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DEGENERATION OF K3 SURFACES, 1I
by

Kenji Nishiguchi

Introduction. This paper is a continuation of [7]. For the basic definitions and
notations, we refer to [7].

Let 7:X—A={teC||t|] <e} be a semi—stable degeneration of K3
surfaces. The problem we study in the present paper is to find a "good" modification
"X’ — A of wm:X— A and to describe the singular fiber X’ of such
7 X — A

Several years ago, Kulikov [3] and Persson—Pinkham [8] proved that
7: X — A has a modification «" : X’ -—-’ A such that #’ is also semi—stable and
the canonical bundle Kx’ of X’ s trivial, provided that every component of the
singular fiber X, is algebraic (cf. Theorem 1.1). This 7’ : X’ — A is considered as
a "good" modification of w:X — A . Moreover Kulikov [3] described the singular
fiber X'O' of #” : X’ — A, and classified it into three types I, I, III (cf. Theorem
1.2). In [3], he also obtained a result about the monodromy for the degeneration of each
type I, 11, III (cf. Theorem 1.3).

We study a semi~stable degeneration n:X — A of K3 surfaces, in general,
without assuming that every component of XO is algebraic. Persson—Pinkham asked in
their paper [8] whether or not the above theorem due to Kulikov and Persson—Pinkham

(i.e., Theorem 1.1) would hold in this general analytic case. We know that the answer is
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no. Namely, the previous paper [7] showed that there exists x: X — A of which no
semi—stable modification has trivial canonical bundle, and moreover that such a
degeneration 7: X —- A must contain a Hopf surface or a (CB)—surface (see [6] for
the definition) in the singular fiber X, (cf. Theorem 1.4). This x:X — A has no
"good" modification at all in the above sense. In [7], it is also proved that:if a
semi—stable degeneration of K3 surfaces has trivial canonical bundle and contains a
non-algebraic surface in the singular ilber, then it is classified into three types, 117, 1117,
LI’ 411" (cf. Theorem 1.5). § 1 reviews these results.

This paper mainly treats with a semi—stable degeneration 7#:X-— A of K3
surfaces of which no semi—stable modification has trivial canonical bundle. As mentioned
above, such a degeneration 7 : X — A contains a Hopf surface or a (CB)-surface in
the singular fiber. In § 2 (resp. § 3), we shall construct examples of 7: X — A which
contains a Hopf surface (resp. a (CB)—surface) and corresponds to a degeneration of

each type I, II or IIl in algebraic case; The type of this #: X — A will be named

~ NN NIV ~ ~N NN

1y, Iy or 111, (resp. I,, Il or IIII).
§ 4 gives several conjectures about the structure of a semi-stable degeneration
#: X— A of K3 surfaces. The final one of the conjectures says that any

7: X — A would have a semi—stable modification of type

~ ~NV NI ~N Y NN

/ 7 I I4
I, IL, 10,101, 1Y, 4107, X, 11y I0Ig,1;, IT) or III,.

(Sce Conjecture 4.8.)

Last we would like to make a remark about an application to the cassification
theory of higher dimensional complex manifolds. Using a certain semi—stable

degeneration of K3 surfaces of which no semi—stable modification has trivial canonical
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bundle, one-can easily construct a compact complex manifold Y of dimension three
such that the Kodaira dimension x(Y) =0 but no bimeromorphic "model" Y’ of Y

®m _ 1 for any positive integer m . This

has trivial m—th pluricanonical bundle KY’
phenomenon occurs first for complex manifolds of dimension three. Namely, let Z be a
compact complex manifold with x(Z) = 0, in general; if Z is a surface, it is classically

known that the minimal model Z’ of Z has trivial m—~th pluricanonical bundle
®m

KZ’ =1 for m=12.If Z is a projective 3—fold, it is conjectured that there
would exist a "good minimal model" Z’ of Z , whose m—th pluricanonical bundle
Kzfem =1 would be trivial for large enough m . Recently, this conjecture was

partially proved by Miyaoka [4], where he used the above Theorem due to Kulikov and

Persson—Pinkham.
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§ 1.

In this section, we shall review some of known results about degeneraf.ions of K3
surfaces.

