COHOMOLOGY AND DEFORMATIONS OF THE INFINITE
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ABSTRACT. Denote mg the infinite dimensional N-graded Lie algebra
defined by the basis e; for ¢ > 1 and by relations [e1, e;] = e;j+1 for all
i > 2, [e2,e5] = ejp2 for all j > 3. We compute in this article the
bracket structure on H'(mz;m2), H?(ma2; ms) and in relation to this, we
establish that there are only finitely many true deformations of msz in
each weight by constructing them explicitely. It turns out that in weight
0 one gets only trivial and one formal non-converging deformations.

INTRODUCTION

Recall the classification of infinite dimensional N-graded Lie algebras
g = @;2, g; with one-dimensional homogeneous components g; and two
generators over a field of characteristic zero. A. Fialowski showed in [1] that
any Lie algebra of this type must be isomorphic to mg, my or L;. We call
these Lie algebras infinite dimensional filiform Lie algebras in analogy with
the finite dimensional case where the name was coined by M. Vergne in [9].
Here my is given by generators e;, i > 1, and relations [e1, e;] = e;11 for all
i > 2, mg with the same generators by relations [e1,e;] = e;j41 for all i > 2,
le2, €] = ej42 for all j > 3, and L with the same generators is given by the
relations [e;, e;] = (j —i)es4; for all 4,5 > 1. Ly appears as the positive part
of the Witt algebra given by generators e; for i € Z with the same relations
leisej] = (j — 1)eiy; for all 4,5 € Z. The result was also obtained later by
Shalev and Zelmanov in [SZ].

The cohomology with trivial coefficients of the Lie algebra L was studied
in [7], the adjoint cohomology in degrees 1, 2 and 3 has been computed in [2]
and also all of its non equivalent deformations were given. For the Lie algebra
mp, the cohomology with trivial coefficients has been studied in [4], and the
adjoint cohomology in degrees 1 and 2 in [5]. The adjoint cohomology in
degrees 1 and 2 of my is the object of the present article. The cohomology
of my and my rose interest only recently, and the reason is probably that -
as happens usually for solvable Lie algebras - the cohomology is huge and
therefore meaningless. Our point of view is that there still remain interesting
features.

Indeed, it is true that the first and second adjoint cohomology of mo are
infinite dimensional, but they are much less impressive than the analoguous
results for my. We believe that this comes from the much more restrictive
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bracket structure for my. Actually, the bracket structure is so rigid that
there is no infinite dimensional filiform Lie algebra “between” my and L.

The space H!(mg;ms) becomes already interesting when we split it up
into homogeneous components H ll (mg;my) of weight | € Z, this latter space
being finite dimensional for each | € Z. The bracket structure on H!(mg;ms)
is studied in Section 2.

The space H?(mg;msy) is discussed in Section 3. This space is here also fi-
nite dimensional in each weight separately. Given a generator of H?(ma;my),
i.e. an infinitesimal deformation, corresponding to the linear term of a for-
mal deformation, one can try to adjust higher order terms in order to have
the Jacobi identity in the deformed Lie algebra up to order k. If the Jacobi
identity is satisfied to all orders, we will call it a true (formal) deformation,
see Fuchs’ book [6] for details on cohomology and [Fia2] for deformations of
Lie algebras.

In Section 3.2 we discuss Massey products, in Sections 3.3 — 3.5 we de-
scribe all true deformations in negative weights. Section 3.6 identifies the
deformations in weight zero.

As obstructions to infinitesimal deformations given by classes in H?(mg; my)
are expressed by Massey powers of these classes in H?(mg;my), it is the
vanishing of these Massey squares, cubes etc which makes it possible to pro-
longate an infinitesimal deformation to all orders. For ms here, on the one
hand the cocycle equations are so rigid that they select already few cochains
to be cocycles, but on the other hand, there are enough cochains to com-
pensate all Massey powers, leading to formal, non-converging deformations.
The main result reads

Theorem 1. The true deformations of mo are finitely generated in each
weight. More precisely, the space of unobstructed cohomology classes is zero
in weight | < —5, because there are mo non-trivial cocycles. It is in degree
[ > —4 of dimension two (but with changing representatives).

The two infinitesimal deformations in weight | = 0 can be prolongated
to all orders and give a trivial deformation and a formal non-converging
deformation.

As a rather astonishing consequence, mo does not deform to L.

We believe that the discussion of these examples of deformations are in-
teresting as they go beyond the usual approach where the condition that
H?(g,g) should be finite dimensional is the starting point for the exami-
nation of deformations, namely the existence of a miniversal deformation
[3].

Another attractive point of our study is the fact that here for moy the
Massey squares, cubes etc. involved can all be compensated and lead to an
interesting obstruction calculus. Thus the second adjoint cohomology of ms
may serve as an example on which to study explicitely obstruction theory.

