HIGHER ARF FUNCTIONS AND TOPOLOGY OF THE MODULI
SPACE OF HIGHER SPIN RIEMANN SURFACES

SERGEY NATANZON AND ANNA PRATOUSSEVITCH

ABSTRACT. We describe the space of m-spin structures on a Riemann surface
as a finite affine space of Z/mZ-valued functions on the fundamental group of
the surface. We apply this description to prove that any connected component
of the space of m-spin structures on compact Riemann surfaces with finite
number of punctures and holes is homeomorphic to a quotient of the vector
space R? by a discrete group action.

1. INTRODUCTION

The classical spin structures (theta characteristics) on compact Riemann surfaces
play an important role in algebraic geometry since Riemann [Rie53]. Their modern
interpretation and classification as complex line bundles such that the tensor square
is isomorphic to the cotangent bundle of the surface was given by Atiyah [Ati71]
and Mumford [Mum71], a topological interpretation of their results was given by
Johnson [Joh80]. They showed a connection between the set of spin bundles on
a surface P and the affine space of quadratic (with respect to the index of inter-
section) forms H(P;Z/2Z) — Z/2Z. Classification of classical spin structures on
non-compact Riemann surfaces and the corresponding moduli space were studied
in [Nat89, Nat04].

In this paper we study m-spin structures, i.e. complex line bundles such that
the m-th tensor power is isomorphic to the cotangent bundle of the surface, on an
arbitrary hyperbolic Riemann surfaces with finite fundamental group. We assign
(Theorem 4.8) to any m-spin structure on a surface P a unique function on the space
of homotopy classes of simple contours on P with values in Z/mZ. These functions
are not quadratic forms. They are described by simple geometric properties.

Definition: We denote by 7{(P, p) the set of all elements of 71 (P, p), which can
be represented by simple contours which either do not belong to the kernel of the
intersection form or are homologous to a hole or a puncture. A m-Arf function is
a function o : (P, p) — Z,, satisfying the following conditions
1. o(bab=t) = o(a),

2. o(a™t) = —o(a),
3. o(ab) = o(a)+o(b) if the elements a and b can be represented by a pair of simple

contours in P intersecting in exactly one point p with {a,b) # 0,
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4. o(ab) = o(a) + o(b) — 1 if the elements a and b can be represented by a pair
of simple contours in P intersecting in exactly one point p with {(a,b) = 0 and
placed in a neighbourhood of the point p as shown in Figure 4, i.e. in such a
way that the oriented contours a, b, and (ab)~! are freely homotopic to pairwise
non-intersecting simple contours with orientation opposite to the one induced
by the complex structure of the sphere with three holes, which they cut out of
P.

Let us outline the construction assigning a m-Arf function to a m-spin structure
on P =H/T. The construction is based on the topological properties of the group
PSL(2,R) = Aut(H). This group has a unique m-fold covering G,, — PSL(2,R).
Thereby there is a 1-1-correspondence between m-spin structures on P = H/I" and
lifts into G, of the group T, i.e. subgroups I'* of GG, such that the restriction of
the covering map G,, — PSL(2,R) to I'* is an isomorphism I'* — I" [Mil75]. We
prove that the preimage in G, of the set of all hyperbolic and parabolic elements
of PSL(2,R) has m connected components, which we identify with elements of the
group Zm,. This correspondence induces a map o : 7¢(P,p) — Z,,. The geometric
properties of this map follow from the discreteness criterion [Nat04] for subgroups
of PSL(2,R).

We prove that the the set of all such functions has a structure of an affine space
associated with H'(P;Z/mZ). We describe the orbits of m-Arf functions under
the action of the modular group (the group of homotopy classes of surface auto-
homeomorphisms). Natural topological invariants of an orbit are the unordered
sets of values of the m-Arf functions on the punctures resp. holes. We prove (Theo-
rem 5.2) that the space of m-Arf functions with prescribed genus of the surface and
prescribed (unordered) sets of values on punctures resp. holes is connected if m is
odd or if m is even and the value of the m-Arf function on one of the punctures
or holes is even. Otherwise this space has two connected components distinguished
by a topological invariant § € {0,1} (see Definition 5.1).

We use the higher Arf functions to describe the topology of the moduli space
of m-spin bundles. Moduli spaces of Riemann surfaces with m-spin structure play
an important role in mathematical physics [Wit93, JKVO01] and singularity the-
ory [Dol83]. This moduli spaces were studied in [JKV01, CCC04] and other papers.
We give a description of the connected components of the moduli space in terms
of m-Arf functions and find the number of connected components (Theorem 5.7).
For surfaces without holes this number was computed in [Jar00] using methods of
algebraic geometry. Moreover we prove (Theorem 5.5) that any connected compo-
nent is homeomorphic to the space of the form R4 / Mod, where Mod is a discrete
group acting on the vector space R,

The paper is organized as follows: In section 2 we study the covering groups G,
of the group PSL(2,R), and in particular the algebraic properties of the preimages
in Gy, of hyperbolic and parabolic elements of PSL(2,R). In section 3 we explore
the connection between m-spin structures on a Riemann surface P = H/T" and lifts
into the covering G,, of the group I'. We assign to any lift a function induced
by a decomposition of the covering G, into sheets and choosing a numeration of
the sheets and study properties of these functions. In section 4 we define m-Arf
functions. We prove that there is a 1-1-correspondence between the set of m-Arf
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functions on P = H /T and the set of functions associated to the lifts of T" via the nu-
meration of the covering sheets. Hence these two sets are also in 1-1-correspondence
with the set of m-spin structures on P. Moreover we show in this section using the
explicit description of the Dehn generators of the Teichmiiller modular group that
the set of all m-Arf functions on a surface P has a structure of an affine space. In
the last section we find topological invariants of m-Arf functions and prove that
they describe the connected components of the moduli space. Furthermore we show
using a version of Theorem of Fricke and Klein that any connected component is
homeomorphic to the space of the form RrR? / Mod, where Mod is a discrete group.

Part of this work was done during the stays at Max-Planck-Institute in Bonn and
at THES. We are grateful to the both institutions for their hospitality and support.

2. THE GROUP PSL(2,R) AND ITS COVERINGS

We consider the universal cover G = P/’gi(l R) of the Lie group
G =PSL(2,R) = SL(2,R)/{%1},
the group of orientation-preserving isometries of the hyperbolic plane. Here our
model of the hyperbolic plane is the upper half-plane H = {z € C | Im(z) > 0}
and the action of an element [(*5)] € PSL(2,R) on H is by

az+b

cz+d

Here we denote by [A] = [(“})] € PSL(2,R) the equivalence class of a matrix
A= (*") € SL(2,R).

Notation. S* = {z € C | |z|=1}cC, Ry ={z €R | 2> 0}, Zp, = Z/mZ.

2.1. Description of elements in G = PSL(2,R). Elements of PSL(2,R) can be
classified with respect to the fixed point behavior of their action on H. An element is
called hyperbolic if it has two fixed points which lie on the boundary 0H = RU{occ}
of H. A hyperbolic element with fixed points in R is of the form

Tag(A) = [m : ()\;__f —(2:)1\);5)] ’

where «, 3 € R are the fixed points and A > 0. A hyperbolic element with one fixed
point in oo is of the form

T (M) 1= [% . (3 ~0- 1)5)]

() = [% _ ((1) (A ;\l)a)} |

where a resp. 3 is the real fixed points and A > 0. The parameter A\ > 0 is called the
shift parameter. The axis {(g) of the element g = 7, 3()) is the geodesic between
the fixed points a and 3, oriented from g to a if A > 1 and from « to G if A < 1.
The element g = 7,,3(\) preserves the geodesic £(g) and moves the points on this
geodesic in the direction of the orientation. We call a hyperbolic element 7, g(A)
with A > 1 positive if o < 8. The map A — 7,,3()) defines a homomorphism
R, — G (with respect to the multiplicative structure on R). We have

(Ta,s(N) " = Tas(A) = 75.0(N).

Z —

or
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An element is called parabolic if it has one fixed point which lies on the boundary
OH. A parabolic element with real fixed point « is of the form

= [(3 %)

A parabolic element with fixed point oo is of the form

(3 )]

We call a hyperbolic element 7, (A) positive if A > 0. The map A — 74 () defines
a homomorphism R — G. (with respect to the additive structure on R). We have

(ma(N) ™! = ma(=N).

An element, which is neither hyperbolic nor parabolic, is called elliptic. It has
one fixed point that lies in H. Given a base-point z € H and a real number ¢,
let p,(¢) € G denote the rotation through angle ¢ about the point z. Any elliptic
element is of the form p,(¢), where x is the fixed point. Thus we obtain a 27-
periodic homomorphism p,, : R — G (with respect to the additive structure on R).
We have

pa(p+2m) = palp) and  (pu(9)) ' = pul(—0).
For the fixed point x =i € H we have
%)

cos? —sin?
pi(w)ZKSiné COSE)}-

2 2

For a fixed point x € H\{i} we obtain p,(¢) = 7 o pi(p) o 771, where 7 is the
hyperbolic element in G such that 7(i) = «.

