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Abstract

A precise expression of the universal weight function for quantum affine algebra U q(sA[g)
is presented. The calculations are done by means of the technique of the projections of
products of Drinfeld currents to the intersection of Borel subalgebras.

1 Introduction

The ideology of nested Bethe ansatz [1] prescribes two steps for the procedure of the description
of eigenvectors of transfer-matrix in finite-dimensional representations of quantum affine algebra.
First, one should construct specific rational functions with values in the representation, and second,
solve for them a system of Bethe equations.

These rational vector-valued functions are called off-shell (nested) Bethe vectors. They can
serve as a generating system of vectors of finite-dimensional representation of quantum affine
algebra. We use an equivalent name "weight function’, that came from its applications in difference
Knizhnik-Zamolodchikov equations [9, 11].

A general construction of a weight function for quantum affine algebra U q(ﬁ) was suggested
recently in [4]. Tt uses the existence of two different types of Borel subalgebras in quantum affine
algebra. One type is related to a realization of Uq(ﬁ) as quantized Kac-Moody algebra, another
comes from the current realization of U, (g) proposed by V.Drinfeld [2]. A weight function is
defined as the projection of a product of Drinfeld currents onto the intersection of Borel subalgebras
of U,(g) of different types, see Section 3.1.

The goal of this paper is to develop a technique for the calculation of the weight function,
starting from the definition of [4]. According to this definition, for the calculation of the weight
function one should arrange the product of Drinfeld currents in a normal ordered form and then
leave only those terms, which belong to the intersection of Borel subalgebras of different types. The
normal ordering procedure requires the investigation of current adjoint action and of composed
root currents, introduced in [6]. The final result is a precise universal expression for the weight
function of Uq(;[?,), which then can be specialized to any finite-dimensional representation of
Uq(sA[g,) . Note that on a level of a tensor product of evaluation representation, the calculation of
the weight function for Uq(al ~) can be found in [10].

The paper is organized as follows. In Section 2 we introduce main objects of the investigation.
Section 3 is devoted to the formulation of main results. They contain a precise expression for
the weight function of U,(sl3) (Theorems 1 and 2). As a particular case, we give an expression
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for the weight function of U, (sly) and present this expression in an integral form (Theorem 3).
The kernel of the integral is a well known partition function, which coincides with statistical sum



of the 6-vertex model on a finite square lattice with the domain walls boundary conditions. We
need later a combinatorial identity for this kernel, which we prove, observing a self-adjointness of
projection operators (Proposition 3.5).

Sections 4 and 5 are devoted to the proofs of the main statements. They include the study of
analytical properties of composed currents and related products (strings) and of current adjoint
actions. Note also an important role of symmetrization procedures, based on the properties of
analytical continuation of products of the currents and of their projections, see Proposition 5.1.
In Appendices we observe necessary properties of opposite projection operator, commutation
relations between currents and their projections, and present another proof of the main result.

2 Basic notations

2.1 Uq(g[g) in Chevalley generators

Quantum affine algebra U, (sl) is generated by Chevalley! generators e.q, kx!, where 1 =0,1,2
and H?:o k., =1, subject to the relations

-1 :I:ai]- kai - kC:ll
kaieiajkai = 4; "“Ctq;, [€ai,€—aj] = 51"7_17 (2.1)
qi — g;
eiaieiaj + [Q]qeiaieiaje:l:ai + €iaj€iai =0, 1 7& Js (Olz', aj) = -1, (2-2)

— ="
g-a!
affine algebra sl3,

where [n], is Gauss ¢-number and a;; = (qy, ;) is symmetrized Cartan matrix of the

2 -1 -1
a; = (a,05) =1 -1 2 =1 |, (a;,0)=0. (2.3)

-1 -1 2
One of the possible Hopf structures (which we will call a standard Hopf structure) is given by

the formulas:
Alea;) = €a; @1+ ko, ®€q,, Ale_g,) =1®€_a, +e o, @k,
A(ky,) = ko, ® ka, ,
elesa) =0, (ki) =1,

a(eai) - _ka_ileai ) a(e—ai) = _e—aikai ) a(kil) = k;Fil )

(2.4)

where A, ¢ and a are comultiplication, counit and antipode maps respectively.
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2.2 Current realization of the algebra U,(sl3)

As any quantum affine algebra, U, (sA[g) admits a current realization [2]. In this description (we
assume again, that the central charge is zero), U,(sl3) is generated by the elements e;[n|, f;[n],

In what follows we will not use a gradation operator and set central charge equal to zero. Usually such algebra
is denoted as Ug(sl3) -



where i = o, 3, n € Z; k', hyn], where i = o, 3, n € Z\{0}. They are gathered into
generating functions

a(z) =Y ez, filz) =) filnlz,

nez neL

(2.5)
VE(z) = Z%i[n]z?" = k' exp (i(q —q ) Z hi[:lzn]ﬁ”) ,

n>0 n>0

which satisfy the relations:

(z = " w)ei(2)e;(w) = ejw)ei(2)(¢"z —w)

g y (2.6)
(z— ¢ W) fi(z) fi(w) = fi(w)fi(2)(q Wz —w),
X () 5 —
UEE)e () () = L))
(2 — qUw) 27)
) ~(d) 5 — gy '
GEESW) )T = i hw).
Vi ()Y (w) = ) (w)i(2) . wv ==+, (2.8)
i) ()] = 2 () — ) 29)
where 4,7 = o, 3, 6(2) = > ,cn 2 (a,a)=(8,8)=2, (a,3) = —1 and
%Ygl (es(z1)ei(z2)ej(w) — (4 g~ Vei(z)ej(w)es(z2) + ej(w)ei(z1)ei(z2)) = 0, (2.10)
Szyin (fiz) filz2) 5 (w) = (g + ¢ ) fi(z0) f5(w) fi(z2) + fi(w) fi(z21) fi(z2)) = 0, (2.11)
where 4,7 =, 0, i #J.
The assignment
ko, — kg, ko, = kg, Koy k;;lkﬁ—l,
€ay €a[0] ) €ay 65[0] ) € = fa[o] ) €ay fﬂ[o] ) (2'12)
€ao > [5[1]fal0] — q/al0] f5[1], €_ap — €al0les[—1] — ¢ teg[—1]eq[0]

establishes the isomorphism of two realizations.

The algebra U, (sl3) admits a natural completion U, (sA[g) =yiP (sA[g) , which can be described
as the minimal extension of U,(sl3), which acts in all highest weight with respect to U,(b})
representations of U,(sl3). See [7], Section 2.2, for details.

In a highest weight representations of Uq(sA[g) any matrix coefficients of arbitrary product of
the currents a(z1)...,a,(z,) are formal power series in the space

29 2 z
-1 -1 2 <3 m
Clz1,21 5 oeey Zmy 20 | H— - .. H ,

) ) )
Z1 <2 Zm—1

and converge in a region |z1| > |z9| > -+ > |z,| to rational function, see [3, 8]. This observation
and commutation relations (2.6), which dictate the rule of analytical continuation from the above
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region, enable us to consider products of currents as meromorphic functions with values in Uq (sA[g) .
We freely use in the following this analytical language and replace within this formalism formal
integral by contour integrals. We always specify the contour when work in analytical picture. The
integral without a specification of the contour always means a formal integral.

Another Hopf structure A in Uq(sA[g) is naturally related to the current realization. In
terms of currents it looks as follows:

APei(2) = ei(2) @ 1+ 17 (2) ® (), (2.13a)

AP f,(2) =18 fi(2) + fil2) @ U/ (2), (2.13b

ADYE(Z) = g+ (2) @ PE(2) (2.13¢

alei(z)) =~ (07 (2)) " elz), a(filz) =—filz) (¥F (2)) ", (2.13d

a(VE()) = (V)7 eleil2) = e(fi(2) =0, e(@f(2)=1. 2.13¢

The comultiplications A of Section 2.1 and AP are related by the twist, which can be described
explicitly. See [7].

)
)
)
)

~

2.3 Borel subalgebras of U, (sls3)

Denote by U,(b;) the subalgebra of U, (sA[g) , generated by the elements e,, and kX' i =0,1,2

in Chevalley description of U,(sl3). Denote also by U,(b_) the subalgebra of U, (sl3) , generated
by the elements e_,, and kX! i=0,1,2.

