Notes on affine isometric actions of discrete groups

Yurii A. Neretin

Moscow State Institute of Electronics and Mathematics, Bolshoi Triohsvyatitelskii, per. 3/12, Moscow-109028, Russia Max-Planck-Institut für Mathematik, Gottfried-Claren-Str. 26, 53225 Bonn, Germany

neretin@mpim-bonn.mpg.de, neretin@main.mccme.rssi.ru

Abstract Consider a lattice Γ in a group G = SL2(R), SO(1, n), SU(1, n), SL2(Qp ).

We discuss actions of Γ by affine isometric transformations of Hilbert spaces. We show that for irreducible affine isometric action of G its restriction to Γ is irreducible. We prove the existence of canonical irreducible affine isometric actions of Γ associated to actions of Γ on R-trees. Using such actions we construct irreducible representations of semigroup of probabilistic measures on Γ and construct the series of representations of the groups of diffeomorphisms of Riemann surfaces enumerated by the points of Thurston compactification of Teichmüller space.

Contents 1. Affine isometric actions of semisimple groups of rank 1. 2. General remarks on affine isometric actions. 3. Rigidity for affine isometric actions.

4. R-trees and related affine isometric actions

5. General remarks (continuation).

6. Fock representation of semigroup of probabilistic measures on group 7. Group of automorphisms of bundle.

8. On representations of group of diffeomorphisms of Riemann surface 9. On central extensions of groups of automorphisms of the bundles. 10. Immobile sets and immobile functions.

These notes contain several more or less simple facts about affine isometric actions (see below subsection 0.1) of discrete groups. Mainly we are interested by lattices in rank 1 semisimple groups over R and over local fields. It is wellknown, that affine isometric action is a argument of several interesting functors. Using affine isometric action it is possible to construct representations of current groups (see [Ara], [Gui1], [VGG1-3]) of semigroups of probabilistic measures on a group (see[Ner2]), of groups of diffeomorphisms(see [Ism4]), of categories of bistochastic measures (see [Ner1-2]), and also central extensions of groups of some groups of diffeomorphisms and some other groups.

Unfortunately the majority of interesting groups have no affine actions at all. The purpose of these notes is to show that discrete groups acting on hyperbolic spaces have many natural affine isometric actions and to obtain some corollaries from these constructions.

It is well-known that unitary representations of discrete groups is a dangerous subject and it contains many pathological phenomena. Neverless this topic contains some optimistic results, for instance unitary rigidity theorems of Figa-Talamanca–Picardello type (see [FTP] and [BS], [CS]) or existence of holomorphic wavelets (see below ss.3.1)^1. We try to continue this ’nonpathological line”. We also show that in some cases ”affinization” of unitary representation allows to avoid some unitary upleasent phenomena. For instance it is possible to make irreducible affine action from factor-representation of discrete group.

0.1. Affine isometric actions. Let G be a topological group. Let H be a (complex or real) Hilbert space. A affine isometric action (we will also use a term AI-action) Π = (π, γ) of the group G on H is an action of G by affine isometric transformations of the space H, i.e. transformations having the form

Π(g)v = π(g)v + γ(g) (0.1) where v ∈ H, operators π(g) are unitary operators and γ(·) is a function G → H. The equality

Π(g1g2)v = Π(g1)Π(g2)v implies

π(g1g2) = π(g1)π(g2) (0.2) γ(g1g2) = π(g1)γ(g2) + γ(g1) (0.3) The condition (0.2) means that π(·) is a unitary linear representation of G. Evidently γ(e) = 0, hence (0.3) implies

γ(g^{−1}) = −π(g)^{−1}γ(g) (0.4) 0.2. Let π be a unitary representation of G in a Hilbert space H. Let w ∈ H. Let us fix a vector w ∈ H. Then the formula Π(g)v = π(g)v + (π(g)w − w) (0.5) defines an isometric action of G. The action (0.5) is not interesting: it becomes linear after the shift of the origin to the point w.

Now two following natural questions arise.

Question 0.1. Let π be a unitary representation of G. Does there exist a function γ : G → H satisfying the condition (0.3) which is not representable in the form γ(g) = π(g)w − w? (0.6) Question 0.2. Let a hilbert space L and a unitary representation π of the group G are given. Is it possible to describe cohomology group H^1(G, L) :=

1Of course there are some other interesting phenomena, see [VDN]

Z^1(G, L)/K^1(G, L) where the cochain group Z^1(G, L) consist of functions G → L satisfying the condition (0.3) and the coboundary group K^1(L, G) consist of all function having the form (0.6)

0.3 The answer on Question 0.1 for the semisimple groups rarely is affirmative.

Theorem 0.3a) Let a connected real semisimple group G has a nontrivial affine isometric action. Then G = SO(1, n) or SU(1, n).

b) Let a semisimple group G over nonarchimedian local field has a nontrivial affine isometric action. Then rank of G equals 1.

Theorem 0.4.a) Let n > 2. Then the group SO(1, n) has only one nontrivial isometric affine action (in particular it is valid in the case PSL2(C ) = SO0(1, 3)).

b)The group SU(1, n) has only two nontrivial affine isometric actions (in particular it is valid for PSL2(R) = SO0(1, 2)).

These theorems are well-known (and I don’t know their history, see partial result in [Kaz], the proof of the first theorem see [Mar], III. 5, see also [Kaz]; for real case see [Gui2]; for second theorem see [Gui2]. The construction of affine actions for Lie groups see below § 1.

0.4. By this reason it seems that affine isometric actions is an exotic phenomena which is not very interesting. On other hand it turn out that affine isometric actions are related to many algebraic, analytic and probabilistic phenomena and constructions: representations of current groups (Araki multiplicative integral, see [Ara], [VGG1] - [VGG3], [Ber], [Gui1], [PS], [Del1] - [Del2], [Ner2]), conditionally positive defined functions (see [Gui1], [PS], [VK], [Mar]), categories of G-stochastic measures ([Ner 1-2], representations of semigroup of probabilistic measures on groups (see [Ner2]), representations of groups in Pontryagin spaces, representations of various infinite-dimensional groups (see [Ism 1-2], [Ols 2-3], [Ner 1-2], [ATH]).

0.5. The purpose of these notes is to show that discrete groups which act on hyperbolic spaces have many irreducible affine isometric representations.

In § 1 we describe affine isometric representations of groups SO0(1, n), SU(1, n), PSL2(Qp ) and pf the group of automorphisms of Bruhat-Tits tree. All these constructions are known.

In § 2 we discuss general formal definitions and properties of affine isometric actions.

In § 3 we prove the following rigidity theorem. Let G be a semisimple group and Γ be a cocompact lattice. Then the restriction of each irreducible affine isometric action Π of G to Γ is irreducible. We also show that for G = PSL2(R) the restriction Π|Γ “remember” embedding Γ → PSL2(R). This theorem is a variation of Figa-Talamanca–Picardello–Bishop–Cowling–Steger theorems (see [BS], [CS]) on unitary rigidity.

By [CM], [Mor] the space of homomorphisms of discrete group Γ to SO(1, n) (defined up to conjugation) has natural compactification by the actions of Γ

on R-trees (for n = 2 and for the space of cocompact lattices this compactifi-

cation coincide with the Thurston compactification of Teichmüller space). In § 4 we show that for each action of Γ on R -tree there exist a canonical irreducible isometric affine action of Γ in some Hilbert space associated to the tree. Nonisomorphic actions of Γ on R -trees generates nonisomorphic affine isometric actions. Notice that associated linear unitary representations of Γ are factor-representations and they “forget” action of Γ on tree.

