") neans'thespaceof oT*-valued global Clsections . We take
a vector bundle decanposion of CIM  ( not unique but exists )

1.1.3) CTM = °T" 4+ °T* 4 ¢S , where S is a global vector

field on M satisfying ; S ¢°'r" + °T* at each point of M .

By using 1.1.3) , we introduce the levi~-form cs(x,Y) by
c (X, = -FI[x,'i'_\'s for X , Y E€°T™" |,

where [x.‘i]s denctes the projection of [X,¥] to S-part accarding
to 1.1.3) . If this Levi-form is positive definite , we call (M,°T")
strorgly pseudo convex . From now on we assume that (M,°T") is strongly
pseudo convex .

Next we recall daformation theory of CR-structures (cf.(1),(2)) .

Definition 1.1.1. The pair (M,E) is called an almost CR-structure which
is of finite distance from (M,°T") if and only if E is a subbundle of



CIM satisfying ; EnE =0 and

1.1.4) ECCM= °™ + °™ + (S
\oT”

the induced map from E to °T" is an isomorphism map .

Then we have
Proposition 1.1.2. An almost CR-structure,which is of finite distance ,
corresponds to an element ofp) of [M,T'®(°T")*) , where T'="T™+5,
bijectively . The correspondence is that far o()ﬁ) of [M,T'®(°T")*) ,

"T”si){'; X' = X+0(56)(X) ¢ X(:°T"} ¢

(see Proposition 1.1 in (1)) .
And

Proposition 1.1.3. An almost CR-structure (M, T") is :integrable . 1.e.,
CR-structure if and only if ¢ satisfies

p(¢)=o

(see Proposition 1.2 in (1)) .

As is well known , the local enbedding theorem-holds in the formal
category . In terms of deformation theory we will write down this fact
as follows . Ist i,Yj.} 1$i¢n-1 be an orthonormal base of °T"

on a neighborhood of p, with respect to the Levi-form defined by 1.1.4)

~D -



k

Then for any integer k , there are c¥~functions z§ reeeeZy

satisfying that ; if pgk , the p-th coefficient of Taylor

k
expansion of Y,zy at P, Vanishes and

k1
i-Clz""3e1=l,2,.. n

are independent over C at Py - So we consider the following

CR-structure
. . )
iY‘ ;3 Y€ TmmerM) , Y%5 =0, o\ =1,2,...,n oOn M}

In terms of deformation theory , this CR-structure corresponds

to an element o(fyof T(M, T'® (°T")*) , defined by ; for Y€ [(M,°T")
(Y+o ) (¥))zK =0 on M , o=1,2,....,n .

We easily have that the p-th degree coefficient of Taylor
expansion of o(f) at p, vanishes . Namely , we have
Theorem 1.1.3. Let (M,°T") be a CR-structure . Then ,

for any integer k , there is a CR-structure (M,°T") which
is embéddabie is a real hyperéurface in a euclidean space ,
satisfying that the p~th degree coefficient of Taylor expansion
of ‘S(ﬁ) at p, vanishes , where p<k .



1.2. Reducing to an element of [(M,°T"® (°T")*)

In 1.1 , we showed that for any strongly pséudo convex
CR-structure (M,’T“) and for any integer k , there is a
CR-structure (M,#T") which can be embedded as a real hypersurface
satisfying ; coefficients of p-th degree (p<k) of o(®) vanish

at P, and
okd)e T(M,T'® (°T")*)

In this section , we see that this o({#) can be reduced to

an element of [(M,°T* @ (°T")*) . Namely we have

Theorem 1.2.1. For any strongly pseudo convex CR-structure
(M,°T") and for any integer k , there is a CR—struciure
(M,*T") » which can be embedded as a real hypersurface ,
satisfying ; coefficients of p-th degree (pgk) of o(fﬂ vanish

at Py and
o E TM,°T"®(°T")*) .

Proof . Let (M,Pr") be as in Theorem 1.1.3 for k+l (we
assume k2) . Then (M,%T") defines a deformation of the
contact structure (M,D) , (M:*b) , where D = iﬁ' ; X'=Re X ,
X € °T“3 . On the other hand , by the existence theorem

of the canonical form for contact structures , there is a

diffeomorphism map of M , £ , satisfy}ng



£(p,) = Py
and

*I
£"D = p .

This is a well known result , but it is necessary to check

£'s value at P, + B8O we briefly sketch the proof . - Let

0" be the l-form which corresponds to (M,D) and @($')

be the l-form which cortespondé to' (MﬁyD) . The correspondence
is that

D =§{x; xem , Bx=0}
and
o= {xs xem Qip =0 | .

Then it is enough to see that there is a diffeomorphism

map £ of M satisf&ihg
£(p,) = P,

and

eog - 0 -



We see this . We define the vector field £, ©of D by

(1aQ(¢’) + t(ah - ag(¢)) (g,.x)
= - (0 - f)rx for X€D .
Since d9(¢/) + t(df - d9(¢/)) is non-generate (because of
strongly pseudo convexity) , g " uniquely exists . And we have ;
(1.2.1) if 55' vanishes at p, up to order k+l , L

vanishes also at P, up to order k+l1l . Now we consider.

the l-parameter group o, integrated by Zt . We claim

(@/at) (200 () + t(h-HLgN) =0

and

Because
(@/at) ({209 B+ tif - 9@
= ol @/at) @F) + - G

+°":‘J‘it(9(¢,) + tif- o

where &Z means the Lie derivation .
t



myi'g
@/a) (20 + td-0n)

= ol (e-etfn ' (g + tle) - afgpnrE, N

And cbviously ,

o x)=x and DQ(x)= identity .

Jdif= 6
Furthermore as £o venishes at p, for order k¢l ,
O(o- identity

vanishes at Py for order k+1 . This means that there is a local
diffeomorphism map £ (f-o(o) , satisfying

fe) = p

£%p - b .



So we set \¥=1»f . Then cbviously (M/T") can be embedded as
a real hypersurface and satisfying

o€ T, T"® (°T")*)

We must check that coefficients of p-th degree (pgk) of ) vanish at P, -
By the definition of *D ,

o= {2 z=rx , xetr],
and

oo o= {x; X =x+ B o+ A® o, XET].
so

#'p = iz' i 2' =Re((x+ A (X)) + A(x)) , xé"r“} .

We that this f‘ can be expressed by 7‘1 and ?‘2. First we

consider the followingmap . For X' = ReX, X °T" , we set
-1

X @) by

-1 '
K@) ) = Re(x+d ) .

This defines an autamorphism map of D , which depends on P,
We use the notation kl¢l’ for its inverse map . And we set



a’ homomorphism map - X,4%,) fram D to § by ; for X' =Re X,
X E"Ia ¢

X, By = refm .
Then our ¢' is expressed by
A = K -
Since coefficients of p-th degree (k+l) of % amd ¥, Le.,
coefficients of p~th degree (p k+l) of ' vanishes at p, - Therefore
we have (1.2.1) . With this , we are going to show that coefficients of
p-th degree (k) of ) vanishes at p . We recall the definition
of the induced CR-structure ,
3 T o L
namely for X€ T(M,°T") , thereisa 2 in [ (M,°T") satisfying
£,X+Px) = 2 +¥P(2) .
Sowe have ; for X &€ [T(M,°T")

£+ PX) = (L (X 4P oge + PUEEK PRI ega)

vhere (£, (X +$(X)))epe means the projection of f,(x+7$(x))uo ope

G-



according to the vector bundle decomposition of CIM in Definition 1.1.1 .
At PP, , we check its value . Since coefficients of p~th degree (pgk+l)
of f - vanish and coefficients of p-th degree (pxk) of of)
vanish , and so coefficients of p-th degree (pgk) of off) vanish .

So we have our thecrem . | Q.E.D.

- [0~



1.3. The orthonormal base of m*'r') i
We asame that olf) is of \'m,%(‘i‘-)*) . In this section we construct

a moving frm {\P mlsi&rl &v‘;(ﬂh‘)l Wyﬁq
- F‘l[yg“ﬁ jgﬂ‘)]y - 81'3' ’
were [0 30001 neans the arthogonal protection ot (Y, 3]

to F-part accarding to the vector bundle decomposition (1.1.3) . Namely ,
| we want to find a u of [M,°T"® (°T")*) satisfying

Faly ot g o) T, SR oA (R iky, =<8, ¢
ILet

u(Yi) = 21 “1,1Y1

Then the above is

-FigLqu (Edroadtym(¥p)) -, ToulTzivo(f (gm (5) Je
= -Fiiw(ﬁ(vi) o Yo 0f) (g )] +2y u, 1 roth) (%) . Yyroth (v, )J
+2x¥ 3L ygrotp o), yoth (xk)]

*Sﬂ,k“,l}iﬁk.j [xg soth cxg) + Brotp 9] r@ =343

-y-



So we let

o, 4t =Lyropry ,ypomanl,

®1,397% 5

C1,310 = ©; 50 + 2puy Gpslotf))
+ zkﬁk,jcu(b‘}"” +2 9 ’kufliﬁk’jcfk(o()l«)) .

So if we assume

ugy = aji '

we can solved uij. by the inverse function theorem .and obviously uij
depends on o¢f) real analytically .



1.4 . The induced CR-structure (M,71") and the admissible distance function
let £ bea(‘f'—a:bedﬂingof M into C , which is sufficiently close to
¥ . This means that coefficients of p-thdegree(piflcf f-) venish

£

at p, . And let m,f'r“) be its induced CR-structure . Namely “T" is

a subbundle of CIM , defined by

fvaix; xeom, f*x'er"c“} .
Since f is sufficiently close to Y} , ®,f1%) defines a CR-structure(if
necessary , we must schrink M) . For this CR-structure , we , also , define
a C ~vector bundle decomposition

(1.4.1) o = Speifpnep

Accon_iirg to this decopomosition , we introduce the Levi-form with respect to
{(1.4.1) as follows .

ey = -Flxtl, fx x, ve
where [x,¥) p Gerotes the projection of [x;¥] to F accarding to the
vector bundle decamposition (1.4.1) . Next we introduce , so called
" Hessian " . For any holomorphic function h on c,

[x,2)noe = [x, Dot + G tuhot +[x, T3 ot

. .
= onﬂ,f.,-l-...hvf + [x,ﬂl}wf forany X , YE TM, T")




On the other hand
[XE)hef = X(@ hog) for any X , ¥ €[5 .
So we have
0¥ - (XUt = [x,F] pes
= cp(X,Y) ((-IShef)) forany X, Y€ I o T
Hence we put
te = 2Re hof
Then ,
(1.4.2) - &¥fz. 0t = F - X, D500t
= cpX,Y) ((F1S(ef)) for any X, ¥ € T, T .
Now we would like to find a nice holamorphic function h satisfying ;
1) te(p)2 0 forall p in M and t.(p)=0 if and only if pep,

(i1) the gradient of t at p is zero if ard only if P"P,

e



(i1 J-1sMef) @) # 0
(iv) if x,YE‘ﬁRM,f'l") ' xrtf-d at p, .

mmmmmmi.z.l.'mly,muacﬁwm
Y of M into *

Ve € Yoo C
satisfying
¥ € TM,T"® (*1™) %)

and coefficients of p-th degree(k) of ) vanish at p . By a bihclamrphic
transformation of C" , we can assune

Yip ) =0
and
‘I‘(M) = {(zn,z) ; zGCn-]' ¢ Imzn-k(z,Re zn) =0 3 '
where k(z,Re z) is a real valued ™ function and ,

k(z/Re z,) =3, | sz/)ﬁﬁj) )22, + Olz(Zg/Re z,)

vhere (32k/azi)'ij) 1t 41 18 Positive definite and O(z, 2y R Z,)



means the higher order texrm than 3 ( here we regard zg , zg as an order
1 anmd Rezn asanorder 2) . Nowwe set

h= (20)z + 22 ,

then we have (i) , (i) ;7 (1i1) and, (iv) (see Kuranishi in (3)) . .
Finally , in this section we introduce the notation

c={a: aM , X tya =0 , XETM T

and

N P



1.5 . The orthonoxmal base of (M, I*)
let £ be as in Sect.l.4 . In this section we will construct the orthonormal
( .
pase {70 muj.sn-l of i1 satistying
v, ol) | )
g . 2P

Since f is sufficiently close to VY , 05,51%) Gefines a deformation
of CR-structure (M,YT™) , namely there is an element of
Fo4, (v 77*) @ (Y1) *)  satisfying

- ix' ; X' -x+(o(f,\})(x) ' xe“"r'} '
vhere o.:(f.f) is defined by

(x+w(f,~[—)m)f,‘- 0 for X€EY¥1M™, «=1,2,...,n and £=lfy,eeeifyse £)

We want to find cut a 'u of [M)T*® ('T*)*%) satisfying

-Fl[fi"’) + “(Yg‘*)) .,w(f#)(ygeh + u(‘!‘iq‘)) '

P ¥ e P L ugPy)), -8 L

were [ + 0¥ Laie ) P 4 ul®)

y‘;m + u(!gM) + Wit (ng + umg(ﬂ))]p



the projection of

LW+ ue®®) 4 e P+ wetPy)

ygf‘f’ + u(Y‘;()L)) + WEH (Yg"l" + u(ygl)*’n'_]

to F-part accarding to the vector bundle decanposition (1.4.1) .
Let

gy - 29 “Liygm
Then

FELEM L a2®) L aweh 2 4wty

B . u(x‘J?"“) + WEN) (Y‘J?“” + u(v‘j"‘“*n] P

- -Fl{[viﬂ') rwiEh g™ L M L ey (v‘;“FT)]F

* 2091 (B «weh g™ L W L wep (Y‘J?‘*’)]F

«3 s AW e ot L 2W L aen g ],

+ Eﬂ:kul,iak.j[ !‘i‘*h W(EN) (Yim) :——Y.;m *C‘)(f.'y') (ﬁ(% )] F

c;, 50 = -Fi[y‘z‘“h + WIEM) (ygm) . y‘j"‘}” + UEA) (!‘;-(’LT)]F '

then cilj“}’) o Siy]

-Ig.—



St = ey Zpup o, 0+ 20850 k)

* 25 k94,1%,%¢.k D

So if we assume

1,57 Yo !

we can solve u in the temof ¢, ,(f) , © .(f) . And cbviously
i'j j-lj il]

U 5 1sma1 analytic with respect to Yiw(f,)é)d,j -,o( 1,2,.0..4n
So we set o

foth . o, »u(vg‘”) o e 2 w2

e 2% depends on y‘g{‘f’fp', ?},’ﬂ"fp o 2Wg st read
wialytically . And we have ‘

‘/’Yi(w - 1?()9

’Fl[.f\gﬂ') , ﬁvyg(y)lw - Si,j

1 LGN NOW On , we use albrevialions



l.6. Deformation theory with preserving the curve C
In this section we consider the deformation theory with
preserving the curve C . For a CR-structure (M,*Tf)
where

oly) € T(MoT*"® (e @) ,

we consider a dw - embedding f satisfying

(1.6.1)
(1) -
Max . (/b)) " (£,- ¥r< e on U
DU, ¥ 17 71< Sy g

here cy 1is a sufficiently small constant . Then we have

Klb(~,42$' 21 wftflz < 1<2b(>¢-)2 ’

where K, and K, are positive constants which don’t

depend on f . In fact ,

since
t, = Re ((1/21)f_ + f£2)
f : n n

and

t+ = Re ((1/21))‘1'1 + %ﬁ ) '



Loef - vheg| s qe'beh on v th
\Y‘{(tf - t‘p\s c’,c"b(t}') on U. (M

where c¢' , c®” are constants depends :only on )“ .

So if cy is chosen sufficiently small ,
Klb(\y)zs z, |¥fgf|2§ xzbmz on U .
Hence on Ur (\P) - C , we can define a differential operator
(1.6.2) ¥f §Zi‘:}l('§§‘ftf)/b(f))g{
and
(1.6.3)  xf = 7T bif)s + Fext - ¥ ,
for f° uﬁisfying v(1.6.1) . where
(1.6.4)  J; = /-1 s(hef) .
And similarly , we can dgtix}e a differential operator

(1.6.5) W] = ¥ ~(xfea/meny’ .



And we can define Dg - operator . Namely , for u

in  [(u_(f)-c ,1) , ve set Diu in [lu_(H)-c,(Fry) )

by

f £ £
Dbu(wi) = wiu .

Then we have
Df Df

0 Tw.H-c,) %  Cwn-c, frp® oy -

- - Pfps
Furthermore we can define D, - operator on 'r(ur(f) C, AT Tb?‘) '
P=1,2,,,.. . Namely for u in [(u_(f)-C,1) , we set
bu in [(u (f)-c, (Frp™*) by

Dbu(wf) - wu |,

where W, =Y - ((¥,t.)/B(£))¥° and b(f) -E’j‘:i 17yt | 2,

o n-l ,o 7,
Y 21-1 (Yyte/ b)) Y,
{because of (l.6.1) , this definition makes sense). And
like the case for scalar valued differential forms , we have
o P)- operator from [(u_(£)-c, AP(f11)%) to

[ (f)-c, Ap+1(fwgf‘) . From now on we use the following

notation . Namely , the notation ;

Dju = O along te

means that

-22 -
) .



W o= (Y -((¥e)/ B = 0

on Ur(f"’c ’ 1’1.2,...,!\"1' .



1.7. An approXimate embedding

We want to find out a Cco-embedding o satisfying ; ' o(fo)

is of [(M,°T"® (°T")*) ,
ol£%) (p,) =0
and
(1/b(f°))2gof° is bounded ,
where { is an integer satisfying
£ 230(2n+3) .
Let  \p be a C -embedding satisfying ;
oly) is of T(M,°T"® (°T")*) ,
sid
VR i e = 0
auhever it is not sure whether (l/b(\r))zgo}v is bounded .

30 Lo must modify )p along C ( C is defined by ty,) .

we oot

27%-



¥4= (1/2)~(§jt¢ * Yt ) s Yy, g (1/24) n'tjt\‘, - Yyt ) -

Then these yj ’ Yj +n-1 and 8 are coordinates of a neighborhood
of Py ¢ satisfying |

C = 1(8 ,yl' . 'yu-l pynp » e ’yzn_z) e yl‘o 7 e®sse an-zso 3 .

We show

Lemma 1.7.1 . There are Coe-functions “o(,.t‘s’ ¢ “g(+n-1‘,i(s’
].,<ol§n-l » satisfying

Yl Yty = Zyu 80ty - Tytgen,s Oty )= o
mod Yy

Yty = Fuuy, s Bty = Tayeney, 0ty 1= & &5
mod Yy

where K\’. =F'i. S(hy)

Proof . By the definition of Y ¢ it is enough to see

24“4,1(8) (Yy¥qty) + ze(udi-n—l,i(s, (Y5t ) = Yyt

.

mod

joku."its)(ijgt\'.) + z‘(udm_l,i(s) (Yy¥ey) = Tyt -;}‘5:‘1

~23-



We see the matrix

(ij’(t\" ¢ YTty
?ijo(t\y ’ ij'idtw
at Py namely

0 ’ a:/,I

Tyr o o /.

Hence .we can solve uo( i(s) . . Q.E.D.
, ;

We note that this uo( i(s) satisfies
) ’
ud,i(O) =0

because of  Y;¥,£,(0) = Oand (¥;V;ty -a:PSji) (0) =0 .

So we set

WiT Yt o Qg 0% " 2gane1, 1 BV RE

and
Wien-1 Wy
then Yjwi_:-.: o ., Yjwi+n-l’=' b:PSji
mod Wy mod W .



By using Wy o e have
Lemma 1.7.2. There is a C"—enbedding u satisfying ;

ijuq(x,a)s‘o mod wy
Yj(\r“ ‘xts) - u“‘xls))s o Md (wk)z' «‘1,2,0...,“ '

where u =(u, (x,8),v.uplx,s) )’tx,s)=(){ﬂx,s),.....,)4n(x,s)) .

Proof . Let

Uadx,s) = Id‘“ﬂ,‘)—‘k _‘+‘- %Pu Oe:',rqx_.wp + (higher order term) .

We determine "d,'r ’ %'.r . successively .

We set
ugf 0 if  lgwgn-l .
For Ugen-1y ¥ set
ua(#n;l,'y*!j (x,s)‘(l/xf) .
Then we have
Yj(ﬁac“wn-l;i'd’ = Yj%,}jx.s) mod w, .

Next we will determine. u

r

~25 -



Let

(1) .
u'y’ (x,8) Zo(ud'?wd .

We want to solve

= G
Yiv (x,s) = Yy(H(x,s) - uly (x,s))

where

v,y(x +S) 5-2 d,(;v 2 ,Pvawﬂ mod (wk)

A4
Namely , since

vy lxes) =y, (1Y

mod (Wk) ’

the above equation becomes

- - ()
‘o’t,p,')’ ((E{jwo‘)»t3 + wo((Yjw )) = Yj(%r(x,s) ul (x,s)»)

2
mod (wk )
So

- ¢ §)
2 Zij:px}'P = v(Ytxs) - ul (x,s))

2
mod (wk)

~ 26—



We define ﬂcj',o;(;“'rh’by

Y (¥ lx,8) - ﬁ‘%);"‘is”é‘f«cj/.dv?w“
mod (wk) ’

and set
iy T P S5,y

Furthermore if ol orf3 ;n-l + set

Vetegoy =0
F_Y‘

However there is a problem ; if 1% j,(’)‘ in-1,

i T B

nust hold . We check this point . By the definition of cj,o(,’)’ '

, A G - (1) -y
&(..-j(}Y(x,b) u (x,8)) = 2 cj’%’yvau
mod 'wk
and
; - (1) =
YjY“ ("f'y(x,S) . u.y (x,8))= £y c‘qﬁ/—,-ij.x
mod Wy .



