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CHARACTERISTIC CLASSES OF SINGULAR TORIC VARIETIES

LAURENŢIU MAXIM AND JÖRG SCHÜRMANN

Abstract. In this paper we compute the motivic Chern classes and homology Hirze-
bruch characteristic classes of (possibly singular) toric varieties, which in the context
of complete toric varieties fit nicely with a generalized Hirzebruch-Riemann-Roch theo-
rem. As important special cases, we obtain new (or recover well-known) formulae for the
Baum-Fulton-MacPherson Todd (or MacPherson-Chern) classes of toric varieties, as well
as for the Thom-Milnor L-classes of simplicial projective toric varieties. We present two
different perspectives for the computation of these characteristic classes of toric varieties.
First, we take advantage of the torus-orbit decomposition and the motivic properties of
the motivic Chern and resp. homology Hirzebruch classes to express the latter in terms
of dualizing sheaves and resp. the (dual) Todd classes of closures of orbits. This method
even applies to torus-invariant subspaces of a given toric variety. The obtained formula
is then applied to weighted lattice point counting in lattice polytopes and their subcom-
plexes, yielding generalized Pick-type formulae. Secondly, in the case of simplicial toric
varieties, we compute our characteristic classes by using the Lefschetz-Riemann-Roch
theorem of Edidin-Graham in the context of the geometric quotient description of such
varieties. In this setting, we define mock Hirzebruch classes of simplicial toric varieties
(which specialize to the mock Chern, mock Todd and mock L-classes of such varieties)
and investigate the difference between the (actual) homology Hirzebruch class and the
mock Hirzebruch class. We show that this difference is localized on the singular locus,
and we obtain a formula for it in which the contribution of each singular cone is identified
explicitly. Finally, the two methods of computing characteristic classes are combined for
proving several characteristic class formulae originally obtained by Cappell and Shaneson
in the early 1990s.
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1. Introduction

Toric varieties admit several equivalent descriptions which arise naturally in many math-
ematical areas, including symplectic geometry, algebraic geometry, theoretical physics,
commutative algebra, etc. These perspectives, combined with intimate connections to
pure and applied topics such as integer programming, representation theory, geometric
modeling, algebraic topology, and combinatorics, lend toric varieties their importance,
especially in view of their concreteness as examples.

A d-dimensional toric variety X is an irreducible normal variety on which the complex
d-torus acts with an open orbit, e.g., see [23, 24, 29, 48]. Toric varieties arise from combi-
natorial objects called fans, which are collections of cones in a lattice. Toric varieties are
of interest both in their own right as algebraic varieties, and for their application to the
theory of convex polytopes. For instance, Danilov [24] used the Hirzebruch-Riemann-Roch
theorem to establish a direct connection between the Todd classes of toric varieties and
the problem of counting the number of lattice points in a convex polytope. Thus, the
problem of finding explicit formulae for characteristic classes of toric varieties is of interest
not only to topologists and algebraic geometers, but also to combinatorists, programmers,
etc.

Let X = XΣ be the toric variety associated to a fan Σ in a d-dimensional lattice N of
Rd. We say that X is simplicial if the fan is simplicial, i.e., each cone σ of Σ is spanned by
linearly independent elements of the lattice N . If, moreover, each cone σ of Σ is smooth
(i.e., generated by a subset of a Z-basis for the lattice N), the corresponding toric variety
XΣ is smooth. Denote by Σ(i) the set of i-dimensional cones of Σ. One-dimensional cones
ρ ∈ Σ(1) are called rays. For each ray ρ ∈ Σ(1), we denote by uρ the unique generator
of the semigroup ρ ∩ N . The {uρ}ρ∈σ(1) are the generators of σ. To each cone σ ∈ Σ
there corresponds a subvariety Vσ of XΣ, which is the closure of the orbit Oσ of σ under
the torus action. Each Vσ is itself a toric variety of dimension d − dim(σ). The singular
locus of XΣ is

⋃
Vσ, the union being taken over all singular cones σ ∈ Σsing in the fan

Σ. Moreover, any toric variety is Cohen-Macaulay and has only rational singularities. A
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simplicial toric variety has only (abelian) quotient singularities and is therefore a rational
homology manifold satisfying Poincaré duality over Q.

In this paper, we compute several characteristic classes of (possibly singular) toric vari-
eties. More concretely, we compute the motivic Chern class mCy(XΣ), and the homology

Hirzebruch classes, both the normalized T̂y∗(XΣ) and the un-normalized Ty∗(XΣ), of such
a toric variety XΣ. These characteristic classes depending on a parameter y are defined
in G0(X)[y] and resp. H∗(XΣ) ⊗ Q[y], where G0(X) is the Grothendieck group of coher-
ent sheaves, and for H∗(−) one can use either the Chow group CH∗ or the even degree
Borel-Moore homology group HBM

2∗ .
By a result of Ishida [36], the motivic Chern class of a toric variety XΣ is computed as

(1.1) mCy(XΣ) =
d∑
p=0

[Ω̃p
XΣ

] · yp ∈ G0(X)[y],

where the Ω̃p
XΣ

denote the corresponding sheaves of Zariski differential forms. In fact,
this formula holds even for a torus-invariant closed algebraic subset X := XΣ′ ⊆ XΣ (i.e.,
a closed union of torus-orbits) corresponding to a star-closed subset Σ′ ⊆ Σ, with the

sheaves of differential p-forms Ω̃p
X as introduced by Ishida [36]. Most of our results will

apply to this more general context.
The un-normalized homology Hirzebruch class of such a torus-invariant closed algebraic

subset X := XΣ′ is defined as

(1.2) Ty∗(X) := td∗ ◦mCy(X) =
d′∑
p=0

td∗([Ω̃
p
X ]) · yp,

with d′ = dim(X) and td∗ : G0(−) → H∗(−) ⊗ Q the Todd class transformation of

[4, 30]. The normalized Hirzebruch class T̂y∗(X) is obtained from Ty∗(X) by multiplying
by (1 + y)−k on the degree k-part Ty,k(X) ∈ Hk(X), k ≥ 0.

The degree of these characteristic classes for compact X := XΣ′ recovers the χy-genus of
X defined in terms of the Hodge filtration of Deligne’s mixed Hodge structure on H∗c (X,C):∑

j,p

(−1)j dimC GrpFH
j
c (X,C) (−y)p =: χy(X)

=
∑
p≥0

χ(X, Ω̃p
X)yp =

∫
X

Ty∗(X) =

∫
X

T̂y∗(X).
(1.3)

The homology Hirzebruch classes, defined by Brasselet-Schürmann-Yokura in [10], have
the virtue of unifying several other known characteristic class theories for singular varieties.

For example, by specializing the parameter y in the normalized Hirzebruch class T̂y∗ to the
value y = −1, our results for Hirzebruch classes translate into formulae for the (rational)

MacPherson-Chern classes c∗(X) = T̂−1∗(X). By letting y = 0, we get formulae for

the Baum-Fulton-MacPherson Todd classes td∗(X) = T̂0∗(X) of a torus-invariant closed
algebraic subset X of a toric variety, since by [36], such spaces only have Du Bois type
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singularities (i.e., OX ' Ω̃0
X). In particular, χ0(X) = χ(X,OX) is the arithmetic genus in

case X is also compact. Moreover, for simplicial projective toric varieties or compact toric
manifolds XΣ, we have for y = 1 the following identification of the Thom-Milnor L-classes

L∗(XΣ) = T̂1∗(XΣ).

Conjecturally, the last equality should hold for a complete simplicial toric variety. The
Thom-Milnor L-classes L∗(X) ∈ H2∗(X,Q) are only defined for a compact rational ho-
mology manifold X, i.e., in our context for a complete simplicial toric variety.

We present two different perspectives for the computation of these characteristic classes
of toric varieties and their torus invariant closed algebraic subsets.

Motivic Chern and Hirzebruch classes via orbit decomposition.
First, we take advantage of the torus-orbit decomposition of a toric variety together with
the motivic properties of these characteristic classes to express the motivic Chern and
resp. homology Hirzebruch classes in terms of dualizing sheaves and resp. the (dual)
Todd classes of closures of orbits. We prove the following result (see Theorem 3.3 and
Theorem 3.5):

Theorem 1.1. Let XΣ be the toric variety defined by the fan Σ, and X := XΣ′ ⊆ XΣ a
torus-invariant closed algebraic subset defined by a star-closed subset Σ′ ⊆ Σ. For each
cone σ ∈ Σ with corresponding orbit Oσ, denote by kσ : Vσ ↪→ X the inclusion of the orbit
closure. Then the motivic Chern class mC∗(X) is computed by:

(1.4) mCy(X) =
∑
σ∈Σ′

(1 + y)dim(Oσ) · (kσ)∗[ωVσ ],

and, similarly, the un-normalized homology Hirzebruch class Ty∗(XΣ) is computed by the
formula:

Ty∗(X) =
∑
σ∈Σ′

(1 + y)dim(Oσ) · (kσ)∗td∗([ωVσ ])

=
∑
σ∈Σ′

(−1− y)dim(Oσ) · (kσ)∗ (td∗(Vσ)∨) .
(1.5)

Here ωVσ is the canonical sheaf of Vσ and the duality (−)∨ acts by multiplication by (−1)i

on the i-th degree homology part Hi(−). The normalized Hirzebruch class T̂y∗(X) is given
by:

(1.6) T̂y∗(X) =
∑
σ∈Σ′,i

(−1− y)dim(Oσ)−i · (kσ)∗tdi(Vσ).

These results should be seen as characteristic class versions of the well-known formula

(1.7) χy(X) =
∑
σ∈Σ′

(−1− y)dim(Oσ)

for the χy-genus of a toric variety, resp. its torus-invariant closed algebraic subsets, which
one recovers for compact X by taking the degree in (1.5) or (1.6) above, as

∫
Vσ
td0(Vσ) = 1.
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For a far-reaching generalization of this χy-genus formula to elliptic genera of complete
toric manifolds, see [9].

Letting, moreover, y = −1, 0, 1 in (1.5) and (1.6), we obtain as special cases the following
formulae:

Corollary 1.2. (Chern, Todd and L-classes)
Let XΣ be the toric variety defined by the fan Σ, and X := XΣ′ ⊆ XΣ a torus-invariant
closed algebraic subset defined by a star-closed subset Σ′ ⊆ Σ. For each cone σ ∈ Σ with
corresponding orbit Oσ, denote by kσ : Vσ ↪→ X the inclusion of the orbit closure.
(a) (Ehler’s formula) The (rational) MacPherson-Chern class c∗(X) is computed by:

(1.8) c∗(X) =
∑
σ∈Σ′

(kσ)∗tddim(Oσ)(Vσ) =
∑
σ∈Σ′

(kσ)∗[Vσ].

(b) The Todd class td∗(X) of X is computed by:

(1.9) td∗(X) =
∑
σ∈Σ′

(kσ)∗td∗([ωVσ ]) =
∑
σ∈Σ′

(−1)dim(Oσ) · (kσ)∗ (td∗(Vσ)∨) .

(c) The classes T1∗(X) and T̂1∗(X) are computed by:

(1.10) T1∗(X) =
∑
σ∈Σ′

2dim(Oσ) · (kσ)∗td∗([ωVσ ]) =
∑
σ∈Σ′

(−2)dim(Oσ) · (kσ)∗ (td∗(Vσ)∨)

and

(1.11) T̂1∗(X) =
∑
σ∈Σ′,i

(−2)dim(Oσ)−i · (kσ)∗tdi(Vσ).

Here T1∗(XΣ) = LAS∗ (XΣ) is the Atiyah-Singer L-class for XΣ a compact toric manifold,

and T̂1∗(XΣ) = L∗(XΣ) is the Thom-Milnor L-class for XΣ a compact toric manifold or a
simplicial projective toric variety.

For the last identification of T̂1∗-classes with the Thom-Milnor L-classes we make use of
a recent result of [32] which asserts that simplicial projective toric varieties can be realized
as global quotients of a (projective) manifold by a finite algebraic group action, so that we
can apply a corresponding result from [17]. Conjecturally, this identification should hold
for a complete simplicial toric variety. Taking the degree in (1.11), we get the following
description of the signature sign(XΣ) of a compact toric manifold or a simplicial projective
toric variety XΣ (compare also with [47], and in the smooth case also with [48][Thm.3.12]):

(1.12) sign(XΣ) = χ1(XΣ) =
∑
σ∈Σ

(−2)dim(Oσ).

Also note that Ehler’s formula for the MacPherson-Chern class c∗(XΣ) of a toric variety
XΣ (even with integer coefficients) is due to [1, 5]. Theorem 1.1 should be seen as a
counterpart of Ehler’s formula for the motivic Chern and Hirzebruch classes. In fact,
our proof of Theorem 1.1 follows closely the strategy of Aluffi [1] for his proof of Ehler’s
formula. Formula (1.9) for the Todd class td∗(X) of a torus-invariant closed algebraic
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subset of a toric variety XΣ is (to our knowledge) completely new, and is obtained here
from the motivic nature of the Hirzebruch classes via the identification td∗(X) = T0∗(X)
(which uses the fact that such a space has only Du Bois singularities, cf. [36]).

Moreover, in the case of a toric variety XΣ (i.e., Σ′ = Σ), one gets from (1.9) and (1.10)
by using a “duality argument” also the following formulae:

(1.13) td∗([ωXΣ
]) =

∑
σ∈Σ

(−1)codim(Oσ) · (kσ)∗td∗(Vσ)

and in the simplicial context (see Proposition 3.10):

(1.14) T1∗(XΣ) = (−1)dim(XΣ) · (T1∗(XΣ))∨ =
∑
σ∈Σ

(−1)dim(XΣ) · (−2)dim(Oσ) · (kσ)∗td∗(Vσ).

The above formulae calculate the homology Hirzebruch classes (and, in particular, the
Chern, Todd and L-classes, respectively) of singular toric varieties in terms of the Todd
classes of closures of torus orbits. Therefore, known results about Todd classes of toric
varietes (e.g., see [3, 6, 13, 14, 31, 46, 49, 50, 51, 52]) also apply to these other characteristic
classes: in particular, Todd class formulae satisfying the so-called Danilov condition, as
well as the algorithmic computations from [3, 51]. As it will be discussed later on, in
the simplicial context these Todd classes can also be computed by using the Lefschetz-
Riemann-Roch theorem of [27] for geometric quotients.

Weighted lattice point counting.
Let M be a lattice and P ⊂MR ∼= Rd be a full-dimensional lattice polytope with associated
projective toric variety XP and ample Cartier divisor DP . By the classical work of Danilov
[24], the (dual) Todd classes of XP can be used for counting the number of lattice points
in (the interior of) a lattice polytope P :

|P ∩M | =
∫
XP

ch(OXP (DP )) ∩ td∗(XP ) =
∑
k≥0

1

k!

∫
XP

[DP ]k ∩ tdk(XP ),

|Int(P ) ∩M | =
∫
XP

ch(OXP (DP )) ∩ td∗([ωXP ]) =
∑
k≥0

(−1)d

k!

∫
XP

[−DP ]k ∩ tdk(XP ),

as well as the coefficients of the Ehrhart polynomial of P counting the number of lattice
points in the dilated polytope `P := {` · u | u ∈ P} for a positive integer ` (see Section
2.5 for details):

EhrP (`) := |`P ∩M | =
d∑

k=0

ak`
k,

with

ak =
1

k!

∫
XP

[DP ]k ∩ tdk(XP ).
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In the special case of a lattice polygon P ⊂ R2, the Todd class of the corresponding
surface XP is given by the well-known formula (e.g., see [29][p.130])

(1.15) td∗(XP ) = [XP ] +
1

2

∑
ρ∈ΣP (1)

[Vρ] + [pt],

where ΣP denotes the fan associated to P . So by evaluating the right-hand side of the
above lattice point counting formula for P , one gets the classical Pick’s formula:

(1.16) |P ∩M | = Area(P ) +
1

2
|∂P ∩M |+ 1,

where Area(P ) is the usual Euclidian area of P .
As a direct application of Theorem 1.1, we show that the un-normalized homology

Hirzebruch classes are useful for lattice point counting with certain weights, reflecting the
face decomposition

P =
⋃
Q�P

Relint(Q).

In more detail, we prove the following generalized Pick-type formulae (see Theorem 4.1,
and compare also with [2] and [42]):

Theorem 1.3. Let M be a lattice of rank d and P ⊂ MR ∼= Rd be a full-dimensional
lattice polytope with associated projective toric variety XP and ample Cartier divisor DP .
In addition, let X := XP ′ be a torus-invariant closed algebraic subset of XP corresponding
to a polytopal subcomplex P ′ ⊆ P (i.e., a closed union of faces of P ). Then the following
formula holds:

(1.17)
∑
Q�P ′

(1 + y)dim(Q) · |Relint(Q) ∩M | =
∫
X

ch(OXP (DP )|X) ∩ Ty∗(X),

where the summation on the left is over the faces Q of P ′, | − | denotes the cardinality of
sets and Relint(Q) the relative interior of a face Q.

Corollary 1.4. The Ehrhart polynomial of the polytopal subcomplex P ′ ⊆ P as above,
counting the number of lattice points in the dilated complex `P ′ := {` · u | u ∈ P ′} for a
positive integer `, is computed by:

EhrP ′(`) := |`P ′ ∩M | =
d′∑
k=0

ak`
k,

with

ak =
1

k!

