
Sehrödinger semigroups · geometrie
estimates in terms of the occupation

time

M. Demuth
w. Kirsch

I. MeGillivray

Max-Planck-Institut fUr Mathematik
Gottfried-Claren-StraBe 26

53225 Bonn

Gennany

MPI/93-58



r.

",



W.I(irsch
Fakultät für Mathematik

Ruhr-Universität
D-4360 Bochum 1

Sehrödinger semigroups - geometrie
estimates in terms of the oecupation time

M. Demuth
Max-Planck-Arbeitsgruppe

Fachbereich Mathematik
Universität Potsdam
Am Neuen Palais 10

0-1571 PotsdaIll

I.McGillivray
Fachbereich Mathematik

TU Berlin, SFB 288
Straße des 17 Juni 136

D-I000 Berlin 12

May 31, 1993

Abstract

The difference of Schrödioger aod Dirichlet semigrollps is expressed
in terms of the Laplace transform of the Browoian motion occupa
tion time. This iInplies quantitative upper and lower bOllnds for thc
operator norms of the corresponding resolvent differences. One spec
tral theoretical consequence is an estimate for thc eigenfunction for a
Schrödinger operator in a ball where the potential is given as a cone
indicator function.
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1 Introduction

The Feynman-Kac formula is a powerful tool in stochastic spectral analysis
to study spectral properties of partial differential operators. In this article
we shall consider the Laplace transform of the occupation timeof the Wiener
process in certain regions r of JR:l. These considerations have several spec
tral theoretical consequences, in particular one can give quantitative upper

. and lower bounds for the resolvent differences of Schrödinger operators and
Dirichlet operators in terms of the heigbt of tbe positive part of the potential.

In some more detail, this means the following. Let Ho be tbe self-adjoint
realisation of -~L\ in L2(IRd

). Let ~V = W+ - W_ be a potential in Kat.o's
dass. The positive part of the potential W+ is assumed to be high on a set
r c IRd

• Let U = W+lr and V = W+IRd_r - W_. Schrödinger operators of
the form

H = Ho +V + U,

U positive and large on r arise nat.urally in several physical models, for
instance, in N -body models, in solid state physics with periodic potentials
and in atomic systems. The main feature in all these examples is that r is an
unbounded region in IRd having in general non-smooth boundaries. Replacing
the potential U by klU where M represents the height, we compare the
physical syst.em given by HM = Ho+V +MV with an art.ificial system where
the potential barrier AlU is of infinite height (M = 00). The corresponding
Hamiltonian of this artificial system is the Dirichlet operator Hr. = (Ho+V)r.,
E = IRd - r, the self-adjoint operator in L2(E) generated by the differential
expression -~L\ + V with Dirichlet boundary conditions on ar. Because
these operators act in different Hilbert spaces we introduce the restrietion
operator J where J f := f Ir..

We now explain the connection between these Schrödinger or Dirichlet
operators and Brownian motion. Let X = (O,:F, Px , Xd be Brownian motion
in md with expectation denoted by Er. The occupation ti,ne of Brownian
motion in r is defined as

Tt,r :=1 {s E [0, t] : X s E r} I (1)

(I . I is Lebesgue measure). The operator norm of the semi-group difTerence
J e- tHM -e-tHr;J can be estimated by the Laplace transform of the occupation
time i. e.
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which will be one of the central objects of study in this article. Suppose r
and r c satisfy a uniform cone condition i.e. there exist angles a (resp. cl)
and heights h (resp. h') such that for any point y E ar we can find a cone C
of angle a and height h (resp. a cone C' of angle a' and height h') contained
in r with vertex y (resp. contained in r C

). Then the asymptotics of the
Laplace transform for r is governed by the Laplace transform for the cone
C:

We give upper and Iower bounds for this quantity of the form

a(A1t)-A(C) < E e-MTt,c < b( In Mt )A(C)
- 0 - Mt

(2)

(3)

for some a, b > 0 and Mt > 2. The cone constant A(C) is defined in terms of
tbe lowest eigenvalue of the Laplace-Beltrami operator on Sd-l - (Sd-l n C)
(Sd-l the unit sphere in md) with DiricbIet boundary conditions. Because
the cone condition is uniform on ar, A(C) is always smaller or equal to 1/2.

The estimate (3) has several spectral theoretical consequences, since one
has quantit.ative error estimates in A1, not just the bare convergence. The
most important consequence is that for regular resolvent values

(4)

for some f > 0, c = c(a, V, f, d). This in t.urn can be used to give quantitative
estimates for the limiting absorption principle

with (x) = (1+ I x 12)1/2, Q' > 1/2, which provides errOT estimates for the
spectral measures and scattering matrices. These and further applications
will be described in a forthcoming article.

Here we mention another spectral application. Let C be a cone with
vertex at the origin. Let (Ho +Allc)8 be the Dirichlet operator in L2(B)
where B is a ball in md

• Denot.e by rPn the eigenfunction corresponding to
the n-th eigenvalue of this operator. Then the value of the eigenfunction at
tbe origin may be estimated via
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~ c(n)(ln: )A(e) (6)

A typical feature in stochastic spectral analysis is the following: the as
sumptions and models come from physical situations and do not involve any
stochastic element, as also the results, as in (4) and (6), hut the method of
proof reHes heavily on the theory of stochastic processes. Here we studied in
detail the Wiener trajectories in cones using known and new results in this
theory.

