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Abstract. A representation of a specialization of a q-deformed class one lattice gl`+1-Whittaker
function in terms of cohomology groups of line bundles on the space QMd(P`) of quasi-maps
P1 → P` of degree d is proposed. For ` = 1, this provides an interpretation of non-specialized
q-deformed gl2-Whittaker function in terms ofQMd(P1). In particular the (q-version of) Mellin-
Barnes representation of gl2-Whittaker function is realized as a semi-infinite period map. The
explicit form of the period map manifests an important role of q-version of Γ-function as a
substitute of topological genus in semi-infinite geometry. A relation with Givental-Lee universal
solution (J-function) of q-deformed gl2-Toda chain is also discussed.

Introduction

In the first part [GLO1] of this series of papers we have proposed an explicit representation of a q-
deformed class one lattice gl`+1-Whittaker function defined as a common eigenfunction of a complete
set of commuting quantum Hamiltonians of q-deformed gl`+1-Toda chain. Here “class one” means
that Whittaker function is non-zero only in the dominant domain. On q-deformed Toda chains see
e.g. [Et]. The case ` = 1 was discussed previously in [GLO3] (for related results in this direction
see [KLS], [GiL], [GKL1], [BF], [FFJMM]). A special feature of the proposed representation is
that q-deformed class one gl`+1-Whittaker function Ψgl`+1

z (p) with z = (z1, . . . , z`+1) and p =
(p1, . . . , p`+1) ∈ Z`+1, is given by a character of a C∗ × GL`+1(C)-module Vp. The expression in
terms of a character can be considered as a q-version of Shintani-Casselman-Shalika representation
of class one p-adic Whittaker functions [Sh], [CS]. Indeed our representation of q-deformed gl`+1-
Whittaker function reduces, in a certain limit, to the Shintani-Casselman-Shalika representation
of p-adic Whittaker function. Note that the representation q-deformed Whittaker function as a
character is a q-analog of the Givental integral representation [Gi2], [GKLO] of the classical gl`+1-
Whittaker function.

The main objective of this paper is a better understanding of the representation of q-deformed
gl`+1-Whittaker function as a character. Below we will consider a specialization of the q-deformed
Whittaker function given by the trace over C∗ ×GL`+1(C)-module Vn,k (in the case ` = 1 there is
actually no specialization). Our main result is presented in Theorem 3.1. We provide a description
of C∗×GL`+1(C)-module Vn,k as a zero degree cohomology group of a line bundle on an algebraic
version LP`

+ of a semi-infinite cycle L̃P`
+ in a universal covering L̃P` of the space of loops in P`.

We define LP`
+ as an appropriate limit d → ∞ of the space QMd(P`) of degree d quasi-maps

of P1 to P` [Gi1], [CJS]. In particular for ` = 1 this provides a description of a q-deformed gl2-
Whittaker function in terms of cohomology of line bundles over LP1

+. A universal solution of
the q-deformed gl`+1-Toda chain [GiL] was given in terms of cohomology groups of line bundles
over QMd(X), X = G/B for finite d. We demonstrate how our interpretation of the q-deformed
gl`+1-Whittaker function is reconciled with the results of [GiL].
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Using Theorems 3.1, we interpret a q-version of the Mellin-Barnes integral representation of
the specialized q-Whittaker function as a semi-infinite analog of the Riemann-Roch-Hirzebruch
theorem. The corresponding Todd class is expressed in terms of a q-version of Γ-function. Anal-
ogously, the classical Γ-function appears in a description of the fundamental class of semi-infinite
homology theory and enters the Mellin-Barnes integral representation of the classical Whittaker
function. We briefly consider an analog of the elliptic genus arising in the C∗-localization on LP`

+.
We demonstrate that proliferation of fixed points of C∗-action obstructs identification of the re-
sult as a topological genus of an extraordinary cohomology theory. Note also that the (q-version
of) Γ-function which appears in our calculations of a semi-infinite analog of the Todd class was
considered as a candidate for a topological genus by Kontsevich [K] (see also [Li],[Ho]).

Let us stress that the C∗×GL`+1(C)-module Vn,k arising in the description of q-deformed gl`+1-
Whittaker function is not irreducible. It would be natural to look for an interpretation of Vn,k as
an irreducible module of a quantum affine Lie group. A relation of the geometry of semi-infinite
flags to representation theory of affine Lie algebras was proposed in [FF]. The semi-infinite flag
space is defined as X

∞
2 = G(K)/H(O)N(K) where K = C((t)), O = C[[t]], B = HN is a Borel

subgroup of G, N is its unipotent radical and H is the associated Cartan subgroup. The semi-
infinite flag spaces are not easy to deal with. An interesting approach to the semi-infinite geometry
was proposed by Drinfeld. He introduced a space of quasi-maps QMd(P1, G/B) that should be
considered as a finite-dimensional substitute of the semi-infinite flag space X

∞
2 (see e.g. [FM],

[FFM], [Bra]). Thus, taking into account constructions proposed in this paper one can expect that
(q-deformed) gl`+1-Whittaker functions (encoding Gromov-Witten invariants and their K-theory
generalizations) can be expressed in terms of representation theory of affine Lie algebras (see [GiL]
for a related conjecture and [FFJMM] for a recent progress in this direction). The paper [GLO2]
deals with a relation of our results with the representation theory of (quantum) affine Lie groups.

The paper is organized as follows. In Section 1, explicit solutions of q-deformed gl`+1-Toda
chain (q-versions of Whittaker functions) are recalled. In Section 2, we derive integral expressions
for the counting of holomorphic sections of line bundles in the space of quasi-maps. In Section 3
we derive a representation of specialized q-Whittaker functions in terms of cohomology of holo-
morphic line bundles on the space of quasi-maps of P1 to P`. We propose an interpretation of
q-Whittaker functions as semi-infinite periods. In Section 4 the analogous interpretation of the
classical Whittaker functions is discussed. In Section 5, we clarify the connection of our interpreta-
tion of the q-deformed gl`+1-Whittaker function with the results of [GiL]. Finally, in Section 6 we
consider an analog of elliptic genus arising after C∗-localization on LP`

+ and its possible relation
with extraordinary cohomology theories.
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while the first and the second authors were enjoying the hospitality and support of the Max-Planck-
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1 q-deformed gl`+1-Whittaker function

In this section we recall a construction [GLO1] of the q-deformed gl`+1-Whittaker function Ψgl`+1
z (p

`+1
)

defined on the lattice p
`+1

= (p`+1,1, . . . , p`+1,`+1) ∈ Z`+1. We will consider only class one Whit-
taker functions satisfying the condition

Ψgl`+1
z (p

`+1
) = 0

outside dominant domain p`+1,1 ≥ . . . ≥ p`+1,`+1.

The q-deformed gl`+1-Whittaker functions are common eigenfunctions of q-deformed gl`+1-Toda
chain Hamiltonians:

Hgl`+1
r (p

`+1
) =

∑

Ir

(
X̃

1−δi2−i1, 1

i1
· . . . · X̃1−δir−ir−1, 1

ir−1
· X̃1−δir+1−ir, 1

ir

)
Ti1 · . . . · Tir , (1.1)

where the sum is over ordered subsets Ir = {i1 < i2 < . . . < ir} ⊂ {1, 2, . . . , ` + 1} and we assume
ir+1 = ` + 2. In (1.1) we use the following notations

Tif(p
`+1

) = f(p̃
`+1

), p̃`+1,k = p`+1,k + δk,i, i, k = 1, . . . , ` + 1,

X̃i = 1− qp`+1,i−p`+1,i+1+1, i = 1, . . . , `,

and X̃`+1 = 1. We assume q ∈ C∗, |q| < 1. For example, the first nontrivial Hamiltonian has the
following form:

Hgl`+1

1 (p
`+1

) =
∑̀

i=1

(1− qp`+1,i−p`+1,i+1+1)Ti + T`+1. (1.2)

The main result of [GLO1] is a construction of common eigenfunctions of quantum Hamiltonians
(1.1):

Hgl`+1
r (p

`+1
)Ψgl`+1

z1,...,z`+1(p`+1
) = (

∑

Ir

∏

i∈Ir

zi) Ψgl`+1
z1,...,z`+1(p`+1

). (1.3)

Denote by P(`+1) ⊂ Z`(`+1)/2 a subset of integers pn,i, n = 1, . . . , ` + 1, i = 1, . . . , n satisfying the
Gelfand-Zetlin conditions pk+1,i ≥ pk,i ≥ pk+1,i+1 for k = 1, . . . , `. In the following we use the
standard notation (n)q! = (1− q)...(1− qn).