Let m: X —— A be a semi-stable degeneration of K3 surfaces. Kulikov [3] and
Persson—Pinkham [8] studied #«:X-—— A under the assumption that every
component of the singular fiber X, is algebraic, and they obtained the following result,

which is the first and most important breakthrough:

Theorem 1.1 ([3], [8]). Let w: X—— A be as above. Then 7: X — A has
a modification 7’ : X’ — A such that =’ is also semi—stable and the canonical

bundle K_/ of X’ is trivial.

Such a modification =’ : X’ — A is considered as a "good model" of the
original degeneration, and Kulikov [3] described the singular fiber of the model.
Namely,

Theorem 1.2 ([3]). Let x:X— A be a semi—stable degeneration of K3
surfaces such that Kx =1 and every component of the singular fiber XO is algebraic.

Then XO is one of the following:

I XO isa K3 surface:



IL  X;=V;+..4+Vy , where V, and Vg are rational surfaces and

0
Vz, 'VN—l are elliptic ruled surfaces. The double curves are all elliptic

curves. The dual graph (X} is'given as follows,

IIL XO =V, + ...+ Vy , where all Vi’s are rational surfaces. The double
curves form a rational cycle on each surface V. . The dual graph =(X;) is a

triangulation of a 2—sphere s2.

Kulikov [3] also obtained a result about the monodromy for degenerations of each
type I, 11, III. First we recall the definition of the Picard—Lefschetz transformation. For

a semi—stable degencration #: X — A of surfaces, let
* 2
7 (&) — Aut (H5(X,T)) (¢ #0)

*
be a monodromy representation, and let P be the image of a generator of ’i‘Tl(A )=1.
P is called the Picard—Lefschetz transformation for 7#:X— A . Put N=1logP .

Using the Hodge theory, Kulikov proved

Theorem 1.3 ([3]). Let m: X — A be a projective semi—stable degeneration of

K3 surfaces with Kx = 1. Then we have

(i) if w#isoftypel,then N=0;
(ii) if 7 isof typell, then N2=0, N#0;

(i)  if 7 is of type III, then NS =0, N2#0.



Now we shall study a semi—stable degeneration of K3 surfaces without assuming
that every component of the singular fiber is algebraic. Then Theorem 1.1 is generalized

as follows:

Theorem 1.4. Let 7w:X—— A be a semi—stable degeneration of K3 surfaces.
Then there exists a semi-stable modification #’ : X/ — A of #:X— A such

that «/ satisfies one of the following:
(1) K7 is trivial

(2)  the singular fiber X6 contains, as a component, a Hopf surface on which

the double curves are just one elliptic curve,

(3) the singular fiber Xa contains, as a component, a (CB)-surface (see

Nishiguchi [6] for the definition of a (CB)—surface).

Furthermore, we have examples of all cases, and the case (1) is disjoint from both the

cases (2) and (3).

This theorem easily follows from Theorem 1.1, the proof of Theorem 1.1 and
Proposition 1.4 all in Nishiguchi [7]. Examples of the cases (2) and (3) are given in § 4
of [7]. For further examples, see also Nishiguchi [5], § 5 of [7] and §§ 2, 3, 4 of this
paper.

As in Theorem 1.2 for the algebraic case, one can classify a degeneration of the case
(1), i.e., a semi—stable degeneration of K3 surfaces with trivial canonical bundle, even

if it contains a non—algebraic surface in its singular fiber:



Theorem 1.5 ([7]). Let =x:X— A be a semi—stable degeneration of K3
surfaces with Kx = 1. We assume that the singular fiber XO containg a non—algebraic
surface. Then, after suitable Mod I and Mod II (see Kulikov [3] for their definition),

X5 becomes one of the following:
I (see Theorem 1.2), II’, III’, II” + III” .
Here we define

1. Xg=V{+..+Vy, where V, and Vy are rational surfaces and

1

A" ’VN—l are relatively minimal elliptic ruled surfaces or Hopf surfaces. The double

91
curves are all elliptic curves. The dual graph n-(XO) is as follows.

