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TESTING THE COHEN-MACAULAY PROPERTY

UNDER BLOWING UP

by

S. Ikeda, M, Herrmann, U. Orbanz

INTRODUCTION. Let X be an algebraic variety and let

X' —> X be a blowing up of X with arbitrary center Y .
In general, the Cohen-Macaulay properties of X and X' are
totally unrelated: If X is Cohen~-Macaulay and Y is per-
missible, X' need not be Cohen-Macaulay [15]; and if X

is not Cohen-Macaulay, X' can be made Cohen~Macaulay by

a suitable choice of Y [1], [2]. Replacing X by a local
ring R and Y by an ideal I of R , we try to relate the
Cohen—~Macaulay property of R to the Cohen-Macaulay property
of the Rees ring RE(I,R} = @ Inch{It] . and of

+ nz20
X' = Proj{Re(I,R)) .

One line of thought is this: Given some ideal I of R ,
which may be thought of as a "testideal"; what can we say
about blowing ups defined by other ideals J containing

I ? We restrict our investigations to a certain class of
ideals I which we call equimultiple, and which are a
common generalization of the two most important classical
cases: 1) I 1is permissible (in the sense of Hironaka, e.q.
the maximal ideal), 2) I is an ideal of the principal

class. From the algebraic point of view, this class of



ideals is characterized by the fact that ng(R) has a
homogeneous system of parameters, at least in the eguidi-
mensionél case (see [11]). These properties of equimultiple
ideals are essential in the proof of theorem 3.1.

In section 2 we describe the influence of the multiplicity
e(R/I) of R/I on the behaviour of R&(M,R) . In section 3
we compare the Rees rings of I and I + xR , where Xx

is a part of a system of parameters mod I . For this situ-
ation we prove a transitivity property for the Cohen-Macau-

layness of the Rees rings (and the graded rings e In/ In+1

),
assuming that R itself is Cohen-Macaulay. This last
assumption is necessary, as we show in theorem 3.8. This
theorem and proposition 2.1 indicate that it will be some-
what complicated to construct examples of non-Cohen-Macaulay
rings R with Cohen-Macaulay Rees rings Ré(I,R) , at least
if dim R2 3 . We give several examples for R Cohen~-Macaulay
as well as for R non-Cohen—-Macaulay, in which the Cohen-
Macaulay property of Ré(I,R) is tested for various ideals

I . In the last section 4 we asked the same question as before

in theorem 3.8 for the geometric blowing ups Proj RE(I,R)

and Proj R&(J,R) .

1. NOTATIONS. A) For any system X = {x1,...,xr} of
parameters with respect to IcR one has a numerical func-
tion H(O)(n) = e(ﬁ,In/In+1} ., where e( , )} denotes the

multiplicity symbol of Wright and Northcott. We know by [7]

e}
that BV () = Bu® ) = B ewm-rrlm
i=0 PE€Assh(R/I)



where Assh(R/I) = {P€Ass{(R/I) / dim R/p = dim R/I} and
H(1){IRP] is the usual Hilbert-Samuel function of the

H(1)(n) is a poly-

PRP—primary ideal IRP . For large n,
nomial in n with rational coefficients. If 4 is the
degree and aq the highest coefficient of this polynomial,
the number e(x,I,R) := d!ad is called the multiplicity
of I with respect to x . If ht(I) = dim R - dim R/I ,

then

e{x,I,R) = Z e (x;R/P) e(IRP) ’
P€Assh(R/I)

where e(IRP) is the Samuel multiplicity of IR, .
B} Let I be a proper ideal in the local ring R . Then
we define here the reduction exponent r(I) of I as

r{I) = inf{n/ there exists a minimal reduction J of

T such that 1I° = g™ ")

-

C) I is said to be equinmultiple, if ht{I) = 2(I) . R is
said to be normally Cohen-Macaulay along I if
depth(r™/1™*1y = dim(R/I) for all n20 . If

dim R = dim R/I + ht(I) then this condition implies equi-
multiplicity ht(I) = 2(I) , s. [9].

D) An ideal I is said to be a complete intersection if

it is generated by ht(I} elements. I is said to be a ge-
neric complete intersection if IRP is a complete intersec~
tion for all minimal primes P of I .