2.2. Coverings G,, of G. As topological space PSL(2,R) is homeomorphic to the
solid torus S* x C. A homeomorphism PSL(2,R) — S* x C/{#1} is given by

(o )] () [fe=te)

The fundamental group of the solid torus G is infinite cyclic. Therefore, for each
natural number m there is a unique connected m-fold covering

Gm = é/(m ’ Z(é))

of G, where Z(G) is the central subgroup of G. For m = 2 this is the group
Gy = SL(2,R).

The map p : G — S* defined as the composition of the homeomorphism H :

G — S' x C and the projection S' x C — S maps an element [A] = [(ZZ)] € G to
a unit complex number u([A]) = ¥ with

tanﬂ— b—c
2 a+d

We shall refer to the number ¢ as the argument of the element [A]. The map
w: G — S lifts to the unique map ¢ : G — R of the universal covers such that the
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following diagram commutes
G %R

L

G - st
Here the map R — S' is the universal covering map given by x — €.
Definition 2.1. We define s : G — Z by
s(g) =k if ©(g) € (—7 + 2nk, 7 + 27k].
We define s,, : Gy — Zyy on Gy, = G/(m - Z(G)) by

5m(g mod (m- Z(G))) = s(g) mod m
for g € G. We recall that Z,, = Z/mZ. All equations involving s,, are to be
understood as equations in Z,,, i.e. equations modulo m.

Here is another description of the covering groups G,, of G = PSL(2,R), which
fixes a group structure. Let Hol(H,C*) be the set of all holomorphic functions
H — C*.

Proposition 2.1. The m-fold covering group G, of G can be described as
{(9,0) € G x Hol(H,C") | ™(2) = ¢'(z) for all z € H}
with multiplication

(92,02) - (91,01) = (92 - g1, (02 0 g1) - 01)-

Proof. Let X be the subspace of G x Hol(H,C*) in question. One can check that
the space X is connected and that the map X — G given by (vy,0) — v is an
m-fold covering of G. Hence the coverings X — G and G,, — G are isomorphic.
One can check that the operation described above defines a group structure on X
and that the covering map X — G is a homomorphism with respect to this group
structure. (]

Remark. This description of G, is inspired by the notion of automorphic differential
forms of fractional degree, introduced by J. Milnor in [Mil75]. For a more detailed
discussion of this fact see [LV80], section 1.8.

2.3. Decomposition of G, into sheets. Elements of G,, can also be classified
with respect to the fixed point behavior of action on H of their image in PSL(2, R).
We say that an element of G, is hyperbolic, parabolic, resp. elliptic if its image in
G has this property. We also define the absolute value of the trace for an element
of G, as the absolute value of the trace of its image in G.

Any of the homomorphisms 74,3 : Ry — G, mq : R — G, resp. p, : R — G lifts
to the unique homomorphism ¢, g : Ry — G, pa : R — Gresp. 7, : R — G into the
universal covering group. The elements to g(A), pa(A), resp. 74(p) are hyperbolic,
parabolic, resp. elliptic.

For hyperbolic elements we obtain for all A € R, that
o(ta,s(A) € (=)
because of 1(74,8(1)) =1 and p(74,8(N)) # —1.
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Similarly, for parabolic elements we obtain for all A € R that
p(pa(N) € (=, )
because of p(m(0)) =1 and p(ma(N)) # —1.

Now let us consider elliptic elements. For the trace of the rotation p;(p) it holds

| trace(pz(¢))| = | trace(pi(¢))] = [2 cos(¢/2)],

hence p(p.(p)) = —1 if and only if ¢ € m + 27 - Z. Because of u(p,(0)) = 1 this
implies for ¢ € (—m + 27k, ™ + 27k) that

o(r2(p)) € (—m + 2k, w + 27k).
We obtain S(’I"z((p)) = k for pE (_ﬂ- + 27T]§,7T—|— 27T]€]

Since p,(27) = id, it follows that the lifted element r,(27) belongs to the central
subgroup Z(G) of G. Note that this element r,(27) depends continuously on x.
But the central subgroup of G is discrete, so this element must remain constant.
Let

u=ry(2m) forall xz € H.

The element u is a one of the two generators of the centre of G. We would also like
to point out that for the lift of an elliptic element p,(27/p) of finite order p it holds

(Tr(2ﬂ-/p))p = Tz(Zﬂ-) =u.
Any hyperbolic resp. parabolic resp. elliptic element in G is of the form ta.s(N)-uP
resp. pa(A) - uF resp. 7,(¢). It holds s(te g(N) - uk) = k, s(pa(N) - u*) = k, and
s(re(p)) =k iff ¢ € (=7 + 27k, 7 + 27k].

Remark. The subdivision of the solid tube G ~ R x C is described in more detail
in [JN85].

2.4. Properties of the multiplication of hyperbolic and parabolic elements
in G,,. In this subsection we first study (Lemma 2.2 and 2.3) the behavior of
the level functions s,, under inversion and conjugation. The main results of this
subsection (Lemma 2.4, 2.6 and 2.7) are statements about the behavior of s, under
multiplication.

In this subsection let us denote by [-] the image of an element in G under the
covering map G — Gpy,.

Lemma 2.2. We have s,,(A™Y) = —s,,(A) for any hyperbolic or parabolic ele-
ment A in G,,.

Proof. The hyperbolic resp. parabolic element A is of the form [t, 5(\) - u*] resp.
[Pa(N)-ub]. If A = [ta.s(A)- u¥] then A~ = [tas(A71)- u= k] and s,, (A7) = —k =
—s(A). I A = [pa(A) - w) then A1 = [pa(~A) -u~*] and s,,(A1) = —k =
—Sm(A). 0

Lemma 2.3. For two elements A and B in G,, we have

sm(B-A-B7') = 5,(A).
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Proof. The expression s,,(BAB™!) — 5,,(A) is invariant under multiplication of A
or B with the central element [u], hence it is sufficient to prove the statement for
elements A and B with s,,(A) = s,,(B) = 0. The element A in G,, with s,,(A) =0
is of the form [t g(N)], [Pa(N)] resp. [rz(¢)] with ¢ € (—m,7]. The element A can
be connected to the unit element in G,, via a path v : I — G,,, where [ is some
closed interval, such that s,,(v(¢t)) = 0 for all ¢ € I. For example, we can take
the path [ta5(t)], t € [1,A], [pa(t)], t € [0, ], resp. [rz(¢)], t € [0,¢]. The path
vB: I — G,, given by
7P(t)=B-~(t)- B~
connects the element B - A- B~! with the unit element. It holds for all ¢ € T
[ trace(y2(£))] = |trace(B - y(t) - B~1)| = | trace(1(£))| #0,

and hence s, (y?(t)) = 0 for all ¢t € I, in particular s,,(B - A- B~') = 0. (Here
| trace A| for an element A in G, is defined as |trace A|, where A is the projection
of Ain G.) O

Lemma 2.4. For preimages A resp. B in Gy, of the elements A = To0(N\1) resp.
B =14 3(X\2) for some A1, A2 > 1 and a, 3 € R\{0} the difference

Sm(A - B) — sm(A) — sm(B)

is equal
o +1 4f
A1+ Ao
0<m'ﬁ<0¢<ﬂ,
o —1if
A1+ A2
S—— - )
Pasiim, 70
e 0 else.