∫
X

[DP |X ]k ∩ tdk(X),

and X := XP ′ the corresponding d′-dimensional torus-invariant closed algebraic subset of
XP .
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Note that EhrP ′(0) = a0 =
∫
X
td∗(X) can be computed on the combinatorial side by

formula (1.7) as the Euler characteristic of P ′, while on the algebraic geometric side it is
given by the arithmetic genus of X := XP ′ :

(1.18) χ(P ′) :=
∑
Q�P ′

(−1)dimQ = χ0(X) =

∫
X

td∗(X) = χ(X,OX).

Moreover, by using the duality formula (1.14), we also have (see formula (4.6)):

Theorem 1.5. If XP is the simplicial projective toric variety associated to a simple poly-
tope P , with corresponding ample Cartier divisor DP , then the following formula holds:

(1.19)
∑
Q�P

(
−1

2

)codim(Q)

· |Q ∩M | =
∫
XP

ch(OXP (DP )) ∩
(

1

2

)dim(XP )

· T1∗(XP ).

Note that if XP is smooth (i.e., P is a Delzant lattice polytope), the un-normalized
Hirzebruch class T1∗(XP ) corresponds under Poincaré duality to the characteristic class
of the tangent bundle defined in terms of Chern roots by the un-normalized power series

α/ tanh(α
2
), so that

(
1
2

)dim(XP ) · T1∗(XP ) corresponds to the characteristic class of the
tangent bundle defined in terms of Chern roots by the normalized power series α

2
/ tanh(α

2
).

Therefore (1.19) extends the result of [28][Corollary 5] for Delzant lattice polytopes to
the more general case of simple lattice polytopes. Our approach is very different from the
techniques used in [28] for projective toric manifolds, which are based on virtual subman-
ifolds Poincaré dual to cobordism characteristic classes of the projective toric manifold.

Example 1.6. Parametrized Pick’s formula for lattice polygones
In the special case of a lattice polygon P ⊂ R2 (which is always simple, by definition), the
un-normalized homology Hirzebruch class Ty∗(XP ) of the corresponding projective surface
XP is given by (see Remark 5.15)

(1.20) Ty∗(XP ) = (1 + y)2 · [XP ] +
1− y2

2

∑
ρ∈ΣP (1)

[Vρ] + χy(XP ) · [pt],

where ΣP denotes as before the fan associated to P . So, by evaluating the right-hand
side of the above weighted lattice point counting formula (1.17), we obtain the following
parametrized version of the classical Pick’s formula (1.16):

(1 + y)2 · |Int(P ) ∩M |+ (1 + y) ·
∑
F

|Relint(F ) ∩M |+ v

= (1 + y)2 · Area(P ) +
1− y2

2
|∂P ∩M |+ χy(P ),

(1.21)

where F runs over the facets (i.e., boundary segments) of P , v denotes the number of
vertices of P , and

χy(P ) := (1 + y)2 − (1 + y) · |{F}|+ v = χy(XP ).
8



By specializing (1.21) to y = 0, we recover Pick’s formula (1.16), since χ0(P ) = 1. Simi-
larly, by letting y = 1 and dividing by 4, formula (1.21) translates into:

|Int(P ) ∩M |+ 1

2
·
∑
F

|Relint(F ) ∩M |+ v

4
= Area(P ) +

4− v
4

,

with 4 − v = χ1(P ) = sign(XP ). This is easily seen to be equivalent to Pick’s formula
(1.16), compare also with [28][Introduction]. Moreover, by using formula (1.19) we get the
following identity (see also [28][eqn.(7)]):

|P ∩M | − 1

2
·
∑
F

|F ∩M |+ v

4
= Area(P ) +

4− v
4

,

which is yet another re-writing of Pick’s formula. Finally, it can be easily seen that the
parametrized Pick formula (1.21) is itself equivalent to the classical Pick formula (1.16).

Generalized toric Hirzebruch-Riemann-Roch.
By using a well-known “module property” of the Todd class transformation td∗, one obtains
the following:

Theorem 1.7. (generalized toric Hirzebruch-Riemann-Roch)
Let XΣ be the toric variety defined by the fan Σ, and X := XΣ′ ⊆ XΣ be a torus-invariant
closed algebraic subset of dimension d′ defined by a star-closed subset Σ′ ⊆ Σ. Let D be a
fixed Cartier divisor on X. Then the (generalized) Hirzebruch polynomial of D:

(1.22) χy(X,OX(D)) :=
d′∑
p=0

χ(X, Ω̃p
X ⊗OX(D)) · yp,

with Ω̃p
X the corresponding Ishida sheaf of p-forms, is computed by the formula:

(1.23) χy(X,OX(D)) =

∫
X

ch(OX(D)) ∩ Ty∗(X).

By combining the above formula with Theorem 1.3, we get the following combinatorial
description (compare with [42] for another approach to this result in the special case
Σ′ = Σ):

Corollary 1.8. Let M be a lattice of rank d and P ⊂ MR ∼= Rd be a full-dimensional
lattice polytope with associated projective simplicial toric variety X = XP and ample
Cartier divisor DP . In addition, let X := XP ′ be a torus-invariant closed algebraic subset
of XP corresponding to a polytopal subcomplex P ′ ⊆ P (i.e., a closed union of faces of P ).
Then the following formula holds:

(1.24) χy(X,OX(DP |X)) =
∑
Q�P ′

(1 + y)dim(Q) · |Relint(Q) ∩M |.

Hirzebruch classes of simplicial toric varieties via Lefschetz-Riemann-Roch.
It is known that simplicial toric varieties have an intersection theory, provided that Q-
coefficients are used. The generators of the rational cohomology (or Chow) ring are the
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classes [Vρ] defined by the Q-Cartier divisors corresponding to the rays ρ ∈ Σ(1) of the fan
Σ. So it natural to try to express all characteristic classes in the simplicial context in terms
of these generators. This brings us to our second computational method, which employs
the Lefschetz-Riemann-Roch theorem for the geometric quotient realization XΣ = W/G
of such simplicial toric varieties (without a torus factor). In fact, here one can also use
other such quotient presentations of XΣ in terms of a stacky fan in the sense of Borison-
Chen-Smith [8]. In the case of the Cox construction, this approach was already used
by Edidin-Graham [27] for the computation of Todd classes of simplicial toric varieties,
extending a corresponding result of Brion-Vergne [13] for complete simplicial toric varieties
(compare also with [34] for a related approach using Kawasaki’s orbifold Riemann-Roch
theorem, with applications to Euler-MacLaurin formulae).

In this paper, we enhance the calculation of Edidin-Graham [27] to the homology Hirze-
bruch classes, based on the description (1.2) of the un-normalized Hirzebruch classes in
terms of the sheaves of Zariski p-forms (see Theorem 5.4):

Theorem 1.9. The normalized Hirzebruch class of a simplicial toric variety X = XΣ is
given by:

(1.25) T̂y∗(X) =

∑
g∈GΣ

∏
ρ∈Σ(1)

[Vρ] ·
(
1 + y · aρ(g) · e−[Vρ](1+y)

)
1− aρ(g) · e−[Vρ](1+y)

 ∩ [X] .

For more details, especially for the definition of GΣ and aρ(g), we refer to Theorem 5.4.
Here we only point out that GΣ ⊂ G is the set of group elements having fixed-points in
the Cox quotient realization XΣ = W/G.

Example 1.10. Weighted projective spaces
Consider the example of a d-dimensional weighted projective space XΣ = P(q0, . . . , qd) :=
(Cd+1 \ {0})/G, with G ' C∗ acting with weights (q0, . . . , qd). By [53][Thm.1.26], we
can assume that the weights are reduced, i.e., 1 = gcd(q0, . . . , qj−1, qj+1, . . . qd), for all
j = 0, . . . , d, so that this quotient realization is the Cox construction. The normalized
Hirzebruch class is then computed by (see Example 5.9):

(1.26) T̂y∗(XΣ) =

(∑
λ∈GΣ

d∏
j=0

qjT ·
(
1 + y · λqj · e−qj(1+y)T

)
1− λqj · e−qj(1+y)T

)
∩ [XΣ] ,

with

GΣ :=
d⋃
j=0

{λ ∈ C∗ | λqj = 1}

and T =
[Vj ]

qj
∈ H2(XΣ;Q), j = 0, . . . , d, the distinguished generator of the rational

cohomology ring H∗(XΣ;Q) ' Q[T ]/(T d+1). The un-normalized Hirzebruch class of XΣ is
obtained from the above formula (1.26) by substituting T for (1 +y)T and (1 +y)d · [X] in
place of [X]. The resulting formula recovers Moonen’s calculation in [42][p.176] (see also
[17][Ex.1.7]).
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By specializing to y = 0, one recovers from (1.25) exactly the result of Edidin-Graham

[27] for the Todd class td∗(X) = T̂0∗(X) of X. Moreover, in the case of a smooth toric
variety one has GΣ = {id}, with all aρ(id) = 1. In particular, we also obtain formulae
for the Hirzebruch classes of smooth toric varieties, in which the generators [Vρ] (ρ ∈
Σ(1)) behave like the Chern roots of the tangent bundle of XΣ (except that we may have
|Σ(1)| > dim(XΣ)):

Corollary 1.11. The normalized Hirzebruch class of a smooth toric variety X = XΣ is
given by:

(1.27) T̂y∗(X) =

 ∏
ρ∈Σ(1)

[Vρ] ·
(
1 + y · e−[Vρ](1+y)

)
1− e−[Vρ](1+y)

 ∩ [X] .

Mock Hirzebruch classes.
Following the terminology from [19, 49], we define the (normalized) mock Hirzebruch class

T̂
(m)
y∗ (X) of a simplicial toric variety X = XΣ to be the class computed using the formula

(1.27). Similarly, by taking the appropriate polynomials in the [Vρ]’s, one can define
mock Todd classes (see [49]), mock Chern classes and mock L-classes, all of which are
specializations of the mock Hirzebruch class obtained by evaluating the parameter y at
−1, 0, and 1, respectively.

In Section 5.4, we investigate the difference T̂y∗(X)− T̂ (m)
y∗ (X) between the actual (nor-

malized) Hirzebruch class and the mock Hirzebruch class of a simplicial toric variety
X = XΣ. We show that this difference is localized on the singular locus, and we obtain
a formula for it in which the contribution of each singular cone σ ∈ Σsing is identified
explicitly. We prove the following (see Theorem 5.14 and Remark 5.15):

Theorem 1.12. The normalized homology Hirzebruch class of a simplicial toric variety
X = XΣ is computed by the formula:

(1.28) T̂y∗(X) = T̂ (m)
y∗ (X) +

∑
σ∈Σsing

Ay(σ) ·
(

(kσ)∗T̂
(m)
y∗ (Vσ)

)
,

with kσ : Vσ ↪→ X denoting the orbit closure inclusion, and

(1.29) Ay(σ) :=
1

mult(σ)
·
∑
g∈G◦σ

∏
ρ∈σ(1)

1 + y · aρ(g) · e−[Vρ](1+y)

1− aρ(g) · e−[Vρ](1+y)
.

Here, the numbers aρ(g) are roots of unity of order mult(σ), different from 1. In particular,
since X is smooth in codimension one, we get:

(1.30) T̂y∗(X) = [X] +
1− y

2

∑
ρ∈Σ(1)

[Vρ] + lower order homological degree terms.

The corresponding mock Hirzebruch classes T̂
(m)
y∗ (Vσ) of orbit closures in (1.28) can be

regarded as tangential data for the fixed point sets of the action in the geometric quotient
description of XΣ, whereas the coefficient Ay(σ) encodes the normal data information.
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It should be noted that in the above coefficient Ay(σ) only the cohomology classes [Vρ]
depend on the fan Σ, but the multiplicity mult(σ) and the character aρ : Gσ → C∗ depend
only on rational simplicial cone σ (and not on the fan Σ nor the group G from the Cox
quotient construction). In fact, these can be given directly as follows. For a k-dimensional
rational simplicial cone σ generated by the rays ρ1, . . . , ρk one defines the finite abelian
group Gσ := Nσ/(u1, . . . , uk) as the quotient of the sublattice Nσ of N spanned by the
points in σ ∩ N modulo the sublattice (u1, . . . , uk) generated by the ray generators uj
of ρj. Then |Gσ| = mult(σ) is just the multiplicity of σ, with mult(σ) = 1 exactly in
case of a smooth cone. Let mi ∈ Mσ for 1 ≤ i ≤ k be the unique primitive elements
in the dual lattice Mσ of Nσ satisfying 〈mi, uj〉 = 0 for i 6= j and 〈mi, ui〉 > 0, so that
the dual lattice M ′

σ of (u1, . . . , uk) is generated by the elements
mj

〈mj ,uj〉 . Then aρj(g) for

g = n+ (u1, . . . , uk) ∈ Gσ is defined as

aρj(g) := exp
(
2πi · γρj(g)

)
, with γρj(g) :=

〈mj, n〉
〈mj, uj〉

.

Moreover,

G◦σ := {g ∈ Gσ| aρj(g) 6= 1 for all 1 ≤ j ≤ k}.
Finally, using the parallelotopes

Pσ := {
k∑
i=1

λiui| 0 ≤ λi < 1} and P ◦σ := {
k∑
i=1

λiui| 0 < λi < 1},

we also have G◦σ ' N ∩ P ◦σ via the natural bijection Gσ ' N ∩ Pσ.

Note that for y = −1 one gets by A−1(σ) = |G◦σ |
mult(σ)

an easy relation between Ehler’s

formula (1.8) for the MacPherson Chern class and the mock Chern class of a toric variety
which is given by

c(m)
∗ (XΣ) :=

 ∏
ρ∈Σ(1)

(1 + [Vρ])

 ∩ [XΣ] =
∑
σ∈Σ

1

mult(σ)
· [V (σ)].

Similarly, the top-dimensional contribution of a singular cone σ ∈ Σsing in formula (1.28)
is computed by

(1.31)
1

mult(σ)
·
∑
g∈G◦σ

 ∏
ρ∈σ(1)

1 + y · aρ(g)

1− aρ(g)

 · [Vσ],

which for an isolated singularity Vσ = {pt} is already the full contribution. For a singular
cone of smallest codimension, we have that G◦σ = Gσ\{id} and Gσ is cyclic of order
mult(σ), so that aρ(g) (g ∈ G◦σ) are primitive roots of unity. Specializing further to y = 0
(resp. y = 1) we recover the correction factors for Todd (and resp. L-) class formulae of
toric varieties appearing in [3, 13, 31, 49, 50]) (resp. [57] in the case of weighted projective
spaces) also in close relation to (generalized) Dedekind (resp. cotangent) sums.
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Moreover, for y = 1, we get for a projective simplicial toric variety XΣ the correction
terms of the singular cones for the difference between the Thom-Milnor and resp. the
mock L-classes of XΣ (where the mock L-classes are used implicitly in [47]). In particular,
the equality

sign(XΣ) =

∫
XΣ

L(m)
∗ (XΣ)

used in [47] and [28][Ex.1] holds in general only for a smooth projective toric variety.

Example 1.13. Weighted projective spaces, revisited.
Consider the example of a d-dimensional weighted projective space XΣ = P(1, . . . , 1,m)
with weights (1, . . . , 1,m) and m > 1. This is a projective simplicial toric variety which
has exactly one isolated singular point for d ≥ 2. Formula (1.28) becomes in this case (see
Example 5.16):

(1.32) T̂y∗(XΣ) = T̂ (m)
y∗ (XΣ) +

1

m

∑
λm=1,λ 6=1

(
1 + λy

1− λ

)d
· [pt] .

In particular, for y = 1, we get:

sign(XΣ) =

∫
XΣ

L(m)
∗ (XΣ) +

1

m

∑
λm=1,λ 6=1

(
1 + λ

1− λ

)d
,

and it can be easily seen that the correction factor does not vanish in general, e.g., for
d = 2, the last sum is given by∑

λm=1,λ 6=1

(
1 + λ

1− λ

)2

= −1

3
(m− 1)(m− 2),

see [33][p.7]. Similarly, for y = 0, we obtain for the arithmetic genus

χ0(XΣ) =

∫
XΣ

td(m)
∗ (XΣ) +

1

m

∑
λm=1,λ 6=1

(
1

1− λ

)d
,

where the last sum is given for d = 2 by:∑
λm=1,λ 6=1

(
1

1− λ

)2

= −(m− 1)(m− 5)

12
,

see [33][p.4].

The characteristic class formulae of Cappell-Shaneson.
In Section 6, we combine the two computational perspectives described above for proving
several formulae originally obtained by Cappell and Shaneson in the early 1990s, see
[19, 56].

The following formula (in terms of L-classes) appeared first in Shaneson’s 1994 ICM
proceeding paper, see [56][(5.3)].
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Theorem 1.14. Let the T -class of a d-dimensional simplicial toric variety X be defined
as

(1.33) T∗(X) :=
d∑

k=0

2d−k · tdk(X).

For any cone σ ∈ Σ, let kσ : Vσ ↪→ X be the inclusion of the corresponding orbit closure.
Then the following holds:

(1.34) T∗(X) =
∑
σ∈Σ

(kσ)∗T̂1∗(Vσ).

Recall here that the identification L∗(XΣ) = T̂1∗(XΣ) holds for a simplicial projective
toric variety or a compact toric manifold. Conjecturally, this equality should hold for any
complete simplicial toric variety.

While Cappell-Shaneson’s method of proof of the above result uses mapping formulae
for Todd and L-classes in the context of resolutions of singularities, our approach relies
on Theorem 1.1, i.e., on the additivity properties of the motivic Hirzebruch classes.

The above theorem suggests the following definition of mock T -classes (cf. [19, 56]) in

terms of mock L-classes L
(m)
∗ (X) = T̂

(m)
1∗ (X) of a simplicial toric variety X = XΣ (and

similarly for the orbit closures Vσ):

(1.35) T (m)
∗ (X) :=

∑
σ∈Σ

(kσ)∗L
(m)
∗ (Vσ).