[e 73N

The algebras U,(by) are Hopf subalgebras of U, (sl3) with respect to standard comultiplication
A and serve as g-deformations of the enveloping algebras of opposite Borel subalgebras of Lie
algebra sl3. We call them standard Borel subalgebras. They contain subalgebras U,(ny ), which
are generated by the elements ey,,, 1 =0,1,2.

The subalgebra U,(ny) is a left coideal of U,(b;) with respect to standard comultiplication
and the subalgebra U,(n_) is a right coideal of U,(b_) with respect to standard comultiplication,
that is

A(Ug(ny) C Ug(by) @ Ug(ny) A(Ug(n-)) C Uy(n_)) @ Ug(b-).
The algebras U,(ny) serve as ¢-deformed enveloping algebras of standard nilpotent subalgebras

~

of Lie algebra sl; .

Borel subalgebras of another type are related to current realization of U, (;[3) .

Denote by Ur the subalgebra of Uq(sA[g), generated by the elements k', f;[n], where i =
a,B, n € Z; hin], i = a,3, n > 0. Its completion Up is a Hopf subalgebra of Uq(sA[g)
with respect to comultiplication AP . We call Up current Borel subalgebra. It contains the
subalgebra Uy, generated by the elements f;[n], where ¢ = «, 3, n € Z. The completed algebra
Uy is a right coideal of Up with respect to comultiplication AD) and serves as ¢-deformed
enveloping algebra of algebra of currents to n_ .

The opposite current Borel subalgebra Upg is generated by the elements k;iil, ei[n], where
i=a,3, n €Z and by elements h;[n], i =a,3, n<0.



2.4 Projections P onto intersections of Borel subalgebras

Denote by Uj and U ; the following subalgebras of current Borel algebra Up :
Uy =UrNUy(b-) =UrNUy(n), Uf =UprnUyby). (2.14)

For any = € Uq(;[;:,) denote by ad, : Uq(;lg) — Uq(;[;:,) the operator of adjoint action of z in
U,(sl3) . It is defined by the relation

ad,(y) =Y a(@)-y-af, i  Al)=) 2jea].
i

For © = «, 8 denote by S; the operator ady,, such that
Si(y) = yfil0] = filOlkwk ', i=a, 5. (2.15)

We call S; screening operators.
Proposition 2.1

(i) The algebra U; is generated by the elements fi[n], where i =, 3, n < 0; the algebra f3
is generated by the elements kX', fi[n], hi[n], where i = a, 3, n >0, and by the element

Jarsll] = f5[111al0] = ¢fal0)f5[1] = = (fa[1]/5[0] — a/5[0fa[1]) - (2.16)

(11) Subalgebras Uy and Uj are invariant with respect to the action of the screening operators

SZ' i:oz,ﬁ.

(iii) Subalgebra Uf is a left coideal of Uy with respect to comultiplication AD) - subalgebra Uy
is a right coideal of Uy with respect to comultiplication AP) .

(iv) The multiplication in Up establishes an isomorphism of vector spaces Up and Uy ® Uy .

Proof. Statement (ii) can be verified as follows:

Sa (f8[1]£al0] = ¢fa[0]f5[1]) =
= (fs[11fal0] — afa[0]f5[1]) fa[0] — ¢~ fa[O] (f5[1]fa[0] — afa[0] f5[1]) =
= f5[11fal0)fal0] = (¢ + ¢7*) fal0)f5[1) fal0] + fa[0] fa[0]f5[1] = 0.

To prove (iii), we use formula (2.13a) written in terms of modes in the form

AP (filn]) =1@ filn] + > filn — k] @ ¢;F[K] .

k>0

We have to show that AP (f5[1]£.[0] — ¢fa[0]f5[1]) € Ur ® U; . The formula above shows that
it is sufficient to check that 4§ [k]fa[0] — ¢fa[0]4/§[k] € Ug . But this is true due to the relation

WE

FalOlUf (2) — a5 (2) fal0] = (¢* — 1) Y _(a2) "5 (2) faln] .

n=1



Define operators P = P*: Up — Ut and P~: Up — U, by the relations

P(fifa) = PT(fif) = e(fi) fa, P (fif2) = fie(fa) , (2.17)

for any f, € U; and f, € U . Proposition 2.1 implies that the algebras U; and Uy satisfy the
conditions (i) and (7i) of [8] Section 4.1 (see also [5], Section 6) with respect to comultiplication
(AP)? . So the operators P* are well defined projection operators, (P%)* = P* | which admit

extensions to the completed algebra Up, such that for any f € Up the following canonical
decomposition is valid:

F=Y_P (U -PHED, it AP =D flefl. (2.18)

We call expressions of the form f =", ﬁ ~Z’ , where fz € U; , fz’ € U;: , normal ordered expansion.

Normal ordered expansion is compatible with the action of the algebra Uq(sA[g) in the highest

weight representations. Expression (2.18) gives an ordered expansion of the arbitrary element
feUr.

2.5 Composed current and strings

Define the following generating function of the elements in U, (;[3) ;
gt —z/w dw
o o alz) —, 2.19
Fosa®) = f 1)ty 22— § L ) & (2.19)
where the formal integral ¢ g(w)%2 of a Laurent series g(w) = >, ., gsw ™" means taking its
coefficient g .

We can write as well the formal integral in analytical language [6]

assle) = = 15 [ul2)falw) 2 (2.20)

such that the following relation is valid in the algebra U, (sl3) :

Z fa(w) fal2) + (207 Jw) fass(2) (2.21)

zZ — qw

foz(z)fﬁ(w) =
For any a,b € Z>( the products

Jalug) - 'fa(ua)fa+ﬁ(ua+l) e 'fa+6(ua+b)> fa+ﬁ(u1) e 'fOH-B(ua)fﬁ(ua—i-l) e 'fﬁ(ua-i-b) (2.22)

will be called strings. The products

fa+ﬁ(ua+b) o ‘fa+ﬁ(ua+1)fa(ua) - falu), fﬁ(ua+b) e ‘fﬁ(ua+1)fa+ﬁ(ua) e ‘fa+ﬁ(ul) (2-23)

will be called opposite strings to the strings (2.22). The strings enjoy nice analytical properties,
which are crucial for their use in this paper. These properties are listed in Proposition 4.3,
Section 4.1.



3 Main results

3.1 Universal weight function

Let V' be a representation of Uq(sA[g) and v be a vector in V. We call v a highest weight vector
with respect to current Borel subalgebra Ug , if

ei(z)v = 0, i=a,,

3.1
vE(2)v = \i(2)v, i=a,f, (3.1)

where \;(z) is a meromorphic function, decomposed in a series over z=! for ¥ (z) and into a
series over z for 1, (z). Representation V is called a representation with highest weight vector
v € V with respect to Ug, if it is generated by v over U,(sl3).

Let IT denotes the two-element set {a, 3} of positive simple roots of Lie algebra sl3. An
ordered set I = ay, ..., aj; together with a map ¢: I — II is called ordered IT-multiset.

Suppose that for any ordered IT-multiset I, |I| = n, it is chosen a formal series W (t;,, ..., t;,)
€ U{ty,....t;,}, ix € I, where

- _ _ tl tl tzn 1
Uftiys ot} = Up(sta)lti, ity oty 7)) Ht—Qt—“ - t—” , (32)
1 12 In—1 in

that is, W(t;,,....t;,) is a formal power series over the variables t;,/t;,, tis/tiy, s tin /i, 15 1/t
with coefficients in polynomials U,(sl3)[t;,,t;", ..., ;. ;'] such that

11 )

1) for any highest weight with respect to Ug representation V with highest weight v the
function
wv(til, 7t2n) = W(til, ...,tz‘n)U

converges in a region |t;| > ---> |t; | to a meromorphic V -valued function;
2) if I =0 then W =1 and wy =v;

3) let V =V;® Vs be a tensor product of highest weight representations with highest vectors
v1, vo and highest weight series {)\El)(z)} and {/\52)(2)}, i = a, . Then for any ordered
[T-multiset I we have

wv({ta‘ae I}) = Z le({ta|aE 11}) ® wVQ({ta|aE I2})><

I=I [ I

H )‘Ea) (ta) X H

a€ly a<b, a€ly, bEl>

@y, (33)

ty — g @by,

A collection W (t;,, ..., t;,) is called a universal weight function. A collection w(t;,, ..., t;,) is called
a weight function.

