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AN INFINITE DIMENSIONAL POINT OF VIEW ON TEICHMÜLLER THEORY

(THE MOMENT MAP. BERS IMBEDDING AND WEIL-PUERSSON METRICJ

T. RATIU and A. TODOROV

#0. "BALKAN PqIN_L_OF VIEW~ ON TEICHMÜLLER THEORY (~!"TRODUCTION')

Thc main objcct of this arUelc 18

Di ff+(Sl)/JPSU 1,1 :=.3:

This can bc interpretcd as all possible "c'"'' complex structures on the unit disco

Jt 18 vcry na tural to cxpect that the TEICHMÜLLER SPACES ~Jg for compact

Ricmann surfaces of genus g ~2 can bc imbcddcd in :l:) wherc :l: is the spnee of

quasi-symmetrie homcolllorphisms of thc cirele. Thc definition of a quasi-symmetrie

!Iomeomorphism of IR! js the following one:

DEFINITION.
--~---

An increasing homoemorphism h:n~ -.JR with hko)=oo is suid to be ,k-Quaslsymmetrlc if

1::;: h(x+ t) - h(x) s::k
k h(x)-h(x-t)-

for a11 x Elf< and alt t >0. A fu nc tion is Q uasisyrnme tric if it is k-q uasisymmetric far

some k.

\Ve recall tbc defi nition of thc TEICHMÜLLER SPACES :rg for compaet Ricmann

Hurfaecs.

DEFI NITION.

Let r bc l) compaet Rlemann surfacc cf genus g ~2 fjlld let

I(r):={all possiblc complox structLlfcS on r}

Thon the TEICHMÜLLER SPACE of 'f ~(r) is defincd in tho following way:

'"]" Rer) :=·10")1Di f f 00")
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where

DiffoCr):={alt dlffcomorphisms cf r isotopic to thc idcnlity}

Ci nd Diff0(1') acts on Hf') by nulling back the complex structures on r.

This imbedding is {~iven in the foJIowing WI1Y: oach element cf gE~g(r) can be

repre~entcd by a quasiconformal ma p g of lhc unit disk in Q:. l3y a THEOR EM or

TEICHMULLER there exixsts a unique cxtremal Quusiconformal map I;il(g) in thc class

of equivelenccs introduccd by TEICHMUI.LER. Let me rccull lhi~ class (Ir
cQuivelence~; wo call lwo lripples Cr',I;il,r) and (f'\W.r) eQuivalent if (1P-1),w:r'-.r" is

homotopic to a conformal map, whcrc 4>:1" -.l" and 1,D:r" -·r are q uasiconformal maps.

This unique "extremal" quasiconrormal map h(<,6) can be prolonged to a map

c6(g):D -I5. where 0 is thc c10sure of D. The reslriction of (iJ(g) on Sl is a

qusisymmetric homeomorph ism cf Sl. This 18 the imbcdding of ~gcr) in i.

T'he main THEOREMS in TEICHMÜLLER THEORY. basically due to AHLFORS and

BERS, are tha t TEICHMÜUER SPACE of GJg(r) für g 2:2 iB a domain in lR6~ --6 and

müreovcr is aSTEIN manifold. Loi.cr different prüofs of these two THEOREMS,

using t1le \VE1L-PETERSSON mctric were givcn by A. Fi~chcr and A. Tromba, A.

Tromba, J. JOHt, S. Wolpert and M. Wolf.

One should also mention thc decp wotk üf ROYDEN. He provcd that thc

TEICHMÜUER METRIC is cxactly thc KOBAYA<;HI METRIC. From here he derived

tha t thc group of thc au lomorphisms of thc TEICHMÜUER SPACE of :J·~I.cr) für

g 2L is exuctly thc mappinp, clas~ v.roup, i .e. Di ff+cr)!Diffocr).

Exccllcnt books on TEICHMÜ'-LER THEORY are Ion. {101. f121. 117] und 09,].
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QESCRIP~PON OF 'THE RESULTS OF TI-IIS ARTICLE~

In #1 uSlng KIRILLOV~S cla~sification of coadjoint orbil~ of ßOTT-VJRASORO

~roup, wo see that DifnS1)/ll:>SUI.l iR isomorphie to Olle of these orbits. Namcly we

rcmind the following THEOREM:

THEOREM 1_= 1. (KIRILLOV 1161).

Thc corresponding central extension of 1l-"~SU1,1 in Vir is lhe eoadjoinl isotropy of

10, "
"6l~, *Po(2(dl) ,-])EVir for any PoEIR

Tilus

is diffeomorphie to thc eoadjoinl orbit of Vif In vir* through thc point

Let us remind that Vif is a centraJ cxtcn~10n of Diff+(Sl) via the so callcd

HOTT-VIRASSORO eocyclc with lUZ. Vir* is the dual of thc Lic algebra Vir of the

VIRASSOl{O LJE GROUP. This Lic algebra is just thc contral extension of thc LIE

AI.GEBRA VccHS 1
) of Diff+(Sl) via thc CELFAND-FUCHS cocyclc: Namcly

Gelfand. I. andFuks, D. in ll1] have shown that

27\

cfX.9_, y 2_)~~J X'C UY"Ct)d t
. St 8t ... 7\

o

is a two cycle which is uniqucly dcfined up to a constant multiple up to the

addition of a coboundary, i.c. j·f(Vect(Sl),!f() is one dimensional. Therefore there is a

uniquc central extension of' Vcct(SI) by IR which we shall denolc by

Vi r-Vcct(SlHBIR

ami whosc bracket operation is givctl by:
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27\

...( --(Xy' --X,y).i2,;-LJ X'(t)Y"(t)dt], ct 27\
o

In #2 we rcmind how onc ca,n construct a nHip from all elements tPEQSDiff+(Sl) to

a pair of uniquc univalent functions (fq;lg</J) rcspcctivcly inside thc unit disk and

outside thc unit disk in C such that:

This map is duc to SULLlV 1\ N and KIRILLOV. Using ihis map we defi ne ihc BERS

IMßEDDING; <I>~.S(f~), whcrc

From this we definc thc topology on :1:, namcly this is thc induced topology on 3:

from thc Loo norm on thc Quadratic dlfferentials, numcly

In #3 wo rcmind haw KIRILLOV constructcd an intcgrable complcx structurc on

Diff+(Sl)/lPSUt,l' \Vc cal! this complcx strucrturc t.he KIRILLOV complex structurc.

Combining this complcx struclure with KIRILLOV-KONSTANT-SAtJRIAU form, wc get

a unique loft invariant KAI·ILEI~ METRIC on Diff(Sl)/IPSU1,1' This metrie wc eall

THE WEIL-PETERSSON METRIC. We havc tllo following formulas for thc WEIL­

PETERSSON mctric:

THEOREM 3.

AJLet v and w be two left invariant vcetor ficld~ on Difr+(Sl)/IPSU J ,1 of type (l,O),
(Xl 00

v.,.LvnLn and w~L wnLn where Ln=eXPC]fnj)~t'
n~2 n=2

THEN the WEIL-PETERSSON mctric is givcn by

00

<v,w>=lc2Lvnwn (n
3
-n), wllere c >0

11=2
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BJ Let f-I 1(Sl):={fdl vcctor fiolds v on Sl of type (1,0)1 v is at 10a:-::t C2 +E.}, thon H 1(Sl)

is a completc I-IILBERT SPACE with respect lo t.he mctric dcfincd in AJ.

Thi~ melric was studicd by NAG and VERJOVSKY in 1201. They proved that it i~

dürlned just. on vector fielos Oll Si which are C 2
+(. Since thc imbedding of thc:

TEICHMÜLLER SPACE für ~cnus g>l givc!:' only qua~isymmetric homeomorphisms,

thc WEIL-PETTERSSON mctric defined HS abovc c(Jnnüt be defined on thc

TEICHMÜU,ER SPACE rar g8nlJS e. >.1. NAG (lnd VER.lOVSKY found a bcautifull

way to rcgularizcd the above defincd mairie on ~ß. SO wo will cxplain how thcy do

this.

Review of thc rcsulb; of NAC and VERJOVSKI (Sec l20:J.~

First wo will recal! thai thc t.angent spacc of ~ can be idcntified with thc spaec

of all UELTRAMi differentials with finite 1.00 norm. Let ].N(D) bc this space, Le.thc

spacc of all BELTRAMI differentials with finite Lco norm on D. Let VELOO(D) Then

the corre~ponding "C1uasi~ymmelric" vcctor fleld on Sl is given by

whcrc wlvl is thc sol u tion cf the ßELTRAMl cq ua Uon

wz=vwz

and w[v] is thc first variationa1 term in tIle solution of lhc BELTRAMI cquation, i .c.

w tv(z)""'z -t-twl vl(z)+o(t), t-O

Let /.1 and vELCO(D) represcnt two tang€'mt vectors at t.he origin of 3:, then the

WEIL-PETERSSON matrie is givcn formally as:

g(/.1,v)= -- iA2JJXJJ,u(Z)~(d~ /\d() ·(dz /\dz)-
37\ CI -7.0

D D

-- 3i;2J(] -lzI2)"Il(z)v(\)dz I\dz

D
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IJIEOREM 2. (N!'G and VERJOVSKI) (Sec 1201.)

