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Introduction. Basic examples

0.1. Wess-Zumino de Rham complex of the quantum plane. This paper is
devoted to an extension of the approach to quantum groups suggested in [Mal] and [Ma2].
Namely, we replace the category of associative algebras considered there by a category of
differential graded algebras treated as “de Rham complexes of quantum spaces”.

This extension was explained in my Kyoto lectures in May 1990, and afterwards elabo-
rated in several courses in Moscow, Utrecht, Cambridge, and at 1991 Bonn’s Arbeitstagung,.
When a preliminary version of these notes was written, I became aware of G. Maltsiniotis’
articles [Mal 1], [Mal 2] who has suggested the same generalization. Some of the examples
were calculated independently by G. Maltsiniotis and participants of my Moscow seminar
E. Demidov, E. Mukhin, D. Zhdanovich: see §3. The general structure results of §§2,3
seem to be new.

It was probably S. L. Woronowicz [Wo] who first developed a non-commutative differen-
tial calculus of the type considered here. However, our treatment was principally motivated
by the preprint by J. Wess and B. Zumino [WeZu]. To explain its results, I shall start with
the basic example GL,4(2).

Let k be a ground field, ¢ € k*. By definition, the ring of polynomial functions F' =
F|GL¢(2)] is a Hopf algebra which can be described in the following way. As a k—algebra,
it is generated by q, b, ¢, d and a formal inverse of a central element

D = DET, (‘z 3) = ad — ¢ ke,

where a, b, ¢, d satisfy the following commutation relations:
ab= ¢ 'ba, ac=q 'ca, ed =q 'dc, bd = Q'ldb,
be = cb, ad — da = (¢~" — ¢)be. (0.1)
The comultiplication A: F — F ® F is defined by
a b a b a b
A(c d)_(c d)®(c d) (0.2)

where the tensor product in the r. h. s. denotes the usual product of matrices in which
products like ab are replaced by a @ b. The counit is given by

e(‘; 2):((1] (1)) ‘ (0.3)‘

Finally, the antipode map ¢: F — F'is



z(‘; Z):D—l(_f/q "aqb). (0.4)

Although it can be checked directly that all these structures are well defined and satisfy
the Hopf algebra axioms, the computations are tedious and not very enlightening.

A more conceptual approach consists in introducing two quantum planes A§'° and A3|2,
with function rings

F[AEIO] = k(.?:, y)/(zy - q_lyx)v (05)
F[AY?] = (€, n)/ (€%, 0, €n + qnt), (0.6)

and obtaining (0.1) as solution of the following universal problem (for ¢ # —1:) the
coordinate change

(- Do) ()-( Do) @
should be compatible with (0.5), (0.6).

In this way, GL,(2) emerges as a “quantum automorphism group” of a pair of “non-
commutative linear spaces”, and all its properties can be directly derived from this defini-
tion. In particular, (0.2) expresses the composition of two “automorphisms”, and D can
be calculated from the formula £'n' = DEn, exactly as in the classical definition of the
determinant via a volume form.

In [Ma2] (cf. also [Mad], Ch. iV) this construction was generalized: it was shown that

F[Aglo] can be replaced by an arbitrary quadratic algebra (or even arbitrary algebra with
a fixed system of generators) considered as a function ring on an abstract quantum linear
space (or rather cone).

Until recently, however, it was unclear, why do we need in this construction twe quantum
spaces, and not just one.

A beautiful answer was given by J. Wess and B. Zumino ([WeZu]). Namely, they sug-
gested to consider F[Agm] and F[Aglz] as parts of a differential graded algebra Q[Aglo], the
2[0
quantum de Rham complez of the quantum plane Ag".

More precisely, Q[Aglo] is generated by (z, y, £, 7) over k and graded by (£, )—degree. To
the commutation rules (0.5), (0.6) Wess and Zumino add new cross-commutation relations
between (z,y) and (&, n) respectively:

z€ = g ¢z, Tn=q 'nz + (g7 — 1)¢y,
y€=q ¢y, yn=q ’ny. (0.8)
The differential d is uniquely defined by the conditions
de=¢ dy=9, d =0 (0.9)
and the usual (not quantized !) Leibniz formula d(fg) = df.g + (—1)%¢8 / fdg.

2



Actually, there are two sets of good cross-commutation relations between coordinates
and differentials: the other one can be obtained from (0.8) by interchanging z « y,£ « 7,

and replacing ¢ by ¢~ 1.

These sets are the only ones compatible with the action (0.7) of GL4(2) and satisfying
the Wess-Zumino condition

(WZ): The algebra of the differential forms as a k—space must be the tensor product of
the function algebra and algebra of differential forms with constant coefficients.

Compatibility with the action of GL,(2) formally means that (0.7) defines a graded
differential algebra homomorphism

Q[42°] = F[GL,(2)] ® 2[A°), (0.10)

(on F[GL4(2)], the differential vanishes).

Now the next step is almost obvious. In (0.10), the quantum plane is represented by its
de Rham complex, whereas the quantum group is represented only by its function ring. We
would like to have also Q(GL,(2)) instead of F{GL,(2})] in ther. h. s. of (0.10). In order to
construct it, we must redo the theory of [Ma2] from scratch, starting with the differential
graded algebras (DGA) as abstract quantum de Rham complexes and constructing their
automorphism objects which will then be de Rham complexes of quantum groups, so that
e. g (0.10) becomes replaced by a universal DGA-morphism

Q[AH] - Q[GL,(2)] ® QAZ°). (0.11)

Actually, this is a largely formal undertaking, since it involves only work with tensor
algebra in more general rigid tensor categories than that of linear spaces. But it is not the
end of the story.

The point is that the universal DGA W obtained by this construction (before localization
making it Hopf) is not a deformation of the classical de Rham complex of the ring of
matrix coefficients. In fact, it has exponential growth order. We are thus facing the same
problem of “missing relations” in a new guise. However, it can now be solved without
introducing new objects: a calculation shows that W has a unique quotient which is a
bialgebra satisfying (WZ). We explain this calculation in some detail in §3, in a slightly
generalized setting, for the two-parametric deformation of GL(2). There are two more
quotients satisfying (WZ) which are not bialgebras; all in all, we obtain six de Rham
complexes of quantum matrices M, 4(2), because the same construction applies to the
second de Rham complex of Wess-Zumino.

This approach also enriches our understanding of quantum groups viewed as deforma-
tions of the universal enveloping algebras (cf. [Dr]). In fact, classicaly Lie algebras consist
of vector fields, which can be defined algebraically as derivations of function algebras: lin-
ear maps O satisfying 0(fg) = 0f.g + fOg. This form of Leibniz formula cannot, however,
be taken as a definition of a vector field in non-commutative geometry: in the correct def-
inition the second summand is badly twisted (see (2.5) below) because it is a by-product
of the usual Leibniz formula for the total differential end the cross-commutation relations
between functions and differentials. The role of the (WZ)-condition in this context is that
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it provides the necessary relations. We devote §§3 and 4 to the general study of their struc-
ture. A somewhat unexpected outcome is the appearance of quantum matrix semigroups
classifying Wess-Zumino type “skew products”: see Theorem 1.3.