2. TESTIDEALS OF SMALL MULTIPLICITY

In general if RE(I,R) is Cohen-Macaulay for some I then
R need not be Cohen-Macaulay. For the case I = M we know
by [12] that depth R22 if RE(M,R) is Cohen-Macaulay and
dim R22 . So for dim R =2 , R must be Cohen-Macaulay.
This is no longer true for dim R2 3 (see example 2.3).

One result of this section (s. proposition 2.9) shows that

by restricting the multiplicity of certain testideals the
Cohen-Macaulay property of R follows from the same property

of RE(I,R) . First we need a preliminary result.

PROPOSITION 2,1: Let (R,M} be a local ring such that

RE(M,R) is Cohen-Macaulay. If e(R) <dim R , then R is

Cohen-Macaulay.

PROOF: Since RE(M,R) is Cohen—Macaulay, R must be a
Buchsbaum ring by [12], theorem 0.1. Therefore we know by [5]

the following inequality

where hi(R) is the dimension of the cohomology module
Hﬁ(R) . Since depth R22 we get n(r) = h1(R) = 0 . Then
the assunption e(R) <dim R implies also h'(rR) = 0 for

2gisd-1.



COROLLARY 2,2: Let (R,M) be a local ring with e(R);§dim R .

Then the following conditions are equivalent:

{i) Ré(M,R) is Cohen-Macaulay.

(ii) {R and) ngR is Cohen-Macaulay.

PROOF: For dim R = 2 the implication (i)= (ii) is true
without any assumption on e(R) .

If dim R23 , then (i) =({ii) follows from proposition 2.1
and [11], theorem 4.8,

The implication (ii) = (i) is true for e(R}) £dim R by

Corollary 5.4 in [11].

The following ekample 2.3 shows that for e(R) = dim R the

equivalence of (i) and (ii) is not true in general.

_ 2
EXAMPLE 2.3: R = k[[ X, ,XZ,X3,Y1,Y2,Y3}I/ (x1af1+x2sc_,,,,+x3‘5!3.(‘.«'1 ¥yY5) |

where k is a field, and Xi,Yj are indeterminates. This
ring is a non~Cohen-Macaulay Buchsbaum ring with
e{R) = dim R = 3 , and Rg(M,R) is Cohen-Macaulay, see

[20].

REMARK 2.4: a) If e(R) = dim R and R&E(M,R) is Cohen-
Macaulay, then R is not too far from being Cohen-Macaulay.
For if R is not Cohen-Macaulay, at most two cases are

possible for hi = hi(R):

::r'o
]
o
1
g
w
i
H
=
il
o

case 1: h™ = 1

case 2: h = 1; hp =h = ,., =h =0 .



b) Assume that RE(M,R) is Cohen-Macaulay again. Then

we have:

a) If R is not Cohen-Macaulay then e(R) 2dim R by

proposition 2.1.

b) If R is a hypersurface (i.e. R is unmixed and

emdim Rgdim R + 1), then e(R) £dim R by [11], Cor. 5.5.
c) For any Cohen—-Macaulay ring R the Cohen-Macaulayness

of RE(M,R) doesn't imply a special inequality between

e(R) and dim R , as the following two examples show.

2

EXAMPLE 2.5: R = k[[X%,XY,Y%,X%,Y2,%21] , k a field, X,Y,Z

indeterminates. R 1is a Cohen-Macaulay ring, see [11]. Since

(x2,v2,2)8 = M2

we know [17], that ngR is Cohen-Macaulay,
hence Ré(M,R) is Cohen—Macaulay by [11], thm. 4.8.
Furthermore we see that e(R) = emdim R - dim R + 1 = 4 ,

i.e. e(R)>dim R .

EXAMPLE 2.6: R = k[[X]]/Iz(X) , where X = (xij) is the
2x3 matrix of indeterminates Xij over a field k and
Iz(X} is the ideal generated by the 2 x2 nminors of X .
Then R 1is Cohen-Macaulay, e(R) = 3<dim R = 4 , and

emdim R = 6 . Therefore we have e(R) = emdim R - dim R + 1 ,
i.e. Mz = (a)M [17], where a 1is a minimal reduction

of M ., The same argument as in example 2.5 shows that

R& (M,R) is Cohen-Macaulay.