Our § 5 contains continuation of preliminaries. We discuss relation of affine isometric actions with infinitely divisible representations. of

In § 6 for each irreducible affine isometric action of lattice Γ we construct an irreducible representation of semigroup of probabilistic measures on Γ in the boson Fock space.

In § 7 § 9 we discuss the group B(G) of (measurable) automorphisms of principal G-bundle, we construct its representations (it is well-known) and central extensions (by strange way such extensions never wasn’t discuss).

In § 8 we discuss embeddings of groups of volume preserving diffeomorphisms to groups B(Γ) and associated representations.

It is clear that it is impossible to describe all affine isometric actions of a given discrete groups (of course if the set of these actions is not empty). Neverless it seems that Question 0.2 can be nonpathological. The discussion of this question is the subject of § 9.

I am grateful to Gr. A. Margulis, R. Howe, V.V.Fock for discussions of the subject and references.

1 Affine sometric actions of simple Lie groups of rank 1

Here we discuss constructions of affine isometric actions of simple groups o rank 1. The most interesting cases for us are affine isometric actions of PSL2(R) (ss.1.1) and of group of automorphisms of Bruhat-Tits tree (ss 1.4).

1.0. Preliminary remarks. Consider an affine isometric action Π = (π, γ) Π(g)v = π(g)v + γ(g) of a group G in a Hilbert space H. Consider an operator A(g) = ( 1 γ(g) 0 π(g) ) in C ⊕ H. Condition Π(g1g2) = Π(g1)π(g2) is equivalent to the condition A(g1g2) = A(g1)A(g2) Constructions of subsections 1.1 - 1.4, 1.6 below have the following form. There exist some space C ⊕ H and linear nonunitary representation A(g) of the group G in C ⊕ H such that subspace H is A(g)-invariant, operators A(g) are unitary in the subspace H and the action of G in the quotient space

(C ⊕ H)/H is trivial. Consider a nonzero vector w ∈ C ⊕ 0. Then A(g)w − w ∈ H and hence the formula Πs(g)v = A(g)v + s(A(g)w − w) defines an affine isometric action Πs of the group G in the Hilbert space H.

In subsections 1.2, 1.4, 1.6 this space C ⊕H is quite visible (for construction of subsections 1.1, 1.3 this space is easily visualized for dual representations).

1.1. Isometric actions of PSL2(R) (see [VGG1]) We realize the group PSL2(R) as the group PSL2(R) = SU(1, 1) of matrices g = ( a b b̄ ā ) ; |a|^2 − |b|^2 = 1

We will consider matrix elements a = a(g) b = b(g) as functions on the group PSL2(R)). We will wright g = ( a(g) b(g) a(g) b(g) )

The group PSL2(R) acts in the disc D : |z| < 1 by the Moebius transformations z −→ z^{[g]} := az + b b̄z + ā Denote by H the Bergman space in the disc |z| < 1, i.e. the space of holomorphic functions in disc |z| < 1 equipped by L^2 -scalar product ⟨f1, f2⟩ = 1 π ∫ |z|<1 f1(z)f2(z)dzdz̄ It is easy to see that ⟨z^n, z^m⟩ = 1 n + 1 δn,m The group PSL2(R) acts in the Hilbert space H by affine isometric transformations

Πs(g)f(z) = f(z^{[g]})(b̄z + ā)^{−2} + s · γ(g) where s > 0 and γ(g) = b̄ b̄z + ā (1.1) It is easy to see that ⟨γ ( a b b̄ ā ) ; γ ( α β β̄ ᾱ ) ⟩ = − ln ( 1 − b̄β āα )

It is useful to rewrite this formula in the form ⟨γ(g1), γ(g2)⟩ = − ln a(g1g^{−1}_2 ) a(g1)a(g^{−1}_2 )

(1.2)

Remark 1.1. Denote by u the expression under the logarithm. Then |u − 1| < 1 and hence this logarithm is a well-defined single-valued function. Nevertheless ln(a(·)) is not well-defined and we cannot express the formula (1.2) in the form − [ ln a(g1g^{−1}_2 ) − ln a(g1) − ln a(g^{−1}_2 ) ] Supposing g1 = g2 we get ‖ ‖γ ( a b b̄ ā )‖ ‖^2 = − ln(1 − | | b a | |^2) = 2 ln |a|

Denote by d(·, ·) the standard PSL2(R)-invariant Poincare metric on the disc |z| < 1: d(z1, z2) = 1 2 ln |1 − z1z2| + |z2 − z1| |1 − z1z2| − |z2 − z1| (1.3)

Denote by δ(g) the distance between points 0 and 0^{[g]}:

δ(g) = d(0, 0^{[g]}) = arctanh (| | b a | | ) = ln(|a| + |b|) Simple calculation shows

‖γ(g)‖^2 = 2δ(g) − 2 ln 2 + o(1), |a| → ∞ (1.4)

1.2. Isometric actions of the groups SO0(1, n). (see [VGG2]) The

group SO0(1, n) is the group of real matrices ( a b c d ) of dimension (1 +

n) × (1 + n) such that ( a b c d ) ( −1 0 0 1 ) ( a b c d )_t = ( −1 0 0 1 )

a > 0; det ( a b c d ) = +1

Let S^{n−1} be the sphere x^2_1 + . . . + x^2_n = 1 in R^n . The group SO0(1, n) acts on S^{n−1} by the conformal transformations x −→ (a + xc)^{−1}(b + xd) where x = (x1 . . . xn) ∈ S^{n−1} is a row-matrix.

Denote by Z the space of C^∞ -functions f on S^{n−1} satisfying the condition ∫ S^{n−}1 f(x)dx = 0 Consider the positive defined scalar product ⟨f, g⟩ = − ∫ S^{n−}1 ∫ S^{n−}1 ln | x − y | f(x)g(y)dxdy in the space Z. Denote by H the completion of Z with respect to this scalar product. The group SO0(1, n) acts in H by linear unitary transformations π ( a b c d ) f(x) = (a + xc)^{−(n−1)}f((a + xc)^{−1}(b + xd)) . Remark 1.2 The representation π is the so-called limit of complementary series.

The expression

Πs ( a b c d ) f(x) = π ( a b c d ) f(x) + s ( (a + xc)^{−(n−1)} − 1 )

defines a affine isometric action of the group SO0(1, n) in H.

1.3. Isometric actions of the groups SU(1, n) (see [Ber2], [VGG2]) The group SU(1, n) is the group of complex (1 + n) × (1 + n) -matrices ( a b c d ) satisfying the conditions ( a b c d ) ( −1 0 0 1 ) ( a b c d )_∗ = ( −1 0 0 1 )

det ( a b c d ) = 1 Let Bn be the unit ball |z1|^2 + . . . + |zn|^2 < 1 in C^n . The group SU(1, n) acts on Bn by transformations z −→ z^{[g]} := (a + zc)^{−1}(b + zd) where z = (z1 . . . zn) ∈ Bn is a row-matrix.

Consider the matrix-valued reproducing kernel (on reproducing kernels see for instance [FK]). K(·, ·) : Bn × Bn → GL(n, C ) defined by the formula

K(z, u) = ( 1 − n∑ j=1 zjūj )_{−1} 1 − z1ū1 . . . znū1 . . . . . . . . . z1ūn . . . znūn

= ( 1 − n∑ j=1 zjūj )_{−1} 1 − (z1 . . zn ( ū1 · · · ū2 )

This kernel defines some Hilbert space H of C^n -valued holomorphic functions on Bn (we consider elements of C^n as vector-columns).

Consider the unitary representation π of the group SU(1, n) in the space H given by the formula π ( a b c d ) f(z) = (a + zc)^{−1}(d − cz^{[g]})f(z^{[g]}).