Let r=D/G be u compact RIEMANN surfaee of genus g >.1. Let 1/0 ELoo(G)/N(G) be

any tangent vector wi th unit length with respcct ta tbc WEIL-PETERSSON metrie

on f, thon wc ha va for any two veclors p_ arid V as in THEOREM 1 thc WEIL­

PETERSSON mctric on r is gi von by

wherc

and Dr"'"-{tECLlltI<r}.

In #4 wo provc thc followi ng THEOREM, using UIC idca cf NAG and VERJOVSKI

how to rcgulRrlzed the WEIL-PETERSSON metric on i.

THEOREM 4.

AJ Su ppose tha t p,(z) is a holamorph ie fu neUon in D und

:....~J((l -lzf)4111.12 )(dz Adz) <0:'
!\1

D

Lel

Supposc thal lim l!,r(I1.,ll.)-co
r - •.1-

Ir we dofine
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.wherc

THEN

g(;.J..,/.1) ex i s ts a nd

g(IL,p) >0
BJ Let H2 (Sl) be the space of a11 all vector fjelds on SI such that thcy fulfill the

cond i tions 1), 2) a nd 3) s ta tc;d bellow

00
() ~ inta

1) v at "" ..L.."cnc at
Jl=2

in other words v a is cf ty pe (l,0) wi th rc~pcct to tho KIRILLOV'S COMPLEX
~ 8t

STRUCTURE on ~

2) v is at most C2

00

3) If we dofinc fv(z):-LenZ" in D thon we require tImt g(fv.fv»O

11=2

THEN H,,(SI) is a eomplete HILBERT SPACE wi lh respcet to thc metrie g(v,v) as
~

dcfi ncd in AJ.

C) Thc restrietion ur g(.u,JÜ dcfincd on H?(SI) as in AJ on the imbcddcd

TEICHMÜLLER SPACE :Lg is just thc WEIL-PETERSSON METRIC.

DEFINITION.

The mctric g(ji.,v) dcfincd by THEOREM 4 wo will call thc WEIL-PETERSSON

METRIC on quasisymmetrie voetor field that are at mOf>t C2
•

Thls is anothcr way to provo that thc above dcfinod CANONICAL METRIC is

not only dcfincd on diffcomorphisms of SI of C2
'

C but on all QSDiff+(S'), La. on all

quasisymmetrie homeomorphisms of SI.

REMARK.

The tangen t Hpuec of all "Q usisymmetric" vee tor fjelds on Si wo can spli t in lo an

orthogonal surn of two HILBERT SPACES. namely Hl(SI)~-I-h(SI). where Ht(Sl) consists

of all veetor fjelds on SI which (irc at least C2
+

C and the metric on HI(SI) 1S defined
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as in THEOREM 3, whilc t1lc metrie on H2(Sl) is defined as lt1 'THEOREM 4, 1.0.

g(/J-,f.J.) for j..i EH 2 (SJ).

In #5 wo show how to find a potentia I of this matrie on :3:. This potential is

defincd by the followi ng proccdure: \Ve ean interpret Diff(Sl)/IPSU 1,1 as all posBible

complex structurcs on D={tl t Ea: and Itl2 <I}. So each point t of Diff(Sl)/lPSU 1 ,1

derines an elliptic opera lor at which acts on thc space of all quadratic differentials

on SI. Thon using QUILLEN'S construclion wc get t1lc so called doterminant linc

bundlc doH8). This linc bundlc has a natural scction dcH3 t ). Noxt wc clerine thc so

called QUILLEN'S metrie on dct(8) in the following way:

Ildet(SiP) 117. :""exp( -~6 (0))
tP

~~ -*wherc L\tP:-8~arp' at'/J is thc conjugatc of 8q, with rc~pec.t Lo thc mairie g(t) and

~6 (s)=LAiS
r/J .

I

whcrc Ai are thc eigen valucs of !.),,</J'

"Almost" copying tila praof of a THEOREM 01' QUILLEN in [181 wo provo that:

THEOREM S.

AJ u"51og(cxp( -( +(0)))= aalag IIdct3 t II Q is just thc 'WEIL-PETRSSON METRIC on :1:.
6.)i

This turns ou t to be part of the more general princlple. which was obRerved

also by FUJIKI and SCHUMACHER. Namely, let %-·U bc the KURANlSHI ramily of

KÄHLER. manifolds wilh a fixcd class of polarization LEH 1,1(X o ,IT·O. Supposc that ror

oach t E'U wo can find a K Ä1-1 LE.R motric gt depending cC'O on t and such tha t thc

eohamology class lImgt1~L. Thon wc can dcfinc thc WEIL-PETERSSON metrie in tho

following way: \Ve know from KURANISHI theory that the ZARISKI tangent spaec

T t CU ~IH1(Xt'8t), wherc II-I 1(X p 8 t ) is thc space of harmonie (0,1) forms with

cocfficient~ in thc tan~cnt spacc. Let dJ and a Ell-1 1(Xt.,0 t ); then

A.I LA..a_d-J1, tV-. () I L l/d--ß tV\ a'f' I (r 'f'-- Z '0'-- a lJ= a- z '61--
~ JI. dZ CX ß 8z V

Then wo clcfino thc WEIL-PETERSSON mctric in tho following way:
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- -*-\Ve ean interpret 'U as the space that parametrizcs thc operators c\. Let <\ c\=V't'
whcrc "57 is thc eonjugato of 8t with rcspect to thc metrie g(t), then the following

THEORI:':M Üi truc:

THEOREM 5.1.

8alog(cxp( ~("V-t (0))= aalog IIdct3t 110 is jusl thc WEII.-PETRSSON METRIC on U.

Thc WEIL-PETERSSON mctrie on Diff+(SJ)/IPSU 1 1 wa~ studied also hy some

phisisls in lSJ. l61. [7J and [öL

·Wo shou ld montion also thai wo dofine b dctcrminan t holomorphie funetion on ~:.

lt is closcly eonncctcd with T funclion dcfined by G. WILSON and G. SlEGAL in

thcir bcuutiful paper [2U.

From thc above THEOREM it is not difficult to show that thc WEIL-PETERSSON

matrie ha~ a ncgati vc curvaturo opera tor. Evcn more there are strong indications

tha t thc global potcnsial of thc WEIL-PETE':RSSON metrie is thc RUELLE~S zeta

functions at s-~ for each 4'> E::i. Thc eurvaturc computations will be considered in a
"-

fut ure paper.
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!tl. COADJOINT ORBITS OF THE 130~I~r-VIRAsORO_~gROUP(SEE []§~J22D.

Let ~ be a Lie anci y*hc ils du~l. <J* is a POISSON manifold relative to thc LIE­

POISSON struclure gi ven by:

wherc r,h:g*-.n~, /lE(I*, < , >:(jxY*-·lR is (l wcakly non-degcneratc pairing and

are lhc functional derivatives of rand g rcspectivcly, compuled at jJ. via thc

formula:

for f1ny u E(1*; herc fl) dcnot.es thc usual Frechet derivative of funcLions on \1*.

Thc symplcctic leaves of tbis linear POISSON manifold ~re thc coadjoint orbits of

thc undcrlying L1E group G of g. They are endowcd therefore wilh a symplcctic

slructurc Wo callcd thc orbit symplectlc structure or thc KIRILLOV-KONSTANT­

SOUR/AU symplcctic slruclurc:

wherc ,L1 EOC\j*, 0 is a coadjoint orbit, t,T] Ey, and (adE),u.*, (adrOll* ET,uO are

orbi tre ry tangent vcc tors to the orbi t 0 at /1.

In this paper we shall bc concerned with a vcry particular cxample cf a

coadjoint orbi t, defined by a centra I extonsion. Let us dcnote by G :.-:Diff+(SI) tho

oricnted preserving diffeomorphisms of thc circle relative to the length form

d t Erl I (Sl). Tho Lie algobra Diff+(Sl) consists of Vcct(Sl), the space cf vector fields

on Si, cndowcd with mintlS the usual Lic bracket on vecl.or fjelds. Relative Lo thc

L7._ pairing. thc "dual" of Vcct(Sl) consists cf quadratic differentials
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211

<p(t)(d t) 02,X(tL~>=<~J pet)X(t)d te:h .:,7[

o

The geometrie interpretation of q u8dratic differentials 8S dual to VecHS 1
) is the

following: Thcy are one-form densities on SJ. Vic denota, as usual, by VecteS 1)* the

dual of VocteS!) relative 10 < , >.