This chapter of non-commutative differential geometry can be profitably compared with
Connes’ approach based upon his universal de Rham complex and “cycles”({Co]). Calcu-
lating the cohomolgy of our de Rham complexes in the simplest examples, one sees that
Connes’ definition of a cycles can and should be quantized, by replacing in his condition
f[w,w'] = 0 the usual commutators by twisted ones. However, we have no universal defi-
nition for the latters: practically speaking, they are calculated each time anew using the
Wess-Zumino type arguments. It is possible that that the correct framework for this type
of complexes is the tensor algebra over braided (instead of tensor) categories where a new
version of the cyclic cohomology might be defined.

Before turning to the general formalism, we will give the basic formulas of one-dimensional
quantum differential geometry which are both amusing and instructive.

0.2. One-dimensional de Rham complex. This is the complex induced by the
cross-commutation rules (0.8) on the “axex” of our quantum plane:

Q = k[z,dz]y; (dz)? =0; vdz.z = v 'z.dz (0.12)

(we replaced ¢~ ! by v? in order to conform with notation in Lusztig’s papers on represen-

tations of quantum groups). For n > 1, we have
d(z") = dr.z® ! +z.dz.z® 2 4. = dz(1 + v2 4o+ vz"—z):z:"_1 =
v n],dz.2" "1, (0.13)
where [n], = ”:_'v"__ — are Gaussian, or quantized, integers. If we put [0], = 0 and [-n], =

~[n]y for positive n, the same formula (0.13) will describe the natural extension of d to
klz,z71,dz],. (If v = +1, we of course put v"~1[n], = n).

0.3. Cohomology. If v is not a root of unity, [n], # 0 for n # 0. Assume in addition
that all [n],, n # 0, are invertible in the ground ring k. Then (0.13) shows that, as in the
classical case,

H*(k[z,dz),) 2 k; H*(k[z,z7',dz],) = k @ kdz.z™. (0.14)

Notice that this may happen also in finite characteristics, namely, when v is transcen-
dental over F,, and when k contains F,[[n];! | n € Z\ {0}].

For w = dz.f, f € kfz,z7!], consider the residue functional

/d:c(z a;z') = a_;.

fdg =0; /[dz.:c",:cm].,m =0,
4
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where, by definition, [z, y], = wzy—w ™ yz. It is the presence of such twisted commutators
in the second formula that distinguishes (k[z,z~!, dz]s, [) from a usual Connes’ cycle.

We shall often meet such commutators later on. Notice that the last relation in (0.12)
is [dz, z], = 0.
Now, let v? be a primitive root of unity of degree ! > 1. Then
1]y #0,...,[l = 1]u # 0; [[o = 0; [n + Im], = v'™[n],. (0.15)

Therefore, assuming again that non-vanishing [n], are invertible, we have

H*(k[z,27}, dz]y) = @mez(kz™ & kdz.c™ ). (0.16)

In the classical case, such is the structure of the de Rham cohomology in characteristic
I. In the quantum context, k may have any characteristic, including zero.

This is probably the simplest example of a general phenomenon: quantizarion at spe-
cial parameter values tends to reproduce some effects that we are accustomed to see as
characteristic-dependent, in all characteristics. Here is one more example: characteristic-
independent Frobenius.

0.4. Gauss binomial coeflicients. Assume that
(z,y]lv =0 (0.17)
for certain elements z,y of an associative k-algebra. Then the following binomial formula

is valid:

+y)" = f("—f[’?] iy, 0.18
(z+y) ;v j y (0.18)

v

where for 0 < 7 < n we put

n _ [n]!U | [ I
H = oy, e =1e el [0t =1, (0.19)

0.4.1. Proof of (0.18). Using (0.19), we can directly check that
[ﬂ-i'-ll =/ [n] +ov ! [ " ] .
J v J v J - 1 v
Multiplying this by #/ and summing over j = 0,...,n + 1, we get
Fpz1(t) = Fo(vt)(1 4+ v™™t),

where

Fo(2) ;=2::0 [’;]vtf.



Hence by induction

n-—1
Fa(t) = JJ (1 +v*7+1).
k=0

Replacing t by v"~1¢, we get

n n—1
n R .
E . UJ("—])tJ p— | I 1 +v2kt )
[J ]u ( )

1=0 k=0
Now, if [z, y], = 0, by formally inverting z we obtain

n—1 n—1

z+y)" =z" 14+ 0¥z~ ly) = 2° [n] pI (P D (g1 i
(z+y) I_-[( y) > il (=™ y)

which leads to (0.18) because (z71y) = v=7U=Vg=iyd,

Assume now that v? is a primitive root of unity of degree ! > 1. Then from (0.15) and
(0.18) we obtain a simple Frobenius type formula valid for [z,y], =0

(z+y) =2 +y" (0-20)
Notice also that if [ is odd, we have

(:L'y)l — vl(l—l)z!yl — :I:’yl — yl.?:l.

On a deeper level, these formulas lead to:

a). Existence of “unramified coverings” of classical simple groups in the category of
quantum groups, icluding lifts of Frobenius morphisms to characteristic zero. This can be
vaguely interpreted as existence of hidden fundamental groups of the classical algebraic
groups, which become visible only in non-commutative geometry.

b). A parallelisi between the representation theory of quantum groups in characteristic
zero at roots of unity , and that of classical groups in finite characteristic, investigated by
Lusztig.

0.5. Frobenius map for GL,(2). In this subsection, we return to the notation of 0.1.
Let ¢ be a primitive root of unity of odd degree I, a, b, ¢, d the matrix elements of GL4(2).
Then we have ([PW]):

i). a!, b, c!, d' are central in F[GL,(2)].

. ad b at b ad
11)-A(cz dz)=(c: d!)®(cl d’)'
at b a b !
iii). det (c' d‘) = [DETq (c d)] .

the language of non-commutative geometry, this can be rewritten as an exact sequence
of quantum groups



1 Hy — GL(2) - GL1(2) = GL(2) — 1, (0.22)

where the third arrow is the Frobenius morphism ®,. The kernel Hy is a finite-dimensional
Hopf algebra defined by relations (0.1) to which are added

d=d=1b==0.

It is flat over Z[g, ¢~!] which is a natural definition ring for the whole setting. If [ is an
odd prime, (0.22) can be reduced modulo its prime divisor in this ring, and ®; reduces to
a usual Frobenius morphism of GL(2).

We sketch here a proof of i) and ii). Obviously, ¥ and ¢! commute with @, b, ¢, d, and

a' commutes with b, c. It takes slightly more efforts to check that a'd = da'. Since the

determinant D is central (for all ¢), we have

ald___ al—l(D +q_1bC) - Dal—l + q1—2lbcal—l —
(D + gbc)a'™! = dd.

One can treat d' similarly.

In order to check ii), that is, to prove that, say, A(a') = A(a)’, one applies (0.20) to the
b
d

(a®a)b®c)=q¢ *(b®c)(a®a),

matrix elements of A (i ) . This is possible, because A(a) =a®a+ b®c, and

2

where ¢ ¢ is still a primitive root of degree [.