For the types III’ and II’ + III’ , we shall not repeat their definition (see Theorem

2.1in [7]), but we give the following

. Conjecture—Definition 1.6. (i) In the singular fiber X, of a degeneration
m: X— A of type III’, there exists just one hyperbolic Inoue surface, and all the
other components are rational surfaces. Only such a degeneration will be called of type
11’ in this paper. Namely one has

I’ Xg=V;+..+Vy+V,, where V(1<i<N) is a rational surface and

0 H

V., is a hyperbolic Inoue surface. The double curves form a rational cycle on each

0
rational surface Vi(l <1< N) and exactly two rational cycles on the hyperbolic Inoue



o

surface Vg . The dual graph n(XO) is a triangulation of a one—point union of two
25 ; |

v s
P
where P corresponds to the component VO and points in S2 other than P
correspond to the components V.’s (1 <i < N).

(ii) In the singular fiber X, of a degeneration m: X — A of type II’ + III’ ,
there exist no hyperbolic Inoue surfaces but several parabolic Inoue surfaces. Only such a
degeneration will be called of type 11’ + 111’ . Namely one has

/ / _ (1) (M)
II +IH° XO—V1+-.-+VN+V0 +---+V0

, where V(1 <i<N) is
a rational surface or a relatively minimal elliptic ruled surface, and Vo(j) (1<j<M) is
a parabolic Inoue surface. The dual graph #(X) is a triangulation of a one—point union
of an S? and several line segments Lj’s (1 <£j< M), where each L.i stems from a
distinct point P j on the 2—sphere 52 : The point P.i corresponds to the component
Vo(j) (j=1,..,.M), a point in s2 other than P.’s corresponds to a rational surface,
and a point in Lj other than P.i corresponds to a relativély minimal elliptic ruled
surface unless it is an edge point of the triangulation of Lj which then corresponds to a
rational surface. The double curves on each component consist of an elliptic curve

and/or a rational cycle.

There are examples of degenerations of all types 117, 117, 11/ + 111" . See § 3
of Nishiguchi [7], and also Example 1.8 below.

We now have the following more general conjecture than the above 1.6, which
would naturally give rise to the restriction of the number of hyperbolic Inoue surfaces in

the singular fiber:
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Conjecture 1.7. Let w: X — A be a semi—stable degeneration of K3 surfaces,
Xy = X \/ the irreducible decomposition of the singular fiber Xp and Di the divisor
of all double curves on V. Assume that one of D.'s has a negative deﬁm’té intersection
matrix. Then the others of D,’s do not have a negative definite or semi-definite

intersection matrix.

The intersection matrix of curves on a hyperbolic Inoue surface or a (CB) — surface
is negative definite, and moreover, that on any non—algebraic surface is negative definite

or semi—definite. Therefore, Conjecture 1.7 says

Conjecture 1.7°. If the singular fiber X0 of a semi-stable degeneration
7: X — A of K3 surfaces contains a hyperbolic Inoue surface or a (CB) — surface,

then the other components in X, are algebraic.

On the other hand, the intersection matrix of all curves on a parabolic Inoue
surface is not definite, and one has an example of a degeneration of type II’ + III’

which contains two parabolic Inoue surfaces in the singular fiber. In fact, we have

Example 1.8. Let VO(J) (j=1,2) be a parabolic Inoue surface with the following

configuration of curves:

VORI
(j=1:2)




where Agj) (i=1,2,3) is a non—singular rational curve p! , As-') i8 a non—singular

elliptic curve, the canonical bundle K () is
v
0

K

= A A _ D _ a0

(4)
0
and the number near a curve in the picture denotes the self—intersection number of that

curve (to keep this convention throughout this paper).

Let \f (i=1,23) bea rational surface with the following configuration of phs .

B
1
o T L.
1 2 _
ViAo o| A7 (Bg=By)
—1
B
_ 1) _a(2)
where Ky, =—-Al)A(D_p _38, .

i
Let V3+j (j=1,2) be a rational surface with the elliptic curve ASJ) whose

normal bundle is

%

NASj)/V3+j= [NAsj),vgj)] :

where KV =— Aij) .
3+] . ,
Now we construct a two—dimensional variety X0 with only normal crossings by

gluing the surfaces V, (i=1,..,5) and V(()j) (j = 1,2) along the corresponding curves.
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Then, as in Theorem 4.4 in Nishiguchi [7], X, can be made the singular fiber of a
semi-stable degenmeration 7:X — A of K3 surfaces, by using the deformation

theory due to Friedman [1]. It is clear that K =1 and = is of type I’ + I’ .