Cel fand, I. a ncl Fu ks. D. iTI 111] ha vc shown tha t

27\

c(x () ylLl=...LI X'(t)Y"(t)dt
. J at' 8t- 2/T '

o

is a two eycic which is uniq ucly defined up 10 a constant multiple up to thc

addition of a coboundary, Lc. fI 2eVect(Sl),H) is one dimensional. Thcrcforc there is a

unique central extension of Voct(SI) by JR which wo shall denotc by

vi r= VecteS1) Ef) IR

Hnd whose bracket operation is givcll by:

27\

=(-(XY' -X'Y)~ .LI X'(t)y"el)dt)
at'2?r

o

Correspondingly. thera exixts a central extension Vir of Diff(SI) by SI whose

dcfi ni ng two-cocycle ß was dctermi ncd by Bott 141:

27r

B(rl,q,)-2~I[ln(7] .q,),]dOnq,·)]

o

Again, B is uniqucly dctcrmined up to a constant and the addition of a coboundary.

The group operation in Vir is given by

(f], t)(,p,s)=(77' (/>. t +s+ f3(T] ,(/»( mod27l"»

Vif is called thc BOTT-VIRASORO group. The coadjoint actions of Lic group and

Lic algebra are given by

pa~c12



where

is thc Schwartz/an derivative of 4>. Using thc~c formulas \t is easy to see that

IPSUl,l is not thc isotropy group iIl Diff(Sl) of any element in VeeHS1)*. However,

wo ha vo thc followj ng:

THEOREM 1.1. (KIRILI.OV [] on.
The corrcsponding central extension of IPSU1,1 in Vir is thc eoadjoint isotropy of

po C2Cdl)0
2
,-1)EVir* far any PoEU<

Thus

Di ff(S l)/IPSU 1,1

i8 diffcomorphic to thc coadjoint orbit of Vir In vir* through ihc point

(2(d t) 0 2, -]).

Let us close this scclion with a fcw words about ihc manifold structure of

Diff+CS1)/lPSU1,1' Endow Diff+CS1) with HS-topology for H>i so that ull clcment~ of

Diff+CS 1
) are at Jeast Cl according to SOBOLEV'S IM8EDDING THEOREM. Thcn, it

ean bc shown thRt Difr+CS 1)/JPSU 1 ,1 earries the corresponding Quotient st.ructurc. To

understand this better, it is convinient to procecd in a slightly different fashion.

Denote hy RoteSI) the orlntation prcserving of Sl. Then, CiS shown hy KIRILLOV,

Diff+(Sl)/RotCS1
) is Ci conlractiblc space. Sinec Diff+(Sl)/IPSU 1 ,1 fibres ovcr

Diff+CS1)/RotCS 1
) with fihre thc POINCARE disk 1), it follows that tho manifold

structurc cf Diff+(SI)/n:'SU1,1 IS that cf a product of Diff+CS 1)/RotCS 1
) with D.
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THEOREM 1.2.

+ 3Diff (Si)/Rol(Sl)_.Diff+(Sl)/1PSU 1 ,1 is a fibre bundle of I--I 5 -manifolds for s>2' whose

fibre is the POINCARE disk.

REMARK.

The expression occuring in (*) is thc sccond POISSON struclurc far the KdV

equatian, Of cq ui valcntly, the operator appcaring in thc squarcd cigcnfunction

fela lion af thc I-IILL opera tor.
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#2. THE CHOI(~E OF TOPOLOCY OF ~ AND BERS IMREDf)ING.

DEFINiTION S.l.

Let u!-; denote by QSDifr+(Sl) thc group of qua:;;;i~ymmctric homocmorphi~ms of tho

circlc Sl.

LEMMA 2.2.(KIRILLOV (Sec 1151).

Let tPEQSDiff+(Sl), i.c. if> is a quash-;ymmetric homocmorphism of Sl, thcn t:/J defines a

pair of univalent functiol1s (f,U), whcrc f is defincd 1n in D+:={tEILI Itl:::;:J}, g 1S

defincd in D- :-={ t EILI ltl ~.1} a nd (f,g) ha ve thc following propcrties:

AJ g(oo)=oo and g'(oo)=l and so g is uniqucly defined

CJ f IS uniqucly dcfined

Proof: Let---

be ihr! glucing of the two dise via 1J a lang thc bOlJndtJry SI. So WP. get thai.

is thc S2
L. , i.c. the two-d i mensionH I !-;pherc, Sinee i~ a q uasisy mmctrie

homcomorphism of SI it follows from a THEOREM of Al-ILFORS and BEURING that r/J

can bc prolonged to a quasiconformal map of 1), (Sec 111.) So from here and accordin~

to a THEOREM of BEI{S and AHLFORS , there exists a unique complex structure on

D+ U4>D--'O=IP~ which coincides with standard oncs on bOUI D+ und D-. (Sec LU.) Sincc

tJlI compex structllre~ on S2 are cquivalent, there cxi~.::ts H holomorphlc mtJp

such that F(co)-co, F'(co)-l. Rccalling thc definition of lL1P~ we sec that thc
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definition cf F i8 cquivelent to t1le definition of 8 pair of functions (f,g) dcfined on

0+ and D- respoctively. From THE RIEMANN MAPPING THEOREM wc get that ~ is

u niq ucl y dori ned. So AJ. BJ and CJ follow a utoma tically.

Q.E ..D..

COR. 2.2.1 ..

f(eP) Cttn he prolongcd continuously to Cl quasiconforrnAI function r(eP) outside

D, i.c [(4)) is defi ned in D-.

Praor: From the THEOREM of AHLFORS and 1'3E~LJRLING tP can bc prolongod to a

quasiconformal map ~:D--.D-. (See flJ.) Clcarly, f(~)=v,(~(z)) 18 a quasiconformal map

with the rcquiered properlies.

Q.E.D.

REMARK 2.3 ..

Up to new wo havc constructed an injecti ve map, namely to euch

c;6 t:::QSDi ff(S 1) --(f ,r.)

wherc (f,g) are dcfined by LEMMA 2 ..1., und f is an univalent runetien in thc closcd

disk i5 uniquoly dofined by <jJEQSDiff+(Sl). ~cxt to f wc assign its Schwarclan

derivative, i.e we get a map

(2.3.1 .. )

whcre

The main properties of thc Schwarclan derivative S(n are:

(2.3.2,)

(2.3.3.)

S(f .g))~(S(f)·g)(:)f+s(g)

S(h)-O iff h is a Möbius transformation

So from (2.3.2.) and (2 ..3.3.) it follows that we can interpret

:B(QSDjff+(Sl)_~:-QSDifr+(Sl)/PSLJI1 and for ~E~ and S(f(<t»), dofinod as in LEMMA

2.2., us a quadra tic d ifferen tial on D. Th is is ßERS IMBEDDI NG.
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LEMMA 2.4. (ßERS IMBEDDJNG.) (Sec 13].)

Thc map (2.3.1.) ßivc~ an imbcddin~ of QSDiff+(Sl)!JPSLJ 1 ,1 into thc ~pace of

univalent holomorphic functions in D such tha t the NEHARI norm

IIS(f(t;t») IID :-SlI J1 IS(f(i/J)(z»l(.1 -lzl?f <2.
zED

PROOF: In [11 i t is provcd lhat i f f is a 1.lTIi va lent fu nction in D a nd

IIS(f) IID:-=su p IS(f( z»I(1 _lzI2
)2 <2.

zED

then f ca n be continued to a q uasiconformal map Oll tside D. So from th is result and

(2.2.1.) and (2.2.4.), i 1 follows that 3: C.A(2), wherc .A(2) is thc hall in thc Banßc'h

spacc ~2 of radius 2. where :87. is tho spaco of alt holomorphic functions in D with

finite NEHARI norm

II f Il
D

:=sup If(z)10 _lzI2)7 <00
zED

Even more it was proved that 3': is eXActly thc intcrior of ~~. U:;:MMA 2.4. fol1ows

from here and LEMMA '2.2.

Q.E.D.

REMARK •

lt is easy to sec that % contains r-1(l)r) for cvcry r <2, wherc F maps thc spacc of

holomorphic functions f such that

IIr 112~ 2~iJ(I -lzI
2)'r f(dz /\dzl <""

o
to a= and it is dcfined 1n thc following manner: F(f)=f(O), Dr:...{tE[:1 Itl<r}.

2.5. IJEFINI'I'lON.

\Ve wi 11 ei ve a dcfi ni 110n of loft i nVA ria nt voctor fields on 3:. First wc wi 11 reca lJ

that thc tangent spacc of i can be identificd wl th thc space of a11 HELTRAMI

differentials with finite Lo.;) norm. Let Lo,:)(D) bo this space. i.e.thc space cf all

BELTRAMI differentials with finite Lco norm on D. Let V EL00(0) Thon thc

corrcsponding "qllAsisymmctrlc" vector field on Sl is givcn hy
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(t)~=..vl vl(cit)2-
v 8t . i tal

IC

wherc w[vl is thc solution of the BEL~I'I~AMI equation

wz=VW z

and w!v] is lhe first varia tianal term in the salu Uon of the BELTRAMI equation, i.c.

wtv(z)=z+twlv](z)+a(l), t-O

2.6. DEFINITION.

From now on ~ we will intoducc the tapology induccd by the Loo NEHARI norm on

tbc space of holomorphic functions on D, namely

II f !lD:=sup lf(z)IO-lzI2
)2 <00

zEJ)

\Vc nccd 1.0 use the RERS IMBEDDING I i.c. 3:C:lG(D) and thcn the 1.00 NEHARI

NORM induccs aHANACH MANIFOLD SSTRUCTURE on i:=QSDiff+(Sl)/llJSU1,1'
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#3. ~IR'LLOV C;~)MPLEX STRUCTURE AN]) THE KÄHLER METRIC ON ~.