Theorem 1.1 Let Ψgl`+1
z1,...,z`+1(p`+1

) be a function given in the dominant domain p`+1,1 ≥ . . . ≥
p`+1,`+1 by

Ψgl`+1
z1,...,z`+1(p`+1

) =
∑

pk,i∈P(`+1)

`+1∏

k=1

z
P

i pk,i−
P

i pk−1,i

k

×

∏̀
k=2

k−1∏
i=1

(pk,i − pk,i+1)q!

∏̀
k=1

k∏
i=1

(pk+1,i − pk,i)q! (pk,i − pk+1,i+1)q!
,

(1.4)

and zero otherwise. Then, Ψgl`+1
z1,...,z`+1(p`+1

) is a common solution of the eigenvalue problem (1.3).
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Formula (1.4) can be written also in the recursive form.

Corollary 1.1 Let P`+1,` be a set of p
`

= (p`,1, . . . , p`,`) satisfying the conditions p`+1,i ≥ p`,i ≥
p`+1,i+1. The following recursive relation holds:

Ψgl`+1
z1,...,z`+1(p`+1

) =
∑

p
`
∈P`+1,`

∆(p
`
) z

P
i p`+1,i−

P
i p`,i

`+1 Q`+1,`(p`+1
, p

`
|q)Ψgl`

z1,...,z`
(p

`
),

where

Q`+1,`(p`+1
, p

`
|q) =

1
∏̀
i=1

(p`+1,i − p`,i)q! (p`,i − p`+1,i+1)q!
,

∆(p
`
) =

`−1∏

i=1

(p`,i − p`,i+1)q! .

(1.5)

Remark 1.1 The representation (1.4) is a q-analog of Givental’s integral representation of the
classical gl`+1-Whittaker function [Gi2], [JK]:

ψ
gl`+1

λ (x1, . . . , x`+1) =
∫

R
`(`+1)

2

∏̀

k=1

k∏

i=1

dtk,i e
1
~F

gl`+1(t), (1.6)

where

Fgl`+1(t) = ı
`+1∑

k=1

λk

( k∑

i=1

tk,i −
k−1∑

i=1

tk−1,i

)
−

∑̀

k=1

k∑

i=1

(
etk+1,i−tk,i + etk,i−tk+1,i+1

)
,

λ = (λ1, . . . , λ`+1), xi := t`+1,i, i = 1, . . . , ` + 1 and zi = qγi, λi = γi log q. For the representation
theory derivation of this integral representation of gl`+1-Whittaker function see [GKLO]. The rep-
resentation (1.4) of the q-Whittaker function turns into representation (1.6) the classical Whittaker
function in appropriate limit.

As an example consider g = gl2. Let p1 := p2,1 ∈ Z, p2 := p2,2 ∈ Z and p := p1,1 ∈ Z. Then the
function

Ψgl2
z1,z2

(p1, p2) =
∑

p2≤p≤p1

zp
1z

p1+p2−p
2

(p1 − p)q!(p− p2)q!
, p1 ≥ p2 , (1.7)

Ψgl2
z1,z2

(p1, p2) = 0, p1 < p2 ,

is a solution of the system of equations:
{

(1− qp1−p2+1)T1 + T2

}
Ψgl2

z1,z2
(p1, p2) = (z1 + z2)Ψgl2

z1,z2
(p1, p2),

T1T2Ψgl2
z1,z2

(p1, p2) = z1z2 Ψgl2
z1,z2

(p1, p2).
(1.8)

Let us consider the following specialization of the q-deformed gl`+1-Whittaker function

Ψgl`+1
z1,...,z`+1(n, k) := Ψgl`+1

z1,...,z`+1(n + k, k, . . . , k). (1.9)

4



Theorem 1.2 Ψgl`+1
z1,...,z`+1(n, k) satisfies following difference equation:

{ `+1∏

i=1

(1− ziT
−1)

}
Ψgl`+1

z1,...,z`+1(n, k) = qnΨgl`+1
z1,...,z`+1(n, k), (1.10)

where T · f(n) = f(n + 1).

Proof: The proof is based on the explicit expression (1.4). Let Pn,k be a Gelfand-Zetlin pattern
such that (p`+1,1, . . . , p`+1,`+1) = (n + k, k, . . . , k). Then, the relations p`+1,i ≥ p`,i ≥ p`+1,i+1 for
the elements of a Gelfand-Zetlin pattern imply pk,i6=1 = 0 and we have that

Ψgl`+1
z1,...,z`+1(n, k) =

( `+1∏

i=1

zk
i

) ∑

Pn,k

z
n+k−p`,1

`+1

(n + k − p`,1)q!
z

p`,1−p`−1,1

`

(p`,1 − p`−1,1)q!
· · · z

p1,1−k
1

(p1,1 − k)q!

=
( `+1∏

i=1

zk
i

) ∑
n1+···+n`+1=n

z
n`+1

`+1

(n`+1)q!
· · · zn1

1

(n1)q!
.

(1.11)

Introduce the generating function

Ψgl`+1
z1,...,z`+1(t, k) =

∑

n∈Z
tn Ψgl`+1

z1,...,z`+1(n, k) =
`+1∏

j=1

zk
i∏∞

m=0(1− tziqm)
,

where we use the identity
1∏∞

m=0(1− xqm)
=

∞∑

n=0

xn

(n)q!
.

Due to the fact that Ψgl`+1
z1,...,z`+1(n, k) = 0 for n < 0, the generating function Ψgl`+1

z1,...,z`+1(t, k) is regular
at t = 0. It is easy to check now the following identity

`+1∏

j=1

(1− tzi)Ψgl`+1
z1,...,z`+1(t, k) = Ψgl`+1

z1,...,z`+1(qt, k).

Expanding the latter relation in powers of t, we obtain (1.10) for the coefficients of Ψgl`+1
z1,...,z`+1(t, k)

2

Remark 1.2 The difference equation (1.10) for the specialized q-Whittaker function Ψgl`+1
z1,...,z`+1(n, k)

can be derived directly from the system of equations (1.3) for the non-specialized q-deformed Whit-
taker function Ψgl`+1

z1,...,z`+1(p1, p2, . . . , p`+1) and the condition

Ψgl`+1
z1,...,z`+1(p1, p2, . . . , p`+1) = 0

outside dominant domain p1 ≥ . . . ≥ p`+1.

Lemma 1.1 The following integral representation for the specialized q-deformed gl`+1-Whittaker
functions holds

Ψgl`+1
z (n, k) =

( `+1∏

i=1

zk
i

) ∮

t=0

dt

2πı t
t−n

`+1∏

i=1

Γq(zit), (1.12)
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where

Γq(x) =
∞∏

n=0

1
1− qnx

.

Proof: Using the identity
∞∏

n=0

1
1− xqn

=
∞∑

m=0

xm

(m)!q
,

one obtains, for n ≥ 0, that

Ψgl`+1
z (n, k) =

( `+1∏

i=1

zk
i

) ∮

t=0

dt

2πı t
t−n

`+1∏

i=1

∞∏

m=0

1
1− zitqm

(1.13)

=
( `+1∏

i=1

zk
i

) ∑
n1+...+n`+1=n

zn1
1

(n1)q!
· . . . · z

n`+1

`+1

(n`+1)q!

For n < 0, we obviously have that Ψgl`+1
z (n, k) = 0 2

The corresponding integral representation for the classical gl2-Whittaker function is given by
the Mellin-Barnes representation for the gl2-Whittaker function

ψ
gl2
λ1,λ2

(x1, x2) = e
ı
~ (λ1+λ2)x2

∫ ıσ+∞

iσ−∞
dλ e

ı
~λ(x1−x2) Γ

(λ− λ1

ı~

)
Γ
(λ− λ2

ı~

)
, (1.14)

where σ > max{Imλj , j = 1, . . . , ` + 1}.

Remark 1.3 The expression

Ψgl`+1
z1,...,z`+1(n, k) =

( `+1∏

i=1

zk
i

) ∑
n1+...+n`+1=n

zn1
1

(n1)q!
· . . . · z

n`+1

`+1

(n`+1)q!
, n ≥ 0,

Ψgl`+1
z1,...,z`+1(n, k) = 0, n < 0

(1.15)

is a q-analog of the Givental integral representation for the equivariant Gromov-Witten invariants
of X = P` [Gi3]

fλ(T ) =
∫

R`

∏̀

k=1

dtk,1 e
1
~F(t), (1.16)

where λ = (λ1, . . . , λ`+1), T := t`+1,1 and

F(t) = ıλ1t11 +
∑̀

k=1

ıλk+1(tk+1,1 − tk,1) − et11 −
∑̀

k=1

etk+1,1−tk,1 .

