HOMOTOPY MEANINGFUL CONSTRUCTIONS: HOMOTOPY COLIMITS

WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

Contents 1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 2. Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 3. Model Categories. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 4. Left derived functors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 5. Homotopy invariant approximation of colimit . . . . . . . . . . . . . . . . . . . . 13 6. Spaces and small categories. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .17 7. Pull-back process and local properties . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 8. Colimits of diagrams indexed by spaces . . . . . . . . . . . . . . . . . . . . . . . . . . 21 9. Kan extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 10. Bounded diagrams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 11. Kan extensions and bounded diagrams. . . . . . . . . . . . . . . . . . . . . . . . . . .27 12. Relative boundness. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .31 13. Reduction process . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 14. Cofibrations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .36 15. Cofibrations and the pull-back process . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 16. Cofibrations and colimits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 17. F un^b_f (L, C) as a model category . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 18. Ocolimit of bounded diagrams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 19. Cones . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 20. Diagrams indexed by cones I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 21. The homotopy colimit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 22. Fubini theorem. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .55 23. Bounded diagrams indexed by Grothendieck constructions . . . . . . . 58 24. Thomason Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 25. Étale spaces of presheaves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 26. Diagrams indexed by cones II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 27. Homotopy colimits as étale spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 28. Cofinality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69 A. Categorical preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 B. Degeneracy map . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

Both authors would like to thank the Fields Institute, Toronto, the ETH, Zürich and the Max Planck Institute, Bonn.

This work has been partly supported by the Volkswagenstiftung Oberwolfach. 1

2 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

1. Introduction

The purpose of this paper is to give a homotopical framework for studying constructions like: push-outs, realization of simplicial objects, classifying spaces, Borel constructions of group actions, singular chains on spaces, twisted chains, étale spaces of presheaves etc.. All these constructions are very fundamental in homotopy theory, and they all are obtained as certain colimits in various categories. In order to consider homotopical properties of these constructions we are going to look at them in model categories. They were defined around thirty years ago by D. Quillen in his foundational book [34].

A model category is a category in which one can do homotopy theory. The key roles are played by three classes of morphisms called weak equivalences, fibrations and cofibrations, which are subject to five simple axioms (see Section 3). This way of thinking about homotopy theory has become very popular. For example, recent advances in localization theory (see in particular [2], [3], [4], [8], [10] and [13]) show that the category of spaces or spectra can be equipped with various model category structures, depending on what one wants to focus on. If the important maps are -say- homology equivalences for a chosen homology theory, the weak equivalences will not be anymore the plain homotopy equivalences, but rather these homology equivalences.

This general idea has been also used very fruitfully in studying classifying spaces of compact Lie groups. Started by D. Quillen [36] and continued in [29], [30] and [15] several homological decompositions of classifying spaces have been found. Such a homological decomposition is a weak equivalence (i.e. a certain homology equivalence!) between BG and the homotopy colimit of a diagram whose values are classifying spaces of proper subgroups of G.

This brings us to the core of the subject of this paper: the homotopy meaningful approximation of the colimit, which is called homotopy colimit and is denoted by hocolim. This paper gives a solution to the following problem:

How can one construct homotopy colimits in any closed model category? In the case of classical homotopy theory the answer has been given by the work of A. Bousfield and D. Kan [6] (see also [42]). In this case the category F un(I, Spaces) can be given an appropriate model structure (see [19, Section 2]). A homotopy invariant approximation of the colimit can then be obtained as follows: for a given diagram F , take its cofibrant replacement and compute the usual colimit. This is indeed the way homotopy push-outs have been defined for decades: before taking the colimit replace the given push-out diagram by a weakly equivalent one where all the objects are cofibrant and both maps are cofibrations (see [28]). Similar methods were successfully applied in the category of Spectra in [41]. However, for a general model category C, we still do not know how to put an appropriate model structure on F un(I, C). Only partial answers have been given. By [28] such a model structure can be found in the case when I is “very small”, so for example when Fun(I, C) is

HOMOTOPY MEANINGFUL CONSTRUCTIONS 3

the category of push-out diagrams (see Example 5.2). The work of C. Reedy [37] gives an appropriate model structure on F un(I, C), for example when I = Δ^{op}, i.e. for simplicial objects in C. But, quoting [28, page 121]) “..., it seems unlikely that Fun(I, C) has a natural model category structure”.

A systematic study of homotopy properties of diagrams has been done by W. Dwyer and D. Kan in an extensive list of papers that includes [18]–[27]. Many of their ideas have found here an echo. The work of R. Thomason including [39] and [40] (see also [1]) should also be mentioned very strongly in this context. E. Dror Farjoun [11], [12] and A. Zabrodsky [14] have made important contributions in this subject as well.

A solution of the problem of constructing homotopy colimit in any model category has been finally given in the recent work of W. Dwyer, P. Hirschhorn, and D. Kan [16].

In this paper we propose an alternative solution, which has two advantages. First, our construction is very small (in some sense minimal). Second, the developed techniques are elementary and geometric. The general scheme is as follows: instead of imposing a model structure directly on F un(I, C), we approximate it by a model category. We find an “almost” Quillen equivalence between F un(I, C) and this model category. This is good enough to find an analogue of a cofibrant replacement in F un(I, C), which can be used in turn to construct the homotopy colimit by taking the ordinary colimit of this cofibrant replacement. Moreover, for various classes of indexing categories, a different model approximation of F un(I, C) can be used. This idea is applied to prove the so called Fubini Theorem (the homotopy colimit commutes with itself, see Corollary 22.7), as well as Thomason Theorem about homotopy colimits of diagrams indexed by Grothendieck constructions (see Corollary 24.6).

In order to construct the model category approximation for F un(I, C), we investigate the role of the geometry of an indexing category in the construction of the homotopy colimit. Since for an arbitrary small category it is difficult to make precise what its geometry is, we focus on the so called simplex categories, i.e., categories associated with simplicial sets (see Definition 6.1). In this way we can take advantage of the geometry of the underlying space. However, since simplex categories are big and complicated, in order to simplify the situation, we put restrictions on diagrams indexed by them. We define what we call bounded diagrams (see Definitions 10.1 and 12.1). The key result says then that there exists an appropriate model structure on the category of bounded diagrams F un^b(K, C) (see Theorem 17.3).

We investigate the local properties of this model structure. These local properties turn out to be essential in proving, among other things, Thomason Theorem (see Corollary 24.6).

The model structure on bounded diagrams is applied to define a functor denoted by ocolim (see Definition 18.1). It is not yet the desired homotopy colimit, but it has many of its good properties. The main feature of hocolim which is not shared by ocolim is additivity with respect to the indexing space (see Remark 18.3). The

4 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

homotopy colimit hocolim_I is then constructed using ocolim and a forgetful functor ϵ : N(I) → I, where N(I) is the simplex category of the nerve of I (see Section 6). We show that the composition: F un(I, C)^{ϵ∗} // F un^b ( N(I), C ) ocolim_{N(I)} // Ho(C) is the homotopy approximation of colim_I (see Theorem 21.1).

2. Notations

The symbol Δ denotes the simplicial category (cf. [33, section 2]), in which the objects are the ordered sets [n] = {0 < · · · < n}, and the morphisms are weakly monotone maps of sets. The morphisms of Δ are generated by coface maps d_i : [n − 1] → [n] and codegeneracy maps s_i : [n + 1] → [n] for 0 ≤ i ≤ n, subject to well-known cosimplicial identities. A simplicial set is then a functor K : Δ^{op} → Sets where Sets denotes the category of sets. One usually denotes the set K[n] by K_n. A morphism between two simplicial sets is by definition a natural transformation of functors. A simplicial set K can be interpreted as a collection of sets (K_n)_{n≥0} together with face maps d_i : K_n → K_{n−1} and degeneracy maps s_i : K_n → K_{n+1} which satisfying the dual of the cosimplicial identities (simplicial identities). For a description of how to do homotopy theory in the category of simplicial sets see [6], [9], [33] and [34]. In this paper we use the symbol Spaces to denote the category of simplicial sets, and by a space we always mean a simplicial set.

An element σ ∈ K_n is called an n-dimensional simplex of K (or n-simplex for short). It is said to be degenerate if there exists σ^′ ∈ K_{n−1} and 0 ≤ i ≤ n − 1 such that s_iσ^′ = σ.

The standard n-simplex Δ[n] is an important example of a space. By definition, its set of k-simplices is given by (Δ[n])_k := mor_Δ([k], [n]). There is a distinguished n-dimensional simplex ι in Δ[n], namely the unique non-degenerate one which comes from the identity map [n] → [n]. The assignment f → f(ι) yields a bijection of sets mor_{Spaces}(Δ[n], K) → K_n. Thus we do not distinguish between maps Δ[n] → K and n-simplices in K. If σ ∈ K_n is a simplex, we use the same symbol σ : Δ[n] → K to denote the corresponding map.

The simplicial subset of Δ[n], which is generated by the simplices {d_iι | 0 ≤ i ≤ n}, is denoted by ∂Δ[n] and called the boundary of Δ[n]. The simplicial subset of ∂Δ[n], which is generated by the simplices {d_iι | i ≠ k}, is denoted by Δ[n, k] and called the horn. There are obvious inclusions Δ[n, k] ⊂ ∂Δ[n] ⊂ Δ[n].

Let C be a category and I be a small category. By F un(I, C) we denote the category whose objects are functors indexed by I with values in C, and morphisms are natural transformations. For any object X ∈ C, there is a constant diagram X : I → C with value X. This assignment defines a functor C → F un(I, C). Its left adjoint is called the colimit and is denoted by colim_I : F un(I, C) → C. Its right adjoint is called the limit and is denoted by lim_I : F un(I, C) → C. If this left (respectively right) adjoint

HOMOTOPY MEANINGFUL CONSTRUCTIONS 5

exists for any small category I, we say that C is closed under colimits (respectively limits).

Let F : I → C be a functor. The object colim_I F is equipped with a natural transformation F → colim_I F , between F and the constant diagram with value colim_I F . This natural transformation has the following universal property. If X is an object in C, then any natural transformation F → X factors uniquely as F → colim_I F → X.

For a detailed exposition on colimits and limits we refer the reader to [28] and [32]. For other categorical constructions used in this paper see Appendix A.

3. Model Categories

In this section we review classical homotopical properties of the coproduct, pushout and the sequential colimit constructions. In order to be able to consider their homotopical properties, we look at these constructions in model categories, i.e. in categories in which one can do homotopy theory. We refer the reader to [28], [34], and [35] for the necessary definitions and theorems concerning these categories. Here we just sketch some of their properties. However the reader should keep in mind that the notion of a model category is essential in this exposition, in fact this paper is about model categories.

A model category is a category, usually denoted by C, together with three distinguished classes of morphisms: weak equivalences, fibrations and cofibrations. This structure is subject to five axioms MC1-MC5 (see [28, Section 3]). A morphism which is both a weak equivalence and a fibration (respectively a cofibration) is called an acyclic fibration (respectively an acyclic cofibration). To denote a weak equivalence, a cofibration and a fibration we use respectively the symbols “^∼→”,“→” and “→→”. Axiom MC1 guarantees that model categories are equipped with colimits and limits. In particular there is a terminal object, denoted by ∗, as well as an initial one, denoted by ∅. An object A is said to be cofibrant if the morphism ∅ → A is a cofibration. It is said to be fibrant if the morphism A → ∗ is a fibration. This axiom also implies the existence of products and coproducts in C, denoted respectively by the symbols “ ∏ ” and “ ∐ ”. Axiom MC2 says that for composable morphisms f : A → B and g : B → C, if two out of {f, g, g∘f} are weak equivalence, then so is the third.

Axiom MC3 guarantees that weak equivalences, fibrations and cofibrations are closed under retracts, i.e. in a commutative diagram:

A // f fflffl GF ED id fflffl A^′ // h fflffl A f fflffl B //

@A BC id OO B^′ // B

6 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

if h is a weak equivalence, a fibration or a cofibration, then so is f.

Cofibrations and fibrations are linked together through the lifting axiom MC4. It says that in a commutative square:

A // i fflffl X p fflffl B // Y if either i : A → B is an acyclic cofibration and p : X → Y is a fibration, or i : A → B is a cofibration and p : X → Y is an acyclic fibration, then there is a lift, i.e. a morphism h : B → X such that the resulting diagram with five arrows commutes. In such a situation we say that i : A → B has the lifting property with respect to p : X → Y . This lifting property characterizes cofibrations and fibrations. A morphism i : A → B is a cofibration if it has the lifting property with respect to all acyclic fibrations. It is an acyclic cofibration if it has the lifting property with respect to all fibrations. Dually p : X → Y is a fibration if all acyclic cofibrations have the lifting property with respect to it. It is an acyclic fibration if all cofibrations have the lifting property with respect to it.

By checking the lifting criterion one can show (see [28, Proposition 3.13]):

3.1. Proposition. Let the following be a push-out square in C:

A // fflffl C fflffl B // D If A → B is an (acyclic) cofibration, then so is C → D.

Axiom MC5 says that any morphism can be expressed as the composition of a cofibration followed by an acyclic fibration, and as the composition of an acyclic cofibration followed by a fibration. Sometimes we assume in addition that such factorizations can be chosen functorially.

By factoring the morphism ∅ → A into a cofibration followed by an acyclic fibration ∅ → QA^∼→→ A we get a cofibrant object QA weakly equivalent to A. Such an object is called a cofibrant replacement of A. For any morphism f : A → B, by the lifting axiom MC4, there exists Qf : QA → QB which makes the compositions QA^∼→→ A^f→ B and QA^{Qf}→ QB^∼→→ B equal. Any such morphism Qf is called a cofibrant replacement of f. We say that we have chosen a cofibrant replacement Q in C, if, for every object A, we have chosen a cofibrant replacement QA^∼→→ A and, for every morphism f : A → B, we have chosen Qf : QA → QB.

Dually, by factoring the morphism A → ∗ into an acyclic cofibration and a fibration A^∼→ RA →→ ∗ we get a fibrant object RA weakly equivalent to A. Such an object is called a fibrant replacement of A. For any morphism f : A → B, by the lifting axiom

HOMOTOPY MEANINGFUL CONSTRUCTIONS 7

MC4, there exists Rf : RA → RB which makes the compositions A^f→ B^∼→ RB and A^∼→ RA^{Rf}−→ RB equal. Any such morphism Rf is called a fibrant replacement of f. We say that we have chosen a fibrant replacement R in C, if, for every object A, we have chosen a fibrant replacement A^∼→ RA and, for every morphism f : A → B, we have chosen Rf : RA → RB.

A model category is set up for defining the notion of homotopy between morphisms. For this purpose one uses so called cylinder and mapping objects. A cylinder object of X is an object Cyl(X) which fits into a factorization of the the fold morphism id ∐ id : X ∐ X → X as a cofibration followed by a weak equivalence X ∐ X^i→ Cyl(X)^∼→ X. Dually, a mapping object of Y is an object Map(Y ) which fits into a factorization of the diagonal Δ : Y → Y × Y as a weak equivalence followed by a fibration Y^∼→ Map(Y )^p−→−→ Y × Y . A left, respectively right, homotopy between f : X → Y and g : X → Y is a morphism H : Cyl(X) → Y , respectively G : X → Map(Y ), for which the following triangles commute: X ∐ X ˙¨ i fflffl f ‘_{g // Y}

Cyl(X) H 77oo ooo ooo ooo ooo X G ((PP

PPPP

PPPP

PPPP f×g // Y × Y

Map(Y ) OO p OO

For example, any two cofibrant replacements Qf : QX → QY and Q^′f : QX → QY of a morphism f : X → Y are left homotopic. Dually, any two fibrant replacements Rf : RX → RY and R^′f : RX → RY of f are right homotopic.

In the case X is cofibrant and Y is fibrant both notions of right and left homotopy between morphisms X → Y coincide (see [28, Lemma 4.21]) and define an equivalence relation. We use the symbol ”≃” to denote this relation. The homotopy category Ho(C) is then a category having same objects as C, but where the morphisms from X to Y are the homotopy classes (right or left) from a cofibrant replacement QX of X to a fibrant-cofibrant replacement RQY of Y . We denote this set by [X, Y ]. By sending an object X ∈ C to the same object X ∈ Ho(C) and a morphism f : X → Y to the (right or left) homotopy class of the composition QX^{Qf}→ QY → RQY , we get a functor C → Ho(C). This functor satisfies the universal property of the localization of C with respect to all weak equivalences (see [28, Theorem 6.2]). If f : X → Y is a morphism in C we use the same symbol f : X → Y to denote the induced morphism in the homotopy category Ho(C).

3.2. Proposition. Let A and B be cofibrant objects. A morphism f : A → B is a weak equivalence if and only if, for any fibrant object Y and any morphism α : A → Y , there exists a unique (up to homotopy) β : B → Y such that α is homotopic to β∘f.

8 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

3.3. Proposition. Let A and B be cofibrant, X fibrant, i : A → B a cofibration and the following be a diagram that commutes up to homotopy: A Ø ¨ i // f fflffl B g ~~~~~ ~~~ ~~ X Then there exists B → X, homotopic to g, which makes this diagram strictly commutative.

Proof. The morphisms g ∘ i and f are homotopic, hence there exists a (right) homotopy H : A → Map(X) between them. Since X is a fibrant object, the composition Map(X) →→ X × X^{p1}−→−→ X is a trivial fibration. Thus there exists a lift G : B → Map(X) in the following square:

A^H // ˙¨ i fflffl Map(X) fflffl ≀ p1 fflffl B^g // X

This lift is a homotopy between g and the composition B^G−→ Map(X)^{p0}−→ X, which gives the desired morphism.

Taking the push-out of an (acyclic) cofibration along any morphism is again an (acyclic) cofibration (see Proposition 3.1). Taking the push-out of a weak equivalence along a cofibration in general is no longer a weak equivalence. If it is so the category C is called proper (see [5, Definition 1.2]). Nevertheless in the case the involved objects are cofibrant, we have:

3.4. Proposition. Let A → B be a cofibration, f : A^∼→ C a weak equivalence and the following be a push-out square: A Ø ¨ i // f ≀ fflffl B g fflffl C Ø ¨ j // D If A, B and C are cofibrant, then g : B → D is a weak equivalence.

Proof. Since C is cofibrant and j is a cofibration, D is cofibrant. Hence, by Proposition 3.2, we have to show that for any fibrant object Y and a morphism α : B → Y , there exists a unique (up to homotopy) β : D → X such that β ∘ g ≃ α. Since f is a weak equivalence, there is a γ : C → X for which i ∘ α ≃ γ ∘ f. By assumption i is a cofibration, thus according to Proposition 3.3 there exists α^′ : B → X, homotopic to α, such that γ ∘ f = α^′ ∘ i. In this way we obtain a morphism β : D → X, from the push-out D, with the desired property.

The uniqueness can be checked in a similar way by replacing X, in the previous argument, with Map(X).

HOMOTOPY MEANINGFUL CONSTRUCTIONS 9

Propositions 3.2, 3.3 and 3.4 can be used to study homotopy invariance of the coproduct, push-out and the sequential colimit constructions:

3.5. Proposition.

(1) If for i ∈ I, f_i : X_i → Y_i is a weak equivalence between cofibrant objects, then so is the coproduct ∐ i∈I f_i : ∐ i∈I A_i → ∐ i∈I B_i. (2) Consider the following natural transformation between push-out diagrams: A f fflffl = colim ( A_0 f0 ≀ fflffl A_1

oo Ø ¨ // f1 ≀ fflffl A_2 f2 ≀ fflffl

)

B^= colim ( B_0 B_1

oo // B2 )

where, for l = 0, 1, 2, f_l is a weak equivalence and A_l, B_l are cofibrant. If A_1 → A_2 and either B_1 → B_2 or B_1 → B_0 are cofibrations, then f : A → B is a weak equivalence.

(3) Consider the following natural transformation between (possibly transfinite) telescope diagrams: A f fflffl = colim ( A_0 f0 ≀ fflffl

Ø ¨ i0 // A 1 Ø ¨ i1 // f1 ≀ fflffl A_2 f2 ≀ fflffl

Ø ¨ i2 // · · · )

B^= colim ( B_0 Ø

¨ j0 //

B_1 Ø

¨ j1 //

B_2 Ø

¨ j0 // · · · ) where, for l ≥ 0, f_l is a weak equivalence, A_l and B_l are cofibrant and i_l, j_l are cofibrations. Then f : A → B is a weak equivalence.

Since (1), (2) and (3) can be proved using similar methods, we show only (3).

Proof of (3). The colimit A is equipped with morphisms ζ_l : A_l → A for all l ≥ 0. By checking the lifting property, it is easy to see that ζ_0 : A_0 → A is a cofibration and hence A is cofibrant. We can then apply Proposition 3.2 to prove that f is a weak equivalence. Let X be fibrant and k : A → X be a morphism. Since f_0 is a weak equivalence, there is g_0 : B_0 → X such that g_0 ∘ f_0 ≃ k ∘ ζ_0. Using Proposition 3.3 we can modify k, up to homotopy, to get k_0 : A → X such that g_0 ∘ f_0 = k_0 ∘ ζ_0.

In the next step, since f_1 is a weak equivalence, we can find g^′_1 : B_1 → X for which g^′_1 ∘ f_1 ≃ k_0 ∘ ζ_1. By precomposing with i_0 we see that g_0 ∘ f_0 ≃ g^′_1 ∘ j_0 ∘ f_0. Therefore g_0 ≃ g^′_1 ∘ j_0. Hence we can replace g^′_1 by a homotopic morphism g_1 : B_1 → X which gives a strict equality g_0 = g_1 ∘ j_0. We can again modify k_0, up to homotopy, to get k_1 : A → X such that g_1 ∘ f_1 = k_1 ∘ ζ_1.

Continuing this process inductively we get a family of strictly compatible morphism g_l : B_l → X inducing g : B → X for which g ∘ f ≃ k.

The homotopical uniqueness of g can be shown by a similar argument replacing X with Map(X).

10 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

Under some circumstances the coproduct, push-put and the sequential colimit constructions preserve also cofibrations and acyclic cofibrations:

3.6. Proposition.

(1) If for all i ∈ I, f_i : A_i → B_i is an (acyclic) cofibration, then so is the coproduct ∐ i∈I f_i : ∐ i∈I A_i → ∐ i∈I B_i. (2) Consider the following natural transformation between push-out diagrams: A f fflffl = colim ( A_0 f0 fflffl A_1

oo // f1 fflffl A_2 f2 fflffl

)

B^= colim ( B_0 B_1

oo // B2 )

Let M = colim(B_1^{f1}←− A_1 → A_2) and g : M → B_2 be induced by the commutativity of the above diagram. Then: • If f_0 and g are cofibrations, then so is f.

• If f_0, f_1 are acyclic cofibrations, f_2 is a weak equivalence and g is a cofibration, then g and f are acyclic cofibrations.

(3) Consider the following natural transformation between (possibly transfinite) telescope diagrams: A f fflffl = colim ( A_0 f0 fflffl // A_1 // f1 fflffl A_2 f2 fflffl // · · · )

B^= colim ( B_0 // B_1 // B_2 // · · · ) If f_0 and, for all i, colim(B_i ← A_i → A_{i+1}) → B_{i+1} are (acyclic) cofibrations, then so is f.

Since the proofs are analogous we show only the second part of (2).

Proof of the second part of (2). The morphism f_2 : A_2 → B_2 factors as a composition A_2 → M^g→ B_2. By the assumption f_1 is an acyclic cofibration and hence so is A_2 → M. Therefore, since f_2 is a weak equivalence, g is an acyclic cofibration.

To prove that f is an acyclic cofibration we have to show that it has the lifting property with respect to all fibrations, i.e. for any fibration E →→ X and commutative square:

A // f fflffl E fflfflfflffl B // X we need to construct a lift h : B → E.

HOMOTOPY MEANINGFUL CONSTRUCTIONS 11

For this purpose consider the following commutative diagram:

A_0 ˙¨

f0 ≀

fflffl

&&NN NNN NNN NNN NN A_1 oo ˙¨

fflffl f1 ≀

// A_2

f2 ≀

fflffl ssgggggg gggggg gggggg gggggg gggggg Ss ∼

�flfl flfl flfl flfl flfl flfl flfl E

fflfflfflffl

M ı p_g B BB BB BB

s jjTTTTT TTTTT TTTTT TTTTT TT

B_0 h0� � � �

@@� � � � �

&&NN NNN NNN NNN NN B_1 ppp ppp ppp p 88p

oo // B2 h2OOO OOO OOO OOO OOO OO ggOOO OOO OOO OOO OO

ssgggggg gggggg gggggg gggggg gggggg X where:

• the morphism h_0 : B_0 → E is constructed by the lifting property of the acyclic cofibration f_0 : A_0^∼→ B_0 with respect to the fibration E →→ X, • the morphism s : M → E is then induced by the universal property of the colimit M = colim(B_1 ← A_1 → A_2), • finally, h_2 : B_2 → E is constructed by the lifting property of the acyclic cofibration g : M^∼→ B_2 with respect to the fibration E →→ X.