\Ve know tha t if M is areal cven dimensional manifold, then there are two

equivalent definitions of complcx structurcs on M, nameJy:

DEFINJTON 3.1.A.

There eXlsts JE.r(M,HomCr*M,T*M» such that I?--id plus the integrHbility

condition.

DEFINITON 3.1.B.

'There exists a global splitting of thc complexified cotangcnl bundle

such that n1-;O_nü
,1 plus thc intcgrubility condition.

In order to darinc the complcx struct.urc on DHf(Sl)/IPSU1,1 wo will use DEFINITION

3.1.ß•. Let Vcct(SI)0C bc alt cOIßPlex valucd vector fields on SI, lt is easy to see

thal

00

Vecl(Sl)@lI:: - L HnLn
n--oo

whcrc

·1 ~c2'JTi ni!.
-n at'

The Lie Hlgcbra of JPSU 1•1 is naturally a suhalgehra In Vect(Sl)0C spanncd by

Thus thc complexified cotangont spaco at id(modn:'SU1,l) in Diff+(Sl)/ll'SU 1 ,1 can bo

identi ried \Vi th
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DEfo'INITON 3.2.

Lot 0 1 ,0 :=~a L
Id(mod lPsu 1 1) Li n n

, n>l

Clearly we defined a Jeft invariant complcx strueturc on ~. Thon i t is vcry easy to

check that wo havc the followingj Let u and v E01,o, thcn

!1I,v]E01 ,o

This IS just thc intcgrability condition.

DEFINITON 3.3.

Let v and w be two lefl invariant veetor fields on Diff+(Sl), then the melrie dofined

in thc following way:

<v,W>=w(v,Iw)

wherc W is thc KIRILLOV-KONSTANT-SAURIAU form on lhe coadjoint orbit of

ßOTT-VIRASORO group llmt passes lhrough ry-(2(dt)c&<Z,_l) und so is isomorphie to

~-Diff+(Sl)JIPSUl,l by thc res:uJ ts of #1 und I is "he KIRILLOV complex structure

operator on :3:. \Ve will call this metrie thc WEIL-PETERSSON mctric.

THEOREM 3~

AJLct v and w be two Jeft invariant voctor fields on Diff+(Sl)/lPSU 1 ,1 of type (t ,0),

i.c.

whcrc Ln=exP(Jrni);t
'

THEN thc WEIL-PETERSSON matrie dcfined in #3.3. is givol1

by

00

<V'W>=.l~2Lvnw n (n
3

-11), wherc e>O
n=2
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B) Let H1(Sl):-{all voctor fields y on SI of typo (1,0)1 v i~ o.t Ic~st C7 <E}, thcn J-I 1(Sl)

is a complete HILBER'l' SPACE with respcct to thc metrie dcfined in A).

REMARK.

Let us rcmind tha t thc WEIL-PETRSSON METRIC defined in 3.3. is obtaincd in thc

following manner:

<v,w>=w(u,lw)

where w is thc KIRILLOV'S form. Moreoycr clearly thc WEIL-PETRSSON matrie iH a

KÄHLER metric.

P~OOF OF A:

Part A of this THEOREM follows from tho definition of tbc VIRASORO algebra, i.c.:

und more preciscly from tho way wo dcfincd the KIRILLOV-KONSTANT-SAURIAU

form w on thc coadjoint orbit of TUE BOTT-VIRASORO group through (2(dt)0
2
,_1)

which is isomorphie to Difr+(SI)/lPSLJ 1 ,1

211

02 ({' -I) c 3 Jw(Ln,L m)-2b(d t) -l. .Lm,L n. =6(m -m)Om,-n+ 2bexp(271i(n+m))dt

o I

From thc fact that m and n are different from 1,0,-1 wo got tha t the abovc formula

is just

(3.4.1.)

From CL4.1.) thc definition of KIRILLOV'S complex strlJctllrc on 3: we get that

(3.4.2.)
00

w(u,1 y ).-o~L(m3 -m)u mVm

m-2

So (3.4.'2.) shows that w(u,Iv) i!-l a mctrie on Diff+(Sl)/lPSU 1 ,1. Thc fact that the this

metrie is a KÄ HLER mclric follows from the f3(;t that w is 3 clnsed form on ~. So

part A of THEOREM 3 is proycd.
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PROOF OF PART B of THEOREM 3:

Hefero wo prevc PART B of THEOREM 3, let us rccall thc following facts:

Fact 1.

Fir~t wc will rüealI that thc tangent $;pace of ~ can be idcntified with the space of

all ßELTRAMI differentials with finite L00 norm. Let LOO(J)) be this space, Le.the

spaco of all BELTRAMI differentials with fini to L00 norm on D. Lot vELOO(D) Then

the corresponding "qua~isymmetric" veclor field on Sl is given by

( )a w[vICe it
) a

v t 3t . i t 8t
10

where wlvJ is the solution cf the BELTRI\MI cQua Uon

wz~vwz

and w[v] is the fi rst va ria tiotlal term in thc sol ulien of tho BELTRAMI cqua lion, Le.

wlv(z)=z+twlv,\(z)+o(l), 1 -·0

Let /-i ELooCD) bc a BELTRAMI difforential and it corrosponds to a vector fjeld vCt)~')t

on Sl and it is C 2
+f. as C*). Thc FOURIER coefficicnls of y(t) are given by

iI-c) - k-2d cl f k ')Yk=1ffJ.,Z Z xy or :::?:'"
f)

P~QOF: It follows directly from thc definition 01' FOURIER cocfficients. (See 120].)

Q.E.D.
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FACT 3.(NAG and VERJOVSKY in [20].)

Let v(z) and ,u(z) EL(X)(D) be a BELTR AMi differentials and thc corresponding

vcclor fields v(t)~l and w(t);t 011 Si by (*) are of type CZ+c.

THEN thc following formula is true:

PROOF OF FACT 3:

Thc formula

-;?JxJj.l(z)v(~)(~>m-2~m--2(mO
--mldEdTJ-dxdy-

D D L.

follows from thc fact thai

00

~(3 ) m-2 -1 f lyl <"1Li m -m y .,.--~ or
2 6(1_y)4'

as can be easily provcd by differentiating

lhrcc times. So from here FACT 3 will follow if we prove the following formula:
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PROOF OF (**):

This rormuIa follows from the fact that

C ?

is the BERGAMAN kernal function for the quadralic differentials in D. For this

fact see 1191. So from here (**) follows immediately. Sec 120]. So FACT 3 is proved.

Q.E.D.

Let I}(D) denotc the I-IILBERT spacc of complcx funclions on D for which

wherc
J 2:2-d,u..~(l -izi ) dz I\dz

.::.111

In 1141 it is proved that thc subspace of all holomorphic functions with finite L'2

norm of thc type, i.c.

form a closcd HILBERT subspace. So THEOREM 3 i5 proved.

Q.E.D.

So wo will end this paragraph with thc following PROPOSITION:
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PROPOSITION 3.6.

For each genus ~ ~2 ihc TEICHMÜLLER SPACE ~gCr) of thc compact RIEMANN

surfacc r of genuR g can be ißlbedded in QSDiff+(Sl).

PROOF:

Lel f ll ••• ,f39-3 bc a basis in 1.IO(r,(n~)02), i.c. for each j, f j i~ a globally defined

holomorphic quadratic differentials on r. Let f-D/G , where G CITJSU1,1' \Vc can lift

each f j to a automorphic holomorphic form of wcght lwo in D with respcet to G. \Vc

will dcnote by

Clearly j.J.j EH 1Cr,8), Lc. JJ.i is a BELTRAMI differential on rand IIJJ.i 1100=1. Now we

can idcntified ~gcr) with thc subset :rg in H 1(r,8), whcre

3g-3 3g-3

~rg:-{ LTi~.li 1 L IT j l<l and Ti EO:::}

i=1 i=l

Let

bc a BEL'TRAMI differential on rund IITIIC'O<l. \Ve ean lift T to T in 0 and solvc

thc eq ua Han

From thc THEOREM of Af-]LFORS and ßERS wo can find a sol ution of thc abovc

eq uation <PTl whieh gi ves a quusiconformal map of D. By a standard facts from thc

quasiconformal maps, il follows tha1 <PT can be prolongcd to a map of 5. Thc

rc~triction of rDT to 8D,.,.SI will be a qusi!:;ymmctric homeomorphism of sI, which we

will denote by <1>. (Sec [Jl.) This is thc dcsircd imbeddin~.

Q.E.D.
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#4. THE REGULARIZATION OF TI-fE WEIL-PETRSSON METRIC.

THEOREM 4.