The weight function is closely related to off-shell Bethe vectors and is systematically used in
investigations of solutions of ¢-difference Knizhnick-Zamolodchikov equations [4, 9, 11, 10].

Let I ={iy,...,i,} be an ordered Il-multiset. Put
W(tiy, o tin) = P (fuan)(tiy) -+ fugn) (tir)) - (3.4)

7



The main result of the paper [4] can be formulated as follows in the particular case of U, (sls) .
Theorem. [4] The collection W (t;,,....,t;,) , defined in (3.4) is a universal weight function .

Note once more, that all the expressions for universal weight functions W (t;,,...,t; ) should
be understood as formal series over the variables t;, /i, tis/tiyy s ooy tin, [ti, 1, 1/t;, . If we deal with
weight function w(t;,,...,t;, ), which is a vector valued rational function, there is no difference in
a choice of the region in which this function is expanded. See Section 5.1 for more details.

3.2 Reduction to projections of strings

Let S, be the group of permutations of n elements. For any set ¢ = {t1,...,t,} of variables
t1,...,t, and any o € S, denote by “t the set {t,a),...,ts(m)}. We keep the notation & for
the longest element of the group S, . In this notation, the set “f means the set ¢ with reversed
order: “t = {tn,....,t1}.

The group S,, acts naturally in the space of vector valued meromorphic functions of n variables
t ={t1,...,t,} by the rule F(t)— °F(t), where

TE(t) = "F(t1,....tn) = F(to), -, tom)) = F(°1) .

Suppose now that F(t) is a series in a region |t1| > --->> [t,,| with values in a vector space V,
that is F'(f) belongs to a space

_ _ to t t, 1
Vit 67 ot 6 Hfit -1’t_H . (3.5)

Suppose that this series converges in a region |[t;| > --- > |{,| to an analytical function and
for any o € S, this analytical function admits an analytical continuation to the region |t,q)| >
-++>> |ty(n)| - Then we put “F(t) to be equal to formal series, representing analytical continuation
to the region |[t;| > --- > [t,| of the function F(t,(1),...,tom)). So “F(t) is a series in (3.5)
again.

With this convention the symmetrization Symj F'(t1,...,t,) of the function F'(ti,...,t,) as
well as of a series F(ty,...,t,) in a region |t1] > --- > |t,| is the sum Sym} F(ti,...,t,) =
> oes, CF(t1, ... tn) . The g-symmetrization of a function F() of n variables or of a series F'(%)
in a region [t1] > -+ > |t,| is defined as

-1
—n — q B qta(é) /ta(ﬁ/) _
s P = 2 11 = "F(D). 3.6
oESn (Z/§<l/<£) q9—4q ta(é) /tg(g/) ( . )

o ()>o (¢!

Symmetrization of the series which is convergent in a different asymptotical zone, is defined in
analogous manner.

The universal weight function (3.4) allows analytical continuations to different asymptotical
zones, since operator P extends to a projection operator in the completed algebra Up, where
analytical continuation of the products of currents is well defined.

Let I = {i1,...,i,} be ordered II-multiset. For any permutation o € S, we denote by I
an ordered IT-multiset 71 = {i,q1), ..., i6(n)}, Which differs from I by the permutations of the
elements, but having the same map ¢ : I — II. Let W(t; , -+, ) be an universal weight

function corresponding to the ordered set “I and w (ti -+ -t;,) be the analytical continuation of

the weight function W (¢;, ---t;,) in the domain [t; [ > .. > [t; |-

8



Proposition 3.1 The universal weight function (3.4) satisfies relations

(uCin), i) _ Li
q .
W(tic(l) . tia(n)) = H ‘ ' ‘ W (tl ... tn) . (37>
k<l 1— q(b(lk), (i) 0
o1 (k)>010) L,
Proposition 3.1 is a direct consequence of the Proposition 5.1 of the Section 5.1. O

It follows from the Proposition 3.1 that the universal weight function for Uq(sA[g) is defined
completely by the expression

Wity .. ta; $15-58) = P(falty) - fa(ta) fa(s1) - - fa(sp)) - (3.8)
In this paper we suggest an explicit expression for the function (3.8) in terms of current generators
of Uq (5[3) .
For the sets of variables ¢ = {t1,...,t;} and 5= {s1,..., 51} we define the following series:

k i—1 k k

. 1 q—q 'sj/ti 1 q—q 'si/t
Y(£3) = =
(’S> Hl—SZ/tZH 1—Sj/tz‘ Hl—sz/tz H ].—82‘/tj
=1 7j=1 i=1 Jj=i+1 (3 9)
235 = Y(E3) H%

)

=1
Theorem 1 The universal weight function (3.8) can be written in the following form:

Wity s tay s1,08) = P(faltr) - fa(ta) fa(s1) - fa(s0)) =
min{a,b}

- Z k!(a . k’;'(b _ /f)' Sy—m:SY—mg (P (fa(t1> te 'fa(ta—k)fa—i-ﬁ(ta—k—i-l) U fa-l-ﬁ(ta)) (3'10)

X P(fa(sks1) - fo(50) Y (@ Harkgr, -, i S1,- -5 88)) -

Theorem 1 reduces the calculation of the weight function to the calculation of the projections of
strings.

3.3 Projections of strings

We describe first projections of single currents. For any current a(z) = ), a,2”" denote by
a*(z) the currents (a(z) =a™(2) —a (2))

(3.11)

Proposition 3.2 Projections of the currents fo(2), fs(2), fa+p(2) can be written as follows
P(fa(®)=1fa(t),  P(fs(t)=1f5(),

(3.12)
P (fars(t) = Sa(f () = fo () fs(0] — afs[0]fa (1)



There are also analogous formulas for an opposite projection:

) ==1a (), P (fs(t) =—f5 (1),

(3.13)
" (fars() = Salf5 (7)) = ¢ ' f5 (g7 ) falO] — fulO1f5 (g7 'E)
Define a set of rational functions of the variable s, depending on parameters si,...,sp:
b os—s g lsi —qs
. - 9% i 7
stj(3781,...,3b)— H s _511_‘[ 1s—qs : (314>
i=1, i#j i=1
As functions of the variable s, they have simple poles at the points s = ¢?s;, i = 1,...,b, tend
to zero when s — oo and have properties: @, (si;81,...,8,) = 5. The set (3.14) is uniquely
defined by these properties.
Let us define the following combination of currents:
b
it ty) = ) =) et t) fo(tm) (3.15)

m=1

where 7 coincides either with the simple root a or 3 or with the composed root o+ (3.

Theorem 2 Projection of the string (2.22) has the following factorized expression:
P (foz(tl) T foz(ta—k)foz-i-ﬁ(ta—k—i-l) T foz-i-ﬁ(t )) =

-1 qti —q~'t; q 't I q 't —qt;
1<i<a—k<j<a ti 1<i<j<a qti — g~ (3.16)
X P(farp(ta)) P (farp(tam1ita)) - P (farp(ta—kstita—ks2, - ta))
X P(falta—ritaist,--ta)) P (faltiita, ... ta)).

3.4 Examples

Let us give several explicit examples, illustrating Theorems 1 and 2. The second, the third and
the forth examples are given taking into account the Corollary 3.3 to the Theorem 3.

