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ON THE LODAY SYMBOL IN THE

DELIGNE-BEILINSON COHOMOLOGY

by

Helene Esnault1

This note i8 thought as a complement to the volume on the

Beilinson conjectures whose [EV] and [N] are two contribu-

tions. It gives an explicite formula for the Loday symbol in

the Deligne-Beilinson cohomology. Thereby one obtains the

proof of the "crucial lemma" 2.4 in [N],II, a formula for the

evaluation of the Loday symbol on certain cycles. This formula

was stated by A. Beilinson in [B], 7.0.2 and - together with

very useful comments and the assumptions really necessary -

[N], 11, 2.4, however both times without proof. Note that the

explicite description of the regulator map for Spec ~(~N)'

where ~N is the group of N-th roots of unity, given by A.

Beilinson in [B], 7.1 relies on this crucial lemma.

Let be the affine space of dimension n + 1 of

coordinates Xi over the complex numbers ~. Let

, = 1 - Xo ..• Xn , A = A~+l - (, cO), U = A - (Xo = 0). Then

lsupported by Heisenberg Prograrni
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;I u € H;(U,(XO = 0); Z(l», the group of invertible regular

functions on U which are 1 on (X = 0) ando
1Xi € ~(U,Z(l», the group of invertible regular functions on

U. One considers the cup product

Deligne-Beilinson cohomology group

{;I U'x1 , ..• ,Xn } in the

n+1
H~ (U,(Xo = 0); Z(n+1».

As H;(U,(Xo = 0);·) ~est H;(A,(XO = 0);·) 1s an isomor-

-1 Iphism, this defines an element rest {; U,X1 ' ... ,Xn } in

H~+l(A,(XO = 0); Z(n+1». This i5 the Loday symbol in thg

Deligne-Beilinson cohomology. In this article we give explici-

te formuli (modulo torsion) for the Loday symbol as a Cech ~-

cycle (1. 8), (2 • 3), (2 • 5) i.

Let h: X ~ A be an algebraic morphism, with X

smooth. This gives explicite formuli for

* -1 I n+lh rest {; U'~l' ••• ,Xn } in H~ (X,S;lJ)(n+1» if

h(S) C (Xo = 0). If dimension X ~ n, then

n+1 n
H~ (X,S;~(n+l» = H (X,S;CjlJ)(n+1», the Betti cohomology

* -1 .
group. Therefore we may evaluate h rest {;lu'X1 ' ... 'Xn}

along relative hornology classes [~] € H (X,S;Z). The previous
n

explicite forrnuli give an expression (3.9) for this evaluation

under certain assumptions on a representative ~ of [~].

Our method consists of reducing the problem to the ana-

lytic Deligne cohomology (1.3), and there to define a substi

tute for the cup prcduct if the functions Xi' i ~ 1 are not

invertible (1.4), (1.5). As this definition makes sense for

analytic varieties as weIl, we define in this way aBort cf

Loday symbol in the analytic case (1.6), (1.7), which is no

langer unique (2.5) ii, (2.5) iii.
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In §4 we weaken the condition on the dimension of the al-

gebraic variety X by an assumption on the curvature of a sum

of pUll-backs of the Loday symbol. This allows to define it as

the class of a global closed holomorphic n-form (4.2). We give

in (4.4) and (4.5) the evaluation of this class along relative

cycles with some assumptions which are milder than in (3.9).

Finally in (4.7) we explain the relationship with Bloch's

regulator map K2(X)~ ~ H;(X,~(2» in any dimension.

I thank cordially M. Rapoport with whom I discussed seve

ral times on those points.
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§1. Construction of S class x in ~+1(A,Yi~(n+1»

1.1 Let A be a smooth algebraic variety over C, Y + Z be

anormal crossing divisor on A, where Z 1s defined by

X1 ... Xm, Xi being a global regular redueed funetion on A.

We define the natural embeddings

A - Y
i
~A

1 /},
A - Y - Z

Let ", be in 1
H~(A,y + ZiZ(l»

* *= ker O(A) ~ O(Y + Z) •

Define U = A - Z, Yu c Y n U.

I 1
Then ~ U lies in H~(U'YUiZ(1»

* *= Ker O(U) ~ O(Yu) ,
1 *and Xi lies in ~(U,Z( 1» = O(U) . Choose 1 ~ n ~ m. Then

the cup product {",IU'x1, •.• ,Xn} is defined as an element in

n+1
~ (U'YUiZ(n+1». We construet in §1 a specific element

n+lx € H~ (A,Yi~(n+1» from whieh we show in §2 that its res-

I n+ltriction to U x U € H~ (U,Yui~(n+l» is precisely

{~IU'Xl, ... ,Xn}~. In other werde, we define a lifting of the

cup produet aeross Z.