The desired lift h : B → E can be now constructed using the morphisms h_0 and h_2.

4. Left derived functors

In this section we recall the notion of a left derived functor (see [28, Definition 9.1] and [34, Definition 4.1]). Let D be a category with a distinguished class of morphisms called weak equivalences. We use the symbol “^∼→” to denote the morphisms in this class. In the case D is a model category we focus our attention only on the class of weak equivalences.

4.1. Definition. Let E be a category. We say that a functor H : D → E is homotopy invariant if, for any weak equivalence f in D, H(f) is an isomorphism in E.

If D admits a localization functor with respect to weak equivalences D → Ho(D), then, by the universal property, H : D → E is homotopy invariant if and only if it can be expressed as a composition D → Ho(D) → E.

Of course an arbitrary functor usually is not homotopy invariant. We can ask then if its homotopy invariant approximation exists, the so called derived functor:

12 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

4.2. Definition. A functor L(H) : D → E together with a natural transformation L(H) → H is called the left derived functor of H : D → E if: • L(H) is homotopy invariant.

• If G : D → E is a homotopy invariant functor, then any natural transformation G → H factors uniquely as a composition G → L(H) → H.

Let C be a model category and H : D → C be a functor. The left derived functor of the composition D^H→ C → Ho(C) is called the total left derived functor of H (see [28, Definition 9.5]). The essential data to define the total left derived functor of H : D → C is the choice of weak equivalences in D. However for its construction it is very helpful to have an appropriate model structure on D, i.e. in addition to weak equivalences, an appropriate choice of cofibrations and fibrations. In such a situation, for the construction of L(H), cofibrant objects and cofibrant replacement play the crucial role.

4.3. Definition. Let D be model category and C be a category with a distinguished class of weak equivalences. A functor H : D → C is called homotopy meaningful on cofibrant objects if, for any weak equivalence f : X → Y in D between cofibrant objects X and Y , H(f) is a weak equivalence in C.

4.4. Proposition. Let C and D be model categories. If H : D → C is homotopy meaningful on cofibrant objects, then its total left derived functor L(H) exists. It can be constructed by choosing a cofibrant replacement Q in D and assigning to X ∈ D the object L(H)(X) := H(QX) ∈ Ho(C). The natural transformation L(H) → H is induced by the morphisms H(QX^∼→→ X).

4.5. Lemma. Let C, D be model categories and H : D → C be homotopy meaningful on cofibrant objects. If f : X → Y and g : X → Y are left homotopic in D, and X is cofibrant, then H(f) and H(g) are left homotopic in C.

Proof. Since f and g are left homotopic, we can form a commutative diagram in D: X ∐ X^f ‘_{g //} ´ s %%KK KKK KKK K id ‘_{id} fflffl Y

X Cyl(X)

OO ∼ oo By applying H we get: H(X) ∐ H(X) GF ED H(f) ‘ H(g) fflffl // H(id) ‘ H(id) ((PPPPP

PPPP

PPPP H(X ∐ X) ’’OO OOO OOO OOO fflffl // H(Y )

H(X) H ( Cyl(X) ) OO

oo

HOMOTOPY MEANINGFUL CONSTRUCTIONS 13

Since X is cofibrant, then so is Cyl(X). As H is homotopy meaningful on cofibrant objects, H ( Cyl(X) ) → H(X) is a weak equivalence. Let Cyl ( H(X) )_∼ → H ( Cyl(X) ) be a morphism which fits into a factorization of H(X) ∐ H(X) → H ( Cyl(X) ) by a cofibration followed by a weak equivalence: H(X) ∐ H(X) → Cyl ( H(X) )_∼ → H ( Cyl(X) ) This is then indeed a cylinder object for H(X) and we get a left homotopy between H(f) and H(g) by taking the composition Cyl ( H(X) )_∼ → H ( Cyl(X) ) → H(Y ). Proof of Proposition 4.4. Let f : X → Y and g : Y → Z be morphisms in D. Since: QX^{Q(g∘f)}// Q(Z) , QX^{Qf} // QY^{Qg} // QZ are cofibrant replacements of the same morphism g ∘ f, they are left homotopic. Lemma 4.5 implies therefore that the assignment D ∋ X → H(QX) ∈ Ho(C) is a well defined functor.

We have to show that the natural transformation H(QX^∼→→ X) satisfies the appropriate universal property. Let G : D → Ho(C) be a homotopy invariant functor and G → H be a natural transformation. Since G is homotopy invariant, G(QX) → G(X) is an isomorphism and hence, for any object X in D, there exists a unique morphism G(X) → H(QX) for which the following square commutes in Ho(C):

G(QX)^{∼=} // fflffl H(QX) fflffl G(X) //

99ss sss sss ss H(X) These morphisms form the desired unique natural transformation G → H(Q−).

5. Homotopy invariant approximation of colimit

Let I be a small category. Let us consider the category of functors F un(I, C) with values in a model category C. Let F : I → C and G : I → C be functors. A natural transformation Ψ : F → G is called a weak equivalence if it is an objectwise weak equivalence, i.e. if for all i ∈ I, Ψ_i : F (i) → G(i) is a weak equivalence in C.

In general, the colimit construction colim_I : F un(I, C) → C is not homotopy meaningful: a weak equivalence between diagrams usually does not induce a weak equivalence on colimits. We can ask then:

Does a homotopy meaningful approximation of the colimit exist?

14 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

5.1. Definition. The total left derived functor of colim_I : F un(I, C) → C is called homotopy colimit and is denoted by hocolim_I : F un(I, C) → Ho(C).

What is a general strategy for constructing a homotopy meaningful approximation of colim_I ? According to Proposition 4.4 it suffices to put a model category structure on F un(I, C) for which the colimit functor is homotopy meaningful on cofibrant objects.

5.2. Example. Let I be the push-out category, i.e. a category associated with a graph ∗_0 ← ∗_1 → ∗_2. Let Ψ : F → G be a morphism in F un(I, C) given by a commutative diagram: F Ψ fflffl = ( F_0 Ψ0 fflffl F_1

oo // Ψ1 fflffl F_2 Ψ2 fflffl

)

G^= ( G_0 G_1

oo // G2 )

• We call Ψ a weak equivalence if it is an objectwise weak equivalence, i.e. if Ψ_i is a weak equivalence in C for 0 ≤ i ≤ 2.

• We call Ψ a fibration if it is an objectwise fibration, i.e. if Ψ_i is a fibration in C for 0 ≤ i ≤ 2.

• We call Ψ a cofibration if the morphisms colim ( F (i) ← F (1)^{Ψ1}−→ G(1) ) → G(i) (for i ∈ {0, 2}) and Ψ_1 : F (1) → G(1) are cofibrations in C.

It is not difficult to check that F un(I, C), with the above choice of weak equivalences, fibrations and cofibrations, satisfies the axioms of a model category (see [28, Section 10] for a more detailed discussion of push-out diagrams). With this model structure a diagram F (0) ← F (1) → F (2) is cofibrant if the object F (1) is cofibrant in C and the morphisms F (1) → F (0), F (1) → F (2) are cofibrations in C.

Proposition 3.5.(2) implies that the functor colim_I : F un(I, C) → C is homotopy meaningful on cofibrant objects. Therefore, according to Proposition 4.4, its total left derived functor hocolim_I exists. It can be constructed by taking the colimit of a cofibrant replacement. Moreover, Proposition 3.5.(2) implies that if F = ( F (0) ← F (1) → F (2) ) is a push-out diagram of cofibrant objects where either F (1) → F (0) or F (1) → F (2) is a cofibration, then the morphism hocolim(F ) → colim(F ) is a weak equivalence.

5.3. Example. Let I be a telescope category, i.e. a category associated with a graph (∗_0 → ∗_1 → ∗_2 → · · · ). Let Ψ : F → G be a morphism in F un(I, C) given by a commutative diagram: F Ψ fflffl = ( F_0 // Ψ0 fflffl F_1 // Ψ1 fflffl F_2 Ψ2 fflffl // · · · )

G^= ( G_0 // G_1 // G_2 // · · · )

HOMOTOPY MEANINGFUL CONSTRUCTIONS 15

• We call Ψ a weak equivalence if it is an objectwise weak equivalence, i.e. if Ψ_i is a weak equivalence in C for i ≥ 0.

• We call Ψ a fibration if it is an objectwise fibration, i.e. if Ψ_i is a fibration in C for i ≥ 0. • We call Ψ a cofibration if the morphisms Ψ_0 : F (0) → G(0) and, for i ≥ 0, colim ( G(i)^{Ψi}←− F (i) → F (i + 1) ) → G(i + 1) are cofibrations in C.

It is not difficult to check that F un(I, C), with the above choice of weak equivalences, fibrations and cofibrations, satisfies the axioms of a model category. With this model structure a diagram ( F (0) → F (1) → F (2) → · · · ) is cofibrant if the object F (0) is cofibrant and, for i ≥ 0, the morphisms F (i) → F (i + 1) are cofibrations.

Proposition 3.5.(3) implies that the functor colim_I : F un(I, C) → C is homotopy meaningful on cofibrant objects. Therefore, according to Proposition 4.4, its total left derived functor hocolim_I exists. It can be constructed by taking the colimit of a cofibrant replacement.

For a general category I however, we do not know how to put a model structure on F un(I, C) for which the colimit is homotopy meaningful on cofibrant objects. Therefore we can not use directly Proposition 4.4 to construct hocolim_I . Instead we are going to approximate F un(I, C) by a model category. Using this approximation we can find a candidate for a “cofibrant replacement” in F un(I, C). We can then construct the total left derived functor of colim_I in an analogous way to the construction given in Proposition 4.4. More precisely:

5.4. Proposition. Let M be a model category. Assume that we have a commutative diagram of functors (both triangles commute): F un(I, C) colim_I $$II III III II r // M H ~~~~ ~~ ~~ ~~ l oo

C where:

• l is left adjoint to r.

• r is homotopy meaningful, i.e. if Ψ is a weak equivalence in F un(I, C), then rΨ is a weak equivalence in M.

• For any diagram F : I → C and any cofibrant object X in M, if a morphism X → rF is a weak equivalence in M, then so is its adjoint lX → F in F un(I, C).

• H is homotopy meaningful on cofibrant objects. Then:

(1) The total left derived functor of colim_I exists. It can be constructed by taking the

composition F un(I, C)^r→ M^{L(H)}−→ Ho(C).

16 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

Moreover, if l is homotopy meaningful on cofibrant objects, then:

(2) The localization of F un(I, C) with respect to weak equivalences exists. The homotopy category of F un(I, C) can be constructed by taking the full subcategory in Ho(M) generated by the image of F un(I, C)^r→ M → Ho(M).

Proof of Proposition 5.4.(1). Since H is homotopy meaningful on cofibrant objects, according to Proposition 4.4, its total left derived functor exists. Moreover, it can be constructed by choosing a cofibrant replacement Q in M and taking L(H)(X) = H(QX). For any F : I → C, define: • QF : I → C to be lQrF , • QF = lQrF → F to be the adjoint of QrF^∼→→ rF .

Observe that the assignment F un(I, C) ∋ F → colim_I QF ∈ Ho(C) is a well defined functor as it coincides with L(H) ∘ r.

We are going to show that colim_I Q(−) : F un(I, C) → Ho(C), together with the natural transformation induced by colim_I (QF → F ), is the total left derived functor of colim_I . Let G : F un(I, C) → Ho(C) be homotopy invariant and G → colim_I be a natural transformation. For any F : I → C, define G(F ) → colim_I QF to be the unique morphism that fits into the following commutative diagram: G(QF ) // fflffl colim_I QF fflffl G(F ) //

88qq qqq qqq qq colim_I F Since QrF is cofibrant, QF → F is a weak equivalence in F un(I, C) as its adjoint is one. It follows that G(QF ) → G(F ) is an isomorphism and hence such a G(F ) → colim_I QF does exist. These morphisms form the appropriate unique natural transformation G → colim_I Q(−).

5.5. Lemma. Under the assumption of Proposition 5.4, a natural transformation Ψ : F → G in F un(I, C) is a weak equivalence if and only if rΨ is a weak equivalence in M.

Proof. Let us assume that rΨ is a weak equivalence in M. By taking cofibrant replacements we get a commutative square where all morphisms are weak equivalences: QrF^{QrΨ} // fflffl QrG fflffl rF^{rΨ} // rG

HOMOTOPY MEANINGFUL CONSTRUCTIONS 17

Since QrF is cofibrant, the morphisms lQrF → F and lQrF → G are weak equivalences as their adjoints are so. Commutativity of the triangle lQrF ∼ ””E EE EE EE E ≀ fflffl F^Ψ // G and axiom MC2 prove that Ψ is a weak equivalence as well.

Proof of Proposition 5.4.(2). Let us denote by Ho ( F un(I, C) ) the full subcategory in Ho(M) generated by the image of F un(I, C)^r→ M → Ho(M). By Lemma 5.5, to prove that F un(I, C) → Ho ( F un(I, C) ) satisfies the universal property of the localization functor with respect to weak equivalence, we only have to show that the category Ho ( F un(I, C) ) does not have to many morphisms.

Let α : F un(I, C) → D be a homotopy invariant functor. We prove that there exists a unique functor β : Ho ( F un(I, C) ) → D for which the composition F un(I, C) → Ho ( F un(I, C) )_β → D equals α. On objects we have no choice, we define β([F ]) := α(F ). Let F : I → C and G : I → C be functors. Consider a morphism [f] : [F ] → [G] in Ho ( F un(I, C) ) ⊂ Ho(M) induced by a morphism f : QrF → RQrG in M, where Q and R are appropriate cofibrant and fibrant replacements (see Section 3 for the definition of a morphism in the homotopy category). Consider the following natural transformations: F ← lQrF^{lf}−→ lRQrG ← lQrG → G Observe that lQrF → F and lQrG → G are weak equivalences as their adjoints are so. Since l is homotopy meaningful on cofibrant objects, lRQrG ← lQrG is also a weak equivalence. We define β([f]) to be the unique morphism which makes the following diagram to commute in D: α(lQrF ) ∼= fflffl // α(lRQrG) &&NN NNN NNN NNN α(lQrG) ∼= oo ∼= fflffl α(F )^{β([f])} //

88pp ppp ppp ppp α(G) Since α converts weak equivalences into isomorphisms, such β([f]) does exists. One can check that this process defines the desired functor β : Ho ( F un(I, C) ) → D. 6. Spaces and small categories

In this section we recall the definitions and some basic functorial properties of two constructions which intertwine categories with spaces. To a space one can associate its so called simplex category (see [31] and [38]). To a small category one can associate a space called its nerve.

18 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

6.1. Definition. Let K be a simplicial set. The simplex category of K is a category whose objects are maps of the form σ : Δ[n] → K and a morphism between σ : Δ[n] → K and τ : Δ[m] → K is a commutative triangle:

Δ[n] // σ !!D DDD DDD D Δ[m] τ ——yyy yyy yy K To avoid a proliferation of notations the simplex category of K is denoted by the same symbol K. The terminology we use comes from the fact that the objects of K can be identified with the simplices of K. For each n-dimensional simplex σ ∈ K_n, there are n + 1 different morphisms called degeneracies {s_i : s_iσ → σ}_{0≤i≤n} and, if n > 0, there are n + 1 different morphisms called faces {d_i : d_iσ → σ}_{0≤i≤n}. Subject to the usual cosimplicial relations they generate all the morphisms in K.

Taking the simplex category of K is natural in K and hence this process defines a functor Spaces → Cat. 6.2. Example. The simplex category of Δ[0] is the category Δ. Thus diagrams indexed by Δ[0] are cosimplicial objects. Simplex categories are therefore big and complicated. In order to simplify the situation we will put restrictions on diagrams indexed by them (see Sections 10 and 12).

Although the category Δ[n] is rather complicated, it is easy to calculate colimits of diagrams indexed by it. The only non-degenerate n-dimensional simplex ι ∈ Δ[n], i.e. the simplex corresponding to the identity map id : Δ[n] → Δ[n], is a terminal object in the category Δ[n]. Thus, if F : Δ[n] → C is a functor, then the morphism F (ι) → colim_{Δ[n]}F is an isomorphism.

6.3. Definition. Let I be a small category. The nerve of I is a simplicial set N(I) whose set of n-dimensional simplices is given by:

N(I)_n := {i_n^{αn}→ · · ·^{α1}→ i_0 | α_k is a morphism in C} The simplicial operators d_l and s_l are defined as follows:

s_0 : N(I)_0 → N(I)_1 , s_0(i) := i^{id}→ i

Let σ = (i_n^{αn}→ i_{n−1}^{αn−1}→ · · ·^{α1}→ i_0) be an element of N(I)_n. For n > 0 and 0 ≤ l ≤ n, the maps N(I)_{n+1}^{sl}← N(I)_n^{dl}→ N(I)_{n−1} are defined as: s_l(σ) := (i_n^{αn}→ · · ·^{αl+1}→ i_l^{id}→ i_l^{αl}→ · · ·^{α1}→ i_0)

d_l(σ) :=

(i_n^{αn}→ · · ·^{α2}→ i_1) if l = 0 (i_n^{αn}→ · · ·^{αl+2}→ i_{l+1}^{αl∘αl+1}−→ i_{l−1}^{αl−1}→ · · ·^{α1}→ i_0) if 0 < l < n (i_{n−1}^{αn−1}→ · · ·^{α1}→ i_0) if l = n

HOMOTOPY MEANINGFUL CONSTRUCTIONS 19

Taking the nerve N(I) of a category I is natural in I, i.e. this process defines a functor N : Cat → Spaces. 6.4. Remark. For any n ≥ 0, let [n] to be the category associated with a graph (∗_n → ∗_{n−1} → · · · → ∗_0). These categories can be assembled together to form a cosimplicial object [−] : Δ → Cat. The nerve of I can be identified with a simplicial set whose set of n-dimensional simplices is F un([n], I) and the simplicial operators are induced by the cosimplicial operators in [−], i.e. N(I) = F un([−], I).

6.5. Example. The nerve of the category [n] (see Remark 6.4) coincide with the n-dimensional simplex Δ[n], i.e. N([n]) = Δ[n].

There are two forgetful functors ϵ : N(I) → I and ϵ : N(I)^{op} → I associated with the nerve construction: • ϵ : N(I) → I is defined as: (i_n^{αn}→ · · ·^{α1}→ i_0) = σ → i_0 , (s_lσ^{sl}→ σ) → id_{i0} , (d_lσ^{dl}→ σ) → { id_{i0} if l > 0 α_1 if l = 0

• ϵ : N(I)^{op} → I is defined as: (i_n^{αn}→ · · ·^{α1}→ i_0) = σ → i_n , (s_lσ^{sl}→ σ) → id_{in} , (d_lσ^{dl}→ σ) → { id_{in} if l < n α_n if l = n

6.6. Example. Let I be a small category. Consider the functor N(I ↓−) : I → Spaces which assigns to an object i the nerve of the over category I ↓i (see A.1). By sending an n-simplex (i_n → · · · → i_0 → i) in N(I ↓i) to (i_n → · · · → i_0) ∈ N(I) we get a map N(I ↓i) → N(I). This map fits into the following pull-back square in Cat: N(I ↓i) // ϵ fflffl N(I) ϵ fflffl I ↓i // I where ϵ : N(I) → I and ϵ : N(I ↓i) → I ↓i are the forgetful functors. In particular this implies that N(I ↓i) can be identified with ϵ↓i (see A.2).

The maps N(I ↓i) → N(I) form a natural transformation between the diagram N(I ↓−) : I → Spaces and the space N(I). This natural transformation satisfies the universal property of the colimit of N(I ↓−) and hence the induced map colim_I N(I ↓−) → N(I) is an isomorphism.

Here is a list of some basic functorial properties of the nerve functor and the simplex category functor:

20 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

6.7. The nerve N : Cat → Spaces has a left adjoint c : Spaces → Cat (see [31]), i.e.: mor_{Spaces} ( K, N(I) ) = F un ( c(K), I ) Hence the nerve converts pull-backs in Cat into pull-backs in Spaces. In particular N(I × J) = N(I) × N(J). 6.8. The functor Spaces → Cat has a right adjoint S : Cat → Spaces (see [31]), i.e.: F un(K, I) = mor_{Spaces} ( K, S(I) ) This right adjoint can be defined as S(I) := F un(Δ[−], I). It follows that the functor Spaces → Cat converts colimits in Spaces into colimits in Cat.

6.9. By a direct verification one can show that the functor Spaces → Cat converts pull-backs in Spaces into pull-backs in Cat. Thus in particular the simplex category of the product of two spaces K × N can be identified with the pull-back K ×_{Δ[0]} N = lim(K → Δ[0] ← N) in Cat. Nevertheless the functor Spaces → Cat does not have a left adjoint. If it had one, it would convert products in Spaces into products in Cat. However, since the simplex category of Δ[0] is not a terminal object in Cat, the product of simplex categories is much bigger than the simplex category of the product. We use therefore the following notation:

Notation. The product of simplex categories of K and N is denoted by K ~×N.

6.10. The composition Spaces → Cat^N→ Spaces has a right adjoint Ex : Spaces → Spaces, i.e. mor_{Spaces} ( N(K), L ) = mor_{Spaces} ( K, Ex(L) ) The functor Ex can be defined as Ex(L) := mor_{Spaces} ( N(Δ[−]), L ) . It follows that the functor Spaces → Cat^N→ Spaces commutes with colimits. Explicitly, for any diagram of spaces H : I → Spaces, the natural morphisms colim_I N(H) → N(colim_I H) and colim_I N(H^{op}) → N ( (colim_I H)^{op} ) are isomorphisms.

7. Pull-back process and local properties

Let f : L → K be a map of spaces. We can think about f as a functor between simplex categories and hence consider the pull-back process along f (see A.3). By definition it is a functor f^∗ : F un(K, C) → F un(L, C) which assigns to a diagram F : K → C the composition L^f→ K^F→ C. The pull-back process commutes with compositions of maps, i.e. for any N^h→ L^f→ K, (f ∘ h)^∗ coincide with h^∗ ∘ f^∗.

In this paper we are particularly interested in those properties of diagrams indexed by simplex categories which are preserved by the process of pulling-back along maps of spaces.

HOMOTOPY MEANINGFUL CONSTRUCTIONS 21

7.1. Definition. We say that a property of diagrams indexed by simplex categories is local if the following statements are equivalent: • A diagram F : K → C has this property.

• For any simplex Δ[n] → K, the composition Δ[n] → K^F→ C has this property.

Local properties are preserved by the pull-back process, i.e. if F : K → C satisfies some local property, then, for any map L → K, so does the composition L → K^F→ C.

8. Colimits of diagrams indexed by spaces Simplex categories are associated with geometric objects. We would like to take advantage of the intuition coming from this geometry to understand diagrams indexed by such categories and constructions on them.

Let H : I → Spaces be a diagram of spaces and {H(i) → colim_I H}_{i∈I} be a natural transformation which satisfies the universal property of the colimit of H. To describe a functor F : colim_I H → C it is sufficient and necessary to have the following data (compare with A.9):

(1) for every object i ∈ I, a functor F_i : H(i) → C;

(2) for every morphism α : i → j in I, F_i : H(i) → C should coincide with the pullback H(α)^∗F_j, i.e. F_i should be equal to the composition H(i)^{H(α)}−→ H(j)^{Fj}−→ C.

If F : colim_I H → C is a diagram, then F_i : H(i) → C is given by the composition H(i) → colim_I H^F→ C. In the case H is a push-out diagram we get:

8.1. Proposition. Let the following be a push-out square of spaces: A // fflffl L fflffl B // M A diagram F : L → C is isomorphic to one of the form L → M → C if and only if the pull-back A → L^F−→ C is isomorphic to one of the form A → B → C.

Analogously, to describe a functor G : (colim_I H)^{op} → C it is sufficient and necessary to have the following data:

(1) for every object i ∈ I, a functor G_i : H(i)^{op} → C;

(2) for every morphism α : i → j in I, G_i : H(i)^{op} → C should coincide with the composition H(i)^{op H(α)}−→ H(j)^{op Gj}−→ C.

22 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

If G : (colim_I H)^{op} → C is a diagram, then G_i : H(i) → C is given by the composition H(i)^{op} → (colim_I H)^{op G}−→ C. The geometry of an indexing space can be used to calculate colimits. The following proposition can be used to construct colimits by induction on the cell decomposition of the indexing space.

8.2. Proposition. Let H : I → Spaces be a functor. (1) For any F : colim_I H → C, colim_{colimI H} F = colim_I colim_{H(i)}F_i. (2) For any G : (colim_I H)^{op} → C, colim_{(colimI H)}op G = colim_I colim_{H(i)}op G_i Since the proofs are analogous we show only (1).