P(falt)foralt) = A1 P (Gate) (1500 - U )

PUalt)fults)) = fF(0) (fi(tz)—wﬁ( >)

gt — g1ty

P (fars(ti) fars(t2)) = P (fars(tr)) <P(fa+ﬂ(t2))—%lg

(Fasalt))

P(fult)falt)falts)) = fE(0) (f;<t2> la=a )b iy >)

qti1 — g7ty

ti—ty (gt1 —q 't3) (¢ — g ")ts
(f(j[(t?,) ty —t3 (qt1 — ¢ '3)(qt2 — ¢~ 1t3)f+( 2)=
byt (qts —q ') (g — g M)t £t ))
to —t1 (g1 — ¢ 't3)(qt2 — ¢ 't3)

10



and

P Ualt) a1 5(51)5(52) = P (alt £a(t2)) P Us(s1)Sols2) +
o ts .
890, (S50, (P Ut o)) 2 ) 7 00) ) + )

1 _ — {1 ta  qla —s;
= S P a t « t S 81,8 :
2 My, 4, ( (f +5( 1>f +5( 2)) Y, 5o (tl — Sy ty — qSo ty — QS1)>

Note that in the Theorem 2 and in the examples considered above, the normal ordering of the
roots is changed from a,a + 3,0 to a+ (,a,3. The correct normal ordering o, o + 3,3 can
be restored by use of the commutation relations given in the Proposition 5.8. The result of this
calculations is that the second line in the formula (3.17) can be replaced by the the expression

-1

q ti—qty gti —s51 by
S S F(t1)P(fars(tort + .
N L e )

3.5 Universal weight function for Uq(g[z)

The currents e, (2), fa(2), ¥E(z), as well as Chevalley generators e, , k‘f ,
Hopf subalgebra U, (sly) in U,(sl3). For this algebra the weight function and projection oper-
ators can be defined independently. One can observe, that the corresponding projection of the

product f,(t1)--- fa(ts) coincides with its projection inside the algebra U,(sl3). As a corollary

1 = 0,1 generate

of Theorem 2, we get the description of the weight function for U, q(sA[g) . It admits also a simple
integral presentation (3.19).

Theorem 3
(i) The universal weight function (3.8) can be written in the following form

W(tla"'>ta) = P(foz(tl)"'fa(ta)> =
= q t] f+( )fa—:_(tll—l;ta)"'fa—:r(tl;tQ,...,ta).

_ -1
1<i<j<a q g q

(3.18)

(1) The weight function (3.18) admits the integral presentation

dw, dw,

PUat)- - folt) = [] 2 oo 200 L) G2 Fule) 52 319)

The currents [ (ts;tei1,...,t,) are defined by the formula (3.15) and the kernel Z(¢; w) of the
integral transform are defined by the definition (3.9).

Proof. The statement (i) is an particular case of the Theorem 2. The assertion (ii) is obtained
from (i) by the substitution of expressions (3.11) and an elementary identity

b b

1 1 1 t_tZ _]-w_ tz
—— = (it ) _ 11 q ati

ty — W t—wizlw—ti qg 't —qt;

Note, that since a factor before integral in (3.19) has the same properties of the ¢-symmetry
as the product of currents f,(t1)fa(t2) - fa(ta), the integral itself in (3.19) is symmetric with
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respect to permutations of the parameters t¢1,...,¢,. It means that we can use in (3.19) instead of
the kernel Z(ty,..., tq;wy, ..., w,) the kernel Z( o(1)s - - 5 to(a); W1, - . ., W,) for any permutation
cesS,.

Corollary 3.3 The projection of the product of currents can be written in the “direct” order

Plalt) - fult) =TI "2 §ooef 26050 faw) 2 falw) T

1<i<j<a ti J 1 Wa (3.20)

= fa(t)fa(ttr) - fo (tarst, o taa) fo (fastn, - s ta1)

To prove this corollary, it is sufficient to rename parameters in the integral (3.19) ¢; — tq114,
i=1,...,a and calculate the integral, or rename variables in (3.18) and continue analytically the
result to the original domain.

3.6 A combinatorial identity for the kernels Y (¢;5) and Z(¢;53)

The opposite current Borel subalgebra Ug (see Section 2.3) also admits a decomposition into a
product of its intersections with Borel subalgebras

Ul =UgnU,(by)=UpnU,n,), Ug =UpnU,b_),
such that the relations
P*(e1e;) = ere(es) Plejey) = P (erey) = e(ey)es, (3.21)
where e; € U}, ey € Uy define projection operators P* | which map Ug to their subalgebras

U, and U} and satisfy properties, analogous to the properties of projectors P*.

In particular, the projection P (eq(s1)---eq(sy)) admits an integral presentation with factor-
ized kernel Z(w; t), see (3.9):

dwq dw,

P (ea(s1) - ealsq)) = 18:_82%?{ f §)ea(wr)— o -+ ea(wa) o (3.22)

z<]

Define by the symbol S?le:g(sl, ..., 8,) the ¢~!-symmetrization of the function g(sy,...,s,):

—n qse — q_lse’
Symg g(S1,...,8,) = Z H —————— 9(Su(1)s - -5 Su(n) =

—1 _ ,
vESy e<t! 4 "5 g5
v=l@)>v—1) (3.23)
—1
qs; —q ~5;
— Hi—a — ] Sym, g(sn,...,s1).
i< q "S; —(4s;

Current Borel subalgebras Upr and Upg are Hopf dual with respect to the Hopf structure
AP Let (,): Ug®Up — C be corresponding Hopf pairing. It satisfies the properties:
(ab, ) = (b®a, AP)(2)), (a,zy) = (AP)(a),z ®y) and for the algebra U, (sly) looks as follows

(eals1) - ealsn), falt) -~ fultn)) = (¢~* — @)™ Sym" (Ha( )) (3.24)

Note that by obvious reasons the r.h.s. of the equality (3.24) can be rewritten as ¢! -symmetri-
zation over the variables si,...,s, in the domain |s1] < |so] < ... < [s,].

12



Proposition 3.4 Operators PT and P¥ are adjoint with respect to the Hopf pairing (,): for
any [ € Ur and e € Ug we have

(e, PH(f)) =(P (). f), (P (f))=(P(e). [).

Proof. Denote by ReU E®U r the tensor of the Hopf pairing (3.24). In the notations of the paper
[8], R coincides with (R¥)™' . It was established in the Section 4.2 of the paper [8] that two pairs
(U;,Up), (UF,Ug) of subalgebras of current Borel algebras form a biorthogonal decomposition

of quantum affine algebra (see [8], section 4.1 for the definition). It implies that the tensor R €
Ug ® Ur of the Hopf pairing admits a decomposition R = R1Rs, where

Ri=(19P ) )R=P'@1)R, Ri=(1®PHR=(P @1)R,
such that e € Ug, f € Up the following equalities are valid:

(e, PH(f)) = (P (e). f)=(Ra, f@e), (e,P(f))=(P*(e).f)=(Ri.fee). (3.25)
U

Proposition 3.5
(i) For any sets of variables t = {t1,....,t,} and 3= {s1,...,8,} we have equalities

(eals1) +eal5a), PUaltr) - fulta))) = (a7 — )" [~ Sym

S Z(t; “s 3.26
[[ szt (o

(Plealst)eals)), faltt) - falt)) = (¢ — )" [[ S—2—Sym, Z(E5).  (3.27)

-1
S;i —(4S;
iy 48— 4

(i) For any two permutations 0,0’ € S,, we have the following identity in the ring of the functions,
symmetric over both groups of variables t and 5 :

-1

t =N 7 ] n /= _
[[=—— ahi =0 g = [T &2 syl 2(7%3), (3.28)
1<j 1<J i — S]
ML= h sy v, os) = [[ L% S’ v(759) (3.29)
11 tz — ¢t y t ) 11 S; — S y S ) . .
1<) J 1<) J

Proof. The statement (i) can be obtained by the substitution of integral presentations (3.19)

and (3.22) into corresponding Hopf pairings. From (i) after replacement of ¢

~1_ symmetrization by

q-symmetrization according (3.23) we get (ii) for o0 = ¢’ = 1 (remind, that the functions Z(¢;3)
Y (¢;5) differ by a simple factor, symmetric over both groups of variables, see (3.9)). Next, both

parts of equality (3.26) are ¢- symmetric over variables ¢. Since the product [].

ti—t;

1<j qt;—q—1t; is

also ¢- symmetric, the remaining factor S/};}/HZZ (1,35) is symmetric over variables ¢, such that

for any o € S,, we have

Sym. Z(t;5) = Sym. Z(°t; 3)

which imply the statement (ii).

and Sym, Z(t;5) = Sym, Z(t; °3) , (3.30)

O
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The identity (3.31) has several proofs by means of direct calculations. Our proof is based on
the interpretation of both sides of this identity as of specific matrix elements of U, (sly) weight
function.