Acknowledgements: Both authors are grateful to the Max-Planck-Institut
fir Mathematik in Bonn where this work was done.
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1. PRELIMINARIES

Recall the N-graded Lie algebra my = @,~,(m2);; all graded components
(mg); are l-dimensional, and we choose a basis e; of each of them. The
brackets then read: [e1,e;] = e;11 for all i > 2, [ea, e;] = ej12 for all j > 3.

We will compute in later sections of this paper the Lie algebra cohomol-
ogy spaces H'(mg;mo) and H?(ma;msy) of mo with coefficients in the adjoint
representation. Since mo is N-graded, the cochain, cocycle, coboundary and
cohomology spaces are also graded. Thus it makes sense to restrict atten-
tion to the graded components of weight | denoted C}(ma;my), Z;(ma;my),
B/ (mg; my) and H}(my; my) of the spaces of all cochains C*(my; my), cocycles
Z*(mgy;my), coboundaries B*(mg; my) and cohomology classes H*(mg;my).

The cohomology spaces H*(mg;mg) for x = 1,2 are interesting from the
following point of view: H*(msg;ms) carries a graded Lie bracket

[,] : Hp(mg;mg) ® Hq(mg;mg) — Hp+q_l(m2;m2),

which restricts to a Lie bracket on H!(my;mg) which is graded with respect
to the weight [. We will compute this bracket in the next section.

The space H?(mg;my) draws its importance from the interpretation of
being the space of infinitesimal deformations of the Lie algebra mo. Such an
infinitesimal deformation [w] € H?(mg;my) is the term of degree one in the
expansion of a deformed bracket with respect to the deformation parameter.
The question whether the infinitesimal term given by [w] can be prolongated
to degree two or even to all higher powers can be answered by studying the
Massey powers of [w]. Indeed, it is a necessary condition for [w] to admit
a prolongation to degree two that the Massey square [w]? € H3(mg;my) is
zero, i.e. if for all 4,5,k > 1

w(w(e;, ej), ex) + cycl. = da,

for some 2-cochain o € C?(mg;my). In this sense, the Massey square is the
first obstruction for [w] to give a (formal) deformation. The next obstruction
is then the Massey cube, defined using w and a by

w(a(e;,e;), ex) + a(w(e;, e;), ex) + cycl..

In case all obstructions vanish, [w] gives rise to a formal deformation. The
bracket defined by [,]; = [,] +tw+t2a+. .. satisfies then the Jacobi identity
up to all orders. But it is not clear whether setting ¢ = r for some r € R
defines a Lie bracket [,],, i.e. it is not clear whether the formal deformation
converges. If this is the case, we call it a true deformation. A deformation
having only a finite number of non-zero terms is always a true deformation.

A homogeneous cocycle w of weight [ € Z for the Lie algebras mg or
my is given by coefficients a;; such that w(e;,e;) = a;jei+j4. The most
important cocycle equation for mg was (cf [5]) for 4,5 > 2:

Ait1,j + Qijtl = Gij-

In [5], we defined some fundamental solutions to this equation which we
named families. The 2-family has as) = 1 for all £ > 3 and a;; = 0 for
all 4 > 2, up to antisymmetry. The 3-family has ag) = 1 for all £ > 4 and
a;; = 0 for all ¢ > 3, up to antisymmetry. The ag ) coefficients are then
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easily seen to be non-zero starting from as 5, and they grow linearly in k.
For explicit formulae for the m-family, we refer to [5].

2. THE SPACE H'!(mg;mo)

We will compute the space H 11 (mg; my) of homogeneous cohomology classes
of weight [ € Z for each fixed I. A 1-cochain w € C!(mgy;my) is called homo-
geneous of weight | € Z in case w(e;) = aje;4; for each ¢ > 1. The cocycle
identity reads then for a homogeneous cochain

dw(ei, ej) = w([ei, ej]) — &5, w(es)] + [ej,wlei)] = 0
for all 7,7 > 1. We get different sets of equations for i =1, j > 2, i = 2,
7 >3,and 7,57 > 3.
(a) Ifi=1,7>3j+1>2
0= aj4+1 — Q5 — alél,o - alél,h

itj>3,7+1=0,1, weget 0 = a;i1, but there is no equation for j+1 < —1.
Ifi=1land j=2,1>1:

0= ag—a2+a1(1—5171),
0=a3—ay—a1ifj=2and(=0,0 = azif j=2and |l = —1,—2, and no

equation if j +14+17<0.
(b) fi=2,j>3,j+1>3
0 = ajy2 —aj —azd; o — a011,0,
for j+1 =2, we get 0 = a_j;4—agd;3, for j+1 =1, weget 0 = a_jy3+a_i41,
for j+1=0, we get 0 = a_;49, for j +1 = —1, we get 0 = a_;11, and there