Proof of (1). Let us denote the map H(i) → colim_I H by ξ_i. Let colim_{H(i)}F_i → colim_{colimI H} F be induced by ξ_i. We show that colim_{colimI H} F , together with the natural transformation induced by these morphisms, satisfies the universal property of the colimit of the diagram i → colim_{H(i)}F_i. Let us choose a compatible family of morphism {h_i : colim_{H(i)}F_i → X}_{i∈I} . For every simplex σ in colim_I H, there exists j ∈ I and τ ∈ H(j) such that ξ_j(τ) = σ. Define F (σ) → X to be the composition F (σ) = F ( ξ_j(τ) ) → colim_{H(j)}F_j^{hj}−→ X. It is easy to check that, for all σ ∈ colim_I H, these morphisms are well defined (they depend only on σ ∈ colim_I H) and they are compatible over colim_I H. Hence they induce a morphism colim_{colimI H} F → X. It is clear from the above description that this morphism is unique.

8.3. Remark. Let H : I → Spaces be a functor. We can perform two operations on H. We can take its colimit colim_I H, or we can think about the values of H as simplex categories and take its Grothendieck construction Gr_I H (see Definition A.5). There is a functor connecting these two categories Gr_I H → colim_I H. It sends an object (i, τ) to the image of τ under the map H(i) → colim_I H. Propositions 8.2 and A.10 say that this functor is cofinal with respect to taking colimits.

The following particular cases of Proposition 8.2 are of special interest:

8.4. Corollary.

(1) Let M = colim(B ← A → L) and F : M → C be a functor. Then the following is a push-out square: colim_AF // fflffl colim_LF fflffl colim_B F // colim_M F (2) Let K = colim(K_0 → K_1 → K_2 → · · · ) where the telescope is possibly transfinite.

Let F : K → C be a functor. Then: colim_K F = colim(colim_{K0} F → colim_{K1} F → colim_{K2} F → · · · )

HOMOTOPY MEANINGFUL CONSTRUCTIONS 23

Calculating colimits of diagrams indexed by arbitrary small categories can always be reduced to calculating colimits of diagrams indexed by simplex categories. The following proposition can be shown by checking that, for all i ∈ I, the categories I ↓N(I) and i↓(NI)^{op} (see A.2) are non-empty and connected (see A.4 and [32, Theorem IX.3.1]).

8.5. Proposition. The forgetful functors ϵ : N(I) → I and ϵ : N(I)^{op} → I (see Section 6) are cofinal with respect to taking colimits, i.e. for any F : I → C, the induced morphisms colim_{N(I)}ϵ^∗F → colim_I F and colim_{N(I)}op ϵ^∗F → colim_I F are isomorphisms.

9. Kan extensions

Let C be a category closed under colimits. Consider a map of spaces f : L → K. In addition to the pull-back process f^∗ : F un(K, C) → F un(L, C), one can associate with f a functor going the “other direction” f^k : F un(L, C) → F un(K, C). This functor is called the Kan extension of f (see A.3 and [32, Section X.3]). It can be characterized as the left adjoint of f^∗. In order to give an explicit construction of f^k we first have to decompose f into a diagram df : K → Spaces. For a simplex σ : Δ[n] → K define df(σ) to be the space that fits into the following pull-back square: df(σ) // fflffl L f fflffl Δ[n]^σ // K

The maps df(σ) → L form a natural transformation between the functor df and the space L. This natural transformation satisfies the universal property of the colimit of df, and hence the induced map colim_K df → L is an isomorphism. Moreover f can be expressed as colim_{σ∈K} ( df(σ) → Δ[dim(σ)] ) . This suggests that one should think about the diagram df as a decomposition of f into pieces lying over small parts of K. On the level of simplex categories, for any σ : Δ[n] → K, Δ[n] is isomorphic to K ↓σ, df(σ) is isomorphic to f ↓σ and the above diagram corresponds to the following pull-back square in Cat (see A.2): f ↓σ // fflffl L f fflffl K ↓σ // K

24 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

9.1. Definition. Let f : L → K be a map of spaces. The Kan extension of f is a functor f^k : F un(L, C) → F un(K, C), which assigns to F : L → C a diagram f^kF : K → C defined as K ∋ σ → colim_{df(σ)}F , i.e. f^kF = colim_{df(−)}F . The Kan extension process does not modify colimits of diagrams.

9.2. Proposition. For any map f : L → K, the following triangle commutes: F un(L, C)^{f k} // colim_L $$II III III II F un(K, C) colim_K zzttt ttt ttt t C Proof. Let F : L → C be a diagram. Since L = colim_K df, according to Proposi- tion 8.2.(1), colim_LF = colim_{colimK df} F = colim_K colim_{df} F = colim_K f^kF . The Kan extension and the pull-back process are closely related (see A.3):

9.3. Proposition. Let f : L → K be a map of spaces. The Kan extension functor f^k : F un(L, C) → F un(K, C) is left adjoint to f^∗ : F un(K, C) → F un(L, C). 9.4. Corollary. The Kan extension f^k : F un(L, C) → F un(K, C) commutes with colimits. Explicitly, for any diagram F : I → F un(L, C), the natural transformation colim_I (f^kF ) → f^k(colim_I F ) is an isomorphism.

Proof. The corollary is a consequence of f^k being a left adjoint. We can also argue directly. Let σ ∈ K be a simplex. By definition (colim_I f^kF )(σ) = colim_I (f^kF (σ)) = colim_{i∈I} colim_{df(σ)}F_i. Since the colimit functor commutes with itself, we can conclude that (colim_I f^kF )(σ) = colim_{df(σ)}(colim_I F )(σ) = f^k(colim_I F )(σ). 9.5. Corollary. The Kan extension process commutes with composition of maps, i.e, for any N^h→ L^f→ K, (f ∘ h)^k = f^k ∘ h^k.

Proof. Since f^k is left adjoint to f^∗ and h^k is left adjoint to h^∗, the composition f^k ∘h^k is left adjoint to h^∗ ∘ f^∗. Hence f^k ∘ h^k coincide with (f ∘ h)^k, as h^∗ ∘ f^∗ = (f ∘ h)^∗.

In Sections 10–13 we introduce and study the notion of boundness for diagrams indexed by simplex categories. It is a fundamental concept in this paper and plays a vital role in subsequent sections.

10. Bounded diagrams Since simplex categories are very complicated, in order to simplify the situation, we put restrictions on diagrams indexed by them:

HOMOTOPY MEANINGFUL CONSTRUCTIONS 25

10.1. Definition. A functor F : K → C is called bounded if, for any degeneracy map s_i : s_iσ → σ in K, the morphism F (s_i) : F (s_iσ) → F (σ) is an isomorphism. It is called strongly bounded if, for any s_i, F (s_i) : F (s_iσ) → F (σ) is the identity.

Using the simplicial identities d_i ∘ s_i = d_{i+1} ∘ s_i = id the boundness condition can also be expressed in terms of the boundary morphisms in K.

10.2. Proposition. A diagram F : K → C is (strongly) bounded if and only if, for any simplex σ ∈ K of the form σ = s_iξ, the morphisms F (d_i) : F (d_iσ) → F (σ) and F (d_{i+1}) : F (d_{i+1}σ) → F (σ) are (identities) isomorphisms.

Bounded diagrams indexed by K, with natural transformations as morphisms, form a category. This category is be denoted by F un^b(K, C). It is a full subcategory of F un(K, C). If S denotes the set of all degeneracy morphisms in K, then F un^b(K, C) can be identified with F un(K[S^{−1}], C).

The full subcategory of F un^b(K, C) consisting of strongly bounded diagrams is be denoted by F un^{sb}(K, C). The inclusion F un^{sb}(K, C) ⊂ F un^b(K, C) is “almost” an isomorphism.

10.3. Proposition. If F : K → C is a bounded diagram, then there exists an isomorphism F → F^′, depending functorially on F , such that F^′ is strongly bounded.

Proof. Any simplex σ : Δ[m] → K can be expressed uniquely as a composition:

Δ[m]^{si1} // Δ[m − 1]^{si2} // · · ·^{sik} // Δ[m − k]^{σ′} // K

where i_1 < i_2 < · · · < i_k and σ^′ is non-degenerate (see [6, Section VIII 2.3]).

Let F : K → C be a bounded diagram. For any σ ∈ K, define F^′(σ) := F (σ^′) and, for any α : σ → τ in K, define F^′(α) to be the composition:

F (σ^′)^{F (σ→σ′)−1} // F (σ)^{F (α)} // F (τ)^{F (τ→τ ′)} // F (τ^′)

This assignment clearly defines a functor F^′ : K → C. It is also clear that, for any degeneracy morphism s_i in K, F^′(s_i) is the identity, i.e. F^′ is strongly bounded.

Let F → F^′ be a natural transformation induced by F (σ) → F (σ^′) = F^′(σ). Since these morphisms are isomorphisms, the proposition has been proven.

Boundness is a local property (see Definition 7.1).

10.4. Proposition. A diagram F : K → C is bounded if and only if, for any simplex Δ[n] → F , the composition Δ[n] → K^F→ C is a bounded diagram.

26 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

10.5. Corollary. Let f : L → K be a map of spaces. If F : K → C is a bounded diagram, then so is the composition L^f→ K^F→ C, i.e. the pull-back process along f : L → K induces a functor f^∗ : F un^b(K, C) → F un^b(L, C).

Values of a strongly bounded diagram are entirely determined by its values on the non-degenerate simplices. However, in general the category F un^{sb}(K, C) can not be identified with F un(dK, C), where dK is the full subcategory of K having only non-degenerate simplices as objects (see Example 10.8).

10.6. Example. The simplex category of Δ[0] is isomorphic to Δ. Thus F un(Δ[0], C) can be identified with the category of cosimplicial objects in C. A strongly bounded diagram indexed by Δ[0] is entirely determined by the value it takes on the unique 0- dimensional simplex (the only non-degenerate one). Thus F un^{sb}(Δ[0], C) can be identified with C. In this case F un^{sb}(Δ[0], C) coincide with the category F un(dΔ[0], C).

A strongly bounded diagram F : Δ[1] → C is entirely determined by the pull-back diagram ( F (0)^{F (d1)}−→ F (0, 1)^{F (d0)}←− F (1) ) . Therefore F un^{sb}(Δ[1], C) is isomorphic to the category of diagrams in C of the shape: ∗

∗ −−−→ ∗ i.e. F un^{sb}(Δ[1], C) coincide with the category of almost square diagrams in C with the initial object missing. Again F un^{sb}(Δ[1], C) can be identified with F un(dΔ[1], C).

The category F un^{sb}(Δ[2], C) can be identified with the category of diagrams in C of the shape: ∗

fflffl

¨¨¨¨ ¨¨ ¨¨ ¨ ∗ //

fflffl

∗

fflffl ∗ ¨¨¨¨ ¨¨ ¨¨ ¨ // ∗

¨¨¨¨ ¨¨ ¨¨ ¨ ∗ // ∗ i.e. F un^{sb}(Δ[2], C) coincide with the category of almost 3-dimensional cubical diagrams in C with the initial object missing. In general, for all n, F un^{sb}(Δ[n], C) can be identified with the category of almost (n + 1)-dimensional cubical diagrams in C with the initial object missing. For all n, F un^{sb}(Δ[n], C) is isomorphic to F un(dΔ[n], C).

10.7. Example. Let us depict the space Δ[2, 1] and its non-degenerate simplices as:

0^{(0,1)} 1^{(0,2)} 2

HOMOTOPY MEANINGFUL CONSTRUCTIONS 27

A strongly bounded diagram F : Δ[2, 1] → C is determined by the following data:

F (0)^{F (d1)} // F (0, 1) F (1) F (d0) oo F (d^1) // F (1, 2) F (2) F (d0) oo Therefore F un^{sb}(Δ[2, 1], C) can be identified with the category of diagrams in C of the shape ∗ → ∗ ← ∗ → ∗ ← ∗. In this case F un^{sb}(Δ[2, 1], C) coincides with F un(dΔ[2, 1], C). 10.8. Example. For n > 0, let S^n := Δ[n]/∂(Δ[n]). A strongly bounded diagram F : S^1 → C is determined by the data:

F (0)

F (d0) // F (d1) // F (0, 1)

Thus F un^{sb}(S^1, C) can be identified with the category of diagrams in C of the shape ∗ −→−→ ∗. In this case F un^{sb}(S^1, C) is again the same as F un(dS^1, C).

Let 0 be the only zero-dimensional simplex in S^n, τ be the only non-degenerate n-dimensional simplex in S^n and α : 0 → τ be any morphism in S^n. Let F : S^n → C be strongly bounded. If n > 1, using the simplicial identities, one can show that the morphism F (α) : F (0) → F (τ) does not depend on the choice of α. This morphism determines the entire diagram F . Thus, for n > 1, F un^{sb}(S^n, C) can be identified with the category of morphisms in C, i.e. with the category of diagrams in C of the shape ∗ → ∗. It follows that if F : S^n → C is bounded, then colim_Sn F is isomorphic to F (τ). In this case F un^{sb}(S^n, C) and F un(dS^n, C) do NOT coincide.

10.9. Example. Let I be a small category and N(I) be its nerve. Let us consider the forgetful functor ϵ : N(I) → I, (i_n → · · · → i_0) → i_0 (see Section 6). By precomposing with this functor diagrams indexed by I pull-back to bounded diagrams indexed by the nerve N(I). This gives a monomorphism ϵ^∗ : F un(I, C) → F un^b ( N(I), C ) . Observe that the pull-back ϵ^∗F of a functor F : I → C sends not only degeneracy morphisms s_i : s_iσ → σ in N(I) to isomorphisms (it is a bounded diagram), but also boundary morphisms d_i : d_iσ → σ for i > 0.

10.10. Example. Let f : L → K be a map of spaces. The diagram df : K → Spaces (see Section 9) is never bounded.

11. Kan extensions and bounded diagrams

In this section we show that the Kan extension process (see Definition 9.1) preserves boundness.

11.1. Theorem. Let f : L → K be a map of spaces. If F : L → C is a bounded diagram, then so is f^kF : K → C, i.e. the Kan extension of f induces a functor f^k : F un^b(L, C) → F un^b(K, C).

28 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

11.2. Lemma. Let the following be a pull-back square:

P // fflffl Δ[n + 1] s_i fflffl Δ[m]^σ // Δ[n]

If F : Δ[m] → C is bounded, then the induced morphism colim_P F → colim_{Δ[m]}F is an isomorphism.

Proof. If σ does not contain the vertex i, then, according to Proposition B.4.(1), the map P → Δ[m] coincide with id : Δ[m] → Δ[m]. Hence in this case the lemma is obvious. We can assume therefore that σ does contain the vertex i. We can go further and assume that the map σ : Δ[m] → Δ[n] is onto all together. If not let Δ[l] → Δ[n] be the simplex corresponding to the image of σ. Since this simplex contains i, according to Proposition B.4.(2), for some j, the following are pull-back squares:

P // fflffl Δ[l + 1] s_j fflffl // Δ[n + 1] s_i fflffl Δ[m] //

@A BC σ OO Δ[l] Ø

¨ //

Δ[n]

Thus by considering Δ[m] → Δ[l], instead of σ : Δ[m] → Δ[n], we can reduce the problem to the case when the map is onto.

Let σ : Δ[m] → Δ[n] be an epimorphism. We are going to show that, for any bounded diagram F : Δ[m] → C, the morphism colim_P F → colim_{Δ[m]}F is an isomorphism. We prove it by induction on the difference m − n.

If m − n = 0, then σ corresponds to the identity Δ[n] → Δ[n]. Hence we can identify P → Δ[n] with s_i : Δ[n + 1] → Δ[n]. In this case the lemma follows easily from the boundness assumption on F .

Let us assume that the statement is true for all maps σ : Δ[m] → Δ[n] where m − n < k. Choose a simplex σ : Δ[m] → Δ[n] for which m − n = k. If the pre-image σ^{−1}(i) consists of only one element, then the map P → Δ[m] corresponds to s_j : Δ[m + 1] → Δ[m] (see Proposition B.4.(2)) and thus, by the boundness assumption on F , this case is clear.

Let us assume that the pre-image σ^{−1}(i) consists of more than one element. In this case σ can be expressed as a composition Δ[m]^{σ′}→ Δ[n + 1]^{si}−→ Δ[n], where σ^′ is an

HOMOTOPY MEANINGFUL CONSTRUCTIONS 29

epimorphism. Let P^′ be a space that fits into the following pull-back square:

P^′ // fflffl Δ[n + 2]

s_i+1 fflffl Δ[m] // Δ[n + 1]

According to Proposition B.4.(3) the map P → Δ[m] can be expressed as a push-out: P fflffl = colim ( Δ[m + 1] s_i %%KK KKK KKK K Δ[m]

d_i+1

oo // id fflffl P^′ ˝˝zz zz zz zz )

Δ[m]^= Δ[m]

Hence: colim_P F = colim ( colim_{Δ[m+1]}F ← colim_{Δ[m]}F → colim_P ′ F ) The boundness condition on F implies that colim_{Δ[m]}F → colim_{Δ[m+1]}F is an isomorphism. It follows that so is colim_P ′ F → colim_P F . As by inductive assumption colim^′_P F → colim_{Δ[m]}F is an isomorphism, we can conclude that colim_P F → colim_{Δ[m]}F is an isomorphism as well.

11.3. Lemma. Let K → Δ[n] be a map. Consider the following pull-back square:

P // fflffl Δ[n + 1] s_i fflffl K // Δ[n]

If F : K → C is a bounded diagram, then the induced morphism colim_P F → colim_K F is an isomorphism.

Proof. Assume first that K is finite dimensional. In this case we prove the lemma by induction on the dimension of K.

If dim(K) = 0, then K = ∐ Δ[0]. Thus the lemma follows from Lemma 11.2 and the fact that the colimit commutes with coproducts.

Assume that the lemma is true for those spaces whose dimension is less than m. Let dim(K) = m. We assume for simplicity that K has only one non-degenerate simplex of dimension m, i.e. K fits into the following push-out square:

∂(Δ[m]) Ø

¨ //

fflffl Δ[m] fflffl L // K // Δ[n] where dim(L) < m.

The general case, when K contains more than one non-degenerate simplex of dimension m, can be proven analogously.

30 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

By pulling back s_i : Δ[n + 1] → Δ[n] along the maps of the above diagram we get a commutative cube, where all the side squares are pull-backs and the bottom and top squares are push-outs:

P_2 Ø

¨ //

––vvv vvv vvv v

fflffl

P_3

˝˝zzz zzz zzz

fflffl P_1 //

fflffl

P

fflffl

// Δ[n + 1]

s_i

fflffl ∂(Δ[m])

––www www www w Ø ¨ // Δ[m]

˝˝–– –– –– –– L // K // Δ[n]

We can now apply Corollary 8.4.(1) to get the following diagram: colim_P F fflffl = colim ( colim_{P1} F fflffl colim_{P2} F oo //

fflffl colim_{P3} F fflffl

)

colim_K F^= colim ( colim_LF colim∂(Δ[m])F oo // colimΔ[m]F ) By inductive assumption the morphisms: colim_{P1} F → colim_LF , colim_{P2} F → colim_{∂(Δ[m])}F are isomorphisms. Moreover Lemma 11.2 implies that so is colim_{P3} F → colim_{Δ[m]}F . This shows that colim_P F → colim_K F is an isomorphism as well.

So far we have proven the lemma in the case when K is finite dimensional. If K is infinite dimensional, by considering its skeleton filtration and applying Corollary 8.4.(2), we can conclude that the lemma is also true in this case.

Proof of Theorem 11.1. Let σ : Δ[n] → K be a simplex. Consider a degeneracy morphism Δ[n + 1]^{si}→ Δ[n]^σ→ K. By definition the spaces df(σ) and df(s_iσ) fit into pull-back squares: df(s_iσ)^{df(si)} // fflffl df(σ) // fflffl L fflffl Δ[n + 1]^{si} // Δ[n]^σ // K

If F : L → C is bounded, then so is the composition df(σ) → L^F→ C. Thus Lemma 11.3 implies that the induced morphism colim_{df(siσ)}F → colim_{df(σ)}F is an isomorphism. This shows that f^kF : K → C is a bounded diagram.

HOMOTOPY MEANINGFUL CONSTRUCTIONS 31

11.4. Corollary. Let f : L → K be a map of spaces. The Kan extension functor f^k : F un^b(L, C) → F un^b(K, C) is left adjoint to the pull-back f^∗ : F un^b(K, C) → F un^b(L, C). 12. Relative boundness

In this section we introduce the notion of relative boundness extending Definition 10.1.

12.1. Definition. Let f : L → K be a map of spaces and F : L → C be a functor. We say that F is f-bounded, or that it is bounded relative to f if, for any simplex σ ∈ L such that f(σ) = s_iξ in K, the morphisms F (d_i) : F (d_iσ) → F (σ) and F (d_{i+1}) : F (d_{i+1}σ) → F (σ) are isomorphisms (compare with Proposition 10.2).

A simplex σ ∈ L is called f-non-degenerate if f(σ) is non-degenerate in K. A bounded diagram relative to f is determined, up to isomorphism, by the values it takes on the f-non-degenerate simplices in L.

The full subcategory of F un(L, C) consisting of diagrams which are bounded relative to f : L → K is denoted by F un^b_f (L, C). If F : L → C is f-bounded, then it is a bounded diagram, i.e. there is an inclusion F un^b_f (L, C) ⊆ F un^b(L, C).

12.2. Example. Let f : L → K be a map which sends non degenerate simplices in L to non-degenerate simplices in K (such a map is called reduced, see Definition 13.4). A diagram F : L → C is f-bounded if and only if it is a bounded diagram, i.e. the inclusion F un^b_f (L, C) ⊆ F un^b(L, C) is an isomorphism. In particular F : K → C is bounded if and only if it is id_K-bounded, i.e. F un^b_{id}(K, C) = F un^b(K, C). Diagrams bounded relative to id are also called absolutely bounded.

12.3. Example. A diagram F : L → C is bounded relative to L → Δ[0] if and only if it is isomorphic to a constant diagram.

Relative boundness is a local property (see Definition 7.1).

12.4. Proposition. A diagram F : L → C is bounded relative to f : L → K if, for any simplex Δ[n] → L, the pull-back Δ[n] → L^F→ C is bounded relative to the composition Δ[n] → L^f→ K.

As a corollary we get that the pull-back process preserves relative boundness.

12.5. Corollary. Let L^h→ M^g→ K be maps of spaces and F : M → C be a diagram.

(1) If F is g-bounded, then the pull-back L^h→ M^F→ C is (g ∘ h)-bounded, i.e. h induces a functor h^∗ : F un^b_g(M, C) → F un^b_{g∘h}(L, C).

(2) If h : L → M is an epimorphism, then L^h→ M^F→ C is (g ∘ h)-bounded if and only if F : M → C is g-bounded.

32 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

Even though Kan extensions preserve absolute boundness (see Theorem 11.1), in general they do not preserve relative boundness. Consider maps Δ[0]^{d1}→ Δ[1] → Δ[0]. Let X be an object in C which is not an initial one. It is clear that a constant diagram X : Δ[0] → C is bounded relative to the composition Δ[0]^{d1}→ Δ[1] → Δ[0]. However (d_1)^kX corresponds to a diagram in F un^b(Δ[1], C) given by a graph X^{id}→ X ← ∅ (see Example 10.6). Thus this diagram is not bounded relative to Δ[1] → Δ[0] (see Example 12.3).

13. Reduction process

In this section we introduce a reduction process. It is used to reduce the study of diagram bounded relative to a map to the study of absolutely bounded diagrams (bounded relative to id).

The reduction process is motivated by the following property of relative boundness:

13.1. Lemma. A diagram F : Δ[n+1] → C is bounded relative to s_i : Δ[n+1] → Δ[n] if and only if there exists a bounded diagram F^′ : Δ[n] → C for which the composition Δ[n + 1]^{si}→ Δ[n]^{F ′}→ C is isomorphic to F . Such a diagram F^′ is necessarily unique up to isomorphism.

Proof. We show that F^′ is given by the composition Δ[n]^{di}→ Δ[n + 1]^F→ C. We have to construct a natural transformation s^∗_i F^′ → F which is an isomorphism. Since both diagrams are bounded it is enough to construct isomorphisms s^∗_i F^′(σ) → F (σ) for non-degenerate simplices σ ∈ Δ[n + 1] (these isomorphism should be natural with respect to σ).

Let σ = (l_0 < · · · < l_m) be a non-degenerate simplex in Δ[n + 1]. If σ does not contain the vertex i, then (d_i ∘ s_i)(σ) = σ. In this case we define the morphism s^∗_i F^′(σ) = F ( (d_i ∘ s_i)(σ) ) → F (σ) to be the identity.