Next we would like to consider the monodromy for a semi—stable degeneration of
K3 surfaces with trivial canonical bundle when it is not necessarily projective. But

nothing is known about this so far, and we only have

Conjecture 1.9. Let 7: X — A be a semi—stable degeneration of K3 surfaces
with Kx =1 . As in Theorem 1.3, let N =log P where P is the Picard—Lefschetz

transformation for «. Then

(i) if wisoftypel, then N=0;
(i) if misoftypellorIl’ , then N°=0, N#0;
(iii)  if 7 isof type 1, 111’ or 11’ + 111’ then N3 =0, N%#0.

A main purpose of this paper is to study a semi—stable degeneration of K3
surfaces which has no semi—stable modification with trivial canomnical bundle, i.e., which
belongs to the case (2) and (3) in Theorem 1.4. The following two sections give examples
of the cases (2) and (3), which look like degenerations of types I, II, III in Theorem
1.2,
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§2.

In this section, we construct examples of semi—stable degenerations of K3 surfaces
in the case (2) of Theorem 1.4. Those degenerations contain a Hopf surface in the
singular fiber and have no semi-stable modification with trivial canonical bundle. The

first example of the following was obtained in [7], but the others are new.

Example 2.1. Let V0 be an elliptic Hopf surface Ha . By definition, Ha is
¢ - {0}/< g >, where g is the automorphism of ¢? - {0} in the form:

g:(zl,zz)H(azl,az2); ael, 0< |a| <1.

Let E be a fiber of lIa . Note that KV = —2E and all fibres are isomorphic to the
0

elliptic curve E=C— {0}/<a> .
Let V1 be an elliptic K3 surface with the elliptic curve E as a smooth fiber.
We construct a two dimensional variety X, with only normal crossings by gluing

Vo and V, along the corresponding curve E as follows.

Then, by using the deformation theory due to Friedman [1], X, can be made the
singular fiber of a semi—stable degeneration 7:X— A of K3 surfaces. The

canonical bundle Kx of X is written as Kx = VO )
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Example 2.2. Let VO and E be as in Example 2.1.

Let V1 and V2 be elliptic rational surfaces with an elliptic curve E’ as smooth
fibers on them. Assume that V1 has the elliptic curve E as a smooth ﬁbef.

We construct a variety X with only normal crossings by gluing VO ,» ¥y and

V, along the corresponding curves E and E’ as follows.

Then, as in Example 2.1, XO is the singular fiber of a semi-stable degeneration

7: X — A of K3 surfaces with Kx = VO .

Example 2.3. Let V,, V,, V,, E and E’ be as in Example 2.2. Put the
elliptic curve E/ =C—{0}/<a’ >, a’ e, 0< |a’| <1.

Let V3 be an elliptic Hopf surface IIa, . Recall that all fibers of H o 8re
isomorphic to € - {0}/< a’> . By -abuse of notatibn, distict two fibers are denoted by
the same E’ .

We construct a variety XO with only normal crossings by gluing Vo Vs Vg

and V3 along the corresponding curves as follows.

I
Vv, E 'Vig/ |[Vag| Vo
XO: :
P
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Then XO is the singular fiber of a semi—stable degeneration 7: X — A of K3

surfaces with Kx = VO .

Example 2.4. Let V0 and E be asin Example 2.1.

Let V, be a rational elliptic surface with the configuration of curves as follows.

Here the elliptic curve E lies on V1 as a smooth fiber; Al' A2 and A3 are IPl’s

and form a singular fiber of type 13 ; and KV1 = — A1 - A2 - A3 .

Let Vi(i = 2,3,4) be a rational surface with the following configuration of plg:

Ci
-
Vi Ai1lo o| Bis1 (C4=Cy)
(i=2,34) 1 :
Citi

Let V. be a rational surface with the following configuration of Pl
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where KV5 =—B1 _B2_B3'

We construct a variety X, with only normal crossing by gluing V.(0<i<3)

along the corresponding curves as follows.

.
.
* ~__
-~
-
- .
-~ ~

v
A4
C3;

Then X is the singular fiber of a semi~stable degeneration 7: X — A of K3

surfaces with Kx = VO .