Wl ile by integrablity condition ;

Legrvs k22, (@2

_ L)
2o %50y Y "2y Boar "Ly g, g Yl xee) - gt i)

mod wk

M

0 (by the definition of u%’( (x,8))

mod Wy
Namely
Bty Uy, -
Hence we have
vaP:')’ N vﬁrjl"/ :
So our definition of u,(2) makes sense . Successively we

dlldzl

can determine

(k) _
Ohreens Oy

u

Hence we have our lemma . Q.E.D.



Now we set

VIR

- 0o
Obviously \70' defines a C -embedding .
And

by = Re (/200 0% - ) + MK, - up?)

Re ((1/20))f, M2 - (1/200u_ - 2A% u_ +MU2)
=ty - Re ((1/20)ud + 2w + 2 \u (£ - u))
- 2 -2
= ty, - i(l/Zi)un-(l/zi)un* )‘un +,\'un + 2)un()bn-un)
+ 2)u, (;/-’n'an)
So
th\'" = th\P - %I/Zi)yjun - (l./2:L)‘1,jun + ).(Yjun)}un
+ N2+ 20 (hmu) + 2hu Y ()
+ 27\(yjﬁn) (PpBy) + DoY)
We note
Yj)“n(x.s) = 0 mod  (w, ) .

In fact ,

~ 2§ -



o SR B CRLFY
and
oty € T, T "® (°T")*) .
By the definition of C ,
(¥ + o) (¥Y,))Re (/200 + $2) = 0 on C .
And trivially ,
(¥, + o) (¥,)) ((1/20) %, +A¥2) = o

Hence -

n
o
-

(Y, + o0F) (¥,)) ((1/20)% +A43)
(¥, ' o (g) (¥,)) ((1)21)}‘n_+A>L,2,) =0 on C

Since off) is of [(M,°T"®(°T")*) ,
Y, ((1/28)% +,\';Jn) =0 and ¥, ((1/21)¥, +/\‘/—i) =0

on C.

~30-



Hence

Yj’?; =0 on C A{a s’ﬁth’c;ently" small neighborhood of p,)
and

'ij): =0 on C (a sufficiently small neighborhood of P,)
On the other hand ,

YiY;v(x,:s)» -~¥ju"n"s‘ 0 mod (wk)2 .

So

Yu s Yj‘)“n(x;s) mod - (wy)
= - o()‘)j‘/'n(x,s) ‘ mod (wk)2

= - oy, 3G xis))  mod (w )2

\3'\



o(4*') 1is defined by
(¥, + o' ) (X)) (¥ -u) =0.
So by the above results ,
kibtp) £ DbY') £ kbl

where kl and k2 are positive constants .

And
(/b oy -u )
is bounded . So
(/g 1) ? pp
is bounded . We set
£2 =y, exp§
2

Then (1/b(£°))2*pf° is of L® and

O(fc)‘e r (M'oimwogru) *)

-32 -



Chapter 2 . An apriori estimate for ‘D:

In this chapter , .we will .tntroduee ‘Dt-oon’aplex , where we
assume that o) 4s an element of [(M,°T"® (°T")*) and
o(\}J (po)=0 » and show an apriori estimate for this complex .

2.1 . D;'- complex with respect to t,

We recall the ‘definition of V’Tg .
""r; - f{x ; X€ e . Xty =o}

Obviously ’*6n"(a, sufficiently small neighborhood of p ) M - C,
V'TB is a C’-vector bundle of rank n-2 and is generated by

) G R ' n-1 ¥ ¥

Wy = vE ”Nb‘\““zm (Igty/b 04 ¥)
j‘l,Z,.....,n-l .

So on U_tY-C , where

o0 ={p ipEM . tpI< x §

we can define Dz-operator with respect to ty as follows (if
necessary , we choose r sufficiently small) . For u in

MU (P-c,1) , we set Dfu¢ TW,(A-C, (M%) by

Y o wH
D,’:u (Wj..) Wju .



Then because of
[ M tp-c.bep) » Tw p-c,teplc T gpy-c,¥rp)
we have a differential complex
. Dw . 2 \l‘r“ R
0 — [lu_(P-c,1) — T _t)-c,t¥rp)*) —"b U (¥-c, A°(Tp)*)
r P (¥ipn)x Dl’: [ &) -C AP (4o %)
= T p-c, AP % L I-CA b

like the case for usual .differential forms . We call this complex

\@
Db complex with respect to Hp .



2.2 . An a priori estimate for Dg%complex with respect to ty
In 2.1 , we introduce Db complex with respect to tﬁ, . In this

section we show an a priori estimate for this complex . We ,first ,

set
D B el 4 ey /by
and |
-I-_fbms N gy” - Jri‘?‘ ,
vhere
bip) ’J It lyit'l'lz
and

% = FT s

Then ,‘ there'aré .C°°°funct16ns aﬂ'(i'j) (V’) ’ bl (1'j) (W) .

and c”.'(i j) ©on U.y)-C satisfying
¥
(2.2.1) [w} ,w = ¥ (Yit /by )w"' bf;.(thy/b(W m
: L ad
Yy, unWYy

where

v
2, Wytyay (5 = 0,



and
N SN e S _ v y (3 2 =1
(2.2.2) [WW1Y = - F1(5; 5 - ((ty) (T3t /b(y) “1b(g) X

.
+ 2 bg.(i,j)“"""{ *p S, aa,9) WY

where

\P -
2,0. (Ylt*)bﬂ"i’j)()b) = 0 and Z,Q (Y;'ty,)cﬂ'(i'j)(y) =0 .

We want to compute ag,(i,j)(\'b) ’ bl,(i,j)(\’/) and cﬂ,(i,j)()b)
By (2.2.1) ’

o ¥ 2, ..\ 12, g
LLWI,W;']:W}‘JF = [Q(Yit\',/b(\}) )Wj -—b‘,,‘(Y;.’t*/b(\H )W1
W=
MR S TR TR L SN P
The right hand side of this is ;

¥ 2 ¥ 2
FY(Yit‘l'/b("‘) )ij()l«) - a’+(thy/b(\}a) 10, (4 *ak,(i,j)(‘f) ,

where
Y = Lwy,ay]

=Sgx - () (HrampdH



The left hand side of the above is as follows

[[wi’ww] w*] -[[Z Qh(\hy ’ QOjﬂ’) ] Zspsk”"y:;‘r
We compute Vouoterm of
[ 30, g3 0 vk ]

Namely ,

[znnnthyg,zmommy"']

* Zo,na P ¥ Qmj(wv - ,Qm%j“""' Qxi“/'”",c

+ 2, 1 10, LY ,y;‘]

While

[Y,,Y+] =2, T e\ (0, m,(omwl‘ '

0o s
and \rs.(,q,m) .1s a C'-function which depends on o} , Y‘<06}*) '

?“o H') . real analytically . 1In fact rs' (4 /m) is written by

. " -

and Y\: depends on off) real analytically .. Hence

- 3@.



L3 0, gl T o ped
=2 Qpy (P (onmj WYy - Zp,m Uy P (Y‘l{\‘oh«/a))vf
*2 pm QiAo (T T, (g m) (o t)) ¥
So
[ WY, WElayl, =29 o Qp; ) (9¥, s )Gy
=2 5 m Oy P (XEQy (4T, ()

* 2 om Qi IS tg (o (OUAIQ )

For the term , lem Qli (\f) (YR%Qmj ()b) )6mk (y_-) ., we have

Y)\{Qmj (p) = Y;{'(Smj - ((Y‘gt}‘) (?Kty‘)/b(y)z))
= - (1/b(y) ){(YRY]t\*) (y*t ) + (yhv’) (Y‘F‘V‘ }
+ (/b1 ) w"J!’tY) ¥ty (y;“(b(p 2))
Hence

Sm Q¥ omjw—nomk(y-a



=T m i (i/b(f«)’z){ctﬁm)tﬁt’b) . (Y’j"t*)v(ﬁy;?:tp)}}amk ()
+2g.m 9y P (1/BH )(v*t,)i ty) (¥ “b(th 2 ncmk(;a
Zﬂ n ,im& u/b(w ){(v tw (vmt,u + (thf) nr" —}}me‘ﬁ"

(by 3. ('&}:t),a%(y‘) =0)

=3, 00 §- amep?) ey By )

+ 3o m Qg'i(yé){—' (1/b 41 %) 1), jt,u (Yﬁt*)} I

+Zg,m O tP - (1/b(}b) uvjt,) (?‘ymt/, fmﬂr),,%omk(w

= - gpofympiio (y—)”

+2 om0 { - (1‘/b(y«12)»(v}‘¥‘§t ) o) § Gy 0

*Zpm Q,Qi(y;) {- amp? o t*) (/3 R }Aumky)

By the same ﬁ‘a'y’ ‘, 

20, Oy O Oy, (4118 0p |

o ,y;/(f{t,,/ﬁy)’)ok»jm

*2pn Wyt 1- (1/b¥y)2) (v*v*c,,) (¥ t’,)} G )

*Zpm St - e ods w" Pe, - 5, };Aaﬂkm

-39 -



Hence

A, (1,5 =2 gom Qi L~ /B %) iy ”Ymty“%k‘f*)

' Yoy -
d 2, n Qitp) (- (A/beA) )(Y;’t D (% ¥ty = § g 9 O (A

= Zgm %yt /B %) (e, (¥ tv))Q}k()‘»)

- Tom Gy WA~ Wb (el )(Ymﬂtv, Smﬂb’y))ofk(;b)

* 2 pm Qi 2g xg g om0 H
Next we compute
Brti, ¥ and cp 4 4y ()

By (2.2.2) ,

[[w*;,wj*) A

- - ¥ 2 -1, ¥ ¥

[(8;5 - (ieg) @ieamppep ™ x* e 3y pp (5 DY
¥y wY

*2pCp, (1,5 Y M 1.

[(§y - (e (Y’;t?.)/b(wz))b(u,u'lx"’ S PO TR T .

while , the xy-term of (:W‘I,ﬁ;'j is

+ =\ 20 - loy
‘513' - LY ) (Yt /DY) Tib () X .

\10'



And the Ve - term of [w},Wi}] is

[i‘{- u‘:t‘,/bm )X ;‘,{ (Tyeg/bpI Yy 2 wjt,/b(y»nz ;‘:i u,t,,/bmn;l,.
= [¥0 ¥l kge - 40, (vjq/b (\y>§ P (vﬂq,/bﬂ»)n, b W

+2 i‘:i i}( (Ytt*) (?t;"t.,,) /b(~f)2)g,"‘

-1 («v*it;) Fyrgr/mth?) L, 30y

* 200 aa (Wiep) Fep /o) )uqu,) weppw? Ly 33T o

So

(O w“‘]
1.\

[ (9 - (i @l my inipix

- ¥ ¥
N ‘[y‘;,y;']qg.r. [vi.(rjnp/bw))z 9 (v,t,,/bm)va]*.,.

+

3, W) Gepmmdyy

I, (el «i‘{t\’) roop? 158140

+

Zyim ((¥fey) e /mep?) u‘ift.p (x)iy) /bwz)[g!'.?:] Yon

+ (\*i" - teri'a ) ’ i:]F



[isyy - i) @ramminp Y, &%,
+ {Z (w (e} t\r”" )b et "‘;:’jF‘

[¥f37 4 - [y‘;,«ﬁwwnzé -(y}&/bq-n;p; .
- 3y (e (?:t\,)/b(\}')z) [y;’_','i:h,r..
*2 g0 (R @ m A (G ) /b SIR A A
So
b, 1,y ¥ [, # (e @ e /pep 20t w1
+[[y‘i",§;‘]+T,. - [Y‘:, (§;t‘P/b(q'))2Q (Y;t\*./b(*»)”)YﬂJ*T.,
“2, ((¥yty) (i;"t\,r)/bmz) [y;*;Q‘;]wTu. |

Ve oY 2, o 2 &
"3 W Fep/peh h) ey obep @ A0 D g

-3, [y /mip? )(w“"gtw)y AR

0w e o - [ @ /o2, (yqt,/bqnvﬂ;.r.
- 2, (e e mon L3ty .

*3 () @) 6 21T fe g eFeg) b A0 T ]y '

-



While
m 3‘3.1 L

2220 (8]~ s o ‘qu;"iv’* -3, §) Ch 9* ‘

W
2.2.1.2) [f:o‘i] \[-_81 j'*fﬂﬂl (i, j) z‘ q,c,(ir:l)gd

where tt QI’ ¢ qx‘u'“ depend on Soy) , Y*edw ’ 9‘0#9
real muyu«uy

Proof . Since Y‘ -depands on ck*) real analyticall , 2,2.1.1)
is obvious . For 2.2.1.2) » by eomidering

(L% ), «[FTs,, 0+ 3, PWILIED T AP g Jo
-FS;,,[O.Y,"Q, ' "i‘::u.:»

with 2.2.1.1) .' the proof is obvious . Q.E.D.

For °k.(1.j)~'): + We have a silmilar formula ,



So

2,00 0 B, ¥ v o<y W

are polynomials of

YYyb) . Tep/be) L k=1,2,....,n-1

which have coefficients as a linear combination of

(Whvteg/popn o (TR -WS, e s, (gom OO

T (1,j)‘°(\h) ' q1,1(°°}“’) and their bar , namely
cll) (2) g ,
3 e ciledg e+ T oL@ o)

* 2 S:t (3) (Y\PY:’ t\‘r a;'ﬂs t/b‘i‘)) * 2S t 5('14)( thy’ a:fgs t/bv‘))

(5) c\6) 3
S,Q.m C rm s, (,Q m) ‘O(y)) * zslﬂlm SIva 8, Xom) (O()‘))

(7) : (8) P
2 llilj ,Ql '3 q} (i, j)(o(tf)) +2X i,] c} i,3 } 0 (1,3) (0(71‘))

5 10
* 2}.1 (1)1 qj,i(o(‘f‘ * ZJZ i ,(Q,i) 81(0(7")) ( here we note

that coefficeints céll ) eeeecveee ,cx don’t depend on Y
r '

~44~



From now on we use the notation @90‘*” for the vector space
. ¥ oV
generated by polynomials of (th*/b«y)) R (Ykhf/bQYJ) s, k=1,2,...,n~1

with coefficients as a linear combination of

Wy o g
(Yt /b)) o (YTt ~Rdg /D) o Ty g 0D
qit(i'j’(oor)) ’ qjli(o$+)) and their bar .

namely

2, el (Y:Y'zt.r/bm) . ZM ci2 (T T, /b))

(3) (ytg¥ (4) j
" 25t %t gty "%, /Pl)) 2 g Cy RiaX ty Bdg,e /P )
c {3) G- .
! Es'?-'m S,ﬂ,m sl‘ﬂ )(O‘Y’)) * leﬂlm S'llm S,(R m) ‘O(y‘))

(7) 8) =
Y2 0,10,5 S04, 90,00, PP 29,45 %,4,3 9, 1,5 C¥)

and we assume that coefficients c(li ,......,,,c(lo’ don’t

. 201
depend on Y . So by this notation ,

2,00 By °,e.u,j)""é@o‘)" .



Next we put on the L2-metric on | ‘l"'c (‘Ur (‘h-C, /\p(*‘l‘g)*) ’
where rc(Uz (~}')-C, AP (*'Tg)*) means the space consisting of
P\p(¢T;)*-forms with compact support . Namely , for u €
Tw_eh-c, APty

i 2 -
Bul u_ ) = 2 ISUr“l’)‘C ugup dv o,

where u, is defined by

u =u(w‘{,.....,w?) , I =

(i '.uo-o-'i ) r
I 1l ip 1 P

and dv means the volume element defined by the Levi metric .

Then we have

Lemma 2.2.2 . With respect to this Lz—metric , we have

- - 2. - :
wfs = - G+ 2 @egmip ¥+ AW

EL RJONT

where wi“'* means the formal adjoint operator of wf’ .
Proof . Let Yi* be the formal adjoint operator of Yi with

respect to the above metric . Then

-4y -



where g i is a C“—function , and -

Now for Ob-functiohs';i-u’. v , which have a. compact support in

\p n-1,=% W

Wha,v) = (003~ (YNl P11 e /b)) Yhu , v)

h g -1 2, P TV ¥
(Y5u,v) ’7-.;=1‘,,‘1/’°“"’ ) ¥yt () Ygu V)

(w, (K)ew -7 123, e+ (0 ey nf‘,‘{tu/hjz(y»nv) :
On the other hand ,
¥} o=y, v ulolp)(y) + ol (¥, + ulolf)(Yy)
Hence we set
ulo (M) (Yy) =2 0, % o+ olh(¥y = ZBO(\HF'J'YB .

then

(Y}')* = (¥ + Eo\“o(!iyokt Zeo(\}«)@!ﬁ@ +5_("°‘ oN»')‘3 '“H“!;.YF)* .



‘YI)' oYyt - 'zd%.ii-(«,’ Zaqqﬁ“‘i‘ _'vzp 3‘*’.5,1",6
Q'ea amp,i - zp;qaﬂ')Pdr‘o{:ti +29§82q3q)ﬁ P
" T FipoWpr T 20 BN
SIS AR qupf‘d,i * 2@'555””?.,1 * 5,g,qapamﬂ %o, 1
¥ {qg(.ud,”,‘ - }:laxa'(om?":g - zpm‘ Yp(o(‘l—)P'o‘uq,'1)
= -3}« @Lem
tere  @X 001 = g ¢ 'zo;%&,x 2R e
+ ZP“ qao(‘l»)ﬁ Ui P W,

Zx (oﬂdﬁ g - EP"( ﬂ(o(\p)ﬁdud'i) )

tience ,
Wa,v) = G, (H)ew) - 2% ,1cu.(v,)*(((viw Yyt /B 2)v)
3t ¥e ) 2 ¢t
-, - ¥ +2},1 mitq,) (Yyeg) /by )(Yav)
+ (m“’mitwn t\pnb(\p (T ey (3 q,,) e /pp v

+ @ _lto(w))v)
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We compute
(F{(ey) (e e ? - Fe) (e Go 2 h)
By (1.4.2) , we have
(Y“j"i;f- [y}’,s?l:'j\pi,,, Ity = cF(Y;’,YI)XY ,
.23 Yife = 5 W+ b ®F 54 WP

i ' ) |
and .-4 0, (3.k) ($) is of 1‘%(\{) . In fact , since \P is
of °T"®(°T")* -valued ,

v 3y
B3 9 T guty
is of b(}) @0 (4) . So it is obvious . With this in mind ,
Xgi (u?}((ﬁ't*) (Y;'t“))ib(‘{*) - (Tt (Y 2ty (Y 2/ h)
_ n- 1
: Z';Z{ @) (@ey "’ﬁfﬁ? Ml ) (e ¢ (T (yﬂy t.,)}
- (n=1) (1/b0h 2 (?Tt\{,)&,) +Z;‘:i i(v‘;t+/b(~.«)) (inzq-/bqf))
v @bt @Gete, - Tagn} 251 ameh @) ey ek
1% ‘*”‘1 ¥ o 2=1 w4 ey oty (% )y
-1 oW ¥ n-1 N Yoy
g=1 T{te/BU) (Yep/bip)) 3 (D) (Y ty/Dip) )} (F T e /b))

- 301 Ffeppen (Fr/pg) TR0 (Ble/b ) (YT~ § Syb )

\4_8§



= 0-2) /b D) (T Ty + BJw
vhere @3(\}) 1s of ). |
50 we have our lemma . Q.E.D.

From this lemma , we have

Lemma 2.2.3 . For u €& ‘—c(Ur(‘H-C CTp)*)
\ g - - A , :
Ppre ot ot 2y Wy v 3y ay¢0uy
where Dt* is the formal adjoint operator of Dg' and
a;pmeByop .

Proof . For uE Tc(UrW)-C,l) and for v € \—C(Ur(\h-c,(w‘rg)*) '

we have

- Y3 s Y
(D\gv,u) 5_1 SUrN"'C (Wiviu, dv , where u, =u(W;)

v :
Zi (Wiv,ui)

L (v, Wh*uy)
= Zi {v, - ﬁ‘fui + (n-2) (?‘i"t\,,/b(q)zm;_ui + ai(%)ui )

(by Lemma 2.2.1)

(because ui-u(w";) ¢ 80 2;:11. (?ttq,)u 21,1 (Yiq.)u(wt)

‘<¥i,-



Therefore we have our lemma . Q.E.D.
With these preparations , we will compute

+

“ Dfu “U ) i D\lf*“ I ler &)

for u € T(U (qo-c (*T“)*) satisfying

1) ﬁ;u . Dg*u are of L2 .

2 2

2) wzh r i=1,2,...,n-1 are of L® and (1/b(P)lu is of L™ .

Namely we have

Theorem 2.2.4. The following inequality holds .