Assume that σ contains the vertex i, i.e. there is k such that l_k = i. We consider two cases. First, assume in addition that σ contains also the vertex i + 1, i.e. l_{k+1} = i + 1. In this case d_i ∘ s_i(σ) = (l_0 < · · · < i = i < l_{k+2} < · · · < l_m) ∈ Δ[n + 1], i.e. (d_i ∘ s_i)(σ) = s_kd_{k+1}σ. Since the simplex s_i(σ) ∈ Δ[n] is of the form s_kτ, the morphisms F (d_k) : F (d_kσ) → F (σ) and F (d_{k+1}) : F (d_{k+1}σ) → F (σ) are isomorphisms (F is bounded relative s_i). We define s^∗_i F^′(σ) → F (σ) to be the composition:

s^∗_i F^′(σ)^= F ( (d_i ∘ s_i)(σ)

)_= F (s_kd_{k+1}σ)^{F (sk)} // F (d_{k+1}σ)^{F (dk+1)}// F (σ)

It is clear that F (s_k) is an isomorphism (F is a bounded diagram).

Assume that σ does not contain the vertex i + 1. Consider the simplex τ = (i_0 < · · · < i_k < i + 1 < i_{k+1} < · · · < l_m) ∈ Δ[n + 1]. The above discussion shows that F (d_k) : F (d_kτ) → F (τ) and F (d_{k+1}) : F (d_{k+1}τ) → F (τ) are isomorphisms.

HOMOTOPY MEANINGFUL CONSTRUCTIONS 33

Observe that (d_i ∘ s_i)(σ) = d_kτ and σ = d_{k+1}τ. We define s^∗_i F^′(σ) → F (σ) to be the composition:

s^∗_i F^′(σ)^= F ( (d_i ∘ s_i)(σ)

)_= F (d_kτ)^{F (dk)}// F (τ)^{F (dk+1)−1} // F (d_{k+1}τ)^= F (σ)

One can check that these morphisms induce the desired natural transformation s^∗_i F^{′ ≃}−→ F . 13.2. Proposition. Let f : L → K be a map. Consider the following commutative diagram:

Δ[n + 1] τ fflffl

s_i //

Δ[n] !!D DDD DDD D ξ fflffl L^h //

@A BC f OO M^g // K where M = colim ( L^τ← Δ[n + 1]^{si}−→ Δ[n] ) .

Then:

(1) A diagram F : L → C is f-bounded if and only if there exists a g-bounded diagram F^′ : M → C for which the composition L^h→ M^{F ′}→ C is isomorphic to F . Any such F^′ is unique up to isomorphism.

(2) The following diagram commutes: F un^b_g(M, C)^{h∗} // colim_M %%JJ JJJ JJJ JJ F un^b_f (L, C) colim_L zzttt ttt ttt t C Proof of (1). Let F : L → C be an f-bounded diagram. It follows that the composition Δ[n + 1]^τ→ L^F→ C is bounded relative to s_i : Δ[n + 1] → Δ[n]. Thus Propositions 8.1 and 13.1 imply that there exists a diagram F^′ : M → C for which the composition L^h→ M → C is isomorphic to F . Since h : L → M is an epimorphism we can conclude two things. First, F^′ : M → C is g-bounded (see Corollary 12.5). Second, F^′ is unique up to isomorphism.

Proof of (2). Let G : M → C be g-bounded. Since M = colim(L^τ← Δ[n+1]^{si}→ Δ[n]), according to Corollary 8.4.(1): colim_M G = colim ( colim_LG ← colim_{Δ[n+1]}G → colim_{Δ[n]}G ) By simplifying we get colim_M G = colim ( colim_LG ← G(h(τ))^{G(si)}−→ G(ξ) ) . The boundness condition on G implies that G(s_i) : G(h(τ)) → G(ξ) is an isomorphism. Hence so is colim_LG → colim_M G. The inverse for h^∗ in Proposition 13.2 can be identified with the Kan extension h^k.

34 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

13.3. Proposition. Assume that we are in the same setting as in Proposition 13.2. Let G : M → C be g-bounded. Then, for any simplex σ : Δ[m] → M, the map dh(σ) → Δ[m] induces an isomorphism h^kh^∗G(σ) = colim_{dh(σ)}G → G(σ). In other words h^kh^∗G is isomorphic to G.

Proof. By pulling back σ : Δ[m] → M along the diagram given in Proposition 13.2 we get the following commutative cube, where all the side squares are pull-backs and the top and bottom squares are push-outs:

P_2

fflffl

//

yysss sss sss ss P_1

fflffl

––www www www dh(σ)

fflffl

// Δ[m] σ

fflffl Δ[n + 1]^{si} // τ yysss sss sss ss Δ[n] ξ ––www www www L^h // M

Let G : M → C be g-bounded. According to Corollary 8.4.(1): G(σ) = colim_{Δ[m]}G = colim ( colim_{dh(σ)}G ← colim_{P2} G → colim_{P1} G ) Since G is g-bounded thus in particular it is a bounded diagram. Lemma 11.2 implies therefore that colim_{P2} G → colim_{P1} G is an isomorphism. It follows that so is colim_{dh(σ)}G → G(σ). 13.4. Definition. We say that a map f : L → K is reduced if it sends non-degenerate simplices in L to non-degenerate simplices in K.

13.5. Example. For any map of spaces f : L → K, the induced maps on nerves N(f) : N(L) → N(K) and N(f^{op}) : N(L^{op}) → N(K^{op}) are always reduced.

Reduced maps can be characterized in terms of lifting properties with respect to degeneracy maps.

13.6. Proposition. A map f : L → K is reduced if and only if in any commutative diagram of the form: Δ[n + 1] // s_i fflffl L f fflffl Δ[n] // K

there is a lift, i.e. a map Δ[n] → L, such that the resulting diagram with five arrows commutes. Observe that if it exists such a lift is necessarily unique.

HOMOTOPY MEANINGFUL CONSTRUCTIONS 35

13.7. Proposition. For any map f : L → K, there is a functorial factorization red(f) = (L^{fred}−→ red(f) → K) such that: (1) red(f) → K is reduced.

(2) If F = (L → X → K) is another factorization of f, where X → K is reduced, then there exists a unique map of factorizations red(f) → F , i.e. there exists a unique map of spaces red(f) → X for which the following diagram commutes: red(f) fflffl ##FF FFF FFF F L // f_{red} ¡¡xx xxx xxx x @A BC f OO X // K

Proof. Let J be the set of all commutative diagrams of the form:

Δ[n + 1] s_i fflffl // L f fflffl Δ[n] // K

If d is such a diagram, then we use the same symbol to denote the number i. Define f_{red} : L → red(f) to be a map that fits into the following push-out square: ∐ d∈J Δ[n + 1] ‘_{d∈J sd} fflffl // L f_{red} fflffl ∐ d∈J Δ[n] // red(f) Observe that f_{red} is an epimorphism. Define red(f) → K to be induced by f : L → K and the “evaluation” map ∐ J Δ[n] → K. We are going to show that the factorization L^{fred}−→ red(f) → K satisfies conditions (1) and (2) of the proposition. Consider a commutative diagram:

Δ[n + 1] s_i fflffl // red(f) fflffl Δ[n] // K

The map red(f) → K was constructed precisely in such a way so we can find a lift in the above square in the case when Δ[n + 1] → red(f) can be factored as Δ[n + 1] → L^{fred}−→ red(f). Since f_{red} : L → red(f) is an epimorphism such a factorization always exists. This shows that red(f) → K is reduced.

36 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

Let F = (L → X → K) be another factorization of f, where X → K is reduced. It follows that in any commutative diagram of the form:

Δ[n + 1] s_i fflffl // L // X fflffl Δ[n] // K

there is always a lift. Such a lift is necessarily unique. By “summing up” over these diagrams we get a unique map of factorizations red(f) → F .

13.8. Definition. Let f : L → K be a map. The factorization L^{fred}−→ red(f) → K of f, constructed in Proposition 13.7, is called the reduction of f.

Using the reduction process, checking the condition for relative boundness can always be reduced to checking the condition for absolute boundness.

13.9. Corollary. Let f : L → K be a map. A diagram F : L → C is f-bounded if and only if there exists a bounded diagram F^′ : red(f) → C for which the composition L^{fred}−→ red(f)^{F ′}→ C is isomorphic to F . Any such F^′ is isomorphic to (f_{red})^kF .

Proof. The map red(f) → K sends non-degenerate simplices in red(f) to nondegenerate simplices in K (it is reduced). Thus a diagram is bounded relative to red(f) → K if and only if it is a bounded diagram. The corollary follows now from Propositions 13.2 and 13.3, since to construct f_{red} : L → red(f) we glued to L maps of the form s_i : Δ[n + 1] → Δ[n].

¿From this section on we start discussing the homotopy theoretical aspects of bounded diagrams. One of the main goals is to show that there is an appropriate model category structure on F un^b(K, C).

14. Cofibrations

Let f : L → K be a map, F : L → C and G : L → C be diagrams and Ψ : F → G be a natural transformation. For any σ : Δ[n] → L, let us pull-back Ψ : F → G along ∂(Δ[n])^i→ Δ[n]^σ→ K, take the colimits and define: M_Ψ(σ) := colim ( colim_{Δ[n]}F colim_{∂(Δ[n])}F oo colim_∂(Δ[_n])Ψ // colim_{∂(Δ[n])}G )

HOMOTOPY MEANINGFUL CONSTRUCTIONS 37

where we use the letter F to denote also the pull-backs σ^∗F and (σ ∘ i)^∗F . We can then form the following commutative diagram: colim_{∂(Δ[n])}F // fflffl colim_{∂(Δ[n])}G fflffl ((PP

PPPP

PPPP PP colim_{Δ[n]}F // ‖ M_Ψ(σ) // colimΔ[n]G ‖ F (σ)^{Ψσ} // G(σ)

Observe that in this way we get a functor M_Ψ : L → C and natural transformations F → M_Ψ → G whose composition equals Ψ. In the case dim(σ) = 0, M_Ψ(σ) = F (σ) and the morphisms F (σ) → M_Ψ(σ) → G(σ) coincide with F (σ)^{id}−→ F (σ)^{Ψσ}−→ G(σ).

14.1. Definition. Let f : L → K be a map, F : L → C and G : L → C be f-bounded diagrams and Ψ : F → G be a natural transformation.

• We say that Ψ : F → G is an (acyclic) f-cofibration, or that it is an (acyclic) cofibration relative to f if, for any simplex σ ∈ L such that f(σ) is non-degenerate in K, the morphism M_Ψ(σ) → G(σ) is an (acyclic) cofibration in C.

• We say that Ψ : F → G is a cofibration, or an absolute cofibration, if it is a cofibration relative to id.

• Let ∅ : L → C be the constant diagram whose value is the initial object ∅ in C.

We say that F is f-cofibrant, or that it is a cofibration relative to f, if the natural transformation ∅ → F is an f-cofibration. We say that F is cofibrant, or absolutely cofibrant, if it is cofibrant relative to the identity.

Let Ψ : F → G be an (acyclic) f-cofibration. In the case dim(σ) = 0, since the morphism M_Ψ(σ) → G(σ) coincides with Ψ_σ : F (σ) → G(σ), Definition 14.1 tells us that Ψ_σ is an (acyclic) cofibration. Later on we will show that in general, for any σ ∈ L, Ψ_σ : F (σ) → G(σ) is an (acyclic) cofibration (see Corollary 16.5.(1)). The reverse implication of course is not true.

Cofibrant diagrams relative to f can be explicitly characterized as follows:

14.2. Proposition. Let F : L → C be bounded relative to f : L → K. Then F is f-cofibrant if, for any simplex σ : Δ[n] → L such that f(σ) is non-degenerate in K, the morphism colim_{∂(Δ[n])}F → F (σ) is a cofibration in C.

Here are some examples of absolutely cofibrant diagrams:

14.3. Example. A diagram F : Δ[0] → C in F un^b(Δ[0], C) is cofibrant if and only if the object F (0) is cofibrant in C.

38 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

14.4. Example. Let X be an object in C different from the initial one. Then a constant diagram X : K → C with value X is cofibrant if and only if X is cofibrant in C and K does not have any non-degenerate simplices of dimension 1.

14.5. Example. A diagram F (0)^{F (d1)}−→ F (0, 1)^{F (d0)}←− F (1) in F un^b(Δ[1], C) (see Example 10.6) is cofibrant if the objects F (0) and F (1) are cofibrant and the morphism F (d_1) ∐ F (d_0) : F (0) ∐ F (1) → F (0, 1) is a cofibration.

14.6. Example. A diagram F (0)^{F (d1)}−→ F (0, 1)^{F (d0)}←− F (1)^{F (d1)}−→ F (1, 2)^{F (d0)}←− F (2) in F un^b(Δ[2, 1], C) (see Example 10.7) is cofibrant if, in addition to objects F (0), F (1), and F (2) being cofibrant, the morphisms F (d_1) ∐ F (d_0) : F (0) ∐ F (1) → F (0, 1) and F (d_1) ∐ F (d_0) : F (1) ∐ F (2) → F (1, 2) are cofibrations. In particular a diagram ∅ → B ← A → C ← ∅ is cofibrant if A is cofibrant and the morphisms A → B and A → C are cofibrations.

14.7. Example. Let n > 1. A diagram F (0)^{F (α)}−→ F (τ) in F un^b(S^n, C) (see Example 10.8) is cofibrant if F (0) is cofibrant and the morphism F (α) is a cofibration. In particular a constant diagram in F un^b(S^n, C), i.e. a diagram associated with the identity morphism id : X → X, is cofibrant if and only if the object X is cofibrant in C (compare with Example 14.4).

15. Cofibrations and the pull-back process

In this section we discuss the way cofibrations between bounded diagrams behaves with respect to the pull-back process.

Maps between spaces can send non-degenerate simplices to degenerate ones. Thus in general absolute cofibrations are not preserved by the pull-back process.

15.1. Example. Consider the map Δ[1] → Δ[0]. Let X be a cofibrant object in C different from the initial one. The constant diagram X : Δ[0] → C is clearly cofibrant in F un^b(Δ[0], C). However its pull-back along Δ[1] → Δ[0], the constant diagram X : Δ[1] → C, is not cofibrant in F un^b(Δ[1], C) (see Example 14.4).

15.2. Proposition. Let Ψ : F → G be a cofibration in F un^b(K, C). If f : L → K is reduced, then the pull-back f^∗Ψ : f^∗F → f^∗G is a cofibration in F un^b(L, C).

The property of a natural transformation being an absolute cofibration is not a local property. The main reason we have introduced the notion of a relative cofibration is to capture those properties of absolute cofibrations which are local.

HOMOTOPY MEANINGFUL CONSTRUCTIONS 39

15.3. Proposition. Let f : L → K be a map and Ψ : F → G be a natural transformation between f-bounded diagrams F : L → C and G : L → C. The following are equivalent:

(1) Ψ is an (acyclic) f-cofibration.

(2) For any simplex σ : Δ[n] → L, the pull-back of Ψ along σ is an (acyclic) cofibration relative to the composition Δ[n]^σ→ L^f→ K.

(3) For any simplex σ : Δ[n] → L such that f(σ) in non-degenerate in K, the pullback of Ψ along σ is an (acyclic) cofibration relative to Δ[n]^σ→ L^f→ K.

As a corollary we get a useful procedure to check inductively on the cell decomposition of L whether a diagram F : L → C is f-cofibrant (the same can be used for detecting if a natural transformation is a f-cofibration). Each step of this procedure consists of the following:

15.4. Corollary. Let σ : Δ[n] → K be a simplex of K and F : Δ[n] → C be a σ-bounded diagram.

(1) Assume that σ is degenerate. Then F is σ-cofibrant if and only if, for any face map d_i : Δ[n − 1] → Δ[n], the composition Δ[n − 1]^{di}→ Δ[n]^F→ C is cofibrant relative to Δ[n − 1]^{di}→ Δ[n]^σ→ K.

(2) Assume that σ is non-degenerate. Then F is σ-cofibrant if and only if, in addition to Δ[n − 1]^{di}→ Δ[n]^F→ C being cofibrant relative to d_iσ for any i, the morphism colim_{∂(Δ[n])}F → F (σ) is a cofibration in C.

In general the way relative cofibrations behave with respect to the pull-back process can be described as follows:

15.5. Corollary. Let L^h→ M^g→ K be maps of spaces, F : M → C and G : M → C be g-bounded diagrams and Ψ : F → G be a natural transformation. (1) If Ψ is an (acyclic) cofibration relative to g, then its pull-back along h is an (acyclic) cofibration relative to the composition g ∘ h.

(2) If h : L → M is an epimorphism, then Ψ is an (acyclic) g-cofibration if and only if its pull-back along h is an (acyclic) (h ∘ g)-cofibration.

Using the reduction process (see Definition 13.8) checking the condition for a relative cofibration can always be reduced to checking the condition for an absolute cofibration. Corollaries 13.9 and 15.5.(2) imply:

15.6. Proposition. Let L^{fred}−→ red(f) → K be the reduction of f : L → K. Let F : L → C and G : L → C be f-bounded diagrams. A natural transformation Ψ : F → G is a (acyclic) f-cofibration if and only if (f_{red})^kΨ is an (acyclic) cofibration in F un^b ( red(f), C ) . In particular F is f-cofibrant if and only if (f_{red})^kF is absolutely cofibrant.

40 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

16. Cofibrations and colimits

In this section we generalize Propositions 3.5 and 3.6 to more complicated diagrams. We show that the colimit converts relative (acyclic) cofibrations in F un^b_f (L, C) into (acyclic) cofibrations in C.

A natural transformation in F un^b_f (L, C) is a (acyclic) f-cofibration if, for all simplices σ : Δ[n] → L such that f(σ) is non-degenerate, the colimits of its pull-backs along ∂(Δ[n]) → Δ[n]^σ→ L satisfy a certain condition (see Definition 14.1). This information can be assembled to give a similar condition for more general maps B → A → L. The following can be shown by induction on the dimension of the relative space (A, B), applying Proposition 3.6.(3) in the case when this dimension is infinite:

16.1. Proposition. Let B → A^g→ L, f : L → K be maps and Ψ : F → G be an (acyclic) f-cofibration in F un^b_f (L, C). Consider the following commutative square: colim_BF // colim_B Ψ fflffl colim_AF colim_AΨ fflffl colim_B G // colim_AG Let M = colim ( colim_BG ← colim_B F → colim_AF ) and M → colim_AG be the morphism induced by the commutativity of the above square. If for any non-degenerate simplex σ ∈ A \ B, (f ∘ g)(σ) is non-degenerate in K, then M → colim_AG is an (acyclic) cofibration in C.

16.2. Corollary. Let L → K be a monomorphism. If F : K → C is an absolutely cofibrant diagram, then colim_LF → colim_K F is a cofibration in C.

The following generalizes Proposition 3.6:

16.3. Theorem. Let F : L → C and G : L → C be bounded relative to f : L → K and Ψ : F → G be a natural transformation.

(1) If Ψ is an (acyclic) f-cofibration, then the morphism colim_LΨ : colim_LF → colim_LG is an (acyclic) cofibration in C.

(2) If Ψ is an f-cofibration and, for any simplex σ ∈ L, Ψ_σ : F (σ) → G(σ) is a weak equivalence, then colim_LΨ : colim_LF → colim_LG is an acyclic cofibration.

Since the proof are analogous we show only (1). We start with discussing the absolute case.

16.4. Lemma. Let F : K → C and G : K → C be bounded. If Ψ is an (acyclic) absolute cofibration, then the morphism colim_K Ψ : colim_K F → colim_K G is an (acyclic) cofibration in C.

HOMOTOPY MEANINGFUL CONSTRUCTIONS 41

Proof. Assume first that K is finite dimensional. In this case we prove the lemma by induction on the dimension of K.

If dim(K) = 0, then the morphism colim_K Ψ : colim_K F → colim_K G coincides with: ∐ σ∈K0 Ψ_σ : ∐ σ∈K0 F (σ) → ∐ σ∈L0 G(σ) Since by assumption each Ψ_σ is an (acyclic) cofibration, Proposition 3.6.(1) implies that so is their coproduct.

Let us assume that the lemma is true for those spaces whose dimension is less than n. Let dim(K) = n. For simplicity let us assume that K has only one non-degenerate simplex of dimension n, i.e. K fits into the following push-out square:

∂(Δ[n]) fflffl

Ø ¨ // Δ[n] σ fflffl N Ø ¨ // K where dim(N) < n.

Consider the following commutative diagram: colim_K F colim_K Ψ fflffl = colim ( colim_N F colim_N Ψ fflffl colim_{∂(Δ[n])}F oo // colim_∂(Δ[_n])Ψ fflffl F (σ) Ψσ fflffl

)

colim_K G^= colim ( colim_N G colim∂(Δ[n])G oo // G(σ) )

We apply Proposition 3.6.(2) to show that colim_K Ψ is an (acyclic) cofibration. The pull-back of Ψ along N → L is an (acyclic) cofibration, and thus by the inductive assumption so is colim_N Ψ.

Since the map ∂(Δ[n]) → K can send non-degenerate simplices to degenerate ones, the pull-back of Ψ along ∂(Δ[n]) → K is not an (acyclic) cofibration. We can not therefore apply the inductive assumption directly to argue that colim_{∂(Δ[n])}Ψ is an (acyclic) cofibration. However, according to Corollary 15.5.(1) this pull-back is a relative (acyclic) cofibration with respect to ∂(Δ[n]) → K. Let us denote this map by g and consider its reduction ∂(Δ[n])^{gred}−→ red(g) → K. According to Proposition 15.6 the natural transformation (g_{red})^kΨ : (g_{red})^kF → (g_{red})^kG is an (acyclic) absolute cofibration whose pull-back along g is isomorphic to Ψ. Since ∂(Δ[n]) → red(g) is an epimorphism, the dimension of red(g) is less than n. Hence, by the inductive assumption, colim_{red(g)}(g_{red})^kΨ is an (acyclic) cofibration. As the Kan extension process does not modify colimits (see Proposition 9.2), it follows that colim_{∂(Δ[n])}Ψ is also an (acyclic) cofibration.

The cofibrancy assumption on Ψ implies that M_Ψ(σ) → G(σ) is an (acyclic) cofibration. The assumptions of Proposition 3.6.(2) are therefore satisfied, and hence colim_K Ψ is an (acyclic) cofibration.

42 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

So far we have proven the lemma in the case when K is finite dimensional. If K is infinite dimensional, by considering the skeleton filtration of K and applying Proposition 3.6.(3), Corollary 8.4.(2) and Proposition 16.1, we can conclude that the lemma is also true in this case.

Proof of Theorem 16.3. Consider the reduction L^{fred}−→ red(f) → K of f. Since Ψ : F → G is an (acyclic) f-cofibration, according to Proposition 15.6, (f_{red})^kΨ : (f_{red})^kF → (f_{red})^kG is an absolute cofibration. Thus Lemma 16.4 implies that colim_{red(f)}(f_{red})^kΨ is an (acyclic) cofibration in C. As the Kan extension process does not modify colimits (see Proposition 9.2), it follows that colim_LΨ is also an (acyclic) cofibration.

16.5. Corollary. Let f : L → K be a map.

(1) If Ψ : F → G is an (acyclic) f-cofibration, then, for all the simplices σ ∈ L, Ψ_σ : F (σ) → G(σ) is an (acyclic) cofibration in C.

(2) If G : L → C is f-cofibrant, then colim_LG is a cofibrant object in C and, for any simplex σ ∈ L, G(σ) is cofibrant in C.

(3) A natural transformation Ψ : F → G is an acyclic f-cofibration if and only if Ψ is an f-cofibration and, for any simplex σ ∈ L, the morphism Ψ_σ : F (σ) → G(σ) is a weak equivalence in C.

Proof of (1). Let σ : Δ[n] → L be a simplex. The pull-back of Ψ along σ : Δ[n] → L is an (acyclic) cofibration relative to Δ[n]^σ→ L^f→ K. Thus, by Theorem 16.3, colim_{Δ[n]}F = F (σ)^{Ψσ}−→ G(σ) = colim_{Δ[n]}G is an (acyclic) cofibration.

Proof of (3). If Ψ is an acyclic f-cofibration, then in particular it is an f-cofibration. Thus part (1) of the corollary shows that, for any simplex σ ∈ L, Ψ_σ is a weak equivalence.

Assume that Ψ is an f-cofibration and, for any σ ∈ L, Ψ_σ is a weak equivalence. For any simplex σ : Δ[n] → L, consider the following commutative diagram associated with σ: colim_{∂(Δ[n])}F // fflffl colim_{∂(Δ[n])}G fflffl &&MM MMM MMM MMM F (σ) //

@A BC Ψσ OO M_Ψ(σ) // G(σ)

To prove the second implication, we have to show that M_Ψ(σ) → G(σ) is a weak equivalence. The pull-back of Ψ along ∂(Δ[n]) → L is a cofibration relative to ∂(Δ[n]) → L^f→ K. As it is also an objectwise weak equivalence, Theorem 16.3.(2) implies that colim_{∂(Δ[n])}F → colim_{∂(Δ[n])}G is an acyclic cofibration. Since Ψ_σ is a weak equivalence, it is clear now that so is M_Ψ(σ) → G(σ).

