DEFORMATION THEORY OF REPRESENTATIONS OF PROP(ERAD)S

SERGEI MERKULOV, BRUNO VALLETTE

ABSTRACT. For any prop(erad) P admitting a minimal model we construct a Lso-algebra con-
trolling deformations of strongly homotopy P-(al)gebras and illustrate it with some particular
examples. We also construct higher operations on the deformation complex of algebraic struc-
tures generalizing the braces operations on Hochschild cochain complex involved in the proof of
Deligne’s conjecture for instance.

INTRODUCTION

The theory of props and properads provides us with a universal language to describe many al-
gebraic, topological and differential geometric structures. Our main purpose in this paper is to
introduce deformation theory of these structures via the associated prop(erad)s. One of our central
results associates canonically to a pair, (F(V),0) and (P,d), consisting of a differential graded
(dg, for short) quasi-free prop(erad) (F(V),0) on a Z-graded S-bimodule V' and an arbitrary dg
prop(erad) (P, d), a structure of L-algebra on the (shifted) graded vector space, s~'Homgz(V, P),
of morphisms of Z-graded S-bimodules; the Maurer-Cartan elements of this L,.-algebra are in one-
to-one correspondence with the set of all dg morphisms, {(F(V),0) — (P, d)}, of prop(erad)s. This
canonical L..-algebra is used then to define, for any particular morphism ~ : (F(V),9) — (P, d),
another twisted Lo-algebra which controls deformation theory of the morphism . In the spe-
cial case when (P, d) is the endomorphism prop(erad), (Endx,dx), of some dg vector space X,
our theory gives L..-algebras which control deformation theory of many classical algebraic and
geometric structures on X, for example, associative algebra structure, Lie algebra structure, com-
mutative algebra structure, Lie bialgebra structure, associative bialgebra structure, formal Poisson
structure, Nijenhuis structure etc. As the case of associative bialgebras has never been rigorously
treated in the literature before, we discuss this example in full details; we prove, in particular,
that the first term of the canonical L.-structure controlling deformation theory of bialgebras is
precisely the Gerstenhaber-Schack differential.

We derive the deformation complex and its L-structure from two general methods. First, we de-
fine the deformation complex as a total derived functor a la Quillen. We prove that this chain com-
plex is isomorphic, up to a shift of degree, to the space of morphisms of S-bimodule Hom? (C,Endy),
where C is a homotopy coprop(erad), that is the dual notion of prop(erad) with relations up to
homotopy. Since Endx is a (strict) prop(erad), we prove that the space Hom$(C, Endx) has a
rich algebraic structure, namely it is a homotopy non-symmetric prop(erad), that is prop(erad)
without the action of the symmetric groups and with relations up to homotopy. It is then easy to
see that a homotopy non-symmetric prop(erad) induced canonically a L.-structure. Moreover, we
argue that the higher operations are also interesting. Let consider the first example of this theory,
the Koszul non-symmetric operad As. In this case, the deformation complex is Hochschild cochain
complex of an associative algebra. And we have proved once again that this chain complex is a
non-symmetric operad. This is algebraic structure is equivalent to the data of braces operations.
We recall that these operations play a fundamental role in the proof of Deligne’s conjecture (see
McClure-Smith [MS02] and Tamarkin [Tam98] for instance).

The paper is organized as follows. In §1 we remind key facts about properads and props and we

define the notion of non-symmetric prop(erad). In §2 we introduce and study the convolution

prop(erad) canonically associated with a pair, (C,D), consisting of an arbitrary coprop(erad) C
1
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and an arbitrary prop(erad) D; our main results here are Propositions 5 and 7 constructing a
functor from the category of convolution prop(erad)s to the category of Lie-admissible algebras.
In §3 we discuss bar and cobar constructions for (co)prop(erad)s, and prove Theorem 16 on bar-
cobar resolutions extending thereby earlier results of [Val03] from weight-graded dg properads
to arbitrary dg properads. In §4 we recall to the notion and properties of homotopy properads
which were first introduced in [Gra06] and we define the notions of homotopy (co)prop(erad).
In §5, we recall the definitions of quadratic and minimal models for prop(erad)s. We prove
in Theorem 22 that the minimal model of a properad, when it exists, has always a particular
form. In §6 we remind geometric interpretation of Lo.-algebras, and then use this geometric lan-
guage to prove Theorem 27 which associates to pair, (F(V),d) and (P, d), counsisting of quasi-free
prop(erad) (F(V),0) and an arbitrary dg prop(erad) (P, d), a structure of L..-algebra on the
(shifted) graded vector space, s~ *Homgz(V, P). In §7, we define the deformation complex follow-
ing Quillen’s methods and identify it with s~'Homgz(V, P) in Theorem 29. We show next how
this canonical L,-algebra gives rise to twisted L.-algebras which control deformation theories
of particular morphisms v : (F(V),9) — (P, d) and then illustrate this general construction with
several examples from algebra and geometry. In §8 we construct a functor from the category of
homotopy properads to the category of L.-algebras. In §9 we prove that the space the space of
morphisms of S-bimodules from a homotopy prop(erad) to a prop(erad) is a homotopy prop(erad)
and thus a L.-algebra.
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In this paper, we will always work over a field K of characteristic 0. By graph we always mean a
directed graph without oriented cycles.

1. (Co)PROPERADS, (CO)PROPS AND THEIR NON-SYMMETRIC VERSIONS

In this section, we recall briefly the definitions of (co)properad and (co)prop according to [Val03].
Generalizing the notion of non-symmetric operads to prop(erad), we introduce the notions of
non-symmetric properad and non-symmetric prop. This definition is motivated by the following
property : the space of coinvariants, under the action of the symmetric group, of a prop(erad) is
canonically a non-symmetric prop(erad). We refer to [Val06] Appendix A for a longer introduction
to properads and to [Val03] for a complete exposition.

1.1. S-bimodules, graphs, composition products. A (dg )S-bimodule is a collection {P(m, ") }m, nen
of dg modules over the symmetric groups S,, on the right and S,, on the left. These two actions
are supposed to commute. In the sequel, we will only consider reduced S-bimodules, that is S-
bimodules P such that P(m,n) = 0 when n = 0 or m = 0. We use the homological convention,
that is the degree of differentials is —1. An S-bimodule M is augmented when it naturally splits
as M = M @ I. We denote the module of morphisms of S-bimodules by Hom(M, N) and the mod-
ule of equivariant morphisms, with respect to the action of the symmetric groups, by HomS(M ,N).

In this category, we define a two composition products X, based on the composition of operations
indexing the vertices of a 2-leveled directed, and X, based on the composition of operations
indexing the vertices of a 2-leveled directed connected graph (see [Val03] Figure 1 for an example).
Let G be such a graph with IV internal edges between vertices of the two levels. This set of edges
between vertices of the first level and vertices of the second level induces a permutation of Sy .
Let P and Q be two S-bimodules, their composition product is given by the explicit formula

PX Q(m, n) := @ @ K[Si] ®s; P(I, k) ®s, K[Sn] ®s, Q(7, 7) ®s, K[Sy] )
NeN* \[ k, 7,7 SpP x8Sq
where the second direct sum runs over the b-tuples I, k and the a-tuples 7, 7 such that |I| = m,
|k| = |7 = N, |7]| = n and where the coinvariants correspond to the following action of S;* x S, :
0PI R PRIV D Vg QW ~
07 ' @pr11) @ ®Pr1y) @TROV; D Q1) @+ ® Gua) @V, ' w,
for § € Sy, w € Sy, 0 € Sy and for 7 € S, with 77 the corresponding block permutation, v € S,
and v; the corresponding block permutation. This product is associative but has not unit. To fix
this issue, we restrict to connected graphs.
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The permutations of Sy associated to connected graphs are called connected (for more details
see Section 1.3 of [Val03]). We denote the set of connected permutations by S¢. We define the
connected composition product by the following formula

NeN* \[ k,7,7 SpP XSq

The unit I for this monoidal product is given by

I(1,1):=K, and
I(m, n):=0 otherwise.

We denote by (S-biMod, K., T) this monoidal category.

We define the concatenation product of two bimodules P and Q by

P ® Q(m, n) = @ K[Sm/4mn] ®s, ,xs, ., P(m', n") @ Q(m", n") ®s ,xs_,, K[Sn/4nr].

m/4+m!'=m
n/+n''=n

This product corresponds to take the (horizontal) tensor product of the elements of P and Q (see
Figure 3 of [Val03] for an example). It is symmetric, associative and unital. On the contrary
to the two previous products, it is linear on the left and on the right. We denote by Sg(P)
the free symmetric monoid generated by an S-bimodule P for the concatenation product (and
Sg(P) its augmentation ideal). There is a natural embedding P XK, @ — P X Q. And we
obtain the composition product from the connected composition product by concatenation, that
is Sg(PX. Q) = PX Q. (From this relation, we can see that I X.P = S(P) and not P.)

1.2. Properad. A properad is a monoid in the monoidal category (S-biMod, X., I). We denote
the set of morphisms of properads by Mor(P, Q). A properad P is augmented if there exists a
morphism of properads € : P — I. We denote by P the kernel of the augmentation ¢ and call it
the augmentation ideal. When (P, u,m, €) is an augmented properad, P is canonically isomorphic

to I & P. We denote by (I e P ) X, (I e P ) the sub-S-bimodule of P K. P generated by

compositions of s non-trivial elements of P on the first level with r non-trivial elements of P on the
second level. The corresponding restriction of the composition product 4 on this sub-S-bimodule
is denoted s, 5). The bilinear part of P K. P is the S-bimodule (I & P )X, (I & P ). It

1 1
corresponds to the compositions of only 2 non-trivial operations of P. We denote it by P X 1) P.
The composition of two elements p; and ps of P is written p; ®(1,1) p2 to lighten the notations.
The restriction ji(1, 1) of the composition product u of a properad P on P Xy 1) P is called the
partial product.

1.3. Connected coproperad. Dually, we defined the notion of coproperad, which is a comonoid

in (S-biMod, X.). Recall that the partial coproduct A(;, 1) of a coproperad C is the projection of

the coproduct A on C X 1) C = (I e C ) K. (I e C ) More generally, one can define the
1 1

(r, s)-part of the coproduct by the projection of the image of Aon (I® C )®.(I& _C ).

Since the dual of the notion of coproduct is the notion of product, we have to be careful with
coproperad. For instance, the target space of a morphism of coproperads is a coproduct of modules
and not a product. (The same problem appears at the level of algebras and coalgebras). We
generalize here the notion of connected coalgebra introduced by D. Quillen in [Qui69] Appendix
B, Section 3 (see also J.-L. Loday and M. Ronco [LRO6] Section 1).

Let (C, A, €, u) be an coaugmented (dg )coproperad. Denote by C := Ker(C = I) its augmenta-
tion. We have C =C @ I and A(I) = IXK, I. For X € C, denote by A the non-primitive part of
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the coproduct, that is A(X) = I XK. X + X K. I + A(X). The coradical filtration of C is defined
inductively as follows

Fy:=KI
F.={XeC|AX)€ F1R.F._1}.

An augmented coproperad is connected if the coradical filtration is exhaustive C = (J,~ o F>. This
condition implies that C is conilpotent which means that for every X € C, there is an integer n such
that Zn(X ) = 0. This assumption is always required to construct morphisms or coderivations
between coproperads (see next paragraph and Lemma 12 for instance).

For the same reason, we will sometimes work with the invariant version of the composition product
denoted P X5 Q when working with coproperads. It is defined by the same formula than X.. but
where we consider the invariant elements under the actions of the symmetric groups instead of the
coinvariants (see Lemma 4 for instance).

1.4. Free properad and cofree connected coproperad. Recall from [Val04] the construction
of the free properad. Let V be an S-bimodule. Denote by V+ := V & I its augmentation and by
V,, := (VH)Ee" the n-fold “tensor” power of V. This last module can be thought of as n-levelled
graphs with vertices indexed by V and I. We define on V,, an equivalence relation ~ by identifying
two graphs when one is obtained from the other by moving an operation from a level to an upper
or lower level. (Note that this permutation of the place of the operations induces signs). We
consider the quotient V,, := V},/ ~ by this relation. Finally, the free properad F(V) is given by a
particular colimit of the V,,. The dg S-bimodule F (V) is generated by graphs without levels with
vertices indexed elements of V. We denote such graphs by G(v1,...,v,), with v1,...,v, € V.
Since G(v1, .. .,v,) represents an equivalence class of leveled graphs, we can chose, up to signs, an
order for the vertices. (Any graph G with n vertices is the quotient by the relation ~ of a graph
with n levels and only one non-trivial vertex on each level). The composition product of F(V) is
given by the grafting. It is naturally graded by the number of vertices. This grading is called the
weight. The part of weight n is denoted by F(V)()

The cofree connected coproperad on a dg S-bimodule V' has the same underlying space than the
free properad, that is F¢(V) = F(V). The coproduct is given by pruning the graphs into two
parts. This coproperad verifies the universal property only among connected coproperads (see
Proposition 2.7 of [Val03])

1.5. Props. We would like to define the notion of prop as a monoid in the category of S-bimodules
with the composition product K. Since this last one has no unit and is not a monoidal product,
strictly speaking, we have to make this definition explicit.

Definition (Prop). A prop P is an S-bimodule endowed with two maps PRP % P and I L P
such that the first is associative and the second one verifies

X X
IX.P IRP— PRP < <PRI PRI
\ly‘/
P.

REMARK. This definition is not the original definition of Adams and MacLane but is equivalent
to it. The original definition consists of two coherent bilinear products, the vertical and horizontal
compositions of operations. The definition of the composition product given here includes these

two previous compositions at the same time. The partial product P X 1y P 2an, p COMPpOoses
two operations. If they are connected by at least one edge, this composition is the vertical compo-
sition, otherwise this composition can be seen as the horizontal composition of operations. This
presentation will allow us later to define the bar construction, resolutions and minimal models for

props.
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It is straightforward to extend the results of the preceding subsections to props. There exists
notions of augmented props, free prop, coprop and connected cofree coprop. We refer the reader
to [Val03] Section 2 for a complete treatment.