Proof. The expression $,,(A - B) — s, (A) — s, (B) is invariant under multiplication
of A or B with the central element [u], hence it is sufficient to prove the statement
for elements A and B with s,,(A) = sp(B) = 0, i.e. for A = [te,0(M)] and
B = [ta,s(A2)]. Let us consider the path 7 : [0,1] — G from 1 to

A . B = TOO)O(Al) . Ta,g(Az)
given by the suitably reparametrised product

V(1) = Too,0(AT) - Ta,8(N3)
with A\t = 1 +¢(\; — 1) for j = 1,2. Let 7 : [0,1] — Gy, be the lift of this path
covering with 4(0) = e. The path 7 is homotopic to the path

0 = (Too,0l11,017) * (To0,0(A1) - Tagl11,00]),
where * means to go along the first path and then along the second path. It is clear
that }
6 := ([too,0lli1,n1) * ([tos,0(A1)] - [ta8]l1,02))

is the lift of the path § with the starting point e. The end point of the lifted path B
18 [too,0(A1) - ta,8(A2)]. Since the path 7 is homotopic to d, the lift 4 has the same
end point as ¢, hence

(1) = [too,0(A1) - ta,p(X2)] = A- B.
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So we have to compute
sm(A - B) = s;(A) = 5u(B) = sm(3(1).
On the other hand it holds
V(1) = Too,0(AT) - Ta,5(A3)

_ 1 _ <A§(A§a —B) A — 1)aﬁ)
(@ =p) - /AN Ay —1 a— Ay '
Let ®(t) = ¢(7(t)). We obtain
() (a1
2 (MM 4+ Da — (M +25)8°

It holds ®(0) = 0. The denominator of this fraction is
F(1) = (A1Ag + Do — (A + A3)8
= (Al +23)(@ = B) + (A = D(\; — Do
Since A + Ay > 0 and (\f — 1)(A\5 — 1) > 0, if @ and a — 3 are both positive or

both negative, i.e. in the cases a < < 0,a<0< 8, <0< aand 0 < (< «q,
we have f(t) # 0 for ¢ € [0,1]. This implies ®(1) € (—m, ) and hence

sm(A-B) = 5u(4) = 5,0(B) = 52(3(1)) = 0

In the cases 0 < a < B resp. B < a < 0 we have to look carefully at the
argument ®(t). The argument ®(t) satisfies the equation
o &0 _ ~0daB+ 10§~ 1)

2 f(t)

where
F) = (AN + Da = (A} +5)8
=a(M -1 =1 2+ (@=B((M -1+ A= 1))t +2(a—f)
is a quadratic function. Since a3 > 0, A} > 0 and A} > 1, the sign of tan(®(t)/2)
is opposite to the sign of f(t).
Let us assume that 0 < o < 3. The coefficient a(A\; — 1)(A2 — 1) by 2 in f(¢) is
positive, hence the function f is concave. It holds
f(0) =2(a—p) <0,
f(1) = (AA2 + Da— (M + A2)8.
There are two cases, f(1) <0 and f(1) > 0.

Let us assume that 0 < « <  and f(1) < 0. Then f(0) <0, f(1) <0 and f
concave implies f(t) < 0 for ¢ € [0,1), hence tan(®(¢)/2) > 0 for t € (0,1). This
implies ®(t) € [0, 7] and hence

Sm(A - B) — sm(A) — sm(B) = sm(5(1)) = 0.
Let us assume that 0 < a < § and f(1) > 0, which is equivalent to

A1+ Az B<a<P

O< i wn
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Then f(0) <0, f(1) > 0 and f quadratic implies that there is ¢tg € (0,1) such that
f(to) =0, f(t) <0fort € [0,ty), and f(t) > 0fort € (to,1]. Hence tan(®(t)/2) >0
for t € (0,t9) and tan(®(¢)/2) < 0 for t € (¢o,1]. This implies ®(1) € (m, 27| and
hence

Sm(A - B) = su(4) — $(B) = sm(3(1)) = 1.

Let us assume that 3 < v < 0. The coefficient a(A; —1)(A2 — 1) by t? in f(t) is
negative, hence the function f is convex. It holds

f(0) =2(a—p) >0,
F(1) = (A2 + Da— (A1 + A2)8.
There are two cases, f(1) > 0 and f(1) <0
Let us assume that 8 < a < 0 and f(1) > 0. Then f(0) > 0, f(1) > 0 and f

convex implies f(t) # 0 for ¢ € [0,1], hence $,,(A4 - B) — $m(4) — sm(B) = 0 as
before.

Let us assume that § < o < 0 and f(1) < 0, which is equivalent to

)\1 + A2
0 <« 1 VW -6 <0.
Then f(0) > 0, f(1) <0 and f quadratic implies that there is ¢y € (0, 1] such that
f(to) =0, f(t) > 0fort € [0,tp), and f(t) < 0fort € (t9,1). Hence tan(®(t)/2) <0
for t € (0,%9) and tan(®(t)/2) > 0 for ¢t € (tg,1). This implies ®(1) € [-27, —7]
and hence

sm(A- B) — sm(A) — s5(B) = s, (7(1)) = —1. O

Corollary 2.5. If the axes of two hyperbolic elements A and B in G, intersect, or
the elements A and B are oriented differently (i.e. A is positive while B is negative
or B is positive while A is negative), then

$m(A - B) = $m(A) + sm(B).

The results similar to Lemma 2.4 hold also for products of hyperbolic and par-
abolic elements as well as for products of parabolic elements:

Lemma 2.6. For preimages A resp. B in Gy, of the elements A =T 0(A1) resp.
B =74(N2) for some A1 > 1, Ay > 0 and a > 0 the difference

Sm(A - B) — $m(A) — spm(B)
is equal
e to 0 if
A +1

Agar < ;
SN

e and to 1 else.

Lemma 2.7. For preimages A resp. B in G, of the elements A = 715 (A1) resp.
B =74 (A2) for some A1, A2, « > 0 the difference

Sm(A - B) — $m(A) — sm(B)
is equal

e to 0 if)\l)\g < 2
e and to 1 else.
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We omit the proofs of Lemmas 2.6 and 2.7, which are along the lines of the proof
of Lemma 2.4.

3. HIGHER CO-SPIN STRUCTURES AND LIFTS OF FUCHSIAN GROUPS

3.1. Higher co-spin structures. Let £ — P be complex line bundle over a
Riemann surface P. Let T" be a torsionsfree Fuchsian group such that P = H/T.
Let L — H be the induced complex line bundle over H. Let L ~ H x C be a
trivialization of the bundle L. With respect to this trivialization the action of I on
L is given by
g- (Z7t) = (9(2)76(972) : t)v

where § : T' x H — C* is a map such that the function d, = 6|4} xm is holomorphic
for any g € I and for any g1, g2 € I it holds

592'91 = (692 o gl) ’ 691'
The map ¢ is called the transition map of the bundle F — P with respect to the
given trivialization.

In particular, if F is the tangent bundle of the surface P, then the transition
map can be chosen so that ; = ¢’. Let By — P, E3 — P be two complex line
bundles over a Riemann surface P, and let §; resp. d2 be their transition maps,
then é; - d5 is a transition map of the bundle Fy ® F; — P. In particular, if § is the
transition map of the bundle £ — P, then ™ is a transition map of the bundle
E"=F®---® E — P (with respect to the induced trivialization).

A m-co-spin structure on a Riemann surface P is a transition map § of a complex
line bundle £ — P which satisfies the condition §;" = g, i.e. the induced transition
map 0™ of the bundle E™ — P coincides with the transition map of the tangent
bundle of P.

Remark. A m-spin structure on a Riemann surface P is a transition map § of a
complex line bundle E — P which satisfies the condition §;" = (¢/)~", i.e. the
induced transition map ¢ of the bundle E™ — P coincides with the transition
map of the cotangent bundle of P. There is a one-to-one correspondence between
m-spin and m-co-spin structures on a Riemann surface given by taking & to 1.
In the following we consider the m-co-spin structures.

Remark. A complex line bundle £ — P is said to be m-co-spin if the bundle
E™ — P is isomorphic to the tangent bundle of P. For a compact Riemann
surface P there is a 1-1-correspondence between m-co-spin structures on P and
m-~co-spin bundles over P.

Definition 3.1. A [ift of the Fuchsian group I' into G,, is a subgroup I'* of G,,
such that the restriction of the covering map G,, — G to I'* is an isomorphism
between I'* and T

Proposition 3.1. There is a 1-1-correspondence between m-co-spin structures on
the Riemann surface P =H/T and lifts of T into G,.

Proof. On the one hand using the description of the covering G,, from Proposi-
tion 2.1 we see that there is a 1-1-correspondence between the lifts of I" into G,,
and the families {4 }4er of holomorphic functions H — C* such that for any g € T

5;”=g’
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UACLA™Y)  ((ACLA™Y) ((AC5AY)

LN N N

Figure 1: Axes of a sequential set of type (0, 3,0)

and for any g1,g2 € I’
O0g2-g1 = (55]2 °g1)- dg, -
On the other hand as we explained in this section there is a 1-1-correspondence

between such families of holomorphic functions and m-co-spin structures on P =
H/T. O

3.2. Finitely generated Fuchsian groups.

Definition 3.2. A sequential set of type (0,lp,l,) with I, + 1, = 3 is a triple
of elements (C1,C2,C3) in G, such that the elements C;, 1 < i < [, are positive
hyperbolic, the elements C;, l;, < i < 3, are positive parabolic, it holds C1-Cs-C3 =
1 and for some element A € G the position of the axes of the elements AC; A~ is
as in Figure 1. (Figure 1 shows the position of the axes for the type (0,3,0), i.e. all
elements are hyperbolic. It is clear how the similar picture looks like in presence of
parabolic elements.)