HOMOTOPY MEANINGFUL CONSTRUCTIONS 43

We have seen that the functor colim_L : F un^b_f (L, C) → C converts (acyclic) fcofibrations in F un^b_f (L, C) into (acyclic) cofibrations in C (see Theorem 16.3). In the following we consider a similar problem. Instead of acyclic cofibrations however, we look at general objectwise weak equivalences assuming though that the involved diagrams are cofibrant. The following generalizes Proposition 3.5:

16.6. Theorem. Let f : L → K be a map, F : L → C and G : L → C be f-cofibrant diagrams and Ψ : F → G be a natural transformation. If Ψ is a weak equivalence (objectwise weak equivalence), then the morphism colim_LΨ : colim_LF → colim_LG is a weak equivalence in C.

Using K. Brown Lemma (see [7] and [28, Lemma 9.9]), Theorem 16.6 could be seen as a corollary of Theorems 16.3 and 17.3. However, for the sake of completeness we include its elementary proof here. As in the case of Theorem 16.3 we first look at the absolute case.

16.7. Lemma. Let F : K → C and G : K → C be cofibrant diagrams and Ψ : F → G be a natural transformation. If Ψ is a weak equivalence (objectwise weak equivalence), then the morphism colim_LΨ : colim_LF → colim_LG is a weak equivalence in C.

Proof. Assume first that K is finite dimensional. In this case we prove the lemma by induction on the dimension of K.

Proposition 3.5.(1) implies that the lemma is true in the case dim(K) = 0. Let us assume that the lemma holds for those spaces whose dimension is less than n. Let dim(K) = n. For simplicity assume that K has only one non-degenerate simplex of dimension n, i.e. K fits into the following push-out square:

∂(Δ[n]) Ø

¨ //

fflffl Δ[n] τ fflffl N Ø ¨ // K where dim(N) < n.

The cofibrancy assumption on F and G imply that we have the following commutative diagram in C, where indicated morphisms are cofibrations: colim_K F colim_K Ψ fflffl = colim ( colim_N F colim_N Ψ fflffl colim_{∂(Δ[n])}F oo Ø ¨ // colim_∂(Δ[_n])Ψ fflffl F (σ) Ψσ ≀ fflffl

)

colim_K G^= colim ( colim_N G colim∂(Δ[n])G oo Ø ¨ // G(σ) )

We apply Proposition 3.5.(2) to prove that colim_K Ψ is a weak equivalence. The pull-backs of F and G along N → K are cofibrant diagrams. Hence, by the inductive assumption, colim_N Ψ is a weak equivalence.

Since the map ∂(Δ[n]) → K can send non-degenerate simplices to degenerate ones, the pull-backs of F and G along ∂(Δ[n]) → K are no longer absolutely cofibrant. However, these pull-backs are cofibrant relative to ∂(Δ[n]) → K. Let us

44 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

denote this map by g, and consider its reduction ∂(Δ[n])^{gred}−→ red(g) → K. According to Proposition 15.6 (g_{red})^kF and (g_{red})^kG are absolutely cofibrant. The map g_{red} : ∂(Δ[n]) → red(g) is an epimorphism and therefore the dimension of red(g) is less than n. This epimorphism condition implies also that (g_{red})^kΨ is an objectwise weak equivalence as its pull-back along g_{red} is one (it is isomorphic to Ψ). Therefore, by the inductive assumption, we can conclude that colim_{red(g)}(g_{red})^kΨ is a weak equivalence. As the Kan extension process does not modify colimits (see Proposition 9.2), colim_{∂(Δ[n])}Ψ is also a weak equivalence. Thus the assumptions of Proposition 3.5.(2) are satisfied and colim_K Ψ is a weak equivalence.

So far we have proven the lemma in the case when K is finite dimensional. If K is infinite dimensional, by considering the skeleton filtration of K and applying Proposition 3.5.(3), Corollary 8.4.(2) and Proposition 16.1, we can conclude that the lemma is also true in this case.

Proof of Theorem 16.6. Consider the reduction L^{fred}−→ red(f) → K of f. Since F and G are f-cofibrant, according to Proposition 15.6, (f_{red})^kF and (f_{red})^kG are absolutely cofibrant. It is also clear that (f_{red})^kΨ is an objectwise weak equivalence as its pullback along f_{red} is one (it is isomorphic to Ψ). Lemma 16.7 implies therefore that colim_{red(f)}(f_{red})^kΨ is a weak equivalence. Since the Kan extension process does not modify colimits (see Proposition 9.2), colim_LΨ is a weak equivalence as well.

17. F un^b_f (L, C) as a model category

We are now ready to prove that f-bounded diagrams form a model category.

17.1. Definition. Let f : L → K be a map and Ψ : F → G be a natural transformation in F un^b_f (L, C).

Weak equivalences. Ψ is called a weak equivalence if it is an objectwise weak equivalence, i.e. if, for any σ ∈ L, Ψ(σ) : F (σ) → G(σ) is a weak equivalence in C. Fibrations. Ψ is called a fibration if it is an objectwise fibration, i.e. if, for any simplex σ ∈ L, Ψ(σ) : F (σ) → G(σ) is a fibration in C.

Cofibrations. Ψ is called a cofibration if it is a cofibration relative to f (see Definition 14.1).

17.2. Remark. Observe that the notions of weak equivalences, fibrations and cofibrations in F un^b_f (L, C) are local (see Definition 7.1). A natural transformation Ψ ∈ F un^b_f (L, C) is a weak equivalence, fibration or a cofibration if and only if, for any simplex σ : Δ[n] → L, its pull-back σ^∗Ψ is so in F un^b_{f∘σ}(Δ[n], C).

17.3. Theorem. The category F un^b_f (L, C) together with the choice of weak equivalences, fibrations and cofibrations, given in Definition 17.1, satisfies the axioms of a model category.

We look first at the absolute case.

HOMOTOPY MEANINGFUL CONSTRUCTIONS 45

17.4. Lemma. The category F un^b(K, C) together with the choice of weak equivalences, fibrations and cofibrations, given in Definition 17.1, satisfies the axioms of a model category.

Proof. MC1, MC2. These axioms are obviously satisfied.

MC3. Weak equivalences and fibrations are clearly closed under retracts. Since the construction M_Ψ is natural with respect to Ψ, cofibrations are also preserved by retracts.

MC4. Let the following be a commutative square in F un^b(K, C):

F // Ψ fflffl E Φ fflffl G // B where Ψ and Φ are respectively either a cofibration and acyclic fibration, or an acyclic cofibration and fibration. We need to show that in the above diagram there exists a lift Ω : G → E. We are going to construct the morphisms Ω_σ : G(σ) → E(σ) by induction on the dimension of σ.

Let dim(σ) = 0. Since Ψ_σ : F (σ) → G(σ) is an (acyclic) cofibration in C, by the lifting axiom, there exists h : G(σ) → E(σ) which makes the following diagram commutative: F (σ) Ψσ fflffl // E(σ) Φσ fflffl G(σ) // h ;;ww www www B(σ) Define Ω_σ := h.

Let us assume that the appropriate morphisms Ω_σ : G(σ) → E(σ) have been constructed for all the simplices σ ∈ K such that dim(σ) < n.

Let dim(τ) = n. If τ is degenerate, i.e. if τ = s_iξ, we define Ω_τ as a composition:

G(τ)^{G(si)} // G(ξ)^{Ωξ} // E(ξ)^{E(si)−1}// E(τ)

Using simplicial identities one can show that Ω_τ does not depend on the choice of ξ.

If τ is non-degenerate, let us consider the following commutative diagram induced by τ : Δ[n] → K: colim_{∂(Δ[n])}E **UUU

UUUUU

UUUUU

UUUUU U colim_{∂(Δ[n])}F 66mmm mmmm mmmm m // colim(Ψ) fflffl F (τ) fflffl // E(τ) Φτ fflffl colim_{∂(Δ[n])}G

==

a // M_Ψ(τ)

44 b // G(τ) // ;; c B(τ)

46 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

where: • a : colim_{∂(Δ[n])}G → colim_{∂(Δ[n])}E is induced by {Ω_σ : G(σ) → E(σ)}_{dim(σ)<n}, • b : M_Ψ(τ) → E(τ) is then constructed by the universal property of the push-out M_Ψ(τ) using the morphism a.

• Since Ψ is a (acyclic) cofibration in F un^b(K, C), by Definition 14.1, M_Ψ(τ) → G(τ) is a (acyclic) cofibration in C. The morphism c : G(τ) → E(τ) is then constructed using b and the lifting axiom in C.

We define Ω_τ := c.

The family of morphisms {Ω_σ : G(σ) → E(σ)}_{σ∈K} forms a natural transformation Ω : G → E which is the desired lift.

MC5. Let Ψ : F → G be a natural transformation in F un^b(K, C). We need to show that Ψ can be expressed as compositions: F^∼→ F^′ →→ G and F → G^{′ ∼}→→ G. As in the previous case, to construct diagrams F^′ : K → C, G^′ : K → C and appropriate natural transformations we argue by induction on the dimension of simplices in K.

Let dim(σ) = 0. We define F^′(σ) and G^′(σ) to be any objects that fit into the following factorizations of Ψ_σ in C:

F (σ) Ø

¨ ∼ //

@A BC Ψσ OO F^′(σ) // // G(σ) F (σ) Ø

¨ //

@A BC Ψσ OO G^′(σ) //^∼ // G(σ)

Let us assume that we have constructed F^′(σ), G^′(σ) and appropriate maps for all the simplices σ ∈ K whose dimension is less than n.

Let dim(τ) = n. If τ is degenerate, i.e. if τ = s_iξ, we define F^′(τ) := F^′(ξ) and G^′(τ) := G^′(ξ).

Let us assume that τ : Δ[n] → K is non-degenerate. Consider the composition ∂(Δ[n]) → Δ[n]^τ→ K. By Theorem 16.3.(1), the inductive assumption implies that colim_{∂(Δ[n])}F^∼→ colim_{∂(Δ[n])}F^′ is an acyclic cofibration and colim_{∂(Δ[n])}F → colim_{∂(Δ[n])}G^′ is a cofibration.

Let: M_1 := colim ( colim_{∂(Δ[n])}F^{′ ∼}← colim_{∂(Δ[n])}F → F (τ) ) M_2 := colim ( colim_{∂(Δ[n])}G^′ ← colim_{∂(Δ[n])}F → F (τ) ) This data can be arranged into commutative diagrams: colim_{∂(Δ[n])}F // ˙¨ ≀ fflffl F (τ) ¨˙ ≀ fflffl colim_{∂(Δ[n])}F^′ // fflffl M_1 fflffl colim_{∂(Δ[n])}G // M_Ψ(τ) // G(τ) colim_{∂(Δ[n])}F // ˙¨ fflffl F (τ) ¨˙ fflffl colim_{∂(Δ[n])}G^′ // fflffl M_2 fflffl colim_{∂(Δ[n])}G // M_Ψ(τ) // G(τ)

HOMOTOPY MEANINGFUL CONSTRUCTIONS 47

Define F^′(τ) and G^′(τ) to be any objects that fit into the following factorizations of the morphisms M_1 → G(τ) and M_2 → G(τ): M_1^∼→ F^′(τ) →→ G(τ) , M_2 → G^′(τ)^∼→→ G(τ) In this way we get bounded diagrams F^′ : K → C, G^′ : K → C and the desired natural transformations F^∼→ F^′ →→ G, F → G^{′ ∼}→→ G.

Proof of Theorem 17.3. Consider the reduction f^{fred}−→ red(f) → K of f. Checking the axioms of a model category on F un^b_f (L, C) can be reduced to checking these axioms for F un^b ( red(f), C ) , and hence the theorem follows from Lemma 17.4.

Let f : L → K be a map. In the absolute case, we have associated with f a pair of adjoint functors: the pull-back process f^∗ : F un^b(K, C) → F un^b(L, C) and the Kan extension f^k : F un^b(L, C) → F un^b(K, C) (see Corollary 11.4). Clearly f^∗ converts (acyclic) fibrations in F un^b(K, C) into (acyclic) fibrations in F un^b(L, C). By adjointness this implies:

17.5. Proposition. The Kan extension functor f^k : F un^b(L, C) → F un^b(K, C) converts (acyclic) cofibrations in F un^b(L, C) into (acyclic) cofibrations in F un^b(K, C).

A pair of adjoint functors which satisfies properties given in Proposition 17.5 is said to form a Quillen pair (see [16]). Thus we can conclude that, for any map of spaces f : L → K, the pair of functors f^k : F un^b(L, C) → F un^b(K, C) and f^∗ : F un^b(K, C) → F un^b(L, C) is a Quillen pair.

18. Ocolimit of bounded diagrams

In this section we discuss a homotopy meaningful approximation of the colimit of bounded diagrams, i.e. its total left derived functor as described in Section 5.

18.1. Definition. The total left derived functor of colim_K : F un^b(K, C) → C is denoted by ocolim_K : F un^b(K, C) → Ho(C). In Lemma 16.7 we showed that colim_K : F un^b(K, C) → C is homotopy invariant on cofibrant objects. Thus Proposition 4.4 implies:

18.2. Proposition. The functor ocolim_K : F un^b(K, C) → C exists. It can be constructed by choosing a cofibrant replacement Q in F un^b(K, C) and assigning to a diagram F ∈ F un^b(K, C) the colimit colim_K QF ∈ Ho(C). The natural transforma- tion ocolim_K → colim_K is induced by colim_K (QF^∼→→ F ). What is the intuition behind the construction of the ocolimit of a bounded diagram? It should be seen as a homotopy meaningful process which involves three basic steps: coproducts, push-outs and telescopes. Let F : K → C be a bounded diagram. We can build its ocolimit by induction on the cell decomposition of K.

48 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

For all 0-dimensional simplices σ we take cofibrant replacements QF (σ)^∼→→ F (σ) and sum them up: ∐ QF (σ). We then go on by attaching generalized cells along their boundaries. Let τ : Δ[n] → K be a non-degenerate simplex. Assume that we already know how to construct the ocolimit of F on a subcomplex N → K containing the boundary of τ. We then turn the morphism colim_{∂(Δ[n])}QF → F (τ) into a cofibration colim_{∂(Δ[n])}QF → QF (τ)^∼→→ F (τ) and glue a generalized cell QF (τ) to ocolim_N F along its boundary colim_{∂(Δ[n])}QF , i.e. we take a push-out: ocolim_{(N∪∂(Δ[n])Δ[n])}F = colim ( ocolim_N F ← colim_{∂(Δ[n])}QF → QF (τ) ) This push-out process is homotopy meaningful since the objects involved are cofibrant and the morphism colim_{∂(Δ[n])}QF → QF (τ) is a cofibration. In the case K in infinite dimensional we finish the construction by taking the telescope.

18.3. Remark. Recall that the total left derived functor of colim_K : F un(K, C) → C is denoted by hocolim_K (see Definition 5.1). Its construction will be given in Section 21. Let F : K → C be a bounded diagram. We can perform two constructions on F . Take its ocolimit ocolim_K F , or take its hocolimit hocolim_K F . These two constructions are both homotopy meaningful and map naturally to the colimit. However, in general ocolim_K F is NOT equivalent to hocolim_K F . Consider a constant diagram Δ[0] : S^2 → Spaces with value Δ[0]. Since it is cofibrant in F un^b(S^2, Spaces), ocolim_S2 Δ[0] ≃ colim_S2 Δ[0] = Δ[0] (see Examples 10.8 and 14.7). On the other hand hocolim_S2 Δ[0] is weakly equivalent to the classifying space of the category S^2. Therefore hocolim_S2 Δ[0] ≃ S^2.

The main property that distinguishes between hocolimit and ocolimit constructions is the additivity with respect to the indexing spaces. By the same arguments as in Proposition 25.1 one can show that for any functor of spaces H : I → Spaces and for any bounded diagram H : colim_I H → C, the morphism colim_I hocolim_H F → hocolim_{colimI H} F is an isomorphism, i.e. hocolimit is additive with respect to the indexing spaces. The ocolimit functor does not have this property (as shown by the above example since S^2 = colim(∗ ← ∂Δ[2] → Δ[2]∗)). This is due to the fact that absolute cofibrations are not invariant under the pull-back process (see Example 15.1).

18.4. Remark. Let us assume that C has a functorial factorization of morphisms by cofibrations followed by acyclic fibrations. This functorial factorization can be used to construct a functorial cofibrant replacement Q : F un^b(K, C) → F un^b(K, C). We can then construct a “rigid” ocolimit by taking colim_K Q(−) : F un^b(K, C) → C (by rigid we mean a functor with values in the category C rather than in its homotopy category Ho(C)). The natural transformation colim_K Q(−) → colim_K is induced by QF^∼→→ F .

HOMOTOPY MEANINGFUL CONSTRUCTIONS 49

19. Cones

In this section we discuss constructions of cones in the category of spaces and the category of small categories.

A cone over a space K is a space CK which is built by adding an extra vertex to K and joining all the simplices of K with this vertex. Here is its precise definition:

19.1. Definition. Let K be a space. The cone over K is the simplicial set CK whose set of n-dimensional simplices is given by:

(CK)_n = {e^{n+1}} ∐ (^n∐ i=0 K_i × {e^{n−i}} )

The simplicial operators d_i and s_i are given by:

s_0 : (CK)_0 → (CK)_1 , s_0(e^1) := e^2 , s_0(σ, e^0) := (s_0σ, e^0)

For n > 0, dim(σ) = i and 0 ≤ j ≤ n the maps (CK)_{n+1}^{sj}← (CK)_n^{dj}→ (CK)_{n−1} are defined as:

d_j(e^{n+1}) := e^n , d_j(σ, e^{n−i}) := e^n if i = j = 0 ( d_j(σ), e^{n−j} ) if j ≤ i and i > 0 (σ, e^{n−j−1}) if j > i s_j(e^{n+1}) := e^{n+2} , s_j(σ, e^{n−i}) := {( s_j(σ), e^{n−i} ) if j ≤ i (σ, e^{n+1−i}) if j > i A simplex (σ, e^k) is non-degenerate in CK if σ is non-degenerate in K and either k = 0 or k = 1.

The cone construction is natural, i.e. a map f : L → K induces a map of cones Cf : CL → CK. It sends e^i ∈ CL and (σ, e^i) ∈ CL to e^i ∈ CK and (f(σ), e^i) ∈ CK respectively. Observe that there is a natural inclusion K → CK, K ∋ σ → (σ, e^0) ∈ CK. Since the colimit commutes with sums, the cone functor commutes with colimits.

Explicitly, the map colim_I CF → C(colim_I F ), induced by the natural transformation C(F → colim_I F ), is an isomorphism for any F : I → Spaces. In particular if K = colim ( L ← ∂(Δ[n]) → Δ[n] ) , then CK = colim ( CL ← C∂(Δ[n]) → CΔ[n] ) . This can be used to build CK inductively on the cell decomposition of K.

19.2. Example. The cone over CΔ[n] can be identified with Δ[n + 1] where the inclusion Δ[n] → CΔ[n] corresponds to the map d_{n+1} : Δ[n] → Δ[n + 1]. The cone C∂(Δ[n]) is isomorphic to Δ[n+1, n+1] and the map C(∂(Δ[n]) → Δ[n]) corresponds to the inclusion Δ[n + 1, n + 1] → Δ[n + 1].

50 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

19.3. Remark. The opposite category (CK)^{op} has a more transparent interpretation as a Grothendieck construction: (CK)^{op} = Gr ( K^{op pr1}←− K^{op} × Δ[0]^{op pr2}−→ Δ[0]^{op} ) We will take advantage of this presentation in Proposition 26.1.

The cone construction in Spaces has its analogue in the category of small categories. In Cat the construction is much simpler. To a small category we just add a terminal object.

19.4. Definition. Let I be a small category. The cone over I is a category CI defined as follows: ob(CI) = ob(I) ∐ {e}

mor_{CI} (a, b) = mor_I (a, b) if a ≠ e, b ≠ e {e_a : a → e} if b = e ∅ if a = e, b ≠ e The object e ∈ CI is terminal. As in the case of Spaces, the cone construction in Cat is natural, i.e. a functor f : I → J induces a functor of cones Cf : CI → CJ. Observe that there is a natural inclusion I → CI.

On the level of nerves N(CI) can be identified with CN(I). Under this identification the object e ∈ CI corresponds to the vertex e^1 ∈ CN(I) and the map N(I → CI) corresponds to the natural inclusion N(I) → CN(I).

20. Diagrams indexed by cones I

In this section we calculate ocolimits of certain bounded diagrams indexed by cones. Let K be a space. For any simplex of the form (σ, e^1) ∈ CK there is a unique morphism e^1 → (σ, e^1) corresponding to the inclusion of the vertex e^1 into (σ, e^1).

20.1. Proposition. Let F : CK → C be a cofibrant diagram in F un^b(CK, C). If for every simplex of the form (σ, e^1) ∈ CK the morphism F (e^1) → F (σ, e^1) is a weak equivalence, then so is F (e^1) → colim_{CK} F .

20.2. Lemma. Let f : L → K be a map. The reduction of Cf : CL → CK can be identified with CL^{C(fred)}−→ Cred(f) → CK (see Proposition 13.7).

Proof. The lemma follows from the fact that Cs_i : CΔ[n + 1] → CΔ[n] can be identified with s_i : Δ[n + 2] → Δ[n + 1].

Proof of Proposition 20.1. The strategy is the same as in the proof of Lemma 16.4. We first assume that K is finite dimensional. In this case we argue by induction on the dimension of K.

HOMOTOPY MEANINGFUL CONSTRUCTIONS 51

Let dim(K) = 0. For simplicity assume K = Δ[0]. The general case can be proven analogously. Since K = Δ[0], CK = Δ[1]. The non-degenerate and 1-dimensional simplex in Δ[1] corresponds to (0, e^1) ∈ CK. Hence, according to the assumption, F (e^1) → colim_{Δ[1]}F = F (0, e^1) is a weak equivalence.

Let us assume that the proposition holds for those spaces whose dimension is less than n. Let dim(K) = n. For simplicity assume that K has only one non-degenerate simplex of dimension n, i.e. K fits into the following push-out square:

∂(Δ[n]) fflffl

Ø ¨ // Δ[n] σ fflffl N Ø ¨ // K where dim(N) < n.

By applying the cone construction we get another push-out diagram:

Δ[n + 1, n + 1]^= C∂(Δ[n]) fflffl

Ø ¨ // CΔ[n] Cσ fflffl = Δ[n + 1]

CN Ø ¨ // CK By Corollary 8.4.(1) this induces yet another push-out: colim_{C∂(Δ[n])}F // fflffl F (σ, e^1) fflffl colim_{CN} F // colim_{CK} F Since CN → CK is a monomorphism, the pull-back CN → CK^F→ C is a cofibrant diagram. The inductive assumption implies therefore that F (e^1) → colim_{CN} F is a weak equivalence. Thus the proposition would be proved once we show that colim_{C∂(Δ[n])}F → F (σ, e^1) ≃ F (e^1) is an acyclic cofibration. By Proposition 3.1 this would imply that so is colim_{CN} F → colim_{CK} F , and we could conclude that the composition F (e^1) → colim_{CN} F → colim_{CK} F is a weak equivalence.

The map Cσ : CΔ[n] → CK sends non-degenerate simplices in CΔ[n] \ C∂(Δ[n]) to non-degenerate simplices in CK. Hence cofibrancy of F implies that the morphism colim_{C∂(Δ[n])}F → F (σ, e^1) is a cofibration (see Corollary 16.2).

We are going to show that this morphism is also a weak equivalence. As the map C∂(Δ[n]) → CK can send non-degenerate simplices to degenerate ones, the pullback C∂(Δ[n]) → CK^F→ C is not necessarily cofibrant. However, this diagram is cofibrant relative to C∂(Δ[n]) → CK. Let us denote the map ∂(Δ[n]) → K by g. Consider the reduction C∂(Δ[n])^{Cgred}−→ Cred(g) → CK of Cg (see Lemma 20.2). According to Proposition 15.6 (Cg_{red})^kF is a cofibrant diagram. Its pull-back along Cg_{red} is isomorphic to F , and hence (Cg_{red})^kF satisfies the assumption of the proposition. Thus, by the inductive assumption, F (e^1) → colim_{Cred(g)}(Cg_{red})^kF is a weak

52 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

equivalence. As the Kan extension does not modify colimits we can conclude that F (e^1) → colim_{C∂(Δ[n])}F is also a weak equivalence.

So far we have proven the proposition in the case when K is finite dimensional. The infinite dimensional case can be proven by considering skeleton filtration of K and using Proposition 3.5.(3), Corollary 8.4.(2) and Corollary 16.2.

20.3. Corollary. Let F : CK → C be a bounded diagram. If for every simplex of the form (σ, e^1) ∈ CK, F (e^1) → F (σ, e^1) is a weak equivalence, then ocolim_{CK} F is weakly equivalent to F (e^1).