1.6. Non-symmetric prop(erad). In the sequel, we will have to work with the space of invariant
elements of a properad under the action of the symmetric groups (see Section 2). This subspace
is not stable under the composition of the properad but we can define on it non-symmetric com-
positions via the identification with coinvariants. Since this structure is the direct generalization
of the notion of non-symmetric operad, we call it non-symmetric properad. All the definitions and
propositions of this section can be generalize directly to props. For simplicity, we only make them
explicit in the case of properads.

Definition. A (dg )N-bimodule is a collection {P(m,n)}, nen+ of dg modules.

Definition (Non-symmetric connected composition product). Let P and Q be two N-bimodules,
we define their non-symmetric connected composition product by the following formula

PE.QUm, )= D | @ PEH @K, QG ,

SpP xSq

where the second direct sum runs over the b-tuples I, k and the a-tuples j, 7 such that |I| = m,

|k| = |7 = N, |7]| = n and where the coinvariants correspond to the following action of S;* x S, :
PO RPpRORG X Qg ~Pr-1(1) Q- QPr-1(6) DT OV D u(1) @+ & Gu(a),

for o € Si_j and for 7 € Sy with 7 the corresponding block permutation, v € S, and v; the

corresponding block permutation. Since the context is obvious, we still denote it by X..

The definition of the monoidal product for S-bimodule is based on 2-leveled graphs with leaves,

inputs and outputs labelled by integers. This definition is based on non-labelled 2-leveled graphs.

We define the non-symmetric composition product X by the same formula with the set of all
permutations of Sy instead of connected permutations.

Proposition 1. The category (N-biMod, K., I) of N-bimodules with the product K. and the unit
I is a monoidal category.

PRrROOF. The proof is similar to the one for S-bimodules (see [Val03] Propostion 1.6). O

Definition (Non-symmetric properad). A non-symmetric properad (P, u,n) is a monoid in the
monoidal category (N-biMod, K., I).

Example. A non-symmetric properad P concentrated in arity (1,n), with n > 1, is the same as
a non-symmetric operad.

This definition is motivated by the following property. Let P be an S-bimodule, we denote
by Ps the N-bimodule obtained by taking the space of coinvariants of P, that is Ps(m,n) :=
P(ma n)S?,{) XSy *

Proposition 2. For two S-bimodules P and Q, we have (P K. Q)s = Ps K. Os.
If P is a properad, its space of coinvariants Ps is naturally a non-symmetric properad.

PROOF. The first assertion comes directly from the definition of the two composition products.
When (P, u,n) is a properad, we define the non-symmetric product i on Ps by

i+ Ps®.Ps (PR, P)s L5 P,
where the map pug is when defined since the map p is equivariant under the action of the symmetric
groups. The associativity of p induced the associativity fi. O
In the sequel, we will have to work with the space of invariants, and not coinvariants, of a properad.
Since we work over a field of characteristic zero, both are canonically isomorphic. Let V be

a vector space with an action of a finite group G. The subspace of invariants is defined by
V¢ :={veV]|vg=uv, Vg€ G} and the quotient space of coinvariants is defined by Vg := V/ <
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v—.g, ¥(v,9) € V x G >. The map from V¢ to Vg is the composite of the inclusion V& »— V

1
followed by the projection V — V. The inverse map Vg — V¢ is given by [v] — @ Z v.9,
geG
where [v] denotes the class of v in V. In the case of S-bimodules, we will denote the latter map
by Sym : Ps — PS.

Proposition 3. Let P be a properad. Its subspace of invariants PS is naturally endowed with a
structure of non-symmetric properad.

Proor. When (P, u,n) is a properad, by Proposition 2 the quotient space of coinvariants Ps is
a non-symmetric properad. Since this space Ps is isomorphic to the subspace of coinvariants Ps,
we define the composition product on P° by the following composite

PSR, PS — Py R, Ps L Ps 20 pS,

. s 1
That is /’LP (p177p’r7p€|_77p./9): n!m! § T/'L’P(p177p’r7p€|_77p./s)0- U
: t oesy
~ESm

1.7. Representations of prop(erad)s, gebras. Let P and Q be two prop(erad)s. A morphism

P 2. Q of S-bimodules is a morphism of prop(erad)s if it commutes with the products and the
units of P and Q. In this case, we say that Q is a representation of P.

We will be mainly interested in representations of the following form. Let X be a dg vector space.
We consider the S-bimodule Endx defined by Endx(m,n) := Homg(X®", X®™). The natural
composition of maps provides this S-bimodule with a structure of prop and properad. It is called
the endomorphism prop(erad) of the space X.

Props and properads are meant to model the operations acting on types of algebras or bialgebras
in a generalized sense. When P is a prop(erad), we call P-gebra a dg vector space X with a
morphism of prop(erad)s P — Endx, that is a representation of P of the form Endyx. When
P is an operad, a P-gebra is an algebra over P. To code operations with multiple inputs and
multiple outputs acting on an algebraic structure, we cannot use operads anymore and we need
to use prop(erad)s. The categories of Lie bialgebras and (classical) bialgebras, for examples, are
categories of gebras over a properad. In these cases, the associated prop is freely obtained from
a properad. Therefore, the prop does not model more relations than the properad and the two
categories of gebras over the prop and the properad are equal.

2. CONVOLUTION PROP(ERAD)

When A is an associative algebra and C' a coassociative coalgebra, the space of morphisms
Homg (C, A) from C to A is naturally an associative algebra with the convolution product. We
generalize this property to prop(erad)s, that is the space of morphisms of S-bimodules Homg(C, P)
from a coprop(erad) C and a prop(erad) P is a prop(erad). From this rich structure, we get general
operations, the main one will be the intrinsic Lie bracket that we will use in deformation theory
later in 7.2.

2.1. Convolution prop(erad). For two S-bimodules M = {M (m,n)}p nand N = {N(m,n)}m.n,
we denote by Hom(M,N) the collection {Homg (M (m,n), N(m,n))}mn of morphisms of K-
modules. It is an S-bimodule with the action by conjugation, that is

(o.f.7)(x) == o.(f(o L™ h)).T,
foroc €S, 7 €S, and f € Hom(M, N) (m,n). An invariant element under this action is an
equivariant map from M to N, that is Hom(M, N)® = Hom®(M, N).

When C is a coassociative coalgebra and P is an associative algebra, Hom(C, P) is an associative
algebra known as the convolution algebra. When C is a cooperad and P is an operad, Hom(C, P)
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is an operad called the convolution operad by C. Berger and I. Moerdijk in [BMO03] Section 1. We
extend this construction to properads and props.

Lemma 4. Let C be a coprop(erad) and P be a prop(erad). The space of morphisms Hom(C, P) =
PC is a prop(erad).

PROOF. We use the notations of Section 1.1 (see also Section 1.2 of [Val03]). We define an
associative and unital map pP° : P¢ g P¢ — PC as follow. Let G2(fi,...,fr: g1,-..19s) €
PC X PC(m,n) be a 2-levelled graph whose vertices of the first level are labelled by fi,..., f, and
whose vertices of the second level are labelled by g1, ..., gs. The image of G2(f1,..., fr; g1,---,9s)
under 1P is the composite

G2 (f1yeesfrs G1sees95) PRP —» P HsP L P,

where G2(f1,..., fr; g1,-.-,9s) applies fi on the element of C indexing the i*™® vertex of the first
level and g; on the element of C indexing the j*® vertex of the second level of an element of C X C.
Since the action of the symmetric groups on PC is defined by conjugation and since the image of
the coproduct lives in the space of invariants, this map factors through the coinvariants, that is
PC s P¢ — PC.

The unit is given by the map C = I - P. The associativity of ,upc comes directly from the
coassociativity of A and the associativity of u”. O

cA cxSCc—CRC

Definition. The properad Hom(C, P) is called the convolution prop(erad) and is denoted by PC.

Assume now that (C,d¢) is a dg coprop(erad) and (P, dp) is a dg prop(erad). The derivative of a
graded linear map f from C to P is defined as follows

D(f):=dpof—(—1)Ifodec.
A 0O-cycle for this differential is a morphism of chain complexes, that is it commutes with the
differentials. In Section 6.3, we give a geometric interpretation of this derivative. The derivative is

a derivation for the product of the prop(erad) Hom(C, P) that verifies D? = 0. We sum up these
relations in the following proposition.

Proposition 5. When (C,d¢) is a dg coprop(erad) and (P,dp) is a dg prop(erad), (Hom(C,P), D)
is a dg prop(erad).

To study the properties of the bar and the cobar construction of (co)properads in Section 3.5, we
will need to work in the space of equivariant maps from a coproperad to a properad Homg(C, P).
Since this space is equal to the subspace of invariants of the convolution properad Hom(C, P), it
is naturally endowed with a structure of non-symmetric properad by Proposition 3.

Proposition 6. Let (C,d¢) be a dg coprop(erad) and (P,dp) be a dg prop(erad), the space of
equivariant maps (Hom®(C, P), D) is a non-symmetric dg prop(erad).

We call it the non-symmetric convolution prop(erad).

2.2. Lie-admissible product of a properad. In [KMO01], the authors proved that on the total
space ®,P(n) of an operad is endowed with a natural Lie bracket. This Lie bracket is the anti-
symmetrization of the preLie product pogq =), po; ¢ defined by the sum on all possible ways of
composing two operations p and q. We generalize this result to properads.

For 1 and v two elements of a (non-symmetric) properad P, denote p o v all the possible compo-
sitions of p by v along any 2-leveled graph with two vertices in P. For 1 another element P, the
components of (uov) on are of the form
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In the same way, the elements of p o (v on) are of the form

or

Denote by o (v, n) all the compositions of p with v and 7 above in P and (u, v) o all the
compositions of n with x4 and v under. With these notations, we have in P the followmg formula

(mov)on—po(von) =po(v,n) —(u,v)on.
When P = A is concentrated in arity (1,1), it is an associative algebra. In this case, the product
o is the associative product of A. When P is an operad, the operation (i, ) o vanishes and the
product p o v is right symmetric, that is (uov)on—po(von) = (uon)ov —po(nowv). Such a
product is called preLie. In the general case of properads, this product verifies a weaker relation
called Lie-admissible because its anti-symmetrized bracket verifies the Jacobi identity. Denote by
As(p, v, ) :=(uov)on— po (von) the associator of u, v and 7.

Definition (Lie-admissible algebra). A graded vector space A with a binary product o is called

a (graded) Lie-admissible algebra if one has Z sgn(o)As(—, —, —)7 = 0, where, for instance,
o€ES3
As(—, —, —)@%) applied to p, v and 7 is equal to (1) ((pon)ov — po (nowv)).

Proposition 7. Let P be a dg properad or a non-symmetric dg properad, the space @mm P(m,n),
endowed with the product o, is a dg Lie-admissible algebra.

PROOF. Let H = {id, (23)} and K = {id, (12)} be two subgroups of S3. We have
Z sgn(o)As(—, —, —)7 = Z sgn(a)((— o(—0o =)= ((—0 —)o —)‘7)

TES3 o€Ss
= Y s (o (- )T = (e (= )T -
rHESs\H
=0
S sen) (= =)o =) = (= =)o —)12)
wKeSs\K ~-
= 0.

For a prop P, we still define the product p o ¢ on @mm P(m,n) by all the possible ways of
composing the operations p and ¢, that is all vertical composites and the horizontal one.

Proposition 8. Let P be a dg prop or a non-symmetric dg prop, the space @m)n P(m,n), endowed
with the product o, is a dg associative algebra.

PRrROOF. We denote by p o, ¢ the sum of all vertical (connected) composites of p and g and by poy, ¢
the horizontal composite. We continue to use the notation p o, (p,r) to represent the composite
of an operation p connected to two operations p and r above. We have (in degree 0)

(pog)or=(poyq+ponq)or=

POy qoyT+poy(q,r) + (povg)onr+ (poyr)ong+pon(qour)+(p,q)ovr +pongonT,
and

po(gor)=po(goyr+qonr)=

POy qoyr+ (p,g)our+pon(qour)+ (povq)onr+qon(poyr)+poy(q,r)+pongonr

Since the horizontal product is commutative, (p o, 1) o, ¢ is equal to g oy (p o, ), which finally
implies (pog)or =po(qgor). g
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The Lie-admissible relation of a product o is equivalent to the Jacobi identity of its induced
bracket [i1, v] := pov — (—=1)#I"ly o . As a consequence, in each case (associative algebra, (non-
symmetric) operad, (non-symmetric) properad and (non-symmetric prop)), the product o gives
rise to a graded Lie bracket, which means that [[—, —], =] +[[—, =], —=]*?¥ +[[-, -], —]*32) = 0.

When P is a properad, we can symmetrize the product o to define a Lie-admissible product on
the subspace of invariants P°. For p and ¢ two elements of P5, it is given by Sym(p o q). By
Proposition 3, P° is a non-symmetric properad. The symmetrized Lie-admissible product in P°
is equal to the one defined directly in the non-symmetric properad P°. (The same result holds for
the associative product o of a prop).

2.3. Lie-admissible bracket of a convolution properad. From the rich structure of non-
symmetric properad on Homg(C, P), we derive several operations. The most interesting one is the
Lie bracket induced by the Lie-admissible product. We will use later in our study of deformation
theory (see Section 7.2). In the case of the non-symmetric convolution properad, it is equal to
the generalization to Homg(C, P) of the classical convolution product defined on the space of
morphisms Hom(C, A) between a coassociative coalgebra and an associative algebra.

Definition (Convolution product). Let f and g be two elements of Homg(C, P). Their convolution
product f * g is defined by the following composite

A X
C —¢he X1 c 4>f ang PXa1yP S P.

Since the partial coproduct of a coproperad (or a cooperad) is not coassociative in general, the
convolution product is not associative.