To make use of testideals the following auxiliary result is

needed.



LEMMA 2.7: Let (R,M) be a local ring. If I is an
equimultiple ideal in R which is a generic complete inter-

section then e(R/I)2e(R) .

PROOF: The condition ht{I) = &£(I) implies by [8], [9]
the equality e(x,I,R) = e(I + XR) for any system Xx of
parameters of I . By assumption, IRP is a parameter ideal

for all minimal primes P of I . Therefore we have

e(x,I,R) = Z e(g;_,R/P)-e(IRP)s z e(gg,R/P)'Sl(RP/IRP) '

PeMin () PeMin(I)

where Min(I) denotes the set of minimal primes of I . Hence
we get: e(x,I,R) se(x,R/I) .
Choosing a special system X of parameters for I which

satisfies e(X,R/I) = e(R/I} we have finally:
e(R) sel(I + xR) = e(x,I,R) fe(R/I}) .

REMARK: If in the lemma (R,M) is a Cohen-Macaulay ring
with infinite residue field R/M , then I is a complete

intersection already. This can be seen as follows:

Let Agreessd be a minimal reduction of I with t = ht{I) .

t
For J := (a1,...,at)c:I‘ we have JRP is a minimal re-

duction of IRP for all Pe€EMin(I) = Min(J) . By assumption

IRP is a complete intersection in RP

no proper minimal reduction by [14] § 4, thm. 4, hence

. Therefore, it has

JRP = IRP . Since J 1is an ideal of the principal class



in a Cohen—Macaulay local ring, it is height-unmixed. So

we have the following primary decompositions for I and J

I= 01 n ... 0N QnCWQg

o]
i

Q1 n...naq
n

where the Q}""’Qn are primary ideals associated to the
P1,...,PnEiMin(I) and Qg contains all embedded components

of I . Hence we get I = J .

PROPOSITION 2.8: Let (R,M) be a local ring with a Cohen-

Macaulay Rees ring RE(M,R) . Let I Dbe an egquimultiple
ideal which is a generic complete intersection. If

e(R/I) <dim R , then R and gryR are Cohen—~Macaulay.

PROOF: Use lemma 2.7 and corollary 2.2.

A result similar to proposition 2.8 is the following one.

PROPOSITION 2.9: Let R be a local ring and let I be a

complete intersection in R such that RE(I,R) is Cohen~

Macaulay and e{(R/I) = e{(R) . Then R is Cohen-Macaulay.

PROOF: 1) If dim R/I = 0 , we have e(R) = e(R/I) = 2(R/I)
hence R is Cohen-Macaulay. [Here we don't use RE(I,R)

is Cohen-Macaulay.]

2) In the general case we may assume that R has an in-
finite residue field. Let I = (y1,...,ys) and let

KyveoorX, be a system of parameters mod I such that



?1,...,§r€ R/I form a minimal reduction of M/I in R/I .
We put R = R/xR , x = XyoeoorX, o

RE(I,R) Cohen~-Macaulay implies that R is normally
Cohen-Macaulay along I . Therefore x is a regular

sequence on In/In+1

for nz20 , hence on R too,

Note that e(R/I) = e((xX;,...,X)) since (X ,...,x) is
a minimal reduction of M/I . Furthermore

e((x,,...X)) = LR/I+xR) = e(R/I+xR) ze(R/xR) 2e(R) since
R/I is Cohen-Macaulay. Therefore e(R) = e(R/IR) , i.e.

R is Cohen-Macaulay by step 1, hence R is Cohen-Macaulay.

3. TRANSITIVITY OF COHEN-MACAULAYNESS FOR REES RINGS

Now we assume that the given ring R is Cohen-Macaulay.
Then we consider equimultiple ideals J<I such that

I =J+ xR, where X 1is part of a system of parameters
mod J . For simplicity we are always working with an in-

finite residue field.

THEOREM 3.1: (Transitivity of Cohen-Macaulay property.) Let

(R,M) be a local Cohen-Macaulay ring with infinite residue
field. Let J be an equimultiple ideal of R , let
X = (x1,...,xs) be a part of a system of parameters mod J

and let I = J + XR .

a) The following conditions are equivalent:
(1) gr;(R) is Cohen-Macaulay.

