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Abstract

The author gives the new method of proof of the constructibility of exceptional
bundles and exceptional collections on r z.

Introduction.

Exceptional bundles on jp2 were first investigated by Dreset and Le Potier in [:3] where they
gave a description of these bundles in tenns of their slopes.

Using these results A. L. Gorodentsev alld A. N. Rudakov [1] gives a constructive de­
scription of the set of exceptional bundles on jp2 by showing that they can 0.11 be obtained
fro111 invertible sheaves by the canonical operations of mutation. This description uses the
fact that exceptional bundles on r 2 can be put together into so-called exceptional tripies
such that the ranks in each tripie yielcl a solution to the Nlarkov equation. rvloreover 1 the
111utations of the soilltions of the Ivla,rkov equation one to one correspond to the canoni­
cal mutations of the exceptional tripies. ßeca.use of the set of 0.11 solutions of the iVlarkov
equation can be obtained f1'ol11 the one of theIn by ITIutations, the (tuthors get that any
exceptional tripie of bundles is obto.ineel frOln one of then1 by mutations.

Further~ using the stability of except.ional bundles on the projective plane A. L. Goro­
dentsev anel A. N. Ruelakov prove that any exceptional bundle E Oll Ir2 is included in an
exceptional tripie. vVhenee E is obtained from the line bundles by Il1utations.

Besides~ the authors generalize the exceptional tripies anel their 111utations to exceptional
... co11ections of bunelles on r n

. But the question o.bout constructive clescription of cxceptional
bundles on r n when r~ > 2 is open.

In the present paper the author gives thc new proof of the constructibility of exceptional
bundles on r2~ ",hieh cloes not use thc ?vlarkov equation itnel the stability of exeeptionaJ
bllnclles. Thc authol' hopes for generalizatioll this proof to exeeptional bunclles on r n

.

Notations.

Let r( F) be the rank of a eoherent shea.f F on Ir";
o be thc trivial line bundle on r n

;

0(1) he the line bundle eorrespollcling to tbe generator of the Picar group of r n
;
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O(n) d~ O(1)0n ;

F(n) is the tensor product of a sheaf Fand O(n);
F* is the dual sheaf, that is the sheaf of local homomorphislllS 'Homo( F, 0);
HOln( E, F) is the space of global Inaps frol1-: E to F;
hi ( E, F) denote the dinlension of space Exe( E, F);
x( E, F) is the Euler characteristic of any two sheaves, which equals 2:( -1 )ihi(E, F);
X(E) is the Euler characteristic of sheaf~ which equals X(O, E);
vVe identify a bundle with the sheaf of its local sections. SOIlletimes we will arrange

a long cohomology sequence associated to an exact tripie iuto a table. For example, the
application of functor Ext" (F, .) to the exact tri pIe

0-----1'A----+B----+C----+0

glves
k Extk(F, A) --+ Extk(F, B) --+ Ext7Z(F, C)
0 * ? *
1 0 ? 0
2 * ? *

This table calculates Ext1(F, B) . In particlllar, Ext1(F, B) = O.

1 Preliminary Information.

In this section llsing the results of A. L. Gorodentsev anel A. N. Rudakov ([2), (1]) we provide
the initial information abollt exceptional bundles anel exceptional collections on r n

.

DEFINITION. A cüherent sheaf E on r n is called exceptional if

ExtO(E,E)=C and Exti(E,E)=O for ';>0.

It is easy to see that these cohoIl1ological conditions irnply that E is homogeneous, and
therefore an exceptional sheaf on IPn is alltOll1atically loca.lly free. Because of this we shall
speak abollt exceptional bundles on pm.

DEFINITION. An ordered collection of bunclles (j = (Eo, EI, E21 •..• Ed is called an
excepf,ional co/leetion if all the bundles are exccptional anel

Exe· (Ei, Ej ) = 0 if k ~ 1,

Extk(Ej,Ed=O if k~O

whcn 0 ::s i < j ::s k.
It is dea.r that if a = (Eu, E l , E2 , ... , Ed is a.n exceptional collection then the collections

(7" = (E;., .. . , E;, Eü) aIlc! 0-(n1) = (Eo(m.), Edm.), .. . , Edrn)) are also exceptional.
DI~FINITION. Let (.A, B) be lt!l cxceptional pair on r n

. Suppose there exist thc following
exact sequenccs of bundlcs:

o ----+ A~ HOlnC·~L Br 0 B ----+ RaA ----+ 0,
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where the I11ap can E Hom(A, Br 0 Hom(A, B) corresponds to the identity endomorphism
of the vector space H0I11(A~B). In this case the bundle LAB is ca.!led the left shijt of Band
the bundle RaA is called the right sh-iJI. of A. The pairs (LAB,A) and (8, RaA) are called
the left and right I11utations of (.4, 8).

1.1 PROPOSITION. Let a = (Eo, ... l Ei, Ei+1 ~ •.• , Ek ) be an exceptional collection.

1. If the left rou tation of (Ei, Ei+I) is defined then the collection

is also exceptianaL and the right In II ta,tion o[ the pair (LEi Ei+I, Ei) is defined emd
equals (Ei, E i+I)'

2. IE the right Inu tation of (Ei, Ei+I) is defined then the collection

is also exceptional, and the left IJlutation oE the pair (Ei+h REi+! Ed is defined and
equals (Ei, Ej+d.

The collections Lja and Ri+1aare called the left and right 'm"utations of a.
DEFIN1TIOi\'. Let a = (Eo, E1 , E'}., ... ,En ) be an exceptional collection of bUlldles on

IP n
. It is called Juli provided the bouncled clerivecl category Db(lP n ) of sheaves on IPn is

generated by a, i.e., the set of all objects of Db(lP n
) can be obtained from the elelnents of

a by taking the direct sunl and [orming cones of a11 possible I110rphisI11S.
For example, the collection of the line bllnclles on IPn ao = (0, cJ( 1), ... l cJ( n)) is the

full exceptiollal collection. FUl'ther, we ca.!l this collection the basic colleetion.
'Ne see that the left 111utation Liao is defined for i = 0, ... , n - 1 anel the right mutation

~a is defined for i = 1, ... ,'TL

DEFINITION. Suppose that for an exceptiona.l collection of bundles on IPn

there exist exceptional bundlcs Ek+I, ... ~ EIL such that the collectioll

is exceptional alld full. ASSllll1e 1 in addition. that a' is obtained froln the basic collection
an by 111utations. Thcn the collection a is caJled constTuctible.

1.2 PROPOSITION. Let. a = (Eo~ EI. E'}., . .. : Ed be a constrllctible exceptiollill colJectioll
of blllldles on IPn

. ThelJ

1. the leEt 11111tation Lia is defincd fari = 0, ... ,k - 1 alld the right 111utatial1 /lifT IS

defined tor '/: = 1, ... ,k,

2. eliln HOln( Ei, E i+J ) > 2 [ar "i = 0. L. ... ,k - 1.
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1.3 REMARI\ Let a = (Eo, Eh E2 , • •. , Ek) be a constructible exceptional collection, then

1. each of the bundles EI, E2 , . •. ,Ek can be obtained by the fight shift over Eo, i.e.,
there exists the constructible exceptional collection a{ = (E_ i , • •• , E_ k , Ea) such that

2. each of the bundles Ea, El , •.• ,Ek-l can be obtained by the left shift o\rer EI,;.

1.4 PROPOSITION. Let a = (Ea, E1, E2 , • •• , En ) be a fuIJ constructible exceptional collec­
tiOll of bundles Oll jpn. Then

1. the leEt and fight [nutations of 0" are full exceptioI1a./ collections.

2. the following relations are \"alid:

Because of the last properties we can consieler an infinite periodic collection of excep­
tional bundles on jpn

such that 'r/k Ek +n+i = Ek ( 11 + 1) allel (Ek , .•. 1 Ek+n) is the fnll exceptional collection.
This collection is colled a helix.