Proposition 9. Let P be a prop(erad) and C be a coprop(erad). The convolution product x on
Homg(C, P) is equal to the product o associated to the non-symmetric convolution prop(erad). In
the case of (co)properads, it is Lie-admissible and for (co)props, it is associative.

PRrROOF. The image of the map A(; 1) is a sum over all possible 2-leveled graphs with two vertices
indexed by some elements of C. Therefore, the map x is equal to the sum of all possible compositions
of f and g. a
Using the projections A(,. 4 of the coproduct, we define more general products with r and s inputs.
Definition (LR-operations). Let f1,..., f. and g1, ..., gs be elements of Hom(C, P). Their LR-
operation {f1,..., frH{g1,-.., gs} is defined by

Acr, s) ~
¢c—= (o R(Ia ) =

T S

CR - CHC®---aC

T S

{f1 o fr g1, 90} u

One can see that these operations are symmetric with respect to Koszul sign convention. Notice
that the convolution product is equal to f x g := {f}{g}

Corollary 10. The space (Homs(C, P),[,]) is a dg Lie algebra.

PRrROOF. It is a direct corollary of Proposition 7 and Proposition 9. (]

When C = C is a coassociative coalgebra and P = A an associative algebra, the product X is
equal to ® and is bilinear. In this case, the partial coproduct of C' is equal to the coproduct of C'
and is coassociative. (All the A, 4 are null for » > 1 or s > 1). In this case, the product * is the
classical convolution product on Hom(C, A), which is associative.

When C is a cooperad and P is an operad. Since we have A, ) = 0 for » > 1, the opera-
tions {f1,..., frHg1,-.-, gs} are null unless r = 1. The remaining operations {f}{g1,..., gs}
are graded symmetric brace operations coming from the brace relations verified by the operadic
product (¢f. [LMO5]). When C is a non-symmetric operad and P a non-symmetric operad, we can



DEFORMATION THEORY OF REPRESENTATIONS OF PROP(ERAD)S 11

define non-symmetric braces on Hom(C, P) in the same way (see [GV95, Val06]). The convolution
product verifies the relation (fxg)xh — fx(gxh) = {f}{g, h}. Therefore, in the operadic frame-
work, the (graded) symmetry of the brace products implies that the associator (fxg)xh— fx(gxh)
is symmetric in g and h. In this case, the convolution product * on Hom(C, P) is called a graded
preLie product.

The first definition of this kind of preLie operation appeared in the seminal paper of M. Gersten-
haber [Ger63] in the case of the cohomology of associative algebras. In the case treated by M.
Gerstenhaber, the cooperad C is the Koszul dual cooperad As! of the operad 4s coding associative
algebras and the operad P is the endomorphism operad End(A). This preLie product is universal,
that is there is a preLie product on the cohomology theory for algebras over any Koszul operad.
This result was first prove by Markl, Shnider, Stasheff in Proposition 3.111 of [MSS02]. We give a
stronger statement here, that is the cochain complex defining the cohomology theory of an algebra
over a Koszul operad is a non-symmetric operad (see Section 7.2). The symmetric braces play a
fundamental role in the proof of Deligne’s conjecture for associative algebras (see McClure-Smith
[MS02] and Tamarkin [Tam98] for instance) and in the extension of it to other kind of algebras
(see [Val06] Section 5.5).

3. BAR AND COBAR CONSTRUCTION

In this section, we recall the definitions of the bar and cobar constructions for (co)properads and
extend it to (co)props. We prove to adjunction between these two constructions using the notion
of twisting morphism, that is Maurer-Cartan elements in the convolution prop(erad). Finally, we
show that the bar-cobar construction provide a canonical (cofibrant) resolution.

3.1. (Co)Derivations. Let (P, u”) and (Q, u<) be two augmented dg prop(erad)s and let p :
P — Q be a morphism of augmented dg prop(erad)s of degree 0.

Definition (Derivation). A homogenous morphism 0 : P — Q is a homogenous derivation of p
if

00 uh 1y (= =) = uS. 1, (O(=), p(=)) + 121, (p(=), ().
This formula, applied to elements p; Xy 1) p2 of P Xy 1) P, where p; and py are homogenous
elements of P, gives

opP(pr®ayp2) = p2(0(p1) By plp2)) + (=D)L (p(pr) K11y 9(p2)).

A derivation is a sum of homogenous derivations. The set of homogenous derivations with respect
to p of degree n is denoted Der} (P, Q) and the set of derivations is denoted Der (P, Q) or simply
Der(P, Q) when the morphism p is obvious (for instance, the identity morphism).

Example. The differential of a dg prop(erad) P is a derivation of degree —1, that is an element
of Dery,' (P, P).

REMARK. Following the definition of a derivation from the framework of associative algebras, we
could define a more general notion. Let M be a bimodule over a prop(erad) P, that is we have two
maps PX(; 1y M — M and M X, ;)P — M which verify natural coherence with the associativity
of the composition product of the prop(erad). One can define the notion of derivation as a map
from P to M with the same kind of formula. The definition given above is then a particular case
of this one since a morphism of prop(erad)s p : P — Q defines a natural structure of P-bimodule
on Q. In the sequel, we will not need such a generalization.

In the rest of the text, we need the following lemma which gives the form of the derivations on a
free prop(erad). For a prop(erad) (Q, iuo), any graph G of F(Q)™ represents a class G of levelled
graphs of Q®". Therefore, we can define a morphism of prop(erad)s fig : F(Q) — Q by the

formula fig(G) := /,Log(”fl)@). The associativity of ug and the colimit defining F(Q) proves that

iio is well defined. The morphism Jig is the only morphism of prop(erad)s extending Q 4,9
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Lemma 11. Let p : F(V) — Q be a morphism of prop(erad)s of degree 0. Every derivation
from the free dg prop(erad) F(V) to Q is characterized by its restriction on V, that is there is a
canonical one-to-one correspondence Der), (F(V), Q) = Hom’ (V, Q).
For every morphism of dg S-bimodules 6 : V — Q, denote the unique derivation which extends 0
by Oyg. The image of an element G(v1,...,vy,) of ]-"(V)(") under Og 18

0o(G(v1,. .- yva)) = Y (=)Mo D g (Glp(or), o p(vier), 0(03), p(vis1), -5 p(0n))).

i=1

PRrROOF. Denote by 6 the restriction of the derivation @ on V, that is § = 9y : V — Q. From 6,
we can construct the whole derivation 9 by induction on the weight n of the free prop(erad) F (V)
as follows.

For n = 1, we have (“)g =6 : V — Q. Suppose now that Jj : f(V)(”) — Q@ is constructed
and it is given by the formula of the Lemma. Any simple element of F(V)("*+1) represented by a
graph with n+ 1 vertices indexed by elements of V' is the concatenation of a graph with n vertices
with an extra vertex from the top or the bottom. In the last case, 62}“ is given the commutative
diagram

aptt

_7:(‘/) (n+1) Q0

TUFUU ]#Q

X, +05 X
VR FOV)m 20 0Ky Q.

The other case is dual. Tt is easy to check that the formula is still true for elements of F(V)"+1)
that is graphs with n + 1 vertices. Finally, since p is a morphism of prop(erad)s, 9y is well defined
and is a derivation. O

Example. A differential 9 on a free prop(erad) F(V) is a derivation of Deryy' (F(V), F(V)) such
that 6% = 0.

Definition (quasi-free prop(erad)). A dg prop(erad) (F(V'), 9) such that the underlying prop(erad)
is free is called a quasi-free prop(erad).

Notice that in a quasi-free prop(erad), the differential is not freely generated and is a derivation
of the form given above.

Dually, let (C,A¢) and (D, AP) be two coaugmented dg coprop(erad)s and let p : C — D be a
morphism of coaugmented dg coprop(erad)s of degree 0.

Definition (Coderivation). A homogenous morphism d : C — D is a homogenous coderivation
of p if the following diagram is commutative

c d D

lAfl,n lAﬁ,n
dXp+pXd

CHC—DKD.

A coderivation is a sum of homogenous coderivations. The space of coderivations is denoted by
Coder,(C, D).

Example. The differential of a dg coprop(erad) C is a coderivation of degree —1.

REMARK. For a cooperad D, we can define a more general notion of coderivation form a D-
cobimodule to D by a similar formula. The definition given here is a particular case. Since
p : C — D is amorphism of coprop(erad)s, it provides C with a natural structure of D-cobimodule.

As explained in the first section, the dual statement of Lemma 11 holds only for connected co-
prop(erad)s.
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Lemma 12. Let C be a connected coprop(erad) and let p : C — F(W) be a morphism of
augmented coprop(erad)s. Every coderivation from C to the cofree connected coprop(erad) F°¢(W)
is characterized by its projection on W, that is there is a canonical one-to-one correspondence
Coder, (C, F(W)) = Hom® (C, W).

PROOF. The proof is similar to the one of Lemma 11 and goes by induction on r, where F,. stands
for the coradical filtration of C. The assumption that the coprop(erad) C is connected ensures that
the image of an element X of F, under d lives in @, ., F¢(W)™. Therefore, d(X) is finite and
d is well defined. - O

We denote by d, the unique coderivation which extends a map v : C — W.

Example. A differential d on a cofree coprop(erad) F¢(W) is a coderivation of Dery; (F¢(W), F¢(W))

such that d?> = 0. By the preceding lemma, it is characterized by the composite F¢(W) 4,
Fe(W) — W. Its explicit formula can be found in Lemma 18.

Definition (quasi-cofree coprop(erad)). A dg coprop(erad) (F¢(W), d) such that the underlying
coprop(erad) is connected cofree is called a quasi-cofree coprop(erad).

3.2. (De)Suspension. The homological suspension of a dg S-bimodule M is denoted by sM :=
Ks® M with |s| = 1, that is (sM); = M;_;. Dually, the homological desuspension of M is denoted
by s71M :=Ks™! @ M with |s7!| = —1, that is (s 71 M); = M.

Let (P, d) be an augmented dg S-bimodule, that is P = P& I. A map of augmented S-bimodules
w2 F¢(P) — P consists of a family of morphisms of dg S-bimodules p,, : F¢(P)™ — P for each
integer n > 1. (For n = 0, the map p is the identity I — I.) There is a one-to-one correspondence

between maps {F¢(P) — P} and maps {F¢(sP) — sP}. To each map p : F¢(P) — P, we
associate the map sy : F°(sP) — sP defined as follows for n > 1,

—) T N ) N @i
(si)n : ]:C(S'P)(n) Tn, Sn]_—c(fp)(n) —1> SFC(P)(n) 58fin sP.

Since it involves permutations between suspensions s and elements of P, the map 7, yields signs

by Koszul-Quillen rule. Using the fact that an element of F¢(P) is an equivalent class of graphs
with levels (see 1.4), one can make these signs explicit. The exact formula between (su) and p is

1(G(p1, .. pn)) = (1)) s (1) (G (spa, . .., 5Pn)).

where &(p1,...,pn) = (n = 1)|p1| + (n = 2)|pa| + - + [pn—1].
The degrees of  and su are related by the formula |(sp),| = |pn| — (n — 1). Therefore, the degree
of pi, is n — 2 if and only if the degree of (su), is —1.

Dually, for any map of augmented S-bimodules § : C — F(C), we denote by &, the composite
¢l FC) —F (C)(™). There is a one-to-one correspondence between maps {C — F(C)} and maps
{s71C — F(s7'C)}. To each map § : C — F(C), we associate the map s~16 : s71C — F¢(s71C)
defined as follows, for n > 1,

—(n—

(8715)71 csle S D s, S—n]_—(@)(n) U_”)]:(s(*l)é)(”)'

We have |(s718),| = |6,| — (n — 1). The degree of 6,, is n — 2 if and only if the degree of (s714),
is —1.
3.3. Bar construction. We recall from [Val03] Section 4, the definition of the bar construction,
which is a functor

B : {aug. dg prop(erad)s} — {coaug. dg coprop(erad)s}.

Let (P, p, 1, €) be an augmented prop(erad). Denote by P its augmentation ideal Ker(P = I).
The prop(erad) P is naturally isomorphic to P = I & P. The bar construction B(P) of P is a dg
coprop(erad) whose underlying space is the cofree coprop(erad) F¢(sP) on the suspension of P.
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The partial product of P induces a map of augmented S-bimodules defined by the composite

125 ?C(ﬁ) - fc(ﬁ)(z) = ﬁ &(1)1) ﬁ M(l_l)} P.

We have seen in the previous section that po induces a map sue. Consider the map Ks®@Ks L Ks
of degree —1 defined by II;(s ® s) := s. The map spus is equal to the composite

sz 1 F(sP) = F(sP)?® = (Ks @ P) My 1) (Ks ® P)
T S b Hs® s b
O8N, (Ks @ Ks) ® (P Ry P) — 0 Ks @ P.
Since F¢(sP) is a cofree connected coprop(erad), by Lemma 12 there exists a unique coderivation
dy = dsyu, + FC(sP) — F¢(sP) which extends sus. When (P, dp) is an augmented dg prop(erad).
The differential dp on P induces an internal differential d; on F¢(sP). The total complex of this
bicomplex is the bar construction B(P, dp) = (F°(sP),d = di + d2) of the augmented dg
prop(erad) (P, dp).

3.4. Cobar construction. Dually, the cobar construction ([Val03] Section 4) is a functor
Q : {coaug. dg coprop(erad)s} — {aug. dg prop(erad)s}.

Let (C, A, &, u) be a coaugmented coprop(erad). Denote by C its augmentation Ker(C = I). In
this case, C splits naturally as C = I & C. The cobar construction Q(C) of C is a dg prop(erad)
whose underlying space is the free prop(erad) F(s~1C) on the desuspension of C.

The partial coproduct of C induces a natural map of augmented S-bimodules defined by

_A _ _ _ _
Ay 0 CEEL TR C2FC)P — F(Q).