(ii) ng(R) is Cohen-Macaulay, and ngRP(RP)

is Cohen~Macaulay for all P € Min(I) .
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b) If ht(Jd) >0 , the following conditions are equivalent:
(i) RE(J,R) is Cohen-Macaulay.
(ii) Ré(I,R) is Cohen-Macaulay, and Ré(JRP,RP)

is Cohen-Macaulay for all Pe Min(I) .

PROOF: a) Let y be a system of parameters mod I . Then
XUy is a system of parameters mod J .

(i) = (ii) Clearly ngRP(RP) sxng(R) ® R, is Cohen-Macaulay.
By [11], Prop. 4.5, ng(R) is Cohen-Macaulay if and only

if gr (R} is Cohen-Macaulay and R is normally

J+XR+yR
Cohen-Macaulay along J . This implies that R is normally
Cohen-Macaulay along I ([7], Satz 4.2, p. 132). Using
gr3+§R+XR(R) = ng+XR(R) we see that grx(R) is Cohen-
Macaulay (by [11], Prop. 4.5 again),.

(1i) » (1) By [7], Satz 4.2, p. 132 R is normally Cohen-
Macaulay along J , and gr

(R) {R) 1is

J+XR+yR - ng*XR
Cohen-Macaulay, so ng(R) is Cohen-Macaulay.
b) By [11}, thm.4.8, we know that Ré(J,R) is Cohen-
Macaulay if and only if ng(R) is Cohen-Macaulay and
r(J) sht{J) .

(i) » (ii) Obviously we have 1x (I} $r(J) sht(J) ght(I) ,
and also r(JRP) sr{J) sht(J) = ht(JRP) . Therefore the
assertion follows from a), (i) = (ii) .

(ii) » (i) By a) and [11], thm.4.8, we have to show that
r(J) s ht{J) . Equivalently, taking any minimal reduction
J' of J and putting t = ht(J) , we have to show that

Jtc:J' (compare [11], thm. 4.8). Note that R/J' |is
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Cohen-Macaulay, and therefore Ass(R/J') = Min{(J) . So

we are reduced to prove that JtRQc:J'RQ for all QEMin(J).
Now if Q€ Min(J) , we claim that QcP for some PE€ Min(I).
Otherwise we would have QstPéREﬁQI)P . and therefore Q
would contain an element y which is a non-zerodivisor

mod I . Since R/J 1is Cohen-Macaulay, any non-zerodivisor
mod I is also a non-zerodivisor mod J , which gives a
contradiction to QE€EMin(J) . Now given Pe€ Min({I) such

t

that QP , we know from assumption (ii) that JR c:J'RP .

P

and a forteriori JtRQc:J‘RQ , which completes the proof.

A class of examples is given by the following corollary.

COROLLARY 3.2: Let (R,M) be a Cohen-Macaulay ring and

let P be an ideal in R such that R/P is regular and

e(®) = e(R) i.e. ht(P) = L(P) by [8]. If R& {P,R) is

Cohen—-Macaulay then Rg(QRQ,RQ) is Cohen-Macaulay for all
prime ideals Q>P ; in particularxr RE(M,R} is Cohen-

Macaulay.

Assume that Rg(P,R) is Cohen-Macaulay for some equimultiple
idgal P such that R/P is regular. In order to apply
Corollary 3.2 to conclude that RE (M,R) is Cohen-Macaulay,
we need to show that R 1is Cohen-Macaulay. Some results in

this direction are given in the next two propositions.

PROPOSITION 3.3: Iet P be an equimultiple ideal in (R,M)

such that RE(P,R) is Cohen-Macaulay. If R/P is regular

and ht{(P) €2 then R and RE(M,R) are Cohen-Macaulay.



- 12 -

PROOF: l1.case: ht(P) = 1 . Then P 1is generated by one

element f , s. [10], proposition 1.5. This implies R is
regular, since M = fR + (x1,...,xd_1)R . wWhere

x1,...,xd_1 form a regular system of parameters mod P .