Definition 3.3. A sequential set of type (0,15,1,) is an n-tuple of elements
(Ch,...,Ch)

with n = [, +{, in G such that the elements C1, ..., (), are hyperbolic, the elements
Ci 41, - - -, Cyp are parabolic, and for any j € {1,...,n} the triple

(Cr--Cj1,C5,Clga - Ch)
is a sequential set of type (0,3,0).
Definition 3.4. A sequential set of type (g,ln,lp) is a (2g + n)-tuple of elements
(A1,...,Ay,By,...,By,C1,...,Cy)

with n = [, +1{, in G such that the elements A1,..., Ay, B1,...,By,C1,...,C), are
hyperbolic, the elements Cj, 41, ..., C, are parabolic, and the tuple

(A1, B1AT By . Ag, BA B G, C)
is a sequential set of type (0,29 + 13, 1p).

Definition 3.5. We call a Riemann surface of genus g with [}, holes and [, punctures
a Riemann surface of type (g,1p,1p).

Definition 3.6. We define the product ab of two contours a and b in 71 (P,p) as
the contour given by the path of b followed by the path of a. A standard basis of a
fundamental group 71 (P, p) of a surface P of type (g,!s,!p) is a set of generators

{ai,b; 1=1,...,9),¢; i=g+1,...,n)}
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b1 Qg

by

ai

Cg+1
Cp, Cg+]_

Figure 2: Standard basis

with a single defining relation
g

H[ai,bi] H C;, = 1

i=1 i=g+1
and represented by a set of simple contours

{di,bi(i = 17...,9),@‘(7; =g+ 1,...7TL)}
with the following properties:
1) the contour ¢&; encloses a hole in P for ¢ = g+ 1,...,g + {;, and a puncture for
i=g+ip+1,...,n,
2) diﬂgj Z&iﬂéj ZZ)iﬂ&j :éﬂéj Z{p}
3) in a neighbourhood of the point p, the contours are placed as is shown in Figure 2.

The relation between sequential sets and Fuchsian groups is exploited in [Nat04]
(Chapter 1, Theorem 1.1, Lemma 2.1, Theorem 2.1). We recall here the results:

Theorem 3.2. A sequential set V' of type (g,ln,l,) generates a Fuchsian group T
such that the surface P = H/T is of type (g,1ln,lp). The isomorphism ® : ' —
m1(P,p), induced by the natural projection W : H — P, maps the sequential set V
to a standard basis of m1 (P, p).

Theorem 3.3. Let T be a Fuchsian group such that the surface P =H/T is of type
(9,n,1p). let p € P. Let W :H — P be the natural projection. Choose ¢ € ¥~1(p)
and let ® : T' — w1 (P,p) be the induced isomorphism. Let

v=A{an,b; (i=1,...,9),¢; i=9g+1,...,n)}
be a standard basis of w1 (P,p). In this case,
V=0"tv)={2 (a;), 2 ;)i =1,...,9), 2 He;)(i=g+1,...,n)}
={A;,B; (i=1,...,9),C; i=g+1,...,n)}
is a sequential set of type (g,ln,lp).

Now we recall the classification of free Fuchsian groups of rank 2 (see [Nat04],
Chapter 1, Lemma 3.2, 3.3):

Lemma 3.4. The set (Ch1 = Too,0(M),Co = Ta,8(A2),C3) with A1, 2 > 1 is a
sequential set of type (0,3,0) or (0,2,1) if and only if

Cs = (4 '02)71
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and

2
VAL VA
0< <71+ 2>5<a<ﬁ<oo.

1+ VA1
Then the set (Cq,C2,C3) is of type (0,2,1), i.e. the element Cs is parabolic, if and
only if there is an equality in the last inequality.
Lemma 3.5. The set (C1 = Too,0(A1), C2 = ma(A2),C3) with Ay > 1, Aoa > 0 is a
sequential set of type (0,2,1) or (0,1,2) if and only if

C3 = (Cy-Cy)~ !

and
S VAL +1
V-1
Then the set (Cq,C2,C3) is of type (0,1,2), i.e. the element Cs is parabolic, if and
only if the last inequality is an equality.

/\20&

3.3. Lifting sets of generators of Fuchsian groups. In this subsection let us
denote by [-] the image of an element in G under the covering map G — Gp,.

Lemma 3.6. Let ' be a Fuchsian group of type (g, s, 1) generated by the sequential
set

A B (i=1,...,9),Ci i=g+1,...,n)}
D;(j=1,....,n+g)}
Let
V={4,B; (i=1,...,9),Ci (i=g+1,...,n)}
={D; (j=1,....,n+g)}

be a set of the lifts of the elements of the sequential set V into G, i.e. the image
of Dj in G is Dj. Then the subgroup I'* of G, generated by V' is a lift of I' into
G, if and only if

g n
i=1 i=g+1

Proof. For any choice of the set of lifts V' the restriction of the covering map G,,, —

G to the group I'* generated by V' is a homomorphism with image I". There is only

one relation

i=1 i=g+1
in I', hence the equality
g n
i=1 i=g+1
ensures injectivity of this homomorphism. O

Lemma 3.7. Let (C1,C4,C3) be a triple of elements in G, such that there images
(C1,C5,C5) in G form a sequential set of type (0,p,1,) with I, +1, = 3. Then we
have C1 - Co - C3 = e if and only if

sm(Cl) + Sm(CQ) + Sm(cg) = —1.
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Moreover it holds

$m(C1 - Co) = $m(C1) + 8m(Ca) + 1.

Proof. We first prove s,,(C1 - C2) = $,,(C1) + $:m(C2) + 1 separately for sequential

sets of types (0,3,0) and (0,2,1) using Lemma 2.4, for sequential sets of types

(0,1,2) and (0,2, 1) using Lemma 2.6, and for sequential sets of type (0,0, 3) using

Lemma 2.7.

o We first assume that the elements C; and Cs are hyperbolic. Up to conjugation
we can assume that C7 = 7o 0(A\1) and Ca = 74 5(A2) for some Aj, A2 > 1 and
a, f € R\{0}. Lemma 3.4 implies that o, 5 > 0 and

a (\//\_1+\//\_2)2_ A1+ A2+ 2v/ A1 A2 A1+ A

1> > = > .
B 1+ VA1 A L+ AAe + 2V~ 1+
According to Lemma 2.4 the inequalities o - 3 > 0 and
AL+ A2
T, f<a<

imply
sm(Cl . 02) = sm(Cl) + Sm(cg) + 1.
o We now assume that the element C is hyperbolic and the element C is parabolic.
Up to conjugation we can assume that C1 = T,0(A1) and Cy = w4 (A2) for some
A1 > 1, Ay >0, and a > 0. Lemma 3.5 implies that

VAi+1 (VA1 +1)? _)\1+1+2\//\—1>)\1+1
V-1 (VA +1) (V=1 A —1 A — 17
According to Lemma 2.6 the inequalities o« > 0 and

A +1

A —1

/\20& 2

Agv >
imply
S$m(C1 - C2) = 5, (C1) + sm(Ca) + 1.

e We now assume that the elements C; and Cs are parabolic. Up to conjugation
we can assume that

Olzﬁoo(l)zK(l) m and 02=m<4>:{<j g)]

Then according to Lemma 2.7
Sm(Cy - C2) = 8 (C1) + sm(C2) + 1.

e In all three cases we proved that s,,(Cy - C3) = $,,(C1) + 8, (C2) + 1. For the
inverse element this implies

sm((C1-C2)™") = —sm(C1 - C2) = —(5m(C1) + sm(C2) +1).

The image of the element C; - Cy - C3 is C - Co - C3 = 1, hence C; - Cy - C3 = [u]!
for some [ € Z. This implies

$m(C3) = sm((Cy - Cg)fl -ul) =1— (sm(C1) + sm(C2) + 1),
hence we obtain that Cy - Csy - C3 = e if and only if [ = 0, i.e. if and only if
Sm(Cl) + Sm(CQ) + Sm(03) =-1. O
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Lgm{na 3.8. Let (A1, B1,Ch) be a triple of elements in G, such that there images
(A1, By, Ch) in G form a sequential set of type (1,1,0). Then we have [A1, B1]-Cy =
e if and only if
sm(C1) = —1.
Moreover, it holds
Sm(Al . Bl) = Sm(Al) + Sm(Bl)-

Proof. Lemma 3.5 implies that the axes of the hyperbolic elements A; and B
intersect. According to corollary 2.5 this implies

Sm(A1 - B1) = $m (A1) + $m(B1).
The triple (Ay, By, (1) is a sequential set of type (1,1,0). By the definition of
sequential sets the triple (A, ByA7 By !, C1) is a sequential set of type (0,3,0).
According to Lemma 3.7 we have
[A1,B1]-Cy = Ay - (B1AT'BY) - Cr =e
if and only if
$m (A1) + 8m(B1AT BT ) + s (Ch) = —1.
Since by Lemma 2.3
sm(B1AT ' Br ') = sm(A7') = —sm (A1),
the last condition is equivalent to
sm(Cy) =—-1. O
Lemma 3.9. Let
V={A,B, (i=1,...,9),C; i=g+1,....,n)}
be a tuple of elements in G, such that the image
V={A,B; (i=1,...,9),C; (i=g+1,...,n)}

in G form a sequential set. Then we have
g n
i=1 i=g+1
if and only if

Y sm(Ci)=(2-29) — (n—g).
1=g+1
(In the case n = g this means 2 —2g =0 mod m.)