20.4. Corollary. Let I be a small category and F : N(CI) → C be a bounded and cofibrant diagram. Assume that F sends any morphism of the form d_n ∘ · · · ∘ d_1 : e → (i_n → · · · → i_1 → e) in N(CI) to a weak equivalence in C. Then the morphism F (e) → colim_{N(CI)}F is also a weak equivalence.

Corollary 20.4 can be generalized to categories with a terminal object.

20.5. Proposition. Let I be a category with a terminal object t and F : N(I) → C be a bounded and cofibrant diagram. Assume that F sends any morphism of the form d_n ∘ · · · ∘ d_1 : t → (i_n → · · · → i_1 → t) in N(I) to a weak equivalence. Then the morphism F (t) → colim_{N(I)}F is also a weak equivalence.

Proof. Even though I has a terminal object, in general, N(I) is not isomorphic to a cone. Thus we can not apply Corollary 20.4 directly. However, using the existence of a terminal object t ∈ I we can construct a retraction CI → I of I → CI: CI → I, I ∋ i → i, e → ∗ I ∋ (i → j) → (i → j), (e_i : i → e) → (i → t) The composition I → CI → I is the identity.

By pulling back F along N(CI) → N(I) we get a diagram which is no longer cofibrant. Let QF : N(CI) → C together with QF^∼→→ F be a cofibrant replacement of the composition N(CI) → N(I)^F→ C such that the pull-back N(I) → N(CI)^{QF}→ C coincides with F : N(I) → C. We can form now the following commutative diagram:

F (t)^{id} // fflffl F (t) fflffl id // F (t)

fflffl colim_{N(I)}F // @A BC id OO colim_{N(CI)}QF // colim_{N(I)}F The diagram QF : N(CI) → C satisfies the assumption of Corollary 20.4, and hence QF (e) → colim_{N(CI)}QF is a weak equivalence. It follows that so is F (t) → colim_{N(CI)}QF . According to axiom MC3 for the model structure on C the morphism F (t) → colim_{N(I)}F is also a weak equivalence. This proves the proposition.

HOMOTOPY MEANINGFUL CONSTRUCTIONS 53

20.6. Corollary. Let I be a small category with a terminal object t. Consider the forgetful functor ϵ : N(I) → I (see Section 6). Let F : N(I) → C be bounded and cofibrant. Assume that there exists F^′ : I → C and a weak equivalence F^∼→ ϵ^∗F^′ in F un^b ( N(I), C ) . Then the morphism: colim_{N(I)}F → colim_{N(I)}ϵ^∗F^′ = colim_I F^′ = F^′(t) is a weak equivalence.

Since N(I^{op}) ∼= N(I), Proposition 20.5 dualizes to categories with an initial object.

20.7. Proposition. Let I be a category with an initial object e and F : N(I) → C be a bounded and cofibrant diagram. Assume that F sends any morphism of the form d_{n−1} ∘ · · · ∘ d_0 : e → (e → i_{n−1} → · · · → i_0) in N(I) to a weak equivalence. Then the morphism F (e) → colim_{N(I)}F is also a weak equivalence.

21. The homotopy colimit

In this section we construct a homotopy invariant approximation of the functor colim_I : F un(I, C) → C, where I is an arbitrary small category. To do so we use the forgetful functor ϵ : N(I) → I, (i_0 → · · · → i_n) → i_n (see Section 6). We apply it to compare the category F un(I, C) with F un^b ( N(I), C ) . In this way we can take advantage of the model structure on F un^b ( N(I), C ) and find an analogue of a cofibrant replacement in F un(I, C).

21.1. Theorem. The composition: F un(I, C)^{ϵ∗} // F un^b(N(I), C)^{ocolimN(I)} // Ho(C) together with a natural transformation induced by the morphisms: ocolim_{N(I)}ϵ^∗F → colim_{N(I)}ϵ^∗F = colim_I F is the total left derived functor of colim_I .

Proof. We are going to show that the following diagram satisfies the assumptions of Proposition 5.4: F un(I, C) colim_I $$II III III II ϵ^∗ // F un^b ( N(I), C ) colim_N(_I) xxqqq qqq qqq qq ϵ^k oo

C Since the forgetful functor ϵ : N(I) → I is cofinal with respect to taking colimits, the above diagram does commute.

Lemma 16.7 implies that colim_{N(I)} : F un^b ( N(I), C ) → C is homotopy meaningful on cofibrant objects. It is also clear that ϵ^∗ is homotopy meaningful. Thus to prove the theorem we only need to check that, for any F^′ : I → C, if F : N(I) → C

54 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

is a cofibrant diagram and F → ϵ^∗F^′ is a weak equivalence, then so is its adjoint ϵ^kF → F^′. By definition ϵ^kF : I → C assigns to i ∈ I the colimit colim_{ϵ↓i}F (see A.3).

The category ϵ↓i can be identified with the simplex category N(I ↓i). Under this identification the functor ϵ↓i → N(I) corresponds to the map N(I ↓i) → N(I) (see Example 6.6). Since N(I ↓i) → N(I) is reduced, i.e. it sends non-degenerate simplices to non-degenerate ones, the composition N(I ↓i) → N(I)^F→ C is a cofibrant diagram. As the category I ↓i has a terminal object, we can apply Corollary 20.6 to conclude that the following is a weak equivalence: colim_{N(I ↓i)}F → colim_{N(I ↓i)}ϵ^∗F^′ = colim_{I ↓i}F^′ = F^′(i) This shows that the natural transformation ϵ^kF → F^′ is a weak equivalence in F un(I, C). 21.2. Remark. The proof of Theorem 21.1 implies the following fact: even though the category F un(I, C) does not admit a (known) model category structure, there is a good candidate for a “cofibrant replacement”. Let us choose a cofibrant replacement Q in F un^b ( N(I), C ) . For any diagram F : I → C, define QF := ϵ^kQϵ^∗F and QF → F to be the adjoint of Qϵ^∗F^∼→→ ϵ^∗F . The homotopy colimit of F can be then computed by taking the colimit colim_I QF . The natural transformation hocolim_I → colim_I is induced by QF → F .

¿From the fact that the map N(I ↓i) → N(I) is reduced we can deduce that the Kan extension ϵ^k is homotopy meaningful on cofibrant object. Thus the proof of Theorem 21.1 and Proposition 5.4.(2) imply:

21.3. Corollary. For any small category I, the localization of F un(I, C) with respect to weak equivalences exists. Its homotopy category can be constructed by taking the full subcategory of Ho ( F un^b ( N(I), C )) generated by the image of the composition F un(I, C)^{ϵ∗}→ F un^b ( N(I), C ) → Ho ( F un^b ( N(I), C )) . 21.4. Remark. In the case C has a functorial factorization of morphisms by cofibrations followed by acyclic fibrations, we can choose a functorial cofibrant replacement Q : F un^b ( N(I), C ) → F un^b ( N(I), C ) . This can be used to define a “rigid” hocolimit by taking hocolim_I : F un(I, C) → C to be colim_{N(I)}Qϵ^∗(−) (compare with Remark 18.4). The natural transformation hocolim_I → colim_I is induced by Qϵ^∗F^∼→→ ϵ^∗F . So far we have looked at diagrams indexed by a single space. In sections 22–24 we consider diagrams indexed by a parameterized collection of spaces. We start with the simplest case.

HOMOTOPY MEANINGFUL CONSTRUCTIONS 55

22. Fubini theorem

In this section we look at diagrams indexed by the product of two simplex categories. The aim of this section is to prove the so called Fubini theorem for ocolimits and hocolimits, i.e. that the ocolimit, respectively hocolimit, commutes with itself.

Recall that K ~×N denotes the product of the simplex categories of K and N (see 6.9). Via the standard exponential map F un^b ( K, F un^b(N, C) ) can be embedded, as a full subcategory, into F un(K ~×N, C). Its objects can be characterized as those functors F : K ~×N → C where, for any degeneracy morphisms s_iσ → σ in K and s_jτ → τ in N, the natural transformations F (s_iσ, −) → F (σ, −) and F (−, s_iτ) → F (−, τ) are isomorphisms. By symmetry we can identify F un^b ( K, F un^b(N, C) ) with F un^b ( N, F un^b(K, C) ) . This full subcategory of F un(K ~×N, C) is denoted by F un^b(K ~×N, C). Its objects are called bounded diagrams.

Bounded diagrams with values in a model category form a model category (see Lemma 17.4). The identifications: F un^b(K ~×N, C) = F un^b ( K, F un^b(N, C) ) , F un^b(K ~×N, C) = F un^b ( N, F un^b(K, C) ) can be therefore used to induce two model structures on F un^b(K ~×N, C). We leave to the reader to verify:

22.1. Proposition. The two model structures on F un^b(K ~×N, C) coincide.

Weak equivalences and fibrations in F un^b(K ~×N, C) are easy to describe. They are simply objectwise weak equivalences and fibrations. Cofibrations however are more subtle. The following two lemmas describe their crucial properties.

22.2. Lemma. Let F : K ~×N → C be a bounded and cofibrant diagram. Then: (1) For all σ ∈ K and τ ∈ N, the diagrams F (σ, −) : N → C and F (−, τ) : K → C are bounded and cofibrant. (2) The diagrams colim_{σ∈K} F (σ, −) : N → C and colim_{τ∈N} F (−, τ) : K → C are bounded and cofibrant.

Proof. Cofibrancy of F : K → F un^b(N, C) means that, for any non-degenerate simplex γ : Δ[n] → K, the natural transformation colim_{ξ∈∂(Δ[n])}F (ξ, −) → F (γ, −) is a cofibration in F un^b(N, C). Using Corollary 16.5.(1) we can conclude that, for any τ ∈ L, the morphism colim_{ξ∈∂(Δ[n])}F (ξ, τ) → F (γ, τ) is a cofibration in C. This means exactly that F (−, τ) : K → C is cofibrant. By symmetry F (σ, −) : N → C is also cofibrant.

On the other hand, by Lemma 16.4, we can also conclude that the morphism colim_{τ∈N} ( colim_{ξ∈∂(Δ[n])}F (ξ, τ) → F (γ, τ) ) is a cofibration in C. This is equivalent to colim_{τ∈N} F (−, τ) : K → C being cofibrant. By symmetry colim_{σ∈K} F (σ, −) : N → C is also cofibrant.

56 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

22.3. Lemma. The functor colim_K ~_{×N} : F un^b(K ~×N, C) → C is homotopy invariant on cofibrant objects.

Proof. Let F : K ~×N → C and G : K ~×N → C be bounded and cofibrant diagrams and Φ : F^∼→ G be a weak equivalence. According to Lemma 22.2.(1), for any σ ∈ K, F (σ, −) and G(σ, −) are cofibrant. Hence the following morphism is a weak equivalence (see Lemma 16.7): colim_N Φ_{(σ,−)} : colim_N F (σ, −) → colim_N G(σ, −) As the diagrams K ∋ σ → colim_N F (σ, −) ∈ C and K ∋ σ → colim_N G(σ, −) ∈ C are also cofibrant (see Lemma 22.2.(2)), colim_K colim_N Φ is a weak equivalence as well. Since colim_K ~_{×N} Φ coincides with colim_K colim_N Φ, the lemma is proven.

22.4. Proposition. The total left derived functor of colim_K ~_{×N} :F un^b(K ~×N, C) → C exists. It can be constructed by choosing a cofibrant replacement Q in F un^b(K ~×N, C) and assigning to F ∈ F un^b(K ~×N, C) the colimit colim_K ~_{×N} QF ∈ Ho(C).

Proof. The proposition follows from Proposition 4.4 and Lemma 22.3.

The total left derived functor of colim_K ~_{×N} : F un^b(K ~×N, C) → C is denoted by ocolim_K ~_{×N} : F un^b(K ~×N, C) → Ho(C). In the case when C has a functorial factorization of morphisms by cofibrations followed by acyclic fibrations one can construct a functorial cofibrant replacement Q : F un^b(K ~×N, C) → F un^b(K ~×N, C). This can be used to construct a rigid ocolimit by taking colim_K ~_{×N} Q(−) : F un^b(K ~×N, C) → C (compare with Remarks 18.4 and 21.4).

The following proposition describes one of the crucial global feature of the ocolimit construction, the so called Fubini theorem.

22.5. Proposition. Assume that C has a functorial factorization of morphisms by cofibrations followed by acyclic fibrations. Then, for any F ∈ F un^b(K ~×N, C), we have the following weak equivalences in C: ocolim_K ~_{×N} F ≃ ocolim_K ocolim_N F ≃ ocolim_N ocolim_K F Proof. Let Q : F un^b(K ~×N, C) → F un^b(K ~×N, C) be a functorial cofibrant replacement. Lemma 22.2.(1) tells us that, for any σ ∈ K and τ ∈ N, QF (σ, −) : N → C and QF (−, τ) : K → C are cofibrant replacements of F (σ, −) : N → C and F (−, τ) : K → C respectively. Hence colim_N QF (σ, −) ≃ ocolim_N F (σ, −) and colim_K QF (−, τ) ≃ ocolim_K F (−, τ). Since the diagrams K ∋ σ → colim_N QF (σ, −) and N ∋ τ → colim_K QF (−, τ) are also cofibrant (see Lemma 22.2.(2)), they are cofibrant replacements of K ∋ σ → ocolim_N F (σ, −) and N ∋ τ → ocolim_K F (−, τ) respectively. The proposition clearly follows.

Let I and J be small categories. To construct the homotopy colimit hocolim_{I×J} Theorem 21.1 tells us that we should use the forgetful functor ϵ : N(I × J) → I × J

HOMOTOPY MEANINGFUL CONSTRUCTIONS 57

to approximate F un(I × J, C) by the model category F un^b ( N(I × J), C ) . In this way we can take advantage of a cofibrant replacement in F un^b ( N(I × J), C ) . In the next theorem we are going to prove that to construct hocolim_{I×J} we could also take the product of the forgetful functors ϵ : N(I) → I and ϵ : N(J) → J (denoted by the same symbol ϵ : N(I) ~×N(J) → I × J) and approximate F un(I × J, C) by the model category F un^b ( N(I) ~×N(J), C ) . In this way we can use a cofibrant replacement in F un^b ( N(I) ~×N(J), C ) . 22.6. Theorem. The composition: F un(I × J, C)^{ϵ∗} // F un^b ( N(I) ~×N(J), C )ocolim_{N(I)} ~_{×N(J)}// Ho(C) together with a natural transformation induced by the morphisms: ocolim_{N(I)} ~_{×N(J)}ϵ^∗F → colim_{N(I)} ~_{×N(J)}ϵ^∗F = colim_{I×J} F is the total left derived functor of colim_{I×J} .

Proof. The strategy is the same as in the proof of Theorem 21.1. We are going to show that the following diagram satisfies the assumptions of Proposition 5.4: F un(I × J, C) colim_{I×J} &&LL LLL LLL LLL ϵ^∗ // F un^b ( N(I) ~×N(J), C ) colim_N(_I) ~_{×N}(_J)

vvnnnn nnnn nnnn nn ϵ^k oo

C Since ϵ : N(I) → I and ϵ : N(J) → J are cofinal with respect to taking colimits, then so is their product ϵ : N(I) ~×N(J) → I × J, and hence the above diagram does commute.

Lemma 22.3 implies that colim_{N(I)} ~_{×N(J)} is homotopy meaningful on cofibrant objects. It is also clear that ϵ^∗ is homotopy meaningful. Thus to prove the theorem we need to show that, for any F^′ : I × J → C, if F : N(I) ~×N(J) → C is cofibrant and F → ϵ^∗F^′ is a weak equivalence, then so is its adjoint ϵ^kF → F^′.

Let (i, j) be an object in I×J. By definition ϵ^kF (i, j)=colim_{ϵ↓(i, j)}F . The category ϵ↓(i, j) can be identified with N(I ↓i) ~×N(J ↓j). Under this identification the functor ϵ↓(i, j) → N(I) ~×N(J) corresponds to the product map N(I ↓i) ~×N(J ↓j) → N(I) ~×N(J). The maps N(I ↓i) → N(I) and N(J ↓j) → N(J) are reduced, i.e. they send non-degenerate simplices to non-degenerate ones. Thus the composition N(I ↓i) ~×N(J ↓j) → N(I) ~×N(J)^F→ C is a cofibrant diagram. Using Lemma 22.2.(1) we can conclude that, for any simplex σ = (i_n → · · · → i_0, i_0 → i) ∈ N(I ↓i), F (σ, −) : N(J ↓j) → C is also cofibrant. Since F (σ, −) → ϵ^∗F^′(i_0, −) is a weak equivalence and J ↓j has a terminal object, according to Corollary 20.6, the following morphism is a weak equivalence in C: colim_{N(J ↓j)}F (σ, −) → colim_{N(J ↓j)}ϵ^∗F^′(i_0, −) = colim_{J ↓j}F^′(i_0, −) =

58 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

= F^′(i_0, j) = ϵ^∗F^′(σ, j) Thus the natural transformation between N(I ↓i) ∋ σ → colim_{N(J ↓j)}F (σ, −) and ϵ^∗F^′(−, j) is a weak equivalence. As the first diagram is cofibrant (see Lemma 22.2.(2)) and the category I ↓i has a terminal object, again according to Corollary 20.6, the morphism: colim_{N(I ↓i)}colim_{N(J ↓j)}F → colim_{N(I ↓i)}ϵ^∗F^′(−, j) = colim_{(I ↓i)}F^′(−, j) = F^′(i, j) is a weak equivalence. The theorem has been proven.

As a corollary of Proposition 22.5 and Theorem 22.6 we get the so called Fubini Theorem for the homotopy colimits.

22.7. Corollary. Assume that C has a functorial factorization of morphisms by cofibrations followed by acyclic fibrations. Then, for any F : I × J → C, we have the following weak equivalences in C: hocolim_{I×J} F ≃ hocolim_I hocolim_J F ≃ hocolim_J hocolim_I F 23. Bounded diagrams indexed by Grothendieck constructions

In section 22 we introduced the notion of boundness for diagrams indexed by the product of simplex categories. In this section we generalize this notion to diagrams indexed by Grothendieck constructions.

If H : K → Spaces is a diagram, then we can think about its values as simplex categories, and hence form its Grothendieck construction Gr_KH (see Definition A.5). We would like to understand the local data needed to describe a functor indexed by Gr_KH. 23.1. Definition. Let H : K → Spaces be a functor. We say that a family of functors F = {F_σ : Δ[n] → F un ( H(σ), C ) }_{σ:Δ[n]→K} is compatible over H if, for any simplices σ : Δ[n] → K and ξ : Δ[m] → K and for any morphism α : σ → ξ in K, the following diagram commutes:

Δ[n] α fflffl

Fσ // F un(H(σ), C) H(α)^k fflffl Δ[m]^{Fξ} // F un ( H(ξ), C ) where H(α)^k is the Kan extension of H(α) : H(σ) → H(ξ).

Let F and G be compatible families of functors over H. A family of natural transformations Ψ = {Ψ_σ : F_σ → G_σ}_{σ∈K} is called a morphism between F and G if, for any α : σ → ξ in K, the pull-back α^∗Ψ_ξ coincide with H(α)^k(Ψ_σ).

Compatible families over H, together with morphisms between them as defined above, clearly form a category.

HOMOTOPY MEANINGFUL CONSTRUCTIONS 59

Let ι be the only non-degenerate n-dimensional simplex in Δ[n], i.e. ι corresponds to the map id : Δ[n] → Δ[n]. With any compatible family F = {F_σ}_{σ∈K} over H we can associate a functor which is denoted by the same symbol F : Gr_K H → C. It assigns to (σ, τ) ∈ Gr_KH an object F_σ(ι)(τ) ∈ C. In this way we get a functor between the category of compatible families over H and F un(Gr_KH, C). One can show that this functor is an isomorphism of categories. Thus we do not distinguish between diagrams indexed by Gr_KH and compatible families over H. We also use the same symbol F un(Gr_KH, C) to denote both the category of compatible family of functors over H and the category of functors indexed by Gr_KH.

A compatible family over H carries a lot of redundant data just to describe a functor indexed by Gr_KH. However, this way of thinking about diagrams over Gr_K H helps in keeping tracks of their local data. This local information is important to describe a notion of boundness for diagrams indexed by Gr_KH as well as a model structure on such diagrams.

23.2. Definition. Let H : K → Spaces be bounded. A functor F : Gr_KH → C is called bounded if, for any simplex σ : Δ[n] → K: • F_σ : Δ[n] → F un ( H(σ), C ) has bounded values, i.e. F_σ : Δ[n] → F un^b ( H(σ), C ) , • F_σ : Δ[n] → F un^b ( H(σ), C ) is bounded relative σ : Δ[n] → K.

The full subcategory of F un(Gr_KH, C) consisting of bounded diagrams is denoted by F un^b(Gr_KH, C). An object (σ, τ) ∈ Gr_KH is called non-degenerate if σ is non-degenerate in K and τ is non-degenerate in H(σ). A bounded diagram F : Gr_KH → C is determined, up to isomorphism, by the values it takes on the non-degenerate objects in Gr_K H.

In the case N : K → Spaces is a constant diagram with value N the boundness condition on a diagram indexed by Gr_KN = K ~×N coincide with the one given in Section 22.

In the case of a constant diagram N : K → Spaces to get a model structure on F un^b(Gr_KN, C) we used the symmetry of the product Gr_KN = K ~×N = Gr_N K (see Section 22). For a general bounded diagram H : K → Spaces such a symmetry does not hold. To find an appropriate model structure on F un^b(Gr_KH, C) we need to use other methods. In this case the crucial role is played by the local data. As in the case of boundness (see Definition 23.2) definitions of weak equivalences, fibration and cofibrations in F un^b(Gr_KH, C) have local nature.

23.3. Definition. Let Ψ : F → G be a natural transformation in F un^b(Gr_KH, C). Weak equivalences. Ψ is called a weak equivalence if, for any σ : Δ[n] → K, Ψ_σ : F_σ → G_σ is a weak equivalence in F un^b_σ(Δ[n], F un^b(H(σ), C) ) . Fibrations. Ψ is called a fibration if, for any σ : Δ[n] → K, Ψ_σ : F_σ → G_σ is a fibration in F un^b_σ(Δ[n], F un^b(H(σ), C) ) . Cofibrations. Ψ is called a cofibration if, for any σ : Δ[n] → K, Ψ_σ : F_σ → G_σ is a cofibration in F un^b_σ(Δ[n], F un^b(H(σ), C) ) .

60 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

Weak equivalences and fibrations in F un^b(Gr_K H, C) are easy to describe in terms of diagrams indexed by Gr_KH. They are simply objectwise weak equivalences and fibrations. The analogous description for cofibrations is more complicated. For example, a bounded diagram F : Gr_K H → C is cofibrant if and only if, for any non-degenerate simplex σ : Δ[n] → K, the natural transformation colim_{τ∈∂Δ[n]}F (τ, −) → F (σ, −) is a cofibration in F un^b ( H(σ), C ) . Using exactly the same arguments as in the proof of Lemma 17.4 one can show:

23.4. Theorem. Let H : K → Spaces be bounded. The category F un^b(Gr_K H, C), together with the choice of weak equivalences, fibrations and cofibrations given in Definition 23.3, satisfies the axioms of a model category.

In the case of a constant diagram N : K → Spaces with value N the model structure on F un^b(Gr_K N, C) = F un^b(K ~×N, C) given in Definition 23.3 coincides with the one given in Section 22.

24. Thomason Theorem

In this section we prove the so called Thomason Theorem ([39]). It is a generalization of Fubini Theorem (see Proposition 22.5 and Corollary 22.7). The strategy is the same as in Section 22. The following lemmas are generalizations of Lemmas 22.2 and 22.3.

24.1. Lemma. Let F : Gr_KH → C be a bounded and cofibrant diagram. Then: (1) For all σ : Δ[n] → K, the diagram F (σ, −) : H(σ) → C is bounded and cofibrant. (2) The diagram colim_{H(−)}F : K → C, σ → colim_{H(σ)}F (σ, −), is bounded and cofibrant.

Proof of (1). Cofibrancy of F tells us that, for any σ : Δ[n] → K, the diagram F_σ : Δ[n] → F un^b ( H(σ), C ) is cofibrant relative to σ. By Corollary 16.5.(1), it follows that F_σ(ι) is a cofibrant object in F un^b ( H(σ), C ) . Since F_σ(ι) = F (σ, −) the first part of the lemma is proven.

Proof of (2). The boundness of colim_{H(−)}F is clear. To check that it is a cofibrant diagram we have to show that, for any non-degenerate simplex σ : Δ[n] → K, the morphism colim_σ′_{∈∂(Δ[n])}colim_{H(σ}′_)F → colim_{H(σ)}F is a cofibration.

Consider F_σ : Δ[n] → F un^b ( H(σ), C ) . Since σ : Δ[n] → K is non-degenerate and F_σ is cofibrant relative σ, by definition, colim_{∂(Δ[n])}F_σ → F_σ(ι) is a cofibration in F un^b ( H(σ), C ) . Hence, by Lemma 16.4, we can conclude that the morphism colim_{H(σ)}colim_{∂(Δ[n])}F_σ → colim_{H(σ)}F_σ(ι) is a cofibration in C. Since this morphism can be identified with colim_σ′_{∈∂(Δ[n])}colim_{H(σ}′_)F → colim_{H(σ)}F the second part of the lemma is proven.