The representation (1.15) for specialized q-Whittaker function turns into (1.16) in appropriate limit.
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2 Counting holomorphic sections

In this Section we are going to provide an interpretation of the explicit expressions for q-deformed
specialized class one gl`+1-Whittaker functions in terms of traces of operators acting on the spaces
of holomorphic sections of line bundles on infinite-dimensional manifolds. For this aim, we first
consider an auxiliary problem of counting holomorphic sections on finite-dimensional manifolds
approximating the infinite-dimensional ones. The relevant finite-dimensional manifolds are spaces
of the quasi-maps of P1 to GL`+1(C)-homogeneous spaces.

2.1 Space of quasi-maps

Let us start with recalling the general construction of the quasi-map compactification of the space of
holomorphic maps of P1 to the partial flag spaces of complex Lie group GL`+1 due to Drinfeld. Let
αi, i = 1, . . . , `, be a set of simple roots of the complex Lie algebra gl`+1. To any ordered subset
of simple roots {αi1 , . . . , αir} indexed by an ordered subset IP = {i1 < . . . < ir} ⊂ {1, . . . , `}
one can associate a parabolic subgroup P ⊂ GL`+1. Namely, let B ⊂ GL`+1 be the subgroup
of upper-triangular matrices generated by Cartan torus and one-parameter unipotent subgroups
corresponding to positive simple roots. Then a parabolic subgroup P is generated by B and one-
parameter unipotent subgroups corresponding to negative roots−αi such that i /∈ IP . In particular,
when r = ` one gets P = B, and the corresponding homogeneous space GL`+1/B coincides with
the full flag space. On the other hand for a parabolic subgroup P0 ⊂ GL`+1 associated to the first
simple root (i.e. IP0 = {1} ⊂ {1, 2, . . . , `}), the corresponding homogeneous space GL`+1/P0 is
isomorphic to the projective space P`. Partial flag spaces GL`+1/P possess canonical projective
embeddings

π : GL`+1/P → Π =
∏

j∈IP

Pnj−1, nj = (` + 1)!/j! (` + 1− j)! . (2.1)

The group H2(GL`+1/P,Z) = Zr is naturally isomorphic to a sublattice of the weight lattice
of sl`+1 and is spanned by the weights ωi indexed by IP . Let Lj , j = 1, . . . , r, be the line bundles
on GL`+1/P obtained as pull backs of O(1) form the direct factors Pnj−1 in the right hand side
(r.h.s.) of (2.1). The lattice H2(GL`+1/P,Z) = Zr is generated by the first Chern classes c1(Li).

Let Md(GL`+1/P ) be a non-compact space of holomorphic maps of P1 of multi-degree d ∈
H2(GL`+1/P,Z) to the flag space GL`+1/P . Due to (2.1), Md(GL`+1/P ) is a subspace of the
product of space Mdj (Pnj−1). Explicitly, each Mdj (Pnj−1) can be described as a set of collec-
tions of n, relatively prime polynomials of degree d, up to a common constant factor. The space
Mdj (Pnj−1) allows for a compactification by the space of quasi-maps QMdj (Pnj−1) defined as a set
of collections of n, polynomials of degree d, up to a common constant factor. The space of quasi-
maps QMd(GL`+1/P ) is then constructed as a closure of Md(GL`+1/P ) in

∏
j QMd(Pnj ). Thus

defined QMd(GL`+1/P ) is (in general singular) irreducible projective variety. A small resolution
of this space is known due to [La], [Ku].

On the space of holomorphic maps Md(GL`+1/P ) of P1 to GL`+1/P , there is a natural action
of the group C∗×GL`+1 (and, thus, of its maximal compact subgroup S1×U`+1). Here, the action
of GL`+1 is induced by the standard action on flag spaces and the action of C∗ is induced by the
action of C∗ on P1 given by (y1, y2) → (ξy1, y2) in homogeneous coordinates (y1, y2) on P1. This
action of C∗ ×GL`+1 can be extended to an action on the space QMd(GL`+1/P ) of quasi-maps.

In the following we consider a parabolic subgroup P0 ⊂ GL`+1 associated to the first simple
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root (and thus IP0 = {1} ⊂ {1, 2, . . . , `}. The corresponding homogeneous space GL`+1/P0 is
a projective space P`. The space of quasi-maps 1 QMd(P`) is a non-singular projective variety
P(`+1)(d+1)−1. A quasi-map φ ∈ QMd(P`) is given by a collection

(
a0(y) : a1(y) : . . . a`(y)

)
,

of homogeneous polynomials ai(y) in variables y = (y1, y2) of degree d

ak(y) =
d∑

i=0

ak,j yj
1y

d−j
2 , k = 0, . . . , `.

considered up to the multiplication of all ai(y)’s by a nonzero complex number. The action of
(ξ, g) ∈ C∗ ×GL`+1 on QMd(P`) is given by

ξ :
(
a0(y) : a1(y) : . . . a`(y)

) 7−→ (
a0(yξ) : a1(yξ) : . . . : a`(yξ)

)
,

g :
(
a0(y) : a1(y) : . . . : a`(y)

) 7−→
( `+1∑

k=1

g1,kak−1(y) : . . . :
`+1∑

k=1

g`+1,kak−1(y)
)
,

(2.2)

where g = ‖gij‖ and yξ = (ξy1, y2).

2.2 Generating functions of holomorphic sections

Let O(1) be a standard line bundle on P(`+1)(d+1)−1. The space of sections of the line bundle
O(n) := O(1)⊗n on QMd(P`) is naturally a C∗ ×GL`+1-module. We are interested in calculating
the corresponding character.

Let T ∈ GL`+1 be a Cartan torus, H1, . . . , H`+1 be a basis in Lie(T ), and L0 be a generator of
Lie(C∗). The equivariant cohomology of a point with respect to the maximal compact subgroup
G = S1 × U`+1 of C∗ ×GL`+1 can be described as

H∗
G(pt,C) = C[λ1, . . . , λ`+1]S`+1 ⊗ C[~],

where λ1, . . . , λ`+1 and ~ are associated with the generators H1, . . . , H`+1 and L0 respectively.

Let Lk be a one-dimensional GL`+1-module such that HiLk = kLk, for i = 1, . . . , ` + 1. Coho-
mology groups H∗(QMd(P`),O(n))⊗ Lk have a natural structure of C∗ ×GL`+1(C)-module. We
denote by Lk(n) = O(n)⊗Lk the line bundles O(n) twisted by one-dimensional GL`+1-module Lk.

Let A
(d)
n,k(z, q), be the character of the C∗ × GL`+1-module Vn,k,d = H0(QMd(P`),Lk(n)) ,

n ≥ 0,
A

(d)
n,k(z, q) = Tr Vn,k,d

qL0 e
P

λiHi ,

where we assume that q ∈ C∗, |q| < 1. This character can be straightforwardly calculated as follows.
The space Vn,k,d = H0(QMd(P`),Lk(n)) can be identified with the space of degree n homogeneous
polynomials in (` + 1)(d + 1) variables ak,i, for k = 0, . . . , ` and i = 0, . . . , d. Define

Vk,d = ⊕∞n=0Vn,k,d,

1The compactification of Md(P`) by the space QMd(P`) of quasi-maps arises naturally in the linear sigma-model
description of Gromov-Witten invariants of projective spaces [W].
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and the grading on Vk,d is defined by the eigenvalue decomposition with respect to the action of an
operator D

tD : Vn,k,d → tn Vn,k,d, t ∈ C∗.
The action of the subgroup (C∗ × T ) ⊂ G(C) = C∗ ×GL`+1 is given by

e
P

λiHi :
(
a0(y) : a1(y) : . . . a`(y)

) 7−→ (
eλ1a0(y) : eλ2a1(y) : . . . : eλ`+1a`(y)

)
, (2.3)

where

ak(y) =
d∑

j=0

ak,j yj
1y

d−j
2 , k = 0, . . . , `.