After this digression, we return to one-dimensional differential geometry.

0.6. Differential operators. Define 8, : A = k[z,z7'] — A4 by df = dz.8,f. When
[n]y for all n # 0 are invertible, the ring of differential operators can be defined as the
ring geenrated by 8, and multiplications. Otherwise “quantized divided powers” ! /[]!s
should be introduced as primary objects.

Let o be the automorphism of A over k with o(z) = v?z. Then

fdz = dz.o(f)
so that

0,(fg) = 8y f.g+ o(f)Bug. (0.23)
In particular, 8, 0z —v?z 08, =1, or

[By, 2)p-1 = v~ tid (0.24)

as operators on A. This is a quantized version of the Heisenberg commutation relation.

From (0.23) one easily deduces that if [:], are invertible for ¢ # 0, then the ring of
differential operators is a free A—module freely generated by 1,8,,82,....
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0.7. Vector fields. The space of vector fields Ad, is spanned by L, = vz"*19,. The
usual commutation relations now deform to

[Ln, Lm]vn—m = [m - n].,L,H.m (025)

(apply both parts to z7).

Notice that the parameter v"~™ of quantized commutator in (0.25) varies with n,m. A
quantized version of the Virasoro algebra with zero central charge may be defined as an
associative algebra generated by abstract symbols L, subject to (0.25). However, if we
want to define on it a comultiplication, we must take into account one more complication.
Namely, the usual coalgebra structure upon U(g), where g is a Lie algebra of vector fields,
A(X)=X®1+1® X, is just a translation of the Leibniz rule X(fg) = X f.g+ fXg. But
in our case it is replaced by (0.23):

Ln(fg) = Lnf-g + U(f)'Lng’ a(fg) = O’(f)O’(g).

This means that to obtain a closed formula for A, we must add ¢ to {L;}. But then one
can delete {Ly} which can be expressed via Ky = /0 :

Ko(:tr) = v’"a:", A(Ko) = Ko ® Ko,

K2-1

v—ov-1

Lo(z™) = v"[r]yz" = z".

1

Summarizing, we have (assuming v and v — v~ invertible) the following commutation

relations and comultiplication rules:

A(Li) = Li ® 1 + K§ ® Li; A(Ko) = Ko ® Ko. (0.26)
m—n|yLptm, forn+m#0

[Ln, Lm]vn-m = [ ]K:I_:- # (027)
—[2n]y 2=, forn+m=0.

KoL K;' =v"L,. (0.28)

One must also check that relations are compatible with comultiplication. See §2 below
for a more general discussion of this problem.

0.8. Twisted U(sl(2)). Forv =1, {L,, Ly, L_,} generate a Lie subalgebra isomorphic
to sl(2). In our case, we take {L,, Ko, L_,}. In order to get the commutation relations in
a more symmetric form, put (for a fixed n > 0):

e=—v ™20 L, f=K;'L_n, k=K,
(in this subsection, & has this meaning, and not that of a ground ring). Then we have

k— k™1

-1

[e, f]us:a/'z = (029)

v—v



kek™ =ov"e; kfk™' = v " f; (0.30)
Ale)=e@1+ K @eAf)=fQF'+kQf. (0.31)
This should be compared with the usual U,2(s!(2)) :

K-K!
[E, F] = g (0.32)
KEK™' =4*E; KFK™! =v™%F; (0.33)
AEY=EQ1+KQE; A(F)y=FRK '+1®F; A(K)=K®K. (0.34)

The principal difference is between (0.29) and (0.32): the commutator in (0.32) is twisted.
We can also obtain a usual commutator in our setting, but then the r. h. s. of (0.32)
becomes spoiled: put

then
L. k21
& f]= —= (0.35)
kek™' = v kfk~ = v 2" f; (0.36)
A@)=ée@k™+10¢ A(f)=Ffok'+18f. (0.37)

0.9. The standard U,2(g4). For reader’s convenience, we reproduce here the Drinfeld-
Jimbo presentation of U,2(g4), where g4 is the Lie algebra corresponding to a symmetriz-
able generalized Cartan matrix A.

Recall that A = (aij), 1 < t,7 < n, ai; =2, ai;j <0 for ¢ # j; diaij = dja;i, di €
Z; ged(di) = 1.

We need n triples (E;, F;, K¥',i = 1,...,n. They satisfy analogues of (0.32)-(0.34), and
more generally

KiK; = K;K;; (0.38)
K:E;K7' = v B K F; K1 = v %0 (0.39)
EiF; — F;E; = 6,-,-%. (0.40)
But the most essential novelty is the deformed Serre’s relations:
> o[V EmE =0 i) (0.41)

r+s=1—a;;

and similarly for {F;}.



We cannot, of course, “explain” these relations using only one-dimensional de Rham
complex. A very intriguing new approach to them was recently developed by A. A. Beilin-
son et al. in Duke MJ.

It is based upon the observation that, for ¢ = v? a prime power, v"~![n], coincides with
the number of Fy,—points of P"~!. A sophisticated version of this simple remark gives a
geometric interpretation of (0.41) in terms of the geometry of flag manifolds over finite
fields. This suggests a new kind of relations between the finite characteristic geometry and
non-commutative geometry.

Acknowledgement. Parts of this work were done when the author had financial support
of the Netherlands Mathematical Society, Utrecht University, and the Max-Planck Institut
fiir Mathematik in Bonn. I am grateful to these institutions for support and the excellent
working conditions.
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§1. Skew products

1.0. Notation. We denote by k a Z,-graded supercommutative ring. All k-modules
are Zs-graded; @ denotes the Z,-degree, or parity, of a. All morphisms are homogeneous;
we consider also odd morphisms of k—modules. All k—modules are assumed to be free; we
consider mostly direct free submodules. All k—algebras are (super-)central. The tensor

product of two k-algebras is endowed with multiplication (a®b)(a' ® ') = (-—-1)&'5aa' ® bd'.

1.1. Skew products. Let A, B C C br two subalgebras of an associative k-algebra C.
We shall say that they are skew-commuting if the multiplication maps induce injections of
k-modulesm: A@ B—C, m: B® A — C with the same image.

This image is then a subalgebra of C denoted AB = BA. If it coincides with C, we say
that C is a skew product of A and B. Obviously, A ® B is a skew product. Given A, B,
we want to classify their skew products. Intuitively, this amounts to classifying “good”
cross-commutation relations between elements of the type a®1 and 1 ®bin A® B defining
new multiplication on A ® B.

1.2. Basic construction. Assume that a skew product C = AB = BA is given. It
defines (and is defined by) the k-linear isomorphismr =rc: B® A — A® B induced by
multiplication in C. Consider for every b € B two operators 73 : A - AQ B, op: A —
B ® A defined by

n(@)=r@a)  oya) = (-1)¥r 7 (a@b).
Clearly, 7, and o} are left k~linear in a, of parity b. Their dependence of b is even left
k—linear.

We want to consider 71, (resp. o) as elements of k—algebras
Endi_moed(A) ® B (resp. B @ Endg_;04(A)°P) where End is the algebra of both even
and odd endomorphisms.