HOMOTOPY MEANINGFUL CONSTRUCTIONS 61

24.2. Lemma. The functor colim_{GrK H} : F un^b(Gr_KH, C) → C is homotopy invariant on cofibrant objects.

Proof. Let F : Gr_KH → C, G : Gr_K H → C be bounded and cofibrant diagrams and Ψ : F^∼→ G be a weak equivalence. According to Lemma 24.1.(1), for any simplex σ ∈ K, F (σ, −) and G(σ, −) are cofibrant diagrams. It follows that the morphism colim_{H(σ)}Ψ_{(σ,−)} : colim_{H(σ)}F (σ, −) → colim_{H(σ)}G(σ, −) is a weak equivalence (see Lemma 16.7). As the diagrams colim_{H(−)}F : K → C and colim_{H(−)}G : K → C are also cofibrant (see Lemma 24.1.(2)), colim_K colim_{H(−)}Ψ is a weak equivalence as well. Since colim_{GrK H} Ψ coincide with colim_K colim_{H(−)}Ψ, the lemma is proven.

24.3. Proposition. The total left derived functor of colim_{GrK H} :F un^b(Gr_K H, C)→C exists. It can be constructed by choosing a cofibrant replacement Q in F un^b(Gr_K H, C) and assigning to F ∈ F un^b(Gr_KH, C) the colimit colim_{GrK H} QF ∈ Ho(C).

Proof. The proposition follows from Proposition 4.4 and Lemma 24.2.

The total left derived functor of colim_{GrK H} : F un^b(Gr_KH, C) → C is denoted by ocolim_{GrK H} : F un^b(Gr_KH, C) → Ho(C). Assume that C has a functorial factorization of morphisms by cofibrations followed by acyclic fibrations. In this case one can construct a functorial cofibrant replacement Q : F un^b(Gr_KH, C) → F un^b(Gr_KH, C). This can be used to construct a rigid ocolimit by taking colim_{GrK H} Q(−) : F un^b(Gr_KH, C) → C (compare with remarks 18.4 and 21.4).

We are now ready to prove Thomason theorem for ocolimits.

24.4. Proposition. Assume that C has a functorial factorization of morphisms by cofibrations followed by acyclic fibrations. Then, for any F ∈ F un^b(Gr_KH, C), we have a weak equivalence in C: ocolim_{GrK H} F ≃ ocolim_K ocolim_{H(−)}F Proof. Let Q : F un^b(Gr_KH, C) → F un^b(Gr_KH, C) be a functorial cofibrant replacement. Lemma 24.1.(1) tells us that, for any σ ∈ K, QF (σ, −) : H(σ) → C is a cofibrant replacement of F (σ, −) : H(σ) → C. Hence colim_{H(σ)}QF (σ, −) ≃ ocolim_{H(σ)}F (σ, −). By Lemma 24.1.(2) the diagram colim_{H(−)}QF : K → C, σ → colim_{H(σ)}QF (σ, −), is cofibrant. Thus it is a cofibrant replacements of ocolim_{H(−)}F : K → C. The proposition clearly follows, since colim_K colim_H QF coincides with colim_{GrK H} QF ≃ ocolim_{GrK H} F (see Proposition A.10). Let I be an arbitrary small category and H : I → Cat be a functor. Consider the forgetful functors ϵ : N(I) → I and ϵ : N ( H(i) ) → H(i). We use the same symbol ϵ : Gr_{N(I)}N(H) → Gr_IH to denote the induced functor on the level of Grothendieck construction. Since the above forgetful functors are cofinal with respect to taking colimits, then so is ϵ : Gr_{N(I)}N(H) → Gr_I H.

62 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

We are going to use this functor to approximate the category F un(Gr_IH, C) by a model category F un^b ( Gr_{N(I)}N(H), C ) . In this way we get a more convenient con- struction of hocolim_{GrI H} . 24.5. Theorem. The composition: F un(Gr_IH, C)^{ϵ∗} // F un^b ( Gr_{N(I)}N(H), C )^{ocolim}Gr_{N(I)}N(H) // Ho(C) together with a natural transformation induced by the morphisms: ocolim_{GrN(I)N(H)}ϵ^∗F → colim_{GrN(I)N(H)}ϵ^∗F = colim_{GrI H} F is the total left derived functor of colim_{GrI H} .

Proof. The strategy is the same as in the proof of Theorems 21.1 and 22.6. We are going to show that the following diagram satisfies the assumptions of Proposition 5.4. F un(Gr_I H, C) colim_{GrI H} &&LL LLL LLL LLL L ϵ^∗ // F un^b ( Gr_{N(I)}N(H), C ) colim_{GrN}(_I)_N(_H) vvnnnn nnnn nnnn nn ϵ^k oo

C Since ϵ : Gr_{N(I)}N(H) → Gr_IH is cofinal with respect to taking colimits, the above diagram does commute.

Lemma 24.2 implies that colim_{GrN(I)N(H)} is homotopy meaningful on cofibrant objects. It is also clear that ϵ^∗ is homotopy meaningful. Thus to prove the theorem we need to show that, for any diagram F^′ : Gr_I H → C, if F : Gr_{N(I)}N(H) → C is bounded and cofibrant and F → ϵ^∗F^′ is a weak equivalence, then so is its adjoint ϵ^kF → F^′. Let (i, x) be an object in Gr_IH. By definition ϵ^kF (i, x) = colim_{ϵ↓(i, x)}F . The category ϵ↓(i, x) is isomorphic to the Grothendieck construction Gr_{N(I ↓i)}N(H ↓x). Under this identification ϵ↓(i, x) → Gr_{N(I)}N(H) corresponds to Gr_{N(I ↓i)}N(H ↓x) → Gr_{N(I)}N(H). Since the maps N(I ↓i) → N(I) and N(H ↓x) → N(H) are reduced, i.e. they send non-degenerate simplices to non-degenerate ones, the composition: Gr_{N(I ↓i)}N(H ↓x) → Gr_{N(I)}N(H)^F→ C is a cofibrant diagram. It follows that so is colim_{N(H(−) ↓x)}F : N(I ↓i) → C (see Lemma 24.1.(2)).

We are going to show that this functor satisfies the assumptions of Corollary 20.6. It is clear that the category I ↓i has a terminal object t = (i, i^{id}→ i). Let us consider a simplex N(I ↓i) ∋ σ = (i_n → · · · → i_1 → i, i^{id}→ i) and a morphism α = d_n ∘ · · · ∘ d_1 : t → σ in N(I ↓i). We have to show that α is sent via colim_{N(H(−) ↓x)}F to a weak equivalence. Since F is weakly equivalent to ϵ^∗F^′ the natural transformation F (t, −) → F (σ, −), induced by α, is a weak equivalence.

HOMOTOPY MEANINGFUL CONSTRUCTIONS 63

These diagrams are cofibrant and thus, on the colimits, we get a weak equivalence colim_{N(H(t) ↓x)}F (t, −)^∼→ colim_{N(H(σ) ↓x)}F (σ, −). The assumptions of Corollary 20.6 are therefore satisfied and we can conclude that the following morphism is a weak equivalence as well: colim_{N(H(i) ↓x)}F (i, −)^∼→ colim_{N(I ↓i)}colim_{N(H(−) ↓x)}F = ϵ^kF (i, j) The category H(i)↓x has a terminal object, the diagram F (i, −) is bounded and cofibrant, and there is a weak equivalence F (i, −) → ϵ^∗F^′(i, −). Thus using again Corollary 20.6, we can conclude that the morphisms: colim_{N(H(i) ↓x)}F (i, −) → colim_{N(H(i) ↓x)}ϵ^∗F^′(i, −) = colim_{H(i) ↓x)}F^′(i, −) = F^′(i, x) is a weak equivalence. The theorem has been proven.

As a corollary of Proposition 24.4 and Theorem 24.5 we get the so called Thomason Theorem for homotopy colimits.

24.6. Corollary. Let H : I → Cat be a diagram of small categories. Assume that C has a functorial factorization of morphisms by cofibrations followed by acyclic fibrations. Then, for any F : Gr_I H → C, we have a weak equivalence in C: hocolim_{GrI H} F ≃ hocolim_I hocolim_H F 24.7. Corollary (R. W. Thomason [39, Theorem 1.2]). Let H : I → Cat be a diagram of small categories. Then there is a weak equivalence N(Gr_I H) ≃ hocolim_I N(H) Proof. Apply Corollary 24.6 to the constant diagram Δ[0] : Gr_I H → Spaces.

25. Étale spaces of presheaves

In this section we discuss homotopy colimits of contravariant functors indexed by simplex categories, i.e. we look at functors of the form F : K^{op} → C. We take advantage of the fact that after applying the nerve functor to a map of spaces f : L → K we get a reduced map N(f^{op}) : N(L^{op}) → N(K^{op}), i.e. a map which sends non-degenerate simplices in N(L^{op}) to non-degenerate simplices in N(K^{op}) (see Example 13.5). The key property of such maps is that the pull-back process along them preserves absolute cofibrancy of bounded diagrams (see Proposition 15.2).

Throughout this section let us fix a functor F : K^{op} → C. Let us also choose and fix a cofibrant replacement QF^∼→→ ϵ^∗F in F un^b ( N(K^{op}), C ) of the composition N(K^{op})^ϵ→ K^{op F}→ C, where ϵ : N(K^{op}) → K^{op} is the forgetful functor.

Let f : L → K be a map. The colimit colim_Lop (f^{op})^∗F is denoted simply by colim_Lop F . The colimit colim_{N(L}op_) ( N(f^{op})^∗QF ) is denoted by hocolim_Lop F and called the étale space of the pull-back (f^{op})^∗F . In this way we get two functors: colim_− F : Spaces↓K → C , (f : L → K) → colim_Lop F

64 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER hocolim_− F : Spaces↓K → C , (f : L → K) → hocolim_Lop F The morphisms: colim_{N(L}op_) ( N(f^{op})^∗QF ) → colim_{N(L}op_) ( (N(f^{op}) ∘ ϵ)^∗F ) = colim_Lop (f^{op})^∗F form a natural transformation hocolim_− F → colim_− F .

The notation hocolim_Lop F for the étale space of (f^{op})^∗F is justified by the fact that hocolim_Lop F is weakly equivalent to the homotopy colimit of the pull-back (f^{op})^∗F : L^{op} → C. The étale space construction is “additive” with respect to the indexing space. This additivity property distinguishes the ocolimit construction from the hocolimit one. The ocolimit is not additive with respect to the indexing space (see Remark 18.3).

25.1. Proposition. Let H : I → Spaces ↓K be a functor. Then the natural mor- phism colim_I hocolim_Hop F → hocolim_{(colimI H)}op F is an isomorphism. Proof. The proposition is a consequence of Proposition 8.2.(2) and the fact that N ( (colim_I H)^{op} ) is naturally isomorphic to colim_I N(H^{op}) (see 6.10).

The étale space construction converts cofibrations of spaces into cofibrations in C.

25.2. Proposition.

(1) For any map f : L → K, hocolim_Lop F is a cofibrant object. (2) Let h : N → L be a map in Spaces ↓K. If h is a monomorphism, then hocolim_N op F → hocolim_Lop F is a cofibration in C. Proof. Part (1) follows immediately from Corollary 16.5.(2). Part (2) is a consequence of Corollary 16.2.

25.3. Corollary.

(1) Let the following be a push-out square of spaces over K: A Ø ¨ //

fflffl B fflffl C Ø ¨ // D // K where A → B is a cofibration.

Then the following is a push-out square in C: hocolim_Aop F Ø ¨ //

fflffl hocolim_Bop F fflffl hocolim_Cop F Ø ¨ // hocolim_Dop F

HOMOTOPY MEANINGFUL CONSTRUCTIONS 65

(2) Let the following be a telescope diagram of spaces over K:

A_0 Ø

¨ //

!!B BBB BBB B A_1 Ø

¨ //

fflffl A_2 Ø

¨ //

˝˝——— ——— —— · · ·

K where A_i → A_{i+1} is a cofibration for i ≥ 0. Let A = colim(A_0 → A_1 → · · · ). Then hocolim_Aop F is isomorphic to colim ( hocolim_A^{op}_0 F → hocolim_A^{op}_1 F → · · · ) . We say that a functor F : I → C if homotopically constant if any morphism in I is sent, via F , to a weak equivalence in C. We are going to apply Corollary 25.3 to calculate the étale space of a homotopically constant functor indexed by a contractible space.

25.4. Proposition. If F : K^{op} → C is homotopically constant, then, for any map f : L → K such that L is contractible and for any simplex σ ∈ L, the morphism F ( f(σ) ) ≃ QF ( f(σ) ) → colim_{N(L}op_)N(f^{op})^∗QF = hocolim_Lop F is a weak equiva- lence.

Proof. It is enough to show that QF ( f(σ) ) → hocolim_Lop F is a weak equivalence for some simplex σ ∈ L.

Step 1. We show that the proposition holds in the case when L = Δ[n]. As F is homotopically constant, then so is the diagram QF : N(K^{op}) → C. Thus the com-

position N(Δ[n]^{op})^{N(f op)}−→ N(K^{op})^{QF}−→ C satisfies the assumptions of Proposition 20.7 since the category Δ[n]^{op} has an initial object ι. We can therefore conclude that the following morphism is a weak equivalence: QF ( f(ι) ) → colim_{N(Δ[n]}op_)N(f^{op})^∗QF = hocolim_{Δ[n]}op F Step 2. We say that a space L is basic if it can be built inductively starting with Δ[0] and gluing simplices along horns, i.e. one can decompose L as a telescope colim(L_0 → L_1 → · · · ) with L_0 = Δ[0] and L_{n+1} is obtained from L_n as a push-out colim(L_n ← ∐ Δ[n + 1, k] → ∐ Δ[n + 1]). A basic space is necessarily contractible.

We show that the proposition holds in the case when L is basic and finite dimensional. We prove it by induction on the dimension of L.

In the case dim(L) = 0, L = Δ[0] and Step 2 follows from Step 1. Let us assume that the proposition holds for those basic spaces whose dimension is less than n. Let L be basic and dim(L) = n. For simplicity assume that L has only one non-degenerate simplex of dimension n, i.e. L fits into a push-out square: Δ[n, k] Ø ¨ //

fflffl Δ[n] fflffl N Ø ¨ // L // K where N is basic and dim(N) < n.

66 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

By Corollary 25.3.(1) we get a push-out diagram of étale spaces: hocolim_{Δ[n,k]}op F Ø ¨ //

fflffl hocolim_{Δ[n]}op F fflffl hocolim_N op F Ø ¨ // hocolim_Lop F where the horizontal morphisms are cofibrations as indicated.

Since Δ[n, k] is basic and dim(Δ[n, k]) < n, the inductive assumption implies that QF ( f(σ) ) → hocolim_{Δ[n,k]}op F is a weak equivalence for any σ ∈ Δ[n, k]. Therefore, according to Step 1, hocolim_{Δ[n,k]}opF → hocolim_{Δ[n]}op F is an acyclic cofibration. It follows that so is hocolim_N op F → hocolim_Lop F (see Proposition 3.1). As by inductive assumption QF ( f(σ) ) → hocolim_N op F is a weak equivalence, we can conclude that QF ( f(σ) ) → hocolim_Lop F is a weak equivalence as well.

Step 3. We show that the proposition holds for any basic space L (not necessarily finite dimensional). In this case L can be represented as a colimit L = colim(L_0 → L_1 → · · · ), where L_n is basic and n-dimensional. Step 3 follows now from Step 2 and Corollary 25.3.(2).

Step 4. Let L be contractible. In this case f : L → K is a retract in Spaces ↓K of a map P L → K, where P L is basic. Explicitly, there are maps L → P L and P L → L in Spaces↓K for which the composition L → P L → L is the identity.

Let us choose a simplex σ ∈ L and form the following commutative diagram: QF ( f(σ) )

fflffl id // QF (f(σ))

fflffl id // QF (f(σ))

fflffl hocolim_Lop F // @A BC id OO hocolim_{P L}op F // hocolim_Lop F

According to Step 3 the morphism QF ( f(σ) ) → hocolim_{P L}op F is a weak equivalence.

It follows that QF ( f(σ) ) → hocolim_Lop F is a weak equivalence as well.

¿From this section on we assume that the category C has a functorial factorization of morphisms by cofibrations followed by acyclic fibrations. Although unnecessary, this assumption is going to simplify the statements and make the exposition more clear.

26. Diagrams indexed by cones II

In this section we consider contravariant functors indexed by cones. We prove analogous statements to those in Section 19.

HOMOTOPY MEANINGFUL CONSTRUCTIONS 67

Let K be a space and CK be its cone (see Definition 19.1). The opposite category (CK)^{op} can be represented as a Grothendieck construction (see Remark 19.3): (CK)^{op} = Gr ( K^{op p1}←− K^{op} × Δ[0]^{op p2}−→ Δ[0]^{op} ) where:

• K^{op} corresponds to the full subcategory of (CK)^{op} consisting of simplices of the form (σ, e^0).

• K^{op} × Δ[0]^{op} corresponds to the full subcategory of (CK)^{op} consisting of simplices of the form (σ, e^l), where l ≥ 1.

• Δ[0]^{op} corresponds to the full subcategory of (CK)^{op} consisting of simplices of the form e^l.

26.1. Proposition. Let F : (CK)^{op} → C be a functor. Assume that F sends morphisms of the form: d_j : (σ, e^l) → (σ, e^{l−1}) (for j > dim(σ) ) and d_j : e^l → e^{l−1} (for j ≥ 0) to weak equivalences in C. Then hocolim_{(CK)}op F is weakly equivalent to F (e).

Proof. To prove the proposition we use Thomason Theorem (see Corollary 24.6). It gives a weak equivalence: hocolim_{(CK)}op F ≃ hocolim ( hocolim_Kop F ← hocolim_Kop_{×Δ[0]}op F → hocolim_{Δ[0]}op F ) According to Fubini Theorem (see 22.7): hocolim_Kop_{×Δ[0]}op F ≃ hocolim_Kop hocolim_{Δ[0]}op F Let σ ∈ K^{op} be an object. We denote by F (σ, −) : Δ[0]^{op} → C the following composition: {σ} × Δ[0]^{op} ⊂ K^{op} × Δ[0]^{op} ⊂ (CK)^{op F}→ C The assumptions on F imply that F (σ, −) : Δ[0]^{op} → C is a homotopically constant functor. Thus, by Proposition 25.4, hocolim_{Δ[0]}op F (σ, −) is weakly equivalent to F (σ, e^0). We can conclude that the functor K^{op} ∋ σ → hocolim_{Δ[0]}op F (σ, −) is weakly equivalent to the composition K^{op} ⊂ (CK)^{op F}→ C. The morphism: hocolim_Kop hocolim_{Δ[0]}op F → hocolim_Kop F is therefore a weak equivalence. This argument shows that hocolim_{(CK)}op F is weakly equivalent to hocolim_{Δ[0]}op F . However, since F : Δ[0]^{op} → C is also homotopically constant (it is a consequence of the assumptions on F ), we get a weak equivalence F (e^1) ≃ hocolim_{(CK)}op F . We are going to apply Proposition 26.1 to certain contravariant functors indexed by nerves of categories with a terminal object.

68 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

26.2. Corollary. Let F : N(CI)^{op} → C be a functor. Assume that there exists F^′ : CI → C and a weak equivalence F^∼→ ϵ^∗F^′ in F un ( N(CI)^{op}, C ) , where ϵ :

N(CI)^{op} → CI, (i_n → · · · → i_0) → i_n is the forgetful functor (see Section 6). Then the composition: hocolim_{N(CI)}op F → hocolim_{N(CI)}op ϵ^∗F^′ → colim_{N(CI)}op ϵ^∗F^′ → colim_{CI} F^′ = F^′(e) is a weak equivalence. In particular hocolim_{N(CI)}op F ≃ F (e).

Corollary 26.2 can be generalized to an arbitrary small category with a terminal object.

26.3. Proposition. Let I be a category with a terminal object t and F : N(I)^{op} → C be a functor. Assume that there exists F^′ : I → C and a weak equivalence F^∼→ ϵ^∗F^′. Then the composition hocolim_{N(I)}op F → hocolim_{N(I)}op ϵ^∗F^′ → colim_{N(I)}op ϵ^∗F^′ → colim_I F^′ = F^′(t) is a weak equivalence. In particular hocolim_{N(I)}op F ≃ F (t).

Proof. The proposition can be proven using Corollary 26.2 and the fact that in the case I has a terminal object, it is a retract of its cone CI (compare with the proof of Proposition 20.5).

27. Homotopy colimits as étale spaces

In this section we show that the forgetful functor ϵ : N(I)^{op} → I, (i_n → · · · → i_0) → i_n, is cofinal with respect to taking homotopy colimits. This reduces calculating homotopy colimits indexed by any small category to calculating étale spaces of presheaves.

27.1. Theorem. The composition: F un(I, C)^{ϵ∗} // F un ( N(I)^{op}, C ) hocolim_{N(I)}op // Ho(C) together with a natural transformation induced by the morphisms: hocolim_{N(I)}op ϵ^∗F → colim_{N(I)}op ϵ^∗F = colim_I F is the total left derived functor of colim_I .

Proof. It is clear that this composition is homotopy invariant. Thus to prove the theorem we have to show that, if G : F un(I, C) → Ho(C) is also a homotopy invariant functor, then any natural transformation G → colim_I factors uniquely as G → hocolim_{N(I)}op ϵ^∗(−) → colim_I . For any functor F ∈ F un(I, C) we need to define a morphism G(F ) → hocolim_{N(I)}op ϵ^∗F in Ho(C).

HOMOTOPY MEANINGFUL CONSTRUCTIONS 69

Let F : I → C be a functor. The nerve N(I) can be expressed as a colimit colim_I N(I ↓−) (see Example 6.6). Since the étale space construction is additive with respect to the indexing space (see Proposition 25.1), we have an isomorphism: hocolim_{N(I)}op ϵ^∗F = colim_I hocolim_{N(I ↓−)}op ϵ^∗F Consider a diagram I ∋ i → hocolim_{N(I ↓i)}op ϵ^∗F . As the category I ↓i has a terminal object, Proposition 26.3 tells us that we have a weak equivalence: hocolim_{N(I ↓i)}op ϵ^∗F → colim_{N(I ↓i)}op ϵ^∗F = colim_{I ↓i}F = F (i) Let Ψ : hocolim_{N(I ↓−)}op ϵ^∗F → F denote the natural transformation induced by these morphisms. Since it is a weak equivalence and G is homotopy invariant, G(Ψ) is an isomorphism in Ho(C). We can now define G(F ) → hocolim_{N(I)}op ϵ^∗F to be the composition: G(F )^{G(Ψ)−1}// G(hocolim_{N(I ↓−)}op ϵ^∗F ) → colimI hocolim_{N(I ↓−)}op ϵ^∗F =hocolim_{N(I)}op ϵ^∗F In this way we get the desired natural transformation G → hocolim_{N(I)}op ϵ^∗(−). Its uniqueness is clear.

27.2. Corollary. Let F : I → C be a homotopically constant functor. If I is contractible, then hocolim_I F is weakly equivalent to F (i) for any i ∈ I.

Proof. The corollary is a consequence of Theorem 27.1 and Proposition 25.4.

28. Cofinality

In this section we discuss cofinality properties of the homotopy colimit construction. We generalize [6, Theorem XI.9.2] to arbitrary model categories. A similar result is also proven in [16, 10.7].

We give a sufficient condition for a functor f : I → J to induce a weak equivalence hocolim_I f^∗F → hocolim_J F for any diagram F : J → C. 28.1. Definition. Let I and J be small categories. A functor f : I −→ J is said to be terminal if the space N(j ↓f) (see A.2) is contractible for every j ∈ J.

Terminal functors are cofinal with respect to taking colimits, i.e. if f : I → J is terminal, then, for any diagram F : J → C, the morphism colim_I f^∗F → colim_J F is an isomorphism (see A.4).

28.2. Example. Let I be a contractible category. The functor I → ∗ is terminal.

28.3. Example. Let J be a category with a terminal object t. The functor ∗ → J, ∗ → t, is terminal. Indeed, for any j ∈ J, the category j ↓∗ is the trivial one.