The action of the generator L0 of C∗ is as follows

qL0 : ak,j 7−→ qj ak,j . (2.4)

Proposition 2.1 For the C∗ ×GL`+1-character of the module Vn,k,d, the following integral repre-
sentation holds

A
(d)
n,k(z, q) = Tr Vn,k,d

qL0 e
P

λiHi =
( `+1∏

i=1

zk
i

) ∮

t=0

dt

2πı tn+1

`+1∏

m=1

d∏

j=0

1
(1− tqjzm)

, (2.5)

where z = (z1, . . . , z`+1) and zm = eλm.

Proof: A simple calculation gives us that

A
(d)
k (z, t, q) = Tr Vk,d

tD qL0 e
P

λiHi =
( `+1∏

i=1

zk
i

) `+1∏

m=1

d∏

j=0

1
(1− tqjzm)

. (2.6)

The projection on the subspace of Vk,d of the grading n with respect to D can be realized by taking
a residue,

Tr Vn,k,d
qL0 e

P
λiHi =

∮

t=0

dt

2πı tn+1
Tr Vk,d

tD qL0 e
P

λiHi . (2.7)

This gives us the integral expression (2.5) 2

2.3 Equivariant Euler characteristic of line bundles on QMd(P`)

Characters (2.5) of the space of holomorphic sections can be related to equivariant holomorphic
Euler characteristics of line bundles on QMd(P`). First we recall the standard facts about line
bundles on projective spaces. Line bundles O(n) on projective spaces PN are equivariant with
respect to the standard action of UN+1 on PN . The UN+1-equivariant Euler characteristic of O(n)
is given by the character

χUN+1
(PN ,O(n)) =

N∑

m=0

(−1)m Tr Hm(PN ,O(n)) e
P

λiHi , e
P

λiHi ∈ UN+1. (2.8)
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Cohomology groups of O(n) on projective space PN have the following properties (see e.g. [OSS])

dimHm(PN ,O(n)) = 0, m 6= 0, N,

dimHN (PN ,O(n)) = 0, n ≥ 0, (2.9)

dimH0(PN ,O(n)) = 0, n < 0.

Taking into account (2.9) the expression (2.8) reduces to

χUN+1
(PN ,O(n)) = Tr H0(PN ,O(n)) e

P
λiHi + (−1)N Tr HN (PN ,O(n)) e

P
λiHi . (2.10)

We have QMd(P`) = P(`+1)(d+1)−1 and, thus, for n ≥ 0, we can identify A
(d)
n,k(z, q) with equivariant

holomorphic Euler characteristic of Lk(n)

A
(d)
n,k(z, q) = Tr H0(QMd(P`),Lk(n)) e~L0+

P
λiHi = χG(QMd(P`),Lk(n)), n ≥ 0,

where G = S1 × U`+1. The equivariant Euler characteristic of a holomorphic vector bundle on
the projective space possesses a canonical holomorphic integral representation. According to the
Riemann-Roch-Hirzebruch (RRH) theorem, one can express the UN+1-equivariant holomorphic
Euler characteristic of a UN+1-equivariant vector bundle E on PN as follows

χUN+1
(PN , E) =

N∑

m=0

(−1)mTr Hm(PN ,E) e
P

λiHi =

= 〈ChUN+1
(E) TdUN+1

(T PN ) , [PN ]〉,
(2.11)

where Hi are generators of the Lie algebra glN+1, T PN is the tangent bundle to PN , ChUN+1
(E)

is a UN+1-equivariant Chern character of E and TdUN+1
(E) is a UN+1-equivariant Todd genus of E

[A].

The tangent bundle T PN to the projective space PN is UN+1-equivariantly stable-equivalent to
O(1)⊕(N+1) as the following lemma shows.

Lemma 2.1 The following relation holds in UN+1-equivariant topological K-theory KUN+1
(PN )

[T PN ]⊕ [O] = [O(1)]⊕(N+1), (2.12)

where [E ] is a class of a vector bundle E in KUN+1
(PN ).

Proof: For a tangent sheaf to the complex projective space PN we have the Euler exact sequence
(see e.g. [GH])

0 −→ O −→ O(1)⊕(N+1) −→ T PN −→ 0 (2.13)

The maps (2.13) are explicitly UN+1-equivariant and, thus, we obtain the relation (2.12) in UN+1-
equivariant K-groups of PN 2

Lemma 2.1 and the fact that the Todd class depends only on stable equivalence class of a vector
bundle allows us to rewrite RRH-theory on projective spaces as follows

χUN+1
(PN , E) = 〈ChUN+1

(E) TdUN+1
(O(1)⊕(N+1) , [PN ]〉. (2.14)
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In the following we will consider only the case of line bundles and thus we take E = O(n), n ∈ Z.
The pairing of the cohomology classes with the fundamental class entering the formulation of RRH-
theorem can be expressed explicitly using a particular model for the cohomology ring H∗(PN ,C).
The cohomology ring H∗(PN ,C) is generated by an element x ∈ H2(PN ,C) with a single relation
xN+1 = 0

H∗(PN ,C) = C[x]/xN+1. (2.15)

The UN+1-equivariant analog of (2.15) is given by

H∗
UN+1

(P`,C) = C[x]⊗ C[λ1, · · · , λN+1]SN+1

/( N+1∏

j=1

(x− λj)
)
,

which is naturally a module over H∗
UN+1

(pt,C) = C[λ1, · · · , λN+1]SN+1 where SN+1 is the permu-
tation group of a set of N +1 elements. The pairing of an element of H∗

UN+1
(PN ,C) represented by

P (x, λ) with a UN+1-equivariant fundamental cycle [PN ] can be expressed in terms of the integral

〈P (λ), [PN ]〉 =
1

2πı

∮

C0

dx
P (x, λ)∏N+1

j=1 (x− λj)
,

where the integration contour C0 encircles the poles x = λj , j = 1, . . . , (N + 1). The pairing for
H∗(PN ,C) is obtained by a specialization λj = 0, j = 1, · · · , (N + 1). The equivariant Chern
character and Todd class can be written in terms of this model of H∗

UN+1
(PN ,C) as follows (see

e.g. [H])

ChUN+1
(O(n)) = enx, TdUN+1

(O(1)⊕(N+1)
)

=
N+1∏

j=1

(x− λj)
1− e−(x−λj)

.

Therefore we have the following integral representation of the equivariant holomorphic Euler char-
acteristic (t = e−x , zi = eλi , i = 1, . . . , N + 1):

χUN+1
(z) = 〈ChUN+1

(O(n))TdUN+1

(O(1)⊕(N+1)
)
, [PN ]〉

=
1

2πı

∮

C0

dx∏N+1
i=1 (x− λi)

enx
N+1∏

i=1

(x− λi)
(1− e−(x−λi))

(2.16)

= − 1
2πı

∮

C0

dt

tn+1

N+1∏

i=1

1
1− tzi

, (2.17)

where in the last expression the integration contour C0 encircles the poles t = z−1
j , j = 1, . . . , `+ 1.

The integral representation (2.17) can be obtained directly using a particular realization of (UN+1-
equivariant) K-theory on PN (see e.g. [A]). The K-group K(PN ) is generated by a class t of the
line bundle O(1) satisfying the relation (1 − t)N+1 = 0. We have the following isomorphisms for
(UN+1-equivariant) K-groups of projective spaces

K(PN ) = C[t, t−1]/(1− t)N+1, KUN+1
(PN ) = C[t, t−1, z, z−1]

/ N+1∏

j=1

(1− tzj) . (2.18)
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The equivariant analog of the pairing with the fundamental class of PN in K-theory is given by

〈R , [PN ]〉K = − 1
2πı

∮

C0

dt

t

R(t)∏N+1
j=1 (1− tzj)

, (2.19)

where R(t) is a rational function representing an element of KUN+1
(PN ) and the integration contour

C0 encircles the poles t = z−1
j , j = 1, . . . , (N + 1).

Using the representation of the pairing (2.19) one can represent RRH expression for the Euler
characteristic as

χUN+1
(z) = 〈[O(n)], [PN ]〉K = − 1

2πı

∮

C0

dt

tn+1

N+1∏

i=1

1
1− tzi

. (2.20)

This reproduces the representation (2.17).

Now we would like to apply the integral representation for equivariant Euler characteristic to
the S1 × U`+1-equivariant line bundle Lk(n) on QMd(P`).