The artic1e is organised as folIows. In section 2 the asymptotics of the
occupation time in a cone is estinlated from ahove and helow. This entails
upper (section 3) and Iower (section 4) bounds for the operator norm of
semigroup and resolvent differences. Our convergence results are restricted
to a certain class of Lipschitz domains; we provide an example to show that
for certain singularity regions r the convergence fails (section 3).

Acknowledgements. The authors are grateful to the DFG. This field of
research was supported in the project "Schrödinger operators" (Kirsch, De
muth 1990-92) and is support.ed by SFB 288 "Differential geometry anel quan
tum physics" in Berlin and Potsdam.

2 Asymptotics of the occupation time in a
cone

\Ve shall examine here the precise asymptotics of the Laplace transform of
the occupation time in a cone, which is determined by the cone constant A
depending on the angle of the cone.

A cone C in lRd
, d ~ 2 is a set of the form

C = {x E lRd
: (x, el) ~ P 11 xli}, - 1 < P < 1 (7)

Here (".) is the standard inner-product in lRd and el := (l, 0, ... ,0). The
angle of the cone is defined to be 0' := 2 arccos p. Let F be the closed subset
of Sd-l, the unit sphere in JRd centred at the origin, given by F := C n Sd-l.
Let (Xt , Pr) be Brownian motion in IRd • Then the total occupation time of
Brownian motion in r c JRd up to time t > 0 is defined by Tt,r :=1 {s E
[0, t] : Xf' E C} I. We shall denote by 1. I the d-dimensional Lebesgue
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measure. Given any Borel set B c 1R:I, the first hitting time of B is defined
by u(B) := inf{t > 0 : X t E B}.

Definition 2.1 The cone constant is defined via

(8)

where lJ := d/2-1 and AI (FC) is the /owest eigenvalue of the Laplace-Beltrami
operator -~ß on FC := Sd-l - F with Dirichlei boundary conditions on ßFc.

Proposition 2.2 LeI C be the cone (7). There exists a positive constant c
such that for all t ~ e

In t A
Po(Tt,c ~ 1) ~ c(-t-) (9)

Proof. Let v E Sd-l n int(C) be a vector from 0 to the interior of Fand fix
a > 0 for now. Denote the first hitting time of av + C by ua • Then

We estilnate the first term on the right-hand side. It is clear that there exists
A > 0 such that

1] + Qa C C - (2av + C) for all 7] E av + Be

where Qa is the cube of side-Iength aA centred at the origin. V\fe therefore
have that

~ PO(TU2a-Ua,C 0 Bua ~ 1) = EoPXl1a (TU2a ,c ~ 1) ~ Po(a(Q~) ~ 1)

Let pJI} be the law of one-dimensional Brüwnian motion starting at 0 and T
the first exit time of [-1, 1]. \Ve now use the classical estilnate

there exists k > 0 such that für all t > 0, pJI}(T < t) ::; ke- I /2l (11)

After a time-change we obtain

( )
A2a2/2Po Tt,c ~ 1,U2a::; t ~ ce-

5
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for a constant c > O. The second term on the right·hand side of (10) may be
estimated using [8] proposition 2.3 by

a 2

Po(Tt,c ~ 1,0"2a > t) ~ C(T)A

Put a 2 = ~ In t, then (12) and (13) yield

In t A
Po(Tt,c ~ 1) ~ c(-t ) 0

(13)

\Ve now give an improved version of [2] Theorem 5.4.

Theorem 2.3 Let C be ihe cone (7). There exists a constant c > 0 such
that for a/l t > 0 und a./l A1 > 0 with A1t > e

E -MT (ln Alt)A A A(C)
Oe l,G < c -- =

- Mt

Proo/. Let f n := e-n
l n = 0, ], ... Note that Po(Tt,c ~ fnt) = PO(Tt;l ,c ~ 1).

Thus

00

< '""' e- Mte -(n+l) R (1', < e-nt)- L..., 0 t,C_

n=O
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using Iln ~t I~ lln Mt I (1 + lln z I) if Mt> e and z > o. 0

We now demonstrate that the upper bound on the Laplace transform of the
occupation time in a cone is almost optimal by providing an accompanying
lower bound.

Lemma 2.4 Let C be the cone (7). There exists a positive constant c such
that

Proof. Denote by F6 the b'-neighbourhood of F in Sd-l and by C6 the cone
generated by F6• We will take 8 sufficiently small so that Sd-l - F6 #- 0. We
then have by [8] 2.3

Po(Tt•c < 1) ~ PO(X1 E 8(0,1) n Cs; a(C) 0 01 > t - 1)

= r p(1,O,1])Pf1(a(C) >t-l)d7]
JB(O,I)nC6

1 t-I
? p(I,O,71)C(-1-j2)-Ad71

B(O,1)nC6 Tl

~ c r p(l, 0,1/) 171 1
2A d1] t-A 0JB(O,1)nC6

We can now obtain a lower bound on the Laplace transform of the occupation
time in a cone as an easy corollary of the last lemma.