We will work everything out in coordinates. Choose a Z,—graded free k—basis {b;},7 €
I, of B. For variable a € A, denote by 7, j(a) coefficients in the following equivalent
expressions:

n(a)=r(b®a) = (-1)¥%n;(a)®b;  (in A® B),
J

ba =3 (-1)%%n, j(a)b;  (in C) (1.1)
J
and write (1.1) symbolically as

=Y ;i ® b (1.2)

J

Similarly, put
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= Z b,‘ @ Tb,i (13)

meaning that for all a € A,

(-1)*oy(a) = r (a®b) = Z( 1)3%; @ 04, ;(a),

ab =Y (~1)b;04 i(a). (1.4)

The sums (1.2), (1.3) are generally infinite. However, they are finite, if B is finite
dimensional, or if B is graded by finite dimensional submodules B®, AB®™ = B"A, and
{b;} is homogeneous with respect to this grading. In the sequel, we shall assume one of
these conditions.

1.2.1. LEMMA. 7y ; and oy ; are k—mod morphisms A — A of parity b+ Ej.

Proor: For ¢ € k, we have from (1.1):
Tp(ca) = r{b @ ca) = (—1)5‘-’cr(b ®a)= (——1)3&c Z(—I)Efa‘r{,,j(a) ® b;.
i
On the other hand,

m(ca) = Y (-1)H D1, j(ca) @ by,

J
so that 73 j(ca) = (_1)(5+§5)5n,j(a)'
Similarly, from (1.4),

oy(ca) = (~1)F3 1 (ca @ b) = ¢(—1)E+Dbr~1(a @ b) =
cgmﬁbi ® a3,i(a) = c(~1)Bay(a),
and from (1.3)
ob(ca) = Z bi ® 03,i{ca),
so that |

op,i(ca) = (—I)E(B”")cab,g(a).

12



1.2.2. LEMMA. The maps

T: B> Endk_mod(A) ®B : b, (15)
0: B— BEndi_moi(4)°? : b oy (1.6)
are Z,—graded ring homomorphisms, such that force k, 7. =1Q®c=¢c®1 =o,.

PROOF: We first remark that these maps are invariantly defined. In the definition of
C°P for a Z,—graded ring C, we of course introduce signs: C°P has the same additive
group as C, and multiplication ¢; * c; = (—1)%1%2¢y¢;.

Now, identifying via multiplication B ® A and A ® B with their images in C, we have
in view of (1.1):

beb(a) = T(b'b@ a) =bba = E(“l)zxﬁb'rb,((a)bl =
!

SO0k S (—1)b Ty (7 1(a)) ® by,
! i

On the other hand, by (1.2):

(ror7s)(a) = (E 7o, @ b,-) (Z o1 @ 51) (a) =
J l

Z(_l)bj taub"(Tb',ij,l ® bel)(a) —
At
Y (1) CHIREE Ty, iy i(a) ® bjb.
7l
It remains to compare signs:

bid + bj(a+ b+ by) = b;(b+ by) + a(b; + b).
Similarly, by (1.4),
ops(a) = (~1)*E+Hr—1(a @ y'b) = (—1)30+) (ab')b =

(=¥ S bi(ovi(@)h) =
(-1) 57 (—1)E+E D @ 0 j(0p,i(a)) =
i
z(—l)(5‘+zi)sbibj & O’b,jO'b!,,'(a).

Ly

Finally, by (1.3), taking into account the reverse multiplication in End(A4)°?:
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(0’5-' ab)(a) = (Z b; ® O’br,.') (Z bj ® O'b,j) (a) =

Z(—l)b"("'“‘)b;bj ® (—1)("'““')(”b")aa,jaaf,.'(a)-

¥

1.2.3. Structural action. Consider now the two universal algebra morphisms, which
are automatically universal bialgebra coactions, linear (and homogeneous) upon {b;}:

i: BoE(B)®B: &(b)=) z;®b,
J

§: B— BRE(B): 6(b)=) b®%
i

Here z;; € Ey(B) (resp. 2j; € E(B)) are algebra generators arranged in a format of a
multiplicative matrix. In particular, the parity of z;;, Z;; is b; + b;.
There exists a natural map
E.(B) — E|(B): Zji (—l)(85+3‘)55 Zij

(“supertransposition”) which is an isomorphism of bialgebras

st:  (E(B),A;) = (Ei(B),AP),

where A,, A; are the respective comultiplications.

Using (1.5), (1.6), and universality, one sees that instead of 7, o one can give the two
algebra homomorphisms

A Ei(B) » Endg— moa(A);
p: E.(B)°? — Endi_moa(A).

This means that, starting with a skew product of A and B, we have constructed actions
of E;(B) and E,(B)°? upon the left k—module A. We shall call them structural actions.

The comultiplication map A, : E.(B) — E(B)® E.(B) is also a comultiplicatuon
map for E,.(B)°?. Using it, we can define the action ¢ of E.(B)°? upon A ® A : for
e€ E.(B)?, c€ A® A, put

#(e)(c) = (p ® p)(A(e))(c).

1.2.4. LEMMA. The multiplication morphism m : A® A — A is a morphism of
E.(B)°? —modules.

PRrOOF: For a basis {b;} of B, put as above
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8:(b;) =Y b:i® 2y, %, € E(B)*?, (1.7)
and

Oi; = abi!i'
Comparing (1.7) and (1.3) one sees that Z;; acts upon A by the operator p(Z;;) = oj.
To prove the Lemma, we must check that for every z € E(B)°?, c € A® A, we have
m[Ar(z)(c)] = z(m(c)) (1.8)
(we should have written here p(z) instead of z, and (p ® p){A(z) instead of A(z)).

First, it suffices to verify (1.8) for generators z = 2;;. In fact, both sides are linear in z,
and if (1.8) holds for z;, 2, and all ¢, it holds also for z;2; and all &

m[A(z122)(c)] = m[A(z1)(A(22)(c))] =
z1(m[A(22)(c)]) = z1z2m(c).

Second, it suffices to check (1.8) for decomposable ¢ = f ® g, because both sides are
biadditive in ¢. Now,

A(E’,‘j) = Z Zik @ Zij.
k
Therefore, (1.8) reduces to the equality of the following two expressions:

m[A(Z;)(f @g) =m Kz Zir ® fk;‘) (fey)
(D& oy (o),

zij(m(f ® g)) = 0ij(fg).
To this end we apply (1.4) in turn to the cases b=b;, anda =g, f, fg:

(fF9)(b;) = f(gb;) = 3 (1) (fbi)ori(g) =

3 (-1)% Z(—l)ﬁ"‘ bioik(f)ok;(9);

k

(fa)h; = 3 (=) bioss(fo)

Remark. For operators 7, one can prove a similar identity (but notice different orders
of f,g in two sides):

15



Tik[m(f ® g)} = m[A(Tix)(9 ® f)).
1.2.5. LEMMA. Put

Oij = Obj iy Tkl = Toy Iy, Tkl = (—1)bxatbi)
Then we have
Zakﬁjg = bgiid 4, (1.9)
J
3 #rjosi = Sriida. (1.10)

2

PRroOOF: Rewrite b;a by first applying (1.1) and then (1.4):
bia =3 (—1)ri;(a)b; = 3 (~1)P% 3 (-1 @ Aoy (7i5(a).
7 J k
This gives (1.9).