We will use the identity (3.29) in the following form:

qti — qsi — ‘1]
H ahi—q 1t Symy Y (ty, .o tn; S, oons 51 H Sym, Y(ty, .., tn; S1, .0 80) . (3.31)

1<j 1<j

Let us denote the left or the right hand side of the identity (3.31), divided by the product
[1;,t: as function Z(£,5). As it follows from above considerations, this function is symmetric
over both set of variables ¢ and 5 and has a “physical” meaning. It coincides with statistical
sum of the complete inhomogeneous 6-vertex model with domain walls boundary conditions. As
it was pointed out to us by N. Slavnov, this function has a determinant representation

n

[T (ati—a's))

i 11 1
N . ' (3.32)
o H(t —t;)(s; s)d e = 5)(ati = a7'85) | o1

4 Analytical properties of strings

4.1 Properties of the current f, 5(2)

The current f,1(z) was defined in Section 2.5 by the relation (2.20). Note first of all that due
to relations (2.6) it admits, besides (2.20), the following analytical presentation:

fos(z) = xes fulw)foa™2) 2 = (= a7V fola™2)al2). (4.1

We can also obtain the current f,,3(2) as a result of adjoint action, related to the comultiplication
AP

Define left and right adjoint actions with respect to coalgebra structure A®):
~ (D
adP(y) = 3 ale!) -y - o], =S, (42)
J
it AP (z)= > v @i . We call them current adjoint actions. We have

ad![) g W) = uhi(2) = fi(2) (6 () el (2),
ady () (4) = fi(2)y — ¥F () y i (2) 7 fil2)

(4.3)

Proposition 4.1  We have equalities

ad”) (fal2)) = 60z ) farp(2) . adyp (f5(2) = 8(azfw) farslaz)  (44)

such that
furale) = 5 gy () = § 2 by (fala™2) (4.50)
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Proposition 4.2 [6] The following relations are valid in Uq(sA[g) :

1

folMarsw) = LZ=E ) fal2)
Fussla o) = T2 ) olg2), (46)

E D fara(@) = “ L () fursl2).

Note that in analytical language both sides of all the relations (4.6) are analytical functions in
(C”‘)2 . It means, for instance, that the product f,(2)fat+s(w) has no zeroes and poles, while the
product fuy5(w)fo(z) has simple zero at z = w and simple pole at 2z = ¢*w .

Proof. The proof combines the relations (2.6) and Serre relations in analytical form [3]. Namely,
in the algebra U,(sl3)
(i) the products f,(z)fa(w) and fz(2)fs(w) have a simple zero at z = w;

(ii) the products (21 —q22)(22 —qz3)(21 — ¢ 223) fa(21) f5(22) fu(23) and (21 —q22)(22 —qz3) (21 —
q223) f3(21) fa(22) fa(23) vanish on the lines 29 = qz; = ¢ ‘23 and 29 = ¢7'2; = qz3.

The properties of products of currents, given in Proposition 4.2, admit straightforward gener-
alization to strings.
Proposition 4.3

(i) The strings (2.22) have simple poles at hyperplanes u; = q~*u; and simple zeros at hyperplanes
u; = uj, where 1 < j and either 1 <1, <a or a+1<4,57 <a+b and no other poles or zeros.

it) The opposite strings (2.23) have simple poles at hyperplanes w; = ¢*u; and simple zeros at
(it) pp g ple p yperp q°u; P
hyperplanes u; = w; for all pairs i < j and no other poles or zeros.

(7ii) The strings and opposite strings are related. In particular,

fa(trr1) - fa(ta) farp(ts) - - farp(te) =

— H %fa—kﬁ(tl) o 'fa+ﬁ(tk>fa(tk+1) o 'fa(ta) )

ij: 1<i<k<j<a J

4.2 Screening operators and projections of f, 3(2)

Let S; denote the screening operators S; = a~dfi[0} with respect to the adjoint action ad in
U,(sls): ad,(y) =3, 27 -y - a(2!), where A(z) =3, 2/ ® 2, such that

gi (y) :.fi[o]y—ki_lykifi[o]' (4.8)

We have the following relations between screening and projection operators.
Proposition 4.4

(i) For any y € Up and i = o, 8 we have equalities

p+ <j{d_w adfﬁfu)(y)) =S (P*(y), P~ ( dw aa}ﬁiv)(y)) _5 (P (). (49)

w
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(ii) The screenings operators S; and S, are related as follows:
Si(y) = —q ki Si(y) ki (4.10)
(i1i) Screening operators S; and S, commute with projections P* : for any y € Up

P=Si(y) = SiP*(y) , P*Si(y) = SiP* (y) . (4.11)
Proof. Statements (i) and (ii) are obvious. Let us prove the equality PSy,q (y) = SpoP (v)

where y = y1y2, and y; € Uy and ys € Ujt . The adjoint action satisfy the property ad,(y;-y2)
> ady (y1) - adgr (y2) , if A(x) = >, 27 @ 27 This implies the relation

Si (y) = Si (1) kiyak; " + 11.5i (y2) (4.12)

and

PSi(y) = €(Si (1)) kiyoky " +e(y1) S (2) = SiP (y)
since the screening operator S; preserves the subalgebras U} and U 7 and £(Si(y)) =0 for any
ye Uy except y=1. 0

The properties of the screenings and of adjoint actions allow to calculate the projections of the
current f,45(2) and establish for it the corresponding normal ordered decomposition (2.18).

Proposition 4.5
(i) The projections of the current fa,s(z) are
P* (fars(2) = S5 (f3(2)) , P~ (fars(2)) = =Sa (f5(a'2)) - (4.13)
(i) We have the following normal ordered expansion:
Fars(2) = P(farp(2)) = (07" =) (£5 (a7 ') fa(2) " = £ 5(2) - (4.14)

Proof. The statement (i) follows from proposition 4.4 and relation (4.5a). Next, formal integral
(2.19) can be written as

Jarp(@) = fulw)f5[0] = ¢ S50 fulw) = (7 = ) 3 fol—k (¢7"w)" =
= Lalw) £5[0] = g 510] fuw) — Zfﬂ w) (g7 w)* = (4.15)

= Sp(falw)+ (¢ = ) f5 (¢ w) fa(w).

The application of the operation ¢ m see (3.11), to both sides of (4.15), gives the relation
(4.14). O
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4.3 Proof of Theorem 2

We calculate first the projection of the opposite string P (fa1s(t1) - - - fatrs(t) faltesr) - - fa(ta)) -

Proposition 4.6

(i) The projection of the string farp(t1) - fats(ti) fa(tes1) - fa(ta) with a >k can be written
as

P (foc—i—ﬁ(tl) e foc—i—ﬁ(tk)fa(tk-i-l) e fa(ta)) =

a—1
X;(ty, ... ta) (4.16)
= P (fass(t1) -+ farp(te) fa(tisr) - - - fa(ta- AL :
(fars(t1) -+ farp(te) fa(tisr) - - fa(ta—1) +]z:; ;. —q2t
(ii) The projection of the string foip(t1) - fars(tx) can be presented in a form
k-1
X (b, oot
P(foz-l—ﬁ(tl)"'foz-i-ﬁ(tk)) :P(foz-l—ﬁ(tl)"'fa—i-ﬁ(tk—l)) foz-i—ﬁ tk +Z ]t l_q tk 1> .
7=1
(4.17)

Proof of the relation (4.16) is based on the inductive use of the following Lemma, which shows,
that during the move of the current f;(z,) to the left of the string only the simple the poles
za = ¢*z; appear, such that the corresponding coefficient at (z, —g¢*2z;)~" does not depend on z, .

