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ABSTRACT. In this article the following theorem is proven. The commutator sub-
group of the fundamental group of the complement to an irreducible curve in P2 is
finitely presented.

0. Let D C P? be a projective algcbraic curve. Denote by G = =1 (P? \ D) the
fundamental group of the complement of D in P2,

As a real subvariety, D is of real codimension 2 in P2. This situation is similar to
one in the knot theory: a knot k& is of real codimension 2 in the three-dimensional
sphere S3. It is well known that the set of knots is divided into two parts according
to the properties of their groups, that is, the fundamental groups of their comple-
ments in S®. Denote by G = m1(S3\ k) the group of a knot k and by N =[G, G] its
commutator subgroup. By theorem of Stallings [S], N is a finitely presented group
if and only if k is a fibred knot, that is, $3 \ k admits a structure of fibration over
S with Seifert surfaces as fibres.

The aim of this short note is to prove the following theorem.

Theorem 1. If D c pP? is an irreducible curve, then the commutator subgroup
N = [G,G] of G = m(P?\ D) is finitely presented.

Theorem 1 is a simple consequence from the following analog of this theorem in
the affine case.

Theorem 2. If D C C? is an affine irreducible curve such that its projective
closure D C P? and the line at infinity Lo, = P? \ C? meet transversally, then the
commutator subgroup N = [G,G] of G = 71(C? \ D) is finitely presented.

In [K] it was proven that the commutator subgroup N = [G, G] of G = 1 (C?\ D)
is finitely generated for any irreducible affine curve. To prove Theorems 1 and 2 we
essentually base on the ideas and results from [K].

We shall consider more general situation when D =D,+---+D, is a reducible
reduced curve.
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Let Lo, C P? be a straight line and define C? = P2\ Lo, , D; = D; N C2. By
fi{z,y) = 0 denote an equation of D;, where fi(z,y) € C[z,y] is an irreducible
polynomial.

By

(1) F:X=C'\D->C =C\{0}

denote the morphism defined by equation
L)
z = H fi (:Ea ?j)
=1

We shall assume that the following condition is satisfied:
(*) A general fiber F~1(z) =Y, is connected.

If D is connected in C? , then F satisfies the condition (*).

Theorem 2. If D = D; + -+ 4+ D, C P? and Lo meet transversally and D
satisfies the condition (*), then the kernel N of the induced homomorphism F, :
m1{C?\ D) = m(C*) is a finitely presented group.

Theorem 2 is a corollary of Theorem 2, since if D is irreducible, then ker F,
coincides with the commutator subgroup of 7 (C? \ D).

Acknowledgement. I would like to thank Max-Planck-Institut fir Mathematik
(Bonn) for hospitalily and support during the preparation of this paper.

1. Theorem 2 implies Theorem 1. Indeed, consider an irreducible projective curve
D C P? and choose a line at infinity L C P? such that D and L., meet transver-
sally. We have a natural homomorphism

i : G =7 (C*\ D) > G = m (P*\ D)

induced by inclusion i : C* \ D — P? \ D. Obviously, ¢, is an epimorphism. By
[N], since D and L., meet transversally, the kernel of i, is an infinite cyclic group
generated by a simple circuit around the line at infinity. Denote this generator of
ker i, by ¥oo. Since 4, is an epimorphism, the restriction j : N —- N = E,é] of i,
to N is also epimorphism.

Let f(z,y) = 0 be an equation of D in C?, where f(z,y) is an irreducible
polynomial. The polynomial f(z,y) determines a morphism F : C2 — C! defined
by equation f(z,y) = z such that D = F~(0) is a fibre over zero. Consider the
restriction ¢ : C2\ D — C'\ {0} = C* of F' to C*>\ D. The induced homomorphism
o : G = 1 (C*) ~ Z is an epimorphism, since a general fibre of ¢ is connected.
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On the other hand, it is well known that m (C?\ D) is generated by the following
geometric generators. By definition, a geometric generator « is a loop consisting of
a path I, a small circuit s around D and a path [=1, where { connects the base point
of the fundamental group with a point z close to D, s is a curcle (with positive
orientation) lying in a real plane passing frough z and meeting transversally D at
a point y € D which is the center of s. If D is irreducible, then all geometric
generators are conjugated to each other. Thercfore, the natural epimorphism « :
G — G/N ~ Hi(C:\ D,Z) ~ Z, N = [G,G], sends all geometric generators of G
to a generator of Z. It is casy to see that ¢, also sends all geometric generators
of G to a generator of Z. Hence, ¢, and o coincide. Moreover, the homorphism
o allows us to consider G as a semidirect product G ~ N x Z. We fix one of the
geometric generators, say 7, as a generator of the second factor Z. Then 7y, can
be represented as a product: v, = vv¢, where d = deg f(z,y) is the degree of the
curve D and v is some element of N. Since the intersection ker ¢, NN is trivial, the
homomorphism j : N = N is an isomorphism.