Then, by using Theorem 1.14, we have as in [19][Theorem 4] the following expression
for the T -classes (which are, in fact, suitable renormalized Todd classes) in terms of mock
T - and resp. mock L-classes, with Ay(σ) as in (1.29):

Theorem 1.15. Let X = XΣ be a simplicial toric variety. Then in the above notations
we have that:

(1.36) T∗(X) = T (m)
∗ (X) +

∑
σ∈Σsing

A1(σ) · (kσ)∗T
(m)
∗ (Vσ) .

While Cappell-Shaneson’s approach to the above result uses induction and Atiyah-
Singer (resp. Hirzebruch-Zagier) type results for L-classes in the local orbifold description
of toric varieties, we use the specialization of Theorem 1.12 to the value y = 1, which is
based on Edidin-Graham’s Lefschetz-Riemann-Roch theorem in the context of the Cox
global geometric quotient construction.

Finally, the following renormalization of the result of Theorem 1.15 in terms of coeffi-
cients

α(σ) :=
1

mult(σ)
·
∑
g∈G◦σ

∏
ρ∈σ(1)

1 + aρ(g) · e−[Vρ]

1− aρ(g) · e−[Vρ]

=
1

mult(σ)
·
∑
g∈G◦σ

∏
ρ∈σ(1)

coth

(
πi · γρ(g) +

1

2
[Vρ]

)(1.37)

14



fits better with the corresponding Euler-MacLaurin formulae (see [20][Thm.2], [56][Sect.6]),
with α({0}) := 1 and α(σ) := 0 for any other smooth cone σ ∈ Σ.

Corollary 1.16. Let X = XΣ be a simplicial toric variety. Then we have:

(1.38) td∗(X) =
∑
σ∈Σ

α(σ) ·

 ∑
{τ |σ�τ}

mult(τ)
∏
ρ∈τ(1)

1

2
[Vρ]

∏
ρ/∈τ(1)

1
2
[Vρ]

tanh(1
2
[Vρ])

 ∩ [X].

However, in this paper we only focus on geometric results for characteristic classes of
(simplicial) toric varieties. The relation with the corresponding Euler-MacLaurin formulae
will be discussed elsewhere.
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2. Preliminaries

2.1. Motivic Chern and Homology Hirzebruch classes of singular varieties. In
this section, we recall the construction and main properties of the motivic Chern and
Hirzebruch classes of singular complex algebraic varieties, as developed in [10] (but see
also [55]).

2.1.1. Motivic Chern and Hirzebruch classes. For a given complex algebraic variety X, let
K0(var/X) be the relative Grothendieck group of complex algebraic varieties over X as
introduced and studied by Looijenga [40] and Bittner [7] in relation to motivic integration.
Here a complex variety is a separated scheme of finite type over spec(C). K0(var/X) is the
quotient of the free abelian group of isomorphism classes of algebraic morphisms Y → X
to X, modulo the “additivity” relation generated by

[Y → X] = [Z → Y → X] + [Y \Z → Y → X]

for Z ⊂ Y a closed complex algebraic subvariety of Y . Taking Z = Yred we see that
these classes depend only on the underlying reduced spaces. By resolution of singularities,
K0(var/X) is generated by classes [Y → X] with Y smooth, pure dimensional and proper
over X. Moreover, for any morphism f : X ′ → X we get a functorial pushdown:

f! : K0(var/X ′)→ K0(var/X); [h : Z → X ′] 7→ [f ◦ h : Z → X]

as well as cross products

[Z → X]× [Z ′ → X ′] = [Z × Z ′ → X ×X ′] .
By using the motivic Chern class transformation [10]

mCy : K0(var/X)→ G0(X)[y],
15



with G0(X) the Grothendieck group of coherent sheaves, the un-normalized Hirzebruch
class transformation

Ty∗ := td∗ ◦mCy : K0(var/X)→ H∗(X)⊗Q[y]

was introduced in [10] as a class version of the χy-genus of a complex algebraic variety X.
The latter is defined in terms of the Hodge filtration of Deligne’s mixed Hodge structure
on H∗c (X,C) as:

(2.1)
∑
j,p

(−1)j dimC GrpFH
j
c (X,C) (−y)p =: χy(X) .

Here td∗ : G0(−) → H∗(−) ⊗ Q is the Todd class transformation of Baum-Fulton-
MacPherson [4, 30], with H∗(−) denoting either the Chow group CH∗(−) or the even
degree Borel-Moore homology group HBM

2∗ (−). The normalized Hirzebruch class transfor-

mation, denoted here by T̂y∗, provides a functorial unification of the (rational) Chern
class transformation of MacPherson [41], Todd class transformation of Baum-Fulton-
MacPherson [4] and L-class transformation of Cappell-Shaneson [18], respectively. This

normalization T̂y∗ is obtained by pre-composition the transformation Ty∗ with the normal-
ization functor

Ψ(1+y) : H∗(X)⊗Q[y]→ H∗(X)⊗Q[y, (1 + y)−1]

given in degree k by multiplication by (1 + y)−k. And it follows from [10][Theorem 3.1]

that T̂y∗ := Ψ(1+y) ◦Ty∗ takes in fact values in H∗(X)⊗Q[y], so one is allowed to specialize
the parameter y also to the value y = −1.

The group homomorphisms mCy, Ty∗ and T̂y∗ are functorial for push-forwards of proper
morphisms, and they commute with cross products. If X is a point, these transformations
reduce to the ring homomorphism

χy : K0(var/{pt})→ Z[y]; [Z] := [Z → {pt}] 7→ χy(Z) .

The motivic Chern and homology Hirzebruch characteristic classes of a complex alge-

braic variety X, denoted by mCy(X), Ty∗(X) and resp. T̂y∗(X), are defined as

mCy(X) := mCy([idX ]) , Ty∗(X) := Ty∗([idX ]) and T̂y∗(X) := T̂y∗([idX ]) .

By functoriality, one gets for X compact (so that X → {pt} is proper):

χy(X) =

∫
X

Ty∗(X) =

∫
X

T̂y∗(X).

Then the following normalization property holds for the homology Hirzebruch classes
of a smooth complex algebraic variety X:

(2.2) Ty∗(X) = T ∗y (TX) ∩ [X] , T̂y∗(X) = T̂ ∗y (TX) ∩ [X] ,
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with T ∗y (TX) and T̂ ∗y (TX) the (un-)normalized versions of the cohomology Hirzebruch class
of X appearing in the generalized Riemann-Roch theorem, see [35][Sect.21.3]. More pre-
cisely, we have un-normalized and resp. normalized power series

(2.3) Qy(α) :=
α(1 + ye−α)

1− e−α
, Q̂y(α) :=

α(1 + ye−α(1+y))

1− e−α(1+y)
∈ Q[y][[α]]

with initial terms

Qy(α) = 1 + y +
1− y

2
α + · · · , Q̂y(α) = 1 +

1− y
2

α + · · ·

so that for X smooth we have

(2.4) T ∗y (TX) =
dimX∏
i=1

Qy(αi) ∈ H∗(X)⊗Q[y]

(and similarly for T̂ ∗y (TX)), with {αi} the Chern roots of TX . These two power series are
related by the following relation

Q̂y(α) = (1 + y)−1 ·Qy(α(1 + y)),

which explains the use of the normalization functor Ψ(1+y) in the definition of T̂y∗(X).

Note that for the values y = −1, 0, 1 of the parameter, the class T̂ ∗y specializes to the
total Chern class c∗, Todd class td∗, and L-class L∗, respectively. Indeed, the power series

Q̂y(α) ∈ Q[y][[α]] becomes respectively

1 + α, α/(1− e−α), α/ tanh(α).

On the other hand, the un-normalized class T ∗y specializes for y = −1, 0, 1 to the top-
dimensional Chern class ctop, Todd class td∗, and Atiyah-Singer L-class L∗AS, respectively,
since the power series Qy(α) ∈ Q[y][[α]] becomes respectively

α, α/(1− e−α), α/ tanh(α/2).

Similarly, we are allowed to specialize the parameter y in the homology classes Ty∗(X)

and T̂y∗(X) to the distinguished values y = −1, 0, 1. For example, for y = −1, we have
the identification (cf. [10])

(2.5) T−1∗(X) = c0(X)⊗Q and T̂−1∗(X) = c∗(X)⊗Q

with the degree zero part c0(X) and resp. the total (rational) Chern class c∗(X) of
MacPherson [41]. It is only for this parameter value y = −1 that there is an essential

difference between Ty∗(X) and T̂y∗(X). Also, for a variety X with at most “Du Bois
singularities” (e.g., with at most rational singularities [38, 54], such as toric varieties), we
have by [10] that

(2.6) T0∗(X) = T̂0∗(X) = td∗(X) := td∗([OX ]) ,
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for td∗ the Baum-Fulton-MacPherson transformation [4, 30]. And it is still only conjec-
tured that if X is a compact complex algebraic variety which is also a rational homology
manifold (e.g., a complete simplicial toric variety), then

(2.7) Ψ2 (T1∗(X)) = T̂1∗(X) = L∗(X) ∈ H2∗(X,Q)

is the Thom-Milnor homology L-class of X (see [10]). For a smooth compact algebraic vari-
ety, (2.7) follows already from the normalization property (2.2). Moreover, this conjecture
is proved in [17][Cor.1.2] for projective varieties X of the form Y/G, with Y a projective
manifold and G a finite group of algebraic automorphisms of Y . Hence, the identifica-
tion (2.7) holds for complete algebraic manifolds as well as for projective simplicial toric
varieties, which have a finite quotient description by a recent result of [32].

By definition and functoriality, the motivic Chern and resp. homology Hirzebruch
classes satisfy the following additivity property:

Proposition 2.1. Let S = {S} be a finite partition of the complex algebraic variety X
into disjoint locally closed complex algebraic subvarieties S ⊂ X, with iS̄ : S̄ → X the
closed inclusion of the closure S̄ of S. Then

[idX ] =
∑
S

[S ↪→ X] =
∑
S

(iS̄)![S ↪→ S̄] ∈ K0(var/X),

so that

(2.8) mCy(X) =
∑
S

mCy ([S ↪→ X]) =
∑
S

(iS̄)∗mCy
(
[S ↪→ S̄]

)
.

A similar formula holds for the Hirzebruch classes Ty∗ and T̂y∗.

Finally, the following crucial result is proved in (greater generality in) [44][Prop.5.5] by
using an alternative and more sophisticated definition of the Hirzebruch class transforma-
tions in terms of M. Saito’s theory of mixed Hodge modules (as explained in [10, 55]):

Proposition 2.2. Let X be a smooth complex algebraic variety, with D ⊂ X a simple
normal crossing divisor, and i : U := X\D ↪→ X the inclusion of the open complement.
Then

mCy ([i : U ↪→ X]) =
∑
p≥0

[OX(−D)⊗ Ωp
X(logD)] · yp

= [OX(−D)⊗ ΛyΩ
1
X(logD)] ∈ G0(X)[y],

(2.9)

and

Ty∗ ([i : U ↪→ X]) =
∑
p≥0

td∗ ([OX(−D)⊗ Ωp
X(logD)]) · yp

= td∗
(
[OX(−D)⊗ ΛyΩ

1
X(logD)]

)
∈ H∗(X)⊗Q[y],

(2.10)

where for a vector bundle V (or for the corresponding locally free sheaf) we set ΛyV :=∑
p ΛpV · yp, and in the last formula the transformation td∗ is linearly extended over Q[y].
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Alternatively, a new proof of this proposition (without using mixed Hodge modules)
will be discussed in the next section.

2.1.2. Motivic Chern and Hirzebruch classes via the Du Bois complex. An equivalent def-
inition of the motivic Chern class uses the filtered Du Bois complex (Ω•X , F ) of X, [26].
More precisely, the following identification holds (see [10] for details):

(2.11) mCy(X) =
∑
p≥0

[ Ωp

X
] · yp :=

∑
i,p≥0

(−1)i [Hi(Ωp

X
)] · yp ∈ G0(X)[y],

where
Ωp

X
:= GrpF (Ω•X)[p] ∈ Db

coh(X)

is a bounded complex of sheaves with coherent cohomology, which coincides with the sheaf
of p-forms Ωp

X on a smooth variety X.
For a compact variety X, it follows from the degeneration of the corresponding Hodge

to De Rham spectral sequence (see [26]) that:

(2.12) grpFH
p+q(X;C) ' Hq(X,Ωp

X
),

where F denotes here the Deligne-Hodge filtration on Hp+q(X;C). In particular, we then
have the identification:∑

j,p

(−1)j dimC GrpFH
j
c (X,C) (−y)p =: χy(X) =

∑
p≥0

χ(X,Ωp

X
) · yp.

The un-normalized homology Hirzebruch class of a singular variety X can be given by:

(2.13) Ty∗(X) =
∑
p≥0

td∗

(
[ Ωp

X
]
)
· yp,

and similarly for the normalized version. By definition, X has at most Du Bois singularities
if the canonical map

OX → Gr0
F (Ω•X) = Ω0

X

is a quasi-isomorphism, so that in this case we get

td∗(X) := td∗([OX ]) = td∗([Ω
0

X
]) =: T0∗(X).

In particular, for X compact:
χ(X,OX) = χ0(X).

More generally, for a closed algebraic subset D
i
↪→ X of a complex algebraic variety X,

one has a Du Bois complex (Ω•X,D, F ) of the pair (X,D) with

Ωp

X,D
:= GrpF (Ω•X,D)[p] ∈ Db

coh(X)

fitting for all p ≥ 0 into an exact triangle (see [39][(3.9.2)):

Ωp

X,D
−→ Ωp

X
−→ i∗Ω

p

D

[1]−→ .
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In particular,
[ Ωp

X,D
] = [ Ωp

X
]− i∗[ Ωp

D
] ∈ G0(X).

Therefore,

mCy([X \D ↪→ X]) = mCy([idX ])− i∗mCy([idD])

=
∑
p≥0

(
[ Ωp

X
]− i∗[ Ωp

D
]
)
· yp

=
∑
p≥0

[ Ωp

X,D
] · yp.

Furthermore, if D is a simple normal crossing divisor in a smooth algebraic variety X,
then there is a filtered quasi-isomorphism (see [39][Ex.3.10]):

Ω•X,D ' Ω•D(logD)⊗OX(−D),

with the trivial filtration on the twisted logarithmic de Rham complex. This reproves
formula (2.9) from the previous section.

Let us now specialize to the main objects studied in this paper, so let’s assume that X is
a torus-invariant closed algebraic subset of a toric variety XΣ (also called a toric polyhedron
in [36]). Then it follows from [36][Prop.4.2] that there is a natural quasi-isomorphism

Ωp

X
' Ω̃p

X ,

with Ω̃p
X the Ishida sheaf of p-forms on such a space X. In particular, this explains

the description (1.1) of the motivic Chern class and resp. (1.2) for the un-normalized
Hirzebruch class given in the Introduction. Moreover, X has only Du Bois singularities

since Ω̃0
X ' OX , see [36][Cor.4.3]. Note that if X = XΣ is the ambient toric variety,

then the sheaf of Ishida p-forms coincides with the sheaf of Zariski p-forms on XΣ, see
[36][p.119]. Recall that by definition, the sheaf of Zariski p-forms on a normal variety X
is defined as

Ω̃p
X := (jreg)∗Ω

p
Xreg

,

where jreg is the inclusion of the regular part Xreg in X.

Remark 2.3. The identification Ωp

X
' Ω̃p

X , with the sheaf of Zariski p-forms also holds for

algebraic V -manifolds (also called orbifolds), i.e., for spaces locally given as the quotient
of a complex manifold Y by the action of a finite group G of automorphisms of Y ; see
[43][Rem.2.9]. In particular, for a global orbifold X = Y/G, with Y a projective complex

algebraic manifold and G a finite group of algebraic automorphisms of Y , we have Ω̃p
X '

(π∗Ω
p
Y )G for π : Y → X = Y/G the quotient map. So in this case the un-normalized

Hirzebruch class Ty∗(X) agrees with a corresponding class

τy(X) :=
∑
p≥0

td∗
(
(π∗Ω

p
Y )G

)
· yp

introduced by Moonen in [45][p.167].
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2.2. A generalized Hirzebruch-Riemann-Roch theorem. Let X be a compact com-
plex algebraic variety of dimension d, with D a Cartier divisor on X. Set

Ωp

X
(D) := Ωp

X
⊗OX(D) ∈ Db

coh(X)

and define the Hirzebruch polynomial of D by the formula

(2.14) χy(X,OX(D)) :=
d∑
p=0

χ(X,Ωp

X
(D)) · yp.

Note that in the case of a toric variety X := XΣ or an algebraic orbifold X,

Ωp

X
(D) ' Ω̃p

X ⊗OX(D)

is the sheaf of Zariski p-forms twisted by D. A similar assertion holds for a torus-invariant
closed algebraic subset of a toric variety, by using the sheaf of Ishida p-forms instead.

Then we have the following result (which in the case of a global projective orbifold X =
Y/G, with Y smooth, is due to Moonen [45][Satz 2.8, p.169], by using his characteristic
class τy(X)):

Theorem 2.4. (generalized Hirzebruch-Riemann-Roch)
Let X be a compact complex algebraic varity, and let D be a Cartier divisor on X. Then
the Hirzebruch polynomial of D is computed by the formula:

(2.15) χy(X,OX(D)) =

∫
X

ch(OX(D)) ∩ Ty∗(X).