In this formula (a + zc)^{−1} is a scalar-valued function and (d − cz^{[g]}) is a function with values in n × n matrices.

Remark 1.3 The representation π is one of the highest weight representations of SU(1, n). This representation is degenerated, i.e. the space H doesn’t contain all polynomial functions Bn → C^n . The restriction of π to the group SU(n) is the sum of the symmetric powers ⨁_∞ k=1 S^kR of standard representation R of SU(n) in C^n (emphasize that k ≠ 0).

Affine isometric action of SU(1, n) in the hilbert space H is given by the formula Πs ( a b c d ) f(z) = π ( a b c d ) f(z) + s · (a + zc)^{−1} · c where s > 0. We remind that c is a vector-column.

1.4. Affine isometric actions of groups of automorphisms of Bruhat-Tits trees. Let n be a positive integer. Bruhat-Tits tree Tn is the tree such that each vertex is incindent to (n + 1) edges. Let s, s^′ be vertices of Tn. The distance s, s^′ is the length of (unique) chain joining s and s^′.

The absolute (the set of points on infinity) Abs(Tn) of the tree Tn is defined by an obvious way. Fix a vertex s^∗ ∈ Tn. Then there is obvious one-to-one correspondence between points of Abs(Tn) and infinite chains s0 = s^∗, s1, s2, s3, . . . (where sj and sj+1 are incindent to the same edge and sj ≠ sj+2). Define a metric δ(·, ·) on Abs(Tn). Let x, y ∈ Abs(Tn). Let . . . , tα, tα+1, . . . be a chain of vertices joining x and y. Then δ(x, y) = n^{− min(d(s∗,tj ))} The space Abs(Tn) with metric δ is compact totally disconnected metric space.

Define a canonical measure μ on Abs(Tn) by the condition: measure of each ball with radius n^{−k} equals n^{−k}.

Remark 1.4. The metric d(·, ·) and the measure μ depends on the point s^∗,i.e. d(·, ·) = ds∗ (·, ·)) , μ = μs∗ . Denote by Aut(Tn) the group of automorphisms of Tn. It is locally compact totally disconnected group. On representation theory of Aut(Tn) see [Ols 1], [FTN].

Let g ∈ Aut(Tn), x ∈ Abs(Tn). Define the derivative g^′(x). Let s0 = s^∗, s1, s2, . . . be the chain joining s^∗ and x and let t0 = s^∗, t1, t2, . . . be the chain joining s^∗ and gx. Then there exists α such that gsj = tj+α for sufficiently large j. The derivative is defined by the equality

g^′(x) = n^α.

Remark 1.5. Of course this is the Radon-Nikodim derivative of the measure μ with respect to the transformation g.

Let H0 be the space of locally constant functions f on Abs(Tn) such that ∫ fdμ = 0. Consider the (positive defined) scalar product in H0 given by the formula ⟨f1, f2⟩ = − ∫ Abs(T_n ) ∫ Abs(T_n) δ(x, y)^{−1}f1(x)f2(y)dμ(x)dμ(y). Let H be the completion of H0 with respect to this scalar product. Isometric action of Aut(Tn) in the Hilbert space H is given by the formula Πs(g)f(x) = f(gx)g^′(x) + s(g^′(x) − 1) 1.5. On harmonic analysis on trees. Material of this section will be used only in subsection 4.8 and section 10. Denote by Vert = Vert(Tn) the set of vertices of Tn, and by Edge^∗ = Edge^∗(Tn) the set of oriented edges. For each σ ∈ Edge^∗ denote by ϕ(σ) and ψ(σ) the origin and the end of σ respectively.

Consider spaces l2(Vert) and l^±_2 (Edge^∗), elements of the latter space are l2-functions on Edge^∗ satisfying the condition f(−σ) = −f(σ) where (−σ) is the oriented edge inverse to σ.

Consider three Aut(Tn)-intertwining operators.

1. Laplace operator Δ : l2(Vert) → l2(Vert) is given by the formula

Δf(v) := 1 p ∑ d(v_j ,v)=1 f(vj ) − f(v)

2. Operator ▽ : l2(Vert) → l^±_2 (Edge^∗) is given by the formula ▽f(σ) := f(ψ(σ)) − f(ϕ(σ)) 3. Operator H : l^±_2 (Edge^∗) → l2(Vert) is given by the formula Hh(v) =^∑_{σj :ϕ(σj ):=v} h(σj ) Obviously all operators Δ, ▽, H are bounded and

H▽ = p · Δ; H^∗ = ▽ (1.5)

Spectrum of Laplace operator in the space l2(Vert) is known (see [Ols1],[FTN]) and 0 is not a point of spectrum, i.e Δ is invertible. Hence (1.6) implies that image im(▽) of ▽ is a closed subspace and its orthocomplement is ker(H).

Consider the space H defined in preceding subsection. We will describe the canonical unitary operator P : H → ker(H) (Poisson transform) which intertwines (linear) actions of Aut(Tn) in the spaces H and ker(H). Consider a edge σ. Then the space Abs(Tn) is divided by natural way on two pieces Abs^+_σ and Abs^−_σ , the points of Abs^+_σ are more close to origin ϕ(σ) of σ and points of Abs^−_σ are more close to the end ψ(σ). Then Pf(σ) := C · (∫ Abs+_σ f(x)dμ_{ϕ(σ)} − ∫ Abs^−_σ f(x)dμ_{ψ(σ)} )

where C is some constant.

1.6. Isometric actions of groups SL2 over local fields. Let K be a locally compact nonarchimedian field. Let O ⊂ K be the ring of integers, let I be the nonzero prime ideal in O. Let F = O/I be the residue field, let q = p^k be the number of elements of F.

Remark 1.6. Let K = Qp be p-adic field. Then O = Zp is the ring of p-adic integers and I = p · Zp.

A lattice in the linear space K^2 is O -submodule generated by two linearly independent vectors. Two lattices Λ and Λ^′ are equivalent if there exists x ∈ K such that Λ^′ = x · Λ. Now we will construct a graph T . The vertices of T are enumerated by equivalence classes of lattices. Vertices s and s^′ are adjacent if there exist representative lattices Λ and Λ^′ such that index of Λ^′ in Λ is q. Then the graph T is Bruhat-Tits tree Tq. The space Abs(Tq ) is identified with projective line PK^1 over K (see [Ser2], [FTN]).

By construction the group PSL2(K) acts on the graph T = Tq and hence we obtained embedding

PSL2(K) → Aut(T_pk )

Thus we can restrict the affine isometric action of Aut(T_pk ) to PSL2(K).

Now we will give another description of the same action. Let H0 be the space of locally constant functions f : K → C such that ∫ f = 0. Consider the scalar product in H0 given by the formula ⟨f1, f2⟩ = − ∫ K ∫ K^{ln |x − y|f(x)f(y)dxdy} Let H be the completion of H0 with respect to this scalar product. Isometric action of PSL2(K) in Hilbert space is given by the formula

Πs ( a b c d ) f(x) = f ( ax + b cx + d ) |cx + d|^{−2} + s · ( |cx + d|^{−2} − 1 ) . 2 General remarks on affine isometric actions

2.1. Equivalent isometric actions. Consider two affine isometric actions of a group G:

Π1(g)v = π1(g)v + γ1(g)

Π2(g)w = π2(g)w + γ2(g) of a group G in Hilbert spaces H1 and H2. The actions Π1 and Π2 are called equivalent if there exists a map Rh = T h + q where T : H1 → H2 is a unitary operator and q ∈ H2 such that

RΠ1(g) = Π2(g)R

for each g ∈ G.