2.1.. Proof of Theorem 2'. Consider the map F defined by (1) and denote by
X = C?\ D the complement of D. It is well known that there exists a finite subset

{#z1,..,2n} C C*

such that
F:X\FY{z1,....,2,}) = C \ {21, ...z}

is a locally trivial C*-bundle. As in [K], let B; be a disk of center z; and radius
r; € 1, and let 8B; be its boundary. Choose two distinct points z; 1 , 2; 2 belonging
to OB;. The points 2; 1 , zi 2 divide B; into two arcs ;1 and <; 2. Choose non-
intersecting paths +; connecting the points z; 1 and 2i41,2 (#n41,2 = 21,2 ), and let
7i,1 be the arc of 8B; such that li, = (Uvi1) U (Uv:) is the boundary of a restricted
set V containing the origin o € C' , and such that z; ¢ V for all 4, 1 < < n (see
Figure 1 in [K]). Let [, be the boundary of the set VU(UB;). Put T = (UB;)U(Uy;).
The set Z = F~'(T) is called a necklace of D .

Since T is a retract of C* and the fibration ¥ : X \ Z = C* \ T is a locally
trivial, we have the following

Proposition 1. [K] If D satisfies the condition (*), then X = C* \ D and the
necklace Z of DD are homotopy equivalent.

Thus m;(C?\ D) ~ m1(Z), moreover, we have the following commutative diagram

T (C?\ D) ¢—— m(Z)

| [

m(C)  —— mT) — Z.

If D satisfies the condition (*), then F, is an epimorphism.

Let zg € 7, be a point and let Y = F~1(zg) be the fiber over z5. The embedding
Y C Z induces the homomorphism ¢ : m1(Y) — m1(Z). Obviously, Im1 C ker F, .
In [K], it was shown that the following theorem is true.
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Theorem 1. If D C C? satisfies the condition (*), then the following sequence

F.

m(Y) —Y— m,(C?\ D) S/ y 0

1s exact.

Corollary 1. If D C C? satisfies the condition (*), then N = ker F, is a finitely
generated group.

Denote by Z.; = F~!(l.;) the preimage of .. The inclusion Y C Z., C Z and
the morphism F' give rise to the following commutative diagram

1 —— (V) =2 11(Zes) LN/ » 0
(2) |v | oo E
1 —— N —* m2) Sz y 1

The map F : Zez — leg is a locally trivial fibration. Thus all rows in this diagram
are exact.
Denote by he, the diffcomorphism of ¥ determined by the circuit along lg.

2.2. We fix a point yo € Yo =Y. Let [; C le; be a path joining 2o with z; o2 (we use
notations from 2.1) and consisting of the part of v, up to the point 2; 1, the path
from 27,1 to z12 along 1 2, the path 7;, the path from 231 to z3» along 72 2, and
s0 on up to the point 2; 1. If we fix local trivializations of the bundle F': Z¢y — [oq
over some covering of l,,, then the paths /; lift uniquely to paths I; C Z.; starting
at the point yo. We denote by y; the end of the path I;.

Let B; = F~!(B;). The above paths [; define homomorphisms p; : m (B, y;) —
71(Z,yo,). We denote by v; : m1(Y;,y;) = n1(By, ;) the homomorphism induced
by inclusion, where Y; = F7!(2;1). By Lemma 2 in [K], the homomorphisms 1;
are epimorphisms.

Since F' : Zoy — les is a locally trivial bundle, the above paths I; define iso-
morphisms «; : m(Y;, %) — m1(Yo,¥0)- Hence in what follows we shall identify
the groups m1(Y;,y;) with the group m1(Yy,v0). Thus we obtain epimorphisms
¥i : m1(Yo, yo) — mi(Bi, ui).

2.3. We identify 71 (l.;) with 71 (T} by means of isomorphism induced by inclusion
lez C T. The exact sequence

1 y N » m1(Z, o) LN m(T,zg) —— 1

defines an infinite cyclic covering g : Z 7 fitting into a commutative diagram

F
—

— M
w

N — N

~

—
F
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in which g : T — T is the universal covering. Pick a point §5 € §~1(w0), and let
Z() = ﬁ(gg) Then 7(1(2,?}0) =N.

The space T is a disjoint union of countably many discs B; ;, j € Z, such that
B; j C g7!(B;). These discs are joined by intervals (see Figure 2 in [K]) and form
a chain. We number the discs B; ; in the order induced by the order in the chain
as is shown on Figure 2. In each interval joining neighboring discs we pick a point
Z; ( in the interval joining the discs B, - and B;; we ftake the above point Zg)
and number them in order induced by the order in the chain (the point Z, has the
number 0).