1.5 PROPOSITION. If ... E_ i , Ea, . .. , En , En+I , . •• is a helix, then

1. for ailY pair i ::; j the canonicaJ Inap can : I-Iom( Ei, Ej ) 0 Ei -+ E j is the epiInorphism;

2. for any pair i S; j the canonicaJ Inap can : Ei -+ Hom( Ei, E j r 0 E j is the nl0nOlnOT­
phisnl.

1.6 LEr.HvIA. Let (.4, B, C) be a constrllctible cxceptionaJ coJJection on lP n then

where

where

B' = LAB,

B If = ReB.

Looking at this lernlna we see tha.t thc lllutations of constructible exceptioIla.1 collections
deHne thc action of the braicl group Oll thc ~et of all constructiblc exceptional collections
with f-ixecl llu1l1ber of elelncnts. In particula.r~ thc braid group acts on thc se~ of a.1t full
constructible exceptional collections.

DEFINITION. \Ne shall say that a. subcategory in Db(PH) is gcneratecl by an exccptional
collection a = (Ea, EI, E2 , .•.• Ek ) if any its object can be obtained frarn thc elcrnents of
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a by taking the direct surn anel forrning cones of all possible rnorphisms. This subcategory
we denote by (EOl EI, ... 1 Ek)cat.

1. 7 PROPOSITION. Let (Eo, Eil E2 , ... , En ) be a. fulJ exceptiolla.l colJection a.lld F be a
sheaf. Thell

1. (Ext k
( F, Ei) = 0 Vk andi = 0,1, ,s) {:::::} (F E (Es+I, E~+2, , En)cat):

2. (Extk(Ej,F) = 0 Vk alld i=s+l, ,n) {:=> (FE(Eo,EI, ,E~)cat).

DEFINITION. Let a = (Eo, EI, E2 , • .• , Ed be a constructible exceptional collection.
The collection cr V = (E~, . .. , E~, EoL where

is called right dual to a. The collectioll va = (Ek,VEk_I, ... ,vEo), where

is called left dual to a.

1.8 R.ElvlARK. [t is easy to see tha,t, (,he lert. dual colJection to a V and the right dua.l
coJIection to \7 are equa/ to a. ßesidcs,

Ext'( Ei, Ej) = { ~ when
when

i#j
'1=J=8

In the previous notation the following theorCITI hold.

1.9 THEOREi"l. Let a = (EOl Eil E 2 , . .. 1 Ek ) !Je a cOllstructible exceptiollaJ colJection of
bundles on jpn. Then for any shea( Q be/onging to the Sll bcategD(V generat,cd by a
(Q E (Eo. EIl' .. , Ek)cat) there cxist; t,wo spectral sequences associa,ted t,o t.he righ t.

and left dual colJectiolls to a. The E I-t.enn of the first seCJllencc has the form

The EI-t.enn of the second seCJllcnce has f,he form

Both these sequences conFerge t.o Q on the Inajn diagonaL i.e. ~ E~q = 0 [ar p+q # 0
anel G"l'(Q) = (EU,U E-I,l ,E-n.n),r -''Xl ,-''Xl , .••• -'I'X) •
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2 Subcategory Generated by Pair.

In this section we study the subcategory generated by a constructible exceptional pair on pn
anel prove that any rigid sheaf belonging to this su bcategory is thc elirect sunl of exceptional
bllndles.

DEFINITION. A sheaf F on pn is called rigid if Ext l (F, F) = O. It is called supelTigid if
Exti(F, F) = 0 when i > O.

Let us introduce same notation using in this section. Consider a constructible excep­
tional pair (Eo, EI) on lP n

• By definition, put

Denote by en the ilnages of En in [( d~ l\'o(rn
) 0 Q. The vector space [( inherits the

bilinear fornl X('~ .). Denote it by (.,.). By definition of the exceptional pair anel 1.2 wc
have

(eo,eo) = (elle.) = l, (el,eO) = 0, (eo,et) = h > 2,

FlIrthermore, by definition of the lllutation, we obtain that

Let F be a sheaf belonging to (Eo, EI )cat. Denote by f the image of F in /(. It is
obvious that f belangs to the lineal' span (eo, Cl) C 1\'.

In the above notation the following lenllna is valid.

2.1 LEtvlMA. The inequaJity (r f) > 0 holds ir allel only iE there exist an integer n and

nUlnbers a, b such that f = aen +ben+t with a . b ~ O.
PROOF. It is easy to prove by inductioll on n that

where Xo = 0, :rl = 1, X'l+1 = h.x n - :I:n-l > O.
lt can be proved that the sequence~ decreases and the sequence ..Ln- increases. Let

Xn-l Xn+l

us calculate the following lilnit

X n . X n 1'+ = linl -- = h - ItIll -- = h - ,_ = h - -/ .
n-t<Xl ~Z:n-l n-too ~Z:n+1 +

Thcreforc, '+ anel 1_ arc the roots or thc equa.tioll ;I;:.! - h:r + 1 = O.
Thus we obtain that for all n

This implics that for any vcctor .r = :rc\ - eo with :c > 1+ there exist a positive integern a.nel
nonnegativc (I, b stich that .r = (le ll + ben+l' Analogollsly: if f = Co - :z:e\ with 0 < :r < ,_,
then f = ae_ n + bei-li for SOllle positive integer n anel nonnegative Cl, b.

On the other hallel: if f = ±(;rc\ - eo) with positive x, then cr f) = ;/:2 - lu: + 1: i.e.,
(f, f) :::; 0 if anel only if;7; E [1-: '+]. This cOlllpletes thc prüof.
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2.2 COROLLARY. 1. Suppose that for any integer 11 ~ 0 there exist positive numbers
an, bn +1 such that .f = bn+1en+l - (lnen; then f2 ::; O.

2. Suppose that [or any integer 11 < 0 there exist positive numbers an, bn+1 such

that f = anen - bn+1en+I.: then /2 ::; O.

2.3 COROLLARY. Suppose that F E (Eo: E1)cat and X(F, F) > 0)' then there exists an

integer n such that x( En1 F) 2:: 0 anel x( En +l , F) :::; O.
PROOF. It follows frOlll the previolls leInma that there exists an integer 1n anel non­

negative CL, b such that f = aem + bem+l' It can easily be checked that (em +ll f) = b
anel (e m +2, f) = -(f. On the other hand, (ek, f) = x( Ek, F) for all integer k. Heuce the
statelnent holds proviclecl n = '111. + 1.

2.4 LEr.,gvIA. S'uppose a sheaf F belongs to the subcategory (EOl E.)cat" then

1. Ext k
( F, F) = Extk

( EHl F) = Extk
( F, En ) = 0 Vn E Z and k ~ 2~

2. if x( Eo, F) > 0 and x( Et , F) < 0, then F is deCOIJ1]JosabJe.

P ROO F. Since (Eo, EI )cal = (En1 En+1 )caf Vn E Z, it is sllfficiently to check the first
statenlent for 11. = O.

Consieler the spectral sequence associatecl to the right dual pair (E'(, Ea) = (E_ I , Eo)
(by our notation) to (Ea, Ed anel converging to F (1.9 ). Its EI-term has the form:

E-; Ln = Ext n
( EIl F) (3) E_ I ~ E~,n = Ext n (Eo, F) ® Eo

E-;1.1 = Ext1(Et , F) 0 E_ 1

E~I.O = Exto(E1 , F) 0 E_ ,

~ E~·l = Ext 1(Eo, F) 0 Ea
~ E~'o = Exto(Eol F) ® Eo

(1)

The fact that this seqllence converges on the 111ain diagonal implies that E-;l,q ~ E~,q when

q ~ 2. Sinee E_ 1 1- Eo, we obtain that Ext l7
( EIl F) = Ext q

( Eo, F) = 0 for q ~ 2.
Silnilarly, to prove the equality Ext k

( F: Eo) = 0 VA: > 1 we ean consieler the spectral
sequence a.ssociated to the left dual pair to (Eol Et}.