Proposition 2.5 Let C be the cone (7). There exists a positive constant c
such that for AIt > 2

Proof. The result follows easily from the observation

E e-MTt,c > e- 1p. (T ' < 1) > c(Mt)-A 0o _ ° !IIt,C _

Remark. Let H := {x E JFi.:l : Xl ~ O} denote the half-space in m:t. By
the are-sine law [5] proposition 4.4.11 there exist positive constants c, c' such
that C(Mt)-1/2 ~ Eoe-MTt,H ~ c'(Mt)-1/2 for large Mt. This together with
our results in 2.3 and 2.5 allow tlS to deduce A = A( H) = 1/2 independently
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of the dimension d and hence that ~l(H), the bottom eigenvalue of the
Laplace~Be1tramioperator -~ß on Sd-l with Dirichlet boundary conditions
has the value ~(d - 1). Let Co be the cone of angle 0, O. < 0 ~ 1r and
suppose d ~ 3. Then ~l (F~) 1 0 as a 1 o. For, let (F, &) be the Dirichlet
form on L2 ( Sd-l , T) (T surface area measure on Sd-l) corresponding to t he
Laplace-Beltrami operator -~ß on Sd-t, and Cap the associated capacity.
Then because the Brownian motion does not hit points, Cap(F~) 10, Q' 1 0
implying that UFFn is &l-dense in :F (see [7],[4]) where :FFa = {u E F :
u = 0 T - a.e. on F~}. It follows from this and the min-max principle that
~l (F~) 1 0, Q' 1 O. Since the function A(C) is monotone increasing in C, in the
sense that A(C') ~ A(C) whenever C' C C we can deduce that ~1(F~) ~ cd
for some constant c > 0 independent of d, and 0 < a ~ 1r, d ~ 2.

3 Upper bound on semigroup and resolvent
differences

In this section we are interested in perturbed operators HAI of the positive
Laplacian Ho := -!ß in L2(JRd), d ~ 2 of the fonTI

HM = Ho +V + A1U

where V is a pot.ential uniformly bounded below and U = Ir for r a closed
subset of IRd (the singularity region) and M is an arbitrary positive param
eter. The mapping J : L2 ( IRd , dx) ---7 L2(~, dx), ~ := JRd - r, is the obvious
restriction. HE will denote the operator Ho on L2(~, dx) with Dirichlet
boundary conditions on a~

We recall here the definition of uniform Lipschitz set from [2]. Given a closed
set r c JRd define

Bir := {x E JRd : d(x, ar) ::; I}, I > 0

Definition 3.1 A closed set r c m.d is said to be a uniform Lipschitz set il
there exist 0 < 8 < r < 00, 0 < L < 00, 0 < I < 00, mEIN and a countable
collection Bk 01 open balls of radius r covering air, such that

for all k, ar n Bk is locally the graph of a Lipschitz Junction with
Lipschitz constant L,.
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for all x E air, d(x, Bk) ~ fJ > 0 for some kj

each x E air belongs to at most m sets Bk.

Remark. Given any uniform Lipschitz set as ahove there exists a cone C =
Cint (the suhscript "int" stands for "interior") of angle Q' = 2 arctan L -1,

o< Q' ~ 7r and r > 0 such that

for each y E ar there is a rigid transformation (translation, rota
tion) 51/ of JRd such that 5y C n B(y, r) C rand 51/(0) = y.

(see [10]). \Ve quote the following from [2].

Proposition 3.2 Let r be a uniform Lipschitz set in md • Then there exisls
a positive constant c such that

sup Px(t - f < ".(f) < t) ~ Cf
1

/
2(1 + t- 1

/
2

)
xEE

for any 0 < f < t.

We now come to the main theorem of this section. vVe use the estimate, see
[6] eq.III 2.8

11 Je-iHM - e-tHEJ II~ sup Ex(e-MTt.r : a(r) < t) (14)
xEE

vVe note that the asymptotics in A1 and t of E.( e-MTt,r : l7(r) < t) are the
same if r is a cone, hut different in general. Since r is Lipschitz a(r) =
".( int(r)) P. - a.s. so that Tt,r > 0 on {a < t}; applying the monotone
convergence theoreln we see limM_oo E.(e-MTt,r : a < t) = 0 for t > 0 fixed.
On the other hand, for x E r Exe-MTt,r ~ e-M E:J:Tt,r; if r is compact then
1imt_oo ExTt,r = I > 0 ano so 1imt_00 Exe-MTt,r = e-M1 > 0 (see [2], [6]) for
Al > 0 fixed.

Theorem 3.3 5uppose thai r is a uniform Lipschitz set and that A =
A(C) ~ 1/2J C = Cint. Then for each 0 < f < 1J 0 < t < 00

11 Je- tHM - e-tHEJ II~ u-y(t)M-oyA, M > 1

for some funetion uoy(t) satisfying e..y(a) := Jooo e-atu-y(t)dt < 00 for all a > 0J
and
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Proof. For the sake of brevity we write a := a(r), T := a(B(O, rY) where r
is a.s in definition 3.1, z := X a . Then for € > 0

Er(e-MTt,r : a < t) = Er(e-MT"r : a < t <: a + T 0 Ba)

+Er(e-MTI,r: a < a+ToOa < t,TOOa < €)

+Er(e-MT"r: U < a+TOOu < t,TOOa > €)

:$ Ex(Eze-MTt-<7,sz(C) : a < t) + PO(T < €) + Eoe-MT(,C (15)

Let Tn := 1 - 2-n . Consider the expression Eoe-MTP-Tn+l)t,C. lf M(1 

Tn+l)t > e we can use 2.3 anel the estimate (l:x1)A ~ c(ß)x- ßA for some
c(ß) > 0 where 0 < ß < 1, x > e. lf A1(I-Tn+dt < 1 then Eoe-liIT(l-Tn+llt,C :s;
(1\1(1 - Tn+dt )-ßA. Note that M( 1 - Tn+d belongs to the interval (1, e) for
at most two n's and for such n, Eoe- MT(1-Tn+l)t,C ~ (1\1(1 - Tn+3)t)-ßA. With
these remarks anel 3.2 we see