2 2 2 1) 2
i D‘l';u "Ur &) + D\g*u T 0 () + & ul 0 ) + (Kfs )\I@O (il o_ (4
> ¥ 5 =% 42
22,5 (=3/n-2) WWSu, | 2 R 2,5 /m-2) Wie, "S_

+ (n=3) 2 H§G/b(y) )y nu R for all &£ >0

for all ue [(U (p-C,{tTp)*)  sacisfying

1) ﬁtu ' dg*u are of 1.2 '
. 2
2) W, 1=1,2,...,n-1 are of Land (1/bi)lu is of L7,

where K 1is a constant which doesn’t depend on ' E 0

and éDél)(+) is an element of (44 ., and

- 2

+ “‘K*'/b(‘f”“ﬂuep ‘

50—



Proof . ‘For - & Tlu (P -c, (YE)*) -,
shu W) - Wiu, - w"’ - u([_ 1) |
Sl TR A T DA N L
- fﬂ o,;‘:'(i’:“u’2 (by (2.2.1))
Here a‘;' (i,§) 3re }of @,» . so we have
2 \\ n*u(w"w )i 2 ] (‘f) + 1 Dt u \\ g ‘Y"
=21ﬁ N, - who, - Ky(ﬁq/b(\y)z)us “ ?\,;(yg’t.,;/boy)z)ui
- aﬁu.n‘t«‘“‘ﬁ;«m
+ |- 2 jj‘ E’axiugw)
22_19“* w\fuj Wu - a:;,(!"'t*/bv-) )u ag(Y ty/b ) )u “ Srq,,

+ 2Re 3 i<j (wi 37y 1-bftuit\,/bw )u, +a(r(th,,/b(f) ’“1' }} 0, (1,91Y

"“"7 228 (4,3 £“U )

Coew a2 N AN
LRI R LY o g + 2Re (- 2y Wjuy, VR

+ “ ‘Iya"ux “‘2’:‘1"
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= ¥y - ¥ y 2 2
= 2 sgsl Wiuy - Wiy - ote /g Bug, * R efey/ fuy I o_ 4

O -)# 2
+ 1 Ej Wiu I U_(y)

. ' ¥, 2 ) 2 -} a;
+ ZRGE if] (Wiuj - W\gui 'K’,(Yity/b@/ﬂ) ~)uj+ n(yjttf/b(\/’) )ui'Z‘Qa,Q:'(icj)ili)

+ 2Re(-2 Wu Z‘

2
Il -2 a 9., (1,3)% u()b) ¥ —Z " U, ()

For the term ;

2Re 3 ;4 (w“'J ] K,,(Y te/bty) %)u+ Ty-‘#t%/b”” Yuy .= Z 20, (1,5 %]

+ 2Re(-§.j J Eﬁa}uﬂ )

this term can be estimated by

gl “6:(\1») R 2/ 0% ) u | Srw

where @o(()’ (1) (\.}«) is an element of @ 0(*[») . (Here we used the

Schwarz inequality .) There fore for the proof , it is sufficient

to show ;

¥ ¥ 2 ¥ 2 2
2 eyl w*uj - Wiuy - YT /by Juy + P (¥ tes/b i) “ruy I U, ()

I TR E
+ ” Z WJ i ‘Ur(%)

+ £l ““6:&/» ' ze( o 2 l® 0.(1) ““““u )

-52-



2

-
a———

34,5 (=317 m=2)) Wwfu, W] + 2,y Wan-2)W @y 0

3%V u_ ) U, (p)
+ (n=3) 2, | Foiprug il g ¢ for all £30
For 2 ié_j“ W;'f'uj - w;ui - (Y"'i't.f,/b(y‘)z)uj + (Y"Lty,/b(}&) )ui“U ()"

_ v 2 P2
PRIRUCE J - Wt ey/b ) )u + B (¥iee/bp) g ”ury)

= Yu, - ¥ ¥ 2
= ziéji“ Wiy w u ”u NV 2Re (Wyuy o - &g (¥ity/b(4)T)uy )

+

v ¥ 2 ¥ _ 2
2Re (Wluy , ¥ (Yeg/bpH)uy) + 2Rel- Wiy, X%(Yi%t\;/b(l,l«) ) uy)

+

2Re (- w\;'ui, K*(Y‘;tw/b(y«)z)ui)

+

RO 1te/D ) )u - z@(y ty/b P )u I 2 U w}

-2 iy - wha 112 L 2,y e Cutug, - YoelewmpBrag)
. 2 g3 2Re (w Xq,(Y t.,,/k@‘vv) Ju,)

+ 2

g5 2Rel- w“' bq.(Yity,/b(Y—) Juy)

+ 2ygy 2Rel - wWiug, 0 (x¥eumip

+

2 g4 ! Yet¥ty/b ) )u - Km ey/btp) dug 1) 2 )

~£3-



+

%{21 2Re (wrui, -m(Yttq,/b(\{»)z)ui )

h g \ 2
+ Ei,j 2Re ( Wiuy, = YUY ty/b(Y) )uj) }

g

{ 2, 2re (whu,, Xq,(Yq;t\\,/b(q;)z)ui )

+ 21,3‘ 2Re ( w\fuj, qu,(Y\;.'tq,/b(\Hz)ui) }

-+

o Wb huy VIV TR @
Since
2y (i;f‘i"'.:\,,)w\'i"= 0.,
T 4,5 2Re (Wuy o - Luefegpp o) = o
So the above becomes
3 igj“ wj'uj - w;"ui \\(2] » + 2 1,5 2Rel w\i'uj ' K*(Yz'tq,/b(%)z)ui)
D FPR R Nt YU U AT P K )
For S 1,y 2Re (w u, ,r*(yy'tq/b(y—) Ju; ),
RO AW

¥
1,y 2Re ((th"_)w uL, (aff/b(\,b) Juy



T,y 2Re ( (Tfey) Wi?“g . -”(‘f’/bllh?jui;y
= o . - . .34' 2.
= Z 1,5 .2Re ((ﬁty‘:{j‘t‘v) uj ’ (Kp/b N') ‘ )“1 ).

On the other hand ,

w‘*‘?wt\r

Yo (Y;;P- (Y\{t\’,/b(% )Zi‘:i : (?;Ptq,/b ‘(\[a) )Y;b) ?;fbtsb

fl

($3,5 - (Y\itﬁq,/b(ip))(?g.’tv;/b(\p)))ff b @Y (v

where Gaél)(y) is an element of ()0(40 (by (2.2.3))
So

¥

\pm
- Ii'j 2Re ( (WY

tghug, (Frp ), )
bl 1
=- 3y ,j2Re (g, - (Y\fty,/b(\}»))(Y?t,b/b(y-)))zf%ujw(l/w)@é YW,
2
(34/b) “yu,)
=-2,, 2Re (§; 38 us, Qu/bip)a,)

(1) o S¥ -
- Zi'j 2re (@) ru, (/b () ), -) (by Zj(qu*)uj 0)

= - 22 | G/, |2 W " 24,5 e (@M Wu L (Gmm,
r

-

._5-.



2 igj\lwy“{t\,,/bmz)uj - Ky(v\;t«»/b(‘“z’ ug g L

;1 K*(Yitq./b(qa) Juy W2 o, &) -2, jneo,q‘,(y ty/b (L) )uj,Kmr tu/b %)

}i\l(WbM))u “U () (by Z- (¥! ty_)u = 0 and

pip? = 3, oebeg Ty o

Hence

S L d 4 2 2 2

2 il w;*uj - Wy - W Yity/b Tuy e a;(y‘gt¢ b ®yu | )
=2 oy My - whay 02 TR IY IR 12 )

-2, 5 2re (B (pu, Qp/owIu,)

So we must prove
2
2 1<3 ”wjluj - W‘I “U AN 23l (b"f/b(.f'”ui | U th
e -3y N2 g v Elung “7‘"‘ + (R/g Ry 1\\@“"1’ (pu 12 Ry
23,5 (n=3/ =20 ) Wi, W PR 2, s/ meanll wy tl;}r(%,

+ (=32, | (K/bep))ug \\ 0_ty for all ué& T(U_ (f-c, (rp)*)

.5‘..



1) d:u and dt‘u are of L2 ’

2) W, 171,2,...,n-1 are of 12

and (1/b(H))u is
of L2 (so by Lemma 2.2.2 , w” is also of Lz) ’

where deé(l,(V% are of AQDO(VH‘.' We see this . For the term ;

2
2 gy Moy - o p * V- 2y "3 (A

we have

Proposition 2.2.5.

2 2
2 iSj“w\:{uj-w{ui“Ur(y,) +“-—2qu “U %
"2 P @)
ALY T R (K/g By -1“@; by P
(n-2) 2, | (8%/b (), || 2
2(n i N ey )
+ 2, 5 tne3n/ @20y (‘1‘" ¢ 2y s meanlwde U o

for all u€ [(u_(§)-c, (*Tp)*) satisfying

1) Dbu and dt*u are of L2 '

2 2

2) w{h , 1=1,2,...,n-1 are of L and (l/b(%))u is of L” ,

where E§’6‘2)0#) are of ¢DO(44

Proof .

\p 2
2 1§j“ Wiuy - u I

3% u_ty)

2 | D AR ¢
‘Zi.j“wr"jnur(w - Re:i'j Wia, W

~89 —



O (prwlugs vy

where @él) &) 1is an element of @0(\/:) .

While
_ _ ¥
I 2 Wu “u T Re }i'j(wiui,wjuj)
- A -
= Re? ., j(( wJ + (n-2) (Y] ty,/b(}l—) )D’,L,
+@ W ynaty,, u
0 1% Y
So

2
2 i§j“W\fuj - W?;ui “Ur(\f’) +u - 2 Wyu “U (H

= 510 W"“u N 2 ot ¢ Re ) i.'j([v'v‘;’,w‘i‘ju:,‘,ui)

+

(n-2)meZ ;4 ( Fp/ptn?) fTepruy )

2 (7t
2,50 "\f“j I utp T ORe P HANS Ty

+

=207, W (Kb ] gt 2y, 5§ @g (v, /B g

-

-\SS—-



R Y5 Rah 3 I M Bt S S
2 (1)
+ =20 2, WWpth i, Wo g ¢ Za,y (@ tAuarmeiiug

(by (2.2.3) and 2  (Ytylug = 0)

On the other hand , we have

Lemma 2.2.6 .

Y . A Y
2 Uwig “Ur“Y" = 3 W Wny “Ur‘>‘"

¥ =4 ¥ 2)
+zi([-wi'wjluj'uj )+ fi(wiuj,@:}g (‘)“)uj ),

where (()2) (4) is an element of @))(SL)

Proof .
. 2 e Y
I W wfug) u_t) PAUICRUCH

= I, - Wrmea @ewp i Hizy » @3 1w,

(here @(g)j(\f) are elements of @0 ) )

- - - Y =(3)31
fi( wi’w'tuj ’ uj) + 71( Wiuj' @0 uj)



+ 2 mug, @ wuy ) ¢ 3, (g, @Y whuy)
So we have

) (4) () @g“ ' (\'«)- are elements of @o(y-) .

Here
our lemma . Q.E.D.

We note
3, 0D - m-2xh @8 ol 3089 Wiy

Therefore we have

2
3 agyh Wuy - Wiy g L Tl 2y ) 33 1o ‘V-’
+ &lluﬂu (79 I (K@)“Q@és)wdu“u o)

2 0=3) 3, 1l pigrug N LM

+3 4,4 (n=3)/m-2) Wi, "‘2’:“"’ v Ty,4 1/ m-20)lRfoy W3 L

Hence we have our theorem . Q.E.D.
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Chapter 3 . Some estimates for Ub
In Chapter 2 , we showed the existence of Lz- solution for Dt-
operator . Here we proved some estimates for this solution in

terms of || I\(R"-norm. For u in r(Ur(\")-C.(Y‘Tg)*) '

“ u ‘(i) 'Ur(\r) = 2 ksﬂ" Lj’]_ 2....L1k\lﬂ Ur‘f’

where Li' W;I' ’ ﬁ; ’ Yy', ?” ¢ xv' and the 0-th order operator 1/b ()0)
2
and \\ lnr‘\") means the L -norm on Ur(\f)-c . In this chapter ,

we want to prove

Main theorem . There are elements of 80 M:) R 1) kt)b) ,
®(§)§.k L I @‘g’,ﬂkw satisfying ; there are constants

Cp + Ky » Ky satisfying for any £ ,$ >0 ,

(x| [j';u l\(h, oyt Silull () 40, )

+g)u “(i""r“ﬂ + (K /&){Il QL qywta “‘i’v“;‘w

+ W@2 Fpital Gy NG o a/ppro B ‘5'1"":“"’}

ic'u“(puw

for u € T(U_0pi-c,(Prp)*) satistying ;

where 0§kg(+2 , L, = W;I' ' ﬁr ’ Y\f, ‘Y'y', x¥ and the 0-th order
operator 1/b(y) and |

.[., -



P u

where

"o

Kﬁl CQ

+

+

+

M d/mepn gy 0 g

2, hamspnufel g oy,

)3 K 1;(1/b(\f))ﬁ}:u i (;l') ,'U ()

!
- q— \
K (p Ut bl | (p) '"r““}

do not depend on g , W
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3.] . Commutator relations ,I

Proposition 3.1.1.

71 = gl u 2 -1 ¥
.21 (WX = ait ot e G e Ty

(1) ot s (1) L w?
oo Mg+ 20 ()W)

g (1)

Z g et =0, Fepe ¢ =0,

Z g
NN “2¢ e et - w20 ve ¥
(3.1.2)  [W,W 1= b)WYt )Wy b () ety Wy

S a2y
Yoy ) Y

(2) =
2 (Y 'JW\ 0 '
(3.1.3) [WLaY) = - 71 o) Typlfyy - ((rfeg) (@e) o 218
s L3 e (3) =
+ Z)? [.(1:3)(V')hll+ Zf bﬂ (1.3)‘)““2
¥ 1al3) ] < (3t 13 ]
E'Q(\f,z 2024, (4, ¥ =0 Z, "Szt‘f"b;,(i,j)‘f" =0 ,
e ¥ 4 (4) ¥
(3.1.4) [W¥"]= bp” wa *Z) . DYy

(4) v
+ aj (lI')Y ’

¥ )ald) i
Zp e ¥ =0

-‘2_



W] . 5. .05 < 4 (5) (¥ (5) a3 ¥
(3.1.5) wj,y] Zgal H')Wg Exbxvjmwl‘* ag® (py”

S tq,)a‘s’o}«) =0 , 21(2 ?)b(?‘;'(ya) =0 , where

(1) (1) (1) (2) (3)

aj (P . ByTP w a2, B, P
(4) N (4) o, (5) (5) (5)

2l 2T A by ‘>‘" = I

v 2 o )2 .
Wb /b, @hw/be?) are of  Eheo -

The proof . (3.1.2) and (3.1.3) were already proved in
Chapter 2 ( see (2.2.1) and (2.2;2) ) . We show (3.1.1) ,
(3.1.4) , (3.1.5) .

The proof of (3.1.1)

since x*, ¥, ¥, W;I ' ﬁg' §=1,2,..,n-1 generate

CcT™ on M-C , there are c*~functions
(1) - 4 (1) (1) :
aj (\H 'I;'bj ) (Y” ’ cj (y’) ’ dj (\f’) ’ ej (7&)
satisfying
Vo (1) (1) \ (1) =\
W.,X |\ = ( )x + b Ww, + 2 ' ww
+ dj (\{') Y\" + ej (\H 'i\/'» .
We first see

dj(YJ = 0 and e ( 4 =0.



Because

Y ¥ Tpeb = ¢ a1 xt (1) (4™ (1) 5 ¥
(oo Tn = caf pxt « 35 s ) s 2, oM i

3 3

a,007" + e (1T )hoy

The left hand side is zero and the right hand side is

ej$y)bt+) . Hence

ejof) =0

Similarly , from

A4 - M) v .S D) wt o 9
[Wj.XJ h *‘ ( ajm X v 2j bj oy)wj + Zj

(1) =t
5 Wy T
w -
djt¥)Y Yh-\}
we have

a4 =0 .

v_ (1) (1) 4 (1)
So there are C -functions ay™' (}) + by™ ' }) .+ ¢y §)

satisfying

N (1) b 2 =Ly 5 (1)
[wj,x_] ok g ST >ﬂ by MW
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3, (Y;t%)b}‘?”(\p) = 0
and

@B - o
Ve recall

= Fineps + Ey- BIT
So , by comparing S-term , we have
s = W
Hence
D€ B

e 8 (1)
liext wve compute b2 Of) .

R d I
L, xY], ”I]F

[a§Y i+ ZgodD oty

+ 3, cél)(\;)c{+ <xj(+),v‘*+ ej(nlr)Y"”, " ip

LB, @, + P

&<

' W
lience in order to compute [[H}ZI&], i ]F' , Ve see

[
&



Tr-term and P-term of [u],x']
[w‘;, Flromps + By Y - %)
= (v Frvens] + g™ o’ g[o)0rT -.I,-.[w},?ﬂ
= [-1 (\'I}'b(y/))s ¢+ J-1 b(‘i')[U;,S] + (k!jé",,)Y"' + 5’.,,[“3'3’3
- Y -3 [W)EY)
While
[u},5) =12, a epy) . 5]

; ¥
= 3050501, + I, 6(y.s]

And
5Q; ) = 5§, - ((ep@e)mp®)
= - (srfey) (e + (1Y) (5T o (h )
+ (K (@i spin®)
Furthermore
[Y*,Wj‘*JF = 0 end Y‘*,ﬁj‘“‘]p = 0

- 66~



Hence if (3.1.4) &and (3.1.5) &re proved-,
"""" = ) - } 2 ALY
LLfi®), &Y, = be + B o0,

where (:%

53«

Therefore big)(qo is an element of GSb(qd . For the case

() is an element or (B (b

cig)(vd , the proof is similar . So ve omit this .

= ¥



wne proor of (3.1.4)
Since ﬁ; and ¥ generate 'T" , the existence of ai4‘i'jf+0
AN
;4&¥)is obvious . So we must see that ald) F#). aé‘%qq

Q. (1,3
are of @0(\{—) . By (3.1.4) ,

[[w\g,y\"], w

Lot ™pni5s 2yaglle S+ a0y, @),

“Ly [ =W al4)
LI TV PR TP A

While

[w‘;, ¥y - [y;!’-Il((Q‘J’.tY) (f:t\r) /b(+)2)Y;*. y:'l

[Yj,yq'] -2g ((Y‘;t\,) (?‘;'tq,)/b(k\a)z)[st;’. Y:]

) G ¥ 2, ,%
20 Y LESEy) (Fey) /bt )y

+

g
2, ¥ Y Grea b gl T o, ey,

ey SAWA IOV INIE g1 Y

- ‘3_



(.- [uf, 7, e mgny’)
=2 w’j"c‘i‘:t\;/qu‘;’ Tt pen[ut.x¥])
Hence
[[w‘;,y“'], ﬁ:]r
-12, »W\;.'(?tt*/b(xr)n:,ﬁ;:]F 2, (?“;t\,,/be.}-n[w‘j*,f;], v‘w:’:\F :
First we compute
[3, whewpavsa’l,
(2, w‘;(?z:t\‘/b(\ai)y‘;.ﬁ,‘:’ lp = I, w/@Ee/bung o
(9, 0 = 8y, - (e Ffep/mep?) )

- A 4
= 3 ‘Wijtq/b“}‘”Qk,s(‘f’)

( because of »Zs ("f:t\r)Qk's(\H =0 )

¥ ot .
= 2., 19,5 e /bN0 )

2, 010,y M (T - Bl e Ly

- 64—



Second we compute | 2 (Y;tw/b(\{/))[w\"j,‘!:]a W d

L2, (?:tw/b(\y))[w:.’,l':] Al

3, @3, i) G gy Sy

+§I ¢ Uiy, s)(o(\P))Yt A

(% (B ea/o ) (/o) YT 5
¥ g
* s Trma) I et 8 Bme iy Y]

+ 5,(/1: Q/Qj(\f)rt’u,s)(O(tP))[Y: ,W;’J

v tgte ' 2
S . (Yst-f/b(‘f))z,e ((Y tq-)(YsY,Q 'f Ss’/qbzf_)/b(y-) )Qk,ﬂ(‘)")

"Zx,t ;AT (p,8) 0N ()

Hepze we have

o (4)
%, (1,3)

is of @0(\/)

() .
For a; () , we have

¥ ¥ -1y P . (4 Yo, . (8)
[[wj,f"], YJF [b(\,t) 2)}‘45 +ZX a}’zi’j)(\/’)w} + &g )

. (4)
aj ()



Wi e st bd
ERPB RO AW NG M E
VA
= 2 i(w (Y c.,/b(v))Y + (?“’q,/b(q,))} (Y\"((\Y tw)(-f\;tq)/g(‘l’)%

| ¥
3T ge) (O - Ek’nv(‘l‘g’t*lb(y'))(Y,ty./b(k/'))rk’(ﬂ,s)ﬁ—fﬁ

Hence

ST2) A I o

2 i (?"t.',/b () (¥ ey /n(y))
s 3 P () (T £y) /b (02 (Y ty/b )
+ (Yot /plY)) % s (Y5te) (Y ty) /D (W) (Yp by ¥
v Zr 5,8y 0P (Tt /6D
S PRV ¢ CNTIDIE NI AT o)
Hence a(u)(\f) is of @0(‘l')

The proof of (3.1.5) .

There are C -functions a}?}@f) s b(S)(fd , 5(5)0#) s &g (?0 » Cs Qb)
satisfying

[4,8 = 3a(B 0l ¢ Jpiepiy + afP(p?”

+ aj(qQY* + cjbf)x’{

i |



Easily we have

aj(‘-}') = 0 and cj(‘f) = 0

4

In fact by comparing X term s
v ¥ -
[wj,y Je = 50
0 = cj (‘f') .

And for anS)(YJ) , Wwe have
(5) 1y 5F e
[w‘*,Y‘*]r»)L = (25 e ‘5)(\p)vx (5)(\/«)w 23> (hTHney
The right hand side of this is
(5)
aj’ (W)b)

And since

. a(5)(‘i')Y + a; (DY )h“)‘

(Zp a3) s Zanlolwi

¥ 1o
[}, ¥ Tney 233

o
'

aj (‘f’)b (\)L)

Hence aJ. (y) =0
Next we see that a§5)(y—) is of @O(Y‘)

LW\;’,YW]ho‘}‘ } ;53(\9‘# 22 b(5)(+)w + a(.S)("f‘)Y*)hO)L

Nz -



So
Wb = &> e
Hence
a$ = b
Therefore aj‘s)(ya)' is of &y(4) . The proof for aff%(%) ,

bés'; () 1is similar as (3.1.4) . So we omit this .
‘ ' Q.E.D.