is no equation for j +1 < —2.
(c) Ifi,j>3:
0 = 041105 + 541,205 — 0i11G; — 0i1,20;.
Now let us discuss 1-cocycles in weight [ = 0. For ¢ = 1 and 5 > 2, we get
by equations (a)
0= aj4+1 — aj —ag,
and for ¢ = 2 and j > 3 by equations (b)
0 = aj42—a;—as.
Call a1 =: a and a9 =: b, then we get on the one hand ag—b = a, ay—a3 = a,
as — a4 = a and so on, and on the other hand a5 — ag = b. Therefore b = 2a.
In conclusion, we get a one parameter family of cocycles in weight [ = 0.
Now let us discuss 1-cocycles in weight [ = 1. For i =1 and j > 3, we get
by equations (a)
0 = aj41 —aj —a,
while for j = 2, we get 0 = a3 — as. For i = 2 and j > 3 by equations (b)
0= Qjy2 — Gj.
We conclude as = a3, ag = a5, a1 = 0, ag = a4, and all a; for i > 2 are then
equal. This means that we have one free parameter.
Now let us discuss 1-cocycles in weight [ > 2. For ¢ = 1 and j > 3, we get
by equations (a)
0 = aj+1—aj,
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while for j = 2, we get 0 = a3 —as + a;. For ¢ = 2 and j > 3 by equations
(b)
0= Qjy2 — Qj.
We have a4 = ag and so on, and a1 and a9 are thus two free parameters.
Now let us discuss 1-cocycles in weight [ = —1. For ¢ =1 and j > 3, we
get by equations (a)
0= aj+1—aj,
while for j = 2, we get 0 = a3. For i = 2 and j > 4, we get by equations (b)
0 = aji2 —a; — as,
while for j = 3, we get 0 = a5 — as. We have therefore a3 = 0, a4 = ag,
as = ayq, 0 = ag — aq — ag, etc. This gives a0 =0, a3 =0, ag =0, a5 = 0 and
so on. Remark that a; does not exist, because w(e;) = a;e;—1.
Now let us discuss 1-cocycles in weight [ = —2. Remark that here a; and
ay do not exist. The equations (a), i.e. ¢ =1, j > 2, read

- 0 if j=23
O_CLJH_{% it j>4

The equations (b), i.e. i =2, j > 3, read

as if j:3
0= (1j+2—|- 0 if j:4
—aj; if jZE)

We get thus ag =0, ag = 0, a5 = a4, ag = 0, and so on. One concludes that
all coefficients are zero.

Now let us discuss 1-cocycles in weight [ < —3. Remark that here a1, ag,
up to a_; do not exist. The equations (a), i.e. i =1, j > 2, read

AU SR A A A R
T gy it > —l42
The equations (b), i.e. i =2, j > 3, read
0 if j=-1-1,-1
Qj if j =—l+1
0 if j=-1+2
—a; if  j>-1+3

0 =aj42+

One concludes that all coefficients are zero.

Next come the coboundaries. It is clear that dC?(mg;my) = 0 for all
weights | < 0, because coboundaries are brackets with elements. It is also
clear that dCP(mg;my) is one-dimensional and generated by de;, = [e;, —]
for [ > 1. Observe that [e;, —] is zero on e; and non-trivial on all other e;,
that [eq, —] is zero on es, equal to a constant a on all e; with i > 3 and equal
to —a on e, while [e;, —] for i > 3 is non-zero on e; and ey and zero on all
others.

One sees that Z{(mg;my) = dCY(ma; my). We therefore conclude that

Theorem 2.
0 if I=1 or I<-1

dim H} (ma;my) = { 1 if =0 or [>2
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In order to compute the bracket structure, we need explicit non-trivial
cocycles. Observe that the (non zero) coboundary for I > 3 is given by
a1 # 0 and ay = a1. The explicit non-trivial cocycles are therefore:

e | = 0: the coefficients are growing linearly a := a1, as = 2a, az = 3a

etc.
o[ =2:b:=ay#0anda; =>bforall j>3.
® >3 a; = —% and ag = . Then a3z = ¢, as = ¢, etc.

We express the previous description by introducing generators:
o | =0: w(ey) = key, for all k> 1 (we took a = 1).

o [ =2
berso if k>2
a(e’f):{ 0" i k-1

o [>3:
Cl€L+1 if k& > 3

Yler) =4 —Fen if k=1
%€l+2 if k=2

It is well known that H*(g,g) carries a graded Lie algebra structure for
any Lie algebra g, and that H!(g,g) forms a graded Lie subalgebra. Let us
compute this bracket structure on our generators:

Given a € CP(g,g) and b € C(g, g), define

ab(x1,...,Tprg—1) = Z (=1)*®"%a(b(ziy, - Tiy), Ty - oo Ty )
o€Shp 4

for 1,...,xp1q—1 € g. The bracket is then defined by
[a,b] = ab— (—=1)P~ D@ Dpg,
It thus reads on H!(g,g) simply
[a,b](z) = a(b(x)) — b(a(x)).