8esides~ spectral sequence (1) spli ts into :3 exaet tri pies:

o -----+ FI -----+ VI 0 E- 1 -----+ H/I 0 Eo -----+ 01

o-----+ \/00 E-1 -----+ 1Vo 0 E° -----+ F2 -----+ 01

o -----+ F2 -----+ F' -----+ F\ -----+ 0,

where \/~ = Extq
( EI ~ F); lVq = Exf' (Eo, F).

To show that Ext1(FI , F2 ) = 0 \vc use thc COhOITIology tables associated with these exact
tripies.

k \/00 Exe'( Eo, E_ 1 ) --+ H/0 0 Extk
( EOl Ea} --+ Extk (Eo, F2 )

0 0 :+: ?

l 0 0
.,

2 0 0
.,

... . .. .. . . ..
71 0 0 .,
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k \1(,0 Exe·( E_ 1 , E-d -t H/o 0 Ext k
( E_ 1l Eu) -t 8xt k

( E_ h F2 )

0 * * ?

1 0 0 ?

2 0 0 ..,

.. . .. . .. . ...

12 0 0 '7

k 1'V; (9 Extk
( EOl F2 ) -t \!t 0 Extk( E_ t , F2 ) -t Extk(Ft1 F2 )

0 * * ?
1 0 0 ?

2 0 0 ?
.. . .. . .. . ...

11. 0 0 ?

Thus we get. Extk(Ft , F2 ) = 0 when k > 0 and F = F1 EB F2 (but either Flor F2 ~an be
equal to the zero sheaf).

In the same way we can check that Extk( F2 : F1 ) = 0 when k > 1

k Extk(Fz1 F2 ) -t lVö 0 Extk
( Eo, F2 ) -t \/~· (9 Exe;(E- I ~ F2 )

0 ? * *
1 ? 0 0
2 ? 0 0

.. . . .. " . ...

n ? 0 0

This table ilnplies that Extk( F2 , F2 ) = 0 WhCll k 2: 2. Thc analogous fact fol' F t is checked
in the sinlilar way.

Since F = F1 EB F21 the above calculatioll ilnplies the first statCI11ent of the le1l11l1a.
Suppose now that x( Eo, F) > 0 and x( EI, F) < O. It follows froD1 thc first statelnent

that

x(EOl F) = hO(Eo, F) - h1(Eo, F).

Henee Exto(Eo: F) =j:. O. i.e., F2 =j:. O. Sinlilarly,

Therefore Extl(Ell F) =1= 0 allel FI =j:. O. Tliis COlllpletes the proof.

PHOPOSITION. Let F be a rigid sheaf belonging to t:he subcat.egory gcnerat.ed byan

exceptional pair (Eu, EI); then

1. TllC sheaI F is superrigid.

2. The sheaf F' is I.he direct SUl11 F = ;l'n En Ef:l Xn+1 En +
"

whel'c :C n , :rn+l are nOI1negathre
integers and (EH' E n+!) is an exceptional pair o[ bundles obtained [rOIn (Eu, Et) by
111 U tatiotls.
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PROOF. The first statenlent follows [raIn the assuInptions and the previous lemnla.
Hence x( F, F) = hO( F, F) > O. By corollary 2.3 there exists an integer 11 such that
x( En , F) 2:: 0 and x( En +11 F) ~ O.

Assume now that F is indecOInposable~ then it follows froIn lemma 2.4 that either
x( En1 F) 01' X( En+t 1 F) equals O. vVithout lass of generality it can be assullled that

x( En , F) > 0 anel x( En+1 , F) = o.
On the other hand, lenlll1a 2.1 illlplies that the images F in f{ has the fonll f =

(le m + bem+l for SOllle integer rn. anel nonnegative Cl, b. It is easy to prove by induction on
n that

Therefore,

ExtO( Ek , Em ) -# 0 {::=:} k::; rl1,

Extl(Ek , Em ) -# 0 ~ k > 111 + 1.

(2)

(:3)

{

0 when k - 111 = 1
x( Ek, Em ) = (ekl em ) = hkm > 0 when k :S 'm .

hkm < 0 when k > m + 1

Thus the indecomposable sllperrigid sheaf F fronl (EOl E1)cat has the form En for an integer
s

11. Hence in the general case we get F = EB :rn ; Enj • Now \ve see that conditions (2), (3) anel
i=l

the fact that F is sllperrigid ilnply that s ::; 2, and jnl - 1121 ~ 1, i.e.,

F = :cnEn EB X n+l En +1 •

This concludes the proof.

3 Universal Extension.

DEFINITION. Let E anel F be a objects of an Abelian category. The extensions deterl1lined
by the elenlent of the groups

and
Ext 1

( Ext I (F, E) 0 F, E) ~ Ext 1(F, E)* 0 Ext 1(F, E)

that corresponds to the idellti ty endolll0rphisI11 of thc vectol' space Ext 1(F, E):

o-t Extl(F. Er' 0 E -t F' -t F -t 0,

0--+ E -t F"--+ Extl(E. E) 0 F -t 0

are called thc uniuerRu/ e;densions.

3.1 REMARK. For sequence (4) the coboundary hOlnOI1l0rphjsm

jE; cphl1orphjsrn.

(4)

(.5 )
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For sequence (5) the coboundary honl0morphism

is tlle epiInorphisln also.

3.2 LErvnvIA. Let E be an exceptiona,l and F be a rigid sheaves on 1P 2 such that Extq(E, F) =
ofor q > 0 and Ext1 (F\ E) :f 0; then the sheaf F' frOHl the universal extension (4)
satisfies the following conditions:

1. Exe(F' , E) = 0 and Extq(F/~ E) ~ Ext'l( F, E) when q = 0,2:

2. the map Hom( F ' , E) --+ Ext1(F, E) 0 HOln( E, E) that is obtained after tbe applica­
tion of the functor Ext"(·, E) to (4) is trivial,

3. Ext1(F',F) = 0 and Exe(F',F) == Ext2(F,F),

4. Ext1(F' , F' ) = 0 and Ext2(F' , F' ) ~ Ext2(F, F) ffi Ext1(F, E)* (3) Exe(F, E).

PROOF. The proof is imnlcdiate if \ve consider the following cohol110logy tables:

k Extk
( F, E) -+ Extk(F', E) -+ Exe(F, E) (3) Extk(E, E)

0 ExtU
( F, E) ? Extl(F, E)

1 Ext 1
( F, E) ? 0

2 Ext\F, E) ? 0

k Ext k
( F~ F) -+ Extk(F' , F) -+ Ext1(F, E) 0 Extk(E, F)

0 * ? *
1 0 ? 0

,

2 Ext2 (F, F) ? 0

k Ext1(F, E)* (9 Extk ( pi, E) --+ Extk
( F', F ' ) -+ Ext k

( F' , F)
0 * ? *
1 0 ? 0
2 Ext1(F, E)* 0 Ext2

( F, E) ? Ext 2
( F, F)

It is not hard to prove the dual statelnent:

3.3 LEi\Hvl A. Let E !Je an exceptional aurl F be a rigid sheaves on jp2 such thai; Exf' ( F', E) =
ofor Cf > 0 and Ext l ( E. F) :f 0,' t,hen t,he sheaf F' frolll the universal extension

o~ F -----+ P' --+ Ext 1
( E, F) 0 E --+ 0

satisfies the following conditions:

(6)

1. Ext1(E, F") = 0 and Extq(E, F' ) == Exe/(E~ F) when q = O~2~

2. thc [nap H0I11( E. PI) ---t Ext 1
( E, F) G I-IorI1( E. E) that is obtailled after the applica­

tiOIl of 1;1Je functor Ext"( E~ .) to (a) is trivial.
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3. Ext1(F: F') = 0 and Ext2 (F, F)' ~ Ext2(F, F),

4. Ext 1(F I
, F I

) = 0 a.nd Ext2
( F', F') ~ Ext 2

( F, F) EB Ext l (E , F)* 0 Ext2
( E , F).