2.case: ht(P) = 2 . By assumption we have M = P + XR ,
where Xx = (x1,...,xr) is a system of parameters mod P .
Since Re(P,R) is Cohen-Macaulay and ht(P) = 2(P) , R
must be normally Cohen~Macaulay along P, s. [10]. There-
fore x 1is a regular sequence on Pn/Pn+1 for n20 ,
hence on R too. Moreover putting R = R/XR and

M=M/XR , we know that Rré (%,R) GRE(P,RV_JERE(P,R) is Cohen-
Macaulay, i.e. depth R22 =dim R, so R and R must
be Cohen-~Macaulay. Then RE(M,R) is Cohen-Macaulay by

theorem 3.1.

PROPOSITION 3.4: Iet P # M be an equimultiple ideal in

{R,M} with ht(P) 22 . Assume that

{i) Ré(P,R) is Cohen—Macaulay
(ii) R/P is regular
(iii) e(R) = 2 .

Then R and RE(M,R) are Cohen-Macaulay.
PROOF: We may assume by [8] that M = P + xR , where

X = (x1,...,xr) is a sequence of superficial elements with

e(R/xR) = e(R) = 2 , r = dim R/P .
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Putting R = R/xR and M = M/XR as in the proof of
proposition 3.3., we see again that R&(M,R) is Cohen-
Macaulay. Hence R is a Buchsbaum ring of multiplicity 2,
which satisfies the Serre condition 32 . Using the
inequality (*) in section 2, we get nt(R) =0 for

i # dim R . Therefore R and R are Cohen-Macaulay rings,

proving that RE(M,R) is Cohen—-Macaulay by theorem 3.1.

PROPOSITION 3.5: Let (R,M) be a Buchsbaum ring of

dimension d2z 3 with an algebraically closed residue field

k. Let P#M be an equimultiple prime ideal in R such

that

(i) Ré (P, R) is Cohen Macaulay

(ii) p* = gry (P/R) N s prime .

If e(R) = 3 then R and RE(M,R) are Cohen~Macaulay

rings.

PROOF: Condition (i) tells us that depth R2zdim R/P + 1
by [10], proposition 1.5. Therefore R satisfies Serre's
condition 52 . The high point of proof is to show that R
is Cohen-Macaulay. For that we use the sharp relation

(see [51)

(%%) e(R) = 1 + g(M/J) + f (‘?“‘) nir)

F ~1
i=1 1

1)'I'he ideal of the initialforms of P with respect to M .
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d
where J = }:(x1,...,§i,...,xd) : X and (x1,...,xd)

A i
i=1
a minimal reduction of M .,
If we assume that R 1is not-Cohen-Macaulay then the

equality (**) tells us that

{1) d = 3 and
(2) L{M/J) = 0 ,

since e(R) = 3 and h°(R) = h'(R) = 0 , h?(R) = 1 .
From (2) we conclude by [4] that r(M) = 2 and that ngR
is Buchsbaum. Moreover by Ikeda [20] we know - up to
isomorphisms ~ exactly this graded ring, namely

2
ngR = k[X1,X2,X3,Y1,Yz,Y3]/(X1Y1+X2Y2+X3Y3,(Yl,Yz,Y3) ) .
From (1) we get ht(P) £2 . Clearly ht(P) # 1 if R is

not-Cohen-Macaulay, s. [11], proposition 4.11, i.e.

ht(P) = 2(P) = 2 . Since G

]

ngR is Buchsbaum, we have

ht (P*) = dim(G) - dim(G/P*) 2 .

Now, putting vy, = YiEZG , 1 =1,2,3, we get:

Q = P*/XGCG/XG = ktqulex3] .

Since P* 1is prime and ht(P*) = 2 , Q corresponds to
a closed point in Proj k[x1,xz,x3] . We may assume that
X3¢<2 . Since Xk is algebraically closed, we must have

Q= (X1~GX3, X2—8X3) for some a,B€k . Hence G/P*=zk([Z],
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where Z is an indeterminate over k , i.e. R/P is
regular. But this property cannot occur together with

RQ(P,R) is Cohen-Macaulay and ht(P)

il

2(P) = 2 for a
non-Cohen-Macaulay ring R , by proposition 3.3. Therefore
R must be Cohen-Macaulay under the assumptions of
proposition 3.5. But then we know by [17] that gryR

is Cohen-Macaulay, since e(R) = 3 . Moreover we get that
Ré(M,R) is Cohen-Macaulay by [11], Corollary 5.4. This

completes the proof.