1.2 Here we show that the problem i8 redueed to a problem in

the analytic Deligne cohomology. Reeall [E.V], 2.9 that
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. q+l
H~ (A, Y i Z (p+1) )

q+l - . p+l --= H (A,cOne[Rk*1!Z(P+l) + F (log (H+Y) (-Y»

~ nX(*H + log Y) (-Y)][-l])

where k A ~ A is a good compactification such that

H := A - A , Y := closure of Y in A and H + Y are divi-

sors with normal crossings.

Forgetting the growth condition along H on the FP+1 part,

one obtains a morphism in the analytic Deligne cohomology

[E.V], 2.13:

q+l
H~ (A,YiZ(p+l»;u,an

= Hq+1 (A,COne[i!Z(p+l) + °ÄP+l(lo9 Y) (-Y)

~ n~(lOg Y) (-Y)][-l])

One obtains a commutative diagram of exact sequences
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o --+ HqCA,Yi[;)
Hq(A,Yi~(P+1»+FP+1Hq(A,Yi[;)

q+lH5) (A, Yi lI:t (p+1) )

\ d

fp+1,q+l

I

Lemma (see also [E.V], 2.13 and [B], 1.6.1)

-i- f n+1 ,n+1 is injective. One has

n+l n+1
H~ (A,YiQ(n+l» = {x € H~ (A,YiQ(n+1), such

that dx € Fn+1Hn+1 (A,Yi[;)}

and Ker d = Hn(A,Yi~/Q(n+1»

-ii- f p+1 ,q+1 is an isomorphism for q < p. One has then

-iii- f p+1 ,q+1 1s an isomorphism for dim A < P + 1.

One has then
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q+l
H~ (A,Y;~(p+1» =

Proof.

-i- One has Fn+1Hn(A,y;~) = 0 = Hn(A,nin+1(10g Y) (-Y»

and Fn+1Hn+1(A,y;~) = HO(A,nX+1 (109(H + Y) (-Y»d closed

is embedded in

One has

Hn(A,y;~) = Hn(A,Y;~/~(n+1» as Hn+1(A,Y;~(n+l» is
Hn (A,Y;(l(n+1»

torsion free.

ii,iii. In both cases the cohomology of FP+1 and n~P+1

appearing in the exact sequences vanish.

1.3 Corollary. In order to construct an element

x € ~+l(A,Y;~(n+l», it is enough to construct it as an ele

ment of Hn+1 (A Y·~(n+l» and to verify that its curvaturefD , an ' ,

dx i8 algebraic, that i8 in Fn+1Hn+~(A,y;~).

Therefore in (1.4), (1.5), (1.6), (1.7), ~ assume~ A,

Y + Z to J2.g analytic, x. to ~ global holomorohic QD A, +~

to l2.g global holomorphc inyertible on A .§..Y.5Ch~

+IYUz = 1.
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*, : A ~ ~ , with ,(y U Z) = 1. Let ~O U ~1

be an analytic open cover *of ~ such that 1 E llf l - sA O'

log

log

is single valued and

= o. One has
n (YUZ)

log ~1~-l(d.) € HO(~-l(di),OA(-Y - Z».
1.

Then for any refinement of -1, (~.), with map
1.

a : I ~ {O,l}, one has

a)

ß)

:= log, I -1
Ale, (91o(i»

o
€ H (A.,OA (-Y-Z»

1. •
1.

Take such a refinement with

1) if

o
log. i Xk € H (A. i' 0A) •

1. 0 ••• k 1.0 ••• k

Define
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9i
O
... i

k
= l09i

O
.•• i

k
Xk

o

One has

if

if i n (Y u Z) # ~.

k

)'
We want to construct

as a cocycle x = -1 0 n(x ,x , ... ,x ) in the Cech complex

(~·(Ai,A!Z(n+1) ~ 0in - 1 (109 (Y+Z) (-Y-Z) ~ n~(109 Y) (-Y»,

(-1) • ö+d) :

x-1 € ~n+1(A!Z(n+1»

x O
€ ~n(OA(-Y-Z»
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The condition 1.4, a implies that

dX1 dXn 0 n
log.~-X- ~ ••. A ~ is in H (Ai,OA(log Y) (-Y». This

~ 1 n

defines

We have to resolve the equation

n n
= (-1) (öx ) i i

o 1

Define

dX
n

A •••~~

Assume by induction that we may define for 1 ~ ~ ~ k

Define



n- (k+1)z. .
1. 0 ···1.k+ 1
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n-k:= ö(z. . g. .).
1. 0 ···1.k 1. 0 ···1.k

If for all ~ € {O, ... ,k+l},

(especially if

otherwise

Then

A. . n (Y u Z) = •
1.1···1.k+ 1

(say) .