AJ Supposc that ,u(z) is a holornorphic function in D and

~ r((l -lzI2)-11,Ld?)(dz I\dz) <00
7r1

b
Let

su ppose t hat li m I; r(,u,J.L)=OO
r -.}-

If we dcfine

( )
. grCu,v)

g J.l"l/ -hm --­
r -.} - ~r

where

THEN
g(iJ..,JJ.) existl-) and

t!.(U,,u) >0

BJ Let H7.CS I) be the spacc of a11 all vac tor fjelds on SI such that they fulfill the

conditions O. 2) and 3) slated bcllow

00

a ~ iota
1) Vat::><L..,;cne St

11=2

'"in othor words vi.!...· IS of type (l,0) wi th rospect ta thc KIRILLOV~ COMPLEX
CJt

STRUCTURE on i
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2) V i!:-l al most C 2

00

3) Ir we dafino f v(z)'"2:Cnzn in 0 and SUppORC that g(fv,fv»ü

0'""'2

THEN I-L..,(Sl) is (J camplete rllLBERT SPACE. with rcspect to thc metric g(v,v) as
~

defined in A).

C) The restriction cf g(IJ.,P.) dcfined on HZ(Sl) us in AJ on thc imbedded

TEICHMÜLLER SPACE ~g i!:-l just lhc WEIL-PETERSSON METRIC.

PROOF Or: PART A of THEOREM_.4.:

Thc proof consj~ts of scvoral stcps

PROP9~rrIONJ..~

Supposc that jJ. belangs to .r}CD), La. jl is holomorphic quadratic differential in D,

Le. we can view tL(Z) as a holomorphic function in D and

~Jo -lzfr11,u.12(dz /\dz) <00
111

D

( . gr(,u,lJ.)
g 11.,,u·)=llm -m-- exlsts

r - •.1- .r r

Proof of PgOPOSCflON A:

Pirst wo will inlrodtlce some notations. Let us denote by ft.t:-U -lzI2)-4 111. 12. Fram

~ fO -lzl?)'4 I,u,12 (dz I\d z) <co
1\1

D

wo get lha l

(4 ..1.)

Q.E.D.
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thcn

PROPOSITION 4.2.

Let

T r(jl./l)-1J f /l(dz I\dz)

Dr

r

Tr(/l,PJ=J ri',u. adr , whcre rElO,nCiR
(l-r)

o
where 6j..J. is Cl bounded function In 10,l]CIf\. and a iis areal number such that

0::;:0_<1, i.e. a is lhc same as in lhc assumptions of t1le THEOREM 4.

PROOF:

From thc definition of r,u"'o -lzf)21.u12
, where ,l1(z) is a complex-analytic function in

D wc get thai wo have for f l 1. thc roJlowing formula:

(*) f/L-O-lzI2fCLanz")(Lltnzrl)

n>-::O 11:::::0

From thc definition of T r(.u,.u) a nd (*) v.:e get

(**) T r(/l./l)~;i rJ (l -IZI
2)"(L8nZn)(Lanzn)(dz i\dz)

'D
r

0:2:0 nzO

Ir wc makc change of thc coordinates in (**) z_l~eitP wc will get after clcmcntary

ca1culations that

(***)

r

T r(/l.I')~ ; iIF /l(R)d R

°where F j1(R) is areal analyUc function of R. 0:0W our PROPOSITION follows

immedia tcly from (***) a ncl the fact tha t Ii m T r(P"IJ.) cxists
r-.}

Noticc that 0.. is determined in thc following way:

a) O:S:aE[< bJ limO -~R)aFIl(R)=c and c~(J
R-11

Q.E.D.

The e_1!! of 1l~~roof o~.~ROfOSITION A.

From the definition of 'Pr, i .e.
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il,i>
after making lhe ch(ln~c of lhc coordinatc.s z-Rc wc gel lhat

(A)

Again if wc make thc

we will get tha l

r

<.p _1'__,,AJL,..
, r ,(I -Rf

o
ehR ngc of lhc coordinfttcs z""'R .... iif> and u~ing PROPSITION 4.1.

lim
" -·1-

r

1 fJ (l-lzf)"1ILLf - f 1Jp,CR) .(B) gr(,u.l,u)------: ----·-:;-~--dzl\d% .... -,---dl~
'71" J, (1 --Izl/.)~ . (1 _I~ )2+0.

J)r 0

wherc ~jLO<) is a bounded function on IO,l.lC.If? and O~C«l. From (13) and thc fact

thai IP/J.(R) is a b01.lndcd funclion we gei thal

r

J
rP t.r.(R)

----'--dRt
gr(tL,/.L) 0 (l -I·n<,+et '
-------------·~c >0

'Pr r

I_-fL~~ ---2
Cl -R):I'

o

(C)

cxists und <.:>0.

So PROPOSITION A is proycd. Tliis provos PART A of TT-lEOREM 4.

Q.E.D.

PROOF OF PART B OF THEOREM 4.

Let Jb(D) dcnotes all holomorphic functions f in D sueh that g(f,f)<oc. Let {fn} bc a

SCqUCllCC in JL(D) which convcrgcs to an cl cmcnt r EL2(1), w here L?(J) is thc spacc

of all complcx vatucd functions in D such that g(I',f) <00. Thcn from thc definition

of g(f,f), i.c.

~ J(1-I\"I"1)lfl2 d~ /\~
27';1, . (j.-Kf)2

D1'-----

_L r ._~~ 1\d~
21\'i. (1 --1(" f f

Dr

we get that für each O<r <1 and l\f;ufficicntlyll c10se La

whcrc
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Ilf 11~_gr,~ ,f)_
r 1 I d~ /\d~

27\i (l ~1(12f
Dr

The proof is based on thc following PROPOSITION BI:

PROPOSITION Bl .

Let A bc a eompact subset of D, THEN there cxists a number NA (r) such thai

lr(z)1 SNA (r) Ilf Il r
far a11 z EA a ncl oll halomorph ie fu nctions in D such tha t g(f ,r) <00, whcrc g is

dcfined in TI-IEOREM 4 part A and j\CDrl wherc Dr :={zECllzl<r<1}.

REMARK.

Since A is a compact subset in D thon from tlle definition of compacincss, namel y

that A is a closed and boundcd subset in D it follows that such D r cxists.

PROOF OF PROPOSITION Bt :

Rapea t thc a rgu men t8 in 1l4J of PROPOSITION 3.1. on page 364.

Q.E.D.

PROPOSITION 13 2 ,

From Proposition BI rollows PART B of THEOREM 4.

PROOF of B2 :

Let A bc a campact subset of D and let A CDr . Thcn by PROPOSITION B1we gei

that

(B~l) Ifn(O -fm(Ol ~N /\ (r) ilrm-fnIIr
far all (EA. It rollows thai thore cxists a funetion h on D such thai rn-oll

uniformlyon cach compact subset A of D r . Honco h is holamorphie on D r . From

here we get that h is defincd in D. By (B:?:]) wo havc for ~EACDr'
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Gi ven A, thcre cXlsts an integer K ~uc h tha t the righ t-ha ncl side of (B7:2) is :S: 1 for

n~K and such that lIfKllr~llfllr+l. Thcn wo mu~t prove thal g(h,h)<oo. For the

proof of this fact wo will rcmind the DEFINITION of g(h,h), i .e.

g(h,h):- lim ßr(h,h):- lim Ilh!l~
r ~.l- r -..1-

From thj~ definition and the easy inequality

lIhllrs:llfK-hllr+l!fKllrs::c+llflir (e is a positive eonstant for )

we get tha t h is a holamorph ie fu nc tion on erleh D r and so in D. Pi nall y si nce on

each eompact subsel A CD wo have

lim~l-.Ilf (z)--f(z)1 2 dzl\dZ =0
27\1 n (l _lzI 2 )2

A

and

lim~J If (z)-h(z)l? dz!\d~ -0
27\'1 Tl (1 _lzI2)2

A

So ii follows that f=h almost evcrywherc.

Q.E.D.

PROOF OF PART C Or: THEOREM 4.:

Tho proof is buscd on the following PROPOSITION:

PROPOSITION C.

Let r-D/G and lei rP und 1/J bc two holomorphic q uadratic differential on r,

thcn

wllcrc r/J and 'I/J are holomorphic rorms or weight two wlth rcspect to C on D and

\V.P .<4J;IjJ> is thc WEll..-PETERSSON inner product on r=D/(;.

PROOP of PROPOSITION C OF THEOREM 4 (NAG and VERJOVSKY) (Sec [20]):

It is easy to see that if ;;, and ij; are holomorphic t'ormH of weigh t two with respect

to G on D, then

gr(J,,7]J)=N r( \V .P .(,p,VJ))

where Nr-numbcr of copies (tiles) of D/G in Dr . No compact subset of D can meet

infinitely many copics (tiles). This is provcd in 19). So N r is ft finite number. On thc

other hand we have thai
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1 II dz!\dz ~lJ'r=---:- ~-22 und Dr:={tEil... lltl<r}
1('1 (1-I%I)

Dr

is equal to Nr(arca of DrnUC ) with rcspcct to the POINCARE mctric, whcrc Uc i~

the fundamental domain of G. From llerc evcry thing follows dircctly.