Consider the S1×U`+1-equivariant cohomology of the projective space P(V(`+1)(d+1)) where the
vector space V(`+1)(d+1) = ⊕`+1

j=1 ⊕d
m=0 Vj,m has the structure of an S1-module with an action given

by
eıθ : Vj,m → eımθ Vj,m, dimVj,m = 1, θ ∈ S1,

and each Vm = V1,m ⊕ V2,m ⊕ . . . V`+1,m is standard U`+1-module. Then for the G = S1 × U`+1-
equivariant cohomology of P(V(`+1)(d+1)) we have an isomorphism

H∗
S1×U`+1

(P(V(`+1)(d+1))) = C[x, λ, ~]
/ `+1∏

j=1

d∏

m=0

(x− λj − ~m), (2.21)

where x is a generator of H∗(P(V(`+1)(d+1)),C). The pairing with the S1 × U`+1-equivariant fun-
damental cycle [P(V(`+1)(d+1))] can be expressed in the form of the contour integral

〈P (λ, ~), [P(V(`+1)(d+1))]〉 =
1

2πı

∮

C

P (x, λ, ~) dx∏`+1
j=1

∏d
m=0(x− λj − ~m)

, (2.22)

where the integration contour C encircles the poles x = λj + m~, j = 1, . . . , ` + 1, m = 0, 1, . . . , d.

Specializing to the action of G = S1 × U`+1 on QMd(P`) ' P(`+1)(d+1)−1 described in Section
2.1 we obtain

ChG(Lk(n)) = enx+k(λ1+...+λ`+1), TdG(T P(`+1)(d+1)−1) =
`+1∏

i=1

d∏

m=0

x−m~− λi

1− eλi+m~−x
.

Let q = e~, t = e−x, and zi = eλi , 1 ≤ i ≤ ` + 1, then

χG(QMd(P`),Lk(n)) =
〈
ChG(Lk(n))TdG(T P(`+1)(d+1)−1), [P`]

〉

=
1

2πı

∮

C
dx

`+1∏

i=1

d∏

m=0

1
(x− λi −m~)

enx+k(λ1+...+λ`+1)
`+1∏

i=1

d∏

n=0

(x− λi −m~)
(1− e−(x−λi−m~))

= −
( `+1∏

i=1

zk
i

) ∮

C

dt

2πı tn+1

`+1∏

i=1

d∏

m=0

1
(1− tziqm)

.

(2.23)
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For n ≥ 0 one has the identity

χG(QMd(P`),Lk(n)) = Tr Vn,k,d
qL0 e

P
λiHi .

Deforming the contour for n ≥ 0 we obtain the following integral representation for the character

Tr Vn,k,d
qL0 e

P
λiHi =

( `+1∏

i=1

zk
i

) ∮

t=0

dt

2πı tn+1

`+1∏

i=1

d∏

m=0

1
(1− tziqm)

which coincides with (2.5).

Remark 2.1 Without a restriction n ≥ 0, the integral representation for the equivariant Euler
characteristic can be represented as a difference of two terms

χG(QMd(P`),Lk(n)) =

=
( `+1∏

i=1

zk
i

) ∮

t=0

dt

2πı tn+1

`+1∏

i=1

d∏

m=0

1
(1− tziqm)

+
( `+1∏

i=1

zk
i

) ∮

t=∞

dt

2πı tn+1

`+1∏

i=1

d∏

m=0

1
(1− tziqm)

.

This decomposition corresponds to the decomposition (2.10)

χG(QMd(P`),Lk(n)) =

= Tr H0(QMd(P`),Lk(n)) qL0 e
P

λiHi + (−1)(`+1)(d+1)−1Tr H(`+1)(d+1)−1(QMd(P`),Lk(n)) qL0 e
P

λiHi .

Remark 2.2 In the limit q → 0 one has an integral representation for a character χ
(0)
(n,k) of an

irreducible finite-dimensional representation Vn,k,0 = SymnC`+1 ⊗ Lk of GL`+1:

χ
(0)
(n,k)(z) = tr Vn,k,0

eλ1H1+...+λ`+1H`+1 =
( `+1∏

i=1

zk
i

) ∮

t=0

dt

2πı tn+1

`+1∏

i=1

1
1− tzi

. (2.24)

where zi = expλi and the GL(` + 1)-module Vn,k,0, n ≥ 0 is realized as a zero cohomology space
H0(P`,Lk(n)).

3 K-theory of LP`
+ and q-Whittaker functions

In this section we establish a direct connection between q-deformed class one specialized gl`+1-
Whittaker functions and geometry of the space LP`

+ defined as an appropriate limit of QMd(P`)
when d → +∞. Geometrically the LP`

+ should be considered as a space of algebraic disks in P`

(see [Gi1] for details). In general, let LX = Map(S1, X) be the space of free contractible loops
in a compact Kähler manifold X. There is a natural action of S1 on LX by loop rotations. The
universal covering L̃X can be defined as a space of maps D → X of the disk D considered up to a
homotopy of the map preserving the image of the boundary loop S1 ⊂ D. The group of covering
transformations of the universal cover L̃X → LX is isomorphic to π2(X). Let L̃X+ ⊂ L̃X be a
semi-infinite cycle of loops that are boundaries of holomorphic maps D → X. For X = P` define
an algebraic version LP`

+ of L̃P`
+ as a set of collections of regular series

ai(z) = ai,0 + ai,1z + ai,2z
2 + · · · , 0 ≤ i ≤ `,
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modulo the action of C∗. The topology on this space should be defined by considering LP`
+ as

a limit of QMd(P`) when d → ∞. This space inherits the action of G = S1 × U(` + 1) defined
previously on QMd(P`). In the following we do not define appropriate topology rigorously leaving
this for another occasion. Instead we define the limit d → +∞ on the level of cohomology algebra
H∗(QMd(P`),C) and the space of holomorphic sections of line bundles on QMd(P`). Let us take
the limit d → +∞ of the character A

(d)
n,k(z, q) given by the integral expression (2.5). The limit of

A
(d)
n,k(z, q) can be interpreted as a character of a C∗ ×GL`+1-module Vn,k,∞ defined as follows. Let

Vk,∞ be a linear space of polynomials of infinite number of variables ai,m, i = 0, . . . , `, m ∈ Z≥0.
Let L0 be a generator of Lie(C∗), T ∈ GL`+1 be a Cartan torus and H1, . . . , H`+1 be a basis in
Lie(T ). Define the action of L0 and Hj on the generators ai,m as follows

L0 : ai,m −→ m ai,m;

e
P

j λjHj : ai,m −→ eλi ai,m

This supplies Vk,∞ with the structure of a C∗ ×GL`+1-module. Now the linear subspace Vn,k,∞ ⊂
Vk,∞ is defined as a subspace of polynomials of the variables ai,m, i = 0, . . . , `, m ∈ Z≥0 of the
total degree n.

Theorem 3.1 Let Ψgl`+1
z (n, k) be a specialization (1.9) of the solution of q-deformed Toda lattice

defined in the Theorem 1.1. Then the following holds.

Ψgl`+1
z (n, k) = χn,k(z), (3.1)

where
χn,k(z) = lim

d→∞
A

(d)
n,k(z, q) = Tr Vn,k,∞ qL0 e

P
λiHi , zi = eλi .

Proof: For the function χn,k(z) = limd→∞ A
(d)
n,k(z, q) the following integral representation holds:

χn,k(z) =
( `+1∏

i=1

zk
i

) ∮

t=0

dt

2πı tn+1

`+1∏

m=1

∞∏

j=0

1
(1− tqjzm)

= (3.2)

=
( `+1∏

i=1

zk
i

) ∮

t=0

dt

2πı tn+1

`+1∏

m=1

Γq(tzm).

The relations (3.1) follows directly from the explicit integral expression (3.2) and Lemma 1.1. The
representation in terms of the trace over Vn,k,∞ follows from the statement of Proposition 2.1 with
obvious modifications for d → +∞ 2

For n ≥ 0 we can identify the character A
(d)
n,k with the equivariant Euler characteristic expressed

through Riemann-Roch-Hirzebruch formula

χG(QMd(P`),Lk(n)) =
∫

QMd(P`)
ChG(Lk(n))TdG(T QMd(P`)). (3.3)

Taking the limit d → +∞ we obtain formal Riemann-Roch-Hirzebruch formula for χG(LP`
+,Lk(n)).

Using the description (2.18), (2.19) of the equivariant K-groups of projective spaces and taking the
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limit d → +∞ in the integral representation of the Euler characteristic (2.23) one obtains the
following integral representation for the equivariant Euler characteristic of line bundles on LP`

+

χG(LP`
+,Lk(n)) = −

( `+1∏

j=1

zk
j

)∮

C

dt

2πı tn+1

`+1∏

i=1

∞∏

j=0

1
(1− tqjzi)

=

= −
( `+1∏

j=1

zk
j

)∮

C

dt

2πı tn+1

`+1∏

i=1

Γq(tzi),

(3.4)

where the integration contour C encircles all poles except t = 0 and

Γq(y) =
∞∏

n=0

1
1− yqn

.