REMARK 3.6: R/P regular implies P* prime.

QUESTION 3.7: Is the statement of proposition 3.5 true

without the restriction on the multiplicity e(R) ?

THEOREM 3.8: Let (R,M) be a local ring, J an equi-

multiple ideal of R, X = {xj,...,xs} part of a system
of parameters mod J and I = J + xR . Assume that s> 0
and that RE(J,R) and RE(I,R) are Cohen-Macaulay. Then

R 1is Cohen-Macaulay.

PROOF: Since ht(J) = &(J) and RE(J,R) is Cohen-Macaulay

we know that R normally Cohen-Macaulay along J . Therefore

xRNJT = (x).3% for 121, implying xrnIt = (x).1377 .
We write: GI = ngR a, GJ = ngR ;
Géﬂ) =Gy G§3)= GI/(X?,...,XS) r 18388,

where xg is the initialform of xj with respect to I ,

and Gy(-1) is the shifting of G, by -1.
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Then we consider the exact sequence

(1) 0O

. « X, . .
> Géj)(—T) —at, Géj) —_— G(3+1) —> 0

= (s} =
Now set G, = Gy and G, = G;/xG; . Denote by M, and
MI the unique maximal homogeneous ideals of RE(J,R) and
RE(I,R) respectively. Then we get from (1) the long exact

sequence for the local cohomology:

(2) euu —> i1 G) —> x-g}lteés'”)(—n S, 1;;1(@3‘:3"”) —_— ..,

where § is defined by multiplying with x; .

.

Now G,=G, over S : Ré(J,R)/xR&(J,R) =R&(I,R)/ (x,%t) =

~ R[It]/ e (xRnI™)t™ . Since xR&(J,R) 'is a regular

sequence on Ré(J,R) . S 1is Cohen~Macaulay, hence by [10] ,

proposition 1.5:
i=1

(3) HM (G

i-1 _ . _
. 1)anMJ (G2)n =0 for nz20 , isd s .

This implies that

I I
i s-1 _
is injective. Therefore we get nQLT HMI(GI )n 0 .

By induction on j we see that

i (s-3) - - - 3
I%Imx )n-O for nz-j , igd r +3 ,0s83sr .
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For j =8 and 1is5£d ~ 1 this implies in particular:

i oLl
0 = HMI(GI)_1 = HM(R) ’
since ht(I) = 2{(I) and Ré(I,R) is Cohen~Macaulay, see

[10], proposition 1.5. This completes the proof.

REMARK 3.9: If J = {0) in the above theorem, we have

a similar conclusion as above, replacing the assumption

on RE(J,R) by the assumption that I is generated by a
regular sequence. For we know from Ré{I,R) Cohen-Macaulay

that R/I is Cohen-Macaulay, hence the same is true for R .

EXAMPLE 3.10:  (Compare [3]): R = k [[s2,s°,st,t]] ,

s,t indeterminates, is a non-Cohen-Macaulay Buchsbaum ring.
We consider J = (SZ)R and I = {sz,t)R . Since sz,t

form a system of parameters in a Buchsbaum domain of dimen-
sion 2 we know by [19] that RE(I,R) is Cohen-Macaulay.
Hence RE(J,R) cannot be Cohen-Macaulay by theorem 3.8.

[Compare also [11], proposition 4.111].

At the end of this section we consider again the ring of
example 2.3. We want to test the structure of R& (I,R)

for various ideals I :

= 2

o k {[x.! ,x2,x3,y1 3Y21Y3n -
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We consider these ideals:

M= (0% 0 X30Y1¥5r¥3) PP = (X)0X3,¥ 0¥, 1¥3) 2Py = (X3,¥4,¥),¥3)
P3 = (Y1 lelY3) I

Q3 = (x,X,,%3) 20Q, = (x;,%,) 2Q, = (x,)
The following can be said about the Rees rings:

a) Since R is not-Cohen-Macaulay RE(P1,R) and

RE(PZ,R) are not-Cohen-Macaulay by theorem 3.8.

b) Ré(PB,R)csznP3t is finitely generated. Since R
is not-Cohen-Macaulay, Rg(PB,R) cannot be Cohen-