BB~



3.2. Commutator relations , II

From Proposition 3.1.1 , the following relation follows ..
Proposition 3.2.1. PFor ué€ [(U_({p-cC, (VTE)*)

3.2.1) [n‘;,x"']ualb’q,lzb(q»)'lutg + o'l(\pxq'u
+ ngg’z(\\»)wq]ﬁu + Zj@g'3(\pﬁ§'u + &), ¢
3.2.2) [0 2 ]e = 1 Poap Iofe + @) pixtu
+ 'Zj®g'5(\\,)w§‘u + zj @g’smﬁj"u + @),
3.2.3) [pg,wbu(wt.wg') = - bﬁb)'zb/?(Ytty,)DZu(wr,wg')
+ b(\[a)'zb’\’,(y‘fgf)w]fuj - bhla)"zbf‘,(vtj/‘tpwrui
+3,@ 0w + 5 0w
+@‘(i:%{\Pu + where ug = U(WF
3.2.0) (8@ Tuwl ) = bop 000, - (e @ g ity
- B N (8- (8 (B i 1) 2%y
FEE e+ SO0, P

r @K o

- g~



3.2.3)° [

b Laie s 3, 5o g G- (e @ep e Py
23, @K, jonta 2, @K, i
+ @Flyn
3.2.4)° [b‘{"‘~‘"’§]§:;w- BRI R AN o
+3, %), e + I, @), ;i
. G ) )
1.2.5) [of .v¥) -’_ﬁbm‘lar*of + -zj@o,ls,j“""r
+ @onepyt ¢+ B,
32.6 [0} 3= 7, @,19,,PW + I ®o,18,3 P
+ B 1Y+ ®1.a‘7"
3.2.5)‘[01';* ,Y"]- | b(+)'1K,,D\f,"' + 53 ‘E)o,zo.j“"w;‘

- - ¥
+ 330,20, + @, 020T 6 ¢

-6~



3.2.6)° [o¥, - 3 @, 09,5 W + 2y @), 54,4 PR
+ ®o,25‘“"’§y’ + @1,100"

and

3.2 [ Lamgn]  tsor @pep

3.2.7)° [D?.(l/bb/—))l isof @, .

Here @o'l(~f) ~ o,24,j”) are of @o(()t—) and
@10 ~ B o are of @yp

The proof is the direct computation . So we omit this .

‘7“"‘



Jeode 4 e ' 'l 0) 'U m - - - I__.'b
In this section we p:ove our main theorem for the case xs 0.

Namely we have
Theorem 3.3.1 . There are elements of ®0 [\ 2 I ®%’ 'k(Y') ’
@ (g)'k(\ﬁ ’ ’@(g»")?\lf) satisfying ; there are constants
Co + Ky + Ky satisfying ; for any ¢ , $§>0
ke MO0 | +SWu i g

o5 M pt oy, 0 o (0),U_4p)
P EN u g v wple) NOF <opwu Nl

(0),U_ ) 0’ o '‘I'"k (0),0_4p)

2) k ' 3 : |
+ 187 e | (0,04 8w (l/b‘Y’”“"(O).Ur(\[a)}

2 SlUelg o . for ue M op-c trps

Y 2
satisfying LdeLilLizu is of L . where

YW /bt 2ru il
‘ u “m’/ ‘L\') u (0) 'Ur*)

(0),U_tp)

+

2, famgntfa |
x Hamupg (0),U_ )

+

.\I»
2, hamynife 1) 4y

+

2y, &\WP’"‘* W oy,u e * i W) o L

+ ﬂw A ! (0),0, (Y + U W\{w;“ L (0),urtq-)}
and I(O,c0 do not depend on E ' )b and Li = w;r. ﬁg’ ' YW

?" ¥ and the 0-th order operator llbty-) .



Proot . We recall “heorem 2.:2.4 . We put (L/0 p))V

the place of u in Theorem 2.2.4 , where we assume

2
LiLjV is of L

(so this substitution makes sense) . Then we have

v 2 2
W ofcamepmwllg o) + I VIR W

i ,2 (1 2
+ € /pniv ©),0, ¢ " xo/g NQD oM /by il U, (p)

2 (n-3) ) /o)) (/bipiv 2 +
PE C/Dlph) /BIIVE y gy
(tn-3)/48=211 3, I| Wht(/bpnIv) Il 2

" e o

+ (1/(n=2)) 2]l ﬁ;‘(u/bq&nv) W2 W for any ¢ >0
b o

and for u € r(Ur(\\?)fC. ("'Ti;)*) .

We note that [Db.(l/bOP)ﬂ ' [aiu(l/bbf)il '
[t'f{,(l/b(\l») )] and [ﬁ}’,(l/b(x,,) )] are of Gy .

Hence from the above inequality , there is an element C)‘i)ﬂf)

of @l (% v



v 2 . 2

] (1/b 04Dy il 0, &) o+ l\u/‘pwnﬁ vl ”V”" ,
2 e i L)

+ 2 ] (1/b(\'f’)v “(0) 'urq’) . / )‘®‘ (*’v u U q))
2 2

2 (n=3)  By/pepr v B g g

2 \nm3 . |

((n=3)/ (n=2012 , ||(1/b g1 Whv | 2
| CURATT ST ¢
+ (1/(n=2)) Zalltllbm)va L

Furthermore

W a/beapiofy | ;",rw (apap kv, ofv )

- "'((1/b(y..) W . o)
+ ( [wbepd v , ofv .):
= (wpipiv, D\g*ﬁ‘gv y

+ ([amepr?,oflv, ofv)

The term  ( L(l/b«*)z),ﬂ;]v ' ﬁtv ) can be estimated .

Because

L ftampdv , Wy

-79—



o e
(= tpa2p /B v, Wov ) |

| (b v, amgnwiv )|
\ g 2,112 W 2
<
S sz I (2wba) /by ,)""Ur()t) + thamt)wy | u_ i)
We note that
(2w‘{b(~l,))/bm2 is of @1(}«) .

Hence there is an element @‘i) (§) of @1 (\f)
satisfying

[ (1/5(*))9@ I ‘2’r*l" S (ampdyv, iy )
oans 1@ g |l o4 +£l!t1/b&\p))w‘§vlui\l
Similarly there is an element .@D‘i)“k) of @Dlo¢)
"(l/b(\}'))ﬁ"b*v | 5&, < (1/b(\p2)v . n‘{o‘{;*v )

| A3 2 ol 2
+ (1/2 1/b(pP)w ,
a2 @' W g rdlamengvl gy

Hence with (3.2.1) ,



( a/btp v, ooy« Biev )

4

(1/2¢) \\@‘”(\p)v W2 VI (1/25)“@3’(\”\; "2 Y

+

Lz lamgnuy o+ 2yl /bty N3, )

+

(k/e) U @ h amepiv w32 W

“v

i“(b’q,/b(\{,) )v uU " + Zﬂﬂtl/bm)w vl U (*,
. S nu/b«mw Fo ) 2 : “+)}

By the Schwarz inequality , for any {» 0 ,
(pph OF v 1 2 YR T

43 ©,0 () * O (0) ,0_ )

* ] (1) ’k v’ .2
CENY UGy g 7 ‘Ko’a’i I epuy o) ,u,
(2) ,k 3) 2

v | Xywtv | + VO pamprvh

| @ pRp (0) u_Wp) o WM Y (©) ,Ur(y.)}
2 ¢ ill(wbwz»v | 2
2 %o u_ )

+2%\(1/b(\p)wv n2 L +l\(l/b(\|»))w vi2 o_ iy }3

for v € r(Ur(*)—C, H"Pi‘))*) satisfying

2
L*LFV is of L

- 8-



Next we put w;'v in the place of u in Theorem 2.2.3 .

Here we assume

L,V is of L2
g

So this substitution makes sense . Then we have

(3.3.'3)

i Dg(w v) 12 + nn"‘*(w v) A 2 + £ W“'

U &) v Y o

U &)
2

AL DRECL AN W

2 -3 | Soegnwhv 12 0 43 (e /mea gt U2

= R O B | T

. AN I
(1/(n=2)) \\w Wiv llg i

We compute

and

l\D‘**(w v 2 g

Namely we show that these terms can be estimated by



(‘/z"n’;ﬂf,rm BNV Gl foramy g0
uhere 'K s ‘avositive'comstant which does not devend on Y R
We show this' . By integral by parts ,
ol st
- (niw‘gv.w‘;ptv) R (J;w';'v, &:,w;]v )
The term can be estimated as follows .
Johitv |, o}y )
LY | n‘h!'w\;’v i ‘2’1:“"’ | + (klzg)“' [n‘g.wg‘]v i ?,rq,,
g B LENY AUE T (1/b W YHEV "3

(by the commutator relation (3.2.4))

And we have already obtained , foi ||(1/b(\h)w\:v | (2, * '
s ' r



for any §> 0,

b d 2
(l/2§)l‘[]b““ “(0) u_ () * § v "(0) U (?4

ll2

AN YN G g (Ké/é)i | @(é’;k(slw,)wiv \‘l (6)2'Ur(Y’) o

o @%)m(q’”—;{:v N “"’z'Ur*I” + O g aminv “(o, . m}
e il\(&k/b(\{—) v 2 Ly
+ 2&{’(1/b(4,))w v 2 ‘W + ] (l/b(qa))w v 2 U_(p) }}

Furthermore

¢ h A\
(3.3.4) (wagv ’ ijbV)

¥ ot
(wjv,Dg*Wijv)

¥y whotept Yo, ot w¥ ¥
(wjv,Wij*va) + (wjv, Db*7wj D v)

= @ty ofen? '
(ij‘Jf’v,Db*va) + (@Oo}»)wg’v,og‘*ntv)
g A R
+ (wjv,[og*,wj]nbv)
We note that for /\ (\FT y*-form , X ,

(LDt*,W\j!']o()m = - f [wk,w\'"]o(k m * ®1("|’)°(



S SL B Ope gy VTP PN Y e aom
’ Zﬂlk ,é?)(i j)(\”W}:(k,in
5.1 X ﬁ)(im(ws}"‘;,(km
. O, ol
Hence

(W‘J!’v (of» ,w;"]nzv)

v, = 3 7T b TR (5 ey (@eg v Px¥ (ofv mh)

whve Tg 2205, 5) W Lok G

+

+

(3) =
Whv, Iy, By hy, ) B (V) (WD)

(wh

v @1 ) (Dtv))

+

Therefore the problem for our estimate is only

- P ¥ 2
Whv-13 T bap) "o §ppm (e (Hep /o p Hrxb (o i)
However by considering the sumon j from 1 to n-l,
= - g
2 yy-13 7T b ) Byl S ((Yu'ty,) (e /o Hx¥ (o wih))

- Ty oifve T o Yook o)



Pus: EXan 0_ (Qedoldy 5 Tas L . BB
3, W, FT ot owip) i ) it ol it
+ 2, v, [F1 ot TR b o Wy

The first term is no problem .

We man;pulate the second term . Namely the second term becomes
2 Wy, FT by ", ofv it
+ S k ( [i" .W\]\:]V rJ?l b(\la)-ld[r (DZ;V) (#)/c'dfn“ (in integral by parts) .

By (3.1.1) , the second term of this is no problem .

And the first term becomes
- =3 (W = Yoo
Loty FL@m 7o) of 6if Wl
- Ek(x‘fv T b(\p)“a'v, ﬁx’( (DZ‘v) (w‘lf,v?;)) (in integral by parts) .
The first term 6f this is no problem , because of

o) ) €@y -

And for the second term of this ,



| - 7, (mn Rty 51 Gl ¥

+ (/b v, @ 4 Bhv) (w W)
= |- (Fwpemrsty oYty )

v 3, (Gymeny , O ot ok |
?.llu/b(xmx*:& [ER (x/£)| B VI g

+ w/p W@ty gy,

+ ) Wq'-‘*u I 2 + nw Wy'u I 2

U, )

2
s &3,y (WWalg () U, &)

+ llw ju“ U (\)’) )
v heobvlg ) ¢ Wl @Bty o,
r

So it does not bother us . The case ﬁ{*ﬁ;ﬁ is the same .

By putting Wg' in the place of u in Theorem 2.2.3 and

following the above method , we have our theorem .

Q.EoDo

~8§9~



>.a. wne g “(h) U N’)-eStimate for | 1;
For || W, (9) /0, p) estimate , we have the following theorem
Theorem 3.4.1 . There are elements of ®0N’) ' l) k(LH
@‘g)'&k(\\a) p @‘3) k(\‘») satisfying ; there are constants
Cq KR ' K}'l satisfying ; for any § ,§5> 0 ,
(Kg /5 0% @ Shu il g U 21 @) ,0, 4)

' (1) ,k 2) k )
+ Ky / )in@ (pwtu | oo+ “l'”' (/Q).Ur(\ﬁ

3) .k .

g hul for all u € [(u_tp)-c, 0¥12)%)

(.U )

satisfying ;

L,L,L. L, ..... -
A7), b

¥t o PE
LT ,¥F, ¥ and /b

dwere  0$k$ f+2 , L, =
The case {/ = 0 is proved

show this theorem by induction .

. Section 3.3 . We assume the case ).A Namely we assume

‘nheorem) for 2 ’ 0o,
Voo Q>

‘ug)"Dbu I ).) Uty S ihuil (j«) RN eV ‘}.:‘"“r‘\P
ai" 1) k(*)wtu “( e M @(2) k(tpwku II(/A, U, (A

@ g " a0 w2

for all u € r(Ur(\’u)"C:(\‘-TE)*)

/\\lu “)A) 0, i)

¥ -



2 .
LLL L aooo-L u 18 Of L r
‘d_@ 1,71, i,

where 0§k§9+2 ’ Li = wj,ﬁj,Y",?",x" and l/bq.a) .

Now we see the case M+l . ‘For u  satisfying

LJIPLilLizup-o.cLiku iS Of L ? 0§k §.)« +3 ¥ i

we put . (1/b (‘#)')u . ‘in the place of u ih (Theore% .

Namely we have

(3.4.1) (K)./S)\‘D“,;((l/’?'(q'))“) 0 (j'4),ur(ny)

+ Sl/by)u oo F NG 0
r .

. "‘}*’t’i“ @ Fwwfiamepw () 10, (@)

. ‘u @2 *epat (/b i ()',, U_)
C e e gy )
2 clamynul (0, g forath o € T(u, M-c, trp) )

satisfying ;

2
LdL LiL -ooobL u 18 Of L f]

1, 4, ik

¥ oot S oy
where 0§k§)A+3 R Liswj,wj,y ,Y\*,x and 1/b(+)



Furthermore by

y v ¥
wal(a/mnv = amgnuel 2 G gl

+

Sk @l(‘f«)ﬁtv + ((const,)/b()(«)3)v ’

Wl apynv = Ayl « 2, G W

+

2 X @lef)ﬁ:v + ((const.)/b(\ha)v .

W (1/pghv = asnEWe « 3 G

+

Zk @l(y‘)ﬁ;fv + ((const.)/b(y-)a)v '

‘qu“((l/b(\}a))v) (1/b(ym‘vrﬁ;‘v DI OYPLL,

+

Zk Q(\}«)ﬁrv + ((const;Vb(y43)v

We have already estimated

\ (b’y;/b(\,u):*)v "‘):"'Ur“f’ o (llbwz)wtv '9" UL )
I deepatv

(WU 4)

Hence we have



Dfamgha = abygnTh + 3, @ wula

"‘2 k Q(‘P)ﬁ:u * @2 “")u ’

WE/bp)a) = (/bW + 3, @)Wl
_ A%
+ Ej &, (W) W3 '

AHmegHw = asynih

+

‘ Y
§j @o prwsu
2wk
+ 35 Gyt
By these with (Theorem) ,

(3.4.2) @«@’“D\;““}L»fl),u g ot Shull (;\4-1),0 (W

oy, e ok , | S22 R gy ata Il
* “)./g_"{“@o (W Vo) u . * &fo) *eniu | (1) ,U_(H
. h@(g) 'k&);(l/b (4))u fi ?"““ 'Ur“';} T ellu | 9;+1) U (‘,},)
2 ¢, I /iy I y'b'w for all u € {(U_@)-c, (F) *)
satisfying ;

2
N L L L o-o..o‘qL u iS Of L ’
gy, b1, Ly

1

where OSkSh+3 , Ly = WAL Y E Y ana 1/

-



(I)

RV (}‘) U L%l (1/b(+))w‘§£"u I (/'4)’%“,)

+

+ZIJ{“W Xu“()‘)u(\‘,)

+ w\"wax"u no-

(M0, (P

(I1)

Il (/o 2)vHu

+

RORR

+

+ 245 %:llw wivy || ()’“)’Ur(\")

L 2
+ “ wleY u “ ()A) u (\V)

(1I11)

AT W‘{ﬁt}!’x‘*’u [

3 %l(lxb(q»)w“’f*u I

I caroepitatu |l .0 ‘\H}
r

wobd
W3 1 o gp)

(M), U, () {

')0 .4

Il (270 ()0, whyt

s oo 3

¥ w )

TAC AR . .
v B AYETYYG ) g, 0 }

N 2 _\l, . W I
N {2/604)%)¥Tu || G0 2 kiﬂ(l/b(""))ka u"}u),U,.H')

+

¥, ot
+ 2. Jillw W.¥ u (/‘) U G)

05

+ JIut M

it - 9“) U, (4) 4 + | U

'l(l/b(\p)ﬁtﬁk“ “(/L) U0 }
S

TR VINT) .-
9«) U (\/.)

i

N -
i G Upp)



: 2 s
B (2/n ) %W i 39,06

-+

2 qlamepfira By o gy

+

. .
R (1/b(‘-}'))ka’;lu lly),urqf)j

L

+ llw +W ul\

+

W
0,0 I ALY (0,06 ) 3

and

(V)
I (1/00p)2)i “”9“) v, + §k€”(l/b(¢))w Wu "()A) U,.&)

| N I (2/m gyt (/’%Urm}

,Ji“w"’w\l" “()A) U (+) + ﬁ"w W u“yu) U (\I‘)

+ Ilwwwull +ll\7ﬂ'w\’

(UL ') §

DYy

\}/‘/5”[3 ull 5“_‘_1) U (\',) + 3 lull 94+1) 4] @’,)

. " A, (1),k h g .
+ “(ﬂu),ur&r) + (K /i.)i“ (R CREMY (1), U, ()

~q3-



(<), K w? '
+ @S i Wgieny ,u_ep

+ N6 amgnul ga+1) U (P

~ g
for any 9 . £>0 , where Ka l;'“ are constants

independent of § , § , ¥ and u
In order to estimate (I) , we put X)Lu in the place of u

in (Theorem)/‘ . Then

‘P ) ”
(WS)“Dqu'u ] [ane ) + Suxful e W)
+ ENxull o0 o

] ‘ (1)'k y ;
" (K/ﬁla)i"@o (P u“}“"urq')
@) it ¥al
+ 1 QR kptx “"/«"Ur“P
+ " @(%)'k(\{_) (],/b(*)))epu“ ()") U (\‘r)'}
b o

2 G481 G o, g

e N
The problem is the difference ,i.e.,[D\g,xJ =Dbx\+- XY.D:



Dt,xq' 21t 0 + @“ 1) q)x'*w"u

(4.2 - 4.3
+ 0,3 )N,))E}w;."u + 2 1,3 ®( )(i,j) N—)Wt:w\;'u

+

B¢ o i+ @34-5’ (1,3) ik

+

&t w.i Mﬁiﬁ‘;’u’s DR

+

ﬁia) } Btk + @YUy
where Yy, B8Py . Ve .

@ Muny By . G unw  are

£ Qo m O . OFPy . @V
aeof (o am Oy st B4

By the direct camputation , the proof follows fram 3.2.1) and 3.2.2) .

So we amit this . By this lemma , we have (I) . In order to show (II) ,
we put f"u in the place of u in ('meoran%. Then we have

45~



+ S0 Yul

/51 O Y"u G0,

(3 /U, )
IELT SR
. (x},/aiz ADD *gpuita I o e

+ 2 l@w ..k(*)v'«"ky‘f ull o 0,

.S k\@(g) *ep vt 9;, 'Ur“”}
2 A YR ( LRy

The problem is the cammtater
¥
[Dt"‘*] = D\be* - YyDb

ror  [O%.¢%] , we obtain

lemma 3.4.2.

Lo e = 2 e D+ z&@ém ik

O} + 2 | @ P piif

+

+

O Htuin il + G Hhua (tpv}‘wY'

+

@(4 16}, 5) it ‘j 3 {@(4 .17) (V’qu

® (4 18) (Pt } @(4 19) @24 .20) (}au

+



So we omit this . The proof for (III) is the same as (II) . Hence we
oamit this . In arder to show (IV) , we put w\;u in the place
of u in ('meoran}* . Then , |

1] \* L
LYY GOl PN R TR CR T

+

\p “ "
£ “ w}u 9» 'Urw

+

®, /iﬁ, 3 @Y it | RERY

+ 30 @ it i 0t

' Yol o
¢ 2, 1@ 4 anwiwu “WvUrHJ}

> e wha i

21 ()“'r*P

The problem is the commutator

Uj‘;)v \}:] =owwj - w\;ﬂt



¥ ' 2
q/
N W \*’ .,
Z (‘l‘T* -T¥‘1u )9» + :%z(Wi[jiu R bdzh )}A)
where ( ’ ) .means the inner product induced by y

-norm

On the other hand

[D\t ' w;'] u (W)

t
r
A
%
[}
]
v’
[~
e

= (lf;ﬁ"*w‘/‘ - 'f' Yots . D\th'bg* - w'{uﬁo";*

Vo Yo - wifact o o
+ D‘;*dﬁwr - Dt*WﬂDb + Dt*wﬁbt w‘énb*bb)umi)

LSRRI s EAlTUE

+

¥ v v g
D"g*[ob,w‘]u(wi) [D‘**,}"]D u(w ) .
For the term

AR ARTL AT



)y 3.2;‘3,. ¥}

DY D5 * /W ‘4‘] u (Wl

35 b TIE (8 - (%) e w2 o, o

VAR k- ¥
1 Wi ) af.,,(Sj - ((¥fty) (Z5eg) /b (g2 21 xFu u,

+

3, W@ tpwhu) + 34 W@ )

+

W, (@), y)u )

And we have already estimated terms , b(y)'lwix*hj ' b(yd-zxyh.