This map gives a map s 1Ay : s7'C — F(s7!C). Consider Ks~! equipped with the diagonal

map Ks™! LN O ®Ks~1 of degree —1 defined by the formula As(s™1) := s~ ! ®s~!. The map

s71A, is equal to

As®A(1 1) Id®T®Ild
_ _

1Ay - Ksl®C Ks ' ®@Ks™* ®CR1y)C
(Ks™ © ) Ry 1) (Ks™ @) 2 F(s™10)® — F(s71T).

Since F(s~1C) is a free prop(erad), by Lemma 11 there exists a unique derivation s := s-14, :
F(s7'C) — F(s~1C) which extends s 'Ay. When (C, dc) is an augmented dg coprop(erad). The
differential d¢ on C induces an internal differential d; on F(s!C). The total complex of this
bicomplex is the cobar construction Q(C, dc) = (F(s7C), 0 = 91 + D) of the augmented dg
coprop(erad) (C, dc).

3.5. Twisting morphism. We generalize the notion of twisting morphism (or twisting cochains)
of associative algebras (see E. Brown [Bro59]) to prop(erad)s.

As for derivations, a morphism of prop(erad)s is characterized by the image of the indecomposable
elements. We recall this fact and the dual statement in the following lemma.

Lemma 13. Let V be an S-bimodule and let Q be a prop(erad), there is a canonical one-to-one
correspondence MoTprop(erad)s (.7-'(V), Q) ~ HomS(V, Q).

Dually, let W be an S-bimodule and let C be a coprop(erad), there is a canonical one-to-one
correspondence Morcopmp(erad)s(c,fc(W)) ~ HomS(C, w).

Let (C,d¢) be a dg coprop(erad) and (P, dp) be a dg prop(erad). We would like to apply this result
to the bar and the cobar construction of P and C respectively, that is we want to describe the space
of morphisms of dg-prop(erad)s Morgg prop(erad)s (€2(C), P) for instance. By the preceding lemma,
this space is isomorphic to the space of morphisms of S-bimodules Hom%(s‘lc,P) of degree 0
whose unique extension commutes with the differentials. Therefore, this space of morphisms is
the subspace of Hom%l(C ,P) whose elements satisfy a certain relation. To make this equation
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explicit, we need the structure of dg Lie-admissible (or associative) algebra on the non-symmetric
convolution prop(erad) (Hom®(C, P), , D) defined in the previous section.

Definition. A morphism C = P, of degree —1, is called a twisting morphism if it is a solution of
the Maurer-Cartan equation
D(a)+a*xa=0.

Denote by Tw(C, P) the set of twisting morphisms in Hom®(C, P), that is Maurer-Cartan elements
in the convolution prop(erad). Since twisting morphisms have degree —1, it is equivalent for them
to be solution of the classical Maurer-Cartan equation in the associated dg Lie algebra, that is
D(a) + 3o, 0] = 0.

When P is augmented and C coaugmented, we will consider either a twisting morphism between
C and P, which sends I to 0, or the associated morphism which sends I to I and C to P.

Proposition 14. For every augmented dg prop(erad) P and every coaugmented dg coprop(erad)
C, there is a canonical one-to-one correspondence Mot qg prop(erad)s (2(C), P) = Tw(C,P).
Dually, there is a canonical one-to-one correspondence MoT gy coprop(erad)s (C, B(P)) = Tw(C,P).

PROOF. Since Q(C) = F(s~'(C)), by Lemma 13 every morphism ¢ of S-bimodules in Hom{(s~'C, P)

extends to a unique morphism of prop(erad)s between Q(C) and P. The latter one commutes with
the differentials if and only if the following diagram commutes

— ®

s~IC P
P ir
~p
F(s~10)(<) AN F(P)L—p.

For an element ¢ € C, we use Sweedler’s notation to denote the image of ¢ under A,, that is
As(c) = > ¢ (1 ,1) ¢”. The diagram above corresponds to the relation

dpop(s™e) =podi(s o)+ u” o (p W11y p) 05 Ag(s e).
Denote by a the desuspension of ¢, that is a(c) = —@(s~1¢). Since 9;(s c) = —s1c(c), the
relation becomes
—dpoalc) =aodc(c)+p” o (@B 1) @) o As(c),
which is the Maurer-Cartan equation. O

3.6. Bar-Cobar adjunction. A direct corollary of Proposition 14 gives that the bar and cobar
constructions form a pair of adjoint functors

Q : {coaug. dg coprop(erad)s} = {aug. dg prop(erad)s} : B.
This adjunction is given by the set of twisting morphisms.

Proposition 15. For every augmented dg prop(erad) P and every coaugmented dg coprop(erad)
C, there exists natural isomorphisms

Mo’raug. dg prop(erad)s (Q(C)u P) = TW(Cu P) = Mo'rcoaug. dg coprop(erad)s (Ca B(P)) .

We apply the isomorphisms of Proposition 15 to C = B(P). Associated to the identity on B(P),
we get the counit of the adjunction € : Q(B(P)) — P.

3.7. Props vs properads. The main difference for (co)bar construction between props and prop-
erads lies on the type of graphs and compositions. The underlying module of the bar construction
of a prop P is spanned by non-necessarily connected graphs whose vertices are labelled with ele-
ments of P. The boundary map is the unique coderivation which extends the partial product. It
is explicitly given by the sum of the compositions of pair of vertices that are either adjacent (see
Section 4.2) or belong to two different connected graphs. Whereas for a properad, the underlying
module is spanned by connected labelled graphs and the boundary map just composes adjacent
pairs of operations.
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3.8. Bar-cobar resolution. In [Val03] Theorem 5.8, we proved that the unit of adjunction e is
a canonical resolution in the weight graded case. We extend this result to any dg properad here.

Theorem 16. For every augmented dg properad P, the bar-cobar construction is a resolution of
P
e : Q(B(P)) = P.

PrOOF. The bar-cobar construction of P is the chain complex defined on the underlying S-
bimodule ]:(s’l?c(sﬁ)). The differential d is the sum of three terms d = 95 + ds + dp, where dp
is induced by the differential on P, ds is induced by the differential of the bar construction B(P)
and 0, is the unique derivation which extends the partial coproduct of F¢(sP).

Define the filtration Fy := @@, f(s’l?c(s”ﬁ))r, where r denotes the total number of elements
of P. Let E?, be the associated spectral sequence.

This filtration is bounded below and exhaustive. Therefore, we can apply the classical convergence
theorem for spectral sequences (see [Wei94] ) and prove that E*® converges to the homology of the
bar-cobar construction.

We have that EY = F.i(s ' F°(sP)),, where s + ¢ is the total homological degree. From
do(Fs) C Fs_1, dp(Fs) C Fy and 0:2(F;) C F, we get that d° = 9y + dp. The problem is now
reduced to the computation of the homology of the cobar construction of the dg cofree connected
coproperad F¢(sP) on the dg S-bimodule sP. This complex is equal to the bar-cobar construction
of the weight graded properad (P, p), where P(®) = I and P(V) = P, such that the composition
w is null. We conclude using Theorem 5.8 of [Val03]. O

The bar-cobar resolution gives a canonical cofibrant resolution of any properad.

4. HomoTopry (CO)PROP(ERAD)S

An associative algebra is a vector space endowed with a binary product that verifies the strict
associative relation. J. Stasheff defined in [Sta63] a lax version of this notion. It is the notion of an
associative algebra up to homotopy or (strong) homotopy algebra. Such an algebra is a vector space
equipped with a binary product that is associative only up to an infinite sequence of homotopies.
In this section, we recall the generalization of this notion, that is the notion of (strong) homotopy
properad due to J. Granaker [Gra06]. We extend it to props and we also define in details the dual
notion of (strong) homotopy coprop(erad). The notions of homotopy non-symmetric (co)properad
and homotopy non-symmetric (co)prop are obtained in the same way.

4.1. Definitions. Following the same ideas as for algebras (associative or Lie, for instance), we
define the notion of homotopy (co)prop(erad) via (co)derivations and (co)free (co)prop(erad)s.

Definition (Homotopy prop(erad)). A structure of homotopy prop(erad) on an augmented dg
S-bimodule (P, u”, dp) is a coderivation d of degree —1 on F¢(sP) such that d* = 0.

A structure of homotopy prop(erad) is equivalent to a structure of quasi-cofree coprop(erad) on
sP. We call the latter the (generalized) bar construction of P and we denote it by Boo(P). Since
F¢(sP) is a cofree connected coprop(erad), by Lemma 12 the coderivation d is characterized by
the composite
si i FO(sP) 5 F(sP) » sP,

that is d = ds,. The map su of degree —1 is equivalent to a unique map pu : F¢(P) — P, such
that g1, : F¢(P)™ — P has degree n — 2. The condition d? = 0 written with the {s,}, is made
explicit in Proposition 19.

Example. A dg_ prop(erad) is a homotopy prop(erad) such that every map p, =0 for n > 3. In
this case, (F¢(sP),d) is the bar construction of P.

We define the notion of homotopy coprop(erad) by a direct dualization of the previous arguments.

Definition (Homotopy coprop(erad)). A structure of homotopy coprop(erad) on an augmented
dg S-bimodule (C, dc) is a derivation 0 of degree —1 on F(s~!C) such that 9% = 0.
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A structure of homotopy coprop(erad) is equivalent to a structure of quasi-free prop(erad) on
s71C. We call the latter the (generalized) cobar construction of C and we denote it by Q.. (C). By
Lemma 11, the derivation 0 is characterized by its restriction on s1C

s716 : s7IC— F(s71C) 9, F(s71C),
that is @ = d,-15. The map s~'6 of degree —1 is equivalent a map J : C — F(C), such that the

component §,, : C — F(C)™ has degree n — 2. The condition 9% = 0 is equivalent to relations for
the {9, }n that we make explicit in Proposition 20.

Example. A dg coprop(erad) is a homotopy coprop(erad) such that every map §,, = 0 for n > 3.
In this case, (F(s~1C), d) is the cobar construction of C.

When P is concentrated in arity (1,1), the definition of a homotopy properad on P is exactly the
same than the definition of an strong homotopy algebra given by J. Stasheff in [Sta63]. Dually,
when C is concentrated in arity (1, 1), we get the notion of strong homotopy coassociative algebra.
When P is concentrated in arity (1,7n) for n > 1, we have the notion of strong homotopy operad
(see [vdL]). The dual notion gives the definition of a strong homotopy cooperad.

REMARK. By abstract nonsense, the notion of homotopy prop(erad) should also come from Koszul
duality for colored operads (see [van03]). There exists a colored operad those“algebras” are (par-
tial) prop(erad)s. Such a colored operad is quadratic (the associativity relation of the partial
product of a prop(erad) is an equation between compositions of two elements. It should be a
Koszul colored operad. An “algebra” over the Koszul resolution of this colored operad is exactly
a homotopy prop(erad).

4.2. Admissible subgraph. Let G be a connected graph directed by a flow and denote by V its
set of vertices. We define a partial order on V by the following covering relation : ¢ < j if 4 is
below j according to the flow and if there is no vertex between them. In this case, we say that 4
and j are adjacent (see also [Val03] p. 34). Examples of adjacent and non-adjacent vertices can
be found in Figure 1.

F1GURE 1. The vertices 1, 2 and 2, 3 are adjacent. The vertices 1 and 3 are not adjacent.

Denote this poset by IIg and consider its Hasse diagram H(G), that is the diagram composed by
the elements of the poset with one edge between two of them, when they are related by a covering
relation. See Figure 2 for an example.

FI1GURE 2. The Hasse diagramm associated to the graph of Figure 1
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Actually, H(G) is obtained from G be removing the external edges and by replacing several edges
between two vertices by only one edge. Since G is connected and directed by a flow, the Hasse
diagram H(G) has the same properties. A convex subset V' of V is a set of vertices of G such that
for every pair ¢ < j in V’ the interval [¢, j] of Ilg is included in V'. If G is a connected graph of
genus 0, the set of vertices of any connected subgraph of G is convex. This property does not hold
any more for connected graphs of higher genus.

Lemma 17. Let G be a connected directed graph without oriented loops and let G’ be a connected
subgraph of G. The set of vertices of G' is convez if and only if the contraction of G' inside of G
gives a graph without oriented loops.

A connected subgraph G’ with this property is called admissible in [Gra06]. We denote by G/G' the
graph obtained by the contraction of G by G’. See Figure 3 for an example of a admissible subgraph
and an example of a non-admissible subgraph of G. By extension, an admissible subgraph of a
non-necessarily connected graph is a union of admissible subgraphs (eventually empty) of each
connected component.

FIGURE 3. Example of a admissible subgraph G’ of G and an example of a non-
admissible subgraph of G.

4.3. Interpretation in terms of graphs. Let u : F¢(P) — P be a morphism of augmented dg
S-bimodules. We denote by 1(G(p1,...,pn)) the image of an element G(py,...,p,) of F¢(P)™
under p. Let G’ be a admissible subgraph of G with k vertices. Denote by G/uG’(p1,...,ps) the
element of F¢(P)(~k+1) obtained by composing G’ (ps,, .. .,pi,) in G(p1,...,pn) under p. When
the p; and p are not of degree zero, this composition induces natural signs that we make explicit
in the following. Let start with a representative element of a class of graph G(p1,...,p,) whose
vertices are indexed by elements p;, that is to say we have chosen an order between the p; (see
Section 1.4). The vertices of G’ are indexed by elements p;, , ..., p;,. We denote by J = (i1,. .., k)
the associated ordered subset of [n] = {1,...,n} and py = p;y,...,pi,. Since G’ is an admissible
subgraph, its set of vertices forms a convex subset of the set of vertices of G (or a disjoint union of
convex subsets if G is not connected). Therefore, it is possible to change the order of the vertices
of G such that the vertices of G’ are next to each others. That is there exists two ordered subsets I
and I of [n] such that the underlying subsets I, I and J without order form a partition of [n] and
such that G(p1,...,pn) = (=1)**G(Py,, Py, Pr,). The sign (—1)°* is given by the Koszul-Quillen
sign rule from the permutation of the p;. Now we can apply u to get

g/,ufg/(pla s 7pn) = (_1)61+62g/g/(P11 ) M(g/(PJ))a sz)a
where 9 = | Pr, |.|u|. It is an easy exercise to prove that this definition of the signs does not depend

on the different choices.