3.4 LE~vtrvIA. Let 0 ---t Ext 1(F, Ef 0 E ~ F' --t F --t 0 be the universal extension
of an exceptional bundle E and a rigid sheaf F on JP2; then F' cannot be equal to
E EB F" provided Ext1(F, E) =j:. O.

PROOF. Suppose F' = E EB F". Denote by 7r the projection ir : FI --1- E --1- O. Since the

extension is universal, we obtain that the map

is trivial. In particular, rr . r.p = O. Thcrefore F is the direct surn F = E ffi Fr anel
Ext 1(F, E) C Ext 1(F, F) = O. This contraelition concludes the proof.

The dual staten1ent is fonnulated in the following way.

3.5 LE:-'HvIA. Let
o ---t F --t F' ---t Ext 1(E, F) 0 E --t 0

be the uni\Tersal extension of an exceptional hundle E and a rigid sheaI F on JP:l;
then F' cannot be equal to E EB F" provided Ext 1(E 1 F) =J. O.

4 Conditions of Decomposability of Sheaves.

4.1 LEr-..HvJA. Let F be a sheal and E be A siInple sheaf (Hom( E, E) ~ C) on a complex
variety .\. S'uppose that HOlll( F, E) =J. 0 and HOlll( E, F) =j:. 0, then F = F' EB E
whene\Ter one of the foJJowing conditions holds: for SO!l1e finite-diInensional vector
space V the1'c exist,s cithcr an epiInorphis111 Q' : \I 0 E --1- F 01' a 111onolll01'phis111

ß : F --1- V 0 E.
PROOF. Since the statelnents of thc lellllna are dual, we can prove the first of thenl

only.

Let r.p be a nont.rivial 11lorpbisrll fr0l11 F to E, then tbe c0l11positioll r.p . 0' : V 0 E --1- E
is l10ntrivial as weIl. Let us show that there exists an inclusioni : E --1- \I 0 E such that
y . 0' . i =J. O.

Consider an arbitra.ry inclusion i' : E --1- V 0 E suth that the followillg exact tripie splits

o--t E~ E ffi V' 0 E ~ V' 0 E --t O.

If <p . n . ? = 0: then there exists thc COlllnllltative diagrarll:

./

O--tE~

t
o --7

E EB V' 0 E ~ \I' 0 E --t 0
'.p.(r t l}J t

E --t E --t0
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Denote by 1T- 1 the marphislll frarn V' (9 E ta V 0 E such that 1T • 1T-
1 = id. It is deal' that

4' = /i-I. 'P . Cl f:. O. Since dirn \I' < dil11 V, by inductive hypothesis there exists indusion
i": E ---+ \/' 0 E such that 1T-

1
. ({) . 0' . 'if! =J. O. Hence i = 7f-

1
. i" is t.he required IDap.

Thus we have the sequence:

E~ \I 0 E~ F~ E.

By definition, put e = 'P . Cl . i =f O. Since e is the nontrivial endoDl0rphism of the simple
sheaf E, we get that e= A . ielE for A E C"'. \Vithout 10ss of generality we can aSSUllle that

A=1.
Thus we have the nlorphisl11S 0' . i : E ---+ Fand 'P : F ---+ E such that y . (0' . i) = ü1e.

Therefore, F = F' ffi E.

4.2 LEMMA. Let F be a nonzero sheaf on pm and CT = (E_ n , . .• , Ea) be a full constructible
exceptional collection on jpn. Suppose Extq

( F, E_ i ) = 0 when q ~ i > 0, and
Extq

( F, Ea) = 0 when q > 0; then H0I11( F, Ea) "# 0 and either Hom( Ea, F) = 0, OI"

F = F' EB x Ea for SOfne sllea[ F' and a positive integer x such that HOD1( Eo, F') = °
and

PROOf. Consider the spectral sequence assoeiated to the left dual eollection (which we
denote here by (Ea, Eil E2 , ••• , En )) to CT anel eonverging to F (1.9 ). The diagranl of thc
EI-term looks as folIows:

\/00 1.3 Eu \/Ot 0 Et V02 0 E2
... VOn 0 En

EI n.nl = 0 Ei n,nl = 0 \/120 E2 , .. \/ln (8) En
.. . , .. ,

" . . .. , ..
EI n.O = 0 Et-n,u = 0 Et-n,u = 0 " . Ei'o = 0

where \Iij = Ext i
( F. E-i f. The diagral11 ilnplies that E~i,i =° when i = 0,1, ... , n - 1.

Since

G'·( F) - (Eu.o E-1. 1 E- n .n ) - E-n,nr 1 - 00,..Je-:;;, ~ ..• , 00 - 00 ,

we see that \10 ,0 = I-I0I11( F, Eor f. O. On thc other hand, E~n,H = ker(d~n.n). Therefol'c
there exists an indusion F 4 \/0,0 0 Ea.

AssuIlle that HOIn( Eo~ F) =fi 0, then the previous leIllIlla iIllplies that Eo is the direet
SUIDlnand of F. \Vit.hollt loss of genel'ality it eRn be aSSUIlled that F = F' EB :1; Eo anc!

HOIn( Eu. F") = °(in the opposite ease Eo is the direet SlllIlll1and of F').
FurthcL by the asslllnptions of thc lenll11a we ha.vc Ext"( Eo, F') = 0 Vq, Therefore

proposition 1. 7 provf.'s thc statcInent,

8)' thc sanle argunlel1t~ the following lC1l1111a. is proved.

4.3 LEJ\'livIA. Let F be a Ilonzero sheaf Oll pn allel CT = (EOl •.• , En) be a full constructi bJe
exceptiona,} collect,ion Oll rr H

• .)upposc Extq
( Ei, F) = 0 when Cf 2:: -i > 0, alld

Extq (Eu, F) = 0 when q > 0:' then HOlll( Eu, F) =J. 0 and cither H0I11( F, Ea) = 0, OI"
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F = F' ffi xEo [or SOIne sheal F' and a positive integer x such that Hom(F', Eo,) = 0
and

4.4 LEi\'IMA. Let a = (Eo~ EI: E 2 ) be a full constructible exceptional collection and F !Je
a nonzero sheaf on r 2

. Suppose! Extq
( E21 F) = 0 when q > 0; then Ext 2

( Ei, F) = °
for i = 0,1 and Olle of the [ollowing possibilities takes place:

2. Ext l (Eo~ F) = Ext l (EI, F) = 0:,

.J. Hom(Ej , F) = 0 with i = O~ 1,2.

PROOF. Consieler the spectral sequence converging to F anel associateel to thc right dual
collection (E_ 2 , E_ 1: Ea) to a (1.9 ). By assumptions we have the following E I -diagran1:

E~2.2 = 0 Ext2
( Et , F) 0 E_ I Exe(Eo, F) (9 Eo

E~'2·1 = 0 Extl(EI~ F) (9 E_ I Exe( Eo, F) (9 Ea
ExtU (E2 , F) 0 E_ 2 ExtU

( E1 ~ F) 0 E_ I ExtU
( E01 F) 0 Eo

Besides, the EI-term of the spectral sequence splits into the following exact tripies:

o----* Q ----* Exta( Eo, F) 0 Ea --+ Fo --+ 0: (9)

°----* Fo --+ F --+ F\ ----* O. (LO)

It follows frol11 (8) that the l11ap

is the epin10rphisl11. Sincc E_ I is cxceptional (in particular: Ext2
( E_ 1 , E_ t ) = 0) we get

From (9) follows the exact sequence
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Since (E_ I , Eo) is the exceptional pair, Ext I (E_ 1 , Eo) = 0 and by the equality provecl before
\ve obtain,

Ext l (E_ 11 Fo) = O.