Q.E.D.
So THEOREM 4 is provcd.

Q.E.D.

CQRR.

QSDiff+(Sl)/lPSU 1 1 is a KÄlILER MANJFOLD.
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#5. TUE DETERMINANT LINE BUNDLE "ND Tf-IE QUIttEN METRIC.

5.0. Same Definitions and Notations.

\Ve can interpret QSDifr+(Sl)JlPSU1,1 as all "Posslb/e quas/conformaJ comp/ex

structures" on thc unit disk, so QSDifr+(Sl)JIPSU J,1 parametrizcs different 8rp for

1J EQSDiff+(S l)Jll)SU I l' Now wc will dcfi ne prcciscly a~

5..1. THE DEFINITION of 3rj).

AJ 'Ne know from LEMMA 2.2. that to üaeh

thcre eorresponds a uniq ue pai r of u niva lcnt holomorphie fu nctions (f(4J),g(4J»

dcfined rcspectively in 0 and outside D, where

g(4))(OO)=OO and g(,p),(co)-l

and

Let T(,p) be thc BELT'RAMI differential defined 1I1 thc unit disk in the following

manner:

whcre S(f(~)) 1S thc SCHARTZIAN derivative of f(t/J). Now we define 3ep in thc

following manner:

REMARK.

We will give another definition of 3</J' which wo will uso later. This Deinition is

based on KADAIRA-SPENCER-KURANISl-Il THEOREY.
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DEFINITION B OF a~.

Let 41EQSDiff+(SI). From thc definition of QSOiff+(Sl) it follows that rP can be

prolonged to a quasiconformal mup of U. Let u~ denote this map by w(41). We may

suppose that w(41) satisfies the cq uation

3rP(w(tb))-8 z (w(dl)) -T(4))dZ( w(4)))''''ü

(Für thwc proof cf this fact sec 11].)

Let I~ bc thc pullback of thc standard eomplex st ruetu rc Iz of D by w(lj», i. c.

lq>-~*(1 z)

\Ve know from KODAIRA-SPENCER-KURANISHI DEFORMATION THEORY that

Jet> defi nes a mup

Notiec that

T(4)) Er(D,I-Iom(Ol ,O,n 1,0 );;.r(D,G @ÜÜ l .1)

so T(ep) is a BELTRAMI DIFP'ERENTIAI..

REMARK 1.

From now on we will uso thc second DEFINITION. Notiee that T(et» when

restrietcd to Si is gi ven by

RE_MARK--.b

1n order to justify thc DEFINITION of 3t;t> wc will reeall BERS THEORY of

simula tanious uniformization for RIEMANN surfaccs. A nicc exposition of this

TI-IEORY, onc can find in the beautiful paper by PH. A. GRIFl"'ITHS and the review

paper by L. J. BERS. (See113J and [03],)
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5.2. BERS TI-IEORY. (Sec 131 & 113"1.)

Let r be aRIEMANN Hurfacc of genus g>l and let Ro be a fixed quadratic

differential on r. Let us considcr thc 2nd order differential equation on r

(5.2.1.)

Ncxt we will show how to a~snciate an imhcdding 11o:r _.EJP 1
, where r is the

universal cavering of r.

5.2.2. CONSTRUCTJON OF Jlo.(Sce I] 3D.

Wo choosc a point Zo Er and consider a basis 11. 1, J.1.2 far thc solu tion of

(5.2.1.) which may be aSHumed to cxists in a nei~hborhood of ZOo By thc principle of

analytic continua tioo, wo may extcnd t.hc domain of definition of fJ..l and JI'2 to obtain

single-valucd functions j1l' 'iJ.2 on the universal (;ovcrinp, r of .r. Furthermare, if wo

let '7r 1(f) aporale a:-: a group of covering transformations on f~, then wo will find a

transformation rule:

far ')'E1r\(r) and all zEr, ;'tnd wh~re lhe transformation matrix

because tho FUCKSIAN differential cquation (5.2.1.) !las no term involving ddfJ. in it.
Z

Let

11. =11. 1

o iJ.
2

- 1then ,l1o:f -.[:JP glves an imbedding. Thc cquation (S.?.1.) gives a monodramy
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repre~cn ta tion

(5.2.2.1.)

which defines:

(5.2.2.2.)

Converscly, ~uppose we are given an etale map:

which havc tho properties (5.2.2.].) and (5.2.2.2.). \Vc may think j.J.Q as being

meromorphic function on r, and wo considcf tile Schwarzlan derivative:

j.J.n, j.J."
Q 3[ Q)2S(j.J.Q)CII~, ~- -, •

Jl.Q 2 ,11Q

From thc standrd propcrties of the Schwarzian dcri vativc we get that S(j.J.Q)-Q lS a

quadra tic differential on r. From (5.2.2.2.) we deducc that j.J.Q satisfics thc

differential equation:

So the following PROPOPOSITJON holds:

PROPOSITIN 5.2.2.3. (Sec l3].)

Therc is onc to one map bctwecn the maps j.J.:r-.G:1P! such that Jl. is an imbcdding

und have propertics (5.2.2.1.) and (5.2.2.2.) ~1l1d a11 cquations of thc type

whcre Q is a holomorphic quadra tic differential on r with NEHAR:I norm IIQII <6.
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REMARK I.

Suppo~c tha t thc NEHARI NORM of Q IIQlI <L, then the map 11Q:j" -.o:.:lP 1 can

bc prolongcd to qusiconformal funclion h(,uQ) such that

wc ~a1ppose that I'~D. Sec 11].

REMARK 11.

tt is easy to sec that -Cl -lzffS(LlQ) is defincd in D. Using tha usual

change of coorfinatcs z -·k wo will get tha 1 i 1 is dcfincd outside D.

REMAJ31< 5.2.3. (S_ce [3].)

Notice lhat all holomorphic quadralic difcrentials on r with NEHARI norm

less then 2 can be identifiod with the TEICHMÜLI.ER SPACE ~gO'). 'This can be

done in the following manner: Let r=H/G. wherc H i8 the upper-half plane and let

r*=H*/G*be thc conjuga Lo curvc of r. Here H* is thc lower-half plane. Consider

all pairs (C,h) where

h:r*-.c

1S a Quasiconformal homcomorphism from thc RIEMJ\NN surface r* lo tha RIEMANN

surface C. Inlroducc thc equivalencc relation

whenever h 7 ·h;1 is hornalopie to a conformal mapping of CI onto C? \Vc denote by

~g(r) lho set of all such eq ui balance classcs of pa i rs (C,h) and th is is thc usual

clcrini tion of t1l0 TEICHMÜLLER space. Let UR denote by ~r~(r) the sel of all

quadratic holomorphic wilh NEI-IARI norm less lhen 2. Lel QE'1g(T") and clIoose a

quasiconformal extension UQ of thc univalent holamorphie mapping
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Noliec that wc have thc following eommutativc diagramm

Uo: H* -. I)-(Q)

1

h O: r*"""H*/C* -tD-(Q)/GO"'CO

ßERS provcd in l21 that Jl is an isomorphisms of sels.

REMARK 5.2.4.

Noliee that if <PEQSDiff(Sl)/IPSU1,1 is obtaincd from h Q• thcn jJ,Q i~ just [(<6) of

LEMMA 2.2.

5.3. SOME NOTATIONS AND THE DOMAIN OF THE ACTION OF 8w.

5.3.1. If I,i>EQSDiff+(Sl)/PSU1,1 and I,i> is of class CO<> then 8q'J 8eb: on CO<>(Sl), 1.e. on aH

C"'" vocler ficlds on SI in thc ebvieus ways. namoly let v bc a vecler field in D

such that when restrictcd Lo Sl is v and belh v and v are of type COO .Then 81,i> v is

just thc restrietion of 31/>v on Sl.

\Ve will rceall thc DEFINITION of thc tangent space of

i:=QSDi ff+(SI)/JPSU 1,1

The tangent spacc can bc idcntificd with thc spacc ef all BEI.TRAMI differentials

wilh fini to L00 norm. Lel Loo(D) be lhis spaec, Le. lhi~ i~ thc space of all

BELTRAMI diffcrcn tials with fini Lc L(Xl norm on D. Let V ELCO(J)) Thon thc

cerresponding "quasisymmetric" vecler field on SI is given by

( 5.3.1.1.)
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C'O

<v( t)l w( l»=,;Lm
2
(!TI -l)v mWm

m-2

wherc w[v] is the solution of thc I3ELTRAMI cquation

and wlv] is thc first variational term in the solution of thc BELTRAMI equation, i.e.

5.3 ..' .A. Den nition.

[n TllEOREM 4 wc provcd that if v(t)~t is u vcctor field on Sl ot least of closs

C 2 +E., thon wo can dcfine A stnlctllre of HILBERT SPACE on all tho~e voclor fields,

namely

where co

v(t)~=-"'""v e'Xmi~
8t L...J m 3t

m-2

00

( ) 8 ""'" ITmi8and w t 3t= L..,wme 3t
m=2

5.3.' .B. Oefi ni tiOß.