If zi ~ . ~ 0, then Ai 1 i n (YUZ) = ~,
1. 1. 0··· n··· k+l yo· .. ~... k+l )(,.

therefore 9i 1 i - 9i
1

•.• i
k

+
1

€ Z(l).o· .. ~... k+l

Therefore one has

We may define
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n- (k+1)x. .
1 0 ···1k+ 1

€ HO(A
i

i ,n
A
n -(k+1) (log(Y+Z» (-Y-Z»

0··· k+1

with dxn -(k+1) = (_1)n6Xn-k if k < n.

If k = n

1.6 Proposition. The Cech cocycle - -1 0 nx = (x , x , ..• , x ) cons-

tructed in (1.5) defines a cohomology class

X € Hn+1 (A,A!Z(n+l» ~ nin - 1 (109 (Y+Z» (-Y-Z)

1
n~ (log Y) (-Y) ) .

1.7 Let z~ be a smooth component of Z. We consider the mor

phism of restrietion

i! Z (n+1)

12Iv
il z ,Zen)

0..

nin(109 Y) (-Y)

1restrictionu.

n~n-1(109 Y) (-Y)
0..

whose kernel contains
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A!Z(n+1) ---. nin - 1 (109 (Y+Z)) (-Y-Z) --+ n~(lo9 Y) (-Y) ,

and whose cohomology reads

Hn+ 1 (A Y·~(n+l))
~, an ' t

n+l
------------+t H~ (Zn,Yi~(n)).

i i
;.u, an ~

restr ct onn.

Theorem. There is a class

n+lx € H~ (A,Yi~(n+l)), such that restrictionn x = 0 and such;u,an ~

that

A. ••• A

dX
___n € H n+l (A, Yi~ (n+1) )

Xn

-Proof. Define x as the image of x via

Hn+1 (A,A!Z(n+l) --+ nin- 1 (lOg (Y+Z)) (-Y-Z) ---. O~(log Y)(-Y))

1
n+l

H~,an(A,Yi~(n+l))

given by the same cocycle. One has ndx = dxi .

1.8 Go back to the algebraic situation described in 1.1.

Then dx = ~ ~ d~1~ ••• ~ d~n € F n+1Hn+1(A, Y;lC) •
1 n

We obtain by 1.2i
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Theorem. The class x of 1.7 is in
~

H~+1(A,Y;~(n+1)) and dx ~
dX1 dXn

= ..... Xl..... ··· ..... .
" Xn
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§2. Restriction 2! x to u.

2.1. In this paragraph, we want to show that the restriction

to U of the class x constructed in 1.8 i8

As
5!t dX1

dy = • A Xl A ••• A

(1.2)i:

dXn
X - [ E •V), ( 3 • 7), we have by

n

n
Lemma. (Xlu - y) € H (U'YU;C/~(n+1)).

Therefore we may assume, as in (1.4), (1.5), (1.6) and (1.7)

that A - and therefore U - are only analytic manifolds.

i ~ n. Define J.L = il u
-1 0 ny = (y ,y , ... ,y) in the Cech com-

n~n(109 yu) (-Yu )),(-1)-6+d) with(ce- (U. ,J.L,Z(n+l)
] .

€ <6
n+1

(J.L! Z (n+l) )

€ cen(Ou(-yu))

2.2 We take a refinement U. of X. n U such that
J ]

is single valued, that 1slog X. Iu := log.X.
~ j ] ~

o
logjX i € H (Uj,OU) for

Define y as a cocycle

plex

-1
Y

yO
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with (_1)n+16yj + dyj-1 = o.

One has [E . V.] (3 . 2) :

n dX1 dXny. = log.4'--y- A ••• A

~J J 1

n-1 (-1)nZ~-~ log. Xl
dX

2
dXny .. = X

2
"' ••• '"J OJ 1 J OJ 1 J 1 Xn

with n-1 0= z .. = (6 log 4')jOj1 € H (U .. fJl I 71(1»
J OJ 1 J OJ 1 •

n-k
Z. j

J O· •• k

Therefore one has

and for 1 S k S n:

) .
dXk+ 1

X
k

+
1

"'. • • '"
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and

2.3 Define

n-1
N. i
~o 1

n-1 0
;:: z. i (g i i-log. Xl) € H (U. . J1. I Z ( 2) )

~O 1 0 1 ~1 ~O~1' .

n-2 n-2= Z - Z •

Define

A ••• A

One has

Define by induction 1 ~ ~ ~ k:
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o.n n-o.
= (-1) N. . logi Xo.+1

J. O••• J.o. 0.
A ••• "

€ HO (U. .,On- (0.+1) (log YU) (-Y
U
»

J. O" .J.o. U

such that

Define

n-k+1
- ö (N . . logi Xk ) . i'

J. 0 ···J.k _1 k-1 J. O··• k

One has

and

n-k
Ni .