Macaulay.

c) RE(QZ,R) is not-Cohen-Macaulay. Otherwise R would
be normally Cohen-Macaulay along Q, by [10], 1i.e.

in particular R/Q2 would be Cohen-Macaulay.

d) RE(QB,R) is not-Cohen-~Macaulay. Otherwise we must
have Hé(R) =0 for i#1,d by [18], theorem 3.1,
since 03 is a parameter ideal in R . Hence we
would have Hi(R) = 0 , but this is a contradiction

in our case.

e) RE(Q1,R) is not Cohen-Macaulay. Otherwise R would

be Cohen-Macaulay by [11], 4.11.

REMARK 3.11: Ikeda [20] has recently shown that the ideal

I= (x1,x2,y3)<:R has a Cohen-Macaulay-Rees ring. Hence the
Rees ring of J1= (x1,x2,x3,y3) or J2 = (xi’YB)’ i=1 or 2

cannot be Cohen-Macaulay by theorem 3.8.
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QUESTION 3.12: Relate §_ of Ré (J,R) and Re(I,R) ,

where I = J + xR as in the theorem 3.8, to S _, of R.

4, THE GEOMETRIC BLOWING UP

If we replace the Rees rings Rg(I,R} and RE(J,R) in
theorem 3.8 by the Proij's of these rings then the corres-
ponding gquestion becomes more difficile. The exact question

is as follows:

"Let (R,M) be a local ring of depth R;(). Let J be
an equimultiple ideal and let I = J + xR , where x 1is

part of a system of parameters mod J . Assume that

(i) Proj (e In) is Cohen-Macaulay and

(ii) Proj (e Jn) is Cohen-Macaulay .

Is R a Cohen-Macaulay ring?”"

In theorem 4.5 we will give a partial answer to this
question. Before formulating this result we want to remark
that the assumptions depth R> 0 and J is equimultiple

are necessary:

EXAMPLE 4.1: Let (S,N) Dbe a regular local ring with

residue field k . Consider the ring

R = S[X]/(X?°,NX) ~Sek ,
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where X is an indeterminate. Then Hg(R)ezk ; hence

R/HS(R) is Cohen-Macaulay.

Now take I = (a1,...,ad) and J = (a1,...,ai) , 28i<d ,
where a1,...,ad is a system of parameters in R . Since
HQ(R)c:ker(R —_ R{ji]C:R ) for K =3I and XK = J ,

M aj aj

we have Proj(e I") ~Proj(e I") and Proj{e J°) ~Proj(e J) ,
where I and J are the images of I and J in R/H&R) .
But Projl(e ") and Proj (e ™ are Cohen~Macaulay, since

I and J are formed by a regular sequence in R/Hﬁ(R) .

EXAMPLE 4.2: R =k Hsz,s3,st,tﬂ . We take J = (52,33,st)

and I = (32,33,st,t) . Now J is not an equimultiple
ideal in R , since (sz,st) is a minimal reduction of J ,
i.e. ht{(J} =1 and 2(J) = 2 .

t

Since Projle Jn) = Spec R, U Spec R2 . where R, = R{s,g}

1 1
and R2 = R{t,%} , we see that Projfle J%)  is isomorphic

to the blowing up of the plane at the origin, hence Cohen-
Macaulay. Furthermore Proj(e In) is Cohen-Macaulay since

R is a (non-Cohen-Macaulay) Buchsbaum ring of multiplicity 2
[31.

[Note that Reé(I,R) = @ I" is not-Cohen-Macaulay, otherwise

nz20
depth R would be 2, hence R would be Cohen-Macaulay.]

Now we are going to specialize I to a complete intersection.

We denote the blowing up Projle 1) of R with center I

by B£I(R) . First we need an auxiliary result.
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LEMMA 4.3: Iet I be a complete intersection in the
local ring (R,M) , and let R1 be a local ring obtained
by blowing up R with center I . If R} corresponds to

a closed point of BQI(R} , then dim R1 = dim R .

PROOF: We note that in general we have dinm R1:$dim R
without any assumption on I . ({(This can be shown by using

[13], 14.c for the irreducible components of Spec R .)