Proof. We discuss the case g = 0 first, and then we reduce the general case to the

case g = 0.

e Let g = 0. We prove that the statement is true for lifts of sequential sets of type
(0,1p,1p) by induction on lp + I,. The case I, + 1, = 3 is covered by Lemma 3.7.
Assume that the statement is true for I, + [, < n — 1 and consider the case
I + 1, = n. By the definition of sequential sets the set (Cy - Ca,C3,...,Cy) is a
sequential set. Hence by our assumption (C; - Cy) - C3 - -- C,, = e if and only if

sm(01-02)+sm(03)+---+sm(0n):2—(n—1):(2—n)+1.
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Moreover, by the definition of sequential sets the set (Cy,Co,Cs---C,,) is a se-
quential set too, hence by Lemma 3.7 we have
S$m(C1 - C2) = 5, (C1) + 8m(Ca) + 1.

The last two equations imply that

Ci---Cp,=ce
if and only if

$Sm(C1) + -+ 5m(Cr) =2 —n.
o We now consider the general case. By the definition of sequential sets the set

(A, BLAT'B Y .. .,[lg,Bgfl;lBg’l,C'l, o Ch)
is a sequential set of type (0,2g + I1,1,), hence
g

n g n
i=1

i=1 i=g+1 i=g+1
if and only if

From Lemma 2.3 we obtain that
sm(BiA; ' By ') = sim(A;1) = —sm(A),

and hence
sm(A;) +sm(BiA; B 1) =0. O

4. HIGHER ARF FUNCTIONS

Let I" be a Fuchsian group and P = H/T of type (g, ls,p) with I, +1, =n —g.
Let p € P. Let U : H — P be the natural projection. Choose ¢ € ¥~!(p) and let
®:T' — 71 (P, p) be the induced isomorphism.

4.1. Definition of higher Arf functions. Let I'* be a lift of I' in G,,.

Definition 4.1. Let us consider a function 6p= : m(P,p) — Z,, such that the
following diagram commutes

r = T

o [

1 (P7 p) L Zm
As for the function s,,, all equations involving 6« are to be understood as equations
n Zy,.

Lemma 4.1. Let «, 3, and v be simple contours in P intersecting pairwise in
exactly one point p. Let a, b, and ¢ be the corresponding elements of w1(P,p). We
assume that a, b, and c satisfy the relations a,b,c # 1 and abc = 1. Let (-,-) be the
intersection form on 7w (P,p). Then for & := 6«

1. 6(ab) = 6(a)+05(b) if the elements a and b can be represented by a pair of simple
contours in P intersecting in exactly one point p with {(a,b) # 0,
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a b

Figure 3: 6(ab) =6(a) +6(b) +1

Figure 4: 6(ab) =6(a) +6(b) — 1

2. 6(ab) = 6(a) + 6(b) + 1 if the elements a and b can be represented by a pair
of simple contours in P intersecting in exactly one point p with {a,b) = 0 and
placed in a neighbourhood of the point p as shown in Figure 3.

3. 6(ab) = &(a) + &(b) — 1 if the elements a and b can be represented by a pair
of simple contours in P intersecting in exactly one point p with (a,b) = 0 and
placed in a neighbourhood of the point p as shown in Figure 4.

4. for any standard basis

v={a;b; (i=1,....,9),¢ (i=g+1,....,n)}
of m1(P,p) it holds

n

> () =(2-29)—(n—yg).

i=g+1
Proof. According to Theorem 3.3 either the set
V= {27 !(a), 27 (). 27 (e)}
or the set
V= {e (a7, @7 (b7, @7 (¢ )}

is sequential. This sequential set can be of type (0,k, m) (with k +m = 3) or of
type (1,1,0). If V is a sequential set of type (1,1, 0), then according to Lemma 3.8
we obtain

&(ab) = 6(a) + &(b).
If V is a sequential set of type (0, k,m), then according to Lemma 3.7 we obtain
&(ab) = 6(a) + 6(b) + 1.
If V1 is a sequential set of type (0, k,m), then according to Lemma 3.7 we obtain

b ta ) =6(a ) +ab M) +1
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and hence
—6(ab)

I
Q>

To prove the forth property of 6 we consider the sequential set that corresponds to
the standard basis v and apply Lemma 3.9. O

We now formalize the properties of the function & in the following definition:

Definition 4.2. We denote by 79 (P, p) the set of all elements of 71 (P, p), which
can be represented by simple contours which either do not belong to the kernel of
the intersection form or are homologous to a hole or a puncture. A m-Arf function
is a function o : 7 (P, p) — Z,, satisfying the following conditions

1. o(bab™t) = o(a),

2. o(a™t) = —o(a),

3. o(ab) = o(a)+o(b) if the elements a and b can be represented by a pair of simple
contours in P intersecting in exactly one point p with {a,b) # 0,

4. o(ab) = o(a) + o(b) — 1 if the elements a and b can be represented by a pair
of simple contours in P intersecting in exactly one point p with {(a,b) = 0 and
placed in a neighbourhood of the point p as shown in Figure 4.

As for the function 6+, all equations involving o are to be understood as equations

n Zy,.

Remark. One can prove that in the case m = 2 there is a 1-1-correspondence
between the 2-Arf functions in the sense of Definition 4.2 and Arf functions in the
sense of [Nat04], Chapter 1, Section 7. Namely, a function o : 7(P,p) — Zs is a
2-Arf function if and only if w = 1 — ¢ is an Arf function in the sense of [Nat04].

The following property of m-Arf functions follows immediately from Properties 4
and 2 in Definition 4.2:

Proposition 4.2. It holds o(ab) = o(a) + o(b) + 1, if the elements a and b can
be represented by a pair of simple contours in P intersecting in exactly one point p
with {a,by = 0 and placed in a neighbourhood of the point p as shown in Figure 3.

Proposition 4.3. For any standard basis
v={a;,bi (i=1,...,9),c; (i=g+1,....,n)}
of m1(P,p) it holds

n

Y ole)=(2-29) — (n—g).

1=g+1
Proof. We discuss the case g = 0 first, and then we reduce the general case to the
case g = 0.
e Let g = 0. We prove that the statement is true for lifts of sequential sets of type
(0,1n,1,) by induction on I, +I,,. In the case l; + I, = 3 Proposition 4.2 implies

o(cree) = o(er) +o(er) + 1,
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while Property 2 implies

o(cica) = o(czt) = —a(ca).
Combining these two equations we obtain

o(cr) +o(ca) +o(eg) = —1.

Assume that the statement is true for [, +{, < n — 1 and consider the case
ln + 1, = n. By our assumption

olcr-ca)+o(es)+--+o(cn)=2—(n—-1)=(2-n)+ 1.
Moreover, by Proposition 4.2 it holds
o(ciea) = o(cr) + o(ce) + 1,

The last two equations imply that
n
o(c) =2—n.
i=1
e We now consider the general case. The set

—1;-1 —17-1
(a1,b1ay by, .. ag,bga b, " e, cn)

is a standard basis of a surface of type (0,2g + l5,1,), hence

(0(a)) + olbia; b)) + 3 ole) =2~ (n+g) = (2-29) — (n—g).

g9 n
=1 i=g+1

3

From Properties 1 and 2 of m-Arf functions we obtain that
obia; 'b; ") =o(a; ') = —o(as),

and hence
o(a;) +o(bia; ;) =0. O
Definition 4.3. Let 61« : m1 (P, p) — Z., be the function associated to a lift ' as
in definition 4.1, then the function op- := &« |70(pyp) 1s an m-Arf function according
to Lemma 4.1, 2.2, and 2.3. We call the function or« the m-Arf function associated
to the lift T'*.

4.2. Higher Arf functions and Dehn twists. We recall the definition of the
Dehn twists ([Deh39], [Nat04] Chapter 1, Lemma 7.4).