O' •• J.k
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Define

A ••• A.

then

Therefore one has

x-y - «-1)n6+d )r = 0, and x - y is a coboundary.

Proposition. One has

xl u = y

xl u = Y

in

in

n+l
H~ (U'Yu ;Z(n+l»;u,an

n+1
H~ (U'Yu;~(n+l».

and

2.4 Consider the morphisms
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n+1 n+1
rest: H~ (A,Yi~(n+1» ~ H~ (U,Yui~(n+1»

(respectively, if A is analytic

and

n+l
H~ (A,YiZ(n+1»;,u,an

n+1
H~ (U,Yu iZ(n+1»;,u,an

u 1 n+1
H~(A,Y+ZiZ(l» ~ H~ (U'Yui~(n+l»

(respectively, if A is analytic

defined by

Then (1.7), (1.8) and (2.3) prove the

Theorem

image U C image rest

(respectively image Uan C image restan).

2.5 Rernarks

-i- The universal situation

Consider
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where Yi are the coordinates. Then one has [N], (2.1):

n
H~+l(B,(yo = O);Z(n+l»rest. H~+l(B- U (Y i = O)'(Yo=O);Z(n+1»

1

is an isomorphism. Take A as in (1.1). Then

o
(1 - ~)/X1 •.. Xn € H (A,O(-Y». Define

One defines a morphism

h~ A~B

Xi +-I Y. o ~ i ~ n
1.

with *h~w = ~.

Then

X ·Co ·

* -1 I n
h~rest {~B - U (Y. =

1 1.

is in H~+1 (A,Y;~(n+1», of restriction

rest x'

= {~I U' X1 ' • • • , Xn } ·

In (1.5), we have given explicite formuli for x as a Cech

cocycle. This applies for
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-1 I nrest {>lt B _ U

1

and therefore by pUll-back for x'. Of course we could have

worked directly on B, the universal case.

-ii- If A is only analytic, there is no universal situation.

One observes the following: [N], (2.1) and (1.2) imply that

nH (B, (Yo = 0); ~/~(n+1))

n
= H (B -

n
U(Y.=O),(Yo =
1 J.

0); ~/~(n+1)), and therefore that

n+1
H~ (B'(Yo=0);~(n+1)) injects into;u,an

Hn+1 (B 
~,an

n
U(Y. =
1 J.

= 0); ~ (n+1) ) •

The class x of (1.5) is then uniquely defined' by (2.3):

xl B_ C (Y
i

= 0) = Y

1

in

n
Hn+1 (B - U
~.an 1 (Y o = 0); ~(n+1)).

-iii- More generally, whenever Hn(A,Y;~/~(n+1)) injects

into Hn(U.Yu;~/~(n+1)). then restan is injective (modulo

torsion) via (1.2). Therefore in this case x constructed in

(1.5) is uniquely defined by xl u via (2.3).
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§3 Pull-back of x to X gng formula [N], 11.2.4

3.1 Let X be a smooth algebraic variety ovar C of

dimension ~ n, equiped with a morphism

h X -+ A

where now A is the universal situation described in (2.5),i,

with coordinates

Define *h X. = a.
1. 1.

*h + = f €

Xi' and with + = 1 - Xo .•• Xn •

€ HO(X 0) for 1.' ~ 1, X &.

1 '
H~(X,S + TiZ(1))

where T is defined by

t :=

Define

and 5 is a divisor contained in *h Y.

_ ....j---tJ XX - s

r/
X-S-T

One has

* -1 I n+1h rest {+ u,X1 , ... ,Xn } € H~ (X,Si~(n+l))

= Hn(X,Si~/~(n+1)) (1.2)iii.
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As S 18 not necessarily anormal crossing divisor, we will

explain this more precisely (3. 2), (3. 3), (3 4), (3 .5), (3. 6) .

Then we want to evaluate this class along relative homology

classes [1] E Hn(X,S;Z). (3.4)

3.2 We assume in (3.2), (3.3), (3.4) that X is smooth

analytic, T is a divisor defined by al ••• a n = t = 0,

oa i € H (X,Ox), and S is a divisor.