Next, it follo\'·,rs frOln exact seqllence (9) anel the fact that Eo is the exceptional bundle
that

Ext2
( Eo, Fo) = O.

Finally, sequence (7) anel the equalities proved before imply

Thus we see that F = FI EI? Fa, anel froll1 (7) one follows that FI E (E_ I , Eo}cat = (Eo, EI )cat.
Suppose that F I = 0, then by sequence (7), Extl(EI,F) = Extl(Eo,F) = 0. On the

other hand~ in the case Fa = °we get the following exact sequence

Since Ext 1(Eo, E_ 2 ) = 0, we obtain that

This is irnpossible, since E_ I is indccomposable anel E- 1 ?p. E- z, E_ 1 ';j!. Eo. Therefore in
the case Fa = 0 we have

for i = 0,1,2.

In the same way we can pl'ove the following statenlents.

4.5 LEMtvlA. Let a = (Eo, EI, Ez) be a. fulJ constrllctible exceptiollal colJection and F be
a llonzero sheaf on p2. Suppose, Extq

( F, Eo) = 0 when q > 0; then Extz( F, Eil = 0
far i = 1, 2 allel one of the following possibili ties takes place:

1. F = Fa EB FI~ where Exf1
( Ft , Eu) = 0 Vq, i.e.. FI E (EI, EZ)cut;

2. Extl(F, Ed = Extl(F, Ez) = 0;

3. Horn(F, E j ) = 0 with '/: = 0, l, 2.

4.6 LEt\HvIA. Let a = (E- z, E_ I , Eo) be a [,,11 constructible exceptiollal co11ection and F be
allOllzero sheaf Oll IfDz. Suppose. Extq

( F. Eu) = 0 when q < 2~ then ExtO
( F, E_ i ) = 0

[01' i = l12 allel F = FI EB F2• Witll FI anel F2 (rolll t.he eX;H;t sequcnces:

o--7 F I --7 Ext.'( F~ E_ I f" 0 EI --7 Ext. l
( F, E_ 2 )" 0 E2 --7 0,

o --7 Extz(F, Eof 0 Eo --7 Ext2 (F, E_r)* 0 EI --7 Ext2 (F, E-z )* 0 Ez --7 F2 --70,

where EI = R Eo E- 11 E'}. = E-A:3)
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4.7 LEMMA. Suppose that a constrllctible exceptional coJlectioll (E- z, E_ 1 , Eo) and a
nOllzero rigid sheaf F satis(y the foJIowing conditions:

1) Extq(Eo1 F) = 0 [ar q > O~

2) Exe'(F, E- z) = 0 for q < 2,
.3) Hanl( F, E-d = 0 for i=O~ L2~

4) Extl(F~ E-d i= 0 [ar i = 0, l.
Then one o[ the following statelnents is valid
(1) either F E (E- 1l Eo}cat
(2) or the sheal F' fron] the lllÜ'l/ersaJ extension

o--+ Ext l
( F, Eu )- 0 Eo --+ F' --+ F --+ 0

is rigid and isonlorphic to the direct SUlI]

(11)

where F2 satisfies the cOl1ditions:
a) ExtQ(E_d:3), Fz) = 0 fol' q> O,i = 0,1,2;
b) there exists an epiIllorphism HOIn( E- z(:3), Fz) Q9 E- z(:3) --+ Fz.

PROOF. Suppose that Ext Z
( F, E- z ) = 0, then by a.ssumptian 2) Extq

( F, E- z ) = 0 Vq.
Therefore , F E (E_ 1 , Eo}cat (1.7 ).

Now suppose, ExtZ(F, E- z ) -# O. Applying lenlllla :3.2 to universal extension (lI), we
obtain

It follows from the lang cohonl010gy exact sequence a.ssociated to (11) anel assumption 2)
that

The previous lenl111a yields that

anel there exists an epiIllorphisln

It follows in the standard \Vay that Exf/( Fz: E_ i ) = °when q < 2 andi = 0,1,2. Therefore
by the SeITe duality we have

4.8 LErvl!vlA Let; E be a constructiblc exceptiona.l bundle and F be a sheaf Oll r 2 such
that Ext1(E, F) = 0 and Extq(E, F) =j:. 0 when q = 0, 2. Then F = Fa EB F2, wherc
Extq(E, Fo) = 0 for q > °and Extq(E, Fz) = 0 [or q < 2.
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PROOF. Consider the fuIl constructible exceptional collection containing E a =
(Eol E , EI)' Denote by (Jv = (Al B , C) the right dual collection to (J and consider the
spectral sequence associateel to (Jv anel converging to F. Its EI-term has the form:

Exe(EI , F) 0 A Ext2 (E 1 F) 0 B Exe( Eo, F) (9 C
Ext1(EI , F) 0 A E;l.l = ° Ext 1(Eo, F) 0 C
ExtU

( Eil F) 0 A ExtU(E, F) 0 B ExtU
( Eo, F) 0 C

\Ve see that the spectral sequence splits into the exact tripies:

°--t Exto(Ell F) 0.-4 --t Exto(E, F) 0 B --t Q -r 0,

°--t Q -----t ExtO
( Eo, F) 0 C --t Q' -----t 0,

o -----t Ext l (El1 F) oA --t Q' --t Fa --t O~

°--t G --t Ext2 (E 1 F) (9 B ---+ Ext2 (Eo, F) (9 C ---+ 0,

°--t G' --t Ext
2 (E i , F) (9 A ---+ G ---+ 0,

°--t F2 --t G' ---+ Extl(Eo, F) 0 C --t 0,

o --t Fa -----+ F -----+ F2 --t O.

It can be shown by the standard tnethod that Ext l
( F21 Fa) = °anel Extq

( E, Fa) = 0 for
q > 0, Extq(E, F2 ) = 0 for q< 2.

4.9 COROLLARY. Let EI alld E2 be nonisornorphic exceptional bundles Oll p2. S'uppose
that Ext 1(E2 , EI) = Ext 1(EI, E2 ) = 0: then Olle of the spaces eitlJer Ext2

( EI, E2 ) 01'

Exe(E2 , Ed is trivia.l.
PROOF. Assume the converse. Since Ei are inclecolnposable , the previous lemma inlplies

that
HOtll(El1 E2 ) = Hom(E21 Ed = O.

But Ext2
( EIl E2 f' ~ ExtO

( E2 , Ed -:3)) and there exists a IllonoIllorphism Ei (-:3) '----t EI,
i.c., H0111( E2 , EI) =j:. 0. This contradict.ion proves the statement.

5 Indecomposable Superrigid Sheaves on IP2•

5.1 LEJvIivlA. Let E !Je a constl'uctible excepUonal bundle and F be an indecolnposable
superrigid sheaf on jp2 such that Extq

( F, E) = Extq
( E, F) = 0 when Cf > 0 and

HOIn ( E, F) =1= 0~ Hon1 ( F~ E) =1= 0: t, hen E ~ F.
PIloor. Taking into accollllt lellllllCl 4.4 , we obtain that for any constructible excep­

tiOllal collection (.4- 1 ~ A()~ E)

fol' fJ > O~ i = 0, -1. (12)

Sill1ilarly, by leIl1111a. 4..5 i t follows tha.t for a cOllstructi ble exceptiona! collection (E, BUl BI )

for Cf > O~ ·i = 0, 1. ( 1:3)
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Since the bundles A_ 1 , Ao are obtained by the Ieft shifts over E (1.3 ), we have the
exact tripies

o~ Ao --+ HOIll(E, B~) tSl E~ B~ ~ O~

o-r A_ I ---+ HOln(E, B~) (9 E ---+ B~ -r 0,

(14)

(1,5 )

where (E, Bh, B~) is a constructible exceptional collection. Using equalities (13) we apply
the functor Exf (F, .) to exact tri pIe (14) to obtain

i=-I,O. (16)

For the sinlilar reasoIl, Ext2
( Bi, F) = O.