So by considering

| ¢ oot ,w”‘]u , ﬁ"w u) 1S (27 Do, W u ) 12,
b o & g[b y') (}4)'01:“*‘)
L d 12
+ 8“@;;&\1 ' ()A) 'Ur(“") '

cthiis term doesn’t bother us (if we choose £ sufficiently

small) . The term
N ¥
Ll
is similar . So we omit this . The problem is to controll

lixvﬁdﬁ.ﬁ:]dg‘u and 04* D ﬁb]u .

‘q?-



'E ([D W&]ﬂt*u ,[j*w u).9u
=3, 0 3, (LWfdore , (W JUJIRY
= L0 3, C o et - b T gpwy

(2) % ¥ ¥
* 3y agils,g) MW IDER (Ofwge ”“s.”y.o’

I (b(\’z)‘zar(y‘fww}bt*u . (Dfa) wh ) g
- Sga (opTHge i, Do o) ) g

(2) o A
' g (24 a3, (1,0) (W wiph*a , (VW) (W) )y
The second term of this becomes
-2 \b

- 2 bR ¥ t\,)nto wu, (D) )

So this is estimated by
-1 : L A
(k/g) )| by~ DYDY*u “y“""r“/*’ +£||walu"(}‘)’ur()v) '

where K is a large constant which doesn’t depend on ¥ , u

and E' . Hence it doesn’t bother us .

-/00 -



(3 2, 1,g) (W9BE*e .+ Chupe y i ) g
is also . We see the first term . However’, by
3, Wglo

we can neglect

I, b Rt O i,

Hence

2, ([E:IW;]u ,D:W:u ) (M)

is estimated by

Ma g "
(K/g M LT pu I (1) ,0 0 Y w1y ,u, ¢

v E | ul\()';+l) 'UrM)

. (1) ,k Y '
+ (K /&)i"@ 0),}‘+1(\’r)wku“}“+l) ,Ur(\r)

(2) % (mwon
+ 1@, we1 (P Y0 llgrey ,u_g

3) .,k ,
. h@‘o’,)ul*!” (1/b&))ull fn*1) U, ) 3

~10| -



Of"":u.ﬁ.S-

For the term

3, Wit O wu)‘/"’ :

by considering

IZ(W"'L'\*u.D “)}u)

§z cen rwuy 2 LV Tn LY

(o) 10, () (/.+1),u g

we can neglect this . So we have (IV) . The proof for (V)
is the same as for (IV) . So we omit this . Hence we have

(Theorem)* . So it completes the proof . Q.E.D.
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In this chapter , we will recall Dg-complex and s’
an apriori estimate for this complex .

4.1. Dg—complex with respect to tf
In Section 1.6 , we showed that if a db-embedding f sa

- ‘
Max 11 apenl Ve -¥o| o b I5E ) \}g Cyon Uy
f(po) = Y’(PO) = 0 ’

and

v ¥
Max ilji‘ Yj(fi-*i)\ 1‘ Yj (fi—\l’i)| ’ ls(fl-?‘i)lkél on Ur(\f)-C ’

we can introduce Dg—complex . For this complex , we show an
apriori estimate like the case ﬁ:-complex . For this we recall
Dg—complex .

f [ 1]
For u in  [(M_(E)-C,1) ,weset Du in [W(E)-C,(TH*)
by ’

Dgu(Wf_) = wfu ,

(for the definition of W. , see (1.6.5) ) .

i
Then like the case for usual diferetial forms , we have

Df £ " Df 1Y
o= Tw (f)-c,1) T, Twoo)-c, % =

~ /03~



£
Dpv(WE,wh) = wivwd) - wived) - v(wlwih
and for v{ T(Ur(f)—c,l) '
f
va(wf) = va .

Next we show that there are C -functions ag,(i,jff)'yﬂ,(i,jff)
on Ur(f)-c satisfying

i l1=-110h, 5 - tofe @ mnr e ™
+ 3 a EWE + 3 b JE1ig
R’ Ql(ilJ p R ll(ilj-

Proposition 4.1. There are Caifunctions él,(i,jff) ' ‘},(i,jff)

on Ur(f)-c satisfying ;
£ =fy _ _ _ £ of 2 -1 f
[_wi.wj] = - Flidy - ygep) (T5t) /D (£ )b LE) X

£ —f
eIy v 2, by (3, 5fBW

¥ 2’. ax'(ilj
Eﬁ(Yﬁtf) 0, (1,518 =0 2y G+ te)by (4,3fE) =0

£
where W, is defined in (1.6.5) and ag,(i,jff) P (1,3ff)
depend on j(l)(f) real analytically , and especially

P T 2,5 2™ 3P T Ppu,n

. 2.2 .
where ax’(i' ) and Efa(irl) are introduced in Chapter

-[04}_



P x5 xecm, xwmf)=o} .
Then , obviously ,
aim CTM(f) = 2n-3

and

wf , i=1,2,...,n and X% are of CTM(f) .

Furthermore ﬁi , i=1,2,...,n are of CTM(f) . 1In fact ’
-f ~f —
wi(tof) = wi((l/Z)( hof + hof )
= (1/2) W5 (hef) ( because of WIif, =0 , £=(f £ £
i id ? ll"ldl"lr
tience by the definition of wf '
,ﬁf(tof) =0 .
50

ﬁf(h.f) =0 .

llence CTM(f) is generated by

in,ﬁf,xf} '

- [95..



because the dimension of the space generated by Wi' PR ¢ X

i
is 2n-3 . Hence

f =f

is of CTM(f) .

00
Hence there are C -functions a],(i,jff) ' 1.(i,j*f) r Cij on
Ur(f)-c satisfying

£ =f _ f <f
[wi,wj3= cij(Fi bIE)S + Fe¥™ - X¥ )

£ _f
D PRI L1 AR DR PRTERY Lok -

By comparing S-term with respect to the C“LveCtor bundle decomposition

crM = fpv 4 f3e 4 5

we have

N - £ of 2
¢y = {’i(Sij (eee) (Tit) /BIDTN

Je . . roof in
e see ff) ' bQ,(i,Jff) However , the proof i

213,53
(2.2.2) is valid to our case , to determine aﬁ (1 jff) '
’ ’

bQ T j)(f) . So we have our proposition . Q.E.D.
’ ’
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In this section , we see the a prioiri estimate for Di-complex .
In order to this , we show

Proposition 4.2.1 .
4.2.1) [wf,wgl = b(f)‘lK}(Yitf/b(f))wg - b(f)'le(ygtf/b(f))wf
+ 25 @@
a.2.2) [Wl@5) = by ™Hgy - (i) @l /min hixt
s @a el « 2 Ot
4.2.3) [l v*¥ = byl + ©,0) 5T
¢ 30w« 2, O

where

£ E _ o f n-1 cf £
Wio= Yy - (Yieg/bUEN2 0T (Yeg/bie Yy

¥, =1 sthe) ,b(5) ﬁ“\y T CR

J-1 bif)s + ?fyf - r.3f

The proof is the same as for d:-complex . So we omit this .

~-/07~



Ana we have

Lemma 4.2.2.
of 2
+ (Ze/p0HF, + O

The proof is the same for Db-complex . So we omit this .

With these , by the same method in the proof of Theorem 2.2.4 ,
we have

Theorem 4.2. 3, Under the assumption for £ in the beginning of
Chapter 4 , the following inequality holds .

£ 02 £, n2 2 (1) ey 12
“Dbu\lur(f) Dt lly (g *tENUNG (g ¢ (/g Qg Erelly_(s)

v

A b 2 : =f 2
2,5 (=3)/(n=2)) BWu, 5. er * T, (1/ (m=2))l "j“i"ur(f)
+ (m=3) 2 0 @ /p(£)ru, ) 2 for all £ 0
i £ i Ur(f) ' ’

for all u& [(u_(f)-c,(*r)*) satisfying

1) Dgu ’ Dg*.u are of I.2 ’

2) wf , i=1,2,...,n-1 are of L2 and (1/b(f))u is of L® ,

where K is a constant which doesn’t depend on ‘¥, E,n

and @%) (f) is an element of &(f) , and
2 ) £y 2 - 2

« W @ptenae NE L0
r

~10% -



Py 0, DO eSTImate Tor
[ TA RLEAINY 1 8 I & u'.
. . Y s . 2 . —jf
In Chapter &, we showed the existence of 1%=solution for | pooperator .
liere we prove some estimates for this solution in terms of |{ t\(;) v £y ~
1
r

) . f 11
norn . For u in \'(Ur('f)"C.( !‘bfr) ,

vhere L, = w§ . ﬁ§ . ¥t ,?f ,» 1/b(f) and xf  and I |\ means

the Lz—nom on Ur(f)°c . Then , obviously our norm is equivalent to

N et (;)’"t(f) - 2 ks i PilPiz.....Piku “Ur(f)
£ of
where Pi - Yj » Yj » b(£)S and 1/b(f) .

Our main theorem of this section is

Main theorem . For any integer R » and for any embeddding satisfying

-1.Q1),._ -

b&p) JY (£-\¥) < cq’(o) on Uro(\p c
and
v g C U,
o
(1)

vhere jo (£~ means

max ) B (-3 |

where PifY;",?;'pb(‘/—)S. (W/btd) .

~ lof -



£ 0
g/ )0 | (g),u (£) 7 8 Vul (Q) /U (£)

' (1) .,k f ' (2) ,k evmE N o
+ Ky /E)i[\@o (£)Wiu “(_sl)ﬂlr(f) + 1 O@ X5k (@ o)

(3) ,k : 2
+ 1 @Y FeE amga (Q),Ur(f,?s

CQ !l for all u € r(Ur(f)fC,(ng)*)

\ "
(g).Ur(f)
satisfying ;
. 2 <
L0<L?1:.ill,12 ..... ;.iu is of L ' o_s_k_29+2

For the proof , we show some commutator relations .
5.1. Commutator relations,I .

Proposition 5.1.1.

L}

£ £ (1 £ 2, o -1 f
5.1.1) [wix®) = @ oxt + ¥ ?ee Ty

<+

(2) £ (3) e\nf
2; @@+ 35 @ o

. £ £ -2 £, f -2 £ f
5.1.2) [wi,wj] b(£) 7% F (Y e WS - b(f) Xf(yjtf)wi

+

(4) f
25 ® 50w

BO T84 - (xir (e /mie?)x

£ =f
5.1.3) [wi,wj]

(5) £ (6) eyt
*2 5 Bgewy + 25 B30



5.1.4) [w§,yf]= b(f)-lzrfwg . 3. @‘”(f)w . (W:fib(f)/b(f))Yf
.15 [ #) - 3, @@ « 3, @PL o . (Wib(£) /b(£)) T

5.1.6) W§b(f)/b(f)2 and v-vgb(f)/b(f)z are

of ®l(f) .

And

s.1.7 of.azean) L [pfr )] are o @) (f)

From now on we use the notation

j?},(f—\h )
This means
Sup Max | P P ..., (=) | ,
u_tp) xgg ik
vhere

P =Yy, Yy, bPs . (1/p6)) .

- Ad4-
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Similarly , with Proposition 5.1.1 we have
Proposition 5.2.1. For u € [(u_(£)-cC,( Lo B*) .

5.2.1)  [pf,xflu 12%/%0(6)"pfu + @} (01xta

* 3O 0w+ 3 O + @ ften

5.2.2)  [D*,X ]u 1% Pper ol &3 (01xfu
(6 (7) 8
. 3,6 lewle + 3, @@+ Etoo

wE
J)

5.2.3) [Db,wk]u(wi,wj) = - b(f)~ a'f(yk £)Dp u(w

+

-2
b(£) 20 (¥ft ) Wiu 3

b(£) za’(yt ﬁi

@‘9) (f)W u o+ } @ (10)(f)w u

+

+

(11) vk
@ y (flu , where uy u(wj) v

£ £
©.2.4) [Db,wk u (Wy W)

+

+

O o

- 13-

b P ¥ (5, - (rie @t /b 2K u,

BIE)  Jel§ - ((yj ¢ (it /b6 %)) x

J



deked X Lub',‘k.} u i - zﬁ' ‘I’ rf‘ "Rk - “1ﬂ| f' ‘lkl f'l”' [ Frs ‘k

+ @(15) (f)wgu + @(16) (f)ﬁgu

+

@‘11) (£)u

-2 -2

5.2.4)* [pf*,#f]u = § Tt apiru + bif)

= (3Ee yuf
b(£) F ¢ ¥iteWu,

b(£) 2 a'f(y AL @(18) (f)Wj

+

; O @i+ @ 00

5.2.5) [le),Yf]u

b(£)"t affnf)u N 2‘ @‘21’ (f)w§u +

2 25) o 2f
5.2.6) [Df,¥)u = 3, ® 25 rwle +§ @33 1
s @2 @y« @20
a5 [ofeflu = b typia ¢ 3@ we
+ @B ovha + @00
2.2.6)" [pE*, ¥ ju = 2 @‘31’(f)w§u v 2y @‘32’ (f)w

+

@3 @vfs + @3Punn

14—



5...7)  [of.a/mEn) . [ofr, i) are of @)
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In this section we prove the D lf)-estimate for the cas:

Namely we have

Theorem 5.3.1. For any embedding f satisfying

by~ ;j‘“(f -§)lg e P on U p-c

and

U, (£) C Ur (LI') !

(o]

the following inequality holds . There are elements of @o(f) ’
@%)'k(f) ' @‘g)'k(f) ' @‘g)'k(f) satisfying ; there are

constants CO. ' Ko ' K(') satisfying ; for any £ .S)O ’

(KO/S)IIDf,“ “(6),Ur(f) + Sl "(8),Ur(f)

e Wy s (Kb/&)i“®(%) K (£)wiu ll((,),ur(f,
IR R nEf | Gt I @ 6 amiEn ll(b,,ur(f,}
2 cliall dyo e o for wE TE0-C, Epoy*)

satisfying LAL?L:L I"i u is of L2 , wWhere
2

.\|6_.—



" - a Y. 2 ) k

2

-+

N asbig)yufa 1)

k (0) ,U_ (£)

+

0y o f
2 Namenwall o)y (g

+

£ £ f-f
Zi,j{H Wi¥se oy ,u_cer * W9 I (o) 0 o)

+

£ £ —f-f
W #gwge i (0) u_cg) * NW;W5u I (0),Ur(f)}

C0 do not depend on {, , £ and Li = wg .

)
?f ’ Xf and 0-th order operator 1l/b(f)

Nt =~



In this section we see the | ) -estimate for the cise &

U

Namely we have

Theorem S.4.1. For any embedding f satisfying

-1, .(1) . -
b &) ‘j\r (f -Y) s C ly) on uro(\p) c

and

U () C U

the following'inequality holds . There are elements of @o(f) '
@%)'k(f) . @‘g)'k(f) . @g)’k(f) satisfying ; there are

constants C K

o *+ Ko + Ky satisfying ; for any 3 .S? o ,

xg/g )| Ol | Qoo el o

rEh el e “‘si/a’i W@ Feomau gy u_e)
X * G o e @7 @ amensl g, ,Ur(f,}
> ¢yl ull () 0, (6 , for u€ Tw_tf)-c, (Fr) %)

satisfying L“{LPL;L L1 ....L&ﬂu is of L2 « Wwhere
1 "2

~\\§-



S

n o | (k),ur‘f) 'l“)f/J (r, ,a (2) lUr(f)

+

2 WasbsEw H(g, o_(£)

+

-f )
2 W/bie))it W@ ,u_e)

YL 5N o e R ) 0, (£)

I @ +|) WEdu )

+

W5all gy, u_(£) 2),ur(f)}

| _ : ,
o 9o not depend on Z’S, f and Ly =W, ,

J
ﬁg , ¥f , ¥ . xf  and o0-tn order operator 1/b(f)

By the similar argument as in Proposition 4.2.4 ,we have

Theorem 5.4.2 . Ur(f) 4 Uro(y-) and if r, is sufficient.

we have

£ W - (1) - |
WOl g u e *+ s, & Jv Pl e
r

(2) . .
t SRy (g Iy (BRI W) 0 (6)

+ eo v

2 cl“ u “ (a) 'Ur(f)

where cgisindepaxda\tof £ .

=449 -



Higy =iu ; u € Tw e-c,1) , llull (31,0 <+ }

and

""Li u=0 on bur(‘P-—C

K =§,u ; u € H . L
(s) (s) iy Kk

0§k$ s-1 , where Ly = Yi'§i' or S } .

Oon K(s) ¢+ We consider a differehtial operator Dt(S) '
0 , definea by

= § 01 % T
Dt‘%’ R HER T

o (m=2/bp 3 W2 ¢ S o Fhih b

Then we have
Proposition 6.1. There is a constant SS)O , satisfying ;
for 0St<s/2 and for 0K}y,

e ley,o g€ 3 xnge D" a g )5 Cll wll ¢zey 0 g

for u in K“) R

=/20 ~



Proof . We show this proposition by induction . First ,

we see the case 821 . For u in K(2) ’

(n-2)} (fpgnufl? St Z‘i‘;{i\\w{‘u “(211'(\") + Nl lz,r(q,)}

+ Shytu gr‘{"

= ‘Dt"i’“'“ )

+ SUta g 2 + S tuy) 2

U (P U, )

So we. have

(6.1) (m-2) | (Kybepulll g illw ul? ) Sk (4,,}
+ %ll Y\P it 2 u_ () + 8“9%" f]r()(,) + 8"x ull l2) )
< "D p(S)u " u_) + Jull f’r*l" , for u in K.,

llence if r 1is chosen sufficiently small ,

(6.2) N (?ﬁ'/bm)uugrq» + TRk “5 ) + a2 *)}
+ S ¥ llg &) + SN¥ f’r(‘f) + S“x ““U 4

Y 2
__S_ L“Db(S)u i\ nr‘f) , for u in K(z) .

.—’2 l-..



Then ,
(n-2) | (Fa/bp?)v \lf,r(*) + ZQ;{iuw;"m/bup)v) 15, op
+ IR (/g 2 S+ snvtamynnn?
S | u_ ) U, (P
S 2
+ S“Y\P((l/b(\l/))") I 3::(\}’) + ) xw((l/b(y))v)unr(w
b
= (O, ) /mogv , v).
For Wf((l/b(‘['))\') '
¥ vl
wWi((1/b 1/b W |
I w{tapygnv || 0 (y) 2 la/pepivy lly
2
= Hwhgp/pg ®yv hy_ @
For WY((1/b(y))v)
i ¥ ’
-y -
hatamgv iy @ 2 jamynifvily o)
- 1@Ehppgp vl
ror YY((1/B(Iv)
v
hcasynviily ()2 eyl
- ¥ 2
Hefeer/pp )vllUlr

oz

122~



=W e
¥ ((1/bap))v) “UrN») 2l (/b)Y v“"r‘*’

=\ 2
-1 @ /v v il
I @b /bp v u_ )

ror xAamv
¥
I x¥tameprv | oy 2 N el o,

% 2
- xbepr/pB IV o0

ma tor  [Lg)amyv
I\ D‘t(guu/bm)v) Vo, g 21l /004 0% v U4

r

;"hile ’

\"\-f-.:(t’-) , *'?ri:(k}«) are of bé{-)@oht)

and

vhip) = (X2) + bR, 4 . T = (Fw2) + bep@, )

x’bt}) 1s of bE, )



Qg ab) ={ 1= T+ GRS 4 (20 b0 202
+ 9 (Y RRY x’”;:“’)(l/b(\r))
= By
Hence
(n-2) I &/b?)u | f’r“}*’ + Zﬁ;iil(l/b(m)tqfu uf,r(w

+ /byt | (2;rq»
G AN
N Si" b | lz’r*}" - N (W2 yu | ﬁr(w
- ll@l(y,)u I ‘2,:(\},, +Ravgna i f:r(xp

!