We compute

wlater) —ato(e) = { o0 ﬁ (o | -atke)

o if k=1
b k+ 2 6k+2 — bk€k+2 if k>2
{ ersy if k> 2

w(clekH) if k& => 3 kclek+l) if & => 3
wyler)) —ni(wler)) = w(—=Feq1) if k=1 - —kGeyr if k=1
w(Fery2) if k=2 kgeo if k=2
Cl(k' + l)ekH — kcex if k=>3
= (—4(0+1)+%) e if k=1 = Iy(ex).
(CQI(Z+2) 2>€H_2 if k=2



COHOMOLOGY AND DEFORMATIONS OF Mty 7

a(clekH) if & => 3 ’n(bek+2) if k=>3
alvi(er)) —nlaley)) = a(—Fe1) if k=1 - 0 it k=1
a(Feq) if k=2 vi(bey) if k=2
bclek+l+2 — bclek+l+2 if k =>3
= —%b€l+1+2 -0 if k=1
%bel+4 — bclel+4 if k=2
0 if k=>3
= —%bel+1+2 if k=1
—%b€l+4 if k=2

. 0 if k=>3
- —%bek+l+2 if ]{,‘:1,2.

This last cocycle is a coboundary, more precisely,

alu(en)) = mlater) = () lerz, =)

We conclude

a(vi(er)) —vilaler)) = 0
as cohomology classes. One easily computes that 7; and ~,, commute.
Therefore the bracket structure on H!(mo;ms) is described as follows:

Theorem 3. H'(my;ms) is a graded Lie algebra, generated in positive de-
grees by w (degree 0), o (degree 2) and ~y; (degree I > 3) such that w acts as
a grading operator on the trivial Lie algebra generated by o and the ~; for
1 >3.

3. THE SPACE H?(mg;my)
3.1. Cocycle identities. For a 2-cochain w, the cocycle identity reads
w(le, €], er) + w(lej, exl, i) + wller, e, e5)
—[ei,w(ej, ex)] — [ej, w(ek, €;)] — [er, w(es, e5)] = 0.
In the sequel, we will suppose w homogeneous of weight | € Z with w(e;, e;) =

a; jei+j+; for all 4,5 > 1. From the cocycle identity, we get the following
equations on the coefficients a; ;:

(a) Setting ¢ = 1 and j,k > 3, we get for j +k+1> 2
(@1 k5 k1) €jphpirr = (@ k—0k10k41,0—Ck,10k+1,1— 1,705 41,0— A1 jOj41,1) €j k1415
and for j 4+ k+1 = 0,1 (while there is no equation for j +k+1 < 0)
(@j+1,k + ajk+1)€jtk+1+1 = 0.
(b) Setting : =1, j =2, and k > 3, we get for k+1 > 2,
(a3 i + apq2,1 + a2 p11)ehti43 = (a2k + ap1 — a1,20241,0 — @1,20241,1)€k4i+3,
while for k41 = 0, we get
(a3 + apq21 + azpr1)es = (g — a1 — a1,20240,0 — a1,20241,1)€3,
and for kK +1 =1, we get

(ask + akt21 + azki1)es = (agk — a1,20241,0 — a1,20211,1)€4,
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and for k+1=—1,—-2, we get

(ask + ak+21 + a2k11)ek414+3 = (—a1,20241,0 — a1,20241,1)€k41+3-
(¢c) Ifi=2,and j,k >3, we get for j+k+1>3

(42,505 k42)€jtkti+2 = (O =0k 20k4141,0—Ck,20k+1,0— 02, j0j 411,002,505 41,0) €j 4 kt1+25
forj+k+1=1

(aj12,5+ajkt2)es = (= K=k 2054141,0— Ok, 20k+1,0—a2,j04+141,0—02,j0j+1,0) €3,
for j + k+ 1 < —2, there is no equation, and for j+k+1=10,—1,2,
we have
(42,605 k42)€j4kti+2 = (—k 20k4141,0— 0k 20k+41,0—02,jO4141,0— 02,505 41,0) €j+k+1+2-
(d) If 4,5,k > 3, we get

0 = (= ;Oj1ht1,1—j kOjthtl,2— Wk i it 1 — e i it b, 2— Qi j it j+1,1— @i Ot j+1,2) it j o1
In equation (d), at most two terms can be non-zero for a given [ as i, j and
k must be pairwise distinct.
Let us now compute the 2-coboundaries: a cocycle w is a coboundary in
case there exists a 1-cochain a such that

wlei,ej) = afle;, e5]) — [ei, ale;)] + [ej, ales)]-
As w is homogeneous of weight I, a will be, and we set a(e;) = a;e;4; for all
i > 1. Then the previous equation gives:
(e) Suppose i =1 and j > 3, then

arjejrir1 = (ajp1 —aj —ardo — a1d;41,0)€j4141-
This equation makes sense only if j +1 > 2. For j 4+ = 0,1, one
obtains
arj = aji1.
(f) Suppose i = 1 and j = 2, then for [ > 2
a12 = a3z —az +ay,
while for [ = —1, -2, one gets a1 2 = a3, for | =0, one gets a1 2 =
a3 — az — ay, and for [ = 1, one gets a1 2 = a3z — as.
(g) Suppose i =2 and j > 3, then for j +1 > 2
azj = ajyz — aj(1 = 0j42) + @041 — az(dio + 01,-1),
while for j +1 =0, -1, one gets az ; = a;42, and for j +1 =1, one
gets
az2,j = Gjt+2 + aj.
(h) Fori,j >3withi+j+1>1,i4+1>1and j+1 > 1, the coboundary
equation reads

aij = aj (05411 + 0j41,2) — ai(0iti1 + 0ite2)-
Now stably, i.e. for a fixed [ and j,k >> 0, we have just the following
system of equations:

(@) asp+ aryo1 + o1 = Aok + Qg1 — a1,20;,—2 — a1,20;,—1
(B) @j1k+ i1 = ajk
(V) @jyor + ajri2 = ajk
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Equation (o) means that the 1- and 2-coefficients determine the 3-coefficients.
Equation (/) implies that the differences of adjacent 3- (resp. 4-) coefficients
determine the 4- (resp. 5-) coefficients. But equation () implies that dif-
ferences of next to

adjacent 3-coefficients determine the 5-coefficents directly. We get stably
on the one hand

asp = Q4 kp—a4k+1 = (a3 k=03 k+1)— (A3 k4103 k+2) = A35—20a3 k41+03 k42,
and on the other hand

ask = A3,k — a3,k+2;
thus we conclude that for [ big enough a3 ;41 = a3 jy2. Even if & >> 0,
we take j = 3 in order to get these equations, thus there are extra terms
(coming from equations (c)) for j = —l and j = —l — 1, i.e. in case [ = —3
and [ = —4. In all other weights, we will finally (i.e. for & >> 0) have the
conclusion a3 k11 = a3 k+2-

But now when the 3-coefficients are stably equal, the 4-coefficients are
stably 0, and so are all higher coefficients. This limits considerably the choice
of possible cocycles, at least stably. For example, let us suppose [ > —2. In
this case, equations (e) and (f) show that we can add coboundaries in order
to have all 1-coefficients equal to zero. It is clear from equations (e), (f),
(g) and (h) that once the 1-coefficients are set to zero, the 2-coefficients and
higher coefficients cannot be changed by addition of a coboundary, because
this would change the 1-coefficients, too.

(a), (b) and (c) then show that we have the system of equations

(') agp + ag k1 = agp

(B) @j41k+ ajkr1 = ajk

(V) @2k + ajri2 = ajk
for all j,k > 3. The system tells us that cocycles must have all 3-coefficients
equal, all higher coefficients zero. Observe that the equations which deter-
mined the solutions for mgy are a subset of the equations which must be
satisfied for ms. We conclude that in weight [ > —2, there are at most
two non-trivial families of true deformations: the 2-family and the 3-family.
Whether they give indeed rise to true deformations will be determined in
later subsections by studying their Massey powers.

3.2. Massey powers. Observe that the Massey square does not involve
the bracket of the Lie algebra, so we get for mo the same Massey square as
for my. For example, the 2-family has zero Massey square (as a cochain)
in all weights (but observe that the 2-family is not necessarily a cocycle in
all weights). We will examine the 3-family in positive or zero weight in the
following proposition.

An important point is that for mg, we had restrictions on the true defor-
mations coming from the nullity of the Massey squares and higher Massey
powers. For ms here, we have more possibilities to compensate non-zero
Massey powers, so there are less restrictions. Most of the restrictions for
deformations of my come already from the cocycle equations.

Proposition 1. Letw € le(mg; my) be the homogeneous 2-cocycle of weight
I > 0 given by the 3-family and representing an infinitesimal deformation
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of mo. Then w can be prolongated to a formal deformation of mo, i.e. all
Massey powers [w]™ € H3(mg;my) of w are trivial.

Proof. Recall that the homogeneous 2-cocycle w of weight [ is given by
coefficients a; ; such that w(e;, e;) = a;j€i4 4. w represents the 3-family,
thus a; ; # 0 (up to antisymmetry) only for ¢ = 2 and j > 5 and ¢ = 3 and
7 > 4. The Massey square of w reads

Miji = @ijQitjrih + GrQjrhtii + Ok iGk+itlj-
We will always suppose i < j < k, up to anti-symmetry. Using a;; # 0 (up
to antisymmetry) only for (i = 2,5 > 5) and (i = 3,5 > 4), we obtain as
only possibly non-zero Massey squares Moy, j,k > 4, and Msj, j,k > 4.
The squares M3y, j, k > 4 are zero because of the restriction [ > 0; indeed,

M3 = 3034 j41k + Ok 304341 = A34jlk T Qkt3+15

and [ >0, j,k > 4 imply that a3y, = ag4341; = 0.
The squares Myjy, j, k > 4 are zero for j > 4, because then

Maji, = agjasyjyik + k2012415,

and once again, [ > 0, 5,k > 4 imply that asy ;i = agpq241; = 0.