Example 2.5. Let Vi(O <i<4), E, Aj , B.i and Cj(l <j<3) beasin

Example 2.4. As Ve, the rational surface is replaced by a parabolic Inoue surface.

Namely, let Ve be a parabolic Inoue surface with the following configuration of curves:




7 . . . — 7 - - —
where E’ is an elliptic curve and KV5 =-E B1 B2 B3 .

Let V6 be a rational surface with the elliptic curve E’ whose normal bundle is

NE//V6 = (NE//V5) )

— _ T
where Kve— E".

We construct a variety X, with only normal crossings by gluing Vi(O <i<6)

along the corresponding curves as follows.

Ve
Vg

\ Y v

0 {§3B2 E/ 47_/\53
| _CI: ‘ v,
. C /k C —

X, 2}6‘3 A | 3 -
1

Then X is the singular fiber of a semi—stable degeneration #: X — A of K3

surfaces with Kx = V0 )
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§ 3.

In this section, we give three examples of semi—stable dcgenerations of K3
surfaces belonging to the case (3) of Theorem 1.4. Namely those degeneraiions contain
(CB) — surfaces in the singular fibers. They seem to correspond to degenerations of types
I, II and III in algebraic case (see Theorem 1.2). We remark that the first example was

obtained in Nishiguchi [7], but the others are new.

Example 3.1. As in Example 4.3 in [7], let S be a (CB) —surface with the

following configuration of pls

where the canonical bundle K s of S is written as

Kg=—2(Aj+..+A_ )—(B;+..+B_).

In fact, such a surface S can be obtained as a deformation of the blowing—up of the
Hopf surface in Example 2.1, or equivalently constructed as a surface containing a global
spherical shell (GSS for short). For more detail of the construction of S, see Kato [2].

Let ZI be a K3 suraces with the configuration of Pls as follows.
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Then we have

Theorem 3.2. The (CB)-—surface S and the K3 surface Z; can be
simultaneously made components of the singular fiber of a semi—stable degeneration of

K3 surfaces.
This is nothing but Theorem 4.4 in [7].

Remark 3.3. As mentioned also in Remark after Theorem 4.4 in [7], the Picard
number of a K3 surface is less than 21, hence we have m <10 . For m <9, there

exists such a K3 surface ZI , but for m = 10, the existence is not known.

Next we construct a semi-stable degeneration of K3 surfaces which contains a

(CB) — surface and "a variety of type 11" (sce Theorem 1.2) in the singular fiber.

Example 3.4. Let S, A; and B,(1<i<m) bethe (CB)—surface and the
curves on it as in Example 3.1.
Let Z;; be a two—dimensional variety Z;=R;+ R, with only normal

CIossings; R1 and R2 are rational surfaces joining along a non—singular elliptic curve
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E , and they have the following configuration of curves:

where Ci , Di(l <i<n + n2) and Fj(j = 1,2) are Pl ; Fl and C sprout

111+112

from the same point on E in ZyiSodo C  and Fo; The canonical bundles of R,
1

and R2 are KR1=—E, KR2=—-E.

Then we have

Theorem 3.5. The (CB)—surface S and the variety Z;; with n; +n,=m

and ﬂ.l + £2 = 2 can be simultaneously sit in the singular fiber of a semi—stable

degeneration of K3 surfaces.

Proof. We-construct the degeneration in the similar way to § 2 and [7, §§ 4, 5].
So we only describe each component which is in the singular fiber.
Let Vi(l Si<n -1, ny+1<i<n; +n,— 1) be a rational surface with the

following configuration of Pl -
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i+1

Let V_  be a rational surface with the following configuration of phs .

1
AV G
n, n1+1

where K =—-G_ -G —-2F,-2C_ -1 .

an ny n1+1 2 o, ooy

Similarly, let an +I12=Vm be a rational surface with the following
configuration of pls .
-V G G
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where KVm =—Gm—G1—2F1—2Cm—I

These Vi(1<i<n, +n,=m) are obtained by blowing up P! x PL . 1t is easy

m"

to find the blowing—ups, and left to the reader.

