Heisenberg-type subalgebras of U_q(^�sl_2)

A. Zuevsky

Max-Planck Institut für Mathematik, Vivatsgasse 7, 53111, Bonn, Germany

Abstract

Using the second Drinfeld formulation of the quantized universal enveloping algebra U^′_q( ^sl_2) of the affine Lie algebra ^sl_2 extended by auxiliary elements D^{±1}, we introduce the notion and explicitly find elements of a Heisenberg-type subalgebra.

1 Introduction

The purpose of this letter is to introduce a new type of subalgebras which would extend the notion of a Heisenberg subalgebra of a quantized enveloping algebra of an affine Lie algebra. Heisenberg subalgebras of affine Lie algebras and of their q-deformed enveloping algebras are being actively used in various domains of mathematical physics. Most important applications of Heisenberg subalgebras can be found in the field of classical and quantum integrable models and field theories. Vertex operator constructions both for affine Lie algebras [6] and for q-deformations of their universal enveloping algebras [5, 7] are essentially based on Heisenberg subalgebras. Given a quantized universal enveloping algebra U_q(^g) of an affine Kac-Moody Lie algebra ^g, it is rather important to be able to find generators of a Heisenberg subalgebra associated to a chosen grading of U_q(^g). It is not always a trivial task to extract particular Heisenberg subalgebra even in the case of U_q( ^sl_2). For instance, one can easily recognize elements of the homogeneous Heisenberg subalgebra among generators of U_q( ^sl_2) in the second Drinfeld realization [5], while it is not obvious how to extract the principal Heisenberg subalgebra.

The letter is organized as follows. First, we recall the definition of the quantized universal enveloping algebra U^′_q( ^sl_2) in the second Drinfeld realization. Our general idea is to endow (similarly to [1, 2]) the algebra U^′_q(�sl_n) with appropriate elements D^{±1}, and to use properties of extended enveloping algebra generators to find explicit expressions for the elements of corresponding Heisenberg-type subalgebra. Then we prove their commutation relations and make comments on possible generalizations.

2 Second Drinfeld realization of U_q(^�sl_2)

Let us recall the second Drinfeld realization [3, 4] of the quantized universal enveloping algebra U^′_q( ^sl_2). It is generated by the elements {x^±_k , k ∈ ZZ; a_n, n ∈ {ZZ\0}; γ^{± 1}2 , K}, subject to the commutation relations [K, a_k] = 0, K x^±_k K^{−1} = q^{±2} x^±_k , [a_k, a_l] = δ_{k,−l}^{[2k]}_k^{γk−γ−k}_{q−q−1} , [a_n, x^±_k ] = ±^{[2n]}_n γ^{∓ |n|}2 x^±_{n+k}, [x^+_n , x^−_k ] =^1_{q−q−1} � γ^12^{(n−k)} ψ_{k+n} − γ^{− 1}2^{(n−k)} ϕ_{k+n} � , x^±_{k+1} x^±_l − q^{±2} x^±_l x^±_{k+1} = q^{±2} x^±_k x^±_{l+1} − x^±_{l+1} x^±_k ,

(2.1)

where γ^{± 1}2 belong to the center of U^′_q( ^sl_2). The elements ϕ_k and ψ_{−k}, k ∈ ZZ_+, are related to a_{±k} by means of the expressions ∞� m=0 ψ_m z^{−m} = K exp � (q − q^{−1})^{+∞} � k=1 a_k z^{−k} � , ∞� m=0 ϕ_{−m} z^m = K^{−1} exp � −(q − q^{−1})^{+∞} � k=1 a_{−k} z^k � , (2.2)

i.e., ψ_m = 0, m < 0, ϕ_m = 0, m > 0. We define the algebra U_q( ^sl_2) as U^′_q( ^sl_2) endowed with extra elements D^{±1}, which have the properties D D^{−1} = D^{−1} D = 1, D K = K D, D γ = γ D, D x D^{−1} = q^{αx} x, α_x ∈ ZZ,

(2.3)

where x ∈ {a_n, n ∈ {ZZ \ 0}; x^±_n , n ∈ ZZ}.

3 Heisenberg-type subalgebras

In this section we introduce elements of a Heisenberg-type subalgebra of U_q( ^sl_2) and prove their commutation relations. Consider the elements E^±_{±n} ∈ U_q( ^sl_2), n ∈ ZZ_+:

E^±_n = γ^{∓(n+ 1}2^) K x^+_n D^m + x^−_{n+1} D^η, E^±_{−n} = γ^{∓(n+ 1}2^) x^−_n D^θ + K x^+_{−n−1} D^l,

(3.1)

where m, η, θ, l ∈ ZZ.