+ € ‘.\ g 2 - 2

- wawep i | f’:‘s" -1, pu o ()
r

e 2 2
< ‘l[jh(S’“ il 0, ) + Ilégltf)ull U i) for u¢ K(2)

If we choose § ) .0 sufficicntly small and choose r

sufficiently small , we obtain

- ,21-



/b epritan? “P’}
+ lamunvte 2 ot b byl 3 )
¥ 0¥ 2
+ hasea i g p =G Iy @el g ()
r

for u € K(2)

Let L=wf',ﬁr ,Y"b, ?V“, x".

place of u in (6.1) . Namely ,

And we put Lv in the

(6.4) (n-2) || (ﬁ»/bq,))nv | 2 o PR 1 Il Wy I 2 : v

+ |l W Lv || s (‘P)}

+S4 Yv Il 2 gt Sl v |} 2 o * ¢l x¥iv Il 2 g

-.\‘.
= L}).‘(%)LV ¢ LV ) | ’ v e K(-))

IThke t'.2 case I, = 1/b(~r) , wve are qgoing to estimate

4

2 2 ¥
N (1/boH) )Ly ““r“l" , bt v il oty healv W u )

IILY v \I N 1ty i\ f, &) and | Lx*v || 2
r

UL ) vt DY

“ D\P(S)V “ u (Y,)

-125 -~



Then , we have

(6.5) (n-2) |\ (X\f/b(kr))w v |l 2 . 2% i“ )4 u v+ ['_ui,u v l\z, )
r

+ | ”‘*‘w‘f'v + {_W*,HW]V u U (gH}

+ 9l d;fyv + [f*,w;jv l‘grof)

+ I Wty + [#ete 02 )

- 2
+ WX v + X ,wiyw |
8 l j [ J "r(\',)

- W \g .‘ WY
R (8 ST R B N TSP AR
h2 rigyht hand side of (6.5) hecomes

: ¥ -"kr.\* ¥ e 2 g ¥t

CLa Qv '?*j' UAB I ([Db«b),wj]v AR

sud this 1s estimated by

¢ w“"’w v |2

0, () + (2@)!‘ D+(S)v " " (f)

26 -



[WiW3J = (Y E/BIYIIw] = (X m/oiyniny 7 &y Wo'T'™y
(AWl - oji(\px"’ + In®o(¢)w;‘ +§£®o(wﬁ;‘

(¥ .wj = - (w‘g’b(w)/b(\ym"’ - (Kf/b(q,))w}’ + 2, @o(\p)wz

Bl = - ehgmgntt+ Z@qy - bORLA

[_x‘#,w‘j"] = m,pb(q,)'lw;‘ + Zﬂ@o(ynﬁ* + 2}@0(@&‘:{+ @o(y)x"

and
[T, w‘;l - igli (¥, /by (@t al)

b e
+ oo, R+ oy el ]

¥

+ 2% (w"j’b(ny)/b(q,))?"y + 2§ (Wibi) /by

+

S (n/bm)?*w‘j* + S(K,/b(qo))w‘;‘?“’

+

S 1% Pop it
+ ° %Py ety

+ a l=-st order differential operator

+ a O-th order differential operator

"1~



So we have

(6.6)
0 l +
(n-2)j( ow(qa))t-:‘gv llf,r(\/,, + /23 vl g L)
n-1 RS TR
Z i=1 “ [“ ’ -j]V “ ”r‘q‘)
n- l gy ,
+ (/)% I\ g )

-3 24 {\\[" .IY]V I\“ ()

+ (8/2) Ny vty )
N 2
- 3§ WLy 'hj]v“”r(‘l')
¥ oY
2 L ¥ vl 7
bo(o/2) vy u_(y)

- 15 'I\["'w, vil? )

Fb/2) \\' Fun2 )

- 39 W{ - o uq'_]v“” )

< n- ) ) (Ky/h(w))w“'v 02 + Z’;;iill “’?W‘fv + [_t AT ]v 1 u_ )

u (\{,)
+ )i u\"'v\"v +[\\f,w\"_)\ “” ‘4) .

+ 5" WL"Y“I'V + Y",W\;Jv "U (+) + %“H Y v ,Uj]V “ 0 (\f’)

+ S“ W‘;)EPV + Lx\l' Iw}jv “ 5: (\i’)

-2y -



By commutator relations with (6.2) and (6.5) , we have

g 2 n-
LN MR A (1/2) 3 127 ey 1

u.(y)
n-1
+ (1/2 )2 “‘ IV"U (‘f,)
S/ WYV I () ¢ G/nl¥ vy
C SN IG
¥
+ £ llw w!'v “U 4
o casas [ o= ﬁ;/' ’ Y\l' ’ f{\/’ R .\:y are similar . MHamelv
. onave )
6.7 -1 2 |
L.7) B} (L/b)ILy ||[, it 2 10 {Hl”"'v e R + I LAYy N ep}
LYYy i + Ly vM~ + Iy vn
i ) U, &) U (§)

e O¥g)v o2 R A L

X\'L

Cre  Los w;f,rqj,y* , ¥t



cyifu 3y u ‘Y" uM p(Shu il )

On the other hand , the estimate

Nt Iy S el o g

is trivial . So we finish the proof for the case s = 2 .
We assume the estimate up to 2m . We now show the case 2(m+l)
Namely we want to prove ; if we choose Sm“ sufficiently

small ,

P . k'.

Cm+1““ Il(zmz)'ur(+) é 2 k,k§m+1 “ (U’;é )) u “ ur"
for u€ Kippgy ¢+ 0<3< 6y
By the assumption for the case m , for 0< §< Sm

> L4 k

19 Lm0 S T xgn DTG D ully g -
We set

D\'}:(S Ju .

Then

c’ \H:] 28 Y ull 3m .o (‘l')" $ 2 kS‘,M,lld:}\l'(s yyk, N u ¥
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So it is sufficient to show

. ) .
v “ (2m+2),Ur(Y) s c ‘Ub( S v “(zm)'UrN")

for v € K(2m+2) ’ 0< %< 8m+1 , if 8m+1 is chosen
sufficiently small . However the proof is just a direct
computation and the computation is similar as in Chapter 3 .
The difference is that our D\‘;)(s) includes 9 Naat'al .

? i“*f\y ' S )EW)* . And in the computation of the bracket ,
[_YW, {’“:] Y (Ky/b(\{a))Yq’ appears , but we note that if

Sn1 is sufficiently small , the appearance of (K@/b(q))f+

doesn’t bother us . Hence we have our proposition . Q.E.D.

-/3/~



We set s = 20 and consider the eigenvalue expansion

with respect to [ji(i) . Let

W =1u; ug K(29~) ’ D\g(%)u "A u} .

Then by the standard argument with Proposition 6.1 ,

we have
1) dimCVk < + 0

fv
2) K(29~) = 2 k—l VAk 4 O<%1(A2< o.o..<) k< e s e
where ’?/(29.) means the competion of K(ZQ) with respect to
N (:"9~)’Ur(‘f” -norm . By using this decomposition , we

set

29~ = oAy,

where v;( , A =l,2,...,)\k is an orthonormal base of
k

\Y with respect to Lz-nrom ( o(k=dimcv)\ ) . Then by
k k

Proposition 6.1 ,

28 - 1 y
DM uldegy o € EN N B Gy oy
- 29 g
2) lu y oGy o £ Sl (1+3),U_ )

for uex(zw , 0§11, 3 ,1+35 20 ana 1, 3 are even .

bua



embeddings

With devices , prepared in Chaptersd~/ 6 , we construct a
sequence of local embeddings £ of Ury(fv) into c"
satisfying

l b(f°)‘1j§%+2’(f“ - £9)1< ¢ (£°) on Uru(fv) -c

where f° is introduced in Section 1.7 ,

and show that this fV converges to an f satisfying
Dbf = 0 along ¢teof .

From now on , we assume &,2 30(2n+3) , where dimRM=2n-l '
and fix this Q . And for simplicity , we write (M)}T") for
the induced CR-structure by £V . And D% ’ D%*’ and Ng
means ng ' ng* and Ngv respectively . Now we are

going to show our construction by induction .

Let £v be a sequence defined by £, = rg . £V+1= 5(3/2)

where p229 and define r, by

1
rer =%y 725, o §y= BV

And set

Urv(f\}) = ix ; XEM , tOfV(x)< rv}

-

and

U Y -s/x ; xeM , tefY@() ¢ r, - 5113 .

Ty~ Qy

-133 =



of U (f’) into c" satisfying

Iy
Vv V-1 V-1
0) v_ (£Y) ¢ U (£ e v ('™
v Ty ry-1"dv-1 Ty-1
-+-- cu. (£° ana
rO .
2 2
34,507 Hxax 8L > W22, B on urv(fV) '

o
where (xl"""x2n-l) is a local coordinate of Ur (f7)

2n-1 °

and (gl"""EZn-l) is an element of R (this implies

that Ur (fv) is convex , so we can use the Sobolev lemma ) ,
Vv

and ), 1is introduced in Sect.l.3 .

Y v _
. ' £© -3j-3n
2), I Dbf i (ﬂ+j)'Ur (f\’) ' " 'l(l+3) u. (fv)< EV
y
3), Sup | b£2) ™1 ff%*l’( £ - 91« cﬂ(f°)
PE Ur.,,‘f"’
v o
and Uru(f )c u. (f7)

o

# (Q+t)
4y pv_cg(ﬁ\) pVl + Evtv . Wwhere
s and t are integers satisfying

o¢ s< (/300 o< tL (/0

Here p, = |l Dbfv"(i),Uf £¥) :
v
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1) ’x,(t)_;o , té&R

2) Ks) =1 , s , and AUs) =0 , 840 .

By using this , we define a ®function

Xy =i, - tof ) /g )
on M . Then ,

on (fV) ’ 'X.v_= 1

U
Xy~ %y

. v ~
outsider of UrV(f ) jtv 0

Vv
With this function , we construct £ 1 as follows .

v+l WV V..V v
AR My, 1XyPpNLD £

where Dbf“ means D, _f” alonq

b th(this notion is introduced

in Sect.l1.6) .

We see
(A) On Ur (f°) ’ f\)+l makes sense as a thap and defines
o
the Cwembedding of U (fV) , and fv*l satisfies 0)
Ty =%y v+l
{B) the above fv+l satisfics
Vel e+l o '

4
(29) ,U_ _¢ (£7)
. r,~§y

- \3;—




&} !

SRR N N TET
3.0, _o (£Y

Vg

” f\)+l - £©
liges)
WU
rv_sv(fv) (L?‘3n-4
+1 e J=1,2,..

Ny, su - C. (£°
+ P
' b (£° 1.
4 - )
)\’+1 Ur (f *+1 l< B
)
" V*h ¢ v, 5 (£Y)
V- v

l1 = ﬂ g\'+] v Vl]E”'

-56—



7.1 . The proof of (R)

We see this by induction on Yy . Namely we claim that

v

if £ is defined on ur(f")  then £ isalso.

o
However by the definition of M\h-l and

DL € Hep,u_ 9y

o

S Hepu, (2

(o]

Hence ,on U (f) ’
ro

e il

makes sense . In Sect.7.5 , we will prove that this map
[
defines the C -embedding of Urv (f\/ﬂ)
+1

- 13-



\e) _.'DV\- ’
By the construction of fv+l v

!

V+1

£ = f° near C

and

V+1

£ is of ¢c® on U, (£%-c .

(o]

o '
Therefore by D f € H(29.),Ur ‘fv') '

V+l Vul o .
14
Hence
b gV*l f\hl - € g Vel
b ' (20,0, (£ .

y+1



....,1-411

(I) The estimate for I[D gLy -

v+l
For lop £ |l (ﬁ“j’ -5, ()
Proposition 7.3.1.

(ﬂ*j) UI‘ _,S (f

. we have
'lD v+1|| < -j-4-2n
bt Q+i) v, ¢ (V) & . 3=1,2,....,0-4n

Proof . We show this by induction on V . By choosing r,

sufficiently small , the case y = 1 is obvious . We assume

Vv . j -4-2n
“Dbf “ + u ' - < 8 ) j=1,2,-....,9"4n
With this , we show the )+l case . By the definition of
gV+l ,
Vi1 V) '},
flence

V+l
No £ "1l ¢ fVSIDfVI"- £v
Qi) 0y g (€92 | Py (431,80, 5 ()
v
+ M, 0%, O oYVl g (9.0, g, )
S\ Dbf"ll . V-1
= (g+3),0,  _ £
q+3 T2 SV-l( )

* Vo £Vl -
L LW AR “(;1+j),ur (£°)
(o]

- 139 .



| Fa

-j-4-2n
gv

-3-2 )
ff\l+1 " *ubv* Dyt “ (4-2n), U (£ £9)

O'

tIA

tJj-d-Zn

-2 .
+ E’Vj -3~ "i"%*“\ngfV”u-Zn).Uru(fv’

- V
+ %, Db fl(y_-Zn-l),UrV(f"

+ BV (9'. Zn)“ [}’* fv“(o) u V(f\})

On the other hand ,

Lerma 7.3.2 .

* V " V .
I o*n Df“l?n)u ) $ Cx“"f“(pu )

\/

Proof .

'k 20) 2 VYR vy -

+ 3 "bf‘,"(i--zxn--l).uJr (f

. ( -2 ) V o o
+ 020 (Y o DoyE NGy ,u_ (V) |
vooe



S Qi Ngezmy e 0¥y TR ME T Mgy (eI g (0
v v

“'» set a constant C satisfyina

(9),v_ (v
2 ’ rv
Then we have our lemma . 0.E.D.

By Lemma 7.3.2. , we have

f\/+l “ .

o .
b G300, s (s

-j-4-2 ¢ =332 -1 —(m2n) v ey -
< E’\/J b Clcﬂci'l/il " i‘li‘ ottt , ] Dbf‘{/(g),nrv(:
-j—d= ~y -4=3=- -
—j-4-2 A o —§-4-
é (1/2)£V31 n Cl£v214 2n E’(J/IO)ﬂ

So if we choose Ty sufficiertly small ,

| ~ ~
0< C 8:,1/10)9 = Cpr, < 1/2 .

Hence

Vil -j-4-2n

o £ 771 s
b 9+3) 10y g (gY) = €vn :

Therefore we have our propositien . 0.E.D.

- I41-



WTI Ve g AEY)
Ne+l _ g0 - v

For (Q+J) U %va) , we have

Proposition 7.3.3.

\/+1 _ £O == 2n-3

Proof . We show this by induction on V . Like Proposition

7.3.1 , the case YV = 0 is trivial . Ve assume the case U

narely ,

With this , we show the case V +1 . By the definition of fv+1

’

V+1 v ¥ WV
£ = oo, ke

Hence

" fV+l - gV “

V*
=l M
(Q*’J) U %V(fv) ”

v+-3%1Pp NbDbfV"(g+j) u_

, ot
£ 1 My Py “b"bfv“(pj) U, (£%)

o

S LV o S PR 0,

~l£2-



¥ Gt % R N eam o, ()
Ty
* 8y NG on 0 ()
V'
+."'
+ g 02y g vy @ ,u, ()

j 2n-1 1 Vi -
£ Gtn 28vcy linyt “(1)'.Urv(f\/)

s a-j-2n~2 ( by Lemma 7.5.2 and if we choose r_

sufficiently small )

So we have

\’+l £°
£ ll(gﬂ) 0 gtV

She* v, &0y -
‘ (+3) ’Urv*sv(fv)

Vil | Ly v o
< - £ PV -0l -
S s hg+sy, 9, -5, () + Q#9040 5 1e¥)
<4 8 -j-zn-z + “ fV - fO " - V-l
= v+l (r+3) .0 - (£
) S R"l Elﬁl )
S i;izZn-z + E ~3-2n-3 { by induction )

s w2 g 37 4z g

v+l
+#3=2n-3
£ &un
So we have our theorem . Q.E.D.
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7.4. Sup
e (]
O

Ih(£7) 737 77 (87 " T=1T) 1< C(£7)

For this , it suffices to estimate

V4l £0
I £ ‘|QQ+2n+3) U, (£%)
Yo

While
o Yl oV, M ¥l el

we have

+1 _ oy - Vel _ vy
I - f I Q+2n+3),0, (£ o5 It £ "(g+2n+3) v, (£)

O

+0...0

o]
+Qet - £ (@ +2n+3) ,u_ (£°)

O

s “wﬂ‘v"?“ D,£ “(9\+2n+3) v, (£%)

O

V ;X V 1

+ I My% 0y,

V"l .
Bt N (fe2ne3),u_ (£9
(o}

+ s e s 0

o] P
*+ 1l My o0 NPy | (+2n+3),0_ (£°)
o]

. 44 -



s le-vh IR R W g-2n) U, (£2)
(o]

+ -2 4n“.x‘v oY V l*\/ 1 V 1"

Dpf (-2n)., U (£%)

O

+...-.

=2-4n o
Rl PN g (3-2m1 0 (£
O

. =3-4n.
5 GRS ooy o, (o)

-3-4n, V-1%V-1 V-1
v D X "(gzn)u T

V-l

=3-4n ¥ o .
o8 o M0 N ony o (%) §
o

< C,Qi_f«\):,‘ 4n Dbfvl\('n)'uru (&)

~3-4
L AV} : “(l) o, V-1
Ty-1
)
'.'. +o..-o.
-3-4n Vy °
I T L T (£%) J ( by Lemma 7.3.2 )

o

-4 (l 10)

~146 -



So if (L/10}y > (3/2)(3'+ 4n ) + 1 , we have

V+1 oy .
Ne't - 24 (1+2n43) ,U_ (£0) & d;{£v+ Eyay *eeeet El}
(o]

s 26,'15_1

= W _p
2C’_ ro .

Hence if r, is chosen sufficiently small , we have our

estimate . Q.E.D.



Wle first show

Proposition 7.5.1.

Vi1 v
U (f U (f
I+l ) ¢ Ty~ dy ’

v
Proof . We recall f +1|C = £° and fﬂc = f°

Therefore , because of r, ,=r|, - 23y, there is a point

of U (£/*Y) | which is included in U (V) . we
A

T
V+1 V+1 v
show that every point of U (f ) is of Ur -5 (£7) .
v+l v W

We assume that there is a point:of Ur (fv+l) , which
Vy+l

is not included in Urv_s (fv) . Then there is a point
Vv
p satisfying

\
tef +1(p) =Tl

and

tofv(p)-'—' rV-SV( so p €& Urv(fv) ) .

Therafore
°

t"f\/+1 v

(p) - te£'(p) = Re i( £+l - £¥p) ).

( 1+ (A/2)( f:+l(p) + f‘:(p)

49—
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Y

V+1 v +1 Y 3
- by = YR - im0+ Oy e+ £

V
Sy S sueu (fv) | £, Lim- fv(n)“(l + (NV2)( \fV+l(o)l+\fX(p)!.‘
On the other hand , for |'fv+l“ 5 b
g (2r),0, () 0 PY
the definition of £ 11, v oV
\/+1 “
(2n) ,0_ v, SHE W om0 £
r,-§, () r ‘Sv( )

O
v+1§,“ - el g, u_ (£¥)
V

+ W o VN2 v
bt o) v, e 'y

And by the Sobolev lemma ,

Vi . 12
sup £ *1ip) - f:(P)lé chert- 1l U, () -
o€V (£V) v

Ry

Hence

M =2
SV = CE\/+1EV+1F11

But if we choose T, sufficiently small , this inequality is

absurd . Hence we have our proposition . Q.E.D.

149~



Now we see the estimate 53r \|Dbf"’n(i)'ur (fv+1) .
We recall the definition of £ '1 . v+l
V+l v \": 2 v
£ =8 = My Xyby vaDbf
We show

Theorem 7.5.2.

2+l & -2n-3 2 -§-3n-5
b o7 Gy, U, _g (£ £ ¢ CEyy ry * Evua
v

Ty

Proof .

V1 v Wk VoV v
e 1= - poogon ) + DR, X, DfFN D £

v o _ VEWYD £V Vo V& Wp Y
D, £ b('x,.,ob N DLEY)  + (Dg Db)O(V b NpPpf)

Wt V
+ DR, XyDY N’;Dbf
Vv
On U f P
ry-g  E)
Vil v v VEY oV v WV Vv
Dbf = Dbf - DbDb Nthf + (Db - Db)D NbDbf

%V
+ DyRy, Py B{, NbDbfv

- %*n‘gn‘l’)obfv + (D: b)o NVD &

+ D 1\“9(‘/1)"* VD £ .



Hence

I| b, £
I >y, ()0,

Y vy -
v, < || ¥ Yo £V Y,
%V(f ) b bbb (9‘)'01’\/‘5 (£7)

v

VEVp V) -

v
+ Il (D_-p)D eV
b7 T gy 0, g (£

VNV V-
+ 11 DRy, 12,0 D £ L L. (V)

rv -

First we estimate the ternm

VY V-
| DR, 4,00 Dy £ ()0, _s (£¥)
v~y

Vo. £V)) -
LAk ST Y
v

A

Ve Vit -
C,IR X Vo £ I :
g 4Ry v P TPy (g+1),urv_sv(f~/)

in

WV £V -
S UR, D0 NpPof g1 .Urv(f")

P 1-6 -l V* v .
C'liv+1n W oy NbDban (g+1+9;sn-1).uru(fv)

A

wel-6n-1 Vi eVy -
S ey+1 h of¥upp, W(g+149-6n-1),u_ (&)
1%

in

-1 W v y .
+ By N NERLE g en-1) ,Urv(fv)

=k o pY&NYD. £V ¢
D D, £ "
S 1P M50 M (gei-cegosn-1 0, (e

-(2k-4n) V¥ Ve eVy ¢
Y Y . I} Dy NpDy £ “(omrv(f")}

-150-



Y .
" D RV-I—l,X'VDb*NbDbf "‘9"":: -5 (fl’)
v v
we h=6n=1 o =1y Wk
S ey gy logNpE "(Q+1+Q-6n-1) o, (f")

( by §ye El(v1/10)$l )

For | DY)*N D, & i (2& 6n) U, (f\/) , we have
Lemma 7.5.3.