Nex t supposc thai
\':>0

W(t) d,."~W cITrni~
8t L...J m 3t

rn-2

is 0 "quosisymmctric" vcctor field on Si und 1,IJ(1):t is at most of cluss C 2, THEN wo

defincd on this spacc aHILBERT SPACE STRUCTURE in thc following manner:

Suppose thal
00

rt/J(z)::3LlPmZm

01=2

Clca rly f W(z) is a holomorphic fu netion in D

co

r1,!/z)I~:/'" LWmc7\mi
tn~2

rrom the definition of a "quasisymme1..ric" vec1.or field on Sl wo get that f 1/)(Z) must

havc a finite NEHARI NORM, namcly
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(For the proof of ihis fact see [] 9'1.)

So from here wo get that

( 5.3.1.2)

thcn we proved in #4 that

J(1-IZI2)'lfI2(dZAdZ)<=

D

rr
(l ~ Izf)"' Ifl2 (dz I\erz) 1

. . (l-lzI2 f
g(f

W
,f1,b)- lim __D_r~~~~~~ <oo

r~·l H(:Z~~~2
Dr

So g(rtP,f1/) derinos a HILBERT STRUCTlJRE on a11 vector fields of type 0,0) on Sl

which are at most C7.. This was provcd in 'THEOREM 4. \Ve will denote this

HILBERT SPACE of veclor fjelds on Sl by H2 (Sl).

5.3.LC. Definition.

So we cun idcntified the spuco of real left invariant vcctor fields on Sl with thc

dircct surn of the H1LBERT SPACES I-I J(Sl)EJjH 2 (S2). (Here wo denotc by H1(Sl) and by

H?(Sl) thc direct surn of thc holornorphic and antiholomorphic vector fjelds on Si)

This HILBERT SPACE we will dcnotc by :lG 2 (Sl).
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PROPOSITION 5.3.2.

For each iPEQSDiff+(SJ)/IPSU1,1 8~ defincs an clJiptic operetar on J{;2(Sl).

PROOF:

First WB will suppose that 8tp is a well dcfined linear operator on Jr/'(Sl) and under

this assumption wo will provo that it is an clleiptic opera tor.

Praof of thc fact that ()</1 IS an clJiplic operator:

Noticc that ir w4> is quasiconformal solution solution of

thcn w<p derinos a new camp/ex structure on D. This new complex structure is just

thc pull back of thc standard complex structurc on D. With respect to this new

complcx struc tu ro d(jJ is jusl thc usual () opera tor. Its symbol is just iE. So o(jJ is

elliptic operator.

Q.E.D.

Definition of thc action of dtp:

First wo will derino how () acts on all thc "quasisymmetric" vector fjelds on Sl.

This action is given in thc following way:

--~-®2

Let f(z)(dz) be an antiholomorphic quadratic differential on D and let

wlvl=(1 ~ Izl
2
f fCz)(dz; 02

dz@dz

be thc BELTRAMI DIFFERENTIAL obtained from f(z)(dz) 02 then

Nex t we must show tha t from (*) i t follows tha t thc restriction of () on S1 is

defined correctly on 1G2 (Sl). Thls follows from thc fact that a is a closcd operator
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and now we can invokc closcd graph THEOREM.CSee r23,lJ Notice that a is defined

on both !-lt(SI) and H2 CS 2
). This is so since in Hj(Sl) all CCO vector fields are an

everywhwerc dcnsc suuset and C 2 vcctor fields are an cverywhere dense subset in

H2 CS 1
). Here we dcfino H1CS 1

) and H~(Sl) here us real vector fieIds, i.c. beth ef thern

are surn of holomorphic and anti-holomorphic vecler fields on Si.

So up to now wo havc dcfined only the action of a on Jt?CS1). Rernember tha 1 we can

view :H;2CSl) as left invariant vector fields on QSDiff+CS1)/lPSU1,1. In tho same manner

we can define the action of a on Jl/CS 1
).

From thc DEFINITION of 84'

at/J =(J -TCr/JYa

it follows lhb. t we rnust considcr two different cases narnely, whcn T(r/J) is of at least

cf class C 2t
( and T(t/J) is at most of class CL. In thc first case 8(t1 is defined on H1CS 1

)

and is just zero on H2 CS 1
). in the sacond case 3lP is defined on H2 CS 1

) and is zero on

H1CS 1
). In thc first case wo must uso the fact thal all vecler fields of class C3H

:. are

cvcrywhcre dcnse su bset in H 1CS 1
) a nd in the sccond case tha t all voclor fields of

type C2 are dense in H2(Sl). Then in bOUl cascs 84' iR a close operator so applying

CLOSED GRAPH THEOREM, we gel that 341 is dcfincd on JG2 (Sl).

Q.E.D.

REMARK.

From now on wc will considcr lhe action or 8~ on JG 2 (Sl) vectoI1fieids on Sl.
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5.4. THE DETERMINANT UNE BUNDLE.

5.4.1. Definition.

Let

-* -whcrc 84> is the eonjugate of 34J with rCRpeet to the metrie g(u,v) defined in

THEOREM 4. Both operators .6.; and .6~ are positi ve and so all thcir eigcnvalues

ure ~O.

5.4.2. Definition.

Let {f~} bc an orthonormal basis of eigen sec tions of 1\;, i .c.

aod {fn} be an orthonormal basis of eigen scetions of t::.~1 i.e.

5.4.3. REMARK.

~ +
La t 8ctlTI J t hen

+so thc operators ~f/J and f:..~ havc the same eigen valucs and

Thcrefore. to cvery eigenscction r~ of .6.; wi th eigcnvalue >-0 >0, there corresponds
-" +

an eigenseetion f~=a4/n with eigen valuc Än .
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5.4.3. REMARK.

For a >0, Ict U. be the sct of point~ in QSDiff+(Sl)/lPSU 1,1 whcre B is not B_n

eigenvaluc of ~;. ThiR is an opon set. Clcarly sinec thc operators 8rp depcnds

holomorphieally on ~ EQSDiff+(Sl)/lPSU t ,]. thc number of eigcn balues of 6.; Icss

thcn a is constant in Ua • Note that it is important that a >0, because thc spectrum

is bounded below by zero.

5.4.4. Thc construction of thc detcrminant linc bundle.

Let (E~)a be thc subspacc of :lG(Sl) spanned by a11 eigenseetions of 6~ with eigen

valucs lcss thcn a. 'The determinants of these spaccs will bc picccd togcthcr over

QSDiff+(Sl)/lPSU 1,l in order to construct thc determlnant Une bundle. Thc

trivializalion of thc determfnant Une bundJe over Ua wi 11 be

Similarly, one considcrs U b for b >0. >0. \Ve know that evcry Hnc bundle is

defincd by a cocyc1c {ab,~}, whcre

{ah,a} ETI (U a nUb,(};i)
a<b

and

Definition of ab.a'

Let

{,,,+(a,b). 1 k}
.,.,. A.. jl- , ..•,

I .......

be thc maximal number of orthonormal cigensections of thc operator L\~ with eigen

values in thc interval (a,b), where a and b are positive real numbers. Let

(,/,-(a,b). 1 k}
'+" i ItP ;1...., ... ,
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whcrc

be the maximal number of orthonormal eigenseelions of thc operator 6.~ with eigen

valucs in thc interval (a,b), whcre <:l and bc are positive real numbcrs. \Ve know that

rrom REMARK 5.4.3. that tllc numbcr cr ~~(~,b) is equaJ to thc numbcr of l,O:~a,b)
1,,,", I,,,",

and wo have thc following:

-;::; (~Il+(a,b))_~ (<1,b)~-(H,b)
0tiJ 'Pi,4J .L..,'..'Y·ij,(Ö lf-lj,iP a nd i .... l, ... ,k

j=l

Since thc operator 8</J dCPCllds Oll r:P holomorphically wo obtain that dot(a.~:,'~))
clopcnd!i'i on rp holomorphica 11y. So let us clerino

(a,b)
a a,b:=det(a_ij,4'> )

Clearly {Oa,b} fulfills tbe cocyc]c condition. This will define the determinant /lne

bundle. \Ve will denote this linc bundlc by dct(8).

5.5. Definition of the QUILLEN metrlc.

Let (alP} bc thc set of D operators paramctrized holomorphically by

QSDiff+(Sl)/If·'SU 1 ,1. Thcn thc dctcI'mlnant line bundlc del(8) lias a c<:lTIonical sechan

ovar Ua, nalllcly

whcre tbEUa and 7Pl(tiJ), .. ,Wk(4') is: the maximal numbcr of cigcnsections ror I.:\~ that

corrcsponds to thc non-zero cigcnval lies <a. Now we 3rc ready to clefinc

Ildeta(,~I!O:-cx p( --("~ +(0))
/~if>

00

( +(s)=~f..is snd "i are eigen values of" 1:-.; and Re(s»,l.
D. ' L..,

rp j ..... ]

Sometlmes we will denate ,'\+(s) by ((s).
D,..