Let Ui(l <i<m) be a projective plane P2 with the following conliguration of

lines:

where KU. = - Bi - 2IIi ]

1
Similarly, let W,(1<i<m) bea P? with the following configuration of lines:

where KW = — Ii - 2Di .

1

Now, gluing S , Rj(j= ,2) , V. U, and W.(1<i<m) along the

1 }
corresponding curves, we obtain a two—dimensional variety X, with only normal
crossings. As in § 2, the deformation theory (cf. Friedman [1]) shows that X, is the
singular fiber of a semi—stable degeneration rX—A  of K3

surfaces. Q.E.D.

Remark 3.6. (i) By the adjunction formula, the canonical bundle K of the

above X is written as
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(ii) Asin Remark 3.3, one has a restriction on m =n, + n, , i.e., there does not

exist ZII with large n, and n, .In fact, we have m = n, +n,<8. More precisely,

Proposition 3.7. Under the above notation, we must have

Furthermore there exists such a variety Z{1 with £, + £, =2 forany n; <4 and
n, <4.

Proof. The former easily follows from the Hodge index theorem. In order to prove
the latter, it is enough to find R with £, =1 for any n <4. Here we only
construct the rational surface Rl with 9‘1 =1 and n, = 4 , because Rl with n, <3
is, as easily seen, obtained by suitable blowing—ups and blowing—downs of R, with
D, = 4.

'We start with P2 , a non—singular cubic curve E and twolines L; and L, with

the configuration as in the first picture below, and then proceed on the blowing—ups at

_alan by
5@@/\ E

the points indicated o in the following pictures.
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(Here a dotted line means an exceptional curve of the first kind which does not appear
explicitly in the configuration of curves on R, .) We used the same symbol E for the
original cubic curve E and its proper transforms. Then note that the canonical bundle
K of the surface at every stage satisfies K=—E.
Thus we obtain the rational surface Rl and therefore the variety
ZII = Rl + R2 , which is desired.
Q.E.D.

Finally, we constructed a semi—stable degeneration of K3 surfaces which contains

a (CB) — surface and a "variety of type III" (cf. Theorem 1.2) in the singular fiber.

Example 3.8. Let S, Ai and Bi(l <i<m) beasin Example 3.1.

Let ZIII be a two—dimensional variety ZIII = T1 + T2 + T3 + 'I‘4 with only

normal crossings; The Tj's (1 <j<4) are rational surfaces with the following

configuration of plss .
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(), =~ 4?
T, <E2>T2——ﬂ£”
(B, =~V

2 4_ (%)
T4: E5 E6 (E5)T4=—P_5
( G)T =_E'( )
E3 4

and the Tj's (1 £ j<4) meet one another transversally along the curves with the same

name; F1 and CIl . Sprout from the same point on El in III ; So do F2 and

1709
Cnl ; The canonical bundles of T,'s are KT1 =— E1 - E2 - E3 ,
KT2=-—E1-E4—E5,KT3= E,-E, - Eg , KT4=—E3—E5—E6.

Then we have

Theorem 3.9. The (CB)—surface S and the variety Zyp with ny +ny=m
f,gl) + ££2) =4 and El((l) + P’l((2) =2 (k=2,..,6) can be simultaneously sit in the

singular fiber of a semi—stable degeneration of K3 surfaces.
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Proof. As in the proof of Theorem 3.5, it is enough to describe each component
which will be in the singular fiber. But components we need here are exactly the same as
before. Namely, let V;, U, and Wi(l <i<m) be the rational surfaces in the proof of

Theorem 3.5. Then, by gluing S, Tj(l <j<4), V;, U, and Wi(1<i<m) along

i 3
the corresponding curves, we construct a variety 'XO with only normal crossings. Due to
the deformation theory, one obtains a semi—stable degeneration #x: X — A of K3

surfaces whose singular fiber is isomorphic to the variety XO . Q.E.D.

Remark 3.10. (i) By the adjunction formula, the canonical bundle K_ of the

above X is written as

(ii) As in Remarks 3.2 and 3.6 (ii), one also has a restriction on m =n, +n, ,
i.e., there does not exist Zi1 with large n, and n, . In fact, we have
‘m =1, +n,< 8 , again. More precisely,

Proposition 3.11. Under the same notation, one must have

n154 and n254.