Lemma 18. Let v be a map FS(W) — W of degree —1. The unique coderivation d,, € CoDery ' (FE(W), FE(W))
which extends v is given by

du(g(w17 e 7wn)) = Z g/Vg/(wl, e 7wn)7
G'cg
where the sum runs over admissible subgraphs G' of G.
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PRrROOF. This formula defines a coderivation. Since the composite of d, with the projection on W
is equal to v, we conclude by the uniqueness property of coderivations of Lemma 12. O

Proposition 19. A map pu : F¢(P) — P defines a structure of homotopy prop(erad) on the
augmented dg S-bimodule P if and only if, for every G(p1,...,pn) in F¢(P), we have

Z (_1)6(9/,171,...7pn)u(g/’ug/(p1’ s 7pn)) = 01
G'cg
where the sum runs over admissible subgraphs G' of G.
PROOF. By definition, y induces a structure of homotopy prop(erad) if and only if dﬁu = 0. This

last, condition holds if and only if the composite proj,p o d2, = (sp) o dg, is zero, where proj p is
the projection on sP. From Lemma 18, this is equivalent to

> (su)(G/(sp)G (spa, - - - 5pn)) = 0,

g'cg
where the sum runs over admissible subgraphs G’ of G. Recall from Section 3.2 that the signs
between (su) and p are

1(G(p1, ... o)) = (—1)°PrP) s~ (510) (G(spr, ..., 5pn)),

where €(p1,...,pn) = (n — 1)|p1| + (n — 2)|p2| + - - + |pn—1]. Therefore, 1 induces a structure of
homotopy prop(erad) if and only if

Z (_1)6(9/,171,...mn)u(g/ug/(pl, —yPn)) =0,
g'cg
where (—1)=(9"P1-Pn) ig product of the sign coming the composition with sy and the sign coming

from the formula between p and spu. |

REMARK. In the case of associative algebras, the graphs involved are branches and we recover
exactly the original definition of J. Stasheff [Sta63].

Dually, we have the following characterization of homotopy coprop(erad)s. Let G be a graph whose
i*® vertex has n inputs and m outputs. For every graph G’ with n inputs and m outputs, denote
by G o; G’ the graph obtained by inserting G’ in G at the place of the i*! vertex.

Proposition 20. A map § : C — F(C) defines a structure of homotopy coprop(erad) on the
augmented dg S-bimodule C if and only if, for every c € C, we have

2 c1,.. 1 2
D (—1)PtGneredGlo; GR ey, e, Cly ity 0) =0,

where the sum runs over elements G (c1,...,¢) and G2(c}, ..., c},) such that§(c) = G (c1,..., 1)

and 6(c;) = > G2(ch, ..., c)-
PROOF. By definition, § induces a structure of homotopy coprop(erad) if and only if 62,5 = 0.
Since 0,-15 is a derivation, 852—15 = 0 is equivalent to 9,-15 0 (s716)(ste) = 0, for every ¢ € C.
Denote (s716)(s71c) = Y. G (s ter,...,s71¢) and (s716)(s71e;) = D G2 (s7 ¢}, ..., s71c}). By
the explicit formula for dy-15 given in Lemma 11 applied to p = Idf(s,lg), we have
85715(Zg1(s_101, el s_lcl))

= Zgl 0; G2(ster, .. s ey, s e, 5T e, s T iy, 8 ) = 0
We get back to the map § with the formula

(5(6) _ (_1)5(01,...701) Zgl(ch o ’cl)’

where e(c1,...,¢;) = ({=1)|e1|+ (1 —2)|ca|+ - -+|ci—1|. We conclude as in proof of Proposition 19.
U

Ds-150 (s710)(s71¢)
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4.4. Homotopy non-symmetric (co)prop(erad). It is straightforward to generalize the two
previous subsections to non-symmetric (co)prop(erad)s. One has just to consider non-labelled
graphs instead of graphs with leaves, inputs and outputs labelled by integers. Therefore, there
is a bar and a cobar construction between non-symmetric dg prop(erad)s and non-symmetric dg
coprop(erad)s. The notion that will be used in the sequel is the notion of homotopy non-symmetric
prop(erad). It is defined by a coderivation on the non-symmetric cofree (connected) coprop(erad).
Equivalently, we can describe it in terms of non-labelled graphs like in Proposition 19. The chain
complex defining the cohomology of a gebra over a prop(erad) has always such a structure. This
structure induces a (strong) homotopy Lie algebra which is used to study deformation theory (see
Section 7.2).

5. MODELS

In this section, we recall the definitions of minimal and quadratic model for properads and we
formally extend them to props.

5.1. Minimal Models. Recall that a quasi-free prop(erad) is a (dg )prop(erad) whose underlying
S-bimodule is a free prop(erad) F(M). It is not necessarily a free prop(erad) since the differential
0 is not necessarily free.

Definition (Model). Let P be a prop(erad). A model of P is a quasi-free prop(erad) (F(M), 9)
equipped with a quasi-isomorphism F(M) = P.

Theorem 16 proved that every augmented prop(erad) has a canonical model given by the bar-cobar
construction. Some prop(erad)s admit more simple models. The differential 0 of a quasi-free
prop(erad) F(M) is by definition a derivation. Lemma 11 shows that it is characterized by its
restriction Opr : M — F(M) on M.

Definition (Decomposable differential). The differential 0 of a quasi-free prop(erad) is called
decomposable if the image of its restriction to M, 0y : M — F(M), is made of decomposable
clements, that is Im(dr) C @,,5o F(M)™.

Definition (Minimal model). A model (F(M), 9) is called minimal if its differential 0 is decom-
posable.

5.2. Form of minimal models. From Theorem 16, we know that every augmented (dg) properad
admits a resolution of the form Q(B(P)). A natural way to get a minimal model from this would
be to consider the homology of the bar construction, try to endow it with a structure of homotopy
coproperad and then take the generalize cobar construction of it. In this section, we prove that
when minimal models exist, they are of this form.

Proposition 21. Let M be an S-bimodule with a map § : M — F(M) of degree —1. Consider
the quasi-free properad (F(M), 0s), where 05 is the derivation induced by 8. The homology of the
bar construction B(F(M)) of (F(M), 0) is equal to the suspension of M.

PROOF. The bar construction of the dg-properad P := F(M) is defined by the underlying S-
bimodule B(P) := F¢(sP) = F¢(s F(M)). The differential d is the sum of two terms do + 9. The
component d comes from 85 and d is the unique coderivation which extends the partial product
of F(M).

Consider the filtration Fy := @, ., F¢(sF(M)),, where r is the sum of the degrees of the elements
of M. Denote E?, the associated spectral sequence.

Since the chain complex M is bounded below, this filtration is bounded below F_; = 0. It is
obviously exhaustive, therefore the classical theorem of convergence of spectral sequences shows
that E* converges to the homology of B(F(M)).

We have 5(F5) C Fs_1 and do(Fs) C Fs. Hence, the first term of the spectral sequence is
EY = F¢, (5.7:'(1\/[))5, where s + t is the total homological degree, and d° = dy. We have reduced
the problem to computing the homology of the bar construction of the free properad on M, which
is equal to XM by Corollary 5.10 of [Val03] (choose to put each element of M in weight 1). O
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The next proposition shows that, when a minimal model of a properad P exists, it is necessarily
given by a quasi-free properad on the homology of the bar construction of P.

Theorem 22. Let P be an augmented dg properad and let (F(M), ) be a minimal model of P.
The S-bimodule sM is isomorphic to the homology of the bar construction of P.

PrOOF. In [Val03], we proved in Proposition 4.9 that the bar construction preserves quasi-
isomorphisms. Therefore, the bar construction of (M) is quasi-isomorphic to the bar construction
of P. And we conclude by Proposition 21. O

We denote by Pi := H,(B(P)) the homology of the bar construction of P. When (F(s~1Pi), 9)
is a minimal model of P, the derivation 9 is equivalent to a structure of homotopy coproperad on
Pi such that §; = 0. That is (F(s~1P1), 9) is the generalized cobar construction Q.. (P1) of the
homotopy coproperad Pi. As a conclusion, we have that following corollary which gives the form
of minimal models.

Corollary 23. A minimal model of an augmented dg-properad P is always the generalized cobar
construction Qo (P1) on the homology of B(P) endowed with a structure of homotopy coproperad.

In the sequel, we will only consider props freely generated by a properad, in the sense of the
horizontal (concatenation) product. The minimal model of such props is given by the generalized
cobar construction of the associated homotopy coproperad, viewed as a homotopy coprop. And
the result of the preceding lemma still holds.

5.3. Quadratic models and Koszul duality theory. In general, it is a difficult problem to find
the minimal model of a prop(erad). On has first to compute the homology of the bar construction
and then provide it with a structure of homotopy coproperad, that is with higher homotopy
cooperations. For weight graded prop(erad)s, there exist simple minimal models which are given
by the Koszul duality theory.

Definition (Quadratic differential). The differential 9 of a quasi-free prop(erad) is called quadratic
if the image of dpr : M — F(M) is in F(M)®).

Definition (Quadratic model). A model (F(M), 0) is called quadratic if its differential 0 is
quadratic.

When P is a weight graded properad, its bar construction splits as a direct sum of finite chain
complexes indexed by the weight (cf. [Val03] Section 7.1.1). In this case, we can speak of top
dimensional homology groups.

Theorem 24. Let P be a weight graded properad concentrated in homological degree 0. The
following assertions are equivalent.

(1) The homology of B(P) is concentrated in top dimension.
(2) The S-bimodule P is a strict coproperad.
(3) The properad P admits a quadratic model.

PROOF. (1) = (2) is given by Proposition 7.2 of [Val03].

(2) = (3) is given by Theorem 5.9 of [Val03]. When Pi has a structure of strict coproperad, its
cobar construction is a resolution of P and the differential of it is quadratic.

(3) = (1) Since P is isomorphic to F(My)/(0(M7)), which 0 quadratic, this presentation is
quadratic. Define an extra weight on M by the formula w(M,) := n + 1. With this weight,
the quasi-isomorphism F (M) L, Pisa morphism of weight graded dg-properads. The induced
morphism B(p) on the bar construction preserves this grading. Therefore we have H,,(B(P)™) =
H,(B(F(M))(™) = (sM),, and the homology of the bar construction of P is concentrated in top
dimension. (]

In this case, the properad P is called a Koszul properad. The coproperad Pi is its Koszul dual
and P has a quadratic model which is the cobar construction on Pi. In other words, a properad is
Koszul when its bar construction is formal, that is when B(P) is quasi-isomorphic to its homology
Pi as a dg-coproperad. This case is particularly simple but does not apply in general. For instance
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a Koszul properad is necessarily quadratic (Corollary 7.5 of [Val03]), that is admits a quadratic
presentation. This argument implies that the properad of associative bialgebras (cf. Section 7.5.3)
can not be Koszul.

6. Loo-ALGEBRAS, DG MANIFOLDS, DG AFFINE SCHEMES AND MORPHISMS OF PROP(ERAD)S

6.1. L.-algebras, dg manifolds and dg affine schemes. Structure of a L.-algebra on a
Z-graded vector space g is, by definition, a degree —1 coderivation, Q : ®Z'sg — ®Z'sg, of the
free cocommutative coalgebra without counit,

©7lsg = o™ (sa) C ©°sg:= P (s9),
n>1 n>0
which satisfies the condition Q? = 0. For finite-dimensional g the ring ©®(sg) can be geometrically
interpreted as the structure ring, Oay,, of smooth functions on the dual space, M, := s~ ig*,
viewed as a formal graded manifold. The subring I := ®Z1'sg C Oz . gets then interpreted as
the ideal of the distinguished point 0 € Oy, , while the coderivation @ as a degree —1 vector field
(denoted by the same letter () on My which vanishes at the distinguished point (as QI C I) and
satisfies the condition [Q, Q] = 2Q? = 0. Such vector fields are often called homological.

In this geometric picture of L..-algebra structures on g, the subclass of dg Lie algebra structures
gets represented by at most quadratic homological vector fields @), that is, the ones satisfying the
equation Q(I/I?) C I/I3. Given a particular dg Lie algebra (g,d, [, ]), the associated homological
vector field @ on My can be explicitly constructed as follows:
e an arbitrary element v € g defines a linear function on Mg and an arbitrary vector field,
@, is uniquely determined by its values, Q(7), on such linear functions;
o define a degree —1 vector field on My by setting

1) Q() 1= dy + 51,7l

it is clear that @) vanishes at 0 € Mg;
e finally check that

Q*(v) = Q(dwr%[%v])

= —dQ()) +[Q(7),"]

= —d (d7+ %[mv]) + {d7+ %[%WM}
= 0.

Notice that the zero locus of @) contains the set of Maurer-Cartan elements in g.

A serious deficiency of the above literal geometric interpretation of L..-algebras is the necessity
to work with the dual objects, (Oaq,,Q) which make sense only for finite dimensional g. So we
follow suggestion of Kontsevich [Kon03] and understand from now on a dg (smooth) manifold
as a pair, (021X, Q), consisting of a cofree cocommutative algebra on a Z-graded vector space
X together with a degree —1 codifferential ). Note that the dual of ®2'X is a well defined
graded commutative algebra (without assumption on finite-dimensionality of X) and that dual of
Q is a well-defined derivation of the latter. We identify from now on @ with its dual and call it a
homological vector field on the dg manifold! X. This abuse of terminology is very helpful — we can
use simple and geometrically clear formulae of the type (1) to define (in a mathematically rigorous
way!) codifferentials Q on ®Z'X. Such codifferentials, @ : ®2'X — ®Z'X, are completely
determined by the associated compositions,

Qpro s 21X % 021 x 9 X

1A warning about shift of grading: according to our definitions, a homological vector field on a graded vector
space X is the same as a Loo-structure on s—1Xx.
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The restriction of Qp, to ©®"X C ®=1X is denoted by Q,,, n > 1.