Similarly, rewrite ab; by first applying (1.4) and afterwards (1.1):

abi = Z(—l)“‘bjdjf(a) =

Z(_l)&i;.- Z(_l)ﬁu(ﬁ+3.‘+ﬁj)Tjko,ji(a)bk.
] k

This gives (1.10).
We can now state the main result of this section.

1.3. THEOREM. The construction described above establishes a bijection between the
following two sets:

(SP) Skew products of A and B (compatible with the gradation of B).

(EA) Actions of E.(B)°? upon A, defined by an invertible operator-valued matrix (ox;),
such that m: A® A — A is a morphism of E.(B)°?—modules. Here (E,.(B),A,) is the
universal coalgebra coacting upon B (compatibly with gradation).

PROOF: We have already constructed the map (SP)—(EA). It is injective because the
knowledge of an E,.(B)°?—action allows one to reconstruct ¢ and then the crosscommuta-
tion relations in B @ A corresponding to the given skew product structure.

It remains to show that this map is surjective. This means that, starting with an action,
we must define an associative multiplication, say, on B ® A4, and to check that it defines a
skew product. Obviously, the multiplication must be defined by the formula

(b@a)(b' ®a')=(mp@ma)(b®op(a) ®a'),
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where o is reconstructed from the action. The rest of the proof consists of checks that
have essentially be made already in the course of proving our Lemmas 1.2.1 - 1.2.4. We
will only show associativity in some detail.

It suffices to establish that the product of three elements of the type b; ® a does not
depend on the bracket configuration. We will omit the tensor product sign. Take the three
elements bja’, bia’, b,a"'. We can assume that b; = 1, @' = 1, because they will cancel
in the identity. So finally we want

(a'bia" Vb, = a'(bia"by,).

First calculate the Lh.s. expression:

(alblan)bn — Z(_l)&'axbkok[(al)anbn —
k

Z(_l)a'z, b Z(_l)5.,(&"+5,,+E,+&’)bmamn[au(ar)a"]
k m
and take into account that
Omnlor(a)a"] = 3 (~1)EHINE AR (50 )0 )i (a”).
Second, calculate the r.h.s. exl;ressiou:

a/(bia"bn) = ' Y (—1)* P bicin(a”) =

Z(—l)alz‘bkau(a') Z(—l)a”i’"bidin(a")-
k 1

It remains to pass b; to the left beyond oxi(a'). We will obtain a sum of members of the
type bm(omioki)(a')oin(a") with some signs. A direct verification shows that signs will be
the same as for the lL.h.s.

1.4. Remarks. The following questions deserve a further study.

a). In the context of de Rham complexes of the type considered here, A and B are
usually both graded so that the same skew product can be obtained dually from the action
of E.(A)°? on B. A particularly symmetric situation arises if the same coalgebra acts and
coacts upon A and B simultaneously. (Notice however that the differential breaks the
symmetry).

b). If the action of E,(B)°P factorizes through the Hopf envelope, the matrix (o;;)
is automatically invertible (apply the antipode map). The case when this Hopf algebra
is commutative, i.e. consists of functions on a group scheme acting on B is especially
interesting.

c¢). The quantization parameters in our examples can be viewed as describing the struc-
tural action. Hence intuitively introduction of E,(B)°P can be imagined as “a quantization
of Planck’s constant”.
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§2. Quantum de Rham complexes
and differential operators

2.0. Notation. In this section, we study differential (Z, Z;)—graded k—algebras (.
We call the Z,—degree parity, and the Z—degree dimension, denote by € the k—module
of elements of dimension 7, and assume that Q° = k, 2<% = 0. We denote sometimes 2°
by A (“functions”).

Differential d is of degree (1,1), and is left k—linear in the sense of superalgebra. The
Leibniz formula d(ab) = (da)b + (—1)%adb involves parity rather than dimension.

We assume also given a bigraded k—submodule B = @,B* (“differential forms with
constant coeficients”) where all B are free of finite rank. The strongest condition we
impose on B is that it is a quadratic subalgebra of {2 consisting of closed elements, such
that §2 is a skew product of A and B. Weaker conditions sufficient for establishing some of
the algebraic properties of {2 are stated at appropriate places below, and marked C1 etc.

2.1. Differentials and vector fields. Here we assume the following,.

Cl. Multiplication in Q induces linear isomorphisms B' @ A —» Q! «— A® B!.

Let {bi} be a homogeneous basis of B!. Then, as in §1, we can define operators o;, 7;j
A— Aby

fb; = z(-l)ﬁ"' bioi;(f); (2.1)

bif = 3 (-1 (b (2.2)

where f € A.
Moreover, we can define a family of “quantum vector fields” §; : A — A dual to {b;} by

df = Z b:8:f, f € A. (2.3)
=1
Clearly, J; is left k—linear of parity b; + 1. From the Leibniz formula for d,

d(wv) = dw.v + (—1)*wdv (2.4)
and (2.1}, (2.3) one obtains the twisted Leibniz formulas for §;: if f, g € A,

0i(f9) = 0if.g+ 3_(-1)/%5:;(NB;(9) (25)

We supplement (2.5) by the respective ”Leibniz formulas” for o;; and 7;;:

aij(fg) = 3 _(—1)H W ou(f)ows(g) (2.6)
k
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7ii(fg) = Y (1) ¥ f)rie(g). 2.7)
k
They folow from the identities

(fg)b; = f(gb;), bi(fg) = (b;f)g)-

2.2. Basic problem. In the setting of 2.0, 2.1, we can construct an algebra U of opera-
tors on A generated by 9;, 0;; and possibly also 7;; and some left or right multiplications by
elements of A. It is natural to consider such algebras as a replacement in non-commutative
geometry of Lie algebras generated by vector fields, and generally of rings of differential
operators. We want to understand the following problems.

a). What are the relations between o,;,7;;,0;?7 (The relations between these operators
and multiplications are given by Leibniz formulas).

b). Is it possible to define the structure of a coalgebra upon U in such a way that
its comultiplication A on the generators would be given by the formulas compatible with
(2.5), (2.6):

A(B)=08i®1+ ) 0i;®0;. (2.8)

2

A(oij) = zaik ® Okj. ' (2.9)
k

In other words, we want m: A® A — A to be a morphism of U—modules, the structure
of an U—module upon 4 ® A being defined via A.

The results of §1 give a partial answer to these questions. Namely, if Q2 is a skew product
of A and B, we have described the “universal part” of the relations between o;;. More
precisely, we know the relations between generators of E.(B)°?, and they are universal in
the sense that they do not depend neither on A nor on the particular choice of the skew
product structure AB. And (2.9) actually defines a comultiplication compatible with the
Leibniz formulas (Lemma 1.2.4).