Lemma 2.1.Let the actions Π1 and Π2 be equivalent. Then a) Unitary representations π1 and π2 of the group G are equivalent. b) The function

δ(g) =‖ γ1(g) ‖^2 − ‖ γ2(g) ‖^2 is bounded.

Proof a) is obvious.

Proposition 2.2.Let Π = (π, γ) be an affine isometric action of a group G. The following conditions are equivalent

a) The action Π is equivalent to a linear action.

b) The function ‖ γ(g) ‖^2 is bounded on G.

Proof. a) ⇒ b) is a partial case of b) ⇒ a) in lemma 2.1. Consider the space C ⊕ H and linear operators in C ⊕ H given by the formula A(g) = ( 1 γ(g) 0 π(g) )

Consider the closed convex hull K of vectors (1, γ(g)) ∈ C ⊕ H. The set K is bounded and hence (see [Rud], 3.15) K is weakly compact. The group of operators A(g) is equicontinuous. By Kakutani theorem (see [Rud], 5.11) there exist a fixed point (0, h) ∈ K for the group G of transformations A(g). Then h ∈ H is a fixed point for transformations Π(g). This proves the proposition.� We say that an affine isometric action is nontrivial if it is not equivalent to a linear action.

Corollary 2.3.All isometric actions constructed in § 1 are not equivalent to linear representations.

2.2 Minimal subspaces. Let H be a Hilbert space. By definition affine subspaces of H are shifts of closed linear subspaces.

An affine isometric action Π of a group G in H is called AI-reducible (affine isometric reducible) if there exist G-invariant affine subspace L ⊂ H. The restrictions of isometric actions to G-invariant affine subspaces are called AI-subrepresentations of Π.

Remark 2.4. Each linear representation is AI-reducible. Indeed the origin is an invariant subspace.

Proposition 2.5.Let a nontrivial isometric action Π has a irreducible AI-subrepresentation L. Then each AI-subrepresentation of Π contains L.

Proof. Let M ≠ L be an invariant affine subspace. Suppose M ∩ L = ?. Let l ∈ L be the nearest to M point of L. Then m is a G-stable point and hence the action Π is equivalent to linear action.

Assume M ∩ L ≠ ?. Then M ∩ L be a G-invariant affine subspace of L. Bearing in mind that L is irreducible we obtain M ⊃ L.�

Example 2.6. Consider isometric transformation Af(x) = e^{ix}f(x) + 1 in L^2[−1, 1]. Consider an affine subspace Vε ⊂ L^2[−1, 1] which consist of functions satisfying the condition f(x) = 1 1 − e^{ix} for |x| > ε Then Vε is an AI-invariant affine subspace and ⋂ ε>0 Vε = ? (the function 1/(1 − e^{ix}) is not an element of L^2). Hence the action A has no minimal invariant subspace.

2.3. Semigroup of probabilistic measures. Denote by M0(G) the semigroup of probabilistic measures on G with compact support.

Let Π = (π, γ) be an isometric action of G. We extend the action Π to the action Π̃ of M0(G) given by the formula

Π̃(μ)v = ∫ G π(g)v dμ(g) + ∫ G γ(g)dμ(g) Let π be a unitary representation of a group G in a Hilbert space H. By definition a representation π weakly contains trivial representation if there exist vectors vj ∈ H such that the sequence of functions αj (g) = ⟨π(g)vj, vj ⟩ converges uniformly on compacts to 1 (see [Dix], 18.1).

Proposition 2.7.(see [Mar], III.1.3) The following conditions are equivalent

i) The representation π doesn’t contain weakly trivial representation.

ii) There exist μ ∈ M0(G) such that the norm of the operator

π̃(μ) = ∫ G π(g)dμ(g) is less than 1.

Proposition 2.8.(see [Dix], 18.3.6, [Mar], III.4) The following conditions are equivalent

i) A group G is amenable ii) Regular representation of G contains weakly trivial representation. Proposition 2.9.Let Π = (π, γ) be an affine isometric action of a group G. Let the representation π doesn’t contain weakly trivial representation. Then Π contains an AI -irreducible subrepresentation.

Proof. Consider μ ∈ M0(G) such that ‖ π̃(μ) ‖< 1 (see proposition 2.7). Then Π̃(μ) is contractive map. Let w be the unique fixed point of Π̃(μ). Consider the minimal affine subspace L containing all points Π̃(g)w (where g ∈ G). Then L is AI-irreducible subrepresentation.�

2.4 Direct sums. Let Π1 = (π1, γ1) and Π2 = (π2, γ2) be isometric actions of the group G in the spaces H1 and H2. The direct sum Π1 ⊕ Π2 is affine isometric action of the group G on the space H1 ⊕ H2 given by the formula g : (v, w) → (π1(g)v + γ1(g), π2(g)v + γ2(g)) where v ∈ H1, w ∈ H2. Remark 2.10. Usually subspaces H1, H2 in H1 ⊕ H2 are not invariant. Example 2.11. Let H1 = H2, Π1 = Π2. Then the diagonal Δ ⊂ H ⊕ H is G-invariant affine subspace (diagonal Δ consists of vectors (v, v) ∈ H ⊕ H).

Let Π = (π, γ) be an affine isometric action of G in a Hilbert space H. Let a linear representation π be reducible, let H = H1 ⊕ H2 be a decomposition into a sum of subspaces which are invariant with respect to operators π(g). Let π1, π2 be the restrictions of representation π on H1, H2. Let γ1(g), γ2(g) be the projections of γ to H1, H2. Then Π = (π, γ) is equivalent to the direct sum of actions Π1 = (π1, γ1), Π2 = (π2, γ2).

Example 2.12. Let G = Z. Denote by Πs the action of Z on R given by the formula Πs(n)x = x + sn (x ∈ R, n ∈ Z). Denote by Π^{(k)}_λ action of Z on R^k given by the formula Π^{(k)}_λ (n)(x1, . . . , xk) = (x1 + λ, . . . , xk) (λ ∈ R, n ∈ Z,(x1, . . . , xk) ∈ R^k ). Then Πs_1 ⊕ . . . ⊕ Πs_k ≃ Π^{(k)}√_{s21+...+s2k} This example demonstrated that decomposition of an affine isometric action onto direct sum of irreducible actions is not unique.

Remark 2.13. Let Π be an affine isometric action of a group G in Hilbert space H. Let K be a G-invariant subspace. Let 0 ∈ K (otherwise we will shift origin). Let M be the orthogonal complement to H. Decompose our action to direct sums of actions (Π1, π) and (Π2, π2) in K and M (relatively). Then action (Π2, π2) of group G is linear.

2.5 Real and complex action. There exist some difference between affine isometric actions in real and complex Hilbert space (see § 6-9).

Let Π = (π, γ) be an affine isometric action of the group G on a Hilbert space H.

We say that the action is real in two cases: a) If the Hilbert space H is real.

b) If the Hilbert space H is complex and there exist Π(g) -invariant real subspace HR⊂ H such that H = HR⊕ i HR.

We say that action is complex if it is not real.

In § 1 we constructed one real action for the groups SO(1, n), Aut(Tn), PGL(2, K) (up to dilatations). For the groups SU(1, n) (in particular for SU(1, 1) ≃ PSL2(R)) we have two nondecomposable complex actions (in spaces of holomorphic and antiholomorphic functions). Realification of these two actions coincides and this is the unique real nondecomposable real action for SU(1, n). In the case n = 1 this action coincides with real actions SO0(1, 2) mentioned several rows above.

3 Rigidity for affine isometric actions

Let a Lie group G and a lattice Γ ⊂ G are given. It is well-known that there exist many cases when the group G and the lattice Γ have closely related behavior, see for instance [Mar]. Theorems formulated below (ss.3.1-3.2) are very simple representatives of the rigidity theorems of this type.