Porblem 3.1 Define an equivariant (co)homology theory for LP`
+ in such a way that Chern and

Todd classes ChG(Lk(n)), TdG(T LP`
+) make sense and the expression

∫

LP`
+

ChG(Lk(n))TdG(T LP`
+)

is well-defined and is equal to

Ψgl`+1
z (n, k) = −

( `+1∏

j=1

zk
j

)∮

C

dt

2πı tn+1

`+1∏

i=1

Γq(tzi). (3.5)

Remark 3.1 The conjectural relation above provides a description of the specialized q-deformed
gl`+1-Whittaker function as a semi-infinite period

Ψgl`+1
z (n, k) =

∫

LP`
+

ChG(Lk(n))TdG(T LP`
+), n ≥ 0. (3.6)

The K-theory of the semi-infinite spaces LP`
+ is closely connected with a quantum version of K-

theory of projective spaces proposed in [GiL]. The generating function F (n, z, q) of the correlation
functions in K-theory version of Gromov-Witten theory with the target space P` obeys the following
difference equation [GiL]

{ `+1∏

i=1

(1− ziT
−1)

}
· F (n, z, q) = qnF (n, z, q), (3.7)

where T · f(n) = f(n + 1). The specialized q-deformed gl`+1-Whittaker function satisfies the same
equation (3.7) ( see Lemma 1.1 and relation (1.10)). Therefore the Whittaker function can be
considered as a correlation function of some special operator singled out by the class one condition
(i.e. the condition Ψgl`+1

z (n, k) = 0 for n < 0). We provide some information on this operator in
the Section 5.
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4 Quantum cohomology and Whittaker function

In the previous Section we proposed a description of q-deformed class one specialized gl`+1-Whittaker
function in terms of a semi-infinite version of Riemann-Roch-Hirzebruch theorem. This expresses
the q-Whittaker function as a semi-infinite period. Its classical (i.e. non-deformed) counterpart
can be also expressed in terms of a semi-infinite period. In this Section we provide this conjectural
representation 2.

We start from recalling the notion of quantum cohomology. The quantum cohomology QH∗(X)
of a compact symplectic manifold X can be defined in terms of semi-infinite geometry of a universal
cover L̃X of the loop space LX. One of the descriptions is given by a Morse-Smale-Bott-Novikov-
Floer complex constructed in terms of critical points of an area functional on L̃X. Its cohomology
groups (interpreted as Floer cohomology groups FH∗(L̃X) of L̃X) are isomorphic to the semi-
infinite cohomology H∞/2+∗(LX) arising naturally in the Hamiltonian formalism of a topological
two-dimensional sigma model with the target space X. In the following we will use an equivariant
version of quantum cohomology QH∗(P`) of projective spaces considered in [Gi1] (see also [CJS]
for a non-equivariant version).

We have defined the universal covering L̃X of the loop space LX as a space of maps D → X
of the disk D considered up to a homotopy preserving the image of the boundary loop S1 ⊂ D.
The group of covering transformations of the universal cover L̃X → LX is isomorphic to the
image Γ ⊂ H2(X) of the Hurewicz homomorphism π2(X) → H2(X) where H2(X) denotes integral
homology modulo torsion. Let r be the rank of Γ and C

[
Γ
] ' C[u±1

1 , . . . , u±1
r ] be its group algebra.

As a vector space the quantum cohomology QH∗(X) of X as a vector space is isomorphic to
the ordinary cohomology H∗(X, C[u±1

1 , . . . , u±1
r ]), over the group algebra C

[
Γ
] ' C[u±1

1 , . . . , u±1
r ].

Let S1 act on the loop space LX by loop rotations. For the corresponding S1-equivariant quantum
cohomology we have the following isomorphism of vector spaces:

QH∗
S1(X) = H∗(X,C[u±1

1 , . . . , u±1
r ](~)

)
,

where we use the identification

H∗
S1(pt,C) = H∗(BS1,C) = C[~],

and the standard localization of the equivariant cohomology H∗
S1(pt) with respect to the maximal

ideal generated by ~ is implied.

The quantum cohomology space QH∗
S1(X) has a natural structure of a module over an algebra

D generated by ui = exp τi, vi = −~∂/∂τi, i = 1, . . . , r. More precisely, QH∗
S1(X) as a linear space

over C(~) is generated by solutions of the system of linear differential equations

∇i f(τ) = 0, f(τ) = (f1(τ), f2(τ), . . . , fn(τ)), n = dim H∗(X), (4.1)

where the flat connection ∇ =
∑r

i=1 dτi∇i provides an action of vi on QH∗
S1(X).

The D-module QH∗
S1(P`) is of rank one. It is generated over D by an element f∗ satisfying

the relation (v`+1 − u)f∗ = 0 i.e. the quantum cohomology can be represented as QH∗(P`) '
D/(v`+1 − u). Explicitly we have the differential equation for the generator f∗(τ)

{(
− ~ ∂

∂τ

)`+1
− eτ

}
f∗(τ, ~) = 0. (4.2)

2Whittaker functions naturally arise in the description of Gromov-Witten invariants of flag spaces. In the mirror
dual description they expressed in terms of periods of top-dimensional holomorphic forms on non-compact Calabi-Yau
spaces [Gi2]. Thus, the possibility to express Whittaker functions as semi-infinite periods leads to a formulation of
the mirror symmetry as an identification of two period maps - semi-infinite and finite ones.
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The representation (4.1) arises after transformation of (4.2) to the matrix differential equation of
the first order.

The (S1 × U`+1)-equivariant analog of quantum cohomology QH∗(P`) allows for a similar rep-
resentation with the differential equation (4.2) replaced by

{ `+1∏

k=1

(
− ~ ∂

∂τ
+ λk

)
− eτ

}
f∗(τ, λ, ~) = 0. (4.3)

Lemma 4.1 The general solution of (4.3) is given by a linear combination of the integrals

f (a)(τ, λ, ~) =
∫

γa

dλ e
λτ
~

`+1∏

k=1

~
λk−λ

~ Γ
(λk − λ

~

)
, a = 1, · · · , n (4.4)

with a suitable choice of integration contours γa.

Proof: Note that the function

Q(λ, λ) =
`+1∏

k=1

~
λk−λ

~ Γ
(λk − λ

~

)
. (4.5)

obeys the difference equation

`+1∏

k=1

(
λ− λk

)
Q(λ, λ) = (−1)`+1Q(λ− ~, λ). (4.6)

Therefore, the function

f(τ, λ) =
∫

γ
dλ e

λτ
~ Q(λ, λ, ~) (4.7)

satisfies (4.3) provided the choice of the contour γ allows for an integration by parts. The contours
can be chosen is such a way that the total derivatives do not give a contribution into the integral
(4.4) 2

A particular choice of γ in (4.7) gives us a special solution of the equation (4.3)

f∗(τ, λ, ~) =

σ+ı∞∫

σ−ı∞
dλ e

λτ
~

`+1∏

k=1

~
λk−λ

~ Γ
(λk − λ

~

)
, (4.8)

where σ is such that σ < min {Re λj , j = 1, . . . , ` + 1}. This is a unique solution of (4.3) exponen-
tially decaying when τ → +∞.

Remark 4.1 In the case of ` = 1, the differential equation (4.2) is equivalent to an eigenvalue
problem for the quadratic Hamiltonian of the sl2-Toda chain. The solution given in the integral
form (4.8) coincides in this case with the Mellin-Barnes representation of the gl2-Whittaker function
(1.14) for x2 = 0 and x1 = τ .
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Replacing formally Γ-functions by infinite products over their poles one has for f∗(τ, λ, ~) the
following expression

∫
dx eτx/~

`+1∏

j=1

∞∏

n=0

1
x− λj − ~n. (4.9)

This formal representation can be interpreted using the model for cohomology of QMd(P`) dis-
cussed n Section 2.3. Naively (4.9) can be considered as an integral over LP`

+ of exp(τω/~) where
ω is an element of the second S1×U`+1-equivariant cohomology of LP`

+. Recall that we define LP`
+

on the level of cohomology as a limit of QMd(P`) when d → +∞. However a correct regularization
for (4.9) is given by (4.8) and, thus, a geometric interpretation of (4.8) implies some modification of
LP`

+. We attribute the difference between (4.9) and (4.8) to the fact that the proper interpretation
of LP`

+ as d → +∞ limit deserves more care in this case and does not coincide with a straightfor-
ward limit d → +∞ on the level of cohomology. Let us denote the corresponding hypothetically
modified limit by LP`

+.