00

Ex(Eze-MTt-<7,Sz(C) : ()' < t) = L Ex(Eze-MTt-<7,Sz(C) :, Tnt < a < Tn+lt)
n=O

00

:s: L Eoe-MT(i-Tn+ilt,C Px(Tnt < U < Tn+l t )
n=O

00

~ c L(M(l - Tn+dt)-ßA((Tn+l - Tn)t)I/2(1 + t- 1
/

2
)

n=O

00

~ c(A1t)-ßA(1 + t- 1
/

2
) L(Tn+l - Tn)l/2-ßA < 00 (16)

n=O

because ßA < 1/2. Returning to (15) we see that

Ex(e-A1Tt,r : ()' < t) ~ cA1-ßA t- ßA (1 + t- 1/2) +c'(1\1f..)-ßA +c"e- r2
/
4

f..

assuming A1 f.. > e. Now put f.. = A1-0
, Q' > 0 to obtain

::; cA1- ßA t- ßA (1 +t- 1/ 2 ) +c' J\t1-{I-o)ßA +C"A1-ßA

:s: c(1 + t- ßA (1 + t- 1/2))M-(1-0)ßA

for A11
-

0 > e, independently of x. Note that fooo e-atu,-y(t)dt < 00 for all
a > 0 where ul(t) = c(1 + t-ßA (1 + t- 1

/
2
)). The resolvent upper bound is

obtained by integrating the result for the semi-group. 0
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Corollary 3.4 Let r be a unIform Lipschitz set and assume in addition that

for all 1r - f < a ~ 1r (f > 0) there exist r(a) > 0 such thai for
all z E ar

szCo n B(z, r(a)) C r (17)

where Sz is a rigid tranformation of JRd and Co is a cone of angle
a.

Then for each 0 < , < 1, 0 < t < 00

11 Je- tHM - e-tHEJ 11::; llry(t)A1-ry/2, fOT all/arge AI > 0

for some function Ury(t) satisfying e.,(a) = Jooo
e-atury(t)dt < 00 for all a > 0,

and

Proof. Pick 1r - f < a ~ 1r, 0 < , < 1. Then apply 3.3 to obtain the estimate
with exponent ,A(Co )' Since A(Co ) -+ 1/2 as a -+ 1r,and , can be chosen
arbitrarily elose to 1 we have the result. 0

Remark. VVe note that if r is cornpact with smooth boundary the last corol

lary applies.

\"'Je give an example to show that there are singularity regions r for which
the semi-groups e-tHM do not converge to e-tHr; in operator norm.

Define a singularity region r ab by

r ab := {rx: X E Sd-l_ Ball ~ r ~ 1 + b}, a,b > 0 (18)

where el := (1,0, ... ,0) and Ba := Sd-l - Sd-l n B( eI, a) and let Eab :=

JRd - f ab .

Lemma 3.5 There exisl f > 0, t > 0, r > 0 such thai given any n E I!V
we can find a, b > 0, cf> E L 2(E ab i dx), 11 4> IIL2(E ab,dr)= 1 such that for all
x E 8(0, 1/2)

11



Proo/. Let p > 0, then we can estimate

I Ex(e-nTrab,fifJ(Xt} : a(fab ) < t < a(8(0, rt)) - Ex<jJ(Xt} I

:::;1 Ex(e-nTrab,fifJ(Xd: u(fab ) < t < a(B(O,rt))-Ex(e-nTrab,f<jJ(Xt): a(fab ) < t) 1

+ 1 Er(e-nTrab,tifJ(Xt}: u(fab ) < t) - Er(e-nTrab,t4>(Xd) I

+ I Er(e-nTrab,fifJ(Xt)) - ExifJ(Xd I
=1 E:r:(e-nTrab,t4>(Xd : a(fab ) < t,a(B(O,rt) < t) I

+ I Er(e-nTrab,tifJ(Xd : a(fab ) > t} I
+ I Ex(1 - e-nTrab,t)</J(Xt) I

:::; 11 </J 1100 P:r:( a( 8(0, r )C) < t)+ 11 4> Hoo Px(a(fab) > t)+ 11 </J 1100 Ex(I_e-nTr
ab,t)

We thus have that

Ex ( e-nTrab,I4>(Xd :a(fab) < t < a(8(0, r t))

2:: Er</>(Xd - P:r:(a(B(O, r)C) < t) - Pr(u(rab ) > t) - Er(1 - e-nTrab,t) (20)

assuming 11 4> 1100= 1. Note that the right-hand side of (20) only depends on
n through the last term. We now estimate each of the tenns in (20). Let
4> := lAbe where Abc := {sx : X E Sd-l, 1 + b :::; s :::; c} and c is chosen so that
m( Abc) = 1. Then

Exif>(X,) = Jp(t,x,y)if>(y)dy

2:: c'r~dj2e-c?/2t(cd - (1 + b)d) (21)

Let pJl) denote the law of I-dimensional Brownian motion started at o. It
is clear there exists l(r) > °such that

Thus

x +[-1(1'), l(r)]d C B(O, r), x E 8(0,1/2)