REMARK. (/J

.- - -- _. ?:
Let ~ he thc space of a11 81'-21 ~T(4')a for 4'E3:. Then 1I()1,iJ11·=<T(4J),T(tP)~, wherc < , >

is thc scalar praducl on :lG2CS 1):=H 1(Sl)-tH 2 (Sl) defincd as abovc.
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5.6. FORMULATION OF QUILLEN'S THEOREM.

'THEOREM 5. (QUILLEN) (See 118].)

AJ cialog(exp( -('" +(0)))- 8alog IIdet3t II Q is jusl the WEI L-PETRSSON METR le on 3:.
uj.J.

PROOF:

I t ~ufficcs to check that the curvaturc form of the QUILLEN mcirie colnsldes

with thc WEIL-PETERSSON metric over one-parameter fRmily d</>C!.J.) of invertible

opera tor~ depcnding on /-l holomorph ically on the complex va rja bio Il E([ and t,6(Il) Ei.
We mRy supposc thRt d;(/J.)-/lt,6E'i. THE curvature form is givcn by:

Wc rccall that

~(s):=~~+(s):-Tr«~t)-s) a nd Lt :-fJ~81l
Il

So easy computations show that wo ha va:

Let us denote by

(5 ..6.0.)

(5.6.1.)

Let

7JJ( s)=l,D(0)+0(8)

then wo necd to compute 7JJ(O) in (5.6.1.) in terms of the parametrlx of thc invertible

operator 8
cP

Go(z,z') Rnd its SCHWARTZ kernal G(z,z'). Namely we will prove the

following LEMMA:

page46



LEM~L5.6.2.

Für W(O) defincd as in (5.6.1.) we lwve:
3 ­

7P(O):=<.J'(aM(8 f.J4»

wherc J:=lim (G(z.z')-Go(z.z'), and < • > is thc scalar product on jc,2(SI).
z -~z'

PROOF:----

From thc definition of thc function W(z) wo get that:

(5.6.0.)

so from this expression wo get that

(5.6.2.1.)

QUILLEN in l181 provcd thc following THEOREM:

THEOREM (QUILLEN) (See L18J).

Onc has +-t(611 )
li m <z le . G Iz>=J(z)
t -·0

uniformly in z, and consequcntly for any BE~

whcrc :B lS thc spacc of operators {34'I4>Ei} acting on The HILBERT SPACE j(,2(Sl)

with inner product <atP,a~>=<T(I/J),T(W»,wherc < , > is the scalar product in J{?(Sl),

Remcmber that T(r/J) was dcfined via BERS IMllEDDING.

This THEOREM follows from the continuity of G -Go along t1l0 diagonal and the

formula
-t(6t)

lim <zlo Golz>=O
1-·0

which is derived by calculating thc a~ymptotic expansion of thc heat kernal. For

more details sec [181.
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From Uds THEOREM of QU1LLEN i t folJows that

+
- t(l\ J1.) 1 () - a --

li m Tr(e ef;J. ({;f-«) 1I",,)))=<J,(~(a /JA,»
t. -.0 0/1. 1J''Y Oll. ,.....Y'

From (5.6.2.1.) and (5.6.2.2.) LEMMA 5.0.2. folJow~.

Q.E.D.

5.6.3. Thc end of ~he praof of thc Tl-!EOREiM S.

Up to now wo havc proved that

(5.6.3..1 .)

So wo get tha t

(5.6.3.2.)

<ind

(5.6.3.2.)

a . ( 3 ~ )- a--r(s)=s <.J,~(a /fA.»+O(s)
11. CJJ. ,....'f'

JLr(o)=()
aJ1.~

() , 2l -
-;:---~ (0)=<.1 ,:-«() ...J>

clJl. ull- fJ.'P

So in order to finish thc proof of the THEOREM we nccd to computc J and also

._8_ J. Notice thn l
oJ1.

(5.6.3.3.)
8 - ,
~-(a ,.i.)=T(rp)
3/.1 !J.~

This follows direc t1 y from thc defil1 i tion of 8 fJ.cP' La.8 j.l :="5z -/.1T(ep)az , where

/l.ElL und I,tJE:l:.

On thc other ha nd from (5.6.3.2.) wc gel tha t

(5.6.3.4.)

So we need to prove

LEMMA 5.6.3.5.

PROOF:

We nccd ta computc cxplicctcly thc operator J. For this rca~·..;on let us remind

YOll thc den ni tion of J:
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J:=1i m (G(z,z') -Go(z,z')
z-·z·

whcre G(z,z') i~ thc SCHWARZ kp.rnal of 8~ anc1 CüCz,z') is: the parametrlx of CJcp. SO

\VB nced to fi nd cxplici t fOrlnul~s far C(;'~IZ') a nd Go(z,z').

5.6.3.5.1. Explicit computation of Co(z,z') and G(z,z').
---_._----_._~-----

Let W(Z,Z} be a quasiconformal solution of t110 BELTAl<.MI cquation:

3ZW=T(t,6)dZ

i.c. w is real analytic hOTll€lomorphism of D which is qWH.;Jconf')rmal. Clcarly that if

wo ma kc cha I1ge of thc coord i na les z ....... w(z,z) wo will get ö ne\\' camplex structu rc 011

D, wherc (l] I holomorphic fu nctions to Uds new complcx struclure are power sories

in w. Clearly that

After t h is rcmark i t is easy to compu lc t1le parametrlx. and the SCHWARZ

kernal of -c)w' Rcmembcr that w dopends on /1, in .., eomplex analytic manner, i.c. w/l.

is a solution of thc equalion

(For thc proof of Uds sec tU.)

given In coordinalc wJ.l.

PJ-.lp:r(D,f2o,l) --.r(D,no,CJ)

by thc formu1a:

I', 1 j d€ " 'r). ,W:"",-. ---'I\UJV
;..ttp 2~1 E-wJl. '

o
So from herc wo ohtain thaI. SC.HWARZ kernal C(wjl,'w,u) (jf dwji, IS given by:

(I)
d€,

G("C'/f C IJ)"'-~,..,.,I::/--,. €'-E
)1, IJ..
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Ccmputaticn cf thc parametrix Go cf 'äw jJ.'

We will construct lhe parametlx of ()W~l in the following way. Let 'V be the

unique connection on thc tangent bundle of D, i.e. Oll thc trivial bundle, compatiblc

wi th thc pu Il back of the Eucleadlan metrlc via w!J. compa ti ble with th is mctric a nd

tho operator 5w~J.' Lel <f(EjJ.,tti) be thc parallel transport with rcspect to \7 alollg the

geodesie from EjJ. to tt.l' Lel r 2 (tjJ.lEi.J.) bo the distance between wJ.l and wi.J.. Put

(A)

where

(13) <fCEJ,lltt)... j +Ct/t -ttt)dE/l+CE,u -€i.t)dEi.J.+ ...

So we get from (A) and (13)

(11)

aComputation cf J and of a,uJCz).

r:rom thc ciefi ni tion of J:

J :-=lim (G(z,z') -Go(z,z')
z-oz'

and from (A) and (13) we gel that

(11 I) J (z)-d E:U=(6Z Etl+ t.L TC~)8z E~)d z

From (1II) wo gel tha l

(IV)

Prom

(5.6.3.4.)

a a-
otiJ(z)=O ~nd dtiJ(Z)""T(iP)

aJ'r'CO)
-~=<T(<t»,T(<t»>

d/.l-dj.1

This provos QUII.LEN~S THEOREM.

Q.E.D.
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FINAL REMARK.

lust in the same manner one can provo more general prine/ple. whieh was

obscrvcd also by FUJrKI and SCHUMACFIER. Namcly, let %-.'U be thc KURANISI·Jj

farnily of KÄI-ILER manifolds wi th a fixcd class of polarization L EH 1,1(Xo ,n<).

Suppose that for each t ECU we can find a KÄHLER mairie gt dapending COCl on t and

such that the cohornology class 1I mgt]=L. Then wo cun define lhe WEIL-PETERSSON

mctric in tho following way: \Vc know from KURA NISI-II thcory that lhe ZARlSKI

tangent space T t 'U ,~II-Il(Xt.0t). where n-I1(X VE-\) lS thc spacc of harmonie (O,l) forms

with cocfficicnls in thc tangent spacc. Let <f> und u Ellt(X tlE\); thcn

Then we dcrine thc WEIL-PETERSSON mclrie in the following way:

r
l/ ------;1 aß '<cf; u>~ </J-- 0- g -g vol(gU)), ß CY. Vj..l

Xt

\Ve can interpret cU as thc spacc that paramelrizes lha operators ~t where 31;

aels on the following spaces:

Let
-*-at at -'\'1

whcrc Sr is the conjugate of at with respcet to thc metrie g(t).

Thcn the following THEOREM is truc:

THEOREM (QUILLEN).

8S1og(exp( -~~ /0)))= a310g IldotS t IIQ i~ jUHt thc WEIL-PETRSSON METRIC on U.

REMAR~ This THEOREM was al~o provcd by FUJIKI and SCIJUMACl-IER.
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