If Ext 1(F, 040 ) = 0, then by lenuna 4.2 it follows that either Horn(E, F) = 0 or E is the
elirect surnnlanel of F. By assulllption Honl( E, F) #- 0 anel the sheaf F is indecomposable.
Therefore, E ~ F.

Suppose now, that Ext l (F, Ao) =f. 0 anel consieler the universal extension:

(17)

COinbining our assuillptions, lernrna 3.2 and (16), we get,

Hom(F',Ao) ~ Horn(F,Ao), Ext1(F',Ao) ~ Ext2(F',Ao) = 0,

Ext 1(F', F) = Ext2
( F', F) = 0, Ext 1(F', F') = Ext 2

( F', F') = O.

Besides, applying the functors Ext'(-, E) anel Exf(·, A-d to sequence (17) we get the fol­
lowing cohomology tables:

k Extk
( F, E) ---+ Ext k

( F', E) ---+ Ext 1(F, 040 ) 0 Extk(Ao, E)

° * ? *
1 0 ? 0

,

2 0 ? 0

k Extk(F~ 04_ 1 ) ---+ Extk
( F', 04_ 1 ) -t Ext 1(F, 040 ) 0 Exe'( o4o~ A-d

0 * ? 0
1 * ? 0
2 0 ? 0

Therefore thc superrigiel sheaf F' allel the constructible exceptional collection

satisfy the assuillption of lenlIna 4.2 . Hence either 1'" = F" EB xE 01' HOln( E, F') = O. But
the application thc funetor Ext'( E, .) to (17) yields that Hün1( E, F)' ~ Horn( E, F) #- O.
Thus

F' = F" ffi ;r E and Honl( E, F") = O.

Since F' is supcrrigid, we get Exf' (E, F") c Extq
( F', F') = 0 when Cf > O. Therefore:

F" E {.A_ 1 ,.4u)cat.
Taking iuto accüunt proposition 2.5 ~ we obtain
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for some constructible exceptional pair obtained from (A_ 1 , Ao) by mutations and nonneg­

ative integers y, z. \tVithout lass of generality we can assurne that y > o. Suppose that

11 < O~ then it follows from equality (1) that Honl(Ao, An) = O. Hence An is the direct

summand of F. Since F is indec01l1pOsahle , we obtain that F ~ An. But it is in1possible,

because of by aSSull1ption Honl(E, F) =J 0 anel HOln(E, An) = O.
The case 11 = 0 with y > 0 is impossible also (3.4 ). On the other hand, Ext1(F', Ao) = o.

Hence by equality (2), n ~ 1.
Thus we see that F = yAIEBxE, where (Ao, Al, E) is constructible exceptional collection.

Now sequence (17) has the form:

I •o-+ Ext (F~ Ao) 0 Ao -+ yAI EB xE -+ F -+ O. (18)

[t is ea.sy to check that x = hO( E, F) = x( E. F). ~doreovel\ if we assume that E r;p F, then

for any exceptional pair (An, An+1 ) E (.1 01 Al )cat there exists the exact tri pie -

Denote by an 1 e, f the iInages of the sheaves An, E and F in [( = f{0(IP 2
) 0 Q respectively.

Then for each integer n we have

with positive integers Yn+1 and hn. By lelTIIlla 2.1 these equalities imply that

(J - xe,f - xe) ~ O.

Note that (I - xe~ 1 - :re) = /2 + :r2(e, e) - :D(e, I) - x(J, e) = f2 - xy, where y = (I, e) =
x( F, E). Let us prove that f2 - xy > O.

Since (An, An+l , E) is constructible exceptional collection~ by 1.,5 we obtain that the

canonical lllap Hom( A n+11 E) 0 A n+t -+ E is the epinlorphism. Besides, the sheaf F is
the quotient of Vn+tAn+l EB :rE. Therefore the canonical lllap HOln(An + l , F) (9 An+1 -+ F
is epilnorphism as weil.

Suppose that HOln( F~ .4n +1 ) =I- 0, thcn it follows fronl lelnma 4.1 that A n+1 is the direct
sUlnnla.nd of F. But t.his is ilnpossible. Hence Hom( F~ A n+1 ) = O. tvIoreover~ the last
equality hold for all integers n. In pa.rticulaL H0I11( F, .40 ) = HOlll( F, Ad = O.

Let us apply the functor Ext' ( F, .) to (18). vVe see that

is the exact sequence. Since sequence (18) eioes not split, the coboundary hOillolllorphisln
ois nontrivial. Thereforc :/:hU

( F, E) < hO( F. F), i.e., xy < f2. This contradiction concludes

the proof.

5.2 COROLLAHY. Let EI Rnd E2 !Je 1l0nisOl110rphic exceptiollal bundles Oll 1P2
. Suppose that

Ext l (E21 Ed = Ext l (EI, E2 ) = 0: (,heu either Exto( EI, E2 ) = 0 01' Exto( E2 , E.) = 0,
PnooF. Since E'2 is illdecOlllposablc. lelllllla 4.8 ilTIplies that one of the spaces either

Hom{ EI. E2 ) 01' Ext2
( EI, E2 ) is t.ri via!. Su ppose, HOln( EI: E2 ) =J 0 anel Ext2

( EIl E2 ) = o.
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Similarly we see that one of the spaces ether Hom(E2 , Ed or Ext2(E2l Et} is trivial.
Assume, Hom(E2 , Et} i= 0 and Exe(E2, Ed = 0; then by the previous lemma, EI ~ E2 .

5.3 LEMrvIA. Let E be a, constructibJe exceptionaJ bundJe and F be an indecomposabJe
superrigid sheaf on p2 such that

Extq(E, F) = 0 when Cf > 0, Ext2
( F, E) = 0, Ext l

( F, E) i= 0;

then
1) Hom(F, E) = 0,
2) there exist nonnegative integers x I, :C2 and the fulJ constructibJe exceptionaJ
coJJection containing E (E, EI, E2 ) such that the following sequence

(19)

is exact:
.3) Extq(E2 , F) = 0 when q > 0 and ,1;2 = hO(E2 , F),
4) Ext2(F, Ez) = 0 and either Extl(F, Ez) i= 0 or F is the constructibJe excep-

tionaJ bundje.
.5) the canonicaJ Inap H0I11( E2 , F) 09 Ez ---7 F is epimorphism provided X2 > 0:
6) there exist nonnegative integers Yo, YI and the fuJJ constructibJe exceptionaJ
coJJection containing E2 (Eb, E~, Ez) such tbat tJle foJJowing sequence

(20)

is exact:
7) Extq(E:, F) = 0 when q > 0, i = 0,1 and Extq(F, E;) = 0 when q i= 1, i = 0,1.

PROOF. Consider the universal extension

o---7 Ext l
( F, E( 0 E ---7 F' ---7 F ---7 O.

By lemma :3.2 the sheaf F ' satisfies thc following conditions:

(21 )

Exfi(F' , E) = Extq(F', F') = Extq(F/~ F) = 0 when q> 0; HOIn(F', E) ~ HOln(F, E).
(22)

It is easy to see that Extq
( E, F') = 0 when Cf > 0 and Hon1( E, F") i= O. \Vithout loss

8

of generality we can aSSUl11e that F' = Ei" :7:i Fi1 where Fi a.re indecOIllposable superrigid
i=l

sheaves, Xi > 0 and Fi ;p Fj when i =J. j. Suppose that HOln( E, Fd = 0 for sonle index
i. Then it follows froIn (21) that thc sheaf Fj is the direct sUllllnand of F anel, sincc
F is indecOlnposable. F ~ Fi. But this is inlpossible because of Ext I ( F, E) i= 0 anel
Ext 1(Fi , E) C Ext l (F' , E) = O. Thus.