Proof. This is an easy application of the module property of the Todd class transformation:
if α ∈ K0(X) and β ∈ K0(X), then the following holds (see [30][Thm.18.3]):

(2.16) td∗(β ⊗ α) = ch(β) ∩ td∗(α),

with ch denoting the Chern character. We therefore have the following sequence of equal-
ities: ∫

X

ch(OX(D)) ∩ Ty∗(X)
(2.13)
=

d∑
p=0

[ ∫
X

ch(OX(D)) ∩ td∗([ Ωp

X
])
]
· yp

(2.16)
=

d∑
p=0

[ ∫
X

td∗([ Ωp

X
(D)])

]
· yp

(∗)
=

d∑
p=0

χ(X,Ωp

X
(D)) · yp

= χy(X,OX(D)),

(2.17)

where (∗) follows from the degree property of the Todd class transformation. �
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2.3. General facts about toric varieties. In this section we review some basic facts
and terminology from the theory of toric varieties, as needed in this paper. Excellent
sources for toric varieties are the books [23, 24, 29, 48].

Let M ' Zd be a d-dimensional lattice in Rd, and let N = Hom(M,Z) be the dual
lattice. Denote the natural pairing by

〈·, ·〉 : M ×N → Z.

A rational polyhedral cone σ ⊂ NR := N ⊗ R is a subset of the form

σ = Cone(S) := {
∑
u∈S

λu · u | λu ≥ 0},

for some finite set S ⊂ N . We say that σ is strongly convex if σ ∩ (−σ) = {0}. The
dimension of a cone σ is the dimension of the subspace of NR spanned by σ. Every cone
has a dual cone σ̌ defined as

σ̌ = {m ∈MR | 〈m,u〉 ≥ 0,∀u ∈ σ}.

A face of a cone σ is a subset

τ := {u ∈ σ | 〈m,u〉 = 0} ⊂ σ

for some m ∈M ∩ σ̌. If τ is a face of σ we write τ � σ. Every face of σ is again a rational
polyhedral cone, and a face of a face is a face.

A fan Σ in NR consists of a finite collection of strongly convex rational polyhedral cones
in NR so that:

(1) if σ ∈ Σ, then any face of σ is also in Σ.
(2) if σ1, σ2 ∈ Σ, then σ1 ∩ σ2 is a face of each (so σ1 ∩ σ2 ∈ Σ).

The support of Σ is the set |Σ| :=
⋃
σ∈Σ σ ⊂ NR. The fan is called complete if |Σ| = NR.

Denote by Σ(i) the set of i-dimensional cones of Σ, and similarly, by σ(i) the collection of
i-dimensional faces of a cone σ. One-dimensional cones in Σ are called rays. For each ray
ρ ∈ Σ(1), we denote by uρ the unique generator of the semigroup ρ ∩ N . The {uρ}ρ∈σ(1)

are the generators of σ. A fan Σ is called smooth if every cone σ ∈ Σ is smooth, i.e.,
generated by a part of the Z-basis of N . A fan Σ is called simplicial if every cone in σ ∈ Σ
is simplicial, i.e., its generators are linearly independent over R. The multiplicity mult(σ)
of a simplicial cone σ ∈ Σ with generators uρ1 , . . . , uρk is |Nσ/(uρ1 , . . . , uρk)|, where Nσ

is the sublattice of N spanned by points in σ ∩ N , and | − | denotes the cardinality of a
(finite) set.

To any fan Σ one associates a toric variety XΣ as follows. Each cone σ ∈ Σ gives the
affine toric variety

Uσ = Spec
(
C[M ∩ σ̌]

)
where C[M∩σ̌] is the C-algebra with generators {χm |m ∈M∩σ̌} and relations χm ·χm′ =
χm+m′ . The toric variety XΣ is obtained by glueing these affine pieces together, so that
Uσ1 and Uσ2 get glued along Uσ1∩σ2 . The affine toric variety of the trivial cone {0} is
the torus TN = N ⊗ C∗ = Spec(C[M ]), so TN is an affine open subset of XΣ. It follows
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that M can be identified with the character lattice of TN , i.e., M ' HomZ(TN ,C∗), while
N ' HomZ(C∗, TN) is the lattice of one-parameter subgroups of TN .

The action of the torus TN on itself extends to an algebraic action of TN on XΣ. More-
over, the TN -action on XΣ has only finitely many orbits, and there is an inclusion-reversing
correspondence between cones σ ∈ Σ and orbit closures Vσ := Oσ. In particular, each ray
ρ ∈ Σ(1) corresponds to an irreducible TN -invariant divisor Vρ on XΣ. A torus-invariant
closed algebraic subset X := XΣ′ of XΣ (also called toric polyhedron in [36]) is just a closed
union of torus orbits Oσ, σ ∈ Σ′ ⊆ Σ, with Σ′ a star-closed subset of Σ (i.e., if τ ∈ Σ′ is a
face of σ, then σ ∈ Σ′).

If Σ is a fan in NR ' Rd, then the toric variety XΣ is a complex algebraic variety of di-
mension d with only mild singularities, which are rational and Cohen-Macaulay. Moreover,
the geometry of XΣ is deeply influenced by the properties of the fan Σ. For example:

(1) XΣ is complete iff Σ is a complete fan.
(2) XΣ contains no torus factor iff NR is spanned by the ray generators uρ.
(3) XΣ is smooth iff Σ is a smooth fan.
(4) XΣ is an orbifold iff Σ is a simplicial fan.

The toric variety XΣ associated to a simplicial fan is called a simplicial toric variety.
Such a variety is a V -manifold (orbifold) and therefore also a rational homology manifold,
so it satisfies Poincaré duality over Q. The singular locus of a (simplicial) toric variety
XΣ is

⋃
σ∈Σsing

Vσ, the union being taken over the collection Σsing of all singular cones in

the fan Σ. Simplicial toric varieties (without a torus factor) admit a very nice description
as geometric quotients [22]. This will be explained in some detail in Section 5 below.

2.4. Polytopes and toric varieties. In this section we explain the connection between
polytopes and toric varieties.

A polytope P ⊂ MR is the convex hull of a finite set S ⊂ MR. P is called a lattice
polytope if its vertices lie in M . The dimension dim(P ) of a polytope P is the dimension
of the smallest affine subspace of MR containing P . A polytope P whose dimension equals
d = dim(MR) will be called full-dimensional. Faces of codimension one of P are called
facets. A polytope P is called simple if every vertex of P is the intersection of precisely
dim(P ) facets.

From now on, let P be a full-dimensional lattice polytope. Then for each facet F of
P there is a unique pair (uF , aF ) ∈ N × Z so that P is uniquely described by its facet
presentation:

(2.18) P = {m ∈MR | 〈m,uF 〉 ≥ −aF , for all facets F of P}.
Here uF is the unique ray generator of the inward-pointing facet normal of F .

To a full-dimensional lattice polytope P we associate a fan ΣP , called the inner normal
fan of P , which is defined as follows: to each face Q of P associate the cone σQ by

σQ := Cone(uF |F contains Q).

In particular, ρF := σF = Cone(uF ) is the ray generated by uF . Let

XP := XΣP
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be the associated toric variety. This is commonly referred to as the toric variety associated
to the polytope P . As ΣP is a complete fan, it follows that XP is proper. Moreover, a poly-
topal subcomplex P ′ ⊆ P (i.e., a closed union of faces of P ) corresponds to a torus-invariant
closed algebraic subset X := XP ′ of XP . For example, the boundary ∂P of the polytope
P corresponds to the union of all toric invariant divisors DF := DρF corresponding to the
rays ρF = σF .

Note that for a cone σQ ∈ ΣP associated to a face Q of P , the corresponding orbit
closure VσQ can be identified with the toric variety XQ, where Q is the lattice polytope
defined as follows: translate P to a vertex of Q so that the origin is a vertex of Q; while this
operation does not change ΣP or XP , Q is now a full-dimensional polytope in Span(Q). So
Q is a full-dimensional lattice polytope relative to Span(Q)∩M , and XQ is the associated
toric variety.

With the aboth notations, the divisor DP of the polytope P is defined as:

(2.19) DP :=
∑
F

aFDF ,

where F runs over the collection of facets of P . Then DP is a Cartier divisor on XP , and

(2.20) Γ(XP ,OXP (DP )) =
⊕

m∈P∩M

C · χm,

where χm denotes the character defined by m ∈M . Moreover, DP is ample and basepoint
free (e.g., see [23][Prop.6.1.10]). Therefore, XP is a projective variety.

2.5. Counting lattice points in lattice polytopes. Danilov [24] used the Hirzebruch-
Riemann-Roch theorem to establish a direct connection between the problem of counting
the number of lattice points in a lattice polytope and the Todd classes of the associated
toric variety (see also [11, 12]).

Let P ⊂MR ∼= Rd be a full-dimensional lattice polytope with associated projective toric
variety XP and ample Cartier divisor DP (as described in Section 2.4). It follows from
(2.20) together with the Demazure vanishing theorem [23][Thm.9.2.3] that

(2.21) χ(XP ,OXP (DP )) = dimH0(XP ,OXP (DP )) = |P ∩M |,

where |P ∩M | denotes the cardinality of the set P ∩M , i.e., the number of lattice points in
P . So the Euler characteristic χ(XP ,OXP (DP )) computes the number of lattice points in
the polytope P . Similarly, the Batyrev-Borisov vanishing theorem [23][Thm.9.2.7] yields:

(2.22) χ(XP ,OXP (−DP )) = (−1)d dimHd(XP ,OXP (−DP )) = (−1)d · |Int(P ) ∩M |,

with Int(P ) denoting the interior of P . The left-hand side of equations (2.21) and resp.
(2.22) can be computed by using the Hirzebruch-Riemann-Roch theorem (or the degree
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property of the Todd class transformation) of [4]. For example, we have that

|P ∩M | = χ(XP ,OXP (DP )) =

∫
XP

ch(OXP (DP )) ∩ td∗(XP ),

=
∑
k≥0

1

k!

∫
XP

[DP ]k ∩ tdk(XP ),
(2.23)

and similarly

|Int(P ) ∩M | = (−1)dχ(XP ,OXP (−DP )) =
∑
k≥0

(−1)d

k!

∫
XP

[−DP ]k ∩ tdk(XP )

=

∫
XP

ch(OXP (DP )) ∩ td∗ ([ωXP ]) ,

(2.24)

with ωXP the dualizing sheaf of XP . Here we use the following duality property of the
Todd class transformation td∗: if X is a Cohen-Macaulay variety of dim d (e.g., a toric
variety XΣ, see [23][Thm.9.2.9]), then for any locally free sheaf E on X, we have (e.g., see
[30][Ex.18.3.19]):

(2.25) tdk([E ⊗ OX ]) = (−1)d−ktdk([E∨ ⊗ ωX ]),

where E∨ denotes the dual of E . In particular,

tdk(X) = (−1)d−ktdk([ωX ]).

It thus follows from (2.23) and (2.24) that counting lattice points in (the interior of) a
full-dimensional lattice polytope P amounts to computing the (dual) Todd class td∗(XP )
(resp. td∗ ([ωXP ])) of the associated projective toric variety.

Moreover, the Todd class td∗(XP ) also computes the coefficients of the Ehrhart poly-
nomial of P . More precisely, if for a positive integer `, we consider the dilated polytope
`P := {` · u| u ∈ P}, the toric varieties corresponding to P and `P , respectively, are the
same, but D`P = `DP . Therefore, the coefficients of the Ehrhart polynomial

EhrP (`) := |`P ∩M | =
d∑

k=0

ak`
k

are computed by:

ak =
1

k!

∫
XP

[DP ]k ∩ tdk(XP ).

The duality property (2.25) for the Todd class implies via (2.24) the Ehrhart reciprocity

(−1)d · EhrP (−`) = |Int(`P ) ∩M |.
In the context of a simplicial toric variety XΣ (e.g., XP for P a simple full-dimensional

lattice polytope), a formula for the Todd class td∗(XΣ) was obtained in [13] via equivariant
cohomology, in [27] by using the Lefschetz-Riemann-Roch theorem, and in [49] by using
resolution of singularities and the birational invariance of Todd classes (compare also with
[3, 14, 31, 46, 50, 51, 52]).
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3. Characteristic classes of toric varieties via torus orbit
decomposition

We begin our investigation of motivic Chern and homology Hirzebruch classes of toric
varieties by first making use of the torus orbit decomposition together with the additivity
properties of these classes as described in Section 2.1.1. This method directly applied to
torus-invariant closed algebraic subsets of a toric variety. We also discuss special cases of
our computation, yielding formulae for Chern, Todd and resp. L-classes of toric varieties.

3.1. Motivic Chern and Homology Hirzebruch classes of toric varieties. Let XΣ

be a toric variety of dimension d corresponding to the fan Σ, and with torus T = T d :=
(C∗)d. Then XΣ is stratified by the orbits of the torus action. More precisely, by the
orbit-cone correspondence, to a k-dimensional cone σ ∈ Σ there corresponds a (d − k)-
dimensional torus-orbit Oσ

∼= (C∗)d−k. The closure Vσ of Oσ (which is the same in both
classical and Zariski topology) is itself a toric variety, and a T -invariant subvariety of X.
Moreover, if σ is a face of τ , for short σ � τ , then Oτ ⊆ Oσ =: Vσ, and we have that:

Vσ =
⊔
σ�τ

Oτ .

In particular, we can apply the results of Section 2.1.1 in the setting of toric varieties. The
following preliminary result is a direct consequence of formula (2.8):

Proposition 3.1. Let X := XΣ′ ⊆ XΣ be a torus-invariant closed algebraic subset of XΣ

defined by a star-closed subset Σ′ ⊆ Σ. The motivic Chern class of such a space X can be
computed by the formula:

(3.1) mCy(X) =
∑
σ∈Σ′

mCy
(
[Oσ ↪→ X]

)
=
∑
σ∈Σ′

(kσ)∗mCy
(
[Oσ ↪→ Vσ]

)
,

with kσ : Vσ ↪→ X the orbit closure inclusion. A similar formula holds for the homology

Hirzebruch classes Ty∗(X) and T̂y∗(X) of X.

Moreover, the classes mCy
(
[Oσ ↪→ Vσ]

)
in the above formula can be computed as follows:

Proposition 3.2. For any cone σ ∈ Σ, with corresponding orbit Oσ and inclusion iσ :
Oσ ↪→ Oσ = Vσ, we have:

(3.2) mCy
(
[Oσ ↪→ Vσ]

)
= (1 + y)dim(Oσ) · [ωVσ ].

Moreover,

(3.3) Ty∗
(
[Oσ ↪→ Vσ]

)
= (1 + y)dim(Oσ) · td∗([ωVσ ]) = (−1− y)dim(Oσ) · td∗(Vσ)∨.

Here ωVσ is the canonical sheaf of Vσ and the duality (−)∨ acts by multiplication by (−1)i

on the i-th degree homology part Hi(−).

Proof. The first equality of (3.3) is a consequence of formula (2.10) and of properties of

toric varieties. More precisely, let Ṽσ
fσ→ Vσ be a toric resolution of singularities of Vσ.

Then Ṽσ is a toric variety obtained by refining the fan of Vσ. Let ĩσ : Oσ ↪→ Ṽσ be the
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natural open inclusion, with complement the simple normal crossing divisor Dσ whose

irreducible components correspond to the rays in the fan of Ṽσ. Then iσ = fσ ◦ ĩσ, and

formula (2.10) applied to the open inclusion ĩσ : Oσ ↪→ Ṽσ yields by the functoriality of
mCy with respect to the proper morphism fσ that:

(3.4) mCy
(
[Oσ ↪→ Vσ]

)
= (fσ)∗

(
[OṼσ(−Dσ)⊗ ΛyΩ

1
Ṽσ

(logDσ)]
)
.

However, since Ṽσ is a smooth toric variety, the locally free sheaf Ω1
Ṽσ

(logDσ) is in fact a

trivial sheaf of rank equal to dim(Ṽσ) = dim(Oσ), e.g., see [23][(8.1.5)]. So we get that:

(3.5) [OṼσ(−Dσ)⊗ ΛyΩ
1
Ṽσ

(logDσ)] = (1 + y)dim(Oσ) · [OṼσ(−Dσ)] ∈ G0(Ṽσ)[y].

Furthermore, note that the canonical dualizing sheaf ωṼσ on the toric variety Ṽσ is
precisely given by OṼσ(−Dσ), e.g, see [23][Thm.8.2.3]. And since the toric morphism

fσ : Ṽσ → Vσ is induced by a refinement of the fan of Vσ, it follows from [23][Thm.8.2.15]
that there is an isomorphism:

(3.6) fσ∗ωṼσ ' ωVσ .

Altogether, we obtain the following sequence of equalities:

mCy
(
[Oσ ↪→ Vσ]

)
= (1 + y)dim(Oσ) · (fσ)∗

(
[OṼσ(−Dσ)]

)
= (1 + y)dim(Oσ) · (fσ)∗

(
[ωṼσ ]

)
= (1 + y)dim(Oσ) · [ωVσ ],

(3.7)

where the last equality is a consequence of (3.6) and the vanishing of the higher derived
image sheaves of ωṼσ , i.e., Ri(fσ)∗ωṼσ = 0, for all i > 0, see [23][Thm.9.3.12].

By applying the Todd class transformation td∗ to equation (3.2), we obtain the first
equality of formula (3.3). The second equality of (3.3) follows from the duality property
(2.25) of the Todd class transformation td∗ on the Cohen-Macaulay variety XΣ,

(3.8) td∗([ωVσ ]) = (−1)dim(Oσ) · td∗(Vσ)∨.