We define subcomplexes O~,S+T and o~,s of the holomorphic

de Rham complex o~ by: for each open set U

1 i i i
0X,s(U) = {w € 0x(U), wi snu = O}, 0X,S+T(U) = {w € 0x,s(U),

wl = 0 for any 1 ~ j ~ n}.a.=O
J

i i
The sheaves 0x,s and 0X,S+T are coherent. As

o0x,s = 0x(-S), one has a natural inclusion

incl
• n~ s,

which defines a map in cohomology

H· (X,S;lL) incl • •
• H (X, 0x s).,

If S is a divisor with normal crossings, then n~,s is the

complex O~(log S) (-S), and incl is a quasi isomorphism. In

general we construct a "splitting" of incl.
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Lemma. There is a morphism p in Ob(X)

such that p 0 incl is an isornorphism.

Praof. Let 0 : X~ X be an embedded resolution ·of S.

This means o-ls = 8 i8 a divisor with normal crossing8,

is proper and olx_s i8 an isomorphism.

Consider

x-s

o

One has * i i ~ ~
o 0x,s C 0X(log s) (-s)

and
'Y
J!~. Therefore one has a diagram in

• ~;t-

Ra*O~(log 8) (-8)°x,s ~

incl I I Ra.incl

-1
j!~

0 'Y
Ra*J !~.

'YAs 0 is proper and J is exact one has

Ra*J! = Ra!J! = R(o 0 J)! = j! in Ob(X), and a-
1

is an

isomorphism in Ob(X). As incl is a quasi isomorphism

Ra* incl is an isomorphism in Ob(X).
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Define

-1 -1 - -1 *P = (a ) 0 (Ra* incl ) 0 a

3.3 Define

and

K'

-which is a subcomplex of K. One has:

j ! Q (n+l) -+ j ! a::

1incl

-K

1p

j 111) (n+l) -+ j ! lL

with: p 0 incl is an isomorphism (3_2)_

Corollary. There are morphisrns

H·-1 (X,Si(;/lD(n+1» incl) H- (X,K·

1p

H--1 (X,Si(;/lD(n+l»
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with: p 0 incl is an isomorphism.

-3.4 Let z be a cohomology class in

o n
H (X,Ox,s) +1
-~--"'-----------:---:---C H

n
(X, K' • )n-1 ~n-1

H (x,u!~(n+1) ~ 0X,S+T)

of representative

Its image z in

o n
!LI € H (X,Ox S).,

Hn+1 (X,K·) lies in

n-1H (X, j ! tU (n+1)

o n
H (X,Ox,s)

and i5 of representative w. Then for any n-chain 1 with

81 C S representing the homology class [~] € Hn(X,SiZ) one

has <[r],pz> = J w module ~(n+1).r

3.5 Remark

If X is affine, then one has Hn+1(X,j!~(n+1» = 0 by

i[BBD], 6.2.1. On the other hand, the sheaves 0x,s being

coherent, they don't here higher cohomology. This implies

o n
= H (X,Ox;s)

n-1 0 ~n-1
H (X,Si~(n+1» + dH (X,OX,S+T)

and
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o( On-l ) i' t ·As H X, X,S+T nJec 5 ~n

Hn+1 (X,K'·) ~ Hn+1 (X,K·)

in the situation of (3.4).

HO(X On-I) the map, X,S

is surjective. One is then always

3.6 We go back to the situation (3.1). One has morphisms

* i ih 0A(log (Y+Z)) (-Y-Z) ~ 0X,S+T

h*oi(lOg Y) (-Y) ~ o~,S

h-1A!~(n+1) ~ u!~(n+1)

-1
h il~(n+1) ~ j!~(n+l) .

Therefore one has morphisms in Ob CA):

Al~(n+l) ~ nin - 1 (log(y+Z)) (-Y-Z) ~ n~(log Y) (-Y)

1h*

Rh K'
*

and

i!m(n+l) ~ nÄn(lOg Y) (-Y)

1

This proves the

.'
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Lemma. One has commutative diagrams

n+1
H~ (A,YiQ(n+1));p,an

n+1
H~ (A, Y iGl (n+1) )

1.2.i1

1

--------------~I Hn (X,SiC/Gl(n+1))

*___h ----+
I

Hn+1 (X , K· )

1
Hn+1 (X, K' • )

1 h*
~n-1 n0A (log (Y+Z)) (-Y-Z) ----+ 0A(log Y)(-Y))

3.7 Consider the open cover of X (1.4). Then *h x

is represented by the cocycle

*- -1 -1 * 0 * nh x = (h x , h x , ••• , h x) in

(cen+1 (h-lAi' K I • ), (-1) n+1ö +d )

with

* n-kh x A ••• A.