If T is a coideal of the coalgebra ®='X, we denote the associated sub-coalgebra of ®Z'X by
(07 == I\ ®='X,Q). When the later is preserved by Q, then the data (O; := I\ ©=1X,Q) is
naturally a differential graded coalgebra which we often call a dg affine scheme. The coideal may
not, in general, be homogeneous so the “weight” gradation, @, ©"X, may not survive in O;. A
generic dg affine scheme by no means corresponds to a L-algebra but, as we shall see below,
some interesting examples (with non-trivial and non-homogeneous coideals) do.

6.2. Maurer-Cartan elements in a filtered L..-algebra. A L.-algebra (g,Q = {Qn}n>1) is
called filtered if g admits a non-negative decreasing Hausdorff filtration,

go=9g22012..-.28;:2 ...,

such that the linear map @, : ®"(sg) — sg takes values in sg,, for all n > ny and some ny € N.
In this case @ extends naturally to a coderivation of the cocommutative coalgebra, ®='sg, with g
being the completion of g with respect to the topology induced by the filtration, and the equation,

1
QY- =) =0,
n>1
for a degree zero element v € sg (i.e. for a degree —1 element in §) makes sense. Its solutions are
called (generalized) Maurer-Cartan elements (or, shortly, MC elements) in (g, Q). Geometrically,
an MC element is a degree —1 element in g at which the homological vector field @) vanishes. From
now on we do not distinguish between g and its completion g.

To every MC element ~ in a filtered Loo.-algebra (g,@Q) there corresponds, by Theorem 2.6.1 in
[Mer00], a twisted Loo-algebra, (g, Q7), with

Q"(0) = QY 17" a)
n>0

for an arbitrary o € ®=1sg. (We refer the reader to Lemma 4.4 of [van03] for formulae of the Q7).
The geometric meaning of this twisted L.o-structure is simple [Mer00]: if a homological vector
field @ vanishes at a degree 0 point y € sg, then applying to @ a formal diffeomorphism, ¢, which
is a translation sending «y into the origin 0 (and which is nothing but the unit shift, 47, along
the formal integral lines of the constant vector field —v) will give us a new formal vector field,
Q7 := d¢,(Q), which is homological and vanishes at the distinguished point; thus Q7 defines a
L structure on the underlying space g. In fact, we can apply this “translation diffeomorphism”
trick to arbitrary (i.e. not necessarily MC) elements «y of degree 0 in sg and get homological vector
fields, Q7 := d¢~(Q), which do not vanish at 0 and hence define generalized Lo structures on g
with “zero term” QJ # 0.

6.3. Morphisms of dg props as a dg affine scheme. Let (P,0p) and (Q, dg) be dg props (or
properads?) with differentials 9p and dg of degree —1. Let Homgz(P, Q) denote the graded vector
space of all possible morphisms P — Q in category of Z-graded S-bimodules, and let Mor(P, Q)
denote the set of all possible morphisms P — Q in category of props , (note that we do not assume
that elements of Homz(P, Q) or Mor(P, Q) respect differentials). It is clear that

Mor(P, Q) = {7 € Homz(P, Q) [yo up (P®11) P) = o (v(P) B(1,1) ¥(P)) and |y| =0} .
We need a Z-graded extension of this set,

Morz(P, Q) = {’Y € Homgz(P, Q) [y o up (7) ®(1,1) 77) = Mo (“/(73) ISR “/(73))} )

which we define by the same algebraic equations but dropping the assumption on the degree (and
even on homogeneity) of .

Lemma 25. The vector space Homy (P, Q) is naturally a dg manifold.

2All what is written in this subsection holds true if reformulated in terms of dg coprop(erad)s so that an implicit
assumption in the proof of Theorem 34 below that (P(m,n)*)* = P(m,n) can be easily avoided.
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PROOF. We define a degree —1 coderivation of the free cocommutative coalgebra, ®='Homz(P, Q)
by setting (in the dual picture, cf. § 6.1)

(2) Q(Y) =00y —(-1)"ycdp
for an arbitrary v € Homz(P, Q). As
Q*(7) = Qogoy—(~1)"y00p)
= —000°Q(y) = (=1)7Q(y) 0 Ip)
= —(—1)"0goyodp+(—1)70govyodp
= 0,

@ is a linear homological field on Homz (P, Q). (By the way, the zero locus of ) is a linear subspace
of Homgz(P, Q) describing morphisms of complezes.) O

Proposition 26. The set Morz(P, Q) is naturally a dg affine scheme.
PROOF. Let I be the coideal in ®='Homgz(P, Q) cogenerated by the algebraic relations,

voup (P8, P) — ke (v(P) By v(P)),
on the “variable” v € Homz (P, Q). The sub-coalgebra,

Otors (P,0) =1 \ ®='Homz(P, Q),

of ®Z'Homz(P, Q) makes the set Morz(P, Q) into a Z-graded affine scheme. Next we show that
the homological vector field @ defined in Lemma 25 is tangent to Morz(P, Q). Indeed, identifying
Q@ and I with their duals (as in subsection 6.1 and the proof of Lemma 25), we have

Q(voup (PHuP)—pe (WP)Buyv(P)) = Q) opp (PBuyP)—pe (QMP) B, v(P))
~(=1)"Mug (v(P)R11) Q(N(P)) -
Consistency of 0p and dg with pup and, respectively, po implies,
Q(y)opp (PR, P) = dgoyoup (PR P)—(=1)"y0dpoup (PR P)
= dg oyoup (PR11)P) — (—1)"y 0 pp (9p(P) K1) P)
—(=1)"youp (PR 1) 0p(P))
=mod1 00 pg (Y(P)®u1)7(P)) = (=1)ug (v 0 dp(P) K1,1) ¥(P))
—po (v(P) B(1,1) v 0 3p(P))
=moa1 1 (QMN(P) By v(P)) + (=1 o (1(P) By QUMN(P)) -
Thus Q(I) C I, and hence @ gives rise to a degree —1 codifferential on the coalgebra Oyor, (p,0)
proving the claim. O
Theorem 27. Let (P = F(s7'C),0p) be a quasi-free prop(erad), that is C is a homotopy co-
prop(erad), on an S-bimodule s~1C and (Q,0¢) a dg prop (resp., properad). Then

(i) The graded vector space, s~*Homgz(C, Q), is canonically a L. -algebra;
(ii) The canonical Loo-structure in (i) is filtered and its M C' elements are morphisms, (P,0p) —
(Q,9q), of dg props;
(iii) if Op(s™1C) C F(s71C)=2), where F(s~'C)=?) is the subspace of F(s~'C) spanned by
decorated graphs with at most two vertices, then s~*Homgz(C, Q) is canonically a dg Lie
algebra.

Proor. (i) If P is free as a prop, then Onior,(p,0) = ®Z1s7'Homyz(C, Q) and the claim follows
from the definition of Loo-structure in § 6.1. (Corollary 37 provides another proof of this point).

(i) The canonical L, structure on s~'Homgz(C, Q) is given by the restriction of the homological
vector field (2) on Homgz(P, Q) to the subspace s~ *Homgz(C, Q). This field is a formal power series
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in coordinates on s~'Homgz(C, Q) and its part, Q,,, corresponding to monomials of (polynomial)
degree n is given precisely by

(3) Qu(7) =g 07— (~1)7 005",
where 87(,”) is the composition,

ol s71e 22 F(sTie) Y F(sTie)™.
Note that the first summand on the r.h.s. of (3) contributes only to Q.
Define an exhaustive increasing filtration on the S-bimodule C by

CO = 07 Cz =S m Keragl) for ¢ Z 17
n>i
and the associated decreasing filtration on s~'Homgz(C, Q) by
s 'Homgz(C, Q); := {y € s 'Homz(C, Q) | y(v) =0 Vv € C;}, i > 0.

Then, for all n > 2 and any fi,..., fn € s"'Homg(C, Q), equality (3) implies that the value of the
map Qn(f1,...,fn) € s *Homz(C, Q) on arbitrary element of C,, C ker 87(3n) is equal to zero, i.e.

Q?’L(.flv ) fn) 6) S S_lHOmz(C, Q)n-

Which in turn implies the claim that the canonical Lo, structure on s~'Homgz(C, Q) is filtered
with respect to the constructed filtration. The claim about MC elements follows immediately from
the definition (2) of the homological vector field.

(ii) As 87(3") = 0 for n > 2 we conclude using formula (3) that @, = 0 for all n > 2. O

A special case of the above Theorem when both P and Q was operads was proven earlier by van
der Laan [vdL] using very different ideas. We shall show below another proof of Theorem 27 which
uses Lie structures associated with convolution prop(erad)s.

6.4. P-gebra, P(,)-gebra and homotopy P-gebra. Let P be a dg prop and Q. (C) be its
minimal model.

Definition (Homotopy P-gebra). A dg module X endowed with a morphism of dg prop Q. (C) —
Endy is called a homotopy P-gebra.

Any P-gebra is a homotopy P-gebra, Q. (C) = P — Endyx, of particular type. For the Koszul
operads As, Com, Lie, this notion coincides with homotopy associative, commutative, Lie alge-
bras. For the properads Bilie and BiAs, we get the notions of homotopy Lie bialgebras and
homotopy bialgebras.

Theorem 27 shows that a structure of homotopy P-gebra on X is equivalent to a morphism of
S-bimodules in 5*1H0m§ (C,Endx) which is a solution to the generalized Maurer-Cartan equation.

Definition (P(,)-gebra). A dg module X endowed with a Maurer-Cartan element -y in s~'Hom{(C, Endy)
such that v(c) = 0 for every c € Cg>y, is called a P,)-gebra.

This notion is the direct generalization of the notion of A(,)-algebra of Stasheff in [Sta63]. A
P(n)-gebra is a homotopy P-gebra with strict relations from degree n.
7. DEFORMATION THEORY OF MORPHISMS OF PROP(ERAD)S

7.1. Conceptual definition. Let (P,dp) 2, (Q,dg) be a morphism of dg props. We would
like to define a chain complex with which we could study the deformation theory of this map.
Following Quillen [Qui70], the conceptual method is to take the total right derived functor of the
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functor Der of derivations from the category of props above Q (see also [Mar96, vdL]). That is,
we consider a cofibrant replacement (R, ) of P is the category of dg props

R——=7P

Nk

Q.

Lemma 28. Let (R, 9) be a resolution of P and let f be an homogenous derivation of degree n
in Der, (R, Q), the derivative D(f) = dg o f — (=D)1f 0 9 is a derivation of degree n — 1 of
Der} ! (R, Q).

PrOOF. The degree of D(f) is m — 1. It remains to show that it is a derivation. For every pair 4
and ry of homogenous elements of R, D(f) (1™ (r1 ®(1,1) 72)) is equal to

D(f) (1R (r By ) = (dQ of = (=1)"fod) (1 (r1 B r2))
= do (H2(f(r) B A(ra) + (=)™ 9(r1) By £(r2)) )
~(=0"f (1R (001) By 2+ (=1) Iy By 1) 002))
= p° ((dQ o f)(r1) Ra,1y v(r2) + (1) f(r) By 1) (dg 0 7)(r2)
+(=1)""(dg 0 7)(r1) B1 1y fra) + (=) Dy (r) K1y (dg o f)(TQ))
—(=1)"u? ((f 0 9)(r1) B1,1) v(r2) + (=1)" "D (7 0. 9) (1)) K11y f(r2)

H(=D)MFr) Ry (70 0)(r2)) + (=1) Dy (1) By (f 0 3)(7"2))-

Since « is morphism of dg props, it commutes with the differentials, that is v o d = dg o . This
gives

D(f) (R B ) = #2((do o £)(m) By 1(r2) = (=1)"(f 0 )(r1) Bea 1) (r2)
A=) (y () By ) (dg o £)(r2) = (1) (1) Ry (fo 5)(T2)))

1 (D(f)(ﬁ) M1y v(re2) + (=)D () R 5y D(f)(r2))-

(=
(

O

In other words, the space of derivations Der(R, Q) is a sub-dg-module of the space of morphisms
Hom(R, Q). We define the deformation complex of the morphism ¢ by Co(¢) := (Ders(R, Q), D).
For the cofibrant replacement, we can always take the bar-cobar resolution by Theorem 16. This
will produce a big bicomplex difficult to compute. Instead of that, we will consider the chain
complex obtained form the minimal model of P when it exists. In this sequel, we will focus on
the deformation theory for representations of P of the form End x, that is P-gebras.

7.2. Deformation theory of representations of props. Let (P,dp) be a dg prop admitting
a minimal model (P := F(s71C) = Q5 (C),d) and (X,dx) an arbitrary dg P-gebra

250 (C)

S

End(X).

Definition (Deformation complex). We define the deformation complex of the P-gebra structure
of X by Ce(P, X) := (Dere(Q2s(C), End(X)), D).

Theorem 29. The chain complez (Dere(Qs(C), Q), D) is isomorphic to s~ Hom:(C, Q) with
D=0
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PrROOF. Lemma 11 proves the identification between the two spaces. Since 7 is a morphism
of dg props from a quasi-free prop, it is a solution of the generalized Maurer-Cartan equation
Q(7) = 0 in the convolution Lie-algebra s 'Hom? (C, Q) by Theorem 27. Let f be an element of
Hom’ (s~'C, Q). Following Lemma 11, we denote by d; the unique derivation of Der,,(Q4(C), Q)
induced by f. We have to show that D(9),-1¢ = Q7(f). For an element s~'c € s7!C, we use
the Sweedler type notation for d(s~'c) = Y°;5 G(s 'e1,..., 57 '¢,). By Lemma 11, we have

Oy (g(s_lcl, el s_lcn)) =

D (—pyrtlertte el (G y(s 7 er), (s i), F(sTh e, (s T i), (s T en)).