Lemma 4.7 The following relations are valid:

L@ ) =T ey + ) ), (aas)

gz — q tw qz — q tw
_ _Emw o la—a )z (s
fors() fo (w) = F_q_lwfa( ) fara( )+7q2_q Jars(2) fo (2). (4.19)

Proof. The relations (4.18) and (4.19) follow from the application of the integral transform

—fdu_L_ 45 the relations
u 1—w/u

fa(2) fa(u) = o = falu) fal(2) + (7% = 42)0(a22/ 1) falg2) fu(2) (4.20)

qz — q‘lu

and
1

falt) fara(2) = L f () ful)
U

For the proof of statement (ii) of Proposition 4.6 we use the relation (4.14) and substitute into
r.hus. of the relation (4.17) normal ordered expansion

Fars(zk) = P (fara(z) + (67" = @) (F5 (0 2) falan) T = fys(an) -

Then we move inductively currents fj (g 'z) and f, 5(2x) to the left, using relations (B.4) and
observing that P(fj (2x) - F') = P(f,,5(2x) - F') = 0 for any element F' € Up. O

We use now the statement (ii) of Proposition 4.3. It says that the string fo1s(t1) - fats(tx)
fa(tis1) - - - fa(ta) has simple zeroes at hyperplanes t; = ;. Substitution of these conditions to
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(4.16) and (4.17) gives the systems of @ — 1 linear equations over the field of rational functions
C(ty,...,ta—1) for the operators X;(t1,...,tq—1):

al
Xt tar)
ti — ¢°t;

=X fit), i=1,..,a—1, (4.21)

=1

where X = P (forp(t1) - fars(te) fa(trr1) - fa(ta1)). The matrix B;; = (t; — ¢*t;)~" of this
system has nonzero in C(ty,...,t,_1) determinant,

) se [Lti —t;)?
IL,;(ti = a®t)
so the system has unique solution over C(ty,...,t,—1). This implies that operators X, are linear

combinations over C(ty,...,t, 1) of operators X f(t;), j=1,..,a—1, so the projection of the
string can be presented as

.

det(B) = (—¢

a—1
P (fars(tr) - fars(te) faltisn) -+~ fa(ta)) = X - f(ta) = Do, (aitrs o o) X - f(5)
j=1

(4.22)
where o (tasty, ..., tam1) = Aj(taity,. .. ,ta_l)/HZ;:ll (to — ¢*t,,) are rational functions which
nominators A;(t,;t1,...,t,—1) are polynomials over ¢, of degree less then a — 1. The system

(4.21) is satisfied if rational functions ¢y, (t4;t1,...,ta—1) enjoy the property
@i, (tisty, ..o tam1) = 03, ,j=1,..,a—1.

This interpolation problem has unique solution given by the formula (3.14).

The relation (4.22) looks now as a recurrence relation between projections of strings of different
length. The corresponding relation for strings fo45(t1) - - fats(tr) looks the same:

a—1

P (fars(t) -+ fars(ta)) = X P(fars)(ta) + 01, (tai b1, - ta-1) X'+ P(farp)(L;),

j=1

where X' = P (fats(t1) - fars(ta—1)) and rational functions oy, (ta;t1,...,t,—1) are given by
the relation (3.14). Successive applications of recurrence relations and the relation (4.7) give the
statement of Theorem 2. O

5 Current adjoint action and symmetrization

5.1 Projections and analytical continuation

Let us remind [8], that in the completed algebra U, (5:\[3) any product of currents f,1y(t1) - - fyn)(tn)
can be considered as an analytical function in a region |¢1| > |ta| > -+ > |t,|, which admits an
analytical continuation to a meromorphic function in (C*)™. Due to commutation relations (2.6)
for any o € S, the analytical continuation of this product to a region [ty1)| > |ty > -+ >
|tony| is given by a series

to
gk, vo®) _ 7e®

Lo(k)
t 0 fb(o(l))( o ) fL (o(n)) ( o(n) ) . (51)
k>t 1 — qlla(k), o)) 2
o(k)<o(l) Lo(k)
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Let 7P (fa)(t1) - fum)(tn)) denotes the analytical continuation of the projection of the
product of currents P (f,o1))(to1)) -« fuwn) (o)) from the region |tya)| > |to@)| > -+ >
ltom)| to the region [t1] > [ta] > -+ > |t,].

Proposition 5.1
(i) Projections PE commute with the analytical continuation.

(i) We have the following identity of formal series in U{ty,...,t,}, see (3.2):

() D) _ g, g
PE(fnt) - fuot)) = T 7= FECN ;//f P=(fiy(t) - fum(t)) - (5.9)

o= (k)>o—1(1)

Proof. Assertion (i) is based on the fact that the projection operator conserve normal ordering in
the algebra Up (with respect to the action in the category of highest weight representations), in

other words, it is continuous in the topology, which defines completion Up . Assertion (ii) follows
from (i) and (5.1). O

Proposition 5.1 provides a powerful tool for the computation of the weight functions. The
crucial point in its application is that, contrary to product of currents, projection of product
of currents admits a simple analytical continuation, equivalent to the analytical continuation of
rational functions.

Ezxample. Consider P (fo(t1)fa(t2)). We have (see Section 3.4)

PUaltfult) = J2007 ) - L (), 53
Pt fult) = £ () — R (1)) (.0

The equality (5.3) is an equality of formal series in a region |t;]| > |t2|, which means that the
rational function t;/(qt; — ¢ 't) is expanded into a power series over to/t;, the equality (5.4)
is an equality of formal series in a region |to| > |¢1], which means that the rational function
ta/(qty — q 't1) is expanded into a power series over t/t;. The analytical continuation to the
region |t1]| > |ta| of the right hand side of (5.4) consists of analytical continuation of the rational
function to/(qts — g~'t1), which should be expanded now into a power series over to/t;. So the
equality

q° — ta/ty
1-— q2t2 / tl

means the relation between formal series in a region |ta] > |t1]

(12)P(fa(t1)fa(t2)) = P(fa(tl)fa(tQ))

q 't (¢ =g~ )t 2
mf+( 1) fa (t2) = P TR——. (fa(t)™ -
(5.5)

This is a basic relation in Borel subalgebra of U, (sly) . It is valid as well in a region [t;| > |ts]
and can be generalized to a multiple product. See Corollary 3.3 to the Theorem 3.

fE(t) fE(t) — % (f+( ))2 _ qty

According to our definition of ¢-symmetrization, see Section 3.2, statements of Proposition 5.1
and the rule of analytical continuation of product of currents (5.1), projections of products of
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currents with the same index of simple root, as well as products of currents themselves are ¢-
symmetric:

fa(tl) T fa(tn) = % Sy—m?fa(tl) T fa(tn) )
v (5.6)
F(falt) - faltn) = o Symy P= (fa(tr) -+ fa(tn)) -

We apply now these arguments in order to write a symmetrized version of the canonical decom-
position (2.18) of a product of currents.

Proposition 5.2 There is an equality of formal series in a region [ti| > [ta] > ... > |sp] :

fo(tr) -+ fa(ta) fo(s1) - - fa(sp) =

1 =a 5s—b qtg — Sg/
= Sym, Sym,
Z m!(a — m)k!(b — k)! YHle BY < m+11_<[£<a te — ng/ (5.7)

0<k<b 1</ <k

T (faltr) - faltm) fa(s1) - - - fa(s) - PY (faltmer) - - falta) fa(shin) - - 'fﬁ(Sb))>-

In particular, for currents of one type we have:

fa(s1) -+ fa(se) = I Sym, (P~ (fo(s1) - fa(s8)) - P* (falsusn) -~ fs(t)) -

(5.8)

Proof. Direct application of the expansion (2.18) for the product of currents gives the following
relation for formal series in a region |¢t;| > --- > |t,| gives the relation:

tg—q ))tgl
TBRAES ol 1 s S

JCI  e<e!
Led, z/ezJ

~ (L) - Lup ) - PT (g () - fuggy (E37) -

Here the set I = {1,...,n}, its subset J = {ji,....j.}, where 7} < --- < j;, and I\ J =
{41,y 3]}, where j7 < --- < j/'. The application of symmetrization procedure, based on Propo-
sition 5.1, gives the statement of Proposition 5.2. U

(5.9)

5.2 Current adjoint action

Serre relations (2.10), (2.11) admit different presentations. In Section 4.1 we presented them
as properties of composed currents and strings. Here we reformulate Serre relations via current
adjoint action, see (4.2).