Proposition. The elements E^±_{±n}, n ∈ ZZ_+, given by (3.1) with m = l = ±1, η = θ = ∓1, and elements D (2.3) defined by α^+_n = α^+_{−k−1} = α^+ = α, α^−_n = α^−_{k+1} = α^− = −α ± 2; n, k ∈ ZZ_+, where α ∈ ZZ is an arbitrary constant, satisfy commutation relations � E^+_n , E^+_{−k} � = δ_{n,k} c^±_n , n ≥ k ; � E^−_n , E^−_{−k} � = 0, n < k ; � E^−_{−n}, E^−_{−k} � = 0, � E^+_n , E^+_k � = 0, n, k ∈ ZZ_+,

(3.2)

where c^±_n ≡^{q−α±2}_{q−q−1} (γ^{n+1} − γ^{−3n−1}), is a central element in U_q( ^sl_2).

We call a subalgebra of U_q( ^sl_2) satisfying commutation relations (3.2) a Heisenberg-type subalgebra.

Proof. The proof consists in direct calculation of commutation relations (3.2). Elements D and m, η, θ, l are chosen in such a way that the powers of q and γ be equal in all parts of commutators in (3.2) correspondingly. Indeed, consider the commutator � E^+_n , E^+_{−k} � = γ^{−(n+k+1)} � q^{m α−k} K x^+_n x^−_k − q^{2+θ α+n} Kx^−_k x^+_n � D^{m+θ} + � q^{2+η α+−k−1} K x^−_{n+1} x^+_{−k−1} − q^{l α−n+1} K x^+_{−k−1} x^−_{n+1} � D^{η+l}

+ γ^{−(n+ 1}2^) � q^{m α+−k−1} K x^+_n K x^+_{−k−1} − q^{l α+n} K x^+_{−k−1} K x^+_n � D^{m+l}

+ γ^{−(k+ 1}2^) � q^{η α−k} K x^−_{n+1} K x^−_k − q^{θ α−n+1} K x^−_k K x^−_{n+1} � D^{η+θ}.

(3.3)

When m = l = ±1, η = θ = ∓1, and, correspondingly, α^+_n = α^+_{−k−1} = α, α^−_n = α^−_{k+1} = −α ± 2; n, k ∈ ZZ_+, then � E^+_n , E^+_{−k} � = γ^{−(n+k+1)} q^{−α±2} K � x^+_n , x^−_k � − q^{−α±2} K � x^+_{−k−1}, x^−_{n+1} �

=^{q−α±2}_{q−q−1} K � γ^12^{(n+k+2)} − γ^{− 1}2^{(3n+3k+2)} � ϕ_{n−k}. (3.4) If n > k, then according to (2.2), ϕ_{n−k} ≡ 0, and � E^+_n , E^+_{−k} � = 0; when n = k, then taking into account that ϕ_0 = K^{−1}, we find � E^+_n , E^+_{−n} � = c^±_n . Similar calculations lead to the rest of commutation relations in (3.2).

4 Conclusions

In the second Drinfeld realization of U_q( ^sl_2) endowed with extra elements D^{±1} we have defined the Heisenberg-type subalgebra, explicitly constructed its elements, and proved their commutation relations. Properties of a Heisenbergtype subalgebra are similar to a Heisenberg subalgebra properties, and are very useful in construction of special types of vertex operators in U_q( ^sl_2), which, in particular, have their applications in the soliton theory of nonlinear integrable partial differential equations [7]. More advanced examples of Heisenberg-type subalgebras associated to various elements D^{±1} and sets of powers m, η, θ, l in U_q(�sl_n) in Drinfeld-Jimbo and the second Drinfeld realizations as well as corresponding vertex operators will be presented in a forthcoming paper [8].

We would like to thank J. Beck, D. Gurevitch, V. Rubtsov, for eliminating discussions of the problem considered in this letter. We also thank V. Lyubashenko, A. Perelomov and especially B. Enriquez for comments. Making use of the occasion, the author would like to express his gratitude to the European Postdoctoral Institute (EPDI/IHES) for financial support, and to the Max-Planck-Institut für Mathematik where this work has been completed.

References

[1] J. Beck. Braid group action and quantum affine algebras. Comm. Math.

Phys. 165, 555-568 (1994), hep-th/9404165;

[2] V. Chari, A. Pressley. A guide to quantum groups. Cambridge University Press, 1994;

[3] V.G. Drinfeld. A new realization of Yangians and quantized affine algebras. Soviet Math. Dokl., 36, (1988), 212-216;

[4] I.B. Frenkel, N. Jing. Vertex representations of quantum affine algebras.

Proc. Natl. Acad. Sci. USA. Vol. 85, 9373-9377;

[5] M.Jimbo, K.Miki, T. Miwa, A.Nakayashiki. Correlation functions of the XXZ model for δ < −1. Phys. Let. A. 168, (1992), 256-263;

[6] V. G. Kac. Infinite-dimensional Lie algebras. Third Ed., Cambridge University Press, 1991;

[7] M. V. Saveliev, A. B. Zuevsky. Quantum vertex operators for the sine– Gordon model. International Journal of Modern Physics A, Vol. 15, No. 24, p. 3877–3897, 2000;

[8] A. Zuevsky. Heisenberg-type subalgebras of U_q(�sl_n) associated to various gradings. In preparation.