=1

Therefore, D(0¢),-1¢ is equal to
D(95)(s™"¢) = (dg 09y — (—1)"0y 0 D)(s~"¢) = do(f(s™"¢)) —

—1)n SO S (e e D 10 (G (s e ), (s i), S5 ) v (s i) v (s en)
g

=1

Q7(f)-

REMARK.

(1) Tt is natural to consider the augmentation of this chain complex by S~ Hom®(I, Q), that
is s~ 'Hom®(C, Q) .

(2) In the same way, we define the deformation complex of a Ps-gebra Q. (C) - X by
(s~'"Hom3(C,Endx), Q7).

By Theorem 27 the vector space s~ 'Hom,(C,Endy/) has a canonical filtered L..-structure, Q
whose MC elements are morphisms of dg props,

p: (Px,0) — (Endx,d),

that is, representations of (Ps,d) in (X, d). Let v be any particular P- or Pu.-algebra structure
on X, and let Q7 be the associated twisting of the canonical L.-algebra by ~ (see §6.2). The
following is an immediate corollary to Theorem 27.

Definition-Proposition 30. (i) The Loo-algebra Q7 is said to control deformations of «y in
the class of strongly homotopy P-structures. The MC elements, T', of Q7 are in one-to-one
correspondence with those P -structures, on X,

P (Poo,d) — (Endx,d),

whose restrictions to the generating space, s~ 'C, of Ps are equal precisely to the sum v+ T.

(i) The cohomology group,
H(X) := H*(s""Homgz(V, Endx ), Q7),

is independent of the choice of a (minimal) resolution of P and is called homology group of the
P-algebra (X, 7).

7.3. Props versus properads. All we said above about props and their morphisms and rep-
resentations holds true for properads — one just replaces in the proofs the product X with its
connected version K. If (P, d) is a dg prop originating from a dg properad (P, d) (see [Val03]),
then it is easy to check that L..-algebras controlling deformations of Ps.- and P-structures are
identical. In such a case we shall work by default with the dg properad (P, ) rather than with
the associated prop (P, ).
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7.4. Koszul case. In Theorem 24, we have seen that a properad P is Koszul if and only if it
admits a quadratic model Q(P1) = P, which Pi the Koszul dual (strict) coproperad. In this case,
by Theorem 29, the deformation complex of a Py,-gebra Hom(P!, Endx) is dg-Lie algebra where
the boundary map is equal to D(f) = d(f) + 1[v, f].

This Lie bracket is the intrinsic Lie bracket of Stasheff [Sta93], that is it is equal to the Lie bracket
of Gerstenhaber [Ger63] on Hochschild cochain complex of associative algebras, the Lie bracket of
Nijenhuis-Richardson [NR67] on Chevalley-Eilenberg cochain complex of Lie algebras and the Lie
bracket of Stasheff on Harrison cochain complex of commutative algebras. Its proved by Balavoine
in [Bal97] that the deformation complex of algebras over any Koszul operad admits a Lie structure.
This statement was made more precise by Markl, Shnider and Stasheff in Section 3.9 Part II of
[MSS02] where they proves that this Lie bracket comes from a Prelie product. We construct here
much more operations on this deformation complex. For every Koszul operad P, the deformation
complex of any P-algebra is a non-symmetric operad. As a biproduct, it gives the Prelie bracket.
But it also gives the construction of higher braces or LR-operations (see Section 2.3). Notice
that the Lie bracket is very useful when we want to interpret the homology groups of this chain
complex in terms of (infinitesimal) deformation of the algebraic structure. But the higher braces
operations are fundamental, for instance in the proof of Deligne’s conjecture (see Section 1.19 Part
I of [MSS02] for a good survey on the subject).

This result on the level of operads was proved using the space of coderivations of the cofree Pi-
coalgebra, which is shown to be a PreLie algebra. Such a method is impossible to generalize to
prop(erad)s simply because there exists no notion of (co)free gebra. As explained here, one has
to work with convolution prop(erad) to prove this result. For any Koszul properad P in the sense
of [Val03] and any gebra X over it, the deformation complex of X is non-symmetric properad.
From this rich structure, we derive a Lie-admissible and then a Lie bracket which can be used to
study the deformations of X. We expect the higher LR-operations to be used in the future for a
better understanding of deformation theory. Notice that this Lie bracket was found by hand in
one example before this general theory. The properad of Lie bialgebra is Koszul. Therefore, on
the deformation (bi)complex of Lie bialgebras, there is a Lie bracket. The construction of this Lie
bracket was given by Kosmann-Schwarzbach in [KS91]. (See also Ciccoli-Guerra [CGO03] for the
interpretation of this bicomplex in terms of deformations.)

7.5. Examples of deformation theories.

7.5.1. Associative algebras. If P is the properad, Ass, of associative algebras, then its minimal
resolution exists and is generated by the S-bimodule V' = {V(m, n)} with

s"2K[S1] ® K[S,,] form=1,n>2

i Accl —
Vim,n) := Ass' = { 0 otherwise.

Hence s~ 'Hom(V, Endx) = &,,>25'""Hom(X®", X) and it is not hard to check that the induced
Lo-algebra, @ on sHom(V,Endy) is precisely the Gerstenhaber Lie algebra, and that @7 is the
Hochschild dg Lie algebra controlling deformations of a particular associative algebra structure,
v : Ass — Endx, on a vector space X. The Ass-cohomology of (X,~) is precisely the Hochschild
cohomology.

Analogously one recovers other classical examples — Harrison complex/cohomology and Chevalley-
Eilenberg complex/cohomology — from the props of commutative algebras and, respectively, Lie
algebras.

7.5.2. Poisson structures. A Lie 1-bialgebra is, by definition, a graded vector space V together
with two linear maps,

a — Y aiAag ’ a®b — (=1)*aeb)
of degrees 0 and —1 respectively which satisfy the identities,
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(i) (6 ® Id)da + 7(d ® Id)éa + 7%(§ ® Id)da = 0, where 7 is the cyclic permutation (123)
represented naturally on V@ V ® V' (co-Jacobi identity);
(ii) [[aeblec] = [ae[bec]]+ (—1)PlaltlbI+lal[h o [q e c]] (Jacobi identity);
(iil) o[a @ b] = S a1 A [ag e b] — (—1)lellezlgy A [a; @ b] + [a @ b1] A by — (—1)1P211°21[q @ by] A by
(Leibniz type identity).
This notion of Lie 1-bialgebras is similar to the well-known notion of Lie bialgebras except that
in the latter case both operations, Lie and co-Lie brackets, have degree 0.
Let LieB be the properad whose representations are Lie 1-bialgebras. Its minimal resolution,
(LieBso, 8), exists and is generated by the S-bimodule V' = {V(m,n)}im.n>1,m4+n>3 With

1.2 ... m1m

where sign., stands for the sign representation of S,, and 1, for the trivial representation of S,,.
The differential is given on generators by [Mer06]

V(m,n) := s 2sgn, ®@ 1, = span<

12, . mi1m

b - S (cpeumnn

. IZulpx=(1,..., m)

1 2 n—1 n JiuJdo=(1,..., n)
[11]20,[I2]>1

[J1121,]J2]=20

where o (I3 U I) is the sign of the shuffle I; U I, = (1,...,m).

Hence, for an arbitrary dg vector space X,

s 'Hom(V,Endx) = @ s'TTAT X @ 0" X ~ ATy,

m,n>1

where A®*T’x is the vector space of formal germs of polivector fields at 0 € X when we view X
as a formal graded manifold. It is not hard to show using the above explicit formular for the
differential § that the canonically induced, in accordance with Theorem 27(i), Loo-structure on
s~ 'Hom(V,Endx) is precisely the classical Schouten Lie algebra structure on polyvector fields.
Thus our theory applied to Lie 1-bialgebras reproduces deformation theory of Poisson structures,
and LieB-homology is precisely Poisson homology.

In a similar way one can check that our construction of L.-algebras applied to the minimal
resolution of so called pre-Lie?-algebras [Mer05] gives rise to another classical geometric object
— the Frolicher-Nijenhuis Lie brackets on the sheaf, Tx ® Q%, of tangent vector bundle valued
differential forms. Thus the associated deformation theory describes deformations of integrable
Nijenhuis structures.

7.5.3. Associative bialgebras. As this example has never been rigorously treated in the literature
before, we show full details here.

The properad of bialgebras can be defined as a quotient,
AssB := F(A)/(R)
of the free prop, F(A), generated by the S-bimodule A = {A(m,n)},

12 2 1
K[Sg]@K[Sl]Espan<Y , Y> ifm=2n=1,
1 1

1

1
K[Sl]®K[Sg]Espan</x\,A> ifm=1,n=2,
72 2

0 otherwise

A(m,n) :
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modulo the ideal generated by relations

1\43 _ 1;>/ : € F(A)(3,1)
N 1/{)\3 - 1)2>\3 € F(A)(1,3)

1 9 1 2
I —% € F(4)(2,2)

As the ideal contains 4-vertex graphs, the properad AssB is not quadratic. Hence AssB can not
be Koszul in the ordinary sense but (as we shall explain elsewhere) it is homotopy Koszul so that
its minimal resolution, AssB,, = F(V),d) exists, and is freely generated by a relatively small
S-bimodule V' = {V(m,n) }m.n>1,m+n>3,

12 .. .m1m
V(m,n) = s"T"K[S,] @ K[S,] = Span< >< > '
172  "nan

as was first observed in [Mar06]. The differential ¢ in AssBo is not quadratic and an explicit
formula for its value on generic (m, n)-corollas is not known at present. The values of ¢ on (1,n)-
and (m, 1)-corollas are given, of course, by the well-known A,.-formulae, while

1 2 1 2

n—2n—=k
e k=0 =2

1 2 n-1n 1 ... k//\k+l+l ..on

k+1...k+1

A A

N —

> Y e
k=27ri+...+rpx=n
& &

<><w

&

where

s=k-1D0r1 -1+ k-=2)(ro—1)+ ...+ 1(rx — 1),
ASY is the Saneblidze-Umble diagonal, and the horizontal line means fraction composition from
[Mar06]. The meaning of this part of the differential is clear: it describes Ao-morphisms between
an Ay-structure on X and the associated Saneblidze-Umble diagonal A, -structure on X @ X.

The values of 6 on corollas of the form
1 2 3

172 " "nan

describe a homotopy between two natural A.,-morphisms from X to X ® X ® X, values on corollas
with 4 output legs — homotopies between homotopies etc. We conjecture that (AssBo,d) is a
one coloured version of a certain N-coloured properad describing A.-algebras, morphisms of A,.-
algebras, homotopies between morphisms of A.,-algebras, homotopies of homotopies etc., and we
hope to describe it in a future publication.

It was proven in [Mar06] that there exists a minimal model (AssBo, ) such that the value of § on
a generic corolla is a finite sum of decorated connected graphs. Moreover, this § is a perturbation,
0 = 0o + dpert, of the differential, dp, which describes the minimal resolution, %ASSBOO of the prop
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of %—bialgebras. The perturbation part, dper¢, is a linear combination of so called fractions and
their compositions. We shall assume from now on that ¢ has all these properties. By checking
genus of these fractions one can easily establish the following useful (for our purposes)

Fact 31. The differential &g is precisly the quadratic part of 8, i.e. it is equal to the composition,

5o V -1 F(V) Y F (V).

By Theorem 27, the vector space,

s 'Hom(V,Endx)[—1] = @ s "Hom (X ®", X®™) =: ggs,
n,m>1

m+n>3

has a canonical L.-structure @ (with 1 = 0), whose MC elements are AssBo.-structures on X.

If v : AssB — Endx is a bialgebra structure on a vector space X, then, by Definition-Proposition 30,
there exists an associated twisted Lo, structures, Q7 = {Q}}n>1, on ges which controls defor-
mations of 7 in the class of AssBoo-algebras. As explicit formulae for the differential ¢ are not yet
available, we can not show this L. -structure in explicit formulae as well. However, we can show
the following,

Theorem 32. Let (AssBo,,8) —— AssB, be a minimal model of the properad of bialgebras and
v : AssB — Endx an arbitrary bialgebra structure on a vector space X. Then the differential,

Ql=Qoc®

in the associated to this minimal model twisted Lo -structure, Q7, on gas, is isomorphic to the
Gerstenhaber-Schack differential. Hence the cohomology of the bialgebra (X, ) is isomorphic to
the Gerstenhaber-Schack cohomology.

PROOF. Let (AssBo, = F(V),d) be a minimal model of the properad of bialgebras, and let I be
the ideal in F(V) generated by graphs in F(V)(22?) with at least two non-binary (i.e. neither Y
nor )\) vertices, and let

. AssB.

(I,01)

be the associated quotient dg properad. The induced differential in B we denote by §;nq. It
is precisely this quotient part, d;,4, of the total differential 6 which completely determines the
Lo-differential differential Q7. Thus our plan is the following: in the next Lemma we present an
explicit, up to an automorphism, form of the differential §;,4 (despite the fact that ¢ is unknown!)
and thereafter compare the resulting Q7 with the Gerstenhaber-Schack definition.

The major step in the proof is the following Lemma (in its formulation we use fraction notations
again).
Lemma 33. (i) The derivation, d, of B given on generators by,

1

(4) dl\(2:07 d A =0,
1

1 2

g T G
L2 7y 12
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and, for all other generators with m +n > 4, by

12, . .m1m
12 ""n1n

is a differential.

(i) The dg properads (B, d;nq) and (B,d) are isomorphic.

PROOF. (i) It is easy to see that among for 2-vertex connected binary graphs® attached to any
other graph in B the bialgebra relations,

1 2
1 2 2 3 1 2
3 1
3 1
7 g 5 g 1 2 1 2

hold. Using this fact it is an easy and straightforward calculation to check that d? = 0. We
omit the details. (In fact we shall show below that d is essentially a graph encoding of the
Gerstenhaber-Schack differential dgg so this calculation is essentially identical to the one which
establishes d%g = 0.)