3.1. Rigidity for unitary representations. We remind some known theorems. Let π be an irreducible unitary representation of a Lie group G. Let Γ ⊂ G be a lattice. Recall that a lattice Γ ⊂ G is a discrete subgroup such that the volume of G/Γ is finite. A lattice is called cocompact if the space G/Γ is compact.

Let π be a irreducible unitary representation of the group G. Consider restriction π | |_Γ of representation π to the lattice Γ. Remind that representation π is named by representation of discrete series if its matrix elements are in L^2.

Theorem 3.1. Let π be not a representation of discrete series. Then the restriction π | |_Γ of π to Γ is irreducible. If π1 ≠ π2 are not elements of discrete

series then π1 | |_Γ and π2 | |_Γ are not equivalent.

See [BS], [SC]; first theorem of this type was obtained in [FTP]. Theorem 3.2. ([BS]). Let G = PSL2(R), let π1, π2 be not representation of discrete series. Let Γ be a discrete group and ψ1 : Γ → PSL2(R), ψ2 : Γ → PSL2(R) be embeddings such that ψ1(Γ) and ψ2(Γ) are lattices. Then representations π1 ∘ ψ1 and π2 ∘ ψ2 are equivalent if and only if π1 ≃ π2 and embeddings ψ1, ψ2 are conjugate.

Theorem 3.3. ([AS], [GHJ]) a) Let π be an irreducible representation of discrete series. Then the restriction π | |_Γ is a factor-representation of Γ.

b) Let π be a representation of discrete series and Dim(ρ) be the formal dimension of π. Let all conjugacy classes of Γ be infinite. Then the restriction π | |_Γ is a factor-representation which is quasi equivalent to the regular repre-

sentation of Γ in l2(Γ). The dimension of π | |_Γ over l2(Γ) equals

Dim(π) · volume(G/Γ) (3.1)

Example 3.4, see [GHJ]. Let G = PSL2(R). Consider the representations πk of discrete series of the group PSL2(R). The space Hk of representation πk is the space of holomorphic functions on the disk |z| < 1 equipped with scalar product ⟨f1, f2⟩ = ∫ ∫ f1(z)f2(z)(1 − |z|^2)^{2k−2}dzdz̄ The operators πk(g) are given by the formula πk(g)f(z) = f ( az + b b̄z + ā ) (b̄z + ā)^{−2k} Consider PSL2(R) -invariant measure on disk |z| < 1 such that the square of a triangle is (π -(sum of angles)). Then dimension of π | |_Γ over l2(Γ) equals to λ = 2k − 1 4 · square (PSL2(R)/Γ) (3.2)

Problem 3.5 (holomorphic wavelets). Let number λ be given by the formula (3.2) be integer. Then the representation π | |_Γ is isomorphic to the sum of λ copies of l2(Γ). Hence there exist an orthonormal basis eα in the space Hk of the unitary representation π such that for each hi ∈ Γ, πk(hi)eα = eβ for some β. Is it possible to construct such basis explicitly?

3.2. Rigidity for affine isometric actions.

Theorem 3.6. Let G be a locally compact topological group and the Haar measure on G is both-side invariant. Let Γ be a cocompact lattice. Let Π = (π, γ) be an AI -irreducible isometric action of G. Then the restriction of Π to Γ is AI-irreducible.

Corollary 3.7.Let Π = (π, γ) be an irreducible affine action of a discrete group Γ. Let Γ^′ ⊂ Γ be a subgroup of finite index. Then the restriction Π^′ | |_Γ is AI-irreducible action.

Example 3.8. Let G = PSL2(R), PSL2(K) or Aut(Tn) and Γ ⊂ G be a cocompact lattice. Consider the affine isometric action Πs = (π, s · γ) of the group G described in § 1. Then the restriction of the representation π to the lattice Γ is a factor-representation, nevertheless the restriction of Πs to Γ is AI -irreducible.

Proposition 3.9.Let G = PSL2(R) and let Γ = Γn be the fundamental group of the sphere with n handles (n > 1). Let ψ1, ψ2 be embeddings Γn → PSL2(R). Let ψ1(Γ), ψ2(Γ) be lattices in PSL2(R) Let Πs = (π, s · γ) be the affine isometric action of PSL2(R) described in subsection 1.1(s > 0). Then Πs ∘ ψ1 ≃ Π_s′ ∘ ψ2 only in the case when

s = s^′ and embeddings ψ1, ψ2 are conjugate.

3.3. Induced isometric actions. Let G be a topological group. Let Γ be a cocompact lattice. Let Ξ = (ξ, λ) be an affine isometric isometric action of Γ in a Hilbert space V .

Consider the space L consisting of all measurable functions G → V satisfying the condition

f(hg) = Ξ(h)f(g) (3.3) for each h ∈ Γ, g ∈ G.

Let Ω ⊂ G be a compact fundamental domain for Γ (i.e. Ω is compact and a natural map Ω → Γ \ G is bijective (up to the set of zero measure) measure preserving map). Consider the space H consisting of all functions f ∈ L satisfying the condition ∫ Ω ‖ f(g) ‖^2 dg < ∞. (3.4) The space H is a Hilbert space with respect to the scalar product ⟨f1, f2⟩ = ∫ Ω f1(g)f2(g)dg Consider the action of G on L given by the formula p : f(g) → f(gp^{−1}) (3.5) where p ∈ G.

Lemma 3.10.The space H is invariant with respect to the transformations (3.5).

Proof. Consider all elements h1, . . . , hα ∈ Γ such that Ωp^{−1} ∩ hj Ω ≠ ?. ∫ Ω ‖ f(gp^{−1}) ‖^2 dg = ∫ Ωp^−1 ‖ f(g) ‖^2 dg = = ∑ j ∫ Ωp^−1∩h_j Ω ‖ f(g) ‖^2 dg = ∑ j ∫ Ω∩h^−1_j Ωp^−1

‖ f(h^{−1}_j g) ‖^2 dg =

= ∑ j ∫ Ω∩h^−1_j Ωp^−1

‖ ξ(h^{−1})f(g) + λ(h^{−1}_j ) ‖^2 dg =

= α∑ j=1 ∫ Ω∩h^−1_j Ωp1 (‖ f(g) ‖^2 +2Re⟨ξ(h)f(g), λ(h^{−1}_j )⟩+ ‖ λ(h^{−1}_j ) ‖^2)dg < ∞.� Denote by Φ(p) the restriction of transformations (3.5) to H. The space H is an affine subspace of L. Hence transformations Φ(p) are affine transformations. A linear part of an affine transformation Φ(p) is the representation of G induced from representation ξ of Γ. Hence Φ(p) is an affine isometric action.

3.4. Proof of Theorem 3.6. Consider an AI-irreducible affine isometric action Π = (π, λ) of the group G in a Hilbert space K. Denote by Ξ the restriction of the action Π to the lattice Γ. Consider the isometric action Φ of G induced from the isometric action Ξ. Let H be a space of the action Φ, i.e. the space constructed in ss.3.3..

We will construct a natural G-equivariant embedding δ : K → H. Let v ∈ K. Associate to v the function δv : G → K given by the formula δv (g) = Π(g)v Evidently the function δv satisfies the condition (3.3). Test the conditions (3.4): ∫ Ω ‖ Π(g)v ‖^2 dg = ∫ Ω ‖ π(g)v + γ(g) ‖^2 dg = = ∫ Ω (‖ v ‖^2 +2 Re ⟨π(g)v, γ(g)⟩+ ‖ γ(g) ‖^2)dg The integrand is continuous and the domain Ω is compact. Hence the integral converges and so δσ ∈ H.