Pr(a(B(O, rt) < t) :::; Pr{a((x + [-l{r), l{r)]dy) < t)

:::; p(I){a([-I{r), l{r)]C) < t) = p(I){u([-I, I]C) < l(r)-2t)

:::; ke- I /21(r)-'1 t = ke-1(r)'1j2t

12
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(25)

for all x E B(O, 1/2) by (11).
Now

The first term can be estimated by

Pz(a(rab ) > t,a(Sd-l) < t) ~ Pz(Xu(Sd-l) E Ba)

~ 2dr(Ba ) (24)

for X E B(O, 1/2) by [9] theorem 3.1, where r is surface measure on Sd-l.
Note that there exists a box of side-length 2R such that

B(O, 1) C x + [-R, R]d, x E B(O, 1/2)

Thus for all x E 8(0, 1/2)

Pz(a(rab ) > t,a(Sd-l) > t) ~ Pz(a(Sd-l) < t)

:::; Pz(a((x + [-R, R]d)c) > t) :::; p~l)(t7([-R, Rr) > t)d

= p(1)(a([-I, Ir) > R-2t)d ~ !(e->.R-2 td (26)

for some A > °by [8] p.I20
The domain r ab is a subset of the annulus Ab = {rx : 1 :::; r < 1 + b} thus
Trab,t ~ TAb.t . So

Ez(l - e-nTrab,t) :::; E z (1 - e-nTAb,t)

Moreover by symmetry Ex(1 - e-nTAb,t) is constant on 8B(0, 1/2) and

E
lI

(1 - e-nTAb,t}:::; Ex(1- e-nTAb,t)

for y E 8(0, 1/2}, x E 8B(D, 1/2). \Ve know that by letting b get sufficiently
small Ex(l - e-nTAb,t) can be made arbitrarily small thus it is possible to
choose a = a(n), b= b(n) so that

(27)

for any .,., > 0. Substituting (21), (23),(24), (26),(27) into (20) we see that
for x E B(O, I/2}

Ex(e-nTrab.t4>(Xd : u(rab ) < t < u(B(O,rt)) 2: c't-d/2e-c2/2t(cd - (1 + b)d)

13



(29)

- ke-1(r)'2/2t _ 2dr(Sd-l - r ab) - K e- tR-'2 td - 7] (28)

By choosing r, l(r), t large and r(Ba ) small, the right-hand side of (28) can be
uniformly bounded below by a positive constant f > 0 for all x E B(O, 1/2).
o

Corollary 3.6 For f, t, r as above choose an, bn such that (19) is true.
Define

Let Hn := Ho+n1r where Ho is the Laplace operator, HE the Laplace operator
wilh Dirichlel boundary conditio71s on r. Then lhe semi-group diiJerences
Je- tHn - e-tHr.J Jail to converge to 0 in L2(JRd) as n ~ 00.

Proo/. Let 4> be as in the lemma and define rPn := rP 0 1/J;;1 where 'ljJn IS

translation in the el-direction by 3rn. Then

11 e-tHn - e-tHr. 112~ 11 (e- tHn - e-tHr.)tf; II~

= 11 Ex(e-nTr"rPn(X,) : a < t) 1
2 dx

~ r 1 Ex ( e-nT1,rcPll(Xd : a(ranbn ) < t < a( B(7/Jn(O), r t)) 1
2 dx

ltbnB(O,I/2)

~ f2 1 B(O, 1/2) 1

so fails to converge to zero. 0

4 Lower bound on semigroup and resolvent
differences

In this section we shall consider perturbations of the positive Laplacian Ho
in L2

( md
), d ~ 2 of the fornl

11M := Ho +V + MV

where V is a potential uniformly bounded above by a constant b, U is the
indicator function of a singularity region r satisfying

14



there exists ro c ar with positive surface measure and a cone
C = Ccov such that for each zEro there is a rigid transformation
Sz of IRd such that

(30)

A1 is an arbitrary positive parameter. The subscript "cov" stands for "cov
ering" to emphasize that Cint C Ccov where Cint is the cone appearing in
Theorem 3.3. and these cones are not the same in general; Cint is always
contained in r, at least locally, while Ccov contains r.
vVe want to get lower bounds on 11 J e- tH

M - e-tHr. J 11 to counterpart the
result of the last section. Since we are working with the L2(JRd) -operator
norm we automatically have thc lower bound ~II e-tHM<jJ - J*e-tHr.J,p 11 for
q., E L2

( JRd), 11 <P IIL2(fld)= 1. By thc Feynman-Kac formula this translates
into

= 11 Ex{e-MT.,r-J: V(X.)d, q,(X,) : O'(r) < t} 12 dx

Theorem 4.1 Assume that assumption (30) is in force. Fix t ~ 1. Given
p > 1 there exists a constant k( t) sllch that

1I Je- tHM - e-tll
r; J II~ k(t)A1-pA

for all sufficiently large Al > o.