Porblem 4.1 Find the space LP`
+ and construct equivariant (co)homology for LP`

+ in such a way
that the integral ∫

LP`
+

eτ ω/~, ω ∈ H2
S1×U`+1

(LP`
+,C)

is well-defined and is equal to f∗(τ, λ, ~) given by (4.8).

5 S1-localization

In this Section we calculate the equivariant Euler characteristic χG(QMd(P`),Lk(n)) for G = S1×
U`+1 using Borel localization for S1-action. This yields a direct relation between our construction
of q-Whittaker functions and the results of [GiL].

The character (2.23) can be calculated using an equivariant localization as follows. We have
a compact Lie group G = S1 × U`+1 acting on a projective space X = QMd(P`) ≡ P(`+1)(d+1)−1.
Recall that QMd(P`) is defined as a set of (` + 1) polynomials each of degree d considered up to
common constant factor

(
a0(y), a1(y), . . . a`(y)

) ∼ (
ρ a0(y), ρ a1(y), . . . ρ a`(y)

)
, ρ ∈ C∗,

where

ak(y) =
d∑

i=0

ak,i y
i
1 yd−i

2 , k = 0, . . . , `.

The action of an element q = eıθ of S1 on ak,j is given by

q : ak,j → qjak,j .

The line bundles Lk(n) are equivariant with respect to the action of S1. Let XS1 ⊂ X be a set of
S1-fixed points. It is a union of smooth components Yi. The Bott localization formula gives the
following expression for the equivariant Euler characteristic (2.23) (see e.g. [BGV])

χG(QMd(P`),Lk(n)) =
∑

Yi∈XS1

∫

Yi

ChG(Lk(n)|Yi)TdG(TYi)
EG(NYi)

, (5.1)
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where the sum runs over all components Yi in XS1
, NYi is the normal bundle of Yi in X, ChG(Lk(n)),

TdG(Yi) are equivariant Chern character and Todd class, and EG(NYi) is the equivariant Euler class
of NYi .

It is easy to infer that the subvarieties Yi, i = 0, . . . , ` in QMd(P`) are isomorphic to the
projective spaces P` and are defined by the equations

Yi = {ak,j = 0, j 6= i}, i = 0, . . . , `.

To calculate the action of S1 on the normal bundle to Yi we consider the intersection of Yi with
open subsets Uak,i

= {ak,i 6= 0} of QMd(P`). Natural coordinates on Uak,i
are

ξr,j = ar,j/ak,i, (r, j) 6= (k, i),

and the intersections Yi ∩ Uak,i
= {ak,i 6= 0} are defined by the equations

ξr,i = 0, r 6= k.

Thus one can take a collection of coordinates ξr,j , j 6= i as a local section of the dual to the normal
bundle NYi . The action of S1 on NYi can then be found by considering the action on section ξr,j :

ξr,j → qj−iξr,j .

Similarly, one can show that q ∈ S1 acts on the restriction of the line bundle O() on Yi by
multiplication on qn i. The fixed point formula (5.1) reduces to the following explicit expression

χG(QMd(P`),Lk(n)) =

= −
( `+1∏

j=1

zk
j

) d∑

i=0

∫

C0

dt

2πıtn+1

qni

∏`+1
j=1

∏d
m=0,m6=i(1− tzjqm−i)

1∏`+1
j=1(1− tzj)

,

where the integration contour C0 encircles the (` + 1) poles defined by the equations t = z−1
j ,

j = 1, . . . , ` + 1.

Lemma 5.1 The following identity holds for n ≥ 0
∮

C

dt

2πıtn+1

1∏`+1
j=1

∏d
m=0(1− tzjqm)

=

=
d∑

i=0

∫

C0

dt

2πıtn+1

qni

∏`+1
j=1

∏d
m=0,m6=i(1− tzjqm−i)

1∏`+1
j=1(1− tzj)

, (5.2)

where the integration contour C encircles poles defined by the equations t = z−1
j q−i, j = 1, . . . , `+1,

i = 0, . . . , d and the integration contour C0 encircles (` + 1) poles defined by the equations t = z−1
j ,

j = 1, . . . , ` + 1.

Proof: We have that

∮

C

dt

2πıtn+1

1∏`+1
j=1

∏d
m=0(1− tzjqm)

=
d∑

i=0

∫

Ci

dt

2πıtn+1

1∏`+1
j=1

∏d
m=0(1− tzjqm)

,
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where the integration contour Ci encircles (` + 1) poles defined by the equations t = z−1
j q−i,

j = 1, . . . , ` + 1. Making the change of variables t → tq−i in the r.h.s., we obtain that
∮

C

dt

2πıtn+1

1∏`+1
j=1

∏d
m=0(1− tzjqm)

=

d∑

i=0

∫

Ci

dt

2πıtn+1

1∏`+1
j=1

∏d
m=0(1− tzjqm)

=
d∑

i=0

qni

∫

C0

dt

2πıtn+1

1∏`+1
j=1

∏d
m=0(1− tzjqm−i)

2

We are going to consider a continuation of the expression (5.2) to q ∈ C∗, |q| < 1 and the limit
d →∞.

Proposition 5.1 The specialization (1.9), (1.12) of the q-deformed gl`+1-Whittaker function can
be written in the following form

Ψgl`+1
z (n, k) = 〈In,k(z) L̃(z), [P`]〉K , (5.3)

where

L̃(z, t) =
1∏`+1

j=1

∏∞
k=1(1− tzjqk)

=
`+1∏

j=1

Γq(qtzj),

In,k(z, t) =
( `+1∏

j=1

zk
j

)
t−n

∞∑

i=0

qni 1∏`+1
j=1

∏i
m=1(1− tzjq−m)

, (5.4)

and the pairing 〈 , 〉K is the standard pairing (2.19) on KU`+1
(P`) taking values in KU`+1

(pt).

The representation of the Whittaker function given in Proposition 5.1 establishes a direct con-
nection with the results of Givental-Lie [GiL]. In [GiL] the function (5.4) was interpreted as a
universal solution of the reduction (1.10) of q-deformed gl`+1-Toda chain. Indeed, the function
In,k(z, t) satisfies the eigenvalue problem

`+1∏

j=1

(1− ziT
−1) In,k(z, t) = qn In,k(z, t), (5.5)

modulo the relation
∏`+1

j=1(1 − tzj) = 0 holding in KU`+1
(P`) and is uniquely determined by the

normalization condition

In,k(z, t)|q=0 =
( `+1∏

j=1

zk
j

)
t−n, n ≥ 0.

The solution In,k(z, t) is universal in the sense that taking the pairing

〈In,k(z), f〉K = − 1
2πı

∮

C0

dt

t

In,k(z, t) f(t)∏`+1
j=1(1− zjt)

, (5.6)

with arbitrary f ∈ KU`+1
(P`) one obtains a solution (5.6) of the q-deformed reduced gl`+1-Toda

chain (1.10).
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6 Semi-infinite Todd genus and q-Gamma function

In the explicit expression for the cohomological pairing on LP`
+ conjectured in Problem 3.1 the q-

Gamma function Γq plays the role similar to the Todd genus in the analogous pairing for underlying
finite-dimensional space P`. The S1-localization discussed in the previous section reduces the
pairing of the Chern and Todd classes on LP`

+ to the paring of some cohomology classes on P`.
It is an interesting problem to interpret the resulting cohomology classes on P` in terms of some
geometric objects on P`. For example in an analogous case of S1-localization of K-theory on the
loop space LX, the elliptic genus of X arises. The corresponding elliptic cohomology is an instance
of an extraordinary cohomology theory. In this Section we discuss the result of S1-localization on
LP`

+ from the extraordinary cohomology perspective. We demonstrate that an intrinsic non-local
nature of the C∗-localization on LP`

+ obstructs a straightforward relation with the formalism of
extraordinary cohomology theories and corresponding multiplicative genera. Let us remark that
classical Γ-function was considered as a candidate for a topological genus by Kontsevich in [K].
Also a kind of Γ-genus also appeared in obviously related context in [Li], [Ho] (see also [CGi1],
[CGi2] for a discussion of formal groups in a quantum version of cobordism theory).