Thus we construct AI-irreducible subspace δ(K) in H.

Now suppose that the affine isometric action Ξ of the lattice Γ is reducible. Let L ⊂ K be a Γ -invariant subspace (L ≠ K). Consider the isometric action Ψ of G induced from the isometric action of Γ in L. Evidently Ψ is a AIsubrepresentation in Φ. Evidently Ψ doesn’t contain the whole space δ(K). But δ(K) is irreducible and this contradicts to Proposition 2.5. � 3.5. Length function. Consider the disc D : |z| < 1 and the distance

d(·, ·) given by (1.3) on D. Let g = ( a b b̄ ā ) ∈ SU(1, 1) ≃ PSL2(R). Define

the length function ℓ(g) on SU(1, 1) by ℓ(g) = inf_{|z|<1}d(z, z^{[g]}) Let λ, λ^{−1} be eigenvalues of matrix g. If |λ| = 1, λ ≠ 1 (i.e. g is an elliptic element of SU(1, 1)) then g has a fixed point on D and hence ℓ(g) = 0. If λ = 1 (i.e. g is parabolic) then g have fixed points on circle |z| = 1 and ℓ(g) = 0.

Let g be hyperbolic (i.e. λ is real, λ ≠ 1). Then there exist unique ginvariant geodesic Lg and the restriction of transformation z → z^{[g]} (see § 1) onto Lg be the shift of the line Lg on value | ln(λ)|. Hence in this case ℓ(g) = | ln(λ)| Let Mn be a sphere with n handles (n > 1). Let Γn be fundamental group of Mn. Recall that Teichmüller space T en is the space of all embeddings Γn → PSL2(R) such that image is a lattice. Let ψ ∈ T en. Define length function ℓ_{[ψ]}(q) on the group by the expression

ℓ_{[ψ]}(q) = ℓ(ψ(q)) This function has a simple geometric interpretation. Fix the embedding ψ : Γg → PSL2(R) and consider Riemann surfaces D/ψ(Γn). Let h ∈ Γn, let L_{ψ(h)} be geodesic on D invariant with respect to ψ(h). Then the projection of L_{ψ(h)} onto D/ψ(Γn) is closed geodesic on D/ψ(Γn) and ℓ_{[ψ]}(h) is the length of this closed geodesics.

Hence we get that numbers ℓ_{[ψ]}(h) (where h ∈ Γn) are lengths of closed geodesics on D/ψ(Γn). It is well-known that the collection of lengths of closed geodesics determines the Riemann surface and hence the function ℓ_{[ψ]} determines the point ψ ∈ T en.

3.6. Proof of Proposition 3.9. Let h ∈ Γn. Let ψ ∈ T en. Let L be ψ(h) -invariant geodesic. Let u ∈ L be the point of L nearest to 0.

Evidently

ℓ_{[ψ]}(h^n) = |n| · ℓ_{[ψ]}(h)

Now let us calculate asymptotics of ‖ γ(ψ(h^n)) ‖^2 if n → ∞. Using (1.4) we establish

‖ γ(ψ(h^n)) ‖^2= d(0, 0^{[ψ(hn)]}) + O(1) Evidently

|d(0, 0^{[ψ(hn)]}) − |n| · ℓ_{[ψ]}(h)| = |d(0, 0^{[ψ(hn)]}) − d(u, u^{[ψ(hn)]}| ≤ ≤ d(0, u) + d(0^{[ψ(hn)]}, u^{[ψ(hn)]}) = 2d(0, u)

Hence the expression

‖ γ(ψ(h^n)) ‖^2 −n · ℓ_{[i]}(h)

is bounded (for a given h ∈ Γn). Bearing in mind that the length function l_{[ψ]} determines the embedding ψ we apply lemma 2.1 and finish the proof of the Proposition 3.9 in the case s1 = s2. It is easy to show that two lengths functions ℓ_{[ψ]}(g), ℓ_{[ψ}′_](g) can’t be proportional. This argument finishes the proof in the case s ≠ s^′.

4 Actions of groups on R-trees 4.1 R-trees, (see [CM], [M], [MS], [Par], [Sha1], [Sha2]). A metric tree is a

tree ( a tree is a graph without cycles) with given lengths of edges. We will consider a metric tree as a metric space. Denote by Vert(I) the set of all vertices of the metric tree I. Denote by Edge(I) the set of all edges of the metric tree I. Consider a chain

T_{(1)}^{σ1}−→ T_{(2)}^{σ2}−→ T_{(3)}^{σ3}−→ . . . (4.1) where T_{(i)} are metric trees and σi are isometric embeddings. We mention that the image of a vertex of a tree T_{(j)} can be not a vertex of the tree T_{(j+1)}!

Consider the inductive limit I of this chain. Metric spaces which can be obtain by such a way are called R-trees.

We say that a point of I is a vertex if it is a vertex of some tree I_{(j)}. The set of vertices of R-tree I we denote by Vert(I).

Generally speaking R-trees have no edges.

Remark 4.1. Our definition of R-trees slightly differs from standard definition. Our R-tree is official R-tree with countable number of vertices.

Consider a R-tree T . For each two points x, y ∈ T there exist a unique isometric embedding of some interval [0, α] ⊂ R to T such that λ(0) = x, λ(α) = y (of course α equals to distance d(x, y) between x and y). The image λ([0, α]) of the segment ([0, α]) is denoted by [x, y].

Let Γ be a group. An action of Γ on R -tree I is (by definition) an action by isometric transformation of R -tree I.

4.2. Examples of actions of groups on metric trees. Example 4.2. Consider a lattice Γ ⊂ PSL2(K) where K is a locally compact nonarchimedian field. The group PSL2(K) acts on Bruhat-Tits tree Tq (see subsection 1.6) and hence Γ also acts on Tq.

Example 4.3. Trees associated to free groups. Remind the standard construction of tree associated to free group. Denote by Fn the free group with n generators a1, . . . , an. The vertices of the tree T (Fn) are the elements of the group Fn. Two vertices w, w^′ of T (Fn) are incident to the same edge if w^′ = w · a^{±1}_j The left action of the group Fn on itself bornes the action of Fn on T (Fn). Of course this tree be the usual Cayley graph of the group Fn. Let us equip the graph T (Fn) by some additional structures

The first, we have n different types of edges corresponding to the generators a1, . . . , an. We will call them by {aj } -type edges. The second, let us fix the canonical orientation on each edge. Consider an edge (w, waj ) where w is an irreducible word and the last letter of w is not a^{−1}_j . Then by definition w is the origin of the edge and waj is the end.

Now we can say that the length of {aj } -type edge equals to sj > 0. Then we obtain the metric tree which we denote by T (Fn; s1, . . . sn).

Example 4.4. Action of free groups on Bruhat-Tits tree T∞. Consider the preceding example. Let us contract all edges of the types {a2}, . . . , {an} (or equivalently let us consider the graph T (Fn; 1, 0, . . . , 0). We obtain the new oriented graph T^∗(Fn). The vertices of T^∗(Fn) are enumerated by cosets Fn/Fn−1 where Fn−1 is the free group generated by a2, . . . , an. Edges [w, w^′] of T^{(∗)}(Fn) have the form w = ψ1a^{ε1}_1 . . . ψ^{εk}_k a^{εk}_1 Fn−1 w^′ = ψ1a^{ε1}_1 . . . ψ^{εk}_k a^{εk}_1 φ a1Fn−1 (4.2)

where εi = ±1, ψi, φ ∈ Fn−1 and the word w is irreducible (w is the origin, w^′ is the end). Each vertex of T^∗(Fn) is the origin of countable number of edges and the end of countable number of edges. The action of the group Fn on Edge(T^∗(Fn) is transitive and the stabilizer of each edge is trivial. The bijection

Edge (T^∗(Fn)) ↔ Fn (4.3)

is given by the formula [w, w^′] ↔ ψ1a^{ε1}_1 . . . ψka^{εk}_k φ where [w, w^′] is the edge (4.2).