�

We can now state the main theorem of this section, which is a direct consequence of
Proposition 3.1 and Proposition 3.2 above:

Theorem 3.3. Let XΣ be the toric variety defined by the fan Σ, and X := XΣ′ ⊆ XΣ a
torus-invariant closed algebraic subset defined by a star-closed subset Σ′ ⊆ Σ. For each
cone σ ∈ Σ with corresponding orbit Oσ, denote by kσ : Vσ ↪→ X the inclusion of the orbit
closure. Then the motivic Chern class mCy(X) is computed by the formula:

(3.9) mCy(X) =
∑
σ∈Σ′

(1 + y)dim(Oσ) · (kσ)∗[ωVσ ].
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Similarly, the un-normalized homology Hirzebruch class Ty∗(X) is computed by:

Ty∗(X) =
∑
σ∈Σ′

(1 + y)dim(Oσ) · (kσ)∗td∗([ωVσ ])

=
∑
σ∈Σ′

(−1− y)dim(Oσ) · (kσ)∗ (td∗(Vσ)∨) .
(3.10)

If X in the above theorem is compact (i.e., Σ is a complete fan), then by taking the
degree in formula (3.10) we get as a corollary the well-known formula for the Hodge
polynomial of toric varieties and resp. compact toric polyhedra:

Corollary 3.4. Let X := XΣ′ ⊆ XΣ be a torus-invariant compact algebraic subset of the
toric variety XΣ. Then:

χy(X) =
∑
σ∈Σ′

(−1− y)dim(Oσ).

We conclude this section by giving a formula for the normalized Hirzebruch class T̂y∗(X)

of such a toric polyhedron X. Recall that T̂y∗ is defined by applying the renormalization
Ψ(1+y) to Ty∗, i.e., by multiplying each component in Hk(−) ⊗ Q[y] by (1 + y)−k. We
therefore obtain the following result:

Theorem 3.5. Let XΣ be the toric variety defined by the fan Σ, and X := XΣ′ ⊆ XΣ a
torus-invariant closed algebraic subset defined by a star-closed subset Σ′ ⊆ Σ. For each
cone σ ∈ Σ with corresponding orbit Oσ, denote by kσ : Vσ ↪→ X the inclusion of the

orbit closure. Then the normalized homology Hirzebruch class T̂y∗(X) is computed by the
following formula:

T̂y∗(X) =
∑
σ∈Σ′,k

(1 + y)dim(Oσ)−k · (kσ)∗tdk([ωVσ ])

=
∑
σ∈Σ′,k

(−1− y)dim(Oσ)−k · (kσ)∗tdk(Vσ).
(3.11)

3.2. Chern, Todd, and L-classes of toric varieties. In this section, we discuss special
cases of our formulae (3.10) and (3.11) for X := XΣ′ ⊆ XΣ a torus-invariant closed
algebraic subset defined by a star-closed subset Σ′ ⊆ Σ, which are obtained by specializing
the parameter y to the distinguished values y = −1, 0, 1. For each cone σ ∈ Σ with
corresponding orbit Oσ, denote as before by kσ : Vσ ↪→ X the inclusion of the orbit
closure.

First, recall that by making y = −1 in the normalized Hirzebruch class T̂y∗ one gets
the (rational) MacPherson Chern class c∗. So we get as a corollary of Theorem 3.5 the
following result from [5]:

Corollary 3.6 (Ehler’s formula). The (rational) MacPherson-Chern class c∗(X) is com-
puted by:

(3.12) c∗(X) =
∑
σ∈Σ′

(kσ)∗tddim(Oσ)(Vσ) =
∑
σ∈Σ′

(kσ)∗[Vσ].
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Ehler’s formula for the MacPherson-Chern class c∗(XΣ) (even with integer coefficients)
is due to [1, 5]. In fact, Theorems 3.3 and 3.5 should be regarded as counterparts of Ehler’s
formula for the motivic Chern and Hirzebruch classes. Moreover, our proof of Theorem
3.3 follows closely the strategy of Aluffi [1] for his proof of Ehler’s formula.

Secondly, since X is DuBois, we get for y = 0 the following formula for the Todd class:

Corollary 3.7. The Todd class td∗(X) of X is computed by:

(3.13) td∗(X) =
∑
σ∈Σ′

(kσ)∗td∗([ωVσ ]) =
∑
σ∈Σ′

(−1)dim(Oσ) · (kσ)∗ (td∗(Vσ)∨) .

By applying the duality (3.8) to (3.13) in the case X = XΣ (which is Cohen-Macauley),
one also gets in the above notations the following

(3.14) td∗([ωXΣ
]) =

∑
σ∈Σ

(−1)codim(Oσ) · (kσ)∗td∗(Vσ) .

Finally, we have the following result about the classes T1∗(X) and T̂1∗(X) of a toric poly-
hedron X, respectively the homology L-classes of compact toric manifolds and projective
simplicial toric varieties XΣ:

Corollary 3.8. The classes T1∗(X) and T̂1∗(X) are computed by:

(3.15) T1∗(X) =
∑
σ∈Σ′

2dim(Oσ) · (kσ)∗td∗([ωVσ ]) =
∑
σ∈Σ′

(−2)dim(Oσ) · (kσ)∗ (td∗(Vσ)∨)

and

(3.16) T̂1∗(X) =
∑
σ∈Σ′,i

(−2)dim(Oσ)−i · (kσ)∗tdi(Vσ).

Moreover, T1∗(XΣ) = LAS∗ (XΣ) is the Atiyah-Singer L-class for XΣ a compact toric man-

ifold, and T̂1∗(XΣ) = L(XΣ) is the Thom-Milnor L-class for XΣ a compact toric manifold
or a simplicial projective toric variety.

Proof. This follows by making y = 1 in formulae (3.10) and (3.11), after noting that the
following identifications hold:

LAS∗ (XΣ) = Ty∗(XΣ)|y=1 and L∗(XΣ) = T̂y∗(XΣ)|y=1.

For the latter identity, we use [17][Cor.1.2] together with the fact that a simplicial projec-
tive toric variety XΣ can be realized globally as a finite quotient (see [32]). �

By taking degrees in formula (3.16), we get as a consequence the following signature
formula (compare also with [47]):

Corollary 3.9. The signature of a compact toric manifold or a projective simplicial toric
variety XΣ can be computed as:

sign(XΣ) = χ1(XΣ) =
∑
σ∈Σ

(−2)dim(Oσ).
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Note that the equality sign(X) = χ1(X) is also a consequence of the Hodge index the-
orem for a projective orbifold X, which is a special case of the corresponding result in
intersection homology for a projective variety X (see [43][Sec.3.6], and in the smooth case
see also [48][Thm.3.12]).

Let us finish this section with the following duality result:

Proposition 3.10. Let XΣ be a simplicial toric variety of dimension d. Then

(3.17) T1∗(XΣ) = (−1)d · (T1∗(XΣ))∨ .

Proof. Note that this result is trivial for a toric manifold by the normalization property
(2.2), since the corresponding characteristic class T ∗1 = L∗AS of the tangent bundle is
defined by the even power series α/ tanh(α/2). Since the homology Hirzebruch class T1∗
also commutes with cross products ([10]), we can also assume that the simplicial toric
variety XΣ contains no torus factor. Then we would like to have a duality result similar

to (3.8) for all sheaves of Zariski p-forms Ω̃p
X coming in the description of T1∗ in (1.2):

T1∗(XΣ) =
∑
p≥0

td∗

(
[Ω̃p

X ]
)
.

Note that, while the coherent sheaves Ω̃p
X are in general not locally free, in the case of a

simplicial toric variety XΣ they are maximal Cohen-Macauly by [23][p.418]. Hence,

ExtqOXΣ
(Ω̃p

X , ωXΣ
) = 0 for q > 0.

Finally, we have (e.g., see [23][Ex.8.0.13])

HomOXΣ
(Ω̃p

X , ωXΣ
) ' Ω̃d−p

X ,

so that

td∗

(
[Ω̃p

X ]
)

= (−1)d · td∗
(

[Ω̃d−p
X ]

)∨
for all 0 ≤ p ≤ d, as in [30][Ex.18.3.19]. �

Remark 3.11. Note that the duality property (3.17) holds more generally for any complex
algebraic variety X of pure dimension d, which, moreover, is a rational homology manifold,
so by Verdier duality we get that: D(QX) = QX [2d](d). Then the result follows from this
equality on the mixed Hodge module level by [55][Rem.5.20].

Applying (3.17) to (3.15), one also gets for a simplicial toric variety XΣ the following
equality:

(3.18) T1∗(XΣ) = (−1)dim(XΣ) · (T1∗(XΣ))∨ =
∑
σ∈Σ

(−1)dim(XΣ) · (−2)dim(Oσ) · (kσ)∗td∗(Vσ).

Remark 3.12. Our formulae in this section calculate the homology Hirzebruch classes
(and, in particular, the Chern, Todd and L-classes, respectively) of singular toric varieties
in terms of the Todd classes of closures of torus orbits. Therefore, known results about
Todd classes of toric varietes (e.g., see [3, 6, 13, 14, 31, 46, 49, 50, 51, 52]) also apply to
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these other characteristic classes: in particular, Todd class formulae satisfying the so-called
Danilov condition, as well as the algorithmic computations from [3, 51]. In the simplicial
context, these Todd classes can also be computed by using the Lefschetz-Riemann-Roch
theorem of [27] for geometric quotients. This will be recalled in Section 5.

4. Weighted lattice point counting via Hirzebruch classes

In this section we show that, just like the Todd classes of toric varieties can be used
for counting the number of lattice points in a lattice polytope (see Section 2.5), the un-
normalized homology Hirzebruch classes yield lattice point counting with certain weights.

Let P ⊂MR ∼= Rd be a full-dimensional lattice polytope with associated projective toric
variety XP and ample Cartier divisor DP (as described in Section 2.4). Recall from (2.23)
and (2.24) that the number of lattice points in (the interior of) P can be computed by the
formulae:

|P ∩M | = χ(XP ,OXP (DP )) =

∫
XP

ch(OXP (DP )) ∩ td∗(XP ),

and

|Int(P ) ∩M | = (−1)dχ(XP ,OXP (−DP )) =

∫
XP

ch(OXP (DP )) ∩ td∗ ([ωXP ]) .

In what follows, we use the notation Q � P for a face Q of the polytope P . Note that

|P ∩M | =
∑
Q�P

|Relint(Q) ∩M |,

where the number of points inside a face Q of P is counted with respect to the lattice
Span(Q) ∩M . Combining these formulae, we therefore get:

(4.1) χ(XP ,OXP (DP )) =
∑
Q�P

|Relint(Q) ∩M |.

As a generalization of (4.1), the main result of this section is a weighted lattice point
counting formula for lattice polytopes and for their closed subcomplexes, which moti-
vates our calculation of homology Hirzebruch classes via the torus-orbit decomposition
(cf. Theorem 3.3):

Theorem 4.1. Let M be a lattice of rank d and P ⊂ MR ∼= Rd be a full-dimensional
lattice polytope with associated projective toric variety XP and ample Cartier divisor DP .
In addition, let X := XP ′ be a torus-invariant closed algebraic subset of XP corresponding
to a polytopal subcomplex P ′ ⊆ P (i.e., a closed union of faces of P ). Then the following
formula holds:

(4.2)
∑
Q�P ′

(1 + y)dim(Q) · |Relint(Q) ∩M | =
∫
X

ch(OXP (DP )|X) ∩ Ty∗(X),

where the summation on the left is over the faces Q of P ′, | − | denotes the cardinality of
sets and Relint(Q) the relative interior of a face Q.
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Proof. For a face Q of P ′, denote by iQ : V (σQ) := XQ ↪→ X the inclusion of the orbit
closure associated to the (cone of the) face Q. Note that we have dim(Q) = dim(OσQ).
Then by (3.10) the following equality holds:∫
XP

ch(OXP (DP )|X) ∩ Ty∗(X) =
∑
Q�P ′

(1 + y)dim(Q)

∫
X

ch(OXP (DP )|X) ∩ (iQ)∗td∗([ωXQ ]).

It remains to prove that for any face Q of P ′, we have that:

(4.3)

∫
X

ch(OXP (DP )|X) ∩ (iQ)∗td∗([ωXQ ]) = |Relint(Q) ∩M |.

This follows from the functorial properties of the cap product. Indeed,∫
X

ch(OXP (DP )|X) ∩ (iQ)∗td∗([ωXQ ]) =

∫
XQ

(iQ)∗ch(OXP (DP )|X) ∩ td∗([ωXQ ])

=

∫
XQ

ch((iQ)∗(OXP (DP )|X)) ∩ td∗([ωXQ ])

=

∫
XQ

ch(OXQ(DQ)) ∩ td∗([ωXQ ])

(2.24)
= |Relint(Q) ∩M |.

�

Recall that, if ` a positive integer, and we consider the dilated polytope `P := {` ·u| u ∈
P} and its subcomplex `P ′, then the toric varieties (resp. toric polyhedra) corresponding
to P , `P and P ′, `P ′, respectively, are the same, but D`P = `DP . Therefore, we have the
following:

Corollary 4.2. The Ehrhart polynomial of the polytopal subcomplex P ′ ⊆ P as above,
counting the number of lattice points in the dilated complex `P ′ := {` · u | u ∈ P ′} for a
positive integer `, is computed by:

EhrP ′(`) := |`P ′ ∩M | =
d′∑
k=0

ak`
k,

with

ak =
1

k!

∫
X

[DP |X ]k ∩ tdk(X),

and X := XP ′ the associated toric polyhedron of dimension d′.

Note that EhrP ′(0) = a0 =
∫
X
td∗(X) can be computed on the combinatorial side by

formula (1.7) as the Euler characteristic of P ′, while on the algebraic geometric side it is
given by the arithmetic genus of X := XP ′ :

(4.4) χ(P ′) :=
∑
Q�P ′

(−1)dimQ = χ0(X) =

∫
X

td∗(X) = χ(X,OX).
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As another application of Theorem 4.1, by specializing at y = 1, we get for a full-
dimensional lattice polytope P the following identity:

(4.5)
∑
Q�P

(
1

2

)codim(Q)

· |Relint(Q) ∩M | =
∫
XP

ch(OXP (D)) ∩
(

1

2

)dim(XP )

· T1∗(XP ).

Moreover, by (3.18) one gets in the same way also the following result for a full-dimensional
simple lattice polytope P :

(4.6)
∑
Q�P

(
−1

2

)codim(Q)

· |Q ∩M | =
∫
XP

ch(OXP (D)) ∩
(

1

2

)dim(XP )

· T1∗(XP ).

Note that if XP is smooth (i.e., P is a Delzant lattice polytope), the un-normalized
Hirzebruch class T1∗(XP ) corresponds under Poincaré duality to the characteristic class
of the tangent bundle defined in terms of Chern roots by the un-normalized power series

α/ tanh(α
2
), so that

(
1
2

)dim(XP ) · T1∗(XP ) corresponds to the characteristic class of the
tangent bundle defined in terms of Chern roots by the normalized power series α

2
/ tanh(α

2
).

Therefore (4.6) extends the result [28][Corollary 5] for Delzant lattice polytopes to the
more general case of simple lattice polytopes. Our approach is very different from the
techniques used in [28] for projective toric manifolds, which rely on virtual submanifolds
Poincaré dual to cobordism characteristic classes of the projective toric manifold.

Together with the generalized Hirzebruch-Riemann-Roch Theorem 2.4 one also gets
from Theorem 4.1 the following combinatorial description:

Corollary 4.3. Let M be a lattice of rank d and P ⊂ MR ∼= Rd be a full-dimensional
lattice polytope with associated projective simplicial toric variety X = XP and ample
Cartier divisor DP . In addition, let X := XP ′ be a torus-invariant closed algebraic subset
of XP corresponding to a polytopal subcomplex P ′ ⊆ P (i.e., a closed union of faces of P ).
Then the following formula holds:

(4.7) χy(X,OX(DP |X)) =
∑
Q�P ′

(1 + y)dim(Q) · |Relint(Q) ∩M |.

Remark 4.4. Let d′ := dim(P ′) and denote by P ′(i) the set of i-dimensional faces of P ′.
Then the result of Corollary 4.3 is equivalent to the following formula:

(4.8) χ(X, Ω̃p
X(DP |X)) =

d′∑
i=p

(
i

p

) ∑
Q∈P ′(i)

|Relint(Q) ∩M |,

with Ω̃p
X the sheaf of Ishida p-forms on X. Indeed,
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χy(X,OX(DP |X)) :=
d′∑
p=0

χ(X, Ω̃p
X(DP |X)) · yp

(4.8)
=

d′∑
p=0

( d′∑
i=p

(
i

p

) ∑
Q∈P ′(i)

|Int(Q) ∩M |
)
· yp

=
d′∑
i=0

( i∑
p=0

(
i

p

)
yp
) ∑
Q∈P ′(i)

|Relint(Q) ∩M |

=
d′∑
i=0

(1 + y)i
∑

Q∈P ′(i)

|Relint(Q) ∩M |

=
∑
Q�P ′

(1 + y)dim(Q) · |Relint(Q) ∩M |.

(4.9)

In the case when P ′ = P is a simple full-dimensional polytope, formula (4.8) was already
proved by Materov [42] (see also [23][Thm.9.4.7, Ex.9.4.14]).

5. Characteristic classes of simplicial toric varieties via
Lefschetz-Riemann-Roch

In this section we first recall the Cox construction of simplicial toric varieties as geomet-
ric quotients, see [22] and [23][Sec.5.1]. We then use the Lefschetz-Riemann-Roch theorem
of [27] to compute the homology Hirzebruch classes of such varieties. We will use freely
the notations from Section 2.3.