We denote by Tion mn the "part” of the space T lying between the points Zrn
and zmn, m > k, where n is the number of discs B; belonging to T. Let an mn =
F (Tkn mn)

Lemma 1. m(an,mn) s a finitely presented group.
Proof. Let Zy; ; be the center of the disc B; ;. Consider a space

kil

an mn — F_I(Tkﬂ m'n\ U U 01'3

i=1j5=k

Since fibrations F : F=Y(Bi; \ {20i5)) = Bij \ {%0,;} are locally trivial C°°-
bundles over punctured discs with punctured Riemann surfaces as fibres, the fun-
damental groups m(F~1(B; ; \ {Z0,i;})) are finitely presented. Applying Seifert -

van Kampen theorem, we obtain that 7, (Z}c’n i

) is a finitely presented group. The
preimage F~1(JI_, Uj=x 2o,:,5) is the union of a finite number of Riemann surfaces
and the kernel of the natural epimorphism wl(ZEn,mﬂ) — wl(Zk,l,,,m) is generated
by geometric generators which are circuits around these surfaces. Since for each
irreducible Riemann surface any two circuits around it are conjugated, we obtain
that 71(Zkn mn) is a finitely presented group.

2.4.

Lemma 2. If f(x,y) is reduced and D and Lo, meet transversally, then hd, = id,
where d = deg f(z,y)

Proof. The morphism F defines a rational map
F:P2=C*ULy — P =C U {0}

Leto: P — P2 be a composition of g-processes such that F = F .o : P o P
is a morphism.

The equation . 24 = f(z,y) defines a normal projective surface Xq C P° and a
morphism ¢4 : X4 — P2. The prelmage ¢d (L) = Y is a non-singular curve.
Let X4 be the normalization of P’ in the field C(x,y,2) and ¢q : Xgq — P’ the
corresponding morphism.

Choose a neighborhood U of the point oo € P! which is isomorphic to the disc
A={ueC ||u|<1} (the origin u = 0 corresponds to the point co € U) and
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such that the map F : Fhl(U \ 00) = U \ co is a smooth proper morphism. Put
U= ?—I(U) and U = ¢%,(U). We obtain the following commutative diagram:

(3) lﬁ, l?

where 14 is defined by equation u = v? (v is a coordinate in A). Since preimage
F, 1(0) = ¢7"' (L) is a non-degenerate fibre of Fg, the monodromy hg, acting on
a general fibre and defined by circuit around the boundary of A, is trivial. On the
other hand, it follows from commutative diagram (3) that hy = h¢_. Lemma 2 is
proven.

2.5. The following Lemma completes the proof of Theorem 2.

Lemma 3. If f(z,y) and D are as in lemma 2, then m(Z,cdn,,nd,,) are isomorphic
to m1(Zo an) for all k and m.

Proof. Let loz = g~ (lex) and Zog = §~(Zeg). Then F : Zoy — log is a trivial C*-
bundle. Consider fibres Y, = F~1(Z,) of this bundle. If we choose a trivialization,
then we can identify all these fibres, in other words, the choosed trivialization
induces diffeomorphisms «; ; : Y; = Y;. If kdn < s < mdn, then Y, C den,mdn
and this inclusion induces an epimorphism ¥ kdn mdn @ 71(Ys) = 71(Zkdn,mdn)
such that if kdn < r < mdn, then 9, kdn mdn s s = Yr kdn,mdn-

All spaces 2kdn,(k+1)dn1 k € Z, are naturally diffeomorphic to each other, since
these spaces are the preimages of d circuits along the necklace T' starting at the
point 2zg. These diffeomorphisms allow us to identify the fundamental groups
m(ékdn,(kmdn) ~ q for all k. This identification is compatible with the above
identification of the fibres Y;, that is, the following diagram is commutative:

a4 -
m1(Yr) — 71(Ys)
’.f’r,kdn,(k-}-l)dn‘[ l‘pa,rndn,[rn-{-l)dn
Wl(zkdn,(k+1)dn) _:'_"’ Trl(Zmdﬂ,(m-Jrl)dn)

To obtain ZO odn from Zo an and Zdn 2dn (similarly, for Z—Zdn ()) we must paste
these two subspaces of Zo 2dn along the diffeomorphic fibres Yy, C Z(] dn and Yy, C

Zdn 2dn- The rule of pasting is defined by monodromy £%,. In our case, by Lemma
2, hg id. Applying Seifert - van Kampen theorem, we obtain that there exists

an isomorphism g o : wl(Zo dn) — 7r1(Zo 2dn) compatible with the epimorphisms
a,. The obvious induction completes the proof of this Lemma.
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