Case ht(I) = dim R, i.e. I 1is generated by a system of

a a
parameters a.,...,a of R . We may assume R, = ~g,...,—§
1 d 1 a, aq iy
32 %4
for some maximal ideal N of R' = R FOLARREw B Now, by
1 1

the analytic independence of systems of parameters, we have
R'/MR'e:R/M{Tz,...,Té} , showing that every maximal ideal
in R'/MR' has height 4 - 1 . Since R1/a1R1 is, up to
nilpotent elements, a localization of R'/MR' at a maximal
ideal, we conclude that dim R1/a1R =d-~-1 , and therefore

1

dim R1 = d .

GENERAL CASE: If I = (31,...,33) + s = ht(I)<£dim R ,

we extend a1,...,aS to a system of parameters 31""’ad

of R and we put 1I'

i

(aT,...,ad)R . We may assume that

a a a a a a
IR = a R . Let R“ = R ’_2"00-"'"'6' =R "'g"-o;f"“"‘% S+1 "'"'d'.'
1 1™ a, a,

a a a a
and assume that R, = R —3,...,~§ . Put N" =NR"+ s+1,...,~§ "
1 N ay a4

and R2 = R&u . Then R2 corresponds to a closed point of
le,(R) and therefore d4dim R2 = dim R by the special case

above, On the other hand R2 is obtained by blowing up
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(a1,a ,...,ad) in R1 , and therefore dim R2 sdim R, £dim R,

s+1 1

which concludes the proof.

REMARK 4.4: Using Ratliff's well developed theory of
quasi-unmixed rings one can show that the statement of the
lemma is true for any equimultiple ideal in a quasi-unmixed

local ring.

THEQOREM 4.5: Let (R,M) be a Buchsbaum local ring with
depth R>0 . If BzI(R) is Cohen-Macaulay for a complete
intersection I of R such that 2ght(I)<d = dim R ,

then R is Cohen-Macaulay.

1

PROOF: Let s ht {I) and let a1,...,ad be a system of

parameters of R such that I = (a1,...,as)R . We put

R!

i
F"‘—E‘-‘!
|
-
|
[

Since dim R1 = d by the lemma, we see that
a a
a?'E%""’E?’as+1"“’ad is a system of parameters of R1 .

Using the Buchsbaum property of R it is not difficult to
see that
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where K = a1R + ((az,...,as) : a,) [6], and therefore

1'r 7
also

a a

a2 as
R1 a,],—»a reeig RQmR/K .
s

Since R1 was assumed to be Cohen-Macaulay and al’Ez""’E—
1 1

is part of a system of parameters of R, , we see that R/K

1
is Cohen-Macaulay. We consider the following exact sequence

{1) 0-K/I-R/I-R/K-0 .

Using again the Buchsbaum property of R one obtains

(az,...,as):n

(2) K/T ==
(az,...,as)

o~ H&(R/(a‘?,...,as)) ’

i.e. XK/I 1is a vector space over R/M . From the seguence (1)

and from the fact that R/K is Cohen-Macaulay we get:

(3) nd (r/1) = nI(x/1) for 0<j<d-s
and since dim K/I = 0
(4) n3 (R/I) = 0 for 0O0<j<d-s .

From hj(R/xR) = hj{R)+hj+1(R) (see [5], p. 494) we conclude

by induction
3 =) s dtr
(5) h-"(R/I) = E (r)h (R) for 053<d-s '
r=0
and similarly, together with (2), we have

s~
(6) n®(k/1) = 35 (°.Hnt(r) .
r=_0
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Putting 3 = 0 in (3) and (5) and comparing with (6)

we obtain
nWi@® =0 for O0<jss .

On the other hand, comparing (4) and (5) we also have
hi(r) =0 for s<j<a .

Finally hO(R) = 0 since depth R>0 , and this completes

the proof of the theoremn.

REMARK 4.6: Since depth R>0 and R is Buchsbaum in the
theorem 4.5, the ring R/Hg(R):xR is Buchsbaum. Hence
BEH(R) = Proj (e HY) is Cohen~Macaulay for H = (aT,...,ad)
by [6]; i.e. theorem 4.5 is indeed a special case of our
question at the beginning of this section (for the pair of

ideals IcH ).
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