We proceed now to describe relations between 0; themselves, and cross-commutation
relations between J;, and o045, 7i;, again trying to understand only the universal part, and
mostly assuming quadraticity. In 2.6 we will address U directly.

2.3. Quadratic relations between vector fields. In the setting of 2.1, denote by D
a free k—module given together with an odd non-degenerate pairing {|) : B' @ D — k.
The sign rules are:

(abld) = a(b|d) = (—=1)3E+D(b|ad);a € k,be B',0€ D (2.10)
(mnemonically, | is odd). Parity of (8|3) is b+ 8 + 1.

Next, introduce an even pairing
(,): (B)® @ D% —k
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by the formula

(bRY,0@8) = (—1)B+E D p ) (1|9). (2.11)

It is well defined. In fact, using (2.10) we check first that the r.h.s actually depends only
on b@ b and 9@ &' that is, gives the same result when evaluated upon ba ® b’ and b ® ab’
etc. Moving « from b to b’ at the r.h.s. we get an extra sign:

[(_1)&(5"}'1)]2 =1.
Similarly, replacing o ® & by 0 ® ad':
(_1)&(8‘+1)+&(é+i')(_l)a(é+1+5’+é’) -1
Notice that (2.11) is k~linear in b ® b’ but only semilinear in 3 ® 0"

(b@bta,d®d)=(-1)%0b®V,ad®d). (2.12)

We can make it bilinear by considering instead * D®? which is D®? as an additive group,
but has a twisted left k—module structure:

ad® 8 (in ‘D®?) = (-1)*ad ® &' (in D®?).

Clearly, *D®? and D®? have the same lattices of submodules and the same sets of bases
of submodules.

Let now {b;}, {D;} be dual bases of B!, D : (§;|D;) = §;;. Then, from (2.11),

(b,‘ ® bj), D, ® Dg) = (—1)5‘5,'[61;];. (213)
Denote by R C (B!)®? the k—submodule of quadratic relations, that is, the kernel of
the multiplication map (B!)®? — Q. Assume that R is a free direct submodule, and define
Rp C D®? as orthogonal complement to R w.r.t. (2.11). Denote by B? the image of
(B1)®? in © and impose the next condition:
C2. Multiplication in Q induces a linear injection B> ® A — Q.

Then we have:

2.3.1. PROPOSITION. Choose dual bases (b;|D;) = é;; as above. Assume that db; = 0.

Define 9; : A — A by (2.3). Then every element of Rp vanishes (as an operator on A)
when evaluated on {0;} instead of {D;}.

Comment. Assume that B is a quadratic graded superalgebra generated by B!. Denote
by B7 the “odd dual opposite” quadratic superalgebra which is defined as T(D)/(Rp)
where T'(D) is the tensor algebra of D. Our Prop. 2.3.1 says that the operator algebra
generated by {J;} is a quotient of BT.

On the other hand, E,(B)°? in this case can be described as (B' ¢ B)°P where B' is
the even dual quadratic superalgebra, and the “black product” e is defined via tensor
multiplication of relation modules (see [Mal)-[Ma3]). For the sake of completeness, and
in order to fix all signs in the presence of odd variables and constants, we shall reproduce
below in 2.4 a coordinate description.
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The simplest classical case is A = k[zy,...,z,], B = Al[dz,,...,dz,]. Proposition 2.3.1
generalizes the fact that §/0z; pairwise commute whereas dz; anticommute.

PROOF: From (2.3) we see that for every f € A
0=d?f =) (—1)';b;0;d:f. (2.14)
i

Choose a free Z,—graded k—graded right k—basis r, € (B*)®? of R, and complement it by
elements sg € (B')®? such that {rq, sg} form a right k—basis of (B')®?; a = 1,...,m; f =
m+1,..,n%

Denote by {S4, Rg} the dual left basis of {D®? such that

(ras Bg) = (Ses 5) = 0;
(Tars Saz) = bay,a0; (3815 Rpz) = 64,8, (2.15)
In particular, Rg form a basis of Rp C D®?2. Then we have in (B!)®? @ *D®? .

S (-1)¥50b;®D;®Di= ra®Sa+ Y 55® Ry (2.16)
ij o B

because of (2.13) and (2.15). Denote by S,(0) (resp. Rg(8) ) the operators obtained by

replacing D;’s by J;’s. Similarly, denote by r,(b) (resp. sg(b)) the image of r, (resp. sg)

in B%. Then rqo(b) = 0, and sg(b) are right linearly independent over A. From (2.14) and

(2.16) we see that

Y " sp(b)Rg(3)f =0

g
for all f, so that Rg(3d) = 0.

2.4. Quadratic relations between 7;;, and o;;. Keeping notation of 2.3, put

ra =Y cib;®bj, cii € k. (2.17)
ij
Denote by B'* the right even dual B!, given together with an even non-degenerate scalar

product with the obvious sign conventions. Extend it to an even scalar product (B!)®? @
(B1*)®? — k by the rule

(b1 ® ba, B! ® b2) = (—1)Y'82(by, b1)(By, b2).

Denote by B' the quadratic algebra T(B'*)/(R¢) where R° is the orthogonal complement
to R.

Let {b;}, {¢} be dual bases in B!, B!*. As above, choose a free basis {r4, sg} of B'®B!,
and let {s%,7°} be the dual basis of B'* @ B'*. Then {r?} is a basis of R®. Put

rf =Y @b, of ek (2.18)
kl
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We have then for every k, I

@b =) (~1)*¥cfiss  mod R. (2.19)
B

To see it, take the scalar product of both sides with all #?. Put now

E =T(B' ® B'")/(S@23)(R @ R)).
This algebra has generators b; ® b’ = z;; satisfying relations S(23)(ra @ r#), or explicitely
Z Cg(—l)sjstz,'kz_,';c‘f, =0. (2.20)
ijki

Put B = T(B')/(R). Then the map § : B — E ® B transforming {;} by (z;;) is the

universal left coaction.

2.4.1. PROPOSITION. {7k} satisfy (2.20), whereas {0} satisfy the opposite super-
transposed relations.

PRrRoOF: We have, using (2.19):

0=ra(b)f =) cdbibif=> ciib; Z(—l)ﬁ"fﬂ(f)bl =
ij i i

i . L
SN (=18 (1)U () brby =
o { k

Z Cg(_l)f(5k+5r)+5,‘5k Tiijl(f)Cflsﬂ(b)'
ijkig

It remains to simplify the sign using
agl :Fﬁ‘i'i)k +El

and to take into account that sg are right A—independent. One can treat ¢ similarly.

Finally, I state relations between 7; and 0. Unfortunately, I was unable to interpret
them conceptually.

2.5.1. PROPOSITION. Fori, § fixed, f € A, we have
’
Z(—l)“”'*(“"“’"”"“rk;(ak(r.-j(f)))cﬁ —
ki
Z(__l)b.-+bk(f+3j)+(b;+aj+f)b:.m(,.jk(aj(f)))cﬁ_
ki

There are similar relations for ¢. To prove them, one should differentiate (2.1) and (2.2).
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2.6. Bialgebra structures on operator rings. Returning now to the setting of
2.2, let us deiscuss the comultiplication problem in relation to Leibniz formula. This is
well-known, and we include it for the sake of completeness.