5.1. Simplicial toric varieties as geometric quotients. Let Σ be a fan in NR ' Rd,
with associated toric variety XΣ and torus T := TN = (C∗)d. For each ray ρ ∈ Σ(1),
denote by uρ the unique generator of the semigroup ρ ∩ N . Recall that N is identified
with the one-parameter subgroups of T , i.e., N ' HomZ(C∗, T ). Let n = |Σ(1)| be the
number of rays in the fan Σ. First we assume that XΣ contains no torus factor, i.e. that
the ray generators uρ (ρ ∈ Σ(1)) span NR (so that n > 0). This is for example always the
case if Σ is complete.

Define the map of tori

γ : (C∗)n −→ T by (tρ)ρ 7→
∏

ρ∈Σ(1)

uρ(tρ),

and let G := ker(γ). Then G is a product of a torus and a finite abelian group. In
particular, G is reductive. Let Z(Σ) ⊂ Cn be the subvariety defined by the monoidal ideal

B(Σ) := 〈x̂σ : σ ∈ Σ〉
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where

x̂σ :=
∏
ρ/∈σ(1)

xρ

and (xρ)ρ∈Σ(1) are coordinates on Cn. Then the variety

W := Cn \ Z(Σ)

is a toric manifold, and there is a toric morphism

π : W → XΣ.

Indeed, let {eρ| ρ ∈ Σ(1)} denote the standard basis of the lattice Zn. For each cone
σ ∈ Σ, define the cone

(5.1) σ̃ := Cone
(
eρ| ρ ∈ σ(1)

)
⊆ Rn.

Then these cones and their faces form a smooth fan Σ̃ in Rn whose associated toric variety
is exactly W . Moreover, the map of lattices Zn → N sending eρ 7→ uρ induces the toric
morphism π : W → XΣ, and for any σ ∈ Σ the restriction of π over the affine piece Uσ is
precisely the map πσ := π|Uσ̃ : Uσ̃ → Uσ.

The group G acts on W by the restriction of the diagonal action of (C∗)n, and the
toric morphism π is constant on G-orbits. Then Cox [22] proved the following (see also
[23][Thm.5.1.11]):

Theorem 5.1. Let XΣ be a toric variety without torus factors. Then XΣ is simplicial if
and only if XΣ is a geometric quotient W/G.

Let us assume now that XΣ is such a simplicial toric variety without torus factors.
Under the quotient map π : W → XΣ, the coordinate hyperplane {xρ = 0} maps to the
invariant Weil divisor Vρ. More generally, if σ is a k-dimensional cone generated by rays
ρ1, . . . , ρk, then the orbit closure Vσ is the image under π of the linear subspace Wσ defined
by the ideal (xρ1 , . . . , xρk) of the total coordinate ring C

[
xρ | ρ ∈ Σ(1)

]
. Let Gσ be the

stabilizer of Wσ. Then, if we denote by

aρ : (C∗)n → C∗

the projection onto the ρ-th factor (and similarly for any restriction of this projection),
we have by definition that

Gσ = {g ∈ G | aρ(g) = 1,∀ρ /∈ σ(1)}

' {(tρ)ρ∈σ(1) | tρ ∈ C∗,
∏
ρ∈σ(1)

uρ(tρ) = 1}.(5.2)

Note that the second description of Gσ in (5.2) depends only on σ (and not on the fan
Σ nor the group G). For a k-dimensional rational simplicial cone σ generated by the rays
ρ1, . . . , ρk one gets by [23][Prop.1.3.18] the finite abelian group

(5.3) Gσ ' Nσ/(u1, . . . , uk)
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defined as the quotient of the sublattice Nσ of N spanned by the points in σ ∩N modulo
the sublattice (u1, . . . , uk) generated by the ray generators uj of ρj. Or, in other words,
Gσ = ker(γσ), with

γσ : (C∗)k → TNσ = (C∗)k,

is the group appearing in the quotient construction of the toric variety Xσ ' Ck/Gσ

associated the simplicial cone σ ⊂ (Nσ)R. Geometrically, Xσ is a “normal slice” to the
orbit

(C∗)d−k ' Oσ ⊂ Uσ ' Xσ × (C∗)d−k.

Then |Gσ| = mult(σ) is just the multiplicity of σ, with mult(σ) = 1 exactly in the case of
a smooth cone. Let mi ∈ Mσ for 1 ≤ i ≤ k be the unique primitive elements in the dual
lattice Mσ of Nσ satisfying 〈mi, uj〉 = 0 for i 6= j and 〈mi, ui〉 > 0 so that the dual lattice
M ′

σ of (u1, . . . , uk) is generated by the elements
mj

〈mj ,uj〉 . Then, for g = n + (u1, . . . , uk) ∈
Gσ = Nσ/(u1, . . . , uk), the character aρj(g) is also given by (see [29][p.34]):

(5.4) aρj(g) = exp
(
2πi · γρj(g)

)
, with γρj(g) :=

〈mj, n〉
〈mj, uj〉

.

5.2. Lefschetz-Riemann-Roch theorem for simplicial toric varieties. In this sec-
tion, we recall from [27] the statement of the Lefschetz-Riemann-Roch theorem for sim-
plicial toric varieties.

Let X = XΣ be a d-dimensional simplicial toric variety without a torus factor. In the
notations of the previous section, X is the geometric quotient W/G coming from the Cox
construction. Denote by KG(W ) the Grothendieck group of G-equivariant locally free
sheaves on W . This is a ring, with product given by the tensor product of equivariant
vector bundles. Let KG(W ) be the Grothendieck group of G-equivariant coherent sheaves;
this is a KG(W )-module. Since W is smooth and G is reductive, we have that KG(W ) '
KG(W ). If we identify the representation ring R(G) with KG(pt), then the pullback by
the constant map W → pt makes KG(W ) into an R(G)-algebra and KG(W ) into an R(G)-
module. Moreover, if R := R(G)⊗ C denotes the complex representation ring of G, then
R coincides with the coordinate ring of G.

Let CH∗G(W ) ⊗ Q denote the equivariant rational Chow ring of W in the sense of
Edidin-Graham, and denote by φ the following isomorphism:

φ : CH∗G(W )⊗Q '−→ CH∗(X)⊗Q = CHd−∗(X)⊗Q

or its composition with the cycle map

CHd−∗(X)⊗Q −→ HBM
2d−2∗(X;Q).

For ρ ∈ Σ(1), let zρ := [Wρ]G ∈ CH1
G(W )⊗Q be the equivariant fundamental class of the

invariant divisor {xρ = 0} on W . Then we have that

φ(zρ) = [Vρ] ∈ H1(X)⊗Q ' Hd−1(X)⊗Q,
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with H∗(X) denoting either the Chow ring CH∗(X) or the even degree cohomology ring
H2∗(X;Z). In the following we usually think of [Vρ] as a cohomology class. More generally,
for any cone σ ∈ Σ, it follows that φ([Wσ]G) = 1

mult(σ)
[Vσ].

In the notations of the previous section, consider the finite set

GΣ :=
⋃
σ∈Σ

Gσ ⊂ G = Spec(R),

and note that the smooth cones of Σ only contribute the identity element. For g ∈ G, the
set of coordinates of Cn (with n = |Σ(1)|) on which g acts non-trivially is identified with:

g(1) = {ρ ∈ Σ(1) | aρ(g) 6= 1}.

Thus the fixed locus of g in Cn is the linear subspace defined by the ideal
(
xρ : ρ ∈ g(1)

)
of the total coordinate ring. So the fixed locus W g of g in W is the intersection of this
linear subspace with W = Cn \ Z(Σ). Note that W g 6= ∅ if and only if the linear space
defined by the ideal

(
xρ : ρ ∈ g(1)

)
is not contained in Z(Σ), and the latter is equivalent

to the existence of a cone σ ∈ Σ which is generated by the rays of g(1). Note that for such
a cone σ, we have that g ∈ Gσ and W g = Wσ.

Assume that XΣ is a d-dimensional simplicial toric variety containing a torus factor,
and let N ′ be the intersection of N with the proper subspace of NR spanned by all ray
generators uρ. Then all cones of Σ lie in N ′R, so they form a simplicial fan Σ′ in N ′R, with

XΣ ' XΣ′,N ′ × (C∗)r

so that XΣ′,N ′ = W ′/G′ contains no torus factor (assuming that Σ is not just the zero
cone {0}). Letting G := G′ act trivially on (C∗)r, we get (non-canonically):

XΣ ' XΣ′,N ′ × (C∗)r = W/G,

with W := W ′ × (C∗)r. If Σ is just the zero cone {0}, we have XΣ = (C∗)d = W/G
with W := (C∗)d and G := {id}. So the preceeding discussion and notations can also be
extended to this context.

Let chG and TdG denote the equivariant Chern character and resp. equivariant Todd
class in equivariant rational Chow cohomology (as in [27]). We then have the following:

Theorem 5.2. (Lefschetz-Riemann-Roch theorem for simplicial toric varieties [27])
Let X = XΣ be a simplicial toric variety, and let π : W → X = W/G be the quotient map
as before. If g ∈ G, let ig : W g ↪→ W denote the inclusion of the fixed locus of g, with
normal bundle NW g , and let TW g be the tangent bundle of W g. If F ∈ KG(W ), then:

(5.5) td∗
(
[(π∗F)G]

)
=
∑
g∈GΣ

φ ◦ (ig)∗

(
chG
(
i∗gF
)
(g)

chG(Λ−1

(
N∗W g)(g)

)TdG(TW g)

)
,

with (ig)∗ the equivariant Gysin map induced by Poincaré duality.
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Here, the (equivariant) twisted Chern character chG(−)(g) for g ∈ G is defined for a
(virtual) G-equivariant vector bundle (or locally free sheaf) F ∈ KG(W g) as follows:

chG(F)(g) :=
∑
χ

χ(g) · chG(Fχ),

where F ' ⊕χ Fχ is the (finite) decomposition of F into subbundles (or sheaves) Fχ on
which g acts by a character χ : 〈g〉 → C∗. The sheaves Fχ are also G-equivariant, since G
is abelian. Note that since these characters are complex valued, the individual terms on
the right-hand side of (5.5) are in H∗(X)⊗C. However, their sum is in H∗(X)⊗Q, since
this is the case for the left-hand side of (5.5).

As a corollary of Theorem 5.2, Edidin-Graham proved the following formula for the
Todd classes of simplicial toric varieties (obtained for F = [OW ]). In the complete case,
the same result follows from the equivariant Riemann-Roch theorem of Brion-Vergne [13]
(compare also with [34] for a related approach using Kawasaki’s orbifold Riemann-Roch
theorem, with applications to Euler-MacLaurin formulae).

Corollary 5.3. The Todd class of simplicial toric variety X = XΣ is computed by the
formula:

(5.6) td∗(X) := td∗([OX ]) =

∑
g∈GΣ

∏
ρ∈Σ(1)

[Vρ]

1− aρ(g)e−[Vρ]

 ∩ [X] .

5.3. Homology Hirzebruch classes of simplicial toric varieties. The main result of
this section is the following computation of homology Hirzebruch classes via the Lefschetz-
Riemann-Roch theorem:

Theorem 5.4. Let X = XΣ be a simplicial toric variety of dimension d, with n := |Σ(1)|.
The un-normalized Hirzebruch class of X = XΣ is computed by the formula:

(5.7) Ty∗(X) = (1 + y)d−n ·

∑
g∈GΣ

∏
ρ∈Σ(1)

[Vρ] ·
(
1 + y · aρ(g) · e−[Vρ]

)
1− aρ(g) · e−[Vρ]

 ∩ [X] ,

and the normalized Hirzebruch class of X = XΣ is given by:

(5.8) T̂y∗(X) =

∑
g∈GΣ

∏
ρ∈Σ(1)

[Vρ] ·
(
1 + y · aρ(g) · e−[Vρ](1+y)

)
1− aρ(g) · e−[Vρ](1+y)

 ∩ [X] .

Proof. The proof follows the lines of [27][Thm.4.2], with some technical additions dictated
by our more general setting. If Σ is just the zero cone {0} (so that n = 0), with X =
XΣ = (C∗)d, then the identities

Ty∗(X) = (1 + y)d · [X] and T̂y∗(X) = [X]
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follow from the normalization condition, since TX is a trivial vector bundle of rank d.

Moreover, by the multiplicativity of Ty∗ and T̂y∗ with respect to cross products, we can
assume in the following that XΣ contains no torus factor.

Recall from formula (1.2) that the un-normalized Hirzebruch class of a (simplicial) toric
variety, can be computed as:

(5.9) Ty∗(X) =
d∑
p=0

td∗(Ω̃
p
X) · yp = td∗(

[
ΛyΩ̃

1
X

]
),

with Ω̃p
X the sheaf of Zariski p-forms on X and ΛyΩ̃

1
X :=

∑d
p=0 Ω̃p

X · yp. We claim that the
following identity holds:

(5.10) ΛyΩ̃
1
X '

(
π∗ΛyN

∗
(G,W )

)G
.

Here N∗(G,W ) is by definition the (sheaf of sections of the) dual bundle of the G-equivariant
quotient bundle

N(G,W ) := TW/T(G,W ),

with T(G,W ) the sub-bundle of TW given by the vectors tangent to the G-orbits. So N∗(G,W )

is the sub-bundle (or subsheaf) of Ω1
W given by the one-forms vanishing along the G-

orbits. If a : G × W → W denotes the action (g, w) 7→ g · w, then the differential
da : (TG)id × (W × {0}) → TW is injective, since G acts with finite stabilizers, and the
image of da gets identified with T(G,W ). So T(G,W ) ' (TG)id×W , with the adjoint G-action
on (TG)id, is a trivial G-vector bundle of rank n− d since G is abelian.

So we want to show that for any p we have:

(5.11) Ω̃p
X '

(
π∗Λ

pN∗(G,W )

)G
.

To prove (5.11), let n = |Σ(1)| and cover W by principal opens

{x ∈ Cn : x̂σ 6= 0}

associated to the top-dimensional cones σ ∈ Σ(d) of the fan Σ. Then in the notation of
(5.1), we have the identification

{x ∈ Cn : x̂σ 6= 0} ' Cd × (C∗)n−d ' Uσ̃,

where the last equality follows since σ̃ is a smooth d-dimensional cone in Rn. Moreover,
Gσ acts naturally on Cd with:

Uσ̃/G ' Cd/Gσ ' Uσ.

Since proving (5.11) is a local question (in fact the following canonical identifications glue
together), we can assume W = Uσ̃, X = Uσ, G = Gσ × (C∗)n−d, and π = πσ. So π can be
factored as a free quotient followed by a finite quotient:

Uσ̃
π̃−→ Uσ̃/(C∗)n−d ' Cd −→ Cd/Gσ ' Uσ.
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And in these charts we have the identification T(G,W ) = Tπ̃ between T(G,W ) and the sub-
bundle Tπ̃ of vectors tangent to the fibers of π̃. Hence N∗(G,W ) = π̃∗Ω1

Cd . Then (5.11)
follows from the known fact

Ωp
X '

(
π̃∗π̃

∗Ωp
X

)G
about a free quotient map of algebraic manifolds, and resp. the corresponding decription
of the sheaf of Zariski p-forms

Ω̃p
X '

(
π∗Ω

p
M

)G
for a finite quotient map π : M → X = M/G with M smooth.

Putting (5.9) and (5.11) together, and using the Lefschetz-Riemann-Roch formula (5.5),
we get:

Ty∗(X) = td∗
(
[
(
π∗ΛyN

∗
(G,W )

)G
]
)

=
∑
g∈GΣ

φ ◦ (ig)∗

(
chG
(
i∗gΛyN

∗
(G,W )(g)

)
chG(Λ−1

(
N∗W g)(g)

) TdG(TW g)

)
,

(5.12)

with ig : W g ↪→ W the inclusion of the fixed point locus of g ∈ GΣ, and

φ : CH∗G(W )⊗Q −→ H∗(X)×Q ' Hd−∗(X)⊗Q
is as in (5.5). Here, H∗(X) denotes either the Chow ring or the even degreel cohomology
ring, and H∗(X) is either the Chow group or the even degree Borel-Moore homology.
Recall that for ρ ∈ Σ(1), we let zρ := [Wρ]G ∈ CH1

G(W ) ⊗ Q denote the equivariant
fundamental class of the invariant divisor {xρ = 0} on W , and we have that φ(zρ) = [Vρ].

Since
TW '

⊕
ρ∈Σ(1)

OW (xρ),

it follows that the equivariant normal bundle NW g of W g ⊂ W splits as

NW g '
⊕
ρ∈g(1)

i∗gOW (xρ).

This is also a decomposition into eigenbundles for the finite subgroup 〈g〉, where the weight
on the ρ-th factor is the character aρ. Since c1(OW (xρ)) = zρ, we therefore get:

chG(Λ−1

(
N∗W g)(g)

)
= i∗g

 ∏
ρ∈g(1)

(
1− aρ(g−1)e−zρ

) .

Similarly, the tangent bundle of W g splits as

TW g '
⊕
ρ/∈g(1)

i∗gOW (xρ).