Therefore, the only Massey squares we have to compensate are Mogs,
k > 4. We then introduce a homogeneous 2-cochain « of weight 2] with
ales, e;) = b jeirjra. We have for [ > —1

da(es,ej, er) = (b2+j,k — bryo,j — j,k)ej+k+2l+27

meaning do(ez, e3, er) = (bsk—brt2.3—b3k)ert245. We may then compen-
sate the Massey square by just the 3-column of b-coefficients. This ensures
that at most the 2- and 3-columns for the a- and the b-coefficients are non-
Z€ro.

Now suppose by induction that we have already compensated all Massey
powers up to some level in such a way that at most the 2- and 3-columns
for the coefficients of the intervening cochains are non-zero. Then we go on
to compute the next Massey power

Niji = B(v(ei,ej),ex) + v(B(eise5), ex) + cycl.,

where “cycl.” means cyclic permutations in ¢, j,k and 8 and ~ are some
2-cochains satisfying the above restrictions. The weights of the cochains (3
and y are positive or zero. Thus by compensating one step further, we will
reproduce cochains such that at most the 2- and 3-columns for the coeffi-
cients are non-zero. This ends the inductive step. O

Let us summerize what we said about true deformations in weight [ > 0:

Proposition 2. In weight | > 0, the only non-trivial cocycles are given by
(linear combinations of) the 2- and the 3-family. The 2-family gives rise
to a true deformations (its Massey square is zero as a cochain), while the
3-family gives rise to a formal deformation.

We will be more specific about the convergence of this formal deformation
and about the N-graded Lie algebras to which ms deforms in weight 0 in a
later subsection.
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3.3. Cocycles in weight [ < —5. Let us show in this section that there
are no non-trivial 2-cocycles in weight [ < —5. This is somewhat surprising;
we interprete it as being the fact that the cocycle equations for my are very
restrictive.

First of all, equations (e) mean that we can compensate the coefficients
a1, for j+1 > 0 by a suitable coboundary. Observe that a; ; does not make
sense for j + 1 < —1 as aj; is the coefficient in front of e;; 144, so it can be
set to zero. Therefore we will suppose in the following that a;; = 0 for all
j > 2. Thus, by antisymmetry, all coefficients involving an index 1 are zero.

With this in mind, the cocycle equations (a) and (b) become more simple:

® a3+ a2 k+1 = A2k
® a1kt ikl = Gk
fork>3,k+1>2resp. j+k+1>2, j,k>3.
Let us write down the cocycle equations of type (c) with j = 3 (this is the

case of interest for the reasoning which eliminates higher non-zero terms)
and k > 4:

——4<k<—-l-3:a5r = —azp42
k=—l—-2:a5p
k=—l—-1:a5p

k=—l:asy

—agk — a3 k42

—Q3,k+2 — k.2

a3k — a3 k+2 + a2k
k>—l+1:a5p = agr— agp+2

Thus, for k > —1 + 1, we have on the one hand a5 = a3 — a3 p42, and
on the other hand (for £k > -1 —1)

ask = Q4 k—4ky1 = (a3 k=03 k+1)— (A3 k41—03k+2) = A3 k—20A3 k103 k42,

and one deduces ag 11 = ag 42 for all & > — + 1. We call this coefficient
x = ag 41 = as o for all k > —1 4 1.

The equation a5 _; = a3 _; — a3 ;42 + az —; and the equation a5 _; =
as,—;—2a3 _j41+as _;+2 imply that 2a3 ;1o = 2a3 _;41+az —;, and therefore
with a := ag _;, we get © = a3 ;11 + 5.

Step 1: Using these equations, we fill in the table of coefficients a; ; start-
ing from high £ values:

| (2] 3 [4]5]

- a
—1+1 r—5|-5|—%
—l+2 x 0 0
—14+3 x 0 0
—1l+4 x 0 0
—14+5 x 0 0
The —§ will repeat itself to the right of the table, meaning a44, 141 = —§

for all r. But a_;41,—1+1 = 0 by antisymmetry, thus a = 0.
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Step 2: When we call ag _; =: y, the new table looks like:
| [2[3] 4 [ 5 |
-1 Olyly—x|y—=x
—-I+1 x 0 0
—1+2 T 0 0
—1+3 x 0 0
—l+4 x 0 0
—1+5 T 0 0

Once again, continuing the line with y — x to the right, when we hit the
diagonal, we get y = x.
Step 3: When we call az _;—1 =: a, the new table looks like:

| | 2 [ 3 | 4 [ 5 |
—1-1 a |la—x|la—z|a—=x
-1 0 x 0 0
—1+1| —=x T 0 0
—1l+2| -2z T 0 0
—1+3| -3z T 0 0
—l+4| —4x T 0 0
—l+5| -5z T 0 0