Generally, let A be a k—algebra, and U C Endg(A) a k—module of left linear operators
upon A. Assume that A admits an augmentation mape: A — k,and forue U, fe A
put

{u, f) = e(u(f))- (2:21)

2.6.1. PROPOSITION. Assume that for every u € U, there exist u;,v; € U, 1 =1,..,n
such that for all f,ge A

u(fg) = Y (-1 *uifuile). (2.22)

Assume also that (2.21) has trivial left kernel. Then U admits a unique comultiplication
map A: U — U @ U with the property

(A(u), f © 9) = (u, fg) (2.23)

for all f,g € A. It is coassociative, and admits a countt ey : u + e(ul). If, in addition, U
is an algebra, then (U, A, ey) is a bialgebra.

SKETCH OF PROOF: Existence follows from (2.22): put A(u) = ) u; ® v;. Uniqueness
follows from non-degeneracy. We leave the rest to the reader.

2.6.2. Example. For A = k[z,z7!,dz], (see sec. 0.2), U = @®;xokL; (see sec. 0.6),
(u, f) has trivial left kernel precisely when v is not a root of unity.

23



§3. Examples continued:
de Rham complexes of quantum spaces and GLg \(n)

3.1. Two-parametric family of (2,2)-quantum matrices. Here we assume k pure
even. Choose two invertible even elements p, ¢ € k. The ring of polynomial functions E on
the non-commutative quantum space M, ,(2) is generated by even variables a, b, ¢, d with
the following commutation relations:

ab = p~lba; ac = ¢ '¢ca; ad = da+ (¢~ — p)cb;
be = pg~'ch; bd = ¢ 'db; cd = p~lde. (3.1)

This ring is a bialgebra with the standard comultiplication and counit. For pg # -1,
it can be defined as universally coacting algebra on the function algebras of two quantum
planes:

Ayt k{z,y)/(zy — ¢ 'yz); 7,y even; (3.2)
By : k(&) /(€% 7% én + pnk); €7 odd. (3.3)

Adding the relation ad — p~'bc = 1, we get the coordinate ring of SL, 4(2).

Order the generators by d < b < ¢ < a. The Diamond Lemma is applicable, and shows
that monomials d*c'6™a™ form a k—basis of E. (Of course, a similar statement is true and
can be easily checked also for 44, B,.)

A slight generalization of the Wess-Zumino construction gives the following result.
3.2. PROPOSITION. There are precisely two skew products 1 of A, and B,, admitting

a differential with dz = €, dy = 7, such that all these structures are compatible with the
coaction of E (with zero differential). :

SKETCH OF PROOF: We actually prove slightly more: the skew product property should
be postulated only on forms of degree two and three in (z,y, €, n); the full strength then
follows from the Diamond Lemma.

Comparing dimensions, we see that we must find a system of four cross-commutation re-
lations expressing z&, 7, y€, yn linearly via €z, £y, nz, ny. (Actually, one relation is known:
d(zy — ¢ 'yz) = 0). We have sixteen indeterminate coefficients which are successively
constrained by the rest of conditions. It is convenient to use them in the following order.

i). Apply the differential to the cross-commutation relations. The result should be a
consequence of (3.3). This eliminates about half of coefficients.

ii). Use compatibility with the coaction of E. This leaves one parameter free. Of course,
this can also be explained conceptually, by analyzing the decomposition of the space

(kz ® ky) ® (k€ ® kn) ® (k€ © k1) ® (kz © ky)
with respect to the coaction of E. The result is:
26 =[(p+¢ ) =1z yn=[(p+ g7 ") - Uny;
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zn = (rq”' = 1)y + pg~ ' rnz; y€ =rly + (pr — 1)nz (3.4)
where r is the last undetermined coefficient.

iii). Constraint r by checking linear relations between cubic monomials. In practice,
it suffices to resolve the “overlap ambiguity” znf, that is, to reduce this monomial first
as z(n¢) and second as (zn)é. In both cases, the result is proportional to {5z, but the
coefficients coincide iff r2 — (p~! +q)r +¢p~! = 0, that is, r = p~! or r = q. The net result
is:

Variant 1: Qgﬂ}

=€ = (pg)~€x; yn = ny;
zn=(p~'qg7' — 1)y +q 'nz; ¥ = p~ ¢y (3.5)
Variant 2: pr?;

z€ = pg€z; yn = pany;
zn = pnz; y€ = g€y + (pg — 1)nz. (3.6)

Notice that (3.5) and (3.6) are connected by the isomorphism interchanging z and y, £
and 7, p and p~!, which is compatible with the isomorphism interchanging a and d, b and
c.

iv). Finally, one checks that the combined relations (3.2), (3.3) and either (3.5), or (3.6),
satisfy all the conditions of the Diamond Lemma, that is, all ambiguities of cubic monomials
are resolvable (with respect to any of theordersé < n <z <yorz<y<é <.

We now turn to the calculation of the de Rham complex of M, 4(2). We start with de-

termining the universal differential quadratic algebra W,ng left coacting upon Qg‘{, Denote
a, B, 7, 6 the differentials of a, b, ¢, d respectively. We assume pg # —1.

3.3. PROPOSITION. W;,lq) is defined by the relations (3.1) and the following ones:
a). Relations between differentials of matrix coefficients:

o? =ﬁ2=72=62:0;
fa=—q laf; ya = —play;
&y =—q " 'v8; 68 = -p ' BS; (3.7)

pgba + pyB = —ab — qBy. (3.8)

b). Cross-commutation relations:

ac = (pg) "' ag;
af = '¢' —ab+p ' Bg;
1 _

ay=q 'va+(p~'¢”! - Dag;
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ba = ¢~ tak;

b8 = (pg)~' Bb;
b6 = ¢ '6b+ (p~ q—1 —1)Bd;

ca=p lag

ey = (p0) ™" re;
cb=p loc+ (P g — 1)vd;

dp = p~'8d,
dy = ¢ vd;
d6 = (pq)~6d; (3.9)

aé +pcf = (p7'¢7! —~ Dad + (¢ = phyb+p™ ' Bc+ bg;
pgda + qby = ad + pyb;
pgda + pef = ad + ¢fc; (3.10)
W,S,Qq) can be obtained from here by the involution described above.

Comment. The proof consists of direct calculations which we will omit. The answer
is not quite satisfactory because we want the de Rham complex of M, 4(2) to be of the same
size as that of the commutative polynomial ring of four variables. For this to hold in degree
two, we miss one quadratic relation between differentials and one cross-comutation relation.
They are supplied by the following result, again stressing the role of skew products.

3.4. THEOREM. Forpq # 1, ngfg has precisely three quadratic differential quotients for
which quadratic and cubic components are freely spanned by the lexicographically ordered
monomials in & < f < v < § <d < ¢ < b< a Every such quotient is a skew product of
kla,b,c,d] and k[a, 8,7, 6] (modulo relations), and their Hilbert series are the same as in
the commutative case. For pg = 1, these quotients coincide.