Example 4.5. Actions of surface groups, see [MSh]. Let Mn be a sphere with n handles (n > 1). Let Γn be its fundamental group. Consider a finite family of closed non-self-intersecting and not pairwise intersected curves C1, . . . , Cl on Mn. Assume Mn \ {C1, C2, . . . , Cl} is a union of spheres with holes. Consider the universal covering D of Mn. Remind that D is the Lobachevskii plane. Then we obtain a countable number of infinite curves S1, S2 . . . on D which cover curves C1, C2, . . . , Cl. These curves separate Lobachevskii plane D to countable number of pieces U1, U2, . . ..

Now we will construct a tree. Edges of this tree are numerated by curves S1, S2, . . . and vertices are numerated by open domains U1, U2, . . .. A vertex Uα and a edge Sβ are incindent iff the curve Sβ lies on the boundary of the domain Uα .

4.3. Examples of actions of groups on R-trees.

Example 4.6. Train-tracked graphs, see [Fock], on train tracks see[PH]. Consider a graph J . Denote by Edge^∗(J ) the set of all pairs (vα, eγ ) ∈ Vert(J ) × Edge(J ) such that vertex vα is incident to the edge eγ . In other words Edge^∗(J) is the set of oriented edges. A train-tracked graph is a graph J equipped with the following structures:

1. For each vertex vα we fix a cyclic order on the set of edges incident to vα. We denote by A^+_{vα} (eγ ) the edge which follows to eγ with respect to this cyclic order. By A^−_{vα} (eγ ) we denote the preceding edge.

2. We fix two function a+(vα, eγ ) and a−(vα, eγ ) on the set Edge^∗(J) with values in nonnegative numbers. These functions satisfies two conditions. a) a+(vα, eγ ) = a−(vα, A^+_{vα} (eγ )) b) Let a edge eγ is incindent to vertices vα and vβ . Then a+(vα, eγ ) + a−(vα, eγ ) = a+(vβ , eγ ) + a−(vβ , eγ ) (4.4) Remark 4.7. It is natural to imagine that edges of our graph are strips and the expression (4.4) is the width of the strip. It is also natural to think that strip from the edge eα is continued to the adjacent edges A^+_{vα} (eγ ) and A^−_{vα} (eγ ) and separated between them, see picture 1.

fl_{A+}6 fi^{A+}œffl ffi^{A+} -^{6?} a+(vα, eγ )

?6

a−(vα, eγ )

6?

a−(vβ , eγ )

?6

a+(vβ, eγ )

-œ^{a−(vα, A+(eγ ))}

eγ

A^+v_α (eγ )

A^−v_α (eγ )

t vβ vαt

The universal covering of a train-tracked graph is defined by the obvious way. We obtain a tree with train-tracked structure.

Now for each a train-tracked tree J we will construct some R-tree R(J ). For each element (vα, eγ ) ∈ Edge^∗(J) we consider two directed segments Δ+(vα, eγ ) and Δ−(vα, eγ ) having length a+(vα, eγ ) and a−(vα, eγ ). Consider the disjoint union Ω of all oriented segments Δ^±(vα, eγ ).

Now for each pair (vα, eγ ) ∈ Edge^∗(J) we will identify segments Δ^+(vα, eγ ) and Δ^−(vα, A^+_{vα} (eγ )) by isometrical orientation inversion way (remind that their lengths are equal). Consider arbitrary edge eα let vα, vβ be its end. Then we identify the following segments

     - -
œ œ

Δ+(vα, eγ ) Δ−(vα, eγ ) Δ−(vβ , eγ ) Δ+(vβ , eγ ) (with inversion of direction).

After all these gluings we obtained some topological space R(J ), see picture 2 (elements of the quotient a branching thicklines on the picture).

6

Δ+(vα, eγ )

6

Δ−(vα, eγ )

?

Δ−(vβ, eγ )

?

Δ+(vβ, eγ )

 œ^{Δ−(vα, A+(eγ ))}
œ^{Δ+(vα, A+(eγ ))}

 --

Now we will define a metric d(x, y) on the quotient space R(J ). Consider all finite chains x = z0, z1, z2, . . . , zm = y (4.5) such that for each j there exist a segment Δ^±(vα, eγ ) such that elements zj and zj+1 of quotient have representatives uj and vj+1 in the segment Δ^±(vα, eγ ).

Then d(x, y) = min( ∑ j |uj − vj+1|) there minimum is given by all chains (4.5), see picture 3.

q q^{x = z0œ}u0^v1 q^{v2}_{u1} qq u2^v3_{-y = z3}

z2 -

       ?

œ

z1 -

          6

œ

It is easy to see that the space R(J ) is a R-tree.

Example 4.7. Bruhat-Tits trees over nonlocal fields, see [Tit]. Let K be a valuated nonarchimedian field. Let Λ ⊂ R be the group of valuation (remind the definition of valuation: It is a function λ : K \ 0 → Λ such that λ(xy) = λ(x) + λ(y) and λ(x + y) ≤ {max(λ(x), λ(y)}). Consider the space Lat of all lattices in K^2. For each lattice R we define function γR : K^2 → Λ by the condition: γ(v) is the minimum of λ(x) by all x ∈ K such that x^{−1}v ∈ R.

Let Lat/K^∗ be space of lattices defined up to dilatation (see ss.1.5) Define distance d(R1, R2) between points R1, R2 ∈ Lat/K^∗ by the following rule:

d(R1, R2) = max_{v∈}K_2(γR_1 (v) − γR_2 (v)) − min_{v∈}K_2(γR_1 (v) − γR_2 (v)) . Points of Lat/K^∗ are vertices of our R-tree. (we omit obvious construction of tree itself).

Obviously group GL2(K) acts on our tree. 4.5. Length function.

Proposition 4.8 (see [CS]).Let T be an R-tree and q : T → T be an isometric map. Then there exist two possibilities:

1) There exists a fixed point x ∈ T (qx = x).

2) There exists a q-invariant line Cq and the restriction of q to Cq is a shift of Cq.

The line Cq is called the axis of isometry q.

Theorem 4.9 (see [CM], [MS]) Let a group Γ acts on an R -tree T . a) If Γ is finitely generated then there exists a minimal Γ- invariant subtree I ⊂ T b) If there exists g ∈ Γ such that the map g : T → T has no fixed points then there exists a minimal Γ -invariant subtree I.

If I = T then the action is called minimal.

Some conditions on action of group in this theorem are really nessesary

(countrexample: action of group of p-adic matrices having a form ( 1 ∗ 0 1 ) on Bruhat–Tits tree).

Consider an action of a group Γ on an R -tree T . Length function (or translation length function) ℓ : Γ → R is defined by ℓ(g) = min_{x∈T} (x, gx)

In fact a minimum exists (see Proposition 4.8). If g has a fixed point, then ℓ(g) = 0. If g has no fixed point then for each x ∈ Cg we have ℓ(g) = d(x, gx).

Theorem 4.10.(see [CM]) Consider minimal actions of the group Γ on trees T1, T2 with the same length function ℓ. Let ℓ be not identical zero on the commutant [Γ, Γ]. Then these two actions are isomorphic.

(If a group Γ have a fixsd point on the absolut of tree then ℓ equals to 0 on [Γ, Γ].)