The same argument as before gives us here x = a.
Step 4: This time, call az _;_2 =: y, then we get by the equation a5 _;_o =
az, ;-2 —ag_ythat as 9 = —y—wvandas ;2 = —r+y = ag 2 =
—a3 _j—1 + ag,—;—2. One concludes y = 0.
Step 5: Now write the new table:

| | 2 [3[4]5 ]
—1-2| =z 0| —=x|—x
-1 =z |x2| O 0
-1 0 || O 0
—l+1| -z |z| O 0
—1+2|-2zx|xz| 0 0
—14+3|-3x|x| O 0
—l+4| -4z x| O 0
—l+5|-b5x|x| O 0
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Finally, hitting once again the diagonal shows that x = 0. In order to
conclude that all coefficients must be zero, it suffices to show that a4 ;3 =
0. This follows from the (a) equation (with j =3, k=~ —3): a4_;_3 =
—a3 —j—2 = 0. ag —;—3 = 0 suffices, because a; ; can only be non-zero starting
fromi+j+10>0,ie. i=2and j>—-l—1,i=3and j>-1—-2,i=4
and j > —I — 2 and so on.

We summarize in the following

Proposition 3. There are no non-trivial 2-cocycles in weight [ < —5.

3.4. True deformations in weights [ = —1 and | = —2. Again, by the
same reasoning as before, all coefficients involving an index 1 can be set to
zero (up to addition of coboundaries).

The (a) and (b) equations are like in the general case. The (c) equations
are not yet modified (only for [ = —3 and | = —4). There is no non trivial
(d) equation yet.

We are thus still in the range of validity of the reasoning which shows
that there are as only possibly non-trivial cocycles the 2- and the 3-family.

The 2-family is still a cocycle of Massey square zero (as a cochain). The
only thing which may be different here is the proof that the 3-family gives
still rise to a formal deformation.

The first steps are like in the proof of proposition 1: the only Massey
squares we have to compensate are Mogr, kK > 4. We then introduce a
homogeneous 2-cochain « of weight 21 with a(e;,e;) = b; jeit 2. We have
forl>-275,k>3,j<k:

da(ez, es,er) = bsp — brtas — bs g + Opr21,00k,2 + 05421,102.3 + 5421202 3.

As for the 3-family by 3 = 0, this reads more simply:

da(eg, e3,er) = bsp — bryo3 — b3 g + dkg21,00k,2-

We may choose to compensate once again just by the 3-column, i.e. we may
set bs j = by o = 0 for all k. This ensures that at most the 2- and 3-columns
for the a- and the b-coeflicients are non-zero.

The next Massey power is then the Massey cube:

Niji = oa(w(eie)),er) + w(ales,e;),er) + cycl.

= aigbiyjrik + bijaiyjrak + cycl.

We see that the terms we have to compensate are once again of type
Nasi (up to antisymmetry). We will have more and more Massey powers
to compensate. This can be achieved by a growing, but finite number of
cochains at each level. On the other hand, this process will not stop. We
therefore get:

Proposition 4. In weight | = —1,—2, the only homogeneous 2-cocycles
are the 2- and the 3-family. The 2-family is of Massey square zero (as
a cochain), and gives thus rise to a true deformation. The 3-family has
zero Massey powers, and gives rise to a formal deformation with non-zero
contributions at each level.
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3.5. True deformations in weights | = —3 and [ = —4. Let us write
down the cocycle equations. The important equations are those of type (c).
They read:

Qjtok + Qjk+2 = Qjk — Q% 20k+141,0 — @%,20k+1,0 — @2,j0541+1,0 — a2,505+1,0-

In weight | = —3, this means for j = 3 and k > 4 that

asp = a3 — a3 k42 — a2.3.

Compare this equation to

asp = a3k — 2a3 k11 + a3 p42,

which follows as usually from the (a) equations. In conclusion, we get:

—2a3 k12 = a2,3 — 2a3 j11-

This means once again that the differences of 3-coefficients are constant, and
thus that the 4-coefficients are equal, while the 5-coefficients are zero. More
precisely

204 41 = 2(a3 k41 — A3 k12) = 2.3,

and therefore a4 41 = ‘122—3 Either a4 1 # 0 and we get a family with
non-zero coefficients in the first three columns, or a4 ;41 = 0, i.e. az3 =0,
and we get the 3-family.

Observe that the 2-family does not satisfy the cocycle identities in weight
[ < —3. Indeed, for j,k > 3

Qjtok + Qjk+2 = Qjk — Ak 20k+141,0 — @%,20k+1,0 — A2,j0541+1,0 — a2,505+1,0,

and for k >> 0, all terms are zero, but one of the form as ;. This is a
contradiction.

It remains thus (a linear combination of) the 3- and the 4-family. The
3-family is of Massey square zero in weight [ = —3 (see the mg-case !).

Let us turn to weight [ = —4. Once again we look at a 2-cocycle w given by
coefficients a; ; such that aq , = 0 for all £ > 2, which we can achieve possibly
by adding a coboundary, cf equations (e). We cannot exploit independently
equations (f) and (g), because in these equations the same coefficients occur.