HOlll( E, Fi) -1= 0 für any 'I = I, 2, ... , s.

Suppose that HOln( F, E) i= O. Then froll1 (22) we have HOIl1( F I
, E) =J. O. Therefore there

is an index i such tha.t HOln( Fi , E) -1= 0, HOln( E, Fi ) =I 0 anel Extq
( E, Fd = Exf/( Fi , E) = 0
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when q > o. The previous lemma implies that in this case Fi ~ E. Taking inte account
lemma 3.4 , we see that this case is impossible. Therefore,

HOIn( F, E) = 0,

i.e., the first statement of the lemma is valid.
Thus we have: Extq

( F', E) = 0 for any q. Henee F' E (EI, E2 )cat for some exceptional
pair such that (E, EI, Ez) is the full constructible exeeptional collection. Using proposition
2.5 , we can assUl11e that F' = x I EI ffi Xz Ez with nonnegative integers Xl, Xz, i.e., sequence
(19) takes place.

It follows frOln (22) that ExtlJ(Ez, F) C Extq
( F', F) = 0 when Cf > O. Besides, applying

the functor Ext"( Ez, .) to sequence (19), we obtain that

Since Ez is simple, this equality iInplies that Xz = hO( EZ1 F). this proves statement :3 of our
lemma.

Applying the funetor Ext"( F,') to sequence (19) we get

Suppose that Ext1(F, Ez) = 0 and Exto(F, Ez ) i- 0, then the eonstruetible exeeptional
bundle Ez and the indecoInposable superrigid sheaf F are isomorphie (.5.1 ). But this ease
is impossible, sinee Ext1(Ez, E) = 0 anel ExtI(F, E) = O. Therefore either

or Extq
( F. Ez ) = 0 Vq. In the last ease we see that F belongs to the subeategory generated

by a constructiblc exceptional pair and consequently it is eonstruetible exceptional bundle.
This cOlnpletes the proof of statel11ent 4 of thc lernma.

COlllbining proved statements 2, :3 anel 4 we see that the constructible exceptional bunelle
Ez allel inclecomposable superrigid sheaf F satisfy the assumptions of our lenl111a. Therefore
Hom{ F, Ez) = 0 anel there exist the fuIl constructible exceptional collection (Ez• E3 , E4 ) and
nonnegative integers X3: X4 such that the following sequence

is exaet. By proposition 1..5 we get that thc eanonical lnaps HOlll( E2 , Ei) 0 E'2 ---+ Ei
are epinl0rphisIns for i = :3: 4. Therefore the last exaet sequence j.:ields statell1ent .5 of the
lelnma.

Now let HS consider the following exact sequcnee

Recall that

o --+ ker(can) --+ HOln( E'21 F) 0 Ez~ F --+ O. (23)

Since the lnap HOIn( E2 , F) 0 HOln( E'2. Ez ) --+ HOln( Ez, F) that is obtained after the
applieation the funetor Ext" ( E'2, .) to sequcnce (2:3) is iSOInorphisn1, Exfl (E'l. ker( can)) = 0
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for any q. That is ker( can) E (Eb, E~ )cat for SOIne exeeptional pair such that (Eb, E~, E) is
the fnll eonstruetible exeeptional eolleetion.

By the standard 111ethod we ean show that ker(caTt) is the superrigid sheaf anel the
following relations are valid:

Extq(ker(can), F) = 0 when q > 0; Extq(F, ker(can)) = 0 when q i:- 1.

Therefore ker( can) is the direet surn of exeeptional bundles. \Nithout loss of generality it
ean be assurned that

ker( Crl11) ~ UO E~ ffi YI E~ .

This eornpletes the proof.

5.4 LErvlMA Let the exceptional bundle E and the indecomposable superrigid sheaf F
satis(y the assumptions of the previous lenlma; then F is tbe constructible exceptiollid
bundle.

PROOF. By the previous lenlrna we have the following exaet sequences:

o --7 ,l)oEb EB ,1)1 E~ -+ X2E2 -+ F -+ 0

with nonnegati ve integers xo, ~Vl, ;rz, Yo, YI such that (E, EI, E2 ) and (Eb, E~, Ez) are the
full constructible exceptional collections. IVIoreover, Eb and F satisfy the aSSllIl1ptions of
the previous lenlnla as weIl. It is easy to prove that Yo = h1 (F, Eb). Therefore, there exist
the following exact sequences:

O E'" ill E'''' Eil F 0-+ Wo ° Q7 Wt I -+ 2'2 2 --+ -+,
anel so on...

Note that the ranks of the bundles fron1 these exaet sequences satisfy the following
inequali ties:

Since the rank of a sheaf is nOllnegativc, we see that in this sequence of the inequalities
there is an equality. For exan1ple supposc that l'(xoE) = r(YoEb ffi YI E~). In this ease we
obtain that Xl = 0, i.e.,

o-+ :coE --+ :t:2E2 -+ F --+ 0

anel F E (E, E2 }o::at. Bence by proposit.ioll 2..5 F is the eonstrllctible exceptional hundle.
This cOlnpletes the proof.

The resllits of this seetioll call be SUll11l1arizcd as follows.

5.5 PROPOSITION. Let E be a constrllcUble exccptiona.l bUlldle and F be an indecompos­
able superrigid sheaf Oll jp2. S'uppose that

Honl(E. F) i:- 0, Ext(j( E~ F) = 0 when q > 0 anel Exe(F, E) = 0;
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then F is the constructible exceptionaI bundle.
PROOF. Let us consider :3 cases.

Gase 1: Extq
( F, E) = 0 Vq.

In this case F belongs to the subcategory generatecl by a constructible exceptional pair
(Eo1 EI) such that (E, Eo, EI) is the full constructible exceptional collection. Therefore our
statement follows frOlll proposition 2.5 .

Gase 2: Extq(F, E) = 0 q > 0, Hom( F, E) =I 0.
It follows from lelnma .5.1 that F ~ E anel consequently F is the constructible excep­

tional bundle.

Gase 3: Exe( F: E) = 0, Ext l (F, E) =I O.
In the last case the proof follows from leollna .5.4 .

6 Proof of the Main Theorem.

It follows [rom Serrc's theorelll ([4]) that for a nonzero bundle F on jp2 anel integers 'i « °
the following condition is valid

(24)

Denote by (v/(F) - 1) the Inaxima.l integer satisfying this conelition. On thc other hand,

for all integers i » °we have
Hom(O(i), F) = 0.

Denote by V r (F) the Ininimal integer satisfying (25).

(25)

6.1 LEi\'It\'IA. Let F be an indecomposable rigid bundle on JP2, tben one of tbe following
statenlents hold:

(1) the bundle F is constructible exceptionaI bundle,
(2) Ext2 (O(nL F) = Ext2 (0(n + 1), F) = 0,
Ext1(0(nL F) =I 0, Ext1(0(n + 1), F) =I 0, where n = v{(F).

PROOF. By choice n we see that either Extq(O(n), F) = °'iq 01' at least one of thc
spaces Ext2(0(n), F), Ext1(O(n), F) is nontrivial. In the first case the sheaf F belongs
to the subcategory generated by thc constructible exceptional pair (O(n - 2), O(n - 1)).
Therefore F is the constructible exccptional bunelle (2.5 ).

Let us show that Ext 2(O(n), F) = °in the second case. Consider the constrllctible
exceptional collection (0('11. - 2), T(n - :3)1 O(n -1)), where T is the tangent bundle on jp2.

vVe have thc exact seqllence

o-7 T (Tl - :.~) -7 HO(0 (1)) 0 0 (n - 1) ---r 0 (11) ---r O. (26)

COinbi ning IClnIlla. ~I A ~ the indecOIIl posabili ty or F a.ncl the relations: HOIn( tJ( 11 - 1) ~ F) =I
O~ Extq(O(n - 1), F) = Extq(O(n - 2), F) = O~ when fJ > O~ we get

Extq(T(n - :1), F) = 0 ror fJ > O.