Moreover, there exists such a variety ZIII with Egl) + 42) =4 and
E.]({l) + P,]({z) =2(k=2,..,6) forany n; < 4 and n, < 4.

Proof. As in the proof of Proposition 3.7, the former part follows from the Hodge




—927 —

index theorem, and in order to prove the latter part, it is sufficient to give an example of
ZIII for the maximal case D =1n,= 4:

To construct T1 , we start with a projective plane IP2 , a non—singular conic curve
C and three lines Ly, Ly, L, with the configuration as in the first picture below,

where K =—~C—L1 , and then we proceed on the blowing—ups at the points

|P2
indicated by o in the following pictures.

(For a dotted line, see the proof of Proposition 3.7.) Clearly the above T, has the
canonical bundle Ky =-— E;-E,=-E; as desired. Thus one. gets the rational surface
B {

T, .

Let T, be the copy of T1 with the different names of curves as follows:
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where KT2 =—E

Next we construct T3 as follows: We take [P 2 , @ non—singular conic curve C’

1~ By By

and a line L’ , where K g =—C’~L", and then blow up the P2 as follows.
P

[P2:

Clearly K'I‘ = - ]E)2 - E4 - E6 , as desired. Thus the rational surface T3 ig obtained.
3

Let T 4 be the copy of T3 with the different names of curves as follows:

where KT4 = --E3—E5 —EG .

We put Zyp =T + T, + Tq+ Ty, which is desired. Q.E.D.



§ 4.

In §§ 2 and 3, we obtained examples of non—algebraic degenerations of K3 surfaces,
which seem to correspond to algebraic degenerations of types I, II, III. For such
non—algebraic degenerations of K3 surfaces, we shall also define the types TO' TTO, TTTO
and the types Tl’ TTI, TTTl, where degenerations of the former three types contain a
Hopf surface as examples in § 2 and ones of the latter three types contain a (CB)—surface -

as in § 3. To define those types, we must first make a preliminary

Definition 4.1. Let x:X — A be a semi—stable degneration of surfaces. Let
Y=V, +..+V, bea set of some components in the singular fiber X, and
Z= Vk+1 + ...+ VM a set of other components than Y in XO ,l.e,, Y4Z = XO .

(1) Y is called a Hopf—set if
a)YNZ=E, where E is a non-singular elliptic curve on Vi and Vk+1 ,

b) Y has no triple point, and the double curves on each component consist of disjoint
elliptic curves. The dual graph x(Y) of Y is a tree,

¢) Components which correspond to edge points in the tree #(Y) and which are
different from a component Vk are Hopf surfaces, and the other components are Hopf
surfaces or relatively minimal elliptic ruled surfaces.

(2) Y is called a (CB)—set if
a) YNZ =D, where D consists of a rational cycle and trees of IPl'a sprouting from
the rational cycle, (Note that D is not necessarily on a single component.)

b) Y contains just one (CB)—surface, and the other components of Y are rational

surfaces,

c) The dual graph #(Y) of Y is topologically contractible.
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Now we can give the following

Definition 4.2. Let x:X — A be a semi—stable degeneration of K3 surfaces,
and XO its singular fiber. Then we define typesof #: X — A as folléws:

TO' Xo=Y+Z, where Y consists of several (at least one) disjoint Hopf—sets
and Z is a K3 surface or an elliptic surface with Kodaira dimension x =1 obtained
from an elliptic K3 surface by a logarithmic transformation along a smooth fiber.

TTO' Xg=Y+Z, where Y consists of several (at least one) disjoint Hopf-sets
and Z is a two—dimensional variely with the configuration of normal crossing
components which is same as that of the singular fiber in a degeneration of type II or 11’
(see Theorems 1.2 or 1.5 respectively). We shall simply call such Z a variety of type Il
orII’.

TTTO. Xg=Y+7Z,where Y -consists of several (at least one) disjoint Hopf—sets
and Z is a variety of type Il or IL” +111” (see Theorems 1.2 or 1.5 respectively).

Tl" Xg=Y+Z,where Y isa(CB)-set and Z is a K3 surface.

TTl. Xg = Y + Z, where Y isa (CB)—set and Z is a variety of type IL.

TTTI._ Xg=Y+Z,where Y isa (CB)-set and Z is a variety of type III.