Let us write down low degree (a) equations:

Gjt+1,k T Qjk+1 = Gk,

for j,k > 3. We therefore have for example a3 4 = a3z 5. The (b) equations
read

k=3: az 4 = 0.

k=4: as4+ags = a24 = 0.

k=25: ass + ase = azs.

k>6: azp + ag 1 = agp.

And the (c¢) equations, which are the most interesting, read for j = 3:
o k=4: asq+ a3 =ass—as2—az3 =asq —az3.
e k=25 a3 7 = a3;5 — G2 3.
® k>6: a5y + azp42 = a3k — az 3.
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The (d) equations are still void.

Let us now start a table with the coefficients a; ; which varify these equa-
tions. First of all, we call a := ag3, and az4 =: b. Then on the one hand
—as5 = b—a — azg, and on the other hand as5 = b — azg. This gives
aze =b— 35, and as5 = 3.

Now let us perform the same trick as in the other cases: on the one
hand, we have a5} = a3 — a3 x+2 — a2,3, and on the other hand, we have
asp = asp — 2a3 41 + as g2 by the (a) equations, for £ > 6. We get
thus a3 g1 — agp42 = L122—’3, i.e. the differences of the 3-coefficients, which
determine the 4-coefficients, are constant, and therefore the 5-coefficients

zero. We now display the table:

L [ 2 [ 3 [4]5]
3 a
4 0 b
5 —b b 5
r T
A
9 —51)—1—é b—i 2 0

T0a St a

10| -6b+=* |b—=3 5|0

We see that a 2-parameter family is building up. The remaining question
is whether the Massey powers are zero, i.e. whether the family gives rise to a
true or formal deformation. We will consider the two cases a =0 and b =0
separately. For b = 0, we have (a multiple of) the 4-family (up to a non-zero
coefficient ag 3). One easily varifies that the additional non-zero coefficient
as 3 does not change the Massey square zero character of the 4-family in
weight | = —4 (cf the mg-case). For a = 0, we have the 3-family which
has non-zero Massey squares. We compute that Mogqs = 0, Mags = 0, but
Mggk 75 0 for k > 6, that M245 75 0, but M24k =0 for k > 6, that M25k; 75 0
for k > 6, that Msg, = 0 for & > 7, that M3y, # 0 for £ > 5 and finally
that Mgzs, = 0 for k£ > 6. These are all ordered Massey squares which are
possibly non-zero.

We have thus a finite family of non-zero Massey squares which can be
compensated by a finite sum of coboundaries. These give then rise to a
finite number of higher dimensional Massey powers, which can also be com-
pensated in the usual way. All in all we get a formal deformation.

Proposition 5. In weights | = —3 and | = —4, the 3-family and the 4-
family (and their linear combinations) are the only 2-cocycles. In weight

Il = =3, the 3-family gives a true and the 4-family a formal deformations,
whereas in weight | = —4, the 4-family gives a true and the 3-family a formal
deformation.

3.6. Identification of the deformations in weight [ = 0. We have seen
in one of the previous sections that there are exactly two non-trivial cocycles
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(up to linear combinations) in weight [ = 0. One is given by the 2-family,
and the other is given by the 3-family. We then examined Massey powers,
and found that while the 2-family is of Massey square zero in weight [ = 0,
the 3-family has Massey squares at each step and gives finally rise to a formal
deformation. Let us identify in this section the Lie algebras to which mo
deforms.

First consider the 2-family. Write down the corresponding deformation
mi(t) (up to antisymmetry):

le1, €]t = ej1 Vi > 2,

[62, ej]t = €42 + t€j+2 VJ > 3.
We claim that this deformation mi(¢) is trivial, i.e. it does not leave the
isomorphism class of ms. In other words, for any ¢t # —1, the deformed Lie
algebra is isomorphic to ms.
Indeed, define €; := (1 + t)e; for all j > 2, and é; = e;. Then if the e;
obey the ma-relations, the é; obey the mi(t)-relations for all ¢ # —1.
Now consider the deformation given by the 3-family. The corresponding

deformation m2(t) reads (up to antisymmetry):

le1, el = ejp1 Vi > 2,

le2, €5t = ejra + (1 — (j —4))ejra Vi>4,
[62, Ej]t = t€j+3 V] Z 4.

We already saw that this deformation has Massey corrections in any power
of ¢, so that it is a formal deformation. Let us show that it gives a non-
converging deformation. Indeed, if it were converging, the limiting object
would be an N-graded Lie algebra with one-dimensional graded components,
generated in degrees 1 and 2. But by the classification theorem (Theorem
p. 2 in [1]), m23(¢) must be isomorphic to L;. This is obviously not the case,
as m2(¢) has a codimension 3 abelian ideal, whereas L1 does not have any
abelian ideal.
Therefore we arrive at the conclusion:

Proposition 6. The deformations of my in weight | = 0 described in the
following way: one of them is a trivial deformation, i.e. isomorphic to mo,
and the other is a formal non-converging deformation. In particular, mo
does not deform to any other N-graded Lie algebra with one-dimensional
graded components, generated in degrees 1 and 2. In particular, it does not
deform to L.
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