Definition 4.4. Under Dehn twists we understand some transformations from a
standard basis

v=Aay,b; (i=1,...,9),¢; i=g+1,...,n)}
of m1 (P, p) to another standard basis
o' ={a, b (i=1,...,9),ci (i=9g+1,...,n)}

Any of these transformations induces a homotopy class of autohomeomorphisms of
the surface P which map holes to holes and punctures to punctures. By Theorem of
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Dehn [Deh39] the Dehn twists generate the whole group of such homotopy classes
of autohomeomorphisms of P. There are Dehn twists of the following types:

1. a’l = albl.

!
2. ay

(a1a2)a1(ala2)7la
b) = (araz)ay *bray *(araz) ™,
aby = ajaza;
b/ _ b -1 -1
2 = 020 a7 .
3. ay = (b, cr)b, (b, )

g 9 g
b, = (b, 'erbg)er tbgagh, (b, teibg) T

Aoy = (c,;ilck)ak(c,;}lck)_l,
biepr = (g rc)bi(ciggren) ™
5. Cp = Cki1,

/ _ -1
CkJrl = ck+1ckck+1.

Here ¢; = [a;,b;] for i = 1,...,9, in 4 we consider k € {1,...,g}, in 5 we consider
ke{g+1,...,n}. If a}, b} resp. ¢} is not described explicitly, this means a} = a;,
b = b; resp. ¢, = ¢;.

Now we compute the values of o on the standard basis v’ from the values of o
on the standard basis v.

Lemma 4.4. Let o : w0(P,p) — Zy, be an m-Arf function and D a Dehn twist of
the types described above, which maps the standard basis

v=A{an,b; i=1,...,9),¢; i=9g+1,...,n)}
into the standard basis
o' =DW) ={a,b; (i=1,...,9),¢; i=g+1,...,n)}
Let
{a, 3 t=1,...,9),v: (i=9g+1,...,n)}

resp.

{af, B (i=1,...,9),7 (i=g+1,...,n)}
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be the values of o on the elements of v resp. v'. Then for the Dehn twists of types
1-5 we obtain

1. o) =ai+ b
2. B1=03—a;—ay—1,
By =2 —as—ay — 1.
3. o/g = —B,,
By=ag—m—1
4. af = agt1,
B = Br+1,
O‘;c+1 = Qg,
ﬁl/c+1 = bk
5. Yk = Ykt
’Yllc+1 = Yk-

Proof. We assume that the Dehn twist D belongs to one of the types described in
the definition above. In the first case according to Property 3 of m-Arf functions
we obtain

o(ay) = o(arbr) = o(a1) + o(by).

In the second case according to Property 1 we obtain

o(ay) = o((araz)ar(araz) ™) = o(ar),
o (b)) = o((araz)a; 'bray (araz) ") = o(ay 'bras '),
o(ay) = o(araza; ') = o(az),

5) = o

According to Properties 3 and 2 we obtain

o(a;'b1) = o(ay') + o(b1) = —o(ar) + o(by),
a(b2az ') = o(bo) + 0 (a3 ") = o(bs) — o(ar).

In the following computations we illustrate the position of the contours on the
surface with figures showing the position of the axes of the corresponding elements
inI. Let

be the sequential set corresponding to the standard basis v.

The mutual position of the axes of the elements A} ' By and A; ! is as in Figure 5.
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A7Y AT'B, B, At

(NN N

Figure 5: Axes of Alel and A;l

crt Ag B,  ByAyB,!

Figure 6: Axes of C;' and ByA,B;!

According to Properties 4 and 2 we obtain
() = o((ay ' br)ay ")
aytby) +olayt) —1
= (o(b1) —o(a1)) —o(az) — 1
=o0(b1) —o(a1) —o(az) — 1.

—~

=0

Similarly
a(by) = o(by) — o(az) — o(ay) — 1.
In the third case we obtain according to Properties 2 and 1
olay) = ol(by "er)by (b, er) ™) = o(by ") = —o(by),
o(b) = o((b; erbg)er "bgaghy by "erby) ™) = olcy "byaghy ),
o(c)) = O’(b;lclbg) =o(c1).

g9

The mutual position of the axes of the elements C; ' and ByAyB; ! is as in
Figure 6. According to Properties 4 and 1 we obtain

a(by) = olcrt - (bgaghy ')
=o(e;t) + a(bgagbgl) -1

=o(c;h) +o(ay) — 1.

In the forth and fifth case computations are easy, we only use Property 1 of
m-Arf functions. O
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4.3. Correspondence between higher Arf functions and co-spin struc-
tures.

Lemma 4.5. The difference o1 — o9 : 70 (P,p) — Zm of two Arf functions o1 and
o9 induces a linear function ¢ : Hi(P;Zy,) — Zym. The set ArfPm of all m-Arf
functions on 7(P,p) has a structure of an affine space, i.e. the set {o — og | o€
ArtP™) s a free module of rang n+ g — x over Z,, for any ooy € Arff™
x=1in>gand x =0 else.

Proof. Let

, where

v=AHay,b; (i=1,...,9),¢; i=¢g+1,...,n)}
{4, =Lt g))

be a standard basis of 71 (P,p). For an element a € m1(P,p) let us denote by [a]
the image of a in Hy(P;Z,). Let

[v] = {lail, [b:] (i =1,...,9)[ci] (1 =g+1,...,n)}
={ld;] G=1,....n+9)}

be the induced basis of Hy(P;Z.,). Let us define § : 7%(P, p) — Z,, by § = o1 — 02.
Let us define a function ¢ : Hy(P;Z,) — Z, on [v] by

tld;] = o(d;)

forall j = 1,...,n+g and then extend this function linear on the whole H1(P;Z,,).
(Here we write £[c] instead of £([c]) to simplify the notation.)

Claim: We claim that £[a] = §(a) for any element a € 79(P, p).
Observation: We first observe that if a standard basis
LU (i=1,...,9),c¢i (i=g+1,...,n)}

={d; (j=1,....,n+g)}
is the image of the standard basis v under a Dehn twist, then

14 [d;] =4 (d;)

for all j =1,...,n 4+ g. Indeed, for the Dehn twists of type 1, 2, and 3 we obtain
by Lemma 4.4 and by linearity of ¢

v ={a

1. d(ay) = d(ar) + 6(b1),
Clal] = Llaibi] = Llar] + £[b1],
2. 0(b}) = 0(b1) — d(ar) — d(a2),
(4] = l(araz)a; "bray  (araz) ] = £b1] — €[ar] — £as],
d(by) = d(b2) — d(az) — d(ar),
U[b5] = €[baay ay '] = €[bo] — flan] — £as],
3. 6(a)) = ~8(by).
Uag] = €[(by ')y (b, ter) ™) = —¢lby),
d(by) = d(ag) — d(c1),
C[by] = £[(b, terbg)er ' 90gby 1(b;101b9)71] = lag] — e ].
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Here if 0(d}) and £[d}] are not described explicitly, this means J(d};) = 6(d;) and
¢[dj] = £]d;].

Let a be any contour not belonging to the kernel of the intersection form. Then a
is an element af in some standard basis v”’ of 71 (P, p). By Theorem of Dehn [Deh39]
the standard basis v of m(P,p) can be obtained from v as an image under a
sequence of Dehn twists. Then the observation implies that d(a) = ¢[a]. Similarly
any simple contour homologous to a hole or a puncture is an element c411 in some
standard basis of 71 (P, p), hence d(c) = ¢[c]. So we have proved our claim. Hence
the function § = 01 — 02 induces a linear function on Hi(P;Z,,).

On the contrary, if o is an m-Arf function on P and / is a linear function on
H1(P;Zyy,), then the function o : 7{ (P, p) — Z,, defined by

o(a) = oo(a) + £[a]

is an m-Arf function on P. Using the properties of the m-Arf function ¢ and
linearity of the function ¢ we can prove that the function ¢ also has the properties
of m-Arf functions. For example, we show Property 4: If {(¢i,¢2) = 0 and the
elements ¢; and co can be represented by a pair of simple contours in P intersecting
in exactly one point p and placed in a neighbourhood of the point p as is shown in
Figure 4, then

0’(0102) = O’(Cl) + O’(Cg) —1.
Linearity of the function ¢ and Property 4 for oo imply

o(c1ez) = op(cre2) + Leies]
= (o0(c1) +0o(c2) — 1) + (Ller] + Lea])
= U(Cl) + O’(Cg) —1.

The proofs of the other properties are similar. O

Corollary 4.6. An m-Arf function is uniquely determined by its values on the
elements of some standard basis of w1 (P, p).

Corollary 4.7. For a surface of type (g,1n,1,) there are m*9Tn+lo=X different m-
Arf functions on w9 (P,p), where x = 1 in the case l, +1, > 0 and x = 0 in the case
Ih+1lp,=0and2g—2=0 mod m. In the case I, +1, =0 and 2g—2 # 0 mod m
there are no m-Arf functions on (P, p).