A ••• A

dan
witha

n
log .f

1

1 ~ k ~ n
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Define for simplicity

determination

be a refinement of3.8 Let X.
J

such that another

exists with

Observe that this implies

if Xj n (5 U T) ~ ;, then

Define the element

-IOnu = (u , u , ...u) in

(Cßn+l (X. , K' • ), (-1) n+1ö + d) by:
J

n-ku A ••• A

1 ~ k ~ n

Il.n.f
1.

da
n

a
n



with n-1Z. i = (6~nf). i
~o 1 ~O 1
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As in (1.5), the condition

°(Uni f - ~ni f) € H (X .. ,v!Z(1)) implies that
1 ° ~O~l

n-k 0Z. . € H (Xi . ,v,Z(k)) and that u is a Cech
~o· · · ~k o· · · ~k •

cocycle, defining a cohomology class u in Hn+1 (X,K'·)

Proposition One has

Proof. Choose a refinement Xj of Xj such that if

XI n (5 U T) = ., then log a 1s single valued
io···ik io ... i k k+l

on Xi' " that is in HO (Xi' i ,OX)·
0· • • ~k O· •• k

Define

h. i = log. . a k +11. 0 ••• k 1. 0 •• ·1.k

°

if

if

In this refinement X!
]

one has

Define
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Define

A ••• A

One has

n-l
c: dr. .

~

Define by induction for 1 ~ ~ < k

and A ••• A

with
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Define

One has

If Xi' 1 i n (SUT) ~; for all ~ € {O, .•. ,k}, then
0··· 0. ••• k

N~-k . c O. Especially if XI n (SUT) # ;. otherwise
1 0 ···1k io···ik

X' n (SUT) =; (say). Then
i1···ik
n-k n-k n-k

N. i = (zi · - z. .) (G. . - h i i)
1 0 ••• k 0·· .1k 1 0 •.. 1 k 1 0 •• ·l.k 1··· k

k

- l
0.=1

If (zn-k - Zn-k)i i ~ 0, then X! . n (SUT) = ., and
0··· k 1 0 ••• 1 k

(G. i - h i .) € 7l (1) •
1 0 • •• k 1 • • • 1 k

If Nn- k+11 ~ 0, then X' n (SUT) = ., and
i 0 • •• D. ••• i k i 0 • • • lD. • • • i k

(h 1 - h ) € Zell). Therefore
i O··· o. ... i k i 1 ···ik

n-k 0
N . i € H (X! ., V I Z (k+l) ) •

1 0 ••• k 1 0 ···1k •
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Define

~ ... ~

One has

Therefore (h*X - u) - [(-l)nÖ + d]r = 0, and

coboundary in ~. (K'·).

*-(h x - u) i9 a

3.9. Let ~ be an n-chain with support ~ C~, ~ open

analytic, 81 C S, of hornology class [~] € Hn(X,SiZ) such

that:

there is a determination ~nf of log f on ~ with

By 3.8, one has

*-h x = class of

in Hn+1(etl,K'·).

By (3.4), one obtains



- 35 -

Theorem (see [B], 7.0.2 and [N], II, (2.4)):

*<[1], ph x>
dan

modulo Q(n+1).
an

3.10 Remark The condition X affine of [N], II, (2.4) does

not appear in (3.9). This is just because the assumption on

the existence of ~nf 1s sufficient to assure that

represented by aglobaI n-form on ~ (via (3.8)).

3.11 Comment

*ph x 15

The formula 3.9 depends on the existence of a representa-

tive 1 of the homo1ogy c1ass [1] € Hn(X,SiZ) a10ng which

there is a single va1ued determination of log f which vani-

shes on support 1 n Sand support 1 n (ai = 0) for

1 ~ 1 ~ n. So it is not valid in general. In §4 we weaken the

assumptions on dimension X and on 1 in order to write a

slightly more general formula in the case n = 1.
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§4 other fOrmuli on X gng relationship~ Bloch's

regulator m..sI!

4.1 Let X be a smooth affine variety over C equiped with

morphisms ha : X~ A, a = 1, ... ,N, where A is the uni-

versal situtation as in (3.1). We define

ha *; = fa € H;(X,S+Ta ;Z(1))

a* a 0h Xi = a i € H (X,Ox)

where t a . a
a~ defines Ta and S i8 a divisor. = a

1
N

ha - 1 y.contained in n- This defines
1

Define j x-S --+ x.

Recall (3.6) that we have defined

a*h (i! CD (n+1) n~n )
X,S

This defines
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1

as a class in

Hn+1 (X,j!!U(n+l)

Lemma. The natural morphism

-is injective. The class u

if

lies in Hn+1 (X,K·) if and only

N

du = l
1

ada1
,.. -- "" ... ""'"

fa
1

= o.