(ii) We begin our proof of Lemma 33(ii) with the following

Claim 1. The natural projection p : (B,d) — AssB is a quasi-isomorphism.

Indeed, the dg properad (B, d) has a natural increasing and bounded above filtration, {F_,B}p > 0,
with F_,B being the span of equivalence classes of graphs which admit a representative in F (V) (zp),
Let (E,,d,) be the associated spectral sequence. The first term (Eg,do) has trivial differential.
The next one, (E1,d1), has the differential given on generators by

1 2 1 1 2 N
® oY <0 ak —oax -1
i ) U2 N

3Equivalence classes of graphs in B we call simply graphs for shortness.
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and, for all other generators with m 4+ n > 4,

i+l 2

We want to compute homology, Eo = H*(E;,d1), of this complex and show that E; ~ AssB. For
this purpose consider a 2-step filtration, 0 C Fy C Fy = E, of the complex (Eq,d) with

Fy ::span<\(, /l\, ><>,

and let (€., 9,-) be the associated spectral sequence. The differential 9y is zero on the generators of
Fy and is equal to di on all the other generators. Thus, modulo shifts of gradings, actions of finite
groups and tensor products by trivial (i.e. with zero differential) complexes, the complex (Eo, dp)
is isomorphic to the tensor product of two isomorphic operadic complexes (one with “time” flow
reversed upside down relative to another) which were studied on page 40 of [MMS] and which
have the differential (in notations of that paper) given by

dy /\ = ni(_l)iﬂ
=

1 2 n 1

41 142

It is shown in [MMS] that the cohomology of this complex concentrated in degree 0 and is iso-
morphic to the operad of associative algebras. In our context this result immediately implies that
(&1,01) is isomorphic to Fy with the differential 9; given on generators by (7). Its cohomology
is obviously concentrated in degree 0 (and is equal, in fact, to the properad, %B, of infinitesimal
bialgebras). Hence both the spectral sequences (&, d,) and (E, d;) degenerate at second terms. As
they both are convergent (by regularity and boundness of filtrations), we conclude that H*(B, d)
is also concentrated in degree 0. This in turn implies Claim 1.

Claim 2. The natural projection 7 : (B, dina) — AssB is a quasi-isomorphism.

Indeed, the defined above filtration, {F_,B},>0, by the number of vertices is also compatible with
the differential 0;,4. Let (E,,d,) be the associated spectral sequence. Its first nontrivial term,
(E1,d1) is, by Fact 31, isomorphic to the complex (E1,d;) above. Hence we can apply the same
reasoning as in the proof of Claim 1.

Claim 3. The exits a morphism of dg properads ® making the diagram
(B,d)
-
P
(AssBoo, 0) —— (AssB, 0)

commutative.

As AssBo, = F(V) is a free properad, a morphism ® is completely determined by its values on
the generating (m, n)-corollas which span the vector space V. We shall construct ® by induction®
on the degree, r :=m +mn — 3 > 0, of such corollas. For r = 0 we set ® to be identity, i.e.

1 2 1 2 1 1
(Y)Y e[ A) - A
1 1 U2 )
Assume we constructed values of ® on all corollas of degree r < N. Let e be a generating corolla
of non-zero weight r = N + 1. Note that de is a linear combination of graphs whose vertices are

4this induction is a straightforward analogue of the Whitehead lifting trick in the theory of CW-complexes in
algebraic topology.



34 SERGEI MERKULOV, BRUNO VALLETTE

decorated by corollas of weight < N (as differential § has degee —1). Then, by induction, ®(de)
is a well-defined element in B. As 7(e) = 0, the element,

d(oe)

is a closed element in B which projects under p to zero. By Claim 1, the surjection p is a quasi-
isomorphism. Hence this element is exact and there exists ¢ € B such that

de = ®(de).

We set ®(e) := ¢ completing thereby inductive construction of ®.

Claim 4. A morphism ® can be chosen so that

1L 2. . milm 12 .. . mi1m
0] X = X + terms with > 2 number of vertices.
172 " "nan 172  "nan

Indeed, the differential d in B has the form,
d= dl + dresta

where d; is the quadratic differential in B defined by (8) and the part dpq,+ corresponds to graphs
lying in F_3B. We shall prove Claim 4 by induction on the degree r = m +n — 3 of the generating
(m,n)-corollas in AssBo, (cf. proof of Theorem 43 in [Mar06]). For » = 0 the Claim is true.
Assume we have already constructed ® such that the claim is true for values of ® on corollas with
non-zero degree < N and consider a generating corolla, e, of degree N + 1. The value, ¢ := ®(e),
is a solution of the equation,

(9) die + dyesie = (I)((Soe) + <I>(5perte).

Let m; and 7o denote projections in B to the subspaces spanned by equivalence classes of graphs
with 1 and, respectively, 2 vertices. Then equation (9) implies,

g O dl(e) = d1 o 7T1(€) = T O @(506),

as both dyesre and ®(dperie) are spanned by graphs lying in F_3B. Using now the explicit form
for the differential dg (given, e.g., by formula (14) in [Mar06]) and the induction assumption we

immediately conclude that
12, . mam

completing the proof of Claim 4.

Claim 5. The morphism ® induces a dg isomorphism (B, dinq) — (B, d).

Indeed, ® sends the ideal I to zero. Since ® respects differentials, it sends the ideal (I, 1) to zero
as well and hence induces, by Claims 3 and 4, a required isomorphism. This completes proof of
Lemma 33. (]

Now we continue with the proof of Theorem 32. The differential Q] in the graded vector space
9GS = Bm,ns? ™ "Hom(X®", X®™) is completely determined by the quotient differential, &;pq,
of the full differential § in AssB.,. By Lemma 33, this quotient differential is given, up to auto-
morphims, by formulae (4)-(6). Let us compare these with the Gerstenhaber-Schack differential,
dgs, in the bicomplex ggs which is defined by [GS90)

dgs = 01 + 0a,
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with 81 : Hom(X®", X®™) — Hom(X®"Tl X®m) oiven on an arbitrary f € Hom(X®", X®™)
by

n—1

(01f)(ag,a1,...,a,) = A™(ag)Of(a1,a2,...,a,) — Z(—l)if(al, ey Qi Qg ey Oy)

i=0
+(=1)"" f(a1,a9,...,a,)0A(a,) V a; € X.

Here the multiplication in X is denoted by juxtaposition, the induced multiplication in the algebra
X®™ by O, the comultiplication in X by A, and

A" (ARIA®™ ) o (A®IA®" Ho...0A: X — XO™,

The expression for J; is an obvious “dual” analogue of 0;. Now let us represent d; in graphical
terms by associating the graphs

102 1
Y wa A
172

1

to comultiplication and, respectively, multiplication while the corolla

1><m
172 ""nan

to f. Then the r.h.s of the formula for 0; reads,

m—1 m 1 2 m—1 m

AN AA o

/—/% /—/H =0 —_—T —
ao al an ao An—1 An

which is precisely the first three summands in (6). The other three terms correspond to d3. The
proof of the Theorem 32 is completed. g

8. HOMOTOPY PROPERADS AND ASSOCIATED HOMOTOPY LIE ALGEBRAS

It was proven in [KMO1] that for any operad, O = {O(n)}, the vector space @,, O(n) has a natural
structure of Lie algebra which descends to the space of invariants, @, O(n)s, . In [vdL] this result
was generalized to homotopy operads and the associated L..-algebras.

In this section we further extend the results of [KMO01, vdL] from homotopy operads to homotopy
properads. Our approach is, however, completely independent of these two earlier works and,
perhaps, provides a conceptual explanation of the phenomenon.

Theorem 34. Let P = {P(m,n)} be a homotopy properad. Then
(i) D, P(m,n) is canonically a Loo-algebra;

(ii) D, , P(m,n)°

) ,n)°m is canonically a Lo -algebra;
(iii) @m n P(m n)S» is canonically a Lo -algebra;

) D,

)

(iv P(m,n)Sm*5n s canonically a Loo-algebra;

(v there 5 a natuml commutative diagram of L.,-morphisms,
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P(m

m, )Sm XSy,

@m,n P

\ /

n P(m
Finally, if P is a dg properad, then all the above data are dg Lie algebras and morphisms of dg

Lie algebras.

PrOOF. For a properad C = {C(m,n)} we denote by CT = {CT(m,n)} the associated “flow
reversed” properad with CT(m,n) := C(n,m). Let Ass be the properad of associative algebras
and define the properad, Ass'e Ass = {Ass"e Ass(m,n)} by setting

AssT e Ass(m,n) := Ass'(m) @ Ass(n) ~ K[S,,] @ K[S,]

and defining the compositions ;1 to be non-zero only on decorated graphs of the form

N

and

7\

on which it is equal to the operadic compositions in Ass.

Let Com be the properad of commutative algebras, and define the properads ComfeAss, AssTeCom,
and Com'eCom by analogy to Ass' e Ass.

Homotopy properad structure on P is the same as a degree —1 codifferential on the associated bar
construction B(P) = F¢(sP). The dual object, B(P)*, is a free properad, F(s~1P*), equipped
with the induced differential of degree —1.

Theorem 27(i) applied to C = B(P)* and D = Ass' e Ass asserts that the vector space

s~ 'Homg (s™'P*, AssTe Ass) = @P(m,n)

is canonically a L.-algebra. Hence the claim (i).

Analogously, claims (ii)-(iv) follow from Theorem 27(i) applied to C = B(P)* and D being Com'e
Ass, AssTeCom and, respectively, Com'eCom as

s 'Homy, (silP*,ComTOAss) = @P(m, n)Sm,
s 'Homy, (silP*,AssTOCom) = @P(m,n)S“

and
s 'Homg, (s~'P*,Com'eCom) = Gap(m,n)sm XSn

The natural morphism of operads,

Ass — Com,
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induces a commutative diagram of morphisms of properads,

Com'eAss

T

Asst e Ass Com'eCom)

\/

AssTeCom
which in turn implies the commutative diagram of L, morphisms in claim (v).
Finally, the last claim of the Theorem follows from Theorem 27(iii). O
Proposition 35. The construction given in the proof of Theorem 34 provides us with four functors
Category of dg properads — Category of dg Lie algebras.

and the four endomorphisms of functors.

Analogous statement holds for the category of homotopy properads and the category of Lo -algebras.

Proof is an easy exercise and hence omitted.

9. HOMOTOPY CONVOLUTION PROP(ERAD)

Theorem 36. When (C,9) is a homotopy coprop(erad) and (P, ) is a prop(erad), the convo-
lution prop(erad) P¢ = Hom(C,P) is a homotopy prop(erad) and Hom®(C,P) is a homotopy
non-symmetric prop(erad).

Proor. To an element G(f1,..., fn) offc(ﬁc)(”), we consider the map QN(fl, cesfn) e .7:(5)(") —
Fe(P)™ defined by G'(c1,...,¢n) = (=1)¢G(fi(c1), -, fulen)) if G =2 G and 0 otherwise, where

E=Yr | il(Jer| + -+ + |eiz1]). We define maps py, : fc(ﬁc)(”) — PC by the formula
,Un(g(fla S fn)) 1= fip © g~(f1a ooy fn) 0 dn.

The degree of 8, is n — 2 and the degree of ip is zero. Therefore, the degree of ., is n — 2.
The map p verifies the relation of Proposition 19

S £ u(GIuG (frfa)) = S EAP0GIG (frr o k(G (Firseee s fil))sn oo s Fa) 0 61

g'cg
= > EfipoG/G (fr.- P0G (firs- s fir) 0 Oky oy fn) 001,

where the sum runs over admissible subgraphs G’ of G. We denote by k the number of vertices of G’
and | = n—k+1We use the generic notation 4 for the new vertex of G/G’ obtained after contracting
G'. For every element ¢ € C, we denote by d(c) = >.G'(c1,...,¢) and §(c;) = S G2(c),. .., c})-
The associativity of the product of P gives

> (1)) (G G (fr, - fa)) (€) =
g'cg
i 0 Gfis s fa) o (D (~1)PGHerne) Glo, G2 (e, ey, chy ).

Since (C, d) is a homotopy coprop(erad), the last term vanishes by Proposition 20.
The same statement in the non-symmetric case is proved in the same way. O

REMARK. In the particular case when C is a homotopy coalgebra and P an associative algebra,
Hom(C,P) is a homotopy algebra. In the same way, when C is a homotopy operad and P an
operad, Hom(C, P) is an homotopy operad (see Lemma 5.10 of [vdL]).
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. Anti-S . . .
Denote by Lie L00OVmL As the morphism of operads defined by the anti-symmetrization of an

associative product to get a Lie bracket. We have the following commutative diagram of dg
operads.

Q(Ash) —— As
Q(Anti-Syml) T TAnti—Sym
Q(Liel) —— Lie.
Therefore an Q(Asi)-algebra is an 2(Liel)-algebra, that is a homotopy (associative) algebra is a

homotopy Lie algebra by anti-symmetrization. This result was extended to homotopy properads
in Theorem 34.

Corollary 37. When (C,9) is a homotopy coprop(erad) and (P, ) is a prop(erad), the convolu-
tion prop(erad) P¢ = Hom(C,P) and the non-symmetric convolution prop(erad) Homg(C,P) are
homotopy Lie algebras.

PROOF. The proof is a direct corollary of Theorem 34 and Theorem 36. O

In the latter case, the Liey, ‘operations’ are explicitly given by the following formula. The image
of f1,..., fn € Homg(C,P) under I, is given by

n(frseosfn) = D (1B @It o (fo0) @ - ® fo(m)) © O,

oES,

where (—1)%2(@:f1,-fn) is the Koszul-Quillen sign appearing after permutating the f; with o.

In this homotopy Lie algebra, the generalized Maurer-Cartan equation is well defined since the

formal infinite sum Q(«) = E — In(a, ..., a) is in fact equal to the composite a” o F(a)od.
n!
n>1
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