Theorem 4.8. There is a 1-1-correspondence between

1) m-co-spin structures on P =H/T.

2) lifts of T into G,

3) m-Arf functions o : 7 (P, p) — L.

Proof. According to Proposition 3.1 there is a 1-1-correspondence between m-co-
spin structures on P and the lifts of I" into G,,,. In Definition 4.3 we attached to

any lift I'* of T" into G, an m-Arf function op«. On the other hand we can attach
to any m-Arf function o a subset of G,

I;:={9€Gn|n(g) €L, sm(g) = o(®(n(9))},
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where 7 : G, — G is the covering map. It remains to prove that this subset of G,
is actually a lift of I'. Let

v=A{anb (i=1,...,9),¢; (i=9g+1,...,n)}
={d; j=1,....,n+g)}
be a standard basis of w1 (P, p) and let
V={A,B (i=1,...,9),Ci (i=g+1,...,n)}
={D; (j=1,....n+g)}
={o7(d) G=1....n+9)}
be the corresponding sequential set. Let
V={4,B;(i=1,...,9),C; i=g+1,...,n)}
={D; (j=1,....,n+9)}

be a lift of the sequential set V, i.e. w(D;) = D;, such that s,,(D;) = o(d;). Then

we obtain
n n

D sml(C)= Y o) =(2-29) — (n—g),
i=g+1 i=g+1
hence by Lemma 3.9 it holds

g n
[Ai, Bz] . H Ci = €.

i=1 i=g+1

This implies according to Lemma 3.6 that the subgroup I'* of G,,, generated by V

is a lift of T into G,,. Let us compare the corresponding Arf function op« with the

Arf function o. It holds for all j

or+(dj) = sm(Dj) = o(d;),
i.e. the Arf functions op+ and o coincide on the standard basis v. Thus by Corol-
lary 4.6 the Arf functions or- and o coincide on the whole 7{(P,p). From the
definition of o~ and I'} we see that this implies that I'* = I'}, hence I'} is indeed

a lift of ' into G,,. It is clear from the definitions that the mappings I'* — op«
and o — I'} are inverse to each other. O

Remark. Let us define an oo-Arf function as a function o : 79 (P, p) — Z satisfying

the four properties in Definition of m-Arf functions (Definition 4.2). Then slightly

modifying the previous discussion of m-Arf functions we obtain similar results for

oo-Arf functions:

1) The set Arf”> of all co-Arf functions on 79(P,p) has a structure of an affine
space associated to H(P;Z).

2) For a surface P = H/T there is a 1-1-correspondence between oco-Arf functions
o : 10(P,p) — Z and lifts of the group I into the universal cover G of PSL(2, R).

Corollary 4.9. For a surface P of type (g,ln,lp,) there are m?9in+lo=X djfferent
m-co-spin structures on P, where x =1 in the case I, +1, > 0 and x = 0 in the case
Ih+1lp,=00and2g—2=0 mod m. In the case I, +1, =0 and 2g—2 # 0 mod m
there are mo m-co-spin structures on P. The set of all m-co-spin structures on P
has a structure of an affine space.
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5. MODULI SPACES OF HIGHER CO-SPIN STRUCTURES

5.1. Topological classification of higher Arf functions. In Theorem 4.8 we
put m-co-spin structures on P in 1-1-correspondence with m-Arf functions o :
79(P,p) — Z,. This correspondence allows us to reduce the problem of finding
the number of connected components of the moduli space of higher spinor Riemann
surfaces to the problem of finding the number of orbits of the action of the group
of autohomeomorphisms on the set of m-Arf functions. We describe the orbit of an
m-Arf function under the action of the modular group of the corresponding space
of Riemann surfaces.

Let P be a Riemann surface of type (g,n,l,) with i, +1, =n —g. Let p € P.

Definition 5.1. Let o : 7(P,p) — Z,, be an m-Arf function. For even m we
define the Arf invariant 6 = §(P, o) as § = 0 if there is a standard basis

{ai,b; (1=1,...,9),¢; i=g+1,...,n)}
of the fundamental group 71 (P, p) such that

g

> (1= o(a:i)(1 - o(b;)) =0 mod 2

i=1
and as 0 = 1 else. For odd m we set § = 0.
Definition 5.2. Let o : 7{(P,p) — Z,, be an m-Arf function and
v=AHay,b; (i=1,...,9),¢; i=9g+1,...,n)}

a standard basis of the fundamental group m (P, p). In the standard basis v the
elements cg41,...,Cg41, correspond to the holes and the elements ¢4y, 41,...,¢n
correspond to the punctures. The set of holes

Cgtls -y Cotly
is divided into m sets

Dj={ci|o(c) =3, g<i<g+in}
We denote by n! = n/(P,0), j € Zy,, the cardinality of the set D;. Similarly, the
punctures

Cgtln+1y---»Cn

are divided into m sets of the form

E;={ci|o(c;)) =4, g+1ln <i<n}.
Let n = n%(P,0), j € Zm, be the cardinality of the set E;. It holds

nh44nl =1, and nh4---+nb =1,

We set n; = n? + n?. By the type of the m-Arf function (P,o) we mean the tuple

h h P p
(g767n05' <oy My 15Ny - - '7nm—1)’

where ¢ is the Arf invariant of o defined above.
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Lemma 5.1. Let o : m)(P,p) — Zm, be an m-Arf function, then there is a standard
basis

v=AHa,b; i=1,...,9),¢; i=9g+1,...,n)}
of m1(P,p) such that
(U(al)a U(bl)v SRR U(ag)v U(bg)) = (Ov§7 1a B 1)
with £ € {0,1} and
o(cgy1) < < olCgrty ), 0(Cgti41) <o < olen).

If m is odd or there is a contour around a hole or a puncture such that the value of
o on this contour is even, then the basis can be chosen in such a way that € = 1.

Proof.

a) Let us fix some standard basis
vo={ay,b; (i=1,...,9),¢; i=¢g+1,...,n)}

and consider the sequence of values of the Arf function ¢ on this basis vg

(a1, B1y- 09, Bgs Yg+1s -+ 27n)
= (o(a1),0(b1),...,0(aq),0(bg),0(cg+1),--.,0(cn)).

Any other standard basis v is an image of the basis vg under an autohomeomor-
phisms of the surface, i.e. under a sequence of Dehn twist. Hence according to
Lemma 4.4 the sequence of values of o on the basis v is the image of the cor-
responding sequence with respect to the basis vy under the group generated by
the transformations, which change the first 29 components (a1, 51, ..., ayg, Bg)
as follows

la. (o1, B, a4, Bis ... 0, Bg)

— (01,01, .., £ 55,05, ag, Bg),
1b. (o, B, .04, Biy - - o 0, Bg)

— (a1, b1, .04, 0i £ oy, ..., 0, Bg),
2. (o1, B0, Biy oy 05,85, g, Bg)

H(alaﬂlv"'vaivﬁi_aj_17"'7Oéj76j_ai_la"wagaﬂg)a
3. (alvﬁlv"'aaiaﬂiv"'vagaﬂg)
'_)(alaﬁla"w_/giaai_’yj_]-u'°'7ag)7

4. (a1, P15, 04,05, 05, 85, .., ag, Bg)

— (01,01, ., a5, 85, 4, By . 0, Bg),
Sa. (a1, b1, ., 04,00, ., g, Bg)

= (0,01, =, =iy .., g, Bg),
5b. (a1, B,y 04, B0y, g, Bg)

= (alaﬂlv"'7_ﬂivai7--'7agvﬁg)

and change (Yg41,...,7n) by all possible permutations of (Yg41,...,vg+1,) and
(Yg+1n+15 - - - »Yn)- The inequalities between the values of o on the elements ¢; are
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easy to satisfy, because the transformation group contains all possible permuta-

tions of (Vg+1,-- -, Vg+in) a0d (Ygip+1,---,Yn). Our aim is to show that, if m
is odd or one of the numbers yg11,...,7, is even, any tuple (a1, 51, ..., a4, Bg)
can be transformed into the 2g-tuple

(0,1,1,...,1),

while otherwise any such tuple can be transformed into one of the tuples
(0,0,1,...,1) or (0,1,1,...,1).

We claim that the group of transformations described in (a) contains the trans-
formation of the form

(...,ai,ﬁi,...,aj,ﬁj,...)|—>(...7ai,ﬁi—2,...7aj,ﬁj,...):

Let us assume (4,7) = (1,2) in order to simplify the notation. We apply trans-
formations 2, 5a, again 2 and again 5a and obtain

(041,51,042,52,---)

a1, B —as—1,as, B2 —a; —1,...)

a1,/ —as— 1, —a1 —1,...)

a1, —ae—1,—as, —(f2 —a; — 1),...)

a1, fr—as—1—(—ag) —1,—ag,—fot+ar+1—a;—1,...)
= (a1, 01 — 2, —az, —f2,...)