For W;,lq) , the missing relations are as follows:

Variant 1:
da = ad; ba = —ab. (3.11)

Variant 2:
cf = p*Be; 78 = —p*B. (3.12)

Variant 3:
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by = ¢*vb; By = —¢*7B. (3.13)

SKETCH OF PROOF: we start with writing a missing cross-commutation relation, say,
for by as a linear combination of the lexicographically ordered monomials, and then check
the resolution of overlaps in cubic monomials. Differentiating the answer, we get a missing
relation between the differentials. Finally, we check the conditions of the Diamond Lemma
for cubic overlaps.

3.5. Remarks. The long calculations needed to check the Theorem 3.4 were made
by D. Zhdanovich and the author. The Proposition 3.3 was independently proved by G.
Maltsiniotis [Mal 1], who has also discivered the missing relations (3.11), but not (3.12),

(3.13). The reason was that Maltsiniotis was only looking for the DGA-quotients of W,S,lq)
compatible with the coalgebra structure, and thus leading to the de Rham complex of
G L, 4(2). Only (3.11) satisfy this condition. (The existence of W‘é‘zq) also is not mentioned
by Maltsiniotis).

D. Zhdanovich remarked that (3.7), (3.8), and (3.11)a,s determine the algebra of the
differential forms with constant coefficients which is naturally isomorphic to M, ,(2)' (even
quadratic dual). This does not hold for the other two quotients.

The following remark is also due to D. Zhdanovich. Relations (3.12) and (3.13) can be
obtained by imitating the Wess-Zumino approach. More precisely, let us stert with an
algebra of functions determined by (3.1), and its differentials defined by (3.7), (3.8), and
either (3.12),, 3 or (3.13),,5. Let us then construct the universal bialgebra Fcoacting upon
these algebras (by the same (4,4)-matrix on coordinates and their differentials). Then
the cross-commutation relations (3.9), (3.10), and (3.12). g (resp. (3.14); ,) are uniquely
defined by the Wess-Zumino type conditions.

Question. Is F a flat deformation of the polynomial algebra of four variables?

3.6. n-dimensional Wess-Zumino de Rham complex. The following generaliza-
tion of the DGA (3.5) was considered by several people, among them G. Maltsiniotis, E.
Demidov, E. Mukhin, after the discovery by M. Artin, J. Tate, A. Sudbery et. al. of
the correct pair of n—dimensional quantum spaces leading to the construction of many-
parametric quantum group GLpg(n) by the universal coaction method. This algebra is

generated by z;, 1 =1,...,n; £ = dz;, subject to the following commutation relations:
Tizj = q5; Tj%i, 1 < J; (3.14)
€ = &6+ Xig5 66 = 0, i < j; (3.15)
Cixi = Mz (3.16)
lziiz; = qu;Izjﬁf; i< (3.17)
zifi = g5 €izi — (1 = A7 izjs i < j. (3.18)

Here ¢;;(: < j),A; are invertible quantization parameters. One can check without seri-
ous difficulties that this DGA Qg is well defined and is a flat deformation of the de
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Rham complex of the polynomial ring in n variables. In fact, the lexicographically ordered
monomials in z, £ form its free k—basis.

G.Maltsionitis has applied the universal coaction construction in the DGA-category to
Qg » and established the following result ([Mal2]):

3.7. THEOREM. The universal coacting DGA-algebra for Qg » has a quotient which is a
flat deformation of the standard de Rham complex of the polynomials in matrix entries iff
Aj = A does not depend on j. This quotient is then unique, and is a skew product of two
subalgebras, generated by matrix entries, and their differentials, respectively.

For a list of relations, see [Mal2].

3.8. Question. Do there exist other quotients, with the standard Hilbert function,
generalizing (3.12) and (3.13) to general n? Up to know, problems of this type have been
treated by a direct application of the Diamond Lemma. G. Maltsionitis says it took him
eghty pages of calculations to prove Theorem 3.7. About forty pages were spent to the
discovery of (3.12) and (3.13). Clearly, a more intelligent approach is highly desirable.

3.9. Exercise. Calculate operator algebras discussed in §2 in the examplea above. In
particular, calculate the algebras generated by o;; and z;0; as possible analogs of U(gl(n)).
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§4. Cohomology of elementary extensions

4.1. Elementary extensions. Let U C V be an embedding of differential algebras,
t € V an even element, dt its differential. We shall say that V is an elementary eztension
of V by (t,dt), if the following conditions are satisfied:

i). {t%; dt.t’} for 1,j > 0 form a free basis of V as a right U—module.

ii). (dt)? = 0; tdt = v%dt.t for an invertible element v € k.

We can then slightly generalize the calculations of 0.2, 0.3 and prove the following result.
4.2. THEOREM. Assume that all non-vanishing (], are invertible in k.

a). If v is not a root of unity, then the embeding U — V defines the isomorphism of the
cohomology spaces H*(U) — H*(V).

b). If v is a primitive root of unity of degree l, then H“(V) as a right H*(V)—module
is freely generated by the cohomology classes of cocycles t', j > 0, and dt.t7"~=1, j > 1.

PROOF: Write a generic element of V as

s=f+Y tgi+Y dtt’hj; f,gi,h;€U. (4.1)
i>1 i>0
Then, by (0.13)
ds=df + Y t'dgi + Y dt.t!(v[j + 1]ugjs1 — dh;). (4.2)
i>1 i>0

Hence s is a cycle iff f,g; (z > 1) are cycles, and

Uj[j +1]vgj+1 = dh;. (4.3)
Now, if all [j +1], for j > 0 are non-vanishing and hence invertible, then the last surnmands
of (4.1) add up to a boundary, because
gy +dttih; = v [j + 1)1 dh; + dttTh; =
v I + 15 d( hy).
Hence the cohomology class of s coincides with that of f, a cycle in U, and from (4.2)one
easily sees that H*(U) — H*(V) is also injective.

If[741], = 0 precisely for j+1 = 0 mod [, the same argument shows that s is equivalent
to

s'=F4 Y g+ ) dtt Ty,
i>1 i1

where f, gij, hij—1 are cycles in U.

Then (4.2) shows that these cycles are defined uniquely modulo boundaries in U.
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4.3. Application to the n—dimensional Wess-Zumino-de Rham complex. Let
2, be the DGA described in 3.6. One easily checks that the natural embedding 2,1 C Q,
(with compatible sets of quantization constants) makes €2, a left elementary extension of
-1, for which vZ = A;?, which allows us to calculate H*(2,). From the Theorem 3.7

n !
one infers that €2, is “quantum homogeneous” exactly when Ay = ... A, = A, so that the

cohomology of §2, is then determined by this unique parameter.

Actually, Q, is a skew product of Q,_, and k[z,,dz,],,. To check this, it suffices to
prove that the standard ordered monomials in z;, £; can be expressed as linear combinations
of monomials ordered by decreasing indices. To put &, to the leftmost place, one should
use (3.18) successively.

4.4. Question. Can one apply a similar reasoning to the de Rham complexes of matrix
bialgebras described in §37
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