Proo! We shall take V =0 to simplify the pfoof; it is only a slight modifi
cation to deal with V as in (30). We suppose also that r 0 has finite surface
measure. Let q., E L2( urL) n LOO( u:rt), <p ~ 0, 11 4> 11 L2(fld)::; 1. Let lIS onee
more adopt the notat.ion of the proof of 3.3. Then for 0 < B < 1

{1
1

Ex(e-MT"r q,( x,) : 0' < t) 1
2 dx }1/2

~ {1 1Ex(e-MT"rq,(x.}: Ot < 0' < t,z E f o} 12 dXP/2

~ {l i EAEz (e- MT
(1-B)"r q,(Xt - u )) : Ot < 0' < t, z E f o} 1

2 dx }1/2

Note that for any y E JRd

4>= inf 4>+{q.,- inf q.,} ~ inf q.,-{ inf q.,-,p}lB(II,1)c
8(11,1) B(y,1) 8(11,1) B(y,l)
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This and the triangle inequality give ~ 11 - 12 where

12 := { r I E;r:( E%( e- MT
(1-9)I,r ( inf 4> - 4>( X t - u )) 1B(%,1)<: 0 X t - u :

JE 8(%,1)

fJt<u<t,ZEfo)1 2 dx}I/2 (32)

Define 9t := P.(z E fo;Ot < (j < t); then 9t S; p.(q(rO,() < t) S; etE.e-u(rO,t)

where ro,( is the f-neighbourhood of f o. Let (F, &) be the Dirichlet form
associated to d-dimensional Brownian motion. Since f 0.( is relatively COffi

pact, f 0,( has finite E1-capacity and moreover p}o,t = E.e-u(rO,t) is aversion

of the equilibrium I-potential of r 0,( (see [4J); in particular Pfo,t E L2(JRd)
so that 9t E L2(E). Let bt :=11 9t IIL2(E)' Since r is a uniform Lipschitz set,
bt > O.
Define 1j; = 1/1(A1,t):= t-'YA1-AQ ß-1 where "q,ß are undetermined positive
constants, and 4> := 1j;I B (xo.R) where xo is some point in f o and R = R(A1, t)
is chosen so that 111> IIL2(Rd)= 1 i.e. R = c1/;-l/d where c > 0 constant. For
now we assurne that

B(x,l) c B(xo,R) for all xE f o (33)

U B(x, (1 - 7])R) C B(xo, R) for same 0 < ." < 1 (34)

We can estimate 11 using proposition 2.5 and (33) by

(35)

if A1(1 - O)t > 2. We now bound 12 from above using (34) and [8] (3g) via

12 :::; ,p{1 Er(Pz(Xt - u fi B(xo, R)) : Ot < (7 < t, z E f o?dx}2

:::; ,p{h Er(Pz(7(B(z, (1 - ,,)R)C) < (1 - O)t) : Ot < (7 < t, z E fo?dx }'/2

(36)
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(37)~ c(0' + 1)!b,,p{ (1(;~~)~2}_0

From (35) and (37) we abtain

11 Je-tHM_e-tHr;J II~ cbtW(M(1-B)t)-A- c'(a+1)!btW(1-1])-2°(1-B)0 R-20 tO

= cbtt---r M-Aq ß- 1(M(l - B)t)-A

-c'(Q' + 1)!btt---rAf-Aqß-1(1 - 7] )-20 (1 - 0)0 (t---r M-Aq ß-1 )20/dto

= Cbtß-l(l - B)-At---r-AM-(l+q)A

-c/(Q' + 1) !btß-1-20/d( 1 - 7] )-20 (1 _ B)Ot-~+0-20~/dM- Aq(1+2o/d)

Far q > 0, 0 < B, 1] < 1 fixed, ehoase 0', ß, 7, and M large enaugh so that

(1 +2O'jd)q = 1 +q (38)

7 + A < 7 +20', j d - 0' (39)

~eß-l(1 - B)-A = e'(O' + 1)!ß- I- 20/d(1 - 1])-20(1 - 0)0 (40)
2

1 +8(f0) < R = eilßl/dt--r/dMAq/d (41)

(1 -7])R +8(fo) < R i.e. 1]-
18(ro} < R (42)

Here (41) and (42) guarantee (33) and (34) respectively; 8(fo) is the diameter
of r0 c ar. \Ve thus have

1
11 J e- tHM - e-tHr; J 11~ 2cbtß-l( 1 - B)-At---r- AM-(I+q)A (43)

= k(t)M-pA

for p = 1 +q > 1 and aillarge AI. 0

Theorem 4.2 Assume (30). Let p > 1. Then for each 0 < a < 00 there
exists a positive constant e(a) such that for AI sufficiently [arge
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Proof. Fix to 2:: 1, h > 0 and let 'l/J := t~"YM-Aq ß-1 where "q, ß are unde
termined positive constants and let 4J = 1/;lB(xo.R) where Xo is some point in
r 0 and R is chosen so that 11 4> IIL1(Rd)= 1. Let T := a( 8(0, (1 - '1) RY) and
suppose that

U B(z, (1 -l1)R) C B(xo, R)
zEro

for some 0 < TJ < 1. We then have for 0 < B< 1

(44)

11.J(a + HM)-l - (a + HE)-IJ 112::11 (J(a + HM)-l - (a + lIE)-IJ)4J IIL:J(E)

= {~(1°O e-a
' Ex(e-MT"r,p 0 X, : a < t)dt?dx} 1/2

2:: { {(1.
tO

+
h

e-atEx(e-JvfTto+h,fljJ 0 Xt : q < to)dt)2dx}I/2
JE to

~ { {(1.
tO

+
h

e-atEx(e-MTto+h,r4> 0 Xt : Bto < a< to,z E ro)dt)2dx}I/2
JE to

2:: 1/;{ {(Ex(e-AfTto+h,f(1.tO+h e-atlB(xo,R)oXtdt): Bto < a < to,z E ro))2dx}I/2
JE to