— (a1, 01 — 2,a0,02,...).

= (
= (
= (
= (

Furthermore, we claim that the group of transformations contains a transfor-
mation of the form

(a1, B1,09,02,...) — (0,£,1,1,...), where ¢£€{0,1}:
With the help of the transformation described in (b) we can transform
(o, Br, 02, B2, ) = (@, By, 009, By, ),  where o), 8,05, B; € {0,1}.
Applying the inverse of transformation 2 we obtain
(0,0,0,0,...)— (0,1,0,1,...).
Applying transformation la resp. 1b we obtain
(0,1,...)— (1,1,...) and (1,0,...)— (1,1,...)

By successive application of the transformation described in (c) we obtain that
any 2g-tuple can be transformed to a tuple of the form (0,¢,1,...,1).
If m =2r + 1 is odd, then we use the transformation from (b) to map

0,1,1,...,1) — (0,1 =2 (r+1),1,...,1)
=(0,-m,1,...,1)=(0,0,1,...,1),

hence the 2g-tuple (0,0,1,...,1) can be transformed to the tuple (0,1,1,...,1).
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f) If 4, = 2r is even for some ¢, then we use the transformation 3 and the trans-
formation from (b) to map

(0,0,1,...,1)— (0,0 —2r —1,1,...,1) — (0,1,1,...,1),

hence also in this case the 2g-tuple (0,0,1,...,1) can be transformed to the
tuple (0,1,1,...,1). O

p p

Theorem 5.2. A tuple t = (g, 9, ng, comh ngs ..., Nh,_1), where

nh4-4nl =1l and nh4---4+nb | =1,

is the type of a hyperbolic m-Arf function on a Riemann surface of type (g,in,lp)
if and only if
1) > j-n;=(2-2g)— (n—g), wheren; zn?—i—nﬁ?,

JE€ELm
2) if m is odd or nj # 0 for some even j € Z, then § = 0.

Proof. Let us first assume that the tuple ¢ is the type of a hyperbolic m-Arf func-
tion on a Riemann surface of type (g,ls,l,) and that o is such a function. Then
Proposition 4.3 implies that

n

@-20)-(n-g)= 3 ole)= 3 i-ny

i=g+1 JE€ELm

If m is odd or n; # 0 for some even j € Z, then according to Lemma 5.1 there is a
standard basis

v=A{an,b (i=1,...,9),¢; (i=9g+1,...,n)}
of 71 (P, p) such that
(o(a1),o(1),...,0(aq),0(bg)) =(0,1,1,...,1),

hence (P, o) = 0 by definition. Now let us assume that ¢t = (g, d, n?, n
satisfying the conditions (1) and (2). Let us fix some standard basis

P

%) is a tuple

vo={aib; i=1,...,9),¢; i=g+1,...,n)}

The condition (1) together with Proposition 4.3 and Corollary 4.6 imply that there

exist Arf functions ¢* and ¢! such that n/(6°) = n}, nf(0°) = nf for j € Z,, and

(0% (ar), 0% (b), ..., 0% (ag), o®(by)) = (0,1 —4,1,...,1).

It holds §(¢%) = 0 by definition. It remains to prove, in the case that m is even and
all 4; are odd, that 6(c!) = 1. To this end we observe, using the explicit description
of the action of Dehn twists on m-Arf functions in Lemma 4.4, that the parity of

the sum
g

> (1 —o(a) —o(b:)

i=1
is preserved under the Dehn twists and hence is equal 1 modulo 2 for any standard
basis. |
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5.2. Connected components of the moduli space. We recall the results in
[Nat04] on the moduli space of Riemann surfaces.

Let Iy, be the group generated by the elements

v=A{a1,b1,...,ag,bg,Cgy1,...,Cn}

with a single defining relation

n

g
[ai,bi] H Ci:]..

=1 i=g+1
We denote by T}, 1, the set of monomorphisms ¢ : I'y , — Aut(H) such that

@[J(U):{af’,bf’ (izl,...7g)7c;b (i=g+1,...,n)}

is a sequential set of type (g,ln,lp). Here I + 1, = n — ¢g and we assume that
6g + 3ln + 21, > 6.

The group Aut(H) acts on TthJp by conjugation. We set

Tg7lh,lp = Tth’lp/Aut(H).

We parametrise the space Tg,l,“lp by the fixed points and shift parameters of the
elements of the sequential sets ¥(v). We use here the following result similar to
Theorem of Fricke and Klein [FK65].

Theorem 5.3. ([Nat04] (Chapter 1, Theorem 4.1))

The space Ty, 1, is diffeomorphic to an open domain in RO9H3T2 =6 ynich is

homeomorphic to R%9+31n+2l=6

For an element ¢ : Ty ,, — Aut(H) of Ty, 1, we write

P
9ilnylp

e .
Mod = Mod ={aecAut(Ty,) | poae Ty}

) —
One can show that Mod does not depend on v, hence we write Mod instead of

l\mw. Let IMod be the subgroup of all inner automorphisms of I'y ,, and let
Mod, 1, 1, = Mod = Mod/TMod.

We now recall the description of the moduli space of Riemann surfaces

Theorem 5.4. ([Nat04], Chapter 1, Section 5)

The groups Mod = Modyg, 1, and the group of homotopy classes of orientation
preserving autohomeomorphisms of the surface of type (g,1n,1l,) are naturally iso-
morphic. The group Modg,, 1, acts naturally on Ty, 1, by diffeomorphisms. This
action is discrete. The quotient set Ty, 1,/ Modgy, 1, can be identified naturally
with the moduli space Mg, 1, of Riemann surfaces of type (g,ln,lp).

We denote by S(g, 9, n?, n? ) the set of all m-co-spin structures on all Riemann
surfaces of type (g,n,l,) such that the associated m-Arf function is of type t =

h P
(g755 njvnj)'
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Theorem 5.5. Let t = (g,6,nk, ... .0k _ . nb ... 0P ) be a tuple satisfying the
hypotheses of Theorem 5.2. The space S(g, 0, n;?, nf) is homeomorphic to T;/ Mody,
where

T, = R 69+30n+21p—6
and Mody acts on Ty as a subgroup of finite index in the group Modg, 1, -

Proof. Let us consider an element 1 of the space Ty, ;,. By definition % is an
homomorphism ¢ : 'y ,, — Aut(H). To the homomorphism ¢ we attach a Riemann
surface Py, = H/¢(I'y ), a standard basis

Ud,:{af’,b;b (i:L...,g),cf’ (i=g+1,...,n)}

of m1(Py, p), and an m-Arf function o, on this surface given by

(oy(ay), op(bY), o (ad), op(bY), ..., op(al), oy (bY))
—(0,1-8,1,...,1),

P P _
(U¢(Cg+1),...,U¢(Cg+lh))—(07...,0,1,...,1,...,m—1,...7m—1),

(op(ch g ) nop(e)) =(0,...,0,1,...,1,...,m—1,...,m—1).

By Theorem 4.8, the m-Arf function o, on the surface Py corresponds to a m-co-
spin structure d, on Py. The correspondence 1 — d,, defines a map

Ty, — S(g,9, n?, n?).

According to Theorem 5.2 this map is surjective. For any point in S(g, 9, n?,nﬁ»’ )
its preimage in T, 1, consists of an orbit of the subgroup Mod; of Aut(P,) =
Mody 1, 1, that preserves the m-Arf function oy. Thus

S(g,9, n?, nt) = Tyu,.1,/ Mody .

O

Corollary 5.6. There is a 1-1-correspondence between the connected components
of the space of m-co-spin structures on the hyperbolic surfaces of type (g,ln,l,) and
the topological types of m-Arf functions described in Theorem 5.2. Any connected
component is homeomorphic to

R6g+3lh+2lp—6/ Mod,,

where Mod; acts discrete on RO9F3In+21p—6

Summarizing the results of Theorems 5.2 and 5.5 we obtain the following

Theorem 5.7. The connected components of the space of m-co-spin structures on

the hyperbolic surfaces of type (g,ln,l,) are those sets S(g, 9, n?,n’»’), which are not

J
empty. Here S(g,0, n?,n?) is the set of all m-co-spin structures on all hyperbolic
surfaces of type (g,ln,lp) such that the associated m-Arf function is of type t =

h P L h Py - ;
(g,0, nj,nj) (see Definition 5.2). The set S(g,0, nj,nj) is not empty if and only
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if the type t = (g, 9, n;?,n’-)) satisfies the conditions of Theorem 5.2. If the set

J

S(g, 9, n;?, n?) is not empty, it is homeomorphic to

R69+3lh+21p76/ Modt,

where Mod; acts discrete on RO9F3In+2l—6
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