- ({-4n+1)

¥y .
I ofFp, VIl (zg-sn),urvtfv) s &y

Proof .
! %*N D fv“(zg-sn) 0, (f p3 ci I Dbf"ll(iy\-sn).urvv(f\/)
M Pyl 30 -6n-1) Oy
+ cl2h-6n) o F)ip f‘ﬁ(o) o, ()

where
c(k)(fv '10

is a linear combination of

~I5!=~



J“.L(t “‘,’).....-juS(f' -71 ’

where °!l’ ..... '.,o(s are integers satisfying

So by the Sobolev lemma , c (k) (fv ) can be estimated Lty

neY -% (4

(k+2n),UrV
Hence , if k<{-2n ,

(k) oV .
e (e P\ pyf l‘(21—6n-k),Urv(fJ)

v . Vp -
s e - \H\(k+2n),UrV(f‘/) i D, £ |‘(9."’9~"5“°k) 'urv(fv)
<Y = Wil 0 DuEVI ¢ gn- v
= () b "l*l 6n k)’UrV(f )

S &;(9’6""‘) ( k< g -6n )

( by the assumption for the \l -case ) .
If 9 -2n<x < 2-6n ,

(k) NV Yy -
c T E | bt l‘(zy\-Sn-k),Urv(fv)

y . : '
S - Yliaany o () WP Gany 0 (£Y)
Ty Ty

~[§2~



YV

I,

(9-4n-1)

in

So
Vk oV -({~4n-1)
"D N, D, £ ]!(29 “6n),U_ (fv &VQ 0.E.D.
Hence

N oyry, D00 bDbf\/“(,Q) O -5 f &)

" -6n-1 -{X~4n-1
Cgﬁ&un 6\/& o

; vV _ ¢©

v o o -
W Ry X2 - £9) n(m o _ (S C,ll RV+P‘-v“y"f W (Q+1) U0 (£Y)

YRR v
< C,aif;gn-l“'x#fv 'fo)“(ig -6n) U, (£Y)
‘-}53;6”* {“ ‘fv'fo’u(il-sn) ,Ury(fV)

=1V Oy -
Yy Mg -t "(22—6n-1).0tv(f’

i Ve Sy o, (1]

/53~



2 Y by WT =T (1+g-6ny,urv(f")
< 0169 6n-1 5\/ &v(ﬁ 6n)+1
< C 6+gn -1 &y-(l-ﬁn)
Next we treat with
"(Dg - Db)DthVD fv"(k) u (V)

r, "51/

For this we show

Lemma 7.5.4.

v

< V ‘(1, gV . ‘ .
= Cl" (Dbf )3 (£7) “ (g)'UrV—SV(fV) v ".(k-i-l),urv_ Sv(fv)

From. the. definition of D’ , D

b namely .,

b ’
ng’v (x) = (x+oeY) (X))v
va(x) = Xv for X € Tg '
where O(f") is defined by

(x+X£V) (X)) £ =0 for X €Ty

Lemma 7.5.4 1is obvious .

~I54 .



So

L (9),0, _g S £)
= || N n"*(n" NN g, (f\/)

N V* V Vi -
<\l XyNpDy (D - Dy)D f “(9) U, (fv)

WM, \1;\1):* " Dp)Dy adly

A

w0, (£Y)

V yX - vy -
+ N Ry, PyN,Dp (3, - D)o “(9_),urv(f\’)

2n 1 VL v
by ¢ | xvu Dy (DV = DD £ I (g-2n-1),U l/(f‘/)
. -6 \V vek - 1%
v ERITY 1 XaYp D, )D, £ “(29 ~6n),0, (£¥)
. 2n-1 VW
£ ¢ 2, v+‘{ i ] N"D (D D, )D, £ u(g -2n-1),0_ (fv)

\}

+ %V “N DV*'(D Y

v P
- Db)Dbf “(Q'Zn"Z)'Urv‘f )

(0-2n-1) V¥ - v\ -
+ Svi I\ND (D D) D, f “(o),urv(fv)}

“ 6 v v
+ c¥ £3+1“i|l N‘LD‘L*(Db D, Dy f “(21 -6n),U. V (V)

451 -



+ 3" I NppTop - DDLEN (5 —en-1) 0 (fv)

+0l00

-(28-6n)

sy ) N DV*(D - o )n £l v v

(o), U, (f7)
Ty

v

G Eyn €, 0 NyB ¥ (o) - )b £ Il(p.-Zn-l),UrV(f )

‘
—

:  -en _ -2 NY v*

v v - vV P
v

vV _
I\Nng"(Db D) Dy £V Il (ZL 6n) ,U_ fV) , we have

Lemma 7.5.5.

Vi oV - v
W oo} - oyl (.-2n-1),U_ (f”)

< " -1 2 ] £ fv
> C}:Evpy » where CR is independent ©

~I5§ -



ot - A - )y
- C;zsl“ ) - o eVl (thn),uru(fv)
+ (l) (f \In) “ (Db Db)Dbf “ (/Q'Zl’\‘l) ,U (fv) +teeoenoe

c(ﬂ-zn-l) (fv _7-) i (D\l/) - Db)Dbfv“ (i) 'Ur (f\/) }
v

-1 v Vi - _ ({-2n-1) .V _
=< c‘k ev W (O, - O, ) f I (}-2n) ,Uru(f") % (-
< Y- vy I DVl
= Qo (£ 1 D (9) /0, (£Y
" -1 2
< C‘ av p\/ Q.E.D.
Lerma 7.5.6.

N ¥ - B om0 %)
4

“(@-6ntl) e Cy 1is independent of £V .

s C'E &\/ &
v v :
Proof . | NbD?' (o, - oo £y (20~6n) ,Urv(f")
v ‘ ’
< 0¥ - gn gV r-6m) 0, ()

() ViV v -
+ e p ) ¥ -t ”(zy;sn-l) U, (£
v

-|54~



+ cux‘-on)(fv "W“Db (Db Db)nbfvn(o)'u fV)

Vo Vi -
S Iy, = p)n £Vl (29-6n+1),U_ (£4
1%

o oW

£ Py - D) B2 59 -6m) U, (f")

+ o(2-6n)

(& <Py @Y -p)nf el o, %
v
n the other hand ,

(2f-6n+l) ,  V _ M =3 By MPo )
L ((Y -p)n ") *?_%ﬁ ey T RBE Ty

whera L' is a differential operator of order Y .
Since o +f=2Q-6ntl , o or F is less than Q-4n . And sO,
b P ) g o (S Se| T Pt i g N g, o (%
v V)
( here we assure P S -4n )
<

AV . o
AL @, (2" Bf "W g-ent1) v (&)

Hence

“l¢o-



V= B o o, e

<

—1 ” ”
- C’Ev %l Dbfvu(g) 'Urv(fv) “ Dbfv" (2}:6n+1) ’Urv(fv)

+ 0\ Dbf [ i (ﬁ)'u (£Y) I Dbfv“(:'zl-én-l»l),urv(fv) /J)
/ o=l ~=(Q-6n+l

Q.E.D.

Vy -
AL CLE g Py
v v

~n-l -2 . -12 -6n . - 1
s geyatel el ¢+ el et gt

Therefore

R (£’
Q.0 g (€

-2n-3 2 % -fon-3+6n-2
cki}-v& p, * £V+1?1/9: " ’g

A

) R 2R Q.E.D.

Nk



Chapter 8 . The local embedding theorem
Let £° be an embedding of M into c:!"l satisfying

(a)) o?e TweFgert |,
(a) o9 (py) = 0 ,

(R3) (1/3‘“0)21)1):‘-0 is bounded near P,

B - [353 [yepl?

et f be a solution associated with f£° , which is established in
Chapter 7 , namely

s | B2 5 (- 1)< e
U_(£)

Dbf =0 along tf

where Ur(f) =ip; pPEM tf(p)<r} . From now on , we
use the abbreviation U, = U(f) . And we set

c ={a s am , ¥ @ =0 .

Forthecw-ftmctim tfsnehof , we construct

- 162~



o n-. .o ~ _ - ,
YO = IUIT (e BlENY, L oW o= ¥, - ((Y£)/ BUEDY

where b(f) -—-ﬁg;i \thf\z , and set
xXf =[I%(ns + &fy° - o(f§° ,
where O 1is a ¢ -function on U -C defined by
V-1B(E)s(h £) + a“(fy°(hof) - o(fa?"umf) =0
We note that of. 1is of CZ'Q—2 on U_. Tn fact , we have
ofg - (ke + Jp) =0
where kg = (Y(hof)/F(her)) , L = (-1 B(E)IS(hef) /3% (o)

We claim that kg and ﬂf are of C?"‘-z and sufficiently

small . If these are proved , we have that o(f is of

C"Z‘l"2 on U_. 1In fact,

x + iy - (u+iv) (x~1iy) = w + iz ,
where C¥f = x+iy , kf = utiv , Qf = wtiz .
Then ,
(I‘U)X + ('V)Y = ml

(-v)x + (l+u)y = m, .

~1€3 -



So
2_ 2
X = ((ml(1+u)+m2v)/(l-u -v7))
y = ((myvim, (1-u))/(1-u®~v?)) .

Hence it suffices to show that kf and ﬁf are of CZQ-2 .

First we see that k. 1is of ng-z on U_ .
By te = 2Re hef ,
¥ (hof) = ¥°( (hef) + (hof) ) - ¥°(hof)

= §°tf - ¥°(hof)

=By - T vy a0/ TBE ) (v o))

Ay (a.) and the property of the solution f ,
3

(1/'E?f ,)yi(hof) is of 021_2 on U, and vanishes on C .

(Y1) /(B8 ) - ¥°(hef)))

(ShY @, 7 Ble Ny her /0BUE 9= 2750 gt / BUE YL

~ (64 -



=301 (Fyee/BENDIn iy, on) (1~ (30} (7,6, /BT80N BT0) Ly, (ne £)

2)-2 A -2

is of C . Hence kf is of C . The proof for

lf 1s the same . So we omit this . In this section ,

we adopt the Kuranishi’s notation , for example @-l ’

and @, GDI (see (2.16) in (3)) with respect to

the ¢ -embedding f established in Chapter 7 in this paper .

- fes -



Then our main theorem is stated as follows .
Main Theorem 8.1. For a sufficiently small r>0O , we have the
following estimate ; let u be an element of T(Ur-C, e™) )
satisfying
(W) m , bu , B areof 1 , and Wu isalso,
(1) uw¥?) =0 on BU-C .
Then ,

2 2 : ~,_ =1 2

|l Dy ., * I oa || (o), 2 cill (r° +BUH) X || (0) /U,
2

+ Ej ((n-2)/(n-3)ﬂwju I (© U,

o 2
+ 2y /w2l g gy o

o )
¢ (=3 | X BtENu | ‘°’o°r3

- 66 -



In order to prove our main theorem , we make preparations .
Proposition 8.2 .

W) = - FV Bocu wpx® + 3,@gy +IAF,

where cs(wi,wj) means the Levi-form with respect to the vector
bundle decamoposition

CIM = °T + °P 4+ ¢S
Proof . Let CTM(f) be a vector bundle cn U_~C defined by
i¥ i xecm , x4-hf'=o, X(hof)=o] .

Then , obviously ,

dim CTM(f) = -3
and

W, o, X areof c(f) .
Furthermore ﬁi are of ' CM(f) . In fact

Wi, = W, ((1/2)( hof + hef )

= (1/2) Wi(h"f) ( because Wj.& =0 , f 'l(fl,.....,fn) )

-leq ~



Since tf is a real valued function ,

i

if

wi(h'-f) =0 .
Hence CTM(f) is generated by
{wi,wi,xf i

becausethedixmsimofthespacegeneratedby.wi,ﬁi,xf is 2n-3 .
Furthexrmore

[wi,ﬁj]

' 0
isof CM(f) . Hence there are C ~-functions
b,Q, (1,3) satisfying

13 ¢ Z,04,9) !

@1 (Wi = oy ([Thins +‘5',<'fst° - o« F)
|
Y g aa% t L Suam

By camparing s-temwithrespecttothecp-vechorhmdledacmppaitim

CIM = o 4 o 4+ g ,

~ 16§ -



~v
CAUREARE cijﬁb(f) .
Next we determine a}l,(i,j) and b)l,(i,j) . However the proof of

Proposition 2.3.2 is valid to our case . So we have our proposition .
Q.EID. )
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FTOpPOS1tiOon 8.3 .

-8.3.1)

8.3.2)

8.3.3)

8.3.4)

8.3.5)

8. 3.6)

8.3.7)

- T ~

(W) = BO "o, (4 BiENw
- ’ij)"lo(f (&!jt:f/’fa’(f))wi + 2‘2 @owﬂ

~ =], - =1 .
[y°,wi] = -"B(f) (wib(f))Yo -l (M, + E,e ®o"g
- ~ ] =~ -

(&1 = -Bio ™ @sieny +§£@OWIQ +§£@ow£ r@° + OF

[¥°,2] = Bl %P - Do L@ + D™
+2}®°W9 + 72@ A

X)) = Biotoubie + Do), k" + k) po™w,
+J7 R® Myt Eﬂ@oﬁﬂ

) = B o » @ - B oBo°

-Qﬂ@ ot R@ oﬁﬂ

(@] = -Bo oot + @ + B~ ofbeny

+73@owﬁ * Zl@oﬁl



The method in Chapter 2 and Chapter 3 is valid to our case . So
we omit this .

For u in ]’(ﬁr-.-C,PT")*) , we set

2 n-1 = g
Hu)\® = Zi=lSU ulWulav  + ),

u®)uP)av
r b o

where dv means the volume element defined by the Levi-metric and
we assume that r 1is chosen sufficiently small . Similarly , for

an element of r(ﬁr-c, /\2("’1‘");() ., Wwe set

\\u“2 = 2 3 gu u(wi,wj)ﬁ(wi,&-:j)dv + Eg;igu u(Y°,w1)G(Y°,wi)dv
r r

- 0o -
And for u of r(ut-—c,l) , i.e., a C -function on Ur-c '

Ilul\2 = SU £.f av .

r

Then we have

lemma 8.4 . For u in \'(Gr-c,("'r"?"') ,

5 = N2y T e T

ugfu == Wu o+ (-2 BO%) Ge R+ @ou ,
where w})(l’- denotes the formal adjoint operator of Nk .
Proof ., For u , v in r(ﬁ r—C, (°'1"'f“ ) . which have a campact support
in U,

(Wa ,v) = (¥u - (e B TiEey Biomyp , v)

= (u, ¥V + @_lv) +2'1‘:i(¥iu,((-§ktf) (¥,te)/ 6%

- 434 -



= (u, -%v +®_lV)
+ lu, T Y U@ 4t/ DO %) + O (G e v,/ BE
‘ 1-1 Y £ -1 (te) (¥yte)/ BIE
By a simple calculation ,
T ((Feep) e/ BOHv) = 7 (@0 (v, 0/ BOHv + (Fep 1y, t)/ Do)y
= @y D=1 e ) G/ Ble
+ @y
e Y/ bindTy
Therefore
MY = (v, =Ry + (Ge/TOH 2y + @) .

SO0 we haw our m e QOE'D.

SUE



Next , for the formal adjoint operator ¥ , we have
Lemma 8.5 . For u in r(ﬁr-C,PT")x) '

Yho=-Pu - 2, (Eyt/Fon
+ 2, /B EBE/Son + @
or
= -Pu - (-n2BEYa + @p
where YO* denotes the formal adjoint operator of Y.
Proof . For u, v in T(@C,CTF) , which have a campact

support in Ur-C,

(You,v)

(Lpr (G B ga) , v)
= (u, I3 -3 e/ 5o + @_v)

n-l _3 Ay
k=l Yl te)/ b(f))v =

= (u '
n-1 L\
ko1 (0 e/ BENT Y+ @D yv)

= (u, =% - I @y e dbe - ) b/ Bindv

+‘@_v)

- M3 -



=(u, -%Pyv- ;‘;{ @yt Dlov + 2070 v ey Blon § 50/ Blav

+ @_lv )

(v e/ BN B0/ BD) = (£ B0 /26007

7~
(v, £/20(6)%) 377 0= 3 Yot (Gt )+ (e (B ¥ty

(Y £/200) KTt + bEE),)

- 3 2

oG /(6 [yt 12+ ®,
So we have our lemma . Q.E.D.
And we have |

Lemma 8.6. For u in [‘(ﬁr-c,PT"i") '

th = -3 Ru - Py, + (@ea/EHXa) + O

’;;ivquk-f Ydﬁx @u '

where @ou means Z::iakuk+au , where a_ and a areof @o'
W =u) , u =u(’), and from now on we use these notations .

- N4 ~



Proof . By the definition of DY,

gu = - §i=1 Yu(y,)+ ®-1° .

We will rewrite this in terms of LA ,w1 ' Y. Narely ,

as
~
Y =W o+ (/BN

we have

B = -3 03 G+ ot/ BEP, + 1ty BENY) + ©

- 200 @, + Gy BENP) @y - gt/ D) + @ o
= -ZigWu - 3T @y BTy
- 3T W ey Bl - I @ty BIENT (v ey BlE )

+ @ 4

N - n—l- -
= =1 1%y 90“

- 300 ey BN - T Ay Slonuy

20 @ty B @ity SN+ @ ye



First , we can neglect

D PEE AT I T

n-l =
We see this . By the relation , i{=1 (Yitf)u1 = 0 , we have
Tl W @Eru, + 300 @ s B0)Pu) =0 .

While

S n-1 NS T

Pljeg =250 ey BENHe,

so z‘;{ (/BN @@ tu, 1s of E), . Therefore
n-1
-zial i.{cu1 is of @o . So

l:s*u = - Z‘I;i ﬁi“i - ?ouo - Z'i‘;i ﬁi((Yit blf))u)
- 200 /B P/ o, + O, .
Rarthexmore
A ACAVE CIRIEID A AN NN S (A IEA
= 20 @y piony,

because of 5_ ?:i (?itf/’sff) )Wi =0 .

1 -



ETR § LT N

»:!
I-‘O-‘

W, (1t /D)),
n-l =
- Y0 @t/ Pyt B, + B .

We must compute

n-l = lind
1 Wy gty e

ity (iitf/fsl(f).)?o(Yitf/’ﬁ(f)) .
For ‘z n R (e B
ST A e Ble) = 2T (i vyea Bln - (e @i/ 503
= 30 @)/ Bl oy I @ tow =0
= (2o BEN  + @,
For I @t/ BT BE)

ST @y Bl Poy, e/ Bie)

- \qr\-



R S BIENY,
VIS Gty By

)3 (E.t0) (%t ) )/ BIO ) (((FY .t IB(E) ~ (¥, & BiH)/ DiHdH
1, p (e (e Y¥ite ]

o~ . ~ =
W/ Bty - /26N, + ©

(Wb, + @

S0 we have our lemma . Q.E.D.

Because of ﬁr—c being non-carpact , we must introduce a function
. Nameiypidcarealvaluedc?o-f\mctim g(s) in a real variable s
with support in { s ; 52 (1/2)] , which is equal to 1 on
sLs; 8_2_1} . Set

nJ
L =gle b(£)?)

Then we have

lemma 8.7. There 1s a constant k satisfying

| [P u| £ /Bl |

| [P u) & o/ BlEul

where k is independent of e
Furthermore we have

~ g -



(w, Xlu = @

and

W, XJu = C)Bu

Pxoof . We only show

[Wi /L]\J = EDou

and

I° XJul < | e/ Bie))u |

The other cases are proved by the same method . So we omit

those . For [wi .7@}\1 '

W aleb(f)Pu = W BH?)egleb(n))u
= (w516 2)816) 7% (ebin) *gtebin ) .

By the same reason as in (3) , éBYf)ngeSYf)z) can be

estimated by a constant independent of e . Furthermore

ey e\ gy =2 ~ . .2 - -
wh(nH )b ™2 = 1/ THHI, JwF e (v e+ (F g (wiyktf)}
= (l/b(f)z)fk X, 0010%, Tyt ) (thf)+(§ktf)zﬂoﬁi(1!x¥k)
2
= (1/ (B'(f)z)iikaiDLf(thf) + blf) @o}

= @ .

(o]
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For [Yo,ﬁdl u , we have
(g (5(0)%))u = (¥°Bi6)%)eqlebif)Du

= (%516 /810 %) ebin 2a1ebln u

So ,

(B2 /810% = 1/ T 0D T, J00% e e+ Ee 0y, 0]
= (1/’B'<f)2)§ki(l/’l‘o(fn\yktgz gt Op(n)? ]

( because Y°F¥ e, =7 (Fpt./ BT te = (Ft/ BN + @pb()
= /B + @ -

So we have our lemma . Q.E.D.

With these preparations , we show Theorem 8.1 .