We first recall standard facts on multiplicative topological genera and formal group laws corre-
sponding to complex oriented cohomology theories (see e.g. [BMN]). The Hirzerbruch multiplica-
tive genus is a homomorphism ϕ : Ω∗ → R of the ring of complex cobordisms Ω∗ = Ω∗(pt) to a
ring of coefficients R. One has a Thom isomorphisms Ω∗ ⊗ Q = Q[x1, x2, · · · ], deg(xi) = −2i and
the topological genus ϕ is characterized by its values on generators xi that can be represented by
Pontryagin-Thom duals to complex projective spaces Pi. Equivalently ϕ defined over Q can be
described in terms of a one-dimensional commutative formal group law

fϕ(z, w) = eϕ(logϕ(z) + logϕ(w)), (6.1)

expressed through the logarithm function

logϕ(z) = z +
∞∑

n=1

ϕ([Pn])
n + 1

zn+1,

and its inverse eϕ(u). For instance rational cohomology and K-theory correspond to additive and
multiplicative group laws

fH(z, w) = z + w, fK(z, w) = z + w − zw.

To a genus ϕ one associates a multiplicative sequence {Φn(ci)}, deg(Φn) = n of cohomology classes

Pϕ =
∞∑

n=0

Φn(ci) =
N∏

j=1

xj

eϕ(xj)
,

and a map
X → ϕ(X) = 〈Φ(T X), [X]〉, dimC X = N.

Here T X is the tangent bundle to a manifold X, [X] is the fundamental class in the homology of
X and 〈 , 〉 is a standard pairing. The classes xi are defined in terms of Chern classes ci of T X
using a splitting of T X

c(X) = 1 +
N∑

i=1

ci(X) =
N∏

j=1

(1 + xj).
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In the case of additive and multiplicative group laws we have respectively that

PϕH (x) = 1, logϕH
(z) = z, eϕ(u) = u;

PϕK (x) =
n∏

j=1

xj

1− e−xj
, logϕK

(z) = − ln(1− z), eϕK (u) = 1− e−u .

Note that PϕK (x) defines the Todd class of T X. For example, the equivariant Riemann-Roch-
Hirzebruch theorem for a line bundle Lk(n) on P` can be represented in the following form

χU`+1
(P`,Lk(n)) =

〈
ChU(`+1)

(Lk(n)
)
TdU(`+1)(T P`), [P`]

〉
(6.2)

=
1

2πı

∮

C0

dx enx+k(λ1+...+λ`+1)
`+1∏

i=1

1
1− eλi−x

=
1

2πı

∮

C0

dx enx+k(λ1+...+λ`+1)
`+1∏

i=1

1
eϕK (x− λi)

.

Here eϕK (x) is the exponent corresponding to K-theory (see the Remark 2.2).

Using the conjectural relation in Problem 3.1, the S1×U`+1-equivariant Riemann-Roch-Hirzebruch
theorem for a trivial line bundle on LP`

+ can be represented in the form similar to (6.2) for k = n = 0

χS1×U`+1
(LP`

+,L0(0)) =
1

2πı

∮

C

dx
`+1∏

j=1

∞∏

m=0

1
1− eλj+m~−x

= (6.3)

=
1

2πı

∮

C

dx
`+1∏

i=1

1
eϕq(x− λi)

,

where C encircles all the poles x = λj + m~, j = 1, . . . , (` + 1), m ∈ Z≥0 and we used a notation

eϕq(u; ~) =
1

Γq(e−u)
=

∞∏

n=0

(
1− en~−u

)
. (6.4)

However, despite a similarity of (6.2) and (6.3) the difference in integration contours does not allow
directly to interpret eϕq(u; ~) as a topological genus corresponding to a extraordinary cohomology
theory on P`. The way to transform (6.3) into an integral over the contour C0 was discussed in
Section 5. As a result the integration contour in (6.3) can be replaces by C0 at the expense of
multiplying the integrand by the correction factor I0,0(z, e−x) (see (5.4) for explicit expression for
In,k(z, e−x)). Now we have an expression for the equivariant Euler characteristic on LP`

+ in terms
of the pairing of cohomology classes on P`. However this correction factor appears to spoil the
multiplicative property of (6.4). The underlying reason for this is the appearance of an infinite
number of copies of P` as components of fixed point set in S1-localization. Thus, the situation is
very much different from, for example, the elliptic genus (see e.g. [Se]) where the fixed point set of
S1 acting on LX is simply X itself. It is conceivable that the failure to interpret S1-localization on
LP`

+ in terms of an extraordinary topological genus implies actually the existence of a meaningful
quantum version of the an extraordinary cohomology theory formalism.

22



References

[A] M. F. Atiyah, K-theory, W. A. Benjamin, New York, 1967.

[BGV] N. Berline, E. Getzler and M. Vergne, Heat kernels and Dirac operators, Springer, 1992.

[Bra] A. Braverman, Spaces of quasi-maps into the flag varieties and their applications, Proc. ICM
2006, Madrid; arXiv:math.RT/0603454

[BF] A. Braverman and M. Finkelberg, Finite-difference quantum Toda lattice via equivariant K-
theory, Transformation Groups 10 (2005), 363–386; arXiv:math.AG/0503456.

[BMN] V. Buchstaber, A. Mishchenko, and S. Novikov, Formal groups and their role in the appa-
ratus of algebraic topology, Uspekhi Mat. Nauk 26:2 (1971), 131–154.

[CS] W. Casselman, J. Shalika, The unramified principal series of p-adic groups II. The Whittaker
function, Comp. Math. 41 (1980), 207–231.

[CGi1] T. Coates, A. Givental, Quantum Riemann-Roch, Lefschetz and Serre, Ann. Math. 165
(2007), 15–53; arXiv:math.AG/0110142.

[CGi2] T. Coates, A. Givental, Quantum Cobordisms and Formal Group Laws, in The Unity of
Mathematics In Honor of the Ninetieth Birthday of I.M. Gelfand, ed. P. Etingof, V. Retakh
and I. M. Singer, Progress in Mathematics 244 (2006), 155–171.

[CJS] R.L. Cohen, J.D.S. Jones, and G.B. Segal, Floer’s infinite dimensional Morse theory and
homotopy theory, Floer Memorial Volume, Birkhauser Verlag, Prog. in Math. 133 (1995),
287–325.

[Et] P. Etingof, Whittaker functions on quantum groups and q-deformed Toda operators,
Amer. Math. Soc. Transl. Ser.2, vol. 194, 9–25, Amer.Math.Soc., Providence, RI, 1999;
arXiv:math.QA/9901053.

[FF] B. Feigin, E. Frenkel Affine Kac-Moody algebras and semi-infinite flag manifolds, Comm.
Math. Phys. 128 (1990), 161–189.

[FFJMM] B. Feigin, E. Feigin, M. Jimbo, T. Miwa and E. Mukhin, Principal ŝl3 subspaces and
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Birkhäuser, Boston, 1998, p.141 ; arXiv:math.AG/9701016.

[GiL] A. Givental, Y.-P. Lee, Quantum K-theory on flag manifolds, finite-difference Toda lattices
and quantum groups, Invent. Math. 151 (2003), 193–219; arXiv:math.AG/0108105.

[GH] Ph. Griffiths, J. Harris, Principles of Algebraic Geometry, Wiley-Interscience, 1978.

[H] F. Hirzebruch, Topoligical methods in algebraic geometry, Springer, 1966.

[Ho] M. Hoffman, Periods of mirrors and multiple zeta values, Proc. AMS 130 (2002), 971–974.

[JK] D. Joe, B. Kim, Equivariant mirrors and the Virasoro conjecture for flag manifolds, Int.
Math. Res. Notices 2003 No. 15 (2003), 859–882; arXiv:math.AG/0210377.

[KLS] S. Kharchev, D. Lebedev, M. Semenov-Tian-Shansky, Unitary representations of
Uq(sl(2, R)), the modular double and the multiparticle q-deformed Toda chains, Comm. Math.
Phys. 225 (2002), 573–609; arXiv:hep-th/0102180.

[K] M. Kontsevich, Operads and motives in deformation quantization, Lett. Math. Phys. 48
(1999), 35–72; arXiv:math.QA/990405.

[Ku] A. Kuznetsov, Laumon’s resolution of Drinfeld’s compactification is small, Math. Res. Lett.
4 (1997) 349–364.

[La] G. Laumon, Faisceaux automorphes liés aux séries d’Eisenstein, Persp. Math 10 (1990) 227–
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