Lemma 5.3 Serre relations (2.11) can be written in the following form:

ad ) 1 ey (fal£) = 0. (5.10)
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Proof. The statement follows from the chain of equalities

2 oy Fa®) = 2d D) (adD) (1)) = adf, ) (fars(8)) 8(t/a51) =
= (foso(t)fo52) — Falso)ig (52) ™ faen(D)0F (52)) 8(t/a51)

t — q S
= (For®als0) = o) asalt) =2 ) 6t /a50) =
0
Lemma 5.3 implies the following
Proposition 5.4 For a >k an identity of formal series in a domain [t1| > --->> |t,|
(D) __ 1
P (adfml)---fﬁ(uk) (falts) - 'fa(t“>)> ~ K- k)
x Sym, (P (fa(tr) - fa(ta—r) fars(tamis1) -+ farp(ta)) (5.11)
gt~ gty gk
<ISE (H(s( )))
qu;
1<J
where t; =tq_ji, i=1,....k.

Proof is a combinatorial exercise with definition of current adjoint action (4.2), its properties,
including (5.10) and the relation

D _
ad ) (Fy - Fy) = Fy-ad(D) (Fy) +ad(D) (1) - 0 (s) ™ Fawf (s)
Note also the active use of Proposition 5.1, which allows to use under the projections commutation

relation between total currents without paying attention to J-function terms. Taking this into
account and after necessary combinatorics we obtain

k
P <adf,8(u1) fp(uk) (fa(t1> fa(ta))> = m Sy—m? Sy—mi (H H Qla—k+i —

i1 71 to— k—i—z_qué

x P (fults) -+ falta-1)ad{Zy) faltara) - -ad 2, <fa<ta>>)>

Using now the fact that the adjoint action in the last formula produces a product of J-functions

IL0(ta—kti/qui), i =1,...,k (see (4.4)), one can move out the rational function, which is under
q-symmetrization over variables u;, from this symmetrization and replace the latter by the ¢~!-
symmetrization over the variables t, r.; = t;. Proposition 5.4 is proved. O

5.3 Proof of Theorem 1

Our goal is to reduce an expression
P(falt1) - falta) f5(s1) - - fa(50))
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to projections of strings. Let us substitute into it the decomposition (5.8) for the product of
currents fg(s1) - - fa(sp):

P (faltr) =+ falta) Fa(s1) -~ fo(s»)) Z EIraaT -

(5.12)
xSym, (P (fa(tr) -+ falta) P~ (fa(s1) -+ fa(51))) - PT (falsni1) -+ Falsn))
We use now a strengthened coideal property of the subalgebra U, .
Proposition 5.5
(i) For any element F' € U, we have
APVF=1QF+ F @F", suchthat F' € Uy and e(F')=0. (5.13)

(ii) For any product f,q1y(t1) - fun)(tn) we have the equality of series in U{ty,....t,} (see (3.2)):
P (funy(t1) - fom) ) P~ (futmsr) (bms1) -+ fumy (En))) =
=P (ad(D) )fba)(tl) o fum) (tm)) ]

P- (fL<m+1) (tmt1) fo(n) (tn)

(5.14)

Proof. 1t is sufficient to check the statement (i) for generators of the algebra U, , where it is a
direct observation. The statement (ii) is a direct consequence of (i). O

We apply the particular case of (5.14):

P(fa(tl)"'fa(ta)P_ (fﬁ(sl)fﬁ(sk))) =P (ad(D (fﬁ(sl) )foc(tl) fa(ta)) (5'15)

fa(sk)

and substitute into it an integral presentation of the projection P~ (fz(s1)--- fa(sk)):

P (fo(s1) - false)) = qsl __qisjj{ j{ “5)f5( ul)dUI fau )dik- (5.16)

Then the r.h.s. of the equality (5.15) takes the form

- S] dul w— W= (D —
1<j qsz —q IS % %H S P <adfﬁ(u1 ) f(ur) (fa(tl) o fa(ta))) N

= m Symy ( (fa(tr) -+ falta—k) fatrs(tamps) - - - farp(ta)) (5.17)

T e o (I () renn) )

where #; = tq_jii, i =1,..., k. After performing the integration, the last line in (5.17) reads

S; — 8, % t —k 1 som. o
[ =2 sy (vVig - (0 9)) =
L lgsi—qls; ti—t;
1<J . s q{._q—lf i o . ~ (518)
= [[ —Z———25m; (Y(¢' -1 °9)) = Sym, (Y(¢'-£9)) .

-1
i asi— sy =t
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In the first equality in (5.18) the relation between ¢- and ¢~!-symmetrizations is used (3.23),
while the second equality is obtained from the combinatorial identity (3.31).

The projection (5.15) reads now as:

1
(D) e S
P (adp(fﬁ(sn.“fﬁ(sw)fa(tl) fa(ta)) Fla— k)]
X Sym? Sym]; <Y(q_1ta_k+1, @ Maist, . sE) (5.19)

XP (faltr) -+ fallaos) fars(taien) -+ Fars(ta) )

Return now to the proof of the Proposition 1. By definition of ¢-symmetrization (3.6) the
r.h.s. of the last formula is ¢-symmetric over the variables si,...,s.. Then additional ¢-
symmetrization cancels unwanted factorial (see (5.6)) and we get the proof of Proposition 1. [
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Appendix A. The projection P~

In this Appendix we collect the most important formulas for the opposite projection operator P~ .

1. As well as for the projection P = P*, an expression P~ (f,i)(ti,) - fuin)(ti,)) is also
a series in the domain [t;| > --- > [t;,|, which admits an analytical continuation into different
asymptotical zones. In a sense of analytical continuation it has the same properties as analogous
expressions for the projections P .

Let us recall the formula for the projection P* of the product of currents corresponding to
the same root:

P+ (fa(tl) T 'fa(ta)) = f(j(tl)f(j(t%tl) T 'f(j(ta—l;tl; se. ata—Q)fo—:_(ta;tla .- 'ata—l)-

The structure of this formula was explained during the proof of the Theorem 2. From analogous
considerations (see next Appendix) one can obtain that similar triangular decomposition is valid
for the projection P~ of the product of currents with the same root index:

P~ (fa(s1) -+~ fa(se)) = (=1)"f5 (51582, - -, 86) fi5 (52383, -+ 8) -~ [ (sp-1580) f5 (30), (A1)

where currents f (Sk; Ska1,---,8p) are defined as sums
b
fﬁ_(SkH Sk+1y -+ Sb) = fﬂ_(sk) - Z ¢8m(3k; Sk41y+ -+ Sb)f@_(sm) ; (AQ)
m=k-+1
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and rational functions Ps, (8;81,---,5)

b
B s —5; 5;—
QOSj(S;Sl,...,Sb) - H Hq ’ q (A3)

=1, z;é] a5 = q
as functions of the variable s, have simple poles at the points s = ¢~2s;, i = 1,...,b, tend to
zero when s — oo, and satisfy the property: o, (s;;51,...,5) = d;; . These conditions define the
set of functions @, (s;s1,...,8) in a unique way.

As well as for projection P | the projection (A.1) for he product of currents can be written
in the inverse order

—1
P~ (fa(s1)+ fa(s1)) " T 2 i (siseenseeas) o £y (s2s0) f5 (1) -

si—q's;
1<z<]<b

Expression (A.1) can be also written in the form of the integral transform of the product of
the total currents

“Unlo -+ faten) = [T 25 P TV CaoD o) foluw) =

1
S; — Si
Z.<jQZ q ~Sj

duy g =g s
I I TSP

—k+1
which was already used in the previous Section for the proof of the Theorem 1.