2:: 1fJ1.
tO

+
h

e-atdt{ {(Ex(e-MTto+h'f : T 0 Bq > h + (1- O)to,
to JE

Bto < a < to,z E ro))2dx}I/2

~ c(a)t/J{~ (Ex ( Eze-MT(J_')'o+h,r : r > h+(l-B)to) : Bto < a < to,zEro)?dx} 1/2

~ c(a)t/J{~ (Ex ( Eze-MT(J-')'o+h.C : Bto < a < to, zEro) )2dx }1/2

-c(a)t/J{~ (Ex ( Eze-MT(J-'),<>+h,r : r < h+(l-B)to) : Bto < a < to,zEro))2 dx} 1/2

~ c(a )t/J{~ (Ex( Eze -MT(I-')'o+h,r) : Oto < a < to, zEro)?dx} 1/2

-c(a)t/J{~ Ex (Pz (a(B(z,(l-'7)R)') < (1-0)to+h): Bto < a < to,z E ro)2dx}I/2

18



Denote the first and second terms of the last expression by 11 and 12 respec
tively and note the similarity to (31) and (36). Argueing as in the praaf of
4.1 we obtain

11 ~ c(a)bto~(A1((1 - O)to + h))-A

and
(1 - 7J)2 R2

12 ~ c(a)(O'+ l)!btol/'{( 0) h}-er
1 - to +

if (44). Continuing as beraTe

11 J(a + HM )-1 - (a + }IE)-1 J II~ c(a)bto 7/J(A1((1 - O)to + h))-A

I (1 - 7J) 2R2
- 0

- c(a)(0' + 1).bto l/' {( 0) h }
1 - to +

= c(a)btot~'"YAI-Aq ß-I(M((l - O)to + h))-A

-c'(a)(0' + 1)!bto t~'"Y A1- Aqß-1(1 - 1] )-20 (( 1 - O)to+ h)O (t~'"Y A1-Aqß-1)40/d

~ c(a)bto ß-1(1 - O)-At~'"Y-A M-(1+q)A

-c'(a)(O' + 1)!btoß-1-40/d(1 _1])-20"(1 _ B)Ot~'"Y+0-40"'"Y/dA1-Aq(1+40/d)

FOT q > 0, 0 < 0,7] < 1 fixed, choose 0', ß, I, and M large enough so that

(1 +4o:/d)q = 1 +q

1 + A < 1 + 40',/d - a

~c(a)ß-l(1 - otA = c'(a)(a +1)!ß-1-40/d(1 - '1t20(1- 0)°

1 + 8(f0) < R = c"ß2/dt~"Y/d M 2Aq/d

(1 - 7])R + 8(fo) < R i.e. 7J-18(fo) < R

We thus have
11 J(a + HM)-l - (a + HE)-IJ 11

~ ~c(a)btoß-l(1 - otAt~ry-A M-(1+q)A

= k(a)M-pA

where p = 1 + q > 1 and M is large. 0
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The above results are by 00 means optimal if the singularity region r is
taken to be a cone of angle 0' > 1r. The following results give an improvement
in such cases.

Let r be a closed subset of JRd and suppose surface area measure T is
defined. Let us assume in addition that

there exists a cone C, closed sets r~ c ar, r n > 0, nEIN,
r n -+ 00 with T(r~) = 1, b'(r~) = 1 such that for each n and
z E rö there exists a rigid transformation Sz of md such that

(45)

moreover, the function g~ := P.(z E rö,Ot < a < t), 0 < t < 00,°< 0 < 1 satisfies infn b~ > 0 where b~ :=11 g~ IIL2(E).

Theorem 4.3 Let r be a singularity region satisfying (45). Fix t 2:: 1. Given
p > 1 there exists a constant k(t) such that

for all sufficiently large Al > O.

Proof. Define Tn := 0-(8(0, rn)C). For rP ~ 0, rP E L2(md
), 11 rP IIL2(RcI)= 1 we

have
I1 Je- tl1M - e-tHr. J Il~

{1 Er ( Ez ( e-MT(I-.)"r 1>( Xt - u )) : Ot < (j < t, z E r~ )2dx}1/2

~ {1 Er ( Ez ( e-MTt"-.),,r 1>( Xt - u ) : T n > (I - O)t) : Ot < (j < t, z E r~)2dx} 1/2

~ {1 Er ( Ez ( e-MT(I-')"S'(C) 1>( X t- u ) : Tn > (I-O)t) : Ot < (j < t, z E r~ )'dx} 1/2

~ {~ Er ( Ez ( e-MT(I-'j"s.(C) 1>(Xt- u )) : Ot < (j < t, z E r~ )2dx}1/2

- {~ Er ( Ez (e-MT(I-'j"s.(C) 1>( Xt - u ) : T n < (I-O)t) : Ot < (j < t, z E r~ )2dx} 1/2

~ {1 (Ez ( e-MT(I-')"s.(C) 1>( Xt - u )) : Ot < (j < t, z E r~ )'dx}1/'

20



(46)

Denoting the first term in the last expression by I we have as in 4.1 that
In 2:: 11- I~ where

I; := { rEx (Ez ( e- MT
(l-8)t,S.(C) ( inf tP - tP(Xt-O')) 1B(z,t)c 0 Xt-O' :

JE 8(z,1)

Ot < a < t, z E r~?dx } 1/2 - ce -r(nfl/(I-fJ)t 11 9~ I1 L1(E)