Proof. The kernel of

Hn+1 (X,K·) ~ Hn+1 (X,j.llU(n+1) ~ O~n )
X,S

comes from Hn+1(X,n ~~;1[_l]) = 0, and u € Hn+1(X,K·) if

and only if it maps to 0 under

HO(X on+1)
, X,S d closed ·

d Hn+1 (X, j ! lU (n+1) )

1
Hn+1(X n~n+l) =, x,s

O~n )
X,s

One has
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N dX1 dXndu l ha * !!!=
A Xl A ••• A

~ Xn1

N a
da~

l dfa da1= -- A A ••• A

fl a a
1 a 1 an

4.2 Corollary There is o n
w € H (X,OX,S)d closed representing

u via the composed morphism

Hn+ 1 (X, K· )

1P (3.2)

H
n (X,S;C/fD(n+1))

1 (1.2)

H~+1(X,S;(fD(n+1))

if du = du da~
--:::::11 o.

Proof. One has the exact sequence

o

closed
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n •H (X,OX,S)
Therefore u € -

Hn(X,Si~(n+l)

As X is affine, one has

n· 0 n 0 n-l
H (X,Ox,s) = H (X,OX,S)d closed/dH (X,OX,S)·

4.3 Let ~ be an n-chain on X with a~ c S, of homology

class [~] € Hn(X,SiZ). One has

< [~] , u> = J CL!
'1

module ~(n+l).

4.4 We assume now n = 1 in (4.4) and (4.5). Given [~] as in

4.3, then i8 a representative '1 of [~] as a chain as in

[N], 11, 2.4:

~ = ~o + 2 't i with a~o =~, a~i # ~ C S for i ~ 1. We

i~l

first compute <[~o],u>.

Proposition. Let Po € support '1 0 be a point such .that

alog f i8 single valued along '1 0 - Po' and vanishes along

t a
= 0 and S, for a = 1, ••• ,N.

N
1) Assume Po ( U Ta. Then if Po (S or if Po is an

1

isolated point of S n support ~o' one has

= J~ l109a
o

a
- l

a

modulo 01(2).
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2) If Po € S is not isolated in s n support 1 0 , or if

N N
Po € n Ta is not isolated in n a one hasT n support 't O ,

1 1

a

<['toJ,u> f't l logf
dal modulo CQ(2).= a

0 a
1a

3) If alog f i8 single valued along and vanishes along .

t a -- 0 and S f 1 N hor a = , ••• , , one as

= f't l log fa
o

a

modulo ~(2).

Proof. In 1) a~d 2), there are an open set 11 containing

't O' I a segment in ttl with Po = I n support 't O' and a

determination a
tll 1 = CV witho.n1f on - I

a 0 a For define an open seto.n1 f € H (ttl 1 ,t 0X(-S». any e > 0,

~Oe containing Po such that:

(*) is fulfilled in case 1)

(**) is fulfilled in case 2)

with

(*) a
log a 1 1s single valued along ttl Oe n support 1

0
and

verifies
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N
or n Ta

1

(As support 1
0

n S (or support 1 0 n is compact, the

condition 2) says that a subsegment of 1 0 centered at PO

N ais contained in S (or in n T ). Therefore one may realize
1

(**) ) •

Let ~t = ~1 U ~Ot· Take a common refinement of the covers

~1 U ~Ot and ~ n ha-lA. of 1 . By (3.8), ül~
t 1. E. ,E.

is

represented by the Cech cocycle in this cover

-1 0 -1 2 1 0 1
(u ,u,u )€~ (~ jl~(2))x~ (~ ,Ox(-S))x~ (~ ,Ox S d 1 d)

t, . E. E. " c ose

with

-1 \:
u = L

a

with
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By (4.2) there is a refinement

cover, there are

(~ ) of the openi i=O, ••• , Q.

and with

-1 0u = -os, u = -or + s, u 1 = w + dr.

Following the orientation of

One has

~O' take an order -V.
l.

with

F - Re with

I

F c
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fP I + fP 2 Pn.+l
R = dr dr1+. • •+f drn.

E. Pn.+l 0 PI Pn.

r ,PI + r IP2
+ ... + IPn.+l (Stokes)= rn. Pn.o PJl+l 1 PI

= 2 a a a a a a
,Jl-l(PJl )[ZI0Gl0(Pl) + Z21G21(P2)+···+ ZJl,Jl-IGJl

a

a a
+ ZOJlGOJl(PJl+1)] module ~(2).