The proof of Main Theorem 8.1 . For u of r(Ur-C.("T"f") ‘
gsatisfying

u(Y°) =0 on bu_ - C

and
(1/51£))u of 1?2 ,

Wu , Y% , pu , abu are of L2 .,

~ 150"



Du(Wy,Wy) = Wy - Wy - u(fr,w])

= wyug -, BT TG (v, e/ Bl )0y BT “lote (vyte/ BTRIuy

+ GDo“ ( by (8.3.1) )

o ~ O _ - 0 .-

bu(¥®,W,) = Y°u, woug - u((¥,w |
= y° - ATPIED P AP %
= You, Wyju, + b(f) “(W;b(f))u, + b(f) o‘fui
+ F\ou ( by (8.3.2) )

¥ _ _sSn-l ot

Du 2k=l vf*kuk + Yu, o+ @ou ( by Lemma 8.6 )

Hence we have
Houll? + dfan? =3 ) oy - W v @ b2
+2, (v, -6 0 Bl ™ W B u BT K m )l
+ N2 ;;i w‘tuk + Yo*uo + @ou) l|2

In order to compute this , we must introduce the following

notations .
= 2 o 2
fup? = Zi'j d\')(wjuiuZ + Iy, |l + U ¥u 15
= 2 S 2
N L ANN R PR 2 +xeCug 12 + K% 1)

+ Zj |\('X/’l\:'(f))uj W2 o+ | (X/’B’(f))uo W

- 13-



Then , there is a large constant K , which doesn’t depend

on e , satisfying ; for any ¢ > O
8.1) Nxbu i +weofu U2 +guic? o+ (x4 NX@qu N2
2 2 jegloempug-ingn, B T (v, e/ B (0) Yy
+’1?'(f)'lo(fuf:.'t:f/’1?(15))1;i |1 2
+ 2;i“OL(Youi-wiuoigif)'%Xfui)llz

+ Wy Ek =1 W];:k Yo'kuo) l\2 . where

u;, = u(W,) , u, = u(Y®) . For the first term of the right

hand side ,
8.2)  J¢y \l')(,(wiuj-wjui-%’(f)’l(x_'f(yitf/ b£) )u,

+b () TR (¥ytg/ BlENu |2

NP

= zigjillf)awiuj-wjui) ll2 - 2Re (LWjuy, b(f) p(f;'(yitf/’if(f))uj)

r\.
2Re(1ijui, b(f 0( (Yitf/ b(f))uj

+

2Re (LW, u,, DB(£) X (Yt B uy)
KM vy 2 Abt b i

+

2re (L Wy, s Ble oty (¥,e/ Ble)uy)
+ WBE et (¥, e Blenu, - Bo o e/ B, 12
£¥1te 3 he¥yte 1

~-\g2-~



+ 1, 4 2Re (%uju XTI v ey BlE))uy )

1l N~
g (Y5t e/ BUE U, )

= 3 4,5 2Re (W, B (£)”
+ 3 50 B g2

On the other hand ,
3wy KO v e/ Bl )

= Y, (RE e wgn XTI oy )

Since

21 (Yitf)u1 =0 ,
T, X Eegugug X BH Dy )
- e -
== 2, (AmE e uy O Ay )

--Z "Xé(f(&j-(yjtf/’x‘a’(f)) e/ DENBEORY) Y, %-(f)'_zo(fuj)

VA
= 2,60 B dguy )

..l%; -



Hence
34 2Re gy X T (Y e/ BEy )
= - 3, (X o/ B, YAk BLEN Iy )

v 25 @y s Klel/ BLE Ny )

And

A~ ~1 r~
T g,y 2Re (0jug ABUE o (¥yee/ BIEY, )

’

=0 (by 2 (Yt )Wy =0 )

3 3

Hence 8.2) becomes
8.7 ygy Iwguy-wyuy) | 2 223 Inwy Biona, Il2

v 3 Iy Bienugll 2o+ 2 3,3 xEhuy % (ol BREN Uy )
= 2 gy ey, N2 - I WX/ Bl

+ 35 XBuy X/ BEIuy )

Furthermore



oev) Zyna xoug - W, + B(E) X, ) H°
-1 %\m w0 12+ 2re (U¥°u,-Wyu0), B8 e, )
+ 1 BUE) ol pu, ”2' '3
Hence by 8.3) and 8.4) , 8.1) becomes
8.5) NXDu N2+ WXo¥u 12+ gigulr? + ki aK@,u 13
23 Wiy 12+ 3 WKeCu-wu) )2
+ 3, 2Re (0L(¥Cu,~Wou ) ,UBIE) o(pu, )
eIt wke ) 12 4 T, 2re Xl X¥Ha )
+ Ny 2
= {ziﬁ N (W uy-Wau,) W2+ 3, 2Re (Y% B e, )
+ |\l ')c(fk_l Oy )13 S Ny, 02 }
iz e wu W2+ ) )a"’*‘uouz}-}i 2Re (LW, BIE) Bl gu, )
- S, 2Re (L¥%, ,XWu, )+ 3, 2Re (KW XY, )
We manipulate

-21 2Ree)(y°u1,()cwiu°) + Ik 2”9"'t“k ,%y@l’uo )

~ Ig5-



For this , we have

Lemma 8.8 . For any £>0 , there is a constant K satisfying

X o¥ o
lim | ¥ ,2Re (X W u,, XY™ u_ ) J2RrRe (%¥Y°u, ,XW,u_ )|
e=y +kp 2 %2 ° %2 R TR0

£ €l -2 + (K )l\’x@ou ||2 for u satisfying (i)

and (ii)

Proof . We show , by a direct computa;ion , L.e., in integral
by parts . Namely , we have
ok
2Re (f)(,vfruﬂ SLY U )

‘ . ¥
= 2Re (fx_w;‘uk , Y°*()Luo)) + 2Re (qéwluﬂ ,[x,ym‘]uo )

First , we see

]
(o]

¥ o¥
lim 2Re (UW , Y u. )
ei?tua © 22 [% 1 s,

Because
2Re (xvf;:u , [ Y] u) = 2Re ([¢ 'WI]“Q ,[7(, , Yo%) u,)

+ 2R

o

(Witku,)s [, ¥°* ] )

= 2re (L% ,Wlu, oI, ¥¥]u)

+ 2Re ( %ux ) WL(['X'IYO*J uO))

- 156~



fl

2Re ( D(,,w:']u} , [, Y™) u, )

+

2Re (X u, (wg[x,y“])uo )

+

2Re (N ul ’ [’)C ,YO)‘] W,Quo ) .

By Lemma 8.7 with wlu ' fl\:"(f)-lu being of L2

2Re ( [(wizjul I[,x IYO%J “o )
and
2Re(hyy [y, Yo%) Wpug )

converge to zero as e — + ¢ . Furthermore by a direct

computation , we have

2
x| € o/ e | .
So
2Re (. uy (w}[')(,,YQ’F_])uO )
converges to zero as e — +o0 . In integral by parts ,
21«3(';(»1;}‘\1,L , YHxu ) = 2Re( Y°(‘XWI“2’ 7Kg )

= 2Re((YQ)(_)wiu ,7¢uo)+2m»,()¢\"’w}"u)l 1% )

- 187 -



Similarly , because of

2Re ( (Yogg)vitux g ) = 2re( [ (v9%0) 4f ) o )

+

2Re ( w’:((v‘}()ul), u, )

2Re ( [Yo')( ,w;f]u P Y, )

-+

2Re ( (Yq)Oug » Wollng) )

we have

lim 2Re ( (Y'¢)W u u = .
e-» + o0 Qx P 'X

Furthermore
2Re (XY w*i: /Ko ) = 2Re (X WYOu, A u,
+ 2Re "KLYOaWIJ“A r Ko ) .
By Lemma 8.4 ,
[x°, t] ug = Le©, - Wy + ((n-2)/h\(f)2)(§1tf)-o-(f + @oj u

= % - dpla [¥°, ((n-2)(Fgt o) Fe/B1E) Jupt ®, v

- = 2
= 0 - @) ugr -2 2 Fep/BIE Tu ¥ O, v

~ 188 -



= [¥°, - Wluy + ©u by Zp(¥teuy =0)
= Zk @owku + Zk @oﬁku + @oYou + @o‘fou
v @O
Therefore
2Re('x[Y°,W;kJ u),?éqo )
=2Re(%(zk®ok}+ 2,6 wk£+@oy @ uy »  uy)
+ 2Re (')(au ‘ ’)(,uo) . So this can be estimated by
¢ lxun? + ®eh@gui?

Now we see that 2Re(')(.th°xh ,fxu ) - 2R¢.—.(7LY u ,)(,WR o

converges to O as e— +00. However , by

2Re( X w;{'You ,X,uo)=2Re(w;§0(Y°uﬂ ),’X_,uo)+2Re(D(_,Wf]Y°u£ .Xno ) o

obviously we have

lim 2Re(l'.'x_w J¥° up Kuy) =

e -y +oo

Furthermore

~ f37 -



TéRe w}' L‘.Tuﬁ) P KU L = Lae (RY “}l ¢ W,

= 2Re ()¢ u, ,(Wﬂy)uo)+2Re9/,Y°u} PX WU )

And we already know

o
lim 2Re (LY u y (W )u ) =0 .
e +0 % % °

So we have our lemma . Q.E.D.
Henceforth in the process of integral by parts , we omit

the term which includes ﬁfx' ;WX Y% , ¥% . As we know

in the proof of Lemma 8.8 , for example ,

('y.wluj.')cwi'uj) = ([fx,wijuj,)twiuj) + (W, Ony) ,’)Lwiuj)
= (Dpwdug g + flug, WHOM )
= ([ WdugXpug) + Oy (R0 W ug)+ O 9oV uy)

In this equality , we proved

1im (. ,wlu., A W,u, ) =0
e_7+°°(X‘ :I.JJ ’X‘ij

and

lim u,(W‘* Wiu, ) =0 .
sin Yoy o U0W, 0y

- /70-



Hence , for brevity we will write as follows .

(UWyug eWug ) = (Luy WU )+ AR

where lim A(X) = O . And of course many A(X)’s
ey +

appear and may differ , However in order to avoid unnecessary

complications , we adopt this notation . By this lemma ,

we have

8.5) hebut? +pxtfan? +eiui ? + xEIX@u 12
2 iziéj \lu(wiuj-wjui) 12+ NSl 02
+ Zi l\%y%i i 23», }i 2Re (fx,az%1 ,x’é’(f)"ldfui )
S DA LT RN L PR ML
3, 2re (LW Bl )+ A
where lim Af) =0 .

e+

In order to prove the main theorem , we show

(0 3 g hpwpug-wgu 12« 0 xR Wy o 02

+ Ehxuit? o+ (REOMKE,u

- /7/.



2 (n=3)/(n-2)) 2, JXwu, W s /-2 S 1,4V% W 0y W2
+ (n-2) Eil\')é(df/%'(f))ui W2 + apQ , where 1lim A(X) =.0.,

e-y +60

an S w2 e 0eyug 0? sl 102+ xplx@,e 112
2(n=3)/m=2)) 3 w12+ (/m-2)) 3 WL 11
+ (/703N 12+ ((n-2)/2) Wdp/20(£)) Ku W 2
+ (1/2) l\'X/Youo TR AtY) , where lim A(Y =0

e > +oa

If the estimate (I) is proved , then 8.5) becomes
2 D* 2 e 2 2
8.6) WXDul® +eofull® +gpu it + (/IXELu
2 =2
2 Un=3)/(n=20)2 4 40 Wug 0" + (1/(n=2))2 ;. KW u

+ (=23 WU/ BlEu, 12+ Z WK ¥0u, N2

+ 3, 2re (Y%, , ABIEH M, )

+i§i Nwug 12+ nxy®a i 23

- 3, 2re (LW, XD T, )

+ A(r)(,) , Wwhere lim A(‘){J = Q .
e +po

~-192 -



Namely ,

8.6)° xoul? + Mxotul? + gnxun? + (kg IXGLu W2
> (a3 /tm2n 3, w12 4 (/-2 3 ) e W2
+ (=303, WK g/ BTE))ug 2
N S 0% (PCu+ ol Bieuy) U2
I PR T DR
- 5_1 2Re (W,u_ ,’)L.Aﬁ'(f)-lo(f‘ui) + ARQ

= (/w2 3 M s /men S Kl 2

+ (=) 3, W/ Bieyra, 12

+

S, UK (PCug+ ol Bienu, |

+ 3, WU wpu (o BE)Iu, |2
+ \l')(,Yc’*uol\2 + Al , where lim AQQ =0 .

eyt

Hence , if nd4 , then

~ 113 -



Hence , 1if n4 , then

8.7) Ix¢oull® + xota 2 + guu 172 + (/g IxXE),u 12
2 ((n=3)/(n-2)) 3y e ? s (/=213 I yu, 1|2
+ A() » Where 1lim A() =0 .
ey +00
By 8.7) with (I) , we can estimate «Xf/’BYf))ui as follows ,
2 2 .2 2
8.8) Hxbui® +uxrfuil? + gyxuu-? + (K/g MX@on Il
2 c Ii “’X.(O(f/%'(f))ui W2 4 AfX) , where lim Ap) =0 ,
= e-y+60
Hence with 8.6)°, we can estimate .Youi as follows .
8.9) llo¢Du N2 4 II'xD‘*ull 2 €l u ||‘2 + (K/E)\D(@ou |2
2c 5 Uk u? + ag)
For u, by 8.6)° and the estimates for u, o, we have
8.10) Uxbu? + Uxo¥u 12 4 gyu )2 + (/g WX @u 112
2 ¢ 3 Uxwu l? o+ ik y%u 42+ at) ) where lim ABY =
= i 1% o ' where
e +ta

Therefore if the estimate (IT) is proved , our proof for u,

is complete . So we must show (I) and (II) .
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The proof of (I)
T Wty W IR W o 12
=3 g0 tugiu) 12 vl - 3R R 01?4 B

( by Lemma 8.4 ) , where B(u) means the term which can

be estimated by ¢liXu “,2 + (K/a)h’)g@ou l\2 . Henceforth

we use this notation ( of course many B(u)'’s éppear and

may differ ) . With this notation the above becomes
2 - -

2 i,j\\')(.wiuj\l + Re 2 Lji/(’x,wiui,’)cwjuj )-(')(,wjui,’)('wiuj )}
+ ~ B(u)
And

2 i,3 (’Xlwiui"x'wjuj )

- "G

2y, LW WiugoKug )+ AQD

- 2 -
= 2y, (U =Wy +((n-2)7 BT (Yt 0dp (Wyug)), ouy )
+ A(QL + B(u)

= 3y,4 (OLEWTu, ey ) - LA, Yy )

+Otm2)/ B (el ) Luy )+ AGD + B

- 95—



* AGD + B(w (by 2y (Yytpus=0) .

J

On the other hand ,
T, - FMgu e ) ee Ut e kg WXLl
=3,y (PHgug, K- (-2) /810 %) (¥t olguy))
+ Ty LW XEu) + A+ B()
=343 »(')ijui.’)cwjui ) = Xy y KWy, ((n-2)/ﬁ(f)2)(Yitf)°(£uj))
+ A(L + B(u)
Furthermore
34,4 (XM, (210 ?) (ven) guy )
= 3,5 DX Wm0 /816 %) Fealr @) (n-2 /BT Py £y
* ) Yo'a)

- 2 .
= 2,4 (Xuy, W(m=2)/B10%) (¥ epd(guy) )+ AQD + Blw)

- 196~



= 3,4 (K K e (-2) BT 0eu )+ A0
+ B(u) (by =, (wiitf)w1 =0 )
On the other hand
Wy(rye) = Eve, - (Tt /b(N] J01 (e /BlEnTy e,
- _1 -— [ 4
= (§31 - Eye ORI e/ Fe B @,
= (8, ~UEE e /BB e, + BEI@, -
Hence
3 4,y ugs Kl (Y, €0)) ((0=2) /B1) i0puy d+enxu i 2+ 0/ @ I 2
2, 4 Ouge X8y ¥ (n-2) BT P )uy )
= (n=2) 3 Ilolg/b(£))u, 1|2
So we have
- Ty . 2
S gl X tgug=wu 1+ - 3 hop Reoo W2egic il ? + s li@,u |
’ 2 -
2 Zi’j Il’)t.wiuj - Re ii'j@[wj,wijui,'x,uj)

+ (n=2) 3, UN0G/ETEe 12+ a0 .
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By Proposition 8.2 ,

~re 3, LU ETu s XU rEnxun? ¢ kI 1
-1 Y 2 f
2 Re S, (el (81,5 HYitf)(thf)/x}(f) )Xuy %y )
= - -1 £
= Re Si'j(Xb(f) gi’jx ui'%uj )
= - Re I, (xb(f) xfu Y, )
1 i i
Namely we have
2 -1 = 2
2 i< \\‘)(,(Wiuj-wjui) \[ + et -2 Jrcl=l wkuk y |

+ €lo¢u “,2 + (K/a)\\X@ou " 2

2

DI L AT R Re(%b(f)'leui,xuj )

FoExu e ke B |2

= (n=3)/(n=2)) 3, SIKW,uy &
| s - -1 £
* (1/(n-2)) = 1,9 ¢ ;Déwiujn 2 _ Re ()}, b(£) " (n=2)X ui,x.uj))

roen 3N ounEN oG, ()

On the other hand we have

lsc _



Lemma 8.9 . Let v be a c”™function on Gr-c.. Then
I iy N st o+ k@ |12
2 3 lxigv 1+ re(aBin Hin-2xfyv Xv ) 4 gy

Proof . 2 ] IIQLij "2 + S\ v 2 o+ (K/;_)IYXQ,V I

fjoﬁwgwjv,%w + Ellxv W2 (K/glmv n2 + A

3 00 (- (n=2) BT %) (Bt ) Wgve v )

+ehoc v 2« ki@ vi? ¢ Aba

3 A v ) el 1107 /M@ 1P+ A0

( by 35 (§jtf)wj= 0 )

3l v+ Z 00w v )
+ Sllevil? « wilx@y 1° + g
2 Re(‘x,b(f)'l(n-z)va,yv) + ijﬁjv,txﬁjv) + AR

So we have our lemma . Q.E.D.
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By this lemma , we have

2 n-1 = 2
1gg WXWag-wu) 19« 1 - 2 eo1 Wy ) Il

enxu i’ ¢+ (®gIXO u 1V

+

2 ((n=3)/(n-2)) T, 1 Xwu il 2e /-2 T JWoc@pugl 2

+

(n=2) 3 Niote/bie))e, 12+ AU

Therefore we have (I) Next we proceed to the proof of (II) .

The proof of (II) By Lemma 8.9 , we have

3 Jlewgu it s glixu o v kg MX@,u, 1172
273 j\\’)(.ﬁjuo N2 . Re(')(,t;'(f)-leuo X, )

And by Lemma 8.5
o,

©r = - 3° - (20-3/BEO R, + ©

Therefore
\\’)<Y°*uo N2+ €y u |l 2, (x/£)||9(@ouo I 2
2 I + ((2n-3) /2518) )X ;) g |12

c= N ®u W2+ 2Re (LT L, K((20-3)/2b(£))Kgu, )

+ 11 %((2n-3) /8B 1£) ) gu, I\ 2

-~ PAA —~



On the other hand ,

H')(.Yo*uo 12 *Ellxuou'z + (x/;_)l\'x@)ouo 2

(LY Ku ) o+ AGD o+ EbRu U2 ¢ (RO I

(X¥°*x%u_ , Yu )+ (x[¥®,¥%) ug oy )

-+

R AN IR/ /(O

L]

(XY, %% )+ (R[¥®,-T°- ((2n-3) /B TE G @), +Xug )

¢ oaph »Elixu il 2 e ke IX@u 1

> Wxv®u u % - re(k[¥, 7] u, xu, )

+ Re (7l (2n-3)/2518) )& (P18, Xu, )+ x@log K we )

+ Am + B(u)

2 WerCu b 2 v ((20-3)74) (Lo /BUE buy YUKe/BIEN Uy )

- Re(')(,[_Yo,iojuo Ku, )+ ABO + B(u)

By (8.3.4) , this becomes

1% ¥%u_ | 2+ ((20-3)74) VK (¢ /BUE ) u | 2- Re('k’b‘(f)'lf_f,’k(f_) Pu_ X4
+ Retx BTe) " BT ¥Ou, ,Xu,) - Rety 51O Hxuy )u, )

+ Am) + B(u) .
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as ¥Ob(f) =o/2 + bY@, .

(1/2(2n=3) W% ¥%*u_ N2+ | xy®ra UZ « €hxu |l -2 +(K/g M@, u, |
2 (1/2(2n=3)1 %% 12+ (1/2(20-3))l1 X((20n-3) /3B1E) )pu, I 2

+ oy 2, ((2n-3)/4)l\9<.(0(f'/?(f))u° I 2
+ Re (X, BT16) M ¥°,b(6)] ¥Ou_ ,Ku, )

- Re()(BTH) xTu xu )+ ADY
So we have

((4n-5) (n-2)/2(2n=3) )| k¥ *u_11 % + 2 3 e wgu, | 2

2

2 ((n-2)/2(2n=3)IX ¥ I 2+ ((n=2) (20-3) /2) ¥, Ofg/2b (£)) ug ||
o = 2 : 2
+ ((=2) 72y "u b+ XA u 1S+ 3 liewgu W+ an0
Therefore we have (II)
By (I) and (II) , we have
- 02 2 .2 2
Woxpu (° + WXD*u U + £y u | + (K/E)“’X@ou I\

2clly u ll -2, Af() , where C is a positive constant
independent of £ and r . So , let §£ Dbe (/2)C . Then ,

X% Du it 2 + \Xp*u W2 . (K/g )\l’x@ou 1[2._2_(1/2)c]rx,ull‘2 + Aty

-—n2 -



Furthermore if we choose r

sufficiently small , we can assume

2/ ix@uu i £ a/ac | egBin)u i? .

So we have

WX pbul? +i§XD*u llz__g (1/4)C\Ucu|!'2 + AQ) .

If we let e to +{§ , then we have our theorem . Q.E.D.

By the main theorem , we have an Lz-solution for D .

Namely , for an element: v
A N
(i) Dv , D*v , Db

there is an L -element u

Du = v ,

where W,u , ﬁju , Y%

f)-l o

of T(ﬁr—c,(°T")*) satisfying

v, Yv , ij are of L '

satisfying

)
i3

, Y%u , wWW.u , Wi‘_'j“ .

ﬁiwju . ﬁiﬁju . (1/B16)%)u  are of 12 . And if v is of

c® , then u is also of c® on U_ by the interior

regularity theorem . By using this , we show the local

embedding theorem . For the embedding f of Ck-class

4

established in Chapter 7 , i.e., ( namely £ satisfies that

k

f is of C and of C“on

=203 -



(11) Dbf = 0 along te

and

(111) (17 D)%) pf is of LZ .

Now we consider the differential equation
Du = Df
where f 1s the above d”-embedding of a neighborhood Ur(f)
satisfying (ii) and (iii) . And such a solution p¥pf
exists because of the standard argument . And the Kuranishi’s
estimate , namely in his notation ((4)) ,
I} o¥NDE I\

(a-l,g)

depends continuously on I\ DEY la+tl, 9> . We set a=1- Q
14

Then
sup |31 (o*woe)| ¢ FmpE ) _ 9, 0> -
By (1ii) , we have
£ - D¥NDE

is a CR-embedding of (M,?T") .
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