Hence,

TdG(TW g) = i∗g

 ∏
ρ/∈g(1)

zρ
1− e−zρ

 = i∗g

 ∏
ρ/∈g(1)

zρ
1− aρ(g−1)e−zρ

 ,
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where in the last equality we use the fact that aρ(g) = 1 if ρ /∈ g(1). From the short exact
sequence of G-vector bundles

0→ N∗(G,W ) → T ∗W → T ∗(G,W ) → 0

we get

chG
(
i∗gΛyN

∗
(G,W )(g)

)
= (1 + y)d−n · chG

(
i∗gΛyT

∗
W (g)

)
,

since T ∗(G,W ) is a trivial G-vector bundle of rank n− d. Finally,

chG
(
i∗gΛyT

∗
W (g)

)
=
∏

ρ∈Σ(1)

i∗gchG
(
1 + y · OW (xρ)

∨(g)
)

= i∗g

 ∏
ρ∈Σ(1)

(
1 + yaρ(g

−1)e−zρ
) .

Since W g is the intersection of W with the linear subspace cut out by the ideal generated
by {xρ}ρ∈g(1), we have:

(ig)∗(ig)
∗(−) =

( ∏
ρ∈g(1)

zρ
)
· (−).

Altogether, we obtain:

(5.13) Ty∗(X) = (1 + y)d−n ·
∑
g∈GΣ

φ

 ∏
ρ∈Σ(1)

zρ(1 + yaρ(g
−1)e−zρ)

1− aρ(g−1)e−zρ

 .

The first result about the un-normalized Hirzebruch class follows, since φ(zρ) = [Vρ] and
we use the fact that g ∈ GΣ ⇐⇒ g−1 ∈ GΣ. To get the formula for the normalized
Hirzebruch class, we just have to substitute (1 + y)−d · [X] for [X] ∈ Hd(X) ⊗ Q and
(1 + y) · [Vρ] for [Vρ] ∈ H1(X)⊗Q. �

As a by-product of formula (5.11) in the proof of Theorem 5.4 above, we also get the
following presentation of the motivic Chern class mCy(XΣ):

Corollary 5.5. In the above notations, the motivic Chern class mCy(XΣ) of the simplicial
toric variety XΣ = W/G is given by:

(5.14) mCy(XΣ) = πG∗
(
Λy([T

∗
W ]	 [T ∗(G,W )])

)
∈ G0(XΣ)[y],

with πG∗ : K0
G(W )→ G0(XΣ) induced by the corresponding exact functor F 7→ (π∗F)G.

As another consequence of Theorem 5.4, we get the following formula for the Todd class
td∗([ωX ]) of the canonical bundle, which played an essential role in Section 3.

Corollary 5.6. If X = XΣ is a d-dimensional simplicial toric variety, then

(5.15) td∗([ωX ]) =

∑
g∈GΣ

∏
ρ∈Σ(1)

aρ(g) · [Vρ] · e−[Vρ]

1− aρ(g) · e−[Vρ]

 ∩ [X] .
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Proof. Recall from formula (1.2) that the un-normalized Hirzebruch class of a d-dimensional
(simplicial) toric variety, can be computed as:

Ty∗(X) =
d∑
p=0

td∗(Ω̃
p
X) · yp.

So formula (5.15) is obtained by specializing our formula (5.7) to the top-degree d in y. �

Note that if Σ is a smooth fan, then GΣ = {idG}. In particular, we derive from (5.8)
the following formula for the normalized Hirzebruch classes of smooth toric varieties:

Corollary 5.7. The normalized Hirzebruch class of a smooth toric variety X = XΣ is
given by:

(5.16) T̂y∗(X) =

 ∏
ρ∈Σ(1)

[Vρ] ·
(
1 + y · e−[Vρ](1+y)

)
1− e−[Vρ](1+y)

 ∩ [X] =

 ∏
ρ∈Σ(1)

Q̂y([Vρ])

 ∩ [X] ,

where Q̂y(−) is the power series from (2.3).

Remark 5.8. By making y = −1, 0, 1 in (5.8) and (5.16) we obtain formulae for the
Chern, Todd and L-classes of simplicial and resp. smooth toric varieties.

Example 5.9. (Fake) Weighted projective spaces
Consider a complete simplicial toric variety XΣ of dimension d, whose fan Σ has d+1 rays
ρi with primitive generators ui (i = 1, . . . , d), so that NR =

∑d
i=0 R≥0ui. Then there exist

positive integers q0, . . . , qd with gcd(q0, . . . , qd) = 1, so that

q0u0 + · · ·+ qdud = 0.

By the proof of [53][Thm.2.1], these weights are already reduced, i.e.,

1 = gcd(q0, . . . , qj−1, qj+1, . . . qd),

for all j = 0, . . . , d, so the toric variety XΣ,N ′ associated to the fan Σ and the lattice N ′

generated by the vectors ui is the weighted projective space P(q0, . . . , qd); see loc.cit. In
the case when N ′ 6= N , XΣ := XΣ,N is the fake weighted projective space defined as the
quotient of XΣ,N ′ = P(q0, . . . , qd) by the finite abelian group N/N ′, see also [15, 37, 53].

Then by the Cox construction, we have that XΣ = W/G, with W = Cd+1 \{0} and G '
C∗×H, for a finite abelian group H. Note that C∗ acts on W with weights (q0, . . . , qd), e.g.,
see [53][Thm.1.26], so that W/C∗ = P(q0, . . . , qd), and H ' N/N ′. By [23][Thm.12.4.1],
the rational cohomology ring H∗(XΣ)⊗Q of XΣ is given as the quotient of the polynomial
ring Q[x0, . . . , xd] by the relations x0 · · ·xd = 0 and qjxi = qixj (for all i 6= j), under the
identification xi = [Vi] corresponding to the ray ρi. Therefore, H∗(XΣ)⊗Q ' Q[T ]/(T d+1)

with distinguished generator T =
[Vj ]

qj
∈ H2(XΣ;Q), j = 0, . . . , d.

The normalized Hirzebruch class of XΣ is then computed by:

(5.17) T̂y∗(XΣ) =

(∑
g∈GΣ

d∏
j=0

qjT ·
(
1 + y · aj(g) · e−qj(1+y)T

)
1− aj(g) · e−qj(1+y)T

)
∩ [XΣ] .
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In particular, if N = N ′, i.e., for the weighted projective space P(q0, . . . , qd), we obtain:

(5.18) T̂y∗(XΣ) =

(∑
λ∈GΣ

d∏
j=0

qjT ·
(
1 + y · λqj · e−qj(1+y)T

)
1− λqj · e−qj(1+y)T

)
∩ [XΣ] ,

with

GΣ :=
d⋃
j=0

{λ ∈ C∗ | λqj = 1}.

Remark 5.10. The formulae of the above example can be used for obtaining a closed
expression for the Ehrhart polynomial of a lattice d-simplex in Rd, similar to those proved
in [21, 25] by very different methods. Indeed, the toric variety associated to such a
simplex is a fake weighted projective space. For example, let us consider the simplex
P = conv(0, a1e1, . . . , aded) with all ai ∈ Z>0, gcd(a1, . . . , ad) = 1 and {e1, . . . , ed}
the standard basis of Zd. By [53][Algorithm 3.17], the associated toric variety is the

weighted projective space XP = P(1, q1, . . . , qd) with weights qi = si
s

, for si :=
∏d
j=1 aj

ai
and

s = gcd(s1, . . . , sd). Moreover, in this case, the class of the ample Cartier divisor DP is
given by lcm(q1, . . . , qd) · T (see [53][Prop.1.22]), with T d ∩ [XP ] = 1

q1···qd
[pt].

5.4. Mock characteristic classes of simplicial toric varieties. We have seen in the
previous section that the normalized Hirzebruch class of a smooth toric variety X = XΣ is
computed by the formula (5.16) of Corollary 5.7. Following the terminology from [19, 49],

we define the (normalized) mock Hirzebruch class T̂
(m)
y∗ (X) of a simplicial toric variety

X = XΣ to be the class computed using the formula in the smooth case:

(5.19) T̂ (m)
y∗ (X) :=

 ∏
ρ∈Σ(1)

[Vρ] ·
(
1 + y · e−[Vρ](1+y)

)
1− e−[Vρ](1+y)

 ∩ [X] =

 ∏
ρ∈Σ(1)

Q̂y([Vρ])

 ∩ [X] .

In general, let us pretend that the stable complex bundle of XΣ is a sum of line bundles
with Chern classes [Vρ] ∈ Hn−1(X) ⊗ Q ' H1(X) ⊗ Q, ρ ∈ Σ(1), and take the appropri-
ate polynomial in these, e.g., as in [35][§12] for smooth varieties. In particular, besides
mock Hirzebruch classes, we can define mock Todd classes (see [49]), or mock Chern and
L-classes, respectively. Note that the mock Chern, mock Todd, and mock L-classes, re-
spectively, are all specializations of the (normalized) mock Hirzebruch class, obtained by
evaluating the parameter y at −1, 0, and 1, respectively.

Remark 5.11. Let cl∗ be a multiplicative characteristic class of vector bundles defined in
terms of Chern roots α by a power series f(α). Then the definition of the corresponding
mock characteristic class of a simplicial toric variety X, i.e.,

cl(m)
∗ (X) :=

 ∏
ρ∈Σ(1)

f([Vρ])

 ∩ [X]

43



agrees in the case of a toric manifold X with the class cl∗(TX)∩[X] only if f is a normalized
power series with f(0) = 1 (as can be seen easily by using the exact sequence from
[23][Thm.8.1.6]). So in the case of the Atiyah-Singer L-class L∗AS corresponding to the
un-normalized power series f(α) = α/ tanh(α

2
) with f(0) = 1

2
, it is more useful to define

the corresponding mock class in terms of the normalized power series (α
2
)/ tanh(α

2
). For a

smooth toric manifold X of dimension d, this corresponds then to the identity(
1

2

)d
· LAS∗ (X) =

(
1

2

)d
· T1∗(X)

(compare also with the formulae (4.5) and (4.6)).

The main result of this section is a reformulation of our Theorem 5.4 in terms of mock
characteristic classes of closures of torus orbits. Before stating the result, let us recall our
notations and terminology from Section 5.1. A simplicial toric variety X = XΣ without
a torus factor can be realized as a geometric quotient X = W/G, with W ⊂ Cn (for
n = |Σ(1)|) and G a reductive abelian group. If σ is a k-dimensional cone generated by rays
ρ1, . . . , ρk, then the orbit closure Vσ is the image under π : W → X of the linear subspace
Wσ cut out by the ideal (xρ1 , . . . , xρk) of the total coordinate ring C

[
xρ | ρ ∈ Σ(1)

]
. The

stabilizer Gσ of Wσ is given by

Gσ = {g ∈ G | aρ(g) = 1,∀ρ /∈ σ(1)},

with aρ : (C∗)n → C∗ the projection onto the ρ-th factor. Gσ is a finite abelian group of
order equal to the multiplicity of the cone σ. For any g ∈ G, we use as before the notation

g(1) = {ρ ∈ Σ(1) | aρ(g) 6= 1}.

Then the fixed locus W g of g in W is nonempty if and only if g ∈ Gσ for some cone σ ∈ Σ,
and if this is the case then W g = Wσ.

In what follows we write as usual τ � σ for a face τ of σ, and we use the notation τ ≺ σ
for a proper face τ of σ. Note that

τ � σ =⇒ Gτ ⊆ Gσ.

Set

G◦σ := Gσ \
⋃
τ≺σ

Gτ = {g ∈ Gσ | aρ(g) 6= 1,∀ρ ∈ σ(1)}.

Since Gσ = {idG} for a smooth cone σ, it follows that G◦σ = ∅ if σ is a smooth cone of
positive dimension, while G◦{0} = G{0} = {idG}. Moreover, as

Gσ =
⊔
τ�σ

G◦τ ,

(with
⊔

denoting disjoint unions) it follows that

(5.20) GΣ :=
⋃
σ∈Σ

Gσ =
⊔
σ∈Σ

G◦σ = {idG} t
⊔

σ∈Σsing

G◦σ,
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where Σsing denotes the collection of the singular cones in Σ. Moreover, in the above
notations, the following easy result holds:

Lemma 5.12. For any σ ∈ Σsing the following are equivalent:

(a) g ∈ G◦σ.
(b) g(1) = σ(1).
(c) W g = Wσ.

Proof. It follows by definition that (b) and (c) are equivalent, so it suffices to show that
(a) and (b) are equivalent.

If g ∈ G◦σ, then g ∈ Gσ, so aρ(g) = 1 for all ρ /∈ σ(1). Hence g(1) ⊆ σ(1). If moreover,
there exists ρ1 ∈ σ(1) \ g(1), let τ denote the face of σ generated by rays ρ ∈ σ(1) \ {ρ1}.
Since aρ1(g) = 1, it follows that g ∈ Gτ , which is a contradiction since τ is a proper face
of σ. So we must have g(1) = σ(1).

Conversely, if g(1) = σ(1), then the cone σ is generated by the rays in g(1), so g ∈ Gσ. If
there is a proper face τ ≺ σ so that g ∈ Gτ , then aρ(g) = 1 for all ρ /∈ τ(1). In particular,
there is ρ ∈ σ(1) \ τ(1) with aρ(g) = 1. But this fact contradicts ρ ∈ g(1) = σ(1), so we
get that g ∈ G◦σ. �

The case of a simplicial toric variety XΣ containing a torus factor can be reduced to the
previous situation by splitting off a maximal torus factor.

Remark 5.13. Let XΣ be a simplicial toric variety, with kσ : Vσ ↪→ X the inclusion of the
corresponding orbit closure for each cone σ ∈ Σ. Then the (normalized) mock Hirzebruch
class of the orbit closure Vσ (which itself is a simplicial toric variety) can also be computed
by the formula:

T̂ (m)
y∗ (Vσ) = (kσ)∗

 ∏
ρ/∈σ(1)

[Vρ] ·
(
1 + y · e−[Vρ](1+y)

)
1− e−[Vρ](1+y)

 ∩ [Vσ]

= (kσ)∗

 ∏
ρ/∈σ(1)

Q̂y([Vρ])

 ∩ [Vσ] .

(5.21)

Note that (5.19) corresponds to the case of the trivial cone {0}.
For each singular cone σ ∈ Σsing, we set

(5.22) Ay(σ) :=
1

mult(σ)
·
∑
g∈G◦σ

∏
ρ∈σ(1)

1 + y · aρ(g) · e−[Vρ](1+y)

1− aρ(g) · e−[Vρ](1+y)
.

This also agrees by (5.3) and (5.4) with the corresponding definition (1.29) given in the
introduction. In particular, in the expression of Ay(σ) only the cohomology classes [Vρ]
depend on the fan Σ, but the multiplicity mult(σ), the character aρ : Gσ → C∗ and the
subset G◦σ depend only on rational simplicial cone σ (and not on the fan Σ nor the group
G from the Cox quotient construction). In the above notations, Theorem 5.4 can now be
reformulated as follows:
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Theorem 5.14. The normalized Hirzebruch class of a simplicial toric variety X = XΣ is
computed by the formula:

(5.23) T̂y∗(X) = T̂ (m)
y∗ (X) +

∑
σ∈Σsing

Ay(σ) ·
(

(kσ)∗T̂
(m)
y∗ (Vσ)

)
,

with kσ : Vσ ↪→ X denoting the orbit closure inclusion.

Proof. First, by the identification in (5.20), we can rewrite formula (5.8) as

(5.24) T̂y∗(X) = T̂ (m)
y∗ (X) +

 ∑
σ∈Σsing

∑
g∈G◦σ

∏
ρ∈Σ(1)

[Vρ] ·
(
1 + y · aρ(g) · e−[Vρ](1+y)

)
1− aρ(g) · e−[Vρ](1+y)

 ∩ [X] ,

with the mock Hirzebruch class T̂
(m)
y∗ (X) corresponding to the identity element in (5.20).

Next, by using Lemma 5.12 and the well-known formula from the intersection theory on
simplicial toric varieties

(5.25)

 ∏
ρ∈σ(1)

[Vρ]

 ∩ [X] =
1

mult(σ)
(kσ)∗([Vσ]),

the contribution of a singular cone σ ∈ Σsing to T̂y∗(X) can be written as:∑
g∈G◦σ

∏
ρ∈Σ(1)

[Vρ] ·
(
1 + y · aρ(g) · e−[Vρ](1+y)

)
1− aρ(g) · e−[Vρ](1+y)

 ∩ [X]

=

 ∏
ρ/∈σ(1)

Q̂y([Vρ])

 ·
∑
g∈G◦σ

∏
ρ∈σ(1)

(
1 + y · aρ(g) · e−[Vρ](1+y)

)
1− aρ(g) · e−[Vρ](1+y)

 ∩
( ∏

ρ∈σ(1)

[Vρ]
)
∩ [X]


(5.25)
= Ay(σ) ∩

( ∏
ρ/∈σ(1)

Q̂y([Vρ])
)
∩ (kσ)∗([Vσ])


(∗)
= Ay(σ) ∩ (kσ)∗

(kσ)∗
( ∏
ρ/∈σ(1)

Q̂y([Vρ])
)
∩ [Vσ]


= Ay(σ) ∩ (kσ)∗T̂

(m)
y∗ (Vσ),

where the equality labeled (∗) follows from the projection formula. �

Remark 5.15. It follows from Theorem 5.14 that the difference T̂y∗(X)−T̂ (m)
y∗ (X) between

the actual and resp. mock Hirzebruch classes of the simplicial toric variety X = XΣ

is localized on the singular locus, and the above formula (5.23) identifies explicitly the
contribution of each singular cone to this difference. In particular, since X is smooth in

codimension one, and Q̂y(α) = 1 + 1−y
2
α + · · · , we get:
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T̂y∗(X) = [X] +
1− y

2

∑
ρ∈Σ(1)

[Vρ] + lower order homological degree terms.