Therefore froIn cxact seqllence (26) it follows that Ext2(0(n), F) = O. ThllS we have
Ext1(O(n), F) =I- 0.
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Now consieler the collection (T(n - :3), R~O(n - I)), where R = RY (n-3)O(n - 2). As
before, we see that

Extq(R, F) = 0 when q > O. (27)

By proposition 1.4 we obtain that O(n + 1) = RO(n-l) R, i.e., there exists the exact tripie

o-t R -t Hom(R, O(n - 1))* 0 O(n - 1) -t O(n + 1) -t O.

Using this sequence anel (27), we get Ext2(0(n + 1), F) = O. Hence bll choice n we see
that either Ext 1(0(n+lLF) =1= 001' Extq(O(n+l),F) = 0 'Vq (i.e., Fis constructible
exceptional bundle). This concludes the proof.

6.2 PROPOSITION. A.ny jndecolnposabJe rjgjd bundJe F on p2 js constructjbJe exceptjonaJ

bundje.

PROOF. The proof is by induction on .6.( F) = Vr (F) - Vl( F) 2:: o.
Suppose that .6.( F) = 0, then it [01l0W8 [rom the definitions of Vt( F), Vr (F) and the

previous lemma that either F is con8tructible exceptional bundle 01'

Extq(O(n), F) = 0 when q = 0, 2 anel Ext1(O(n), F) =1= 0

(here n = Vt(F) = vr(F)). By Serre's duality we have

Extq(F,O(n-:3)) =0, whenq=O, 2 anel Ext 1(F,O(n-:3)) =1=0. (28)

Besides,
Extq(O(n - :3), F) = 0, when Cf > 0 and Exto(O(n - 3), F) =1= O. (29)

Consider the universal extension

o-t Ext1(F, O(n - :j))* 0 O(n - :3) -t F' -+ F -+ O.

C0111bining (28), (29), lell1111a :3.2 anel the fact that F is rigid, we obtain that

Extq(F' , O(n - :3)) = 0, Vq, Ext1(F', F') = 0;

Ext2
( F' , P') s= Ext2(F, F)

(30)

(:31)

Fron1 equalities (:30) anel proposition 2.5 oue follows that F' is superrigid. In particular~

Ext 2(F' , F' ) = O. Therefore Ext 2(F, F) = 0 (see (:31)). Thus we obtain that F is superrigid.
Hence the line bunelle O( 17. - :3) aud the indccomposable superrigid sheaf F satisfy thc

assuIllptions of proposition .5 ..5 : i.e., F is constructible exceptional bundle.
In the general case without loss of generality we can assume that Vt( F) = 4. Suppose F

is not constructible exceptiollal bunclle. Hence ICtnn13, 6.1 in1plies that

Extq(0(:3L F) = 0 \\' hell q > 0, HOlll( 0(:3), F) i= O.

Ext 2 (O(i), F) = 0, anel Ext 1(O(i), F):j:. 0 whcll 'i = 4, !).

By Serre's duality we have
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ExtO(F, O('i)) = 0, and Ext l (F, O(-i)) =I- ° when i = 1, 2.

Besides~ by definition v/( F) Extq
( 0(2), F) = 0 for CI > o.

Hence the application of lelno1a 4.7 to the collection (0, O( 1), 0(2)) and the sheaf F
yields that the rigid sheaf F' from the uni versal extension

o-r Ext1(F,0(2)f 0 0(2) -r F ' --+ F -r 0 (:32)

is isoo10rphic to the direct sum F ' = Xl EI EB F2 , where EI (-1) is the tangent bundle on p2
and the rigid sheaf F2 satisfies the conditions:

there exists an epit110rphisIl1 Hom( O(:3L F2 ) 0 0(:3) -+ F2 .

(:3:3 )

(:34 )

It is deal' that each indecomposable direct sUlnn1and of F2 (E2 , E3 , .•• , Ek ) is rigid and
satisfies conditions (33), (34).

Let us show that for j = 2,3, ... , k

In fact the left inequality follows from (:34). To prove the right inequality note that if
Hon1( O( i), Ej ) =I- 0 fori > 2, then exact sequence (:32) implies Hom( O( i), F) =f. O.

Taking into account (33), we Inay asslltlle that Hotn(O(.5), Ej ) =f. 0 when j = 2,3, ... ~ k,
since in opposite case Ej is constructible exceptional bundle (2 ..5 ). Therefore using (:33L
we get Vl( Ej ) 2:: 6. Thtls~

for each indecomposable direct suo11nand of F.
By the induction hypothesis, all Ej are the constructible exceptional bundles. Since

F ' = EB xjEj is rigid, Ext 1(Ei, Ej ) = °Vi, j. Now using corollary 4.9 , we may assurne that
Ext2(Ei , Ej ) = 0 for 'i < j. Therefore, Extq(F', Ed = 0 when CI > o.

The application of the functor Ext·( 0(2),·) to sequence 32 yields

Exf1{O(2), Ek ) = 0 whcn q > O.

It follows [rorn the cohOlnology table

Cf Extq(F. Ed --+ Exe/(F', Ed --+ Ext I (F, 0(2)) (9 Extq
( 0(2), Ed

0 ? * *
1 ? 0 0
2 ? 0 0

that

Ext2
( F, Ed = O.

Using (:3.2 L we get Ext 1(F/~ F) = 0, in particular

Ext 1(Ej , F) = 0 far j = 1,2, ... ,k.

(:3.5 )

(:36)
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It is easily shown that
ExtO(Ej,F) =J. 0 for j = 1,2, ... ,k.

2.5

(37)

Now if we conlbine (:36), (:37), lenllna. 4.8 and the fact that F is inelecomposable, we get

2 .
Ext (Ej , F) = 0 for J = 1,2, ... ,k. (:38 )

Therefore Ext2
( F', F) = 0 and lemma :3.2 yields that F is superrigid. Finally, using (:3.5),

(36), (:37),(38) we can apply proposition ,5.5 to the constructible exceptional bunelle Ek anel
indecomposable superrigid sheaf F. This cOInpletes the proof.

6.3 THEOR.EM.1. Any rigid bundle on IF 2 is the direct Sllm of constrllctibJe exceptiona1
bundJes.

2. Any sllperrigid bUIJdle F on IF2 has the form

where Xi 2: 0 and (Fo, FI , F2 ) is the constructible exceptional coJJection.
3. Any exceptionaJ collectiolJ of bundJes on IF2 is constructible.

PROOF. The first staten1ent follows [roIn the previous proposition.
3

Let F be a superrigid sheaf on r 2
. Then F = ffi XiFj, where Fi are constructible

i=o
exceptionaJ bundles. Taking into account corollary .5.2 , we lnay assume that HOIn( Fi , Fj ) =
owheui > j. On the other hand, since F is superrigid, we have

Exe/(Fj , Fj } = 0 Vq when i > j.

Therefore .5 ::; 2 anel T = (Fa, F1, F2 ) is exceptional collection. To prove the constructi bility
of T note that Fo is constructible. Hence there exists the constructible exceptional collection
(Fo, EI, E2 ) containing Fo. By proposition 1.7 : Fll F2 E (EI, E2 )cat. Now using proposition
2.,5 , we have that the pair (FI , F2 ) is obtaineel from (Eil E2 ) by lnutations. ThllS T is
constrllcti ble.

Finally, for any exceptional collection T = (Fo, F., F2 ) we may constrllct the superrigid
sheaf F = Fo ffi PI ffi F2 and the constructi bili ty follows frOln the second statenlent. This
completes the proof.
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