70 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

28.4. Theorem. Let f : I → J be terminal. Then the composition: F un(J, C)^{f ∗} // F un(I, C)^{hocolimI} // Ho(C) together with a natural transformation induced by the morphisms: hocolim_I f^∗F → colim_I f^∗F = colim_J F is the total left derived functor of colim_J . Explicitly, there is a natural weak equiva- lence hocolim_I f^∗F ≃ hocolim_J F . Proof. We start with describing two functors:

• H : N(J)^{op} → Cat is defined as H(j_n → · · · → j_0) := j_0 ↓f. • G : I → Cat is defined as G(i) := N ( J ↓f(i) )_{op} . Consider their Grothendieck constructions Gr_{N(J)}op H and Gr_I G. Observe that the following is an isomorphism of categories: Gr_{N(J)}op H → Gr_I G ( (j_n → · · · → j_0); (i, j_0^α→ f(i)) ) −→ ( i ; j_n → · · · → j_0^α→ f(i) ) Let us denote the category Gr_{N(J)}op H = Gr_IG by Λ and the composition Λ = Gr_{N(J)}op H → N(J)^{op ϵ}→ J by λ, where ϵ : N(I)^{op} → I, (i_n → · · · → i_0) → i_n, is the forgetful functor. Let F : J → C be a functor. We are going to apply Thomason Theorem (see Corollary 24.6) to calculate the homotopy colimit of the pull-back λ^∗F : Λ → C. We can do it using the two presentations of the category Λ as Grothendieck constructions.

Case Λ = Gr_{N(J)}op H. Corollary 24.6 tells us that there is a weak equivalence: hocolim_Λλ^∗F ≃ hocolim_{N(J)}op hocolim_H λ^∗F For any σ = (j_n → · · · → j_0) ∈ N(J)^{op}, the diagram λ^∗F : H(σ) = j_0 ↓f → C is constant with value F (j_n). Since by assumption the category j_0 ↓f is contractible, Proposition 25.4 implies that the following morphism is a weak equivalence: hocolim_{H(σ)}λ^∗F → colim_{j0 ↓f} F (j_n) = F (j_n) The object F (j_n) can be identified with ϵ^∗F (σ), where ϵ : N(I)^{op} → I is the forgetful functor. Thus the induced natural transformation hocolim_{H(−)}λ^∗F → ϵ^∗F is a weak equivalence, and hence so is the morphism: hocolim_{N(J)}op hocolim_H λ^∗F → hocolim_{N(J)}op ϵ^∗F However, since hocolim_{N(J)}op ϵ^∗F ≃ hocolim_J F (see Theorem 27.1), we can conclude that hocolim_Λλ^∗F is naturally weakly equivalent to hocolim_J F . Case Λ = Gr_I G. Corollary 24.6 tells us that there is a weak equivalence: hocolim_Λλ^∗F ≃ hocolim_I hocolim_Gλ^∗F

HOMOTOPY MEANINGFUL CONSTRUCTIONS 71

For any i ∈ I, the diagram λ^∗F : G(i) = N ( J ↓f(i) )_{op} → C coincides with the composition N ( J ↓f(i) )_{op ϵ} → J ↓f(i) → J^F→ C. Since the category J ↓f(i) has a terminal object f(i)^{id}→ f(i), according to Proposition 26.3, the following morphism is a weak equivalence: hocolim_{G(i)}λ^∗F → colim_{N(J ↓f(i))}op ϵ^∗F = colim_{J ↓f(i)}F = F ( f(i) ) = f^∗F (i)

Thus the induced natural transformation hocolim_{G(−)}λ^∗F → f^∗F is also a weak equivalence, and hence so is the morphism hocolim_I hocolim_Gλ^∗F → hocolim_I f^∗F .

The theorem has been proven since we have found natural weak equivalences: hocolim_J F ≃ hocolim_Λλ^∗F ≃ hocolim_I f^∗F

Appendix A. Categorical preliminaries

A.1. Categories over and under an object (see [32, Section II.6]). Let I be a small category, i be an object in I and α : i → j be a morphism in I.

By I ↓i we denote a category whose objects are morphisms l → i, and a morphism in I ↓i between l_0 → i and l_1 → i is a commutative triangle:

l_0 ŒŒ= == == == = // l_1 � � � � i The morphism id : i → i is a terminal object in I ↓i.

By I ↓α we denote a functor I ↓α : I ↓i → I ↓j which sends l → i to the composition l → i^α→ j. Clearly this construction defines a functor I ↓− : I → Cat.

For any i ∈ I, there is a forgetful functor (I ↓i) → I which sends an object l → i in I ↓i to l in I. These functors induce a natural transformation (I ↓−) → I between I ↓− and the category I.

Dually, by i↓I we denote a category whose objects are morphisms i → l, and a morphism in i↓I between i → l_0 and i → l_1 is a commutative triangle i � � � � ŒŒ= == == == = l_0 // l_1

The morphism id : i → i is an initial object in i↓I.

By α ↓I we denote a functor α ↓I : j ↓I → i↓I which sends j → l to the composition i^α→ j → l. Clearly this construction defines a functor − ↓I : I^{op} → Cat.

72 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

A.2. Relative version of categories over and under an object (see [32, Section II.6]). Let f : J → I be a functor. By f ↓i and i↓f we denote the categories that fit into the following pull-back squares in Cat: f ↓i fflffl // J f fflffl i↓f oo

fflffl I ↓i // I i↓I oo The categories f ↓i and i↓f are called respectively over and under categories of f. Explicitly, we can think about f ↓i as a category whose objects are pairs ( l, f(l) → i ) consisting of an object l in J and a morphism f(l) → i in I. The functor f ↓i → I ↓i maps such an object to ( f(l) → i ) . There is a similar description of i↓f.

In the case f = id_I , id↓i and i↓id coincide respectively with I ↓i and i↓I. If f : J → I is fixed, we denote f ↓i and i↓f simply by J ↓i and i↓J.

A.3. Pull-back process and Kan extension (see [32, Section X]). Let C be a category closed under colimits. Consider a functor f : J → I. With f we can associate two other functors:

• The pull-back process. It is a functor f^∗ : F un(I, C) → F un(J, C) which assigns to H : I → C the composition J^f→ I^H→ C.

• The Kan extension. It is a functor “going in the other direction” f^k : F un(J, C) → F un(I, C). Here is its construction. Let H : J → C be a functor. For every i ∈ I pull-back H along f ↓i → J and take the colimit colim_{f ↓i}H. In this way we get a functor colim_{f ↓−}H : I → C. The assignment: F un(J, C) ∋ H → colim_{f ↓−}H ∈ F un(I, C) in natural in H, and hence it induces a functor F un(J, C) → F un(I, C). This functor is called the Kan extension of f.

The Kan extension and the pull-back process are closely related. For any f : J → I, f^k : F un(J, C) → F un(I, C) is left adjoint to f^∗ : F un(I, C) → F un(J, C). A.4. Cofinality for colimits (see [32, Theorem IX.3.1]). The main application of relative categories under an object is in cofinality statements for colimits. We say that a functor f : J → I is cofinal with respect to taking colimits if, for any F : I → C, the induced morphism colim_J f^∗F → colim_I F is an isomorphism.

If for any i ∈ I, the under category i↓f is non empty and connected (the nerve N(I) is a non empty and connected space), then f : J → I is cofinal with respect to taking colimits.

HOMOTOPY MEANINGFUL CONSTRUCTIONS 73

A.5. Grothendieck construction (see [39, Definition 1.1]). Let H : I → Cat be a functor. The Grothendieck construction on H is the category Gr_I H, where:

• an object in Gr_I H is a pair (i, a) consisting of an object i ∈ I and an object a ∈ H(i); • a morphism (α, h) : (i, a) → (j, b) in Gr_IH is a pair (α, h) consisting of a morphism α : i → j in I and a morphism h : H(α)(a) → b in H(j);

• the composition of (α, h) : (i, a) → (j, b) and (β, g) : (j, b) → (l, c) is defined to be ( β ∘ α, g ∘ H(β)(h) ) : (i, a) → (l, c). The construction Gr_I H is natural. Let f : J → I, H_1 : J → Cat and H_0 : I → Cat be functors and Ψ : H_1 → H_0 be a natural transformation. This data induces a functor Gr_f Ψ : Gr_J H_1 → Gr_I H_0 which sends an object (j, a) to ( f(j), Ψ_j(a) ) . A.6. Example. If H : I → Cat is a constant functor with value J, then the Grothendieck construction Gr_I H is isomorphic to the product category I × J.

A.7. Example. Let us consider the category given by the following graph:

(0, 1, 2) //

fflffl

$$II III III I (0, 1)

fflffl

””D DDD DDD D (0, 2) //

fflffl

(0)

(1, 2) //

$$II III III II (1)

(2) This category is isomorphic to the following Grothendieck construction:

Gr (2) ← (0, 1, 2) // fflffl (0, 2)

(1, 2) → (0, 1) // fflffl (0)

(1)

A.8. Grothendieck construction & the pull-back process. The category Gr_I H is equipped with a functor Gr_I H → I, (i, a) → i. This functor behaves well with regard to the pull-back process. Let f : J → I be a functor and i ∈ I be an object.

74 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

The following are pull-back squares in Cat: Gr_J H // fflffl Gr_I H fflffl H(i) oo

fflffl J^f // I {i} oo In particular, by pulling back Gr_I H → I along I ↓i → I we get a natural isomorphism Gr_{I ↓i}H ∼= (Gr_I H)↓i. A.9. Functors indexed by Grothendieck constructions. To describe a functor F : Gr_I H → C it is sufficient and necessary to have the following data: (1) for every object i in I, a functor F_i : H(i) → C;

(2) for every morphism α : i → j in I, a natural transformation F_α : F_i → F_j

between F_i : H(i) → C and the composition H(i)^{H(α)}−→ H(j)^{Fj}→ C; (3) if α : i → j and β : j → l are composable morphisms in I, then the natural transformations F_{β∘α} and F_β ∘ F_α should coincide.

Let F : Gr_I H → C be a diagram. The functor F_i : H(i) → C is given by the composition H(i) → Gr_I H^F→ C. The natural transformation F_α : F_i → F_j is induced by the morphisms F (α, id) : F (i, a) → F ( j, G(α)(a) ) . By applying the colimit to this data we get a functor: colim_{H(−)}F : I → C , i → colim_{H(i)}F , (α : i → j) → colim F_α Let colim_{H(−)}F → colim_{GrI H} F be the natural transformation induced by the mor- phisms colim_{H(i)}F → colim_{GrI H} F . A.10. Proposition. The natural transformation colim_{H(−)}F → colim_{GrI H} F satisfies the universal property of the colimit of colim_{H(−)}F : I → C. The induced mor- phism colim_{i∈I} colim_{H(i)}F → colim_{GrI H} F is therefore an isomorphism. Appendix B. Degeneracy map

In this section we investigate the degeneracy map s_i : Δ[n + 1] → Δ[n]. We discuss the functor ds_i : Δ[n] → Spaces (see 9).

Observe that any map σ : Δ[m] → Δ[n] can be realized uniquely as the nerve of a functor [m] → [n], which is also denoted by σ. For example, s_i : Δ[n + 1] → Δ[n] is the nerve of a functor s_i : [n + 1] → [n] determined by the assignment:

[n + 1] s_i fflffl

∗_{n+1} // ˙

fflffl

· · · // ∗i+2˙

fflffl

// ∗_{i+1} fflffl ∗_i˙ fflffl // ∗_{i−1} // ˙ fflffl · · · // ∗0˙ fflffl [n] ∗n // · · · // ∗i+1 // ∗i // ∗i−1 // · · · // ∗0

HOMOTOPY MEANINGFUL CONSTRUCTIONS 75

Since the nerve functor converts pull-backs in Cat into pull-backs in Spaces (see 6.7), for any σ : Δ[m] → Δ[n], the space ds_i(σ) can be identified with the nerve of the pull-back lim([m]^σ→ [n]^{si}← [n + 1]) in Cat.

We are going to identify values of the functor d ( Δ[n + 1]^{si}→ Δ[n] ) : Δ[n] → Spaces for various simplices σ : Δ[m] → Δ[n]. This is done on the level of categories first.

B.1. Let σ : [m] → [n] be a monomorphism. If the image of σ does not contain the object ∗_i, then the following is a pull-back square in Cat:

[m] // id fflffl [n + 1] s_i fflffl [m]^σ // [n]

If the image of σ does contain the object ∗_i, then, for a certain j we get a pull-back square in Cat of the form:

[m + 1] // s_j fflffl [n + 1] s_i fflffl [m]^σ // [n]

B.2. Let us now look at a degeneracy s_j : [n + 1] → [n] where, for simplicity, we assume that j < i. Observe that the following is a pull-back square in Cat:

∗_{n+2} // · · · // ∗_{j+2} fflffl ∗_{j+1} // · · · // ∗_{i+1} fflffl ∗_{n+1} // · · · // ∗_j // · · · // ∗_{i+1} fflffl ∗_i // · · · // ∗_0 ∗_i // · · · // ∗_0

∗_{n+1} // · · · // ∗_{j+1} fflffl ∗_j // · · · // ∗_i // · · · // ∗_0 ∗_n // · · · // ∗_j // · · · // ∗_i // · · · // ∗_0

s_j+1

..]]]]]

s_i ıı s_i fflffl s_j ..]]]]]]

In short we have a pull-back square:

[n + 2] s_i fflffl

s_j+1 //

[n + 1] s_i fflffl [n + 1]^{sj} // [n]

76 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

B.3. Assume that σ : Δ[m] → Δ[n] is given by a composition s_i ∘· · ·∘s_{i+k−1} ∘s_{i+k} = (s_i)^{k+1}. On the level of small categories this map corresponds to a functor given by the assignment:

∗_m˙

fflffl

// · · · // ∗i+k+2˙

fflffl

// ∗_{i+k+1} fflffl [m] σ fflffl

. . fflffl ∗_i˙ fflffl // ∗_{i−1} // ˙ fflffl · · · // ∗0˙ fflffl [n] ∗n // · · · // ∗i+1 // ∗i // ∗i−1 // · · · // ∗0

Observe that the following is a pull-back square in Cat:

∗_m // · · · // ∗i+k+1,1 fflffl ’’OOOO O . . fflffl ∗_{i+k+1,0} fflffl ∗_{i+1,1} fflffl ’’OO OOO . . fflffl ∗_{i,1} ((QQQ

QQQQ ∗_{i+1,0} fflffl ∗_{n+1} // · · · // ∗_{i+1}

##GG GG ∗_{i,0} // · · · // ∗_0 ∗_i // · · · // ∗_0

∗_m // · · · // ∗_{i+k+1} fflffl ∗_n // · · · // ∗_i // · · · // ∗_0 . . fflffl ∗_i // · · · // ∗_0

,,YYYYYYY Y

s_i fifi¸¸ ¸¸ ¸ ȷȷ# # # σ 22eeeeeee ee

By P let us denote the category that sits in the top left corner of the above diagram. Consider subspaces of N(P ) which correspond to subcategories of P given by the

HOMOTOPY MEANINGFUL CONSTRUCTIONS 77

graphs: C ∗m // · · · // ∗i+k+1,1 fflffl ’’OOOO O . . fflffl ∗_{i+k+1,0} fflffl A ∗m // · · · // ∗i+k+1,1 fflffl ∗_{i+1,1} &&MM MMM M . . fflffl . . fflffl ∗_{i+1,0} fflffl B ∗m // · · · // ∗i+k+1,1 fflffl ∗_{i+1,1}

øø8 88 88 88 88 8 ∗_{i,0} // · · · // ∗_0 . . fflffl ∗_{i+1,1} fflffl ∗_{i,0} // · · · // ∗_0 ∗_{i,1} &&MM MMM ∗_{i,0} // · · · // ∗_0 We can identify N(B) with Δ[m + 1], N(A) with Δ[m] and the map N(A) → N(B) (induced by the inclusion A → B) with d_{i+1} : Δ[m] → Δ[m + 1]. By induction we can identify N(C) with a space that fits into the pull-back square: N(C) // fflffl Δ[n + 2]

s_i+1 fflffl Δ[m]^{σ′} // Δ[n + 1] where σ^′ : Δ[m] → Δ[n + 1] is the composition s_{i+1} ∘ · · · ∘ s_{i+k−1} ∘ s_{i+k}. Notice that N(B) and N(C) cover N(P ), and hence since they intersect along N(A): N(P ) = colim ( N(B) ← N(A) → N(C) )

We can now summarize the above discussion: B.4. Proposition. Let σ : Δ[m] → Δ[n] be a simplex.

(1) If σ does not contain the vertex i, then the following is a pull-back square: Δ[m] // id fflffl Δ[n + 1] s_i fflffl Δ[m]^σ // Δ[n]

78 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

(2) If the preimage σ^{−1}(i) consists of only one element, then for some j the following is a pull-back square:

Δ[m + 1] // s_j fflffl Δ[n + 1] s_i fflffl Δ[m]^σ // Δ[n]

(3) Assume the preimage σ^{−1}(i) consists of more than one element, i.e. σ can be expressed as a composition Δ[m]^{σ′}→ Δ[n + 1]^{si}→ Δ[n], where the image of σ^′ contains vertices i and i + 1. Let P^′ be the space that fits into the pull-back square:

P^′ // fflffl Δ[n + 2]

s_i+1 fflffl Δ[m]^{σ′} // Δ[n + 1]

Then we can choose a map Δ[m] → P^′ with the following two properties. First, the composition Δ[m] → P^′ → Δ[m] is the identity. Second, let us define a space P and a map P → Δ[m] by the push-out: P fflffl = colim ( Δ[m + 1] s_i %%KK KKK KKK K Δ[m]

d_i+1

oo // id fflffl P^′ ˝˝zz zz zz zz )

Δ[m]^= Δ[m]

Then this map fits into the following pull-back square:

P // fflffl Δ[n + 1] s_i fflffl Δ[m]^σ // Δ[n]

References

[1] A. Bak and C. Weibel. A tribute to Robert Wayne Thomason (1952–1995). K-Theory, 12(1):1– 2, 1997.

[2] A. K. Bousfield. The localization of spaces with respect to homology. Topology, 14:133–150, 1975.

[3] A. K. Bousfield. The localization of spectra with respect to homology. Topology, 18(4):257–281, 1979.

[4] A. K. Bousfield. Localization and periodicity in unstable homotopy theory. J. Amer. Math.

Soc., 7(4):831–873, 1994.

HOMOTOPY MEANINGFUL CONSTRUCTIONS 79

[5] A. K. Bousfield and E. M. Friedlander. Homotopy theory of γ-spaces, spectra, and bisimplicial sets. In Geometric applications of homotopy theory (Proc. Conf., Evanston, Ill., 1977), II, volume 658 of Lecture Notes in Math., pages 80–130. Springer, Berlin, 1978.

[6] A. K. Bousfield and D. M. Kan. Homotopy limits, completions and localizations. Springer- Verlag, Berlin, 1972. Lecture Notes in Mathematics, Vol. 304.

[7] K. S. Brown. Abstract homotopy theory and generalized sheaf cohomology. Trans. Amer. Math.

Soc., 186:419–458, 1974.

[8] C. Casacuberta. Recent advances in unstable localization. In The Hilton Symposium 1993 (Montreal, PQ), volume 6 of CRM Proc. Lecture Notes, pages 1–22. Amer. Math. Soc., Providence, RI, 1994.

[9] Edward B. Curtis. Simplicial homotopy theory. Advances in Math., 6:107–209 (1971), 1971. [10] E. S. Devinatz, M. J. Hopkins, and J. H. Smith. Nilpotence and stable homotopy theory. I.

Ann. of Math. (2), 128(2):207–241, 1988.

[11] E. Dror Farjoun. Homotopy and homology of diagrams of spaces. In Algebraic topology (Seattle, Wash., 1985), volume 1286 of Lecture Notes in Math., pages 93–134. Springer, Berlin, 1987.

[12] E. Dror Farjoun. Homotopy theories for diagrams of spaces. Proc. Amer. Math. Soc., 101(1):181–189, 1987.

[13] E. Dror Farjoun. Cellular spaces, null spaces and homotopy localization, volume 1622 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1996.

[14] E. Dror Farjoun and A. Zabrodsky. Homotopy equivalence between diagrams of spaces. J. Pure Appl. Algebra, 41(2-3):169–182, 1986.

[15] W. G. Dwyer. Homology decompositions for classifying spaces of finite groups. Topology, 36(4):783–804, 1997.

[16] W. G. Dwyer, P. Hirschhorn, and D. M. Kan. Model categories and more general abstract homotopy theory: a work in what we like to think of as a progress (title as of March, 1997). preprint, available at: http://www-math.mit.edu/¸psh/.

[17] W. G. Dwyer and D. M. Kan. Calculating simplicial localizations. J. Pure Appl. Algebra, 18(1):17–35, 1980.

[18] W. G. Dwyer and D. M. Kan. Simplicial localizations of categories. J. Pure Appl. Algebra, 17(3):267–284, 1980.

[19] W. G. Dwyer and D. M. Kan. Function complexes for diagrams of simplicial sets. Nederl. Akad.

Wetensch. Indag. Math., 45(2):139–147, 1983.

[20] W. G. Dwyer and D. M. Kan. A classification theorem for diagrams of simplicial sets. Topology, 23(2):139–155, 1984.

[21] W. G. Dwyer and D. M. Kan. An obstruction theory for diagrams of simplicial sets. Nederl.

Akad. Wetensch. Indag. Math., 46(2):139–146, 1984.

[22] W. G. Dwyer and D. M. Kan. Realizing diagrams in the homotopy category by means of diagrams of simplicial sets. Proc. Amer. Math. Soc., 91(3):456–460, 1984.

[23] W. G. Dwyer and D. M. Kan. Singular functors and realization functors. Nederl. Akad. Wetensch. Indag. Math., 46(2):147–153, 1984.

[24] W. G. Dwyer and D. M. Kan. Equivariant homotopy classification. J. Pure Appl. Algebra, 35(3):269–285, 1985.

[25] W. G. Dwyer and D. M. Kan. Reducing equivariant homotopy theory to the theory of fibrations. In Conference on algebraic topology in honor of Peter Hilton (Saint John’s, Nfld., 1983), volume 37 of Contemp. Math., pages 35–49. Amer. Math. Soc., Providence, R.I., 1985.

[26] W. G. Dwyer and D. M. Kan. Equivalences between homotopy theories of diagrams. In Algebraic topology and algebraic K-theory (Princeton, N.J., 1983), volume 113 of Ann. of Math. Stud., pages 180–205. Princeton Univ. Press, Princeton, NJ, 1987.

80 WOJCIECH CHACHÓLSKI AND JÉRÔME SCHERER

[27] W. G. Dwyer and D. M. Kan. Centric maps and realization of diagrams in the homotopy category. Proc. Amer. Math. Soc., 114(2):575–584, 1992.

[28] W. G. Dwyer and J. Spaliński. Homotopy theories and model categories. In Handbook of algebraic topology, pages 73–126. North-Holland, Amsterdam, 1995.

[29] S. Jackowski, J. McClure, and R. Oliver. Homotopy classification of self-maps of BG via Gactions. I. Ann. of Math. (2), 135(1):183–226, 1992.

[30] S. Jackowski, J. McClure, and R. Oliver. Homotopy classification of self-maps of BG via Gactions. II. Ann. of Math. (2), 135(2):227–270, 1992.

[31] D. M. Latch, R. W. Thomason, and W. S. Wilson. Simplicial sets from categories. Math. Z., 164(3):195–214, 1979.

[32] S. MacLane. Categories for the working mathematician. Springer-Verlag, New York, 1971. Graduate Texts in Mathematics, Vol. 5.

[33] J. P. May. Simplicial objects in algebraic topology. Chicago Lectures in Mathematics. University of Chicago Press, Chicago, IL, 1992. Reprint of the 1967 original.

[34] D. Quillen. Homotopical algebra. Springer-Verlag, Berlin, 1967. Lecture Notes in Mathematics, No.43.

[35] D. Quillen. Rational homotopy theory. Ann. of Math. (2), 90:205–295, 1969. [36] D. Quillen. Homotopy properties of the poset of nontrivial p-subgroups of a group. Adv. in Math., 28(2):101–128, 1978.

[37] C. I. Reedy. Homotopy theory of model categories. unpublished, available at P. Hirschhorn’s homepage: http://www-math.mit.edu/¸psh/.

[38] G. Segal. Classifying spaces and spectral sequences. Inst. Hautes Études Sci. Publ. Math. No., 34:105–112, 1968.

[39] R. W. Thomason. Homotopy colimits in the category of small categories. Math. Proc. Cambridge Philos. Soc., 85(1):91–109, 1979.

[40] R. W. Thomason. Cat as a closed model category. Cahiers Topologie Géom. Différentielle, 21(3):305–324, 1980.

[41] R. W. Thomason. First quadrant spectral sequences in algebraic K-theory via homotopy colimits. Comm. Algebra, 10(15):1589–1668, 1982.

[42] R. M. Vogt. Homotopy limits and colimits. Math. Z., 134:11–52, 1973.

Max-Planck-Institute Für Mathematik, Gottfried-Claren-Str. 26, D-53225 Bonn, Germany

E-mail address: chachols@mpim-bonn.mpg.de

Centre de Recerca Matemàtica, Apartat 50, E-08193 Bellaterra, Spain E-mail address: jerome@bianya.crm.es