In the case of a complete simplicial toric variety, it follows from (1.3) that the degree zero

term of T̂y∗(X) is χy(X) · [pt]. It also can be seen from the proof of Theorem 5.4 that for

a given singular cone σ ∈ Σsing, the corresponding mock Hirzebruch class T̂
(m)
y∗ (Vσ) of the

orbit closure can be regarded as tangential data for the fixed point sets W g of the action of
G on W , whereas the “coefficient” Ay(σ) in (5.23) encodes the normal data information.

Note that for y = −1 one gets by A−1(σ) = |G◦σ |
mult(σ)

an easy relation between Ehler’s

formula (1.8) for the MacPherson Chern class and the mock Chern class of a toric variety
which is given by

c(m)
∗ (XΣ) :=

 ∏
ρ∈Σ(1)

(1 + [Vρ])

 ∩ [XΣ] =
∑
σ∈Σ

1

mult(σ)
· [V (σ)].

Similarly, the top-dimensional contribution of a singular cone σ ∈ Σsing in formula (5.23)
is given by

(5.26)
1

mult(σ)
·
∑
g∈G◦σ

 ∏
ρ∈σ(1)

1 + y · aρ(g)

1− aρ(g)

 · [Vσ],

which for an isolated singularity Vσ = {pt} is already the full contribution. Specializing
further to y = 0 for a singular cone of smallest codimension (so that G◦σ = Gσ\{id},
with Gσ cyclic), we recover the correction factors for Todd class formulae of toric varieties
appearing in [3, 13, 31, 49, 50]) also in close relation to (generalized) Dedekind sums.

Example 5.16. Let us now explain the correction term (5.26) in the case of a d-dimensional
weighted projective space XΣ = P(1, . . . , 1,m) with weights (1, . . . , 1,m), and m > 1 and
d > 1, as used in Example 1.13 of the Introduction. In this case, the Cox geometric quo-
tient construction is given by the usual action of C∗ ' G on Cd+1 \{0} = W (as explained
in Example 5.9):

t · (x0, . . . , xd−1, xd) = (tx0, . . . , txd−1, t
mxd).

Here, xj is the coordinate of W corresponding to the ray ρj in the associated fan Σ. Then
the subset of elements g of G having fixed points is described by

GΣ ' µm := {λ ∈ C∗| λm = 1},

with fixed point set W g = {x0 = · · · = xd−1 = 0} for all g ∈ GΣ \ {id}. This fixed point
set is mapped by the quotient map to the isolated singular point of XΣ corresponding
to the cone σ of Σ spanned by the rays ρj, j = 0, . . . , d − 1. Since λ acts by the usual
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multiplication on the normal bundle NW g , the contribution of the singular cone σ becomes

(5.27)
1

mult(σ)
·
∑
g∈G◦σ

 ∏
ρ∈σ(1)

1 + y · aρ(g)

1− aρ(g)

 · [Vσ] =
1

m

∑
λm=1,λ 6=1

(
1 + λy

1− λ

)d
· [pt] .

Remark 5.17. In the above discussion, we used the geometric quotient realization XΣ =
W/G of a simplicial toric variety (without a torus factor), as described by the Cox construc-
tion. Similar arguments apply also to other such quotient descriptions of XΣ associated
with a stacky fan in the sense of Borison-Chen-Smith [8], with the only modification ap-
pearing in the order of stabilizers, e.g., the generic stabilizer need not be trivial. These
stabilizers are not intrinsic to the fan Σ, but they depend on the group action, so that
multiplicities of cones have to be replaced by orders of the corresponding stabilizer groups.

6. On some characteristic class formulae of Cappell-Shaneson

In this final section, we combine the two approaches indicated above for computing ho-
mology Hirzebruch classes in order to derive proofs of several characteristic class formulae,
which were first obtained by Cappell and Shaneson, see [19, 56].

Definition 6.1. The T -class of a d-dimensional simplicial toric variety X is defined as:

(6.1) T∗(X) :=
d∑

k=0

2d−k · tdk(X).

Note that the T -class T∗(X) and the Todd class td∗(X) determine each other.

The following formula (in terms of L-classes) appeared first in Shaneson’s 1994 ICM
proceeding paper, see [56][(5.3)]:

Theorem 6.2. If X = XΣ is a d-dimensional simplicial toric variety and for each cone
σ ∈ Σ we denote by kσ : Vσ ↪→ X the inclusion of the corresponding orbit closure, then

(6.2) T∗(X) =
∑
σ∈Σ

(kσ)∗T̂1∗(Vσ).

Recall that L∗(XΣ) = T̂1∗(XΣ) for a simplicial projective toric variety or compact toric
manifold. Conjecturally, this equality should hold for any complete simplicial toric variety.

The proof of Theorem 6.2 is a direct consequence of the following result:

Proposition 6.3. If XΣ is a simplicial toric variety of dimension d, then:

(6.3) 2d · td∗(X) =
∑
σ∈Σ

(kσ)∗T1∗(Vσ).

Proof. By substituting y = 1 in formula (3.10) of Theorem 3.3 we get the following identity:

(6.4) T1∗(XΣ) =
∑
σ∈Σ

2dim(Oσ) · (kσ)∗td∗([ωVσ ]).
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A similar formula holds if we replace XΣ by an orbit closure Vσ. Indeed, Vσ is itself a
toric variety whose fan is build from those cones τ ∈ Σ which have σ as a face. Recall
that if σ � τ we have that Oτ ⊂ Ōσ = Vσ and, moreover, Vσ = tσ�τOτ . Denote by
kτ,σ : Vτ ↪→ Vσ the induced inclusion. Then formula (6.4) applied to Vσ becomes:

(6.5) T1∗(Vσ) =
∑
σ�τ

2dim(Oτ ) · (kτ,σ)∗td∗([ωVτ ]) =
∑
Oτ⊂Vσ

2dim(Oτ ) · (kτ,σ)∗td∗([ωVτ ]).

Note that kσ ◦ kτ,σ = kτ . So the right-hand side of (6.3) can be computed as:∑
σ∈Σ

(kσ)∗T1∗(Vσ)
(6.5)
=
∑
σ∈Σ

∑
Oτ⊂Vσ

2dim(Oτ ) · (kτ )∗td∗([ωVτ ])(6.6)

On the other hand, for each open orbit Oτ ⊂ X there are exactly 2codim(Oτ ) open orbits
Oσ so that Oτ ⊂ Ōσ = Vσ. Indeed, this is equivalent to the fact that each simplicial
cone τ ∈ Σ has exactly 2dim(τ) faces σ � τ (each of which is generated by a subset of the
generators of τ). So the right-hand side of (6.6) can be further computed as:∑

Oτ⊂X

2codim(Oτ ) · 2dim(Oτ ) · (kτ )∗td∗([ωVτ ]) = 2d ·
∑
τ∈Σ

(kτ )∗td∗([ωVτ ])
(3.13)
= 2d · td∗(X),

which completes our proof. �

We can now finish the proof of Theorem 6.2:

Proof. (of Theorem 6.2) Let us apply the second homological Adams operation Ψ2 to the
formula of Proposition 6.3. Recall that Ψ2 is defined by multiplying by 2−k on Hk(−)⊗Q.
Moreover, since Ψ2 commutes with proper push-down, we get the equality:

(6.7) Ψ2

(
2d · td∗(X)

)
=
∑
σ∈Σ

(kσ)∗Ψ2

(
T1∗(Vσ)

)
=
∑
σ∈Σ

(kσ)∗T̂1∗(Vσ).

By definition, the left-hand side of (6.7) is just the T -class of X. Indeed,

Ψ2

(
2d · td∗(X)

)
= 2d ·Ψ2

(
td∗(X)

)
= 2d ·

d∑
k=0

2−k · tdk(X) =
d∑

k=0

2d−k · tdk(X) = T∗(X).

�

Remark 6.4. While Cappell-Shaneson’s method of proof of Theorem 6.2 uses mapping
formulae for Todd and L-classes in the context of resolutions of singularities, our approach
above relies on Theorem 3.3, i.e., on the additivity properties of the motivic Hirzebruch
classes.

We next describe a result (originally stated in [19][Thm.4]) which was used by Cappell
and Shaneson for their computation of coefficients of the Ehrhart polynomial of a simplex
(see [19][Thm.5]). Recall that if X = XΣ is a simplicial toric variety, the mock L-classes
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L
(m)
∗ of X and resp. Vσ are obtained by substituting y = 1 in the corresponding mock

Hirzebruch classes T̂
(m)
y∗ defined in (5.19) and resp. (5.21), that is,

L(m)
y∗ (X) :=

 ∏
ρ∈Σ(1)

[Vρ]

tanh([Vρ])

 ∩ [X]

and

L(m)
y∗ (Vσ) = (kσ)∗

 ∏
ρ/∈σ(1)

[Vρ]

tanh([Vρ])

 ∩ [Vσ] .

Definition 6.5. ([19, 56]) The mock T -class of a simplicial toric variety X = XΣ is
defined by the formula:

(6.8) T (m)
∗ (X) =

∑
σ∈Σ

(kσ)∗L
(m)
∗ (Vσ).

Similarly, we define for {0} 6= σ the mock T -class of an orbit closure Vσ of X by:

(6.9) T (m)
∗ (Vσ) =

∑
{τ |σ�τ}

(kτ,σ)∗L
(m)
∗ (Vτ ),

where kτ,σ : Vτ → Vσ denotes the map induced by the orbit inclusion Oτ ⊂ Vσ.

Remark 6.6. Note that if X is smooth, we get by formula (6.2) that T
(m)
∗ (X) = T∗(X).

For each singular cone σ ∈ Σsing, let us now recall the definition of A1(σ) = Ay(σ)|y=1

with Ay(σ) defined as in (5.22):

A1(σ) :=
1

mult(σ)
·
∑
g∈G◦σ

∏
ρ∈σ(1)

1 + aρ(g) · e−2[Vρ]

1− aρ(g) · e−2[Vρ]

=
1

mult(σ)
·
∑
g∈G◦σ

∏
ρ∈σ(1)

aρ(g) · e2[Vρ] + 1

aρ(g) · e2[Vρ] − 1
,

(6.10)

where the second equality follows from the fact that g ∈ G◦σ ⇐⇒ g−1 ∈ G◦σ. In fact, the
above definition in (6.10) can be extended to all cones of Σ by setting Ay({0}) = 1, and
Ay(σ) = 0 for any positive dimensional smooth cone of Σ.

Moreover, it follows by (5.3) and (5.4) that in the expression of A1(σ) (and more gener-
ally Ay(σ)) only the cohomology classes [Vρ] depend on the fan Σ, while all other quantities
depend only on the rational simplicial cone σ (and not on the fan Σ nor the group G from
the quotient construction) and can be given directly in terms of σ as already explained in
the Introduction. In fact, only after this identification our A1(σ) above agrees with the
corresponding correction factor A(σ) defined just before Theorem 4 in [19].

In the following we need to apply our result from Theorem 5.14 not just to the given
simplicial toric variety X, but also to the orbit closure Vσ, which is again a simplicial toric
variety. For σ � τ , denote the corresponding correction factors of the closed inclusion
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kτ,σ : Vτ ↪→ Vσ by Ay(σ, τ), and similarly for the corresponding group G(σ, τ), and subset
G(σ, τ)◦. Then this group and subset depend only on the rays {uρ}ρ∈τ(1)\σ(1). Let σ′ be
the cone generated by {uρ}ρ∈τ(1)\σ(1), so that we get the following commutative diagram
of inclusions

Vτ
kτ,σ′−−−→ Vσ′

kτ,σ

y kσ′

y
Vσ

kσ−−−→ X ,

with kσ′ ◦ kτ,σ′ = kτ = kσ ◦ kτ,σ. Then G(σ, τ) ' Gσ′ , G(σ, τ)◦ ' G◦σ′ and

(6.11) Ay(σ, τ) ' (kσ)∗ (Ay(σ′)) .

We can now prove the following result (stated in [19][Thm.4] for a complete simplicial
toric variety):

Theorem 6.7. Let X = XΣ be a simplicial toric variety. Then in the above notations we
have that:

T∗(X) = T (m)
∗ (X) +

∑
σ∈Σsing

A1(σ) · (kσ)∗T
(m)
∗ (Vσ)

=
∑
σ∈Σ

A1(σ) · (kσ)∗T
(m)
∗ (Vσ) .

(6.12)

Proof. Recall that by Theorem 6.2 we have that:

T∗(X) =
∑
σ∈Σ

(kσ)∗T̂1∗(Vσ).

Moreover, by substituting y = 1 in formula (5.23) of Theorem 5.14, we get:

T̂1∗(X) = L(m)
∗ (X) +

∑
σ∈Σsing

A1(σ) · (kσ)∗L
(m)
∗ (Vσ)

=
∑
σ∈Σ

A1(σ) · (kσ)∗L
(m)
∗ (Vσ) ,

(6.13)

and a similar formula holds for the L-class of each orbit closure Vσ:

T̂1∗(Vσ) = L(m)
∗ (Vσ) +

∑
{τ |σ≺τ}

A1(σ, τ) · (kτ,σ)∗L
(m)
∗ (Vτ )

=
∑
{τ |σ�τ}

A1(σ, τ) · (kτ,σ)∗L
(m)
∗ (Vτ ) .

(6.14)
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The desired formula (6.12) follows by combining these facts:

T∗(X) =
∑
σ∈Σ

(kσ)∗T̂1∗(Vσ)

=
∑
σ∈Σ

(kσ)∗

 ∑
{τ |σ�τ}

A1(σ, τ) · (kτ,σ)∗L
(m)
∗ (Vτ )


=
∑
σ′∈Σ

∑
σ∈Σ

(kσ)∗

 ∑
{τ |σ�τ, τ(1)\σ(1) span σ′}

A1σ, τ) · (kτ,σ)∗L
(m)
∗ (Vτ )


(6.11)
=

∑
σ′∈Σ

A1(σ′) · (kσ′)∗

 ∑
{τ |σ′�τ}

(kτ,σ′)∗L
(m)
∗ (Vτ )


=
∑
σ′∈Σ

A1(σ′) · (kσ′)∗T (m)
∗ (Vσ′)

= T (m)
∗ (X) +

∑
σ′∈Σsing

A1(σ′) · (kσ′)∗T (m)
∗ (Vσ′) .

�

Remark 6.8. While Cappell-Shaneson’s approach to Theorem 6.7 uses induction and
Atiyah-Singer (resp. Hirzebruch-Zagier) type results for L-classes in the local orbifold
description of toric varieties, we use the specialization of Theorem 5.14 to the value y = 1,
which is based on Edidin-Graham’s Lefschetz-Riemann-Roch theorem in the context of
the Cox global geometric quotient construction.

Finally, the following renormalization of Theorem 6.7 in terms of

α(σ) := Ψ 1
2
(A1(σ)) =

1

mult(σ)
·
∑
g∈G◦σ

∏
ρ∈σ(1)

1 + aρ(g) · e−[Vρ]

1− aρ(g) · e−[Vρ]

=
1

mult(σ)
·
∑
g∈G◦σ

∏
ρ∈σ(1)

coth

(
πi · γρ(g) +

1

2
[Vρ]

)(6.15)

fits better with the corresponding Euler-MacLaurin formulae (see [20][Thm.2], [56][Sect.6]),
with α({0}) := 1 and α(σ) := 0 for any other smooth cone σ ∈ Σ. Here the inverse Ψ 1

2

of the second (co)homological Adams operation Ψ2 is defined by multiplying by 2−k on
Hk(−)⊗Q and resp. by multiplying by 2k on Hk(−)⊗Q, with

Ψ 1
2
([Vρ]) =

1

2
[Vρ] ∈ H1(X)⊗Q and Ψ 1

2
([X]) = 2d[X] ∈ Hd(X)⊗Q

for a simplicial toric variety X of dimension d.
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Corollary 6.9. Let X = XΣ be a simplicial toric variety. Then we have:

(6.16) td∗(X) =
∑
σ∈Σ

α(σ) ·

 ∑
{τ |σ�τ}

mult(τ)
∏
ρ∈τ(1)

1

2
[Vρ]

∏
ρ/∈τ(1)

1
2
[Vρ]

tanh(1
2
[Vρ])

 ∩ [X].

Proof. Let d be the dimension of X. Appying (1/2)d ·Ψ 1
2

to the equality (6.12), one gets:

td∗(X) =

(
1

2

)d
·Ψ 1

2
(T (X))

=
∑
σ∈Σ

α(σ) ·
(

1

2

)d
· (kσ)∗

(
Ψ 1

2
(T (m)
∗ (Vσ))

)

=
∑
σ∈Σ

α(σ) ·

 ∑
{τ |σ�τ}

(
1

2

)codim(Oτ )

· (kτ )∗

(kτ )
∗(
∏
ρ/∈τ(1)

1
2
[Vρ]

tanh(1
2
[Vρ])

) ∩ [Vτ ]


=
∑
σ∈Σ

α(σ) ·

 ∑
{τ |σ�τ}

mult(τ)
∏
ρ∈τ(1)

1

2
[Vρ]

∏
ρ/∈τ(1)

1
2
[Vρ]

tanh(1
2
[Vρ])

 ∩ [X].

Here, the last equality follows from the projection formula for the inclusion kτ : Vτ ↪→
X = XΣ, together with the following well-known identity from the intersection theory on
simplicial toric varieties: ∏

ρ∈τ(1)

[Vρ]

 ∩ [X] =
1

mult(τ)
(kτ )∗([Vτ ]).

�
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[43] L. Maxim, M. Saito, J. Schürmann, Symmetric products of mixed Hodge modules, J. Math. Pures

Appl. 96 (2011), no. 5, 462–483.
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