Using exactly the same argument as in 4.] we obtain

The constants c, ß, 0", q can be chosen independently of n. By hypothesis
b~ is uniformly bounded below. Thus the above inequality is valid for all
M bigger than some number not depending on n. So I 2:: k(t)A1-VA where
p = 1 + q > ]. Finally

11 Je- tHM - e-tHr.J 112:: k(t)A1-pA - ce-r~/(I-e)tb~

valid for all n. Since b~ is uniformly bounded in n, we let n -+ 00 to get the
result. 0

Theorem 4.4 Let r satisfy (45). Then for each 0 < a < 00 there exists a
positive constant c(a) such that for M sufficiently [arge

11 J(a + HM )-1 - (a + Hr.)-1 J 112:: c(a)M-VA (A = A(C))

Proof. As in 4.2 we have

11 J(a + H"t}-1 - (a + H E )-1 J 112::

c(a){ {(Ex(Eze-MT(l-O)lo+h,rö inf 4»: Oto < a < to,z E r~)?dx}I/2
JE B(z,l)

-c(a)1f;{h Er (Pz (a(B(z,(1-1/)R)') < (1-0)to+h): Oto < a < to,z E r~)2dx}[/2
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Denoting as in 4.3 Tn = o-{B{O, rn)C) the first right-hand term may be esti
mated

Oto < 0' < to, Z E r~)2dxP/2

~ c{a){ r(Ex(Eze-MT(1-9)to+h,S~(C) inf : Tn > (I - O)to+h) :JE B(z,1)

Oto < 0' < ta, z E r~?dx} 1/2

~ c(a) { r(Ex (Ez e-MT(1-9)lo+h,r~ inf): Oto < 0' < to, z E r~)2dx }1/2JE B(z,l)

-c(a){ r(Ex(Eze -MT(I-9)to+h,rö inf : Tn ~ (l - O)to + h) :JE B(z,l)

Oto < 0' < to, Z E r~)2dxP/2
~ c{a) { ({ Ex { Eze-AIT(1-9)to+h,r~ i(nf)): Oto < 0' < ta, z E r~)2dx} 1/2JE B z,1

-c(a )e-r~/((l-O)to+h)

We thus have
1I J{a + [fM )-1 - (a + HE)-I J ll~

c(a) { ({ Ex { Eze -AIT(1-9)to+h,r~ inf): Oio < 0' < to, z E r~ )2dx} 1/2JE 8(z,l)

-c(a)1/J{l Er(P%(a(B(z, (1 - '1)Rn < (1 - B)to + h) :

Bto < (1 < ta, z E r~)'ldx }In

-c(a )e-r~/((1-0)to+h)

Now argue as in 2.3 to obtain the conclusion. 0

Note that any cone r satisfies (45) for C = H, the half-plane so it follows
immediately
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Corollary 4.5 Let r be a cone 0/ angle 0:, 0 < 0' < 21T'. Fix t ;:: 1. Given
p > 1 there exists a constant k(t) such that

11 Je- tHM - e-tHEJ 1I~ k(t)M-p/2

/or all sufficiently large M. For each 0 < a < 00 there exists c(a) > 0 such
ahat /or alliarge M

11 J(a + HM )-1 - (a + Hr:.)-l J II~ c(a)M-P/2

Conjeeture. P.Duc1os (3] has shown

11 J( a + H",t}-1 - (a +HE)-t J 11 ~ c(a )M-l/2

where r is any eone. Together with the last result the expected rate of deeay
is O(1\1-1/'1). In the light of 3.4 one would expect this also for a large dass
of Lipschitz domains.

5 Application to decay of eigenfunctions

Let B be an open ball in IRd , d ~ 2 cent red at the origin, and C be a
cone. Let HM be the operator HM := -!ß + A1l e , A1 > 0 on L2(B) with
Diriehlet boundary conditions on BB. The operator HM has eigenvalues
o~ AAl ~ A!JI, n = 1,2, ... and A:\1 ~ An where An is the n-th eigenvalue
of 11 := -~ß on L2(8) with Diriehlet boundary eonditions on BB. Let
rPAl be a normalised L2-eigenveetor with eigenvalue AAl' Denote by T/"f the
L2-heat semi-group for ITM . By (1], Tt

M has an integral kernel pM(t,x,y)

whieh is jointly continuous on (0,00) x B x Band T/"f f/JMis continuous so
h "J"n ..\n tTM"J"n' t't at tp AI = e M t 'f'M IS eon InUOliS.

Proposition 5.1 Fix n. There exisls a positive constant c(n) such that

InN! AI cPAJ(O) I~ c(n)( AT) ,M > e

where A = A(C) is the cone constant.

P1'OO/. We first estimate I 4>:\1 lasfollows.

rP~l(x) = e.\" L,M (l,x,y)rP'M(y)dy

23
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::; CA'}.,{h pM (I, x, y )2dy}1/2

::; CA'}.,{hP(I, X, y?dy}1/2

where p(t, X, y) is the integral kernel of the heat semi-group associated to
I! the last line following by the Feynman-Kac representation of TiM. Thus
I 4>M(x) I::; c(n). It then follows from (47) that

14>:;1(0) I::; e(n) hpM(1,0, y)dy

= c(n)Eo(e-MTt,e : a > 1)

::; c(n )Eoe-MT} ,e

::; e(n)( I~ )A

Here a is the first hitting time of Be. 0
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