One has

a
= ZJl Jl-1 = O.,

a a
In I), G10 (Pl) and GOn. (Pn.+l) are two determinations of

alog a 1 by (1.4), ~. Therefore one has

module ~(2).

As

a

a
Z10 and donot depend on E., one has

a

~ constant. e by (*).

Therefore R tends to
E.
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as ~ tendsto zero.

In 2), R does not depend on ~, ande.
a a .

G10 (P1) = GO~(P~+l) = 0 by (**) and (1.4) 1. Th1S proves

the cases 1) and 2).

In case 3), consider an open set ~ containing 10 such that

a determination ~nfa of

on ttl with

alog f exists and is single valued

Then take a common refinement of

, and a refinement (1 )i i=o, ... , ~

.. ' -

of it with

~,s,r as before, and Pi as before.

One as

f ~ = F - R
10

with
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lU(2).

As a a
Zj,j_1 = zo~ = 0, one obtains 3) •

4.5 Take ~1 with a~l ~ ~ C 5 • Let Po € support ~1 n 5.

If for all a c 1, ••• ,N there is a single valued

determination of log fa along 1
1

- Po which vanishes along

weIl.

and 5, then log fa is single valued along l'1 as

Proposition. Let Po € support 1 1 - 5 be a point such that

alog f i8 simple valued along 11 - PO' and vanishes along

t a = 0 and 5 for a = l, .•. ,N.

N
1) Assume Po f U Ta. Then one has

1

a

log a~(po) J
1 1

modulo lU(2)

2)
N

If Po € n Ta
1

N
and is not isolated in n Ta n support 1

1
,

1

then one has

Q(2).

3) If alog f is single valued along ~1 and vanishes along

t a -- 0 and 5 f 1 N th hor a = , ••• , en one as
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1Q(2).

Proof. For 1,2,3 define (~ ) as in the proof ofi icO, ••• ,U

(4.4), 1 and (4.4),2. write

One has to take

."
1

Pu +2 € ~~ +1 n ~~ +2 n 1 1111
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P~ +3 € ~~ +2 n ~~ +3 n ~1
111

P~1+U2 € ~Ul+U2-1 n ~U2 n ~1

8 3 € 1 U
2

Pu € ~~-1 n ~~ n ~1

Note that the corresponding R is defined by

p~ +2
+ f 1

s2

p~ +3 P~+1

drU +1 + f 1 dr~ +2+ ... + f dr~
1 P~ +2 1 P~

1

I'

As r € ~1(OX(-S)), one has

R = (rO-r1 ) (P1 ) + (r1-r2 ) (P2)+···+(r~ -1- r~ ) (p~ )
111

+ (r~ +1 - r~ +2)(P~ +2)+···+ (rU - r O) (PU+l)·
111
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~s/

One concludes~in (4.4).

4.6 Let now X be a smooth affine variety over ~. Let

f~, ••• ,f~ be global invertible algebraic function on X, for

a = 1, ... ,N. We censider the cup product

N
\ a a n+1u = L {fo,···,fa } € H~ (X,~(n+1)). Assuming

1

N dfa dfa
du = \ 0 A ••• A n= 0, we have «1.2), i, with Y = ~):

L fa fa
IOn

Now, X being affine, we have as in (4.2):

HO (X On)
, X d closed

and if o n
w € H (X,OX)d closed represents u, one has: for any

[~] € H (X,Z) ef representative ~:
n

<[1],U> = J w module ~(n+1).
~

4.7 Take n = 1, and X no langer affine. As explained by R.

Hain in his talk at the Max-Planck-Institut, fall 1987, ene

has Blechte regular map

r
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be inThis is defined as follows.
N

n a a
Let x::: { f 0 ' f 1 }

1

K2(~(X)). Let U be a affine subset of X such that

fi € O(U)*. Then the any product

N

l f~ U f~ lies in H;(U,~(2) C lim

1 v Zariski
open in X

The existence of the dilogarithm function teIls us that

H;(V,lij(2»
1 v Zariski

open in X

does not depend on the decomposition choosen of x as symbols

a a{fo,f
l
}. The existence of a Gersten-Quillen resolution for

H;(2)~ teIls us that if x € K2 (X) C K2(~(x», then

r (x) : =

N

\ fa U fn lies inL 0 1
1

lim H;(V,a)(2».
V

Assume dr(x) = o.

Proposition. Let [r] € H1 (U,Z), of representative r. Let

Po € support t such that log f~ is single valued along

r - PO. Then
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<[~],r(x» = J 't l
a

- l
a

log ~(PO) f~ modulo lU(2).

If X is a curve, this is true modulo Z(2).

The proof is word by word the same as in (4.4)1), where one

replaces by If X is a curve, then
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