Remark 4.3. (i) An example of each type can be found as follows:
type T, with Z a K3 surface, in Example 2.1

type TO with Z an elliptic surface of x =1, in Nishiguchi [5];
type TTO with Z of type I, in Example 2.2;

type TTO with Z of type 11, in Example 2.3;

type TTTO with Z of type III,‘in Example 2.4;

type TTTO with Z of type I1’ +111”, in Example 2.5;

type Tl , in Example 3.1;
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type TTl , in Example 3.4;

type TTTI ,in Example 3.8 . _

(ii) There exist degenerations of types TO’ TTO' TTTO with more than one
Hopf-sets. One can easily construct such examples with minor change 6n Examples
2.1-2.5.

(iii) It is proposed that

(a) in the definitions of types T, TT; and TYT;, Y should not consist of more
than one (CB)-sets; - | _

(b) in the definition of type TTTO , Z should not be of type III’;

(c) in the definition of type TTI , Z should not be of type I1”;

(d) in the definition of type TTTl , Z should not by of type 111" or 11/ 41iI’.
These (a)—(d) would be relevant because of Conjecture 1.77.

The previous paper [7] also gave several examples of semi—stable degenerations of
K3 surfaces which contain, in the singular fiber, a (CB)-surface S belonging to certain

series, especially every (CB)—surface containing a GSS with the second Betti number

b ,(S) < 5. But those degenerations were all of type either Tl or TTl . Now we can
construct degenerations of any type Tl’ TTI or TTT'l for each of such (CB)—surfaces S
above. The constructions are very similar to those in § 3 and [7, § 5], so left to the
reader. In‘ particular, one can prove the following theorem which is a generalization of

Corollary 5.8 in [7]:

Theorem 4.4. Let S be a (CB)-surface containing a GSS with & 2(S) <5. Then
S can be made a component in the singular fiber of a semi—stable degeneration of K3

surfaces of any type Tl’ TTI or TTTl .
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We can now raise the following conjecture about the structure of a semi-stable
degeneration of K3 surfaces in the cases (2) and (3) of Theorem 1.4. The conjecture
would be a working hypothesis in the study of non—algebraic degenerations of K3

surfaces.

Conjecture 4.5. Let x: X —— A be a semi—stable degeneration of K3 surfaces.
Then x:X -—— A has no semi—stable modification with trivial canonical bundle if

and only if x:X —— A has a modification of type TO' TTO’ TTTO, Tl’ TTl or TTTI .

Remark 4.6. "If" part in Conjecture 4.5 is easily verified by virtue of the proof of
Theorem 1.1 in Nishiguchi [7].

Next we also have only a conjecture about the monodromy for a degeneration of
each type in Definition 4.2. The conjecture says that the analogue to Theorem 1.3 and

Conjecture 1.9 would be true for a semi—stable degeneration of K3 surfaces which has no

semi—stable modification with trivial canonical bundle.

Conjecture 4.7. Let x: X —— A be a semi—stable degeneration of K3 surfaces,
and N asin Theorem 1.3. Then

(i) if = isoftypeT, (i=0,1),then N=0;
(ii) if x is of type TTi (i=0,1),then N2=0,N#0;
(i)  if 7 isoftype TTY, (1=10,1), then N®=0,N?#0.

Finally, by summing up Conjectures 1.7, 1.9, 4.5, 4.7 and Theorems 1.1-1.5, one

obtains
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Conjecture 4.8. Let x:X —— A be a semi-stable degeneration of K3 surfaces.

Then r has a modification of one of the following types:

I(cf12), T, (42, Y, 42, .. o
I (1.2), 1’(15), 1T, (4.2), 1T (42, . Cq
II (1.2), I’ (1.6), I’ +111 (1.6), TTT, (4.2), TTT; (4.2). ....... Cip

(Here we divided the types I,....,TTTI into three classes Cy, Cy and Cyyy as above.)
Moreover, le¢ N =log P, where P is the Picard—Lefschetz transformation for = .
Then we have

(i) if = isofatypein Cp,then N=0;

(ii) if = isofatypein CII , then N2 = 0,N#0;

(i) if = isofatypein Cp,then N3=0,N*#0.
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