2. The calculation of the projection P~ (fo(t1) -+ fa(ta)fa(s1) - fa(sp)) is reduced as well to
the calculations of projections of strings

~(faltr) -+ falta) fa(s1) - - fa(sp)) =
min{a,b}

= G ST (P () Sl (A4

P~ (fOH-ﬁ(qSl) e foc-l-ﬁ(qsk)fﬁ(sk’-‘rl) e fﬁ(sb)) Z(q_lta—k-‘rla ) q_lta; S1y++ 4, Sk’)) 5

where the series Z(¢,3) is defined in (3.9) and the projection of a string is given by the formula

P~ (fa+ﬁ(q$1) t 'fa+ﬁ(q3k)fﬁ($k+1) e 'fﬁ(sb)) =

1 -1
I e e

8 —_—
1<i<k+1<j<b ¢ 1<z<]<bq i~ 4

x P™ (fa(sp; Sp—1,---551)) - P~ (f3(Sk+1: Sk - -+, 51))

P~ (fat+8(a5k: 45k—1, - - -5q51)) - P~ (fats(q51)) -

(A.5)

The currents f,(t;;ti—1,...,t1) in this formula for the roots v = 3,a+ 3, are defined by the rela-
tions (A.2) with coefficient functions (A.3), which are invariant with respect to the simultaneous
scaling of all variables. Single currents projections are defined by the formulas (3.13), such that
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P (fat)) = =f3(1), P~ (fass(qs)) = —=(fal0lf5 (s) = ¢ f5 () fal0]), P (f5(s)) = —f5(s).

We have, in particular,

P (fult)falts)) = (f;(h)—%f;(tg)) Fo(t) =

_ogti—ge (o (@—q D, .
B qt_ll— q 't <fa (t2) qts — q__lfl Ja (tl)) Jor();
P (furplgs) folss)) = TS179% (fﬁ-(s» - Mmsl)) P (fasa(gsn)

—1
S1— S2 qS2 —q ~S1

3. The proof of the formula (A.4) is based on one more reformulation of the Serre relations

which uses the right adjoint action a~diD) (y), see (4.2)

~.(D)
adfa(tl)fa(tz) (fﬁ(s)) =0 (AG)

and on the identity, analogous to the one, proved in the Proposition 5.4. Namely, for k£ < b

k k

— (9P 1 —b—h qte — s;

P <adf&(tl)"'f&(tk) (fs(s1) - 'fﬁ(sb))) = ms}fmss}’mt (H t;_ 45, x
i=1 f=i+1 ¢
(A7)
_ [ ~/(D) ~.(D)
x P <adfa(t1) (fs(s1)) -+ -ady, ) (fﬁ(sk))fﬁ(skﬂ)"‘fﬁ(sb))> :
Appendix B. Commutation relations with projections of currents

The commutation relations (2.21) imply the rules how to move half-currents f~(z) to the left
and half-currents f7(z) to the right through the total crrents.

Proposition 5.6

qz —w

+ _ +
HEM) = L2 hws e
qu(g —g) w (B
quig ~ —4) +
+ Z — qu fo(w) f3 (qu) + Z_qwfa+6(qw)>
_ gz —w ,._
f@f5 ) = L ) )+
UR) z B2
_ - _l —
+ 7 — qu f5 (@ 2) fa(2) Z_qwfa+ﬁ(z)-
Proof, for example, of the relation (B.1) is based on the decomposition of the kernel
qu—w @z—w 1 qu(g™' —q) 1
= +
(u—quw)(z—u) z—quw z—u Z—qw  quw—u
into sum of two kernels. U

Analogously from the relations (4.6), we have
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Proposition 5.7 Nontrivial commutation relations between total and half-currents are

fE @) = T g )+ T ) ),
S o (B.3)
fa pw) = T2 g+ ),
and
a0 ) = T g te) + T gl ),
Furolan)f ) = T2 ) p(a2) + S ) (). (B.4)
s raslw) = I ) asal) + S0k )12 nl2)

Remark. The meaning of the commutation relations in the Proposition 5.7 is that one can
move half-currents [ (w) to the left and half-currents fF(z) to the right through total currents
such that total currents are not changing and this exchange produces only rational functions and
sum of the corresponding half-currents in the shifted points. In this paper we used often these
properties of exchange between total and half-currents.

The following proposition describes the commutation relations between projections of com-
posed root current and projection of simple root currents.

Proposition 5.8

(foc—i—ﬁ(tll)) f(j(tQ) - Qfo—:_(tQ)P—i_ (foc—i—ﬁ(tl)) =
— I8 (1 (h) = fH (1) (WP (fars(tr) — 6P (farslta))

t1 — to
5 ()P asal0s2)) = 7P~ (fusslase)) £ (s1) =
TS (51P™ (furs(as1) = 2P~ (Farals2))) (f5 (s1) = f5 (s2))

S1 — 82

Proof consists in the application of the screening operator Sp (g to the equality (5.5) and of S Fal0]
to the analogous equality, where projection of currents f7(#;) are replaced by f;(s;). It also
uses the Serre relations written in terms of the projections of currents in the form

af S (t) Pt (fars(tz)) + afd (t2) PT (fars(tr)) =
= P" (fass(tr)) fa (t2) + PT (fars(t2)) fa (t1),

qf5 (51) P~ (farp(s2)) + af5 (52) P~ (farp(s1)) =
" (fars(s1)) f5 (s2) + P (farp(s2)) f5 (s1) -
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Appendix C. A direct derivation of Theorem 1

First step of this derivation is the same as in (5.12). Second, we observe that first projection
P* in (5.12) vanishes for k& > a. This explains the upper limit of summation in (3.10). To prove
this formula we will calculate the projection

PY (fa(ty) -+ fa(ta) P~ (f5(s1) -+ fa(sn)))

or
Pt (falty) - falta)fs (s1582, 0y 8k) ++ f (Sk-1; Sk:)fg_(sk)) ;
moving half-currents fﬁ_(sm; Smal, 5 Sk), m=1,... k to the left, using commutation relations
(B.2). According to this commutation relation the composed currents, f..s(t;) will be created
at the position 7 =1,...,a. Next we will move these composed currents to the right, using the
commutation relation (4.6). Here we use again the assertions of the Proposition 5.1. After these
commutations we will obtain the sum over all non-ordered subset J = {ji,...,jx} € {1,...,a}
k ko fim—1 a 1
8i — qtgm q ', 4" tjm — Gt
A - ><
0 ST I
1<j J m= =1 b =jm+1 m m

i L, i qti,, — S;
" ngl <tjm iqsm Z‘:l;[i-l tji - qu'> P faralti) -+ fara(ti) falt)falta) - falta ) falto)

t;, omitted

Vv
currents depending on tj ,...,t;,

Next step is to use the commutation relations (4.6) to move the group of the composed currents
fatp(tj) - - fatrp(tj,) under projection from left to the right

b 55 q 'ti—qt; Y, — qt; g —qt; Mgt

— % T 85 - T 7 Jm S

[ E: N1 —= 1I|\—=- I )

i<y 45— q 7 5; i<j b=t i<j qti =41 m=1 ( Ljim qui m+1 bim = 48
i,JE€J i€d, jEJ

x Pt fa(tl)fa(t2) e fa(ta—l)fa(ta) fa—i-ﬁ(tﬁ) e fa+6(tjk>

31 0eeobig omitted

currents depending:n t

(C.1)

Now we use the fact that the summation in (C.1) runs over non-ordered set J of the size k. This
means that this summation can be decomposed into two summations: first, over all different, but

ordered choices {j; < jo < -+ < ji} from the set {1,2,... a} and second, over all permutations
among fixed {j1,72,...,Jx}. Due to the commutation relations (4.6) between composed currents
this second summation can be written as ¢! -symmetrization over fixed subset {ji, jo,.-.,jx} of
the function
k k
m=1 ]m - qSk; 41 ]m - qsl
since the rest ingredients of the formula (C.1) are stable under permutation of {ji,jo,...,Jx}-

Using now combinatorial identity (3.31), which can be written in the form

ko 4 k k
q i —qty sk 1 qtm — S
S - im =

i=m+1

hgsi—q s —k: i 1 " gt — S
v 7 m 9%
~ [ sl ] []
Si — 8y Y S< <tm_q$m i1 tm_q$z>)




one may rewrite formula (C.1) as follows

k
F qtj,, — i
I (Ies i)
J'1<~‘~]~<j/1C ’LE},<;€J m=1 =1

(C.2)
><P+ fa(tl)fa(t2) e fa(ta—l)fa(tg) foz+ﬁ(tj1) e foc-l-ﬁ(tjk)

~
currents depending on tj,..., L, omitted

Now the summation over all ordered sets J in (C.2) together with the first product in the first line
can be written as ¢-symmetrization over all variables t,---,t, and we obtain (5.19). Repeating
arguments given at the end of Subsection 5.2 we finish the direct proof of the Theorem 1.
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