Denote by P(Γ) the space of real functions on the discrete group Γ defined up to multiplier. Let us equip the space P(Γ) by the topology of pointwise convergence.

There exists a simple list of properties defining length functions, see [Chi],[CM], [Par]. This list allows to prove the following theorem

Theorem 4.11(see [CM]) The space of all length functions on Γ is compact in P(Γ).

4.6. Thurston compactification. Consider the Teichmüller space T en, (see subsection 3.5), let ψ ∈ T en be a embedding of the surface group Γn to PSL2(R) and let ℓ_{[ψ]} be its length function (see subsection 3.5). Let us consider this function as a point of the space P(Γn). Hence we obtained the embedding T en → P(Γn)). Denote by T en the closure of T en in P(Γn). This closure is called the Thurston compactification of the Teichmüller space (see [Thu], [MS]).

Theorem 4.12.(see [MS]) Each points of the boundary T en \ T en is a length function for some isometric action of the group Γn on a R-tree.

Remark 4.13. Moreover the space of homomorphisms Γn → PSL2(R) (= the space of actions of Γn on Lobachevskii plane) has the natural compactification by actions of Γn on R -trees. The same is true for the space of homomorphisms from a given finitely generated discrete group Γ to SO(1, n). It is valid also for homomorphisms Γ to PSL2(K) (the latter is corollary of the theorem 4.11).

4.7. Affine hilbert space connected with R-tree. We will construct by arbitrary R -tree T some Hilbert space H(T ).

To each pair x, y of vertices of T we associate the formal vector e(x, y). We assume e(x, y) = −e(y, x). Let x, y, u, v be vertices of T . Assume

⟨e(x, y), e(u, v)⟩ = ± (length of intersection [x, y] ∩ [u, v]) (4.6)

We choose the sign “+” if segments [x, y] and [u, v] are directed to the same side on the intersection [x, y] ∩ [u, v]. We choose “-” in the opposite case.

Consider the Hilbert space H(T ) such that a) e(x, y) are elements of H(T ) and their scalar products are given by the formula (4.6).

b) Linear combinations of vectors e[x, y] are dense in H(T ). Remark 4.14. Let x, y, z be vertices of T . Then e(x, y) + e(y, z) + e(z, x) = 0 (4.7) Indeed if z ∈ [x, y] (or x ∈ [y, z] or y ∈ [x, z]) it follows from (4.6). Otherwise there exists unique vertex u such that u ∈ [x, y] ∩ [y, z] ∩ [x, z]: • x | • y − − − • u − − − • z Then e(x, y) = e(x, u) + e(u, y) e(y, z) = e(y, u) + e(u, z) e(z, x) = e(z, u) + e(u, x)

Adding this equalities and bearing in mind equality e(α, β) = −e(β, α) we obtain (4.7).

Uniqueness of H(T ) is obvious. Let us prove the existence of H(T ). Consider a metric tree J . Fix a vertex a ∈ VertJ . This vertex defines a orientation on the tree by the following rule:

t^a -^6_? -^6_? -^6_?

    œ

      6

      ?

  œ

    6

    ?

œ

  6

  ?

Formally a edge [x, y] is positive directed if x ∈ [a, y]. For each positive directed edge [xj , yj ] we associate a formal vector e[xj , yj ]. We assume e[xj , yj ] is a orthogonal basis and

‖e[xj , yj ]‖^2 = length of[xj , yj ]

. We define the space H(T ) as the space generated by vectors e[xj , yj ].

Now consider a chain

T_{(1)}^{σ1}−→ T_{(2)}^{σ2}−→ T_{(3)}^{σ3}−→ . . . (4.8)

For this chain we associate the chain H(T1) → H(T2) → . . . (4.9) The space H(T ) is an inductive limit of chain (4.9) of hilbert spaces(i.e.

completion of ∪kH(Tk)).

Let a group Γ acts on the R -tree T . This action induces the unitary representation of Γ in H(T ) by the rule π(g)e(x, y) = e(gx, gy) (4.10) Lemma 4.15. Fix a vertex x0 ∈ Vert(T ). Then the formula Πs(g)v = π(g)v + s · e(x0, gx0) (4.11) defines the isometric action of Γ in H(T ).

Proof. We have to check the equality e(x0, g1g2x0) = π(g1)e(x0, g2x0) + e(x0, g1x0) Right side equals to e(g1x0, g1g2x0) + e(x0, g1x0) and we apply (4.7).

Remark 4.16. If to consider another origin x0 ∈ Vert(T ) we obtain an equivalent affine isometric action.

Remark 4.17. Let θ be a point of the Thurston compactification T̄ em of Teichmuller space T em. We canonically associate to θ an AI-irreducible affine isometric action Π^θ = (πθ, γθ) of Γm. In the the case θ ∈ T em the action Π^θ is (by definition) the restriction of real affine action (see subsection 2.5) of PSL2(R) to Γm. If θ ∈ T̄ em \ T em then Πθ is an AI-irreducible subrepresentation of the action 4.6.

There arises the natural question: Is the map θ → Π^θ continuous? I don’t know answer on this question, but most likely the answer is affirmative. Observe that in both cases (θ ∈ T em or θ ∈ T̄ em \ T em) the length function ℓθ and the conditionally positive defined function ‖ γθ(g) ‖^2 (see below § 5) are related by equality ℓθ(g) = limn→∞ 1 n ‖ γ(g^n) ‖^2 (4.12)

4.8. Existence of AI-irreducible subrepresentation.

Theorem 4.18.Consider a minimal action of a group Γ on an R-tree T satisfying the conditions of theorem 4.10. Then there exist AI-irreducible subrepresentations in H(T ).

Proof. We have to prove that the linear representation π(·) of the group Γ in H(T ) given by the formula (4.10) doesn’t contains weakly the trivial representation of Γ (see proposition 2.9). Assume that it is not so. Consider a sequence hj ∈ H(T ) such that ⟨hj , hj ⟩ = 1 and ⟨π(g)hj, hj ⟩ → 1 for each g ∈ G. Consider an element g ∈ G which has no fixed point on T (i.e. ℓ(g) ≠ 0. Let Cg be the axis of g. Let hj = pj + qj , pj ∈ H(Cg), qj ∈ H(T \ Cg). Then ⟨π(g)hj, hj ⟩ = ⟨π(g)(pj + qj ), pj + qj )⟩ = ⟨π(g)pj, pj ⟩ (since H(Cg) is orthogonal to H(T \Cg ) and H(T \Cg ) is the orthogonal sum of spaces H(Qα) where Qα are connected components of the graph T \ Cq). We have ⟨π(g)hj, hj ⟩ ≤‖ pj ‖^2= 1− ‖ qj ‖^2 Hence ‖qj ‖ → 0. In other words ρ(hj , H(Cg)) → 0 for j → ∞, where ρ denote distance between point and subspace. Hence we obtain that for each finite collection g1, . . . , g– ∈ G

ρ(hj , ∩–_{α=1}H(Cg_α )) → 0 (4.13) if j → ∞. Consider elements gα such that I = ∩–_{α=1}H(Cg_α )) is a finite segment (otherwise Γ has fixed points on the boundary of tree). For big N we have g^N_1 I ∩ I = ? and hence g^N_1 (∩–_{α=1}H(Cg_α )) is orthogonal to ∩–_{α=1}H(Cg_α ). This and (4.13) contradicts to the condition ⟨ρ(g1)hj , hj ⟩ → 1.

Proposition 4.19.Consider two nonequivalent actions of group Γ satisfying to the conditions of theorem 4.10. Then corresponding AI-irreducible subrepresentations of Γ are not equivalent.

Proof. It is sufficient to reconstruct the length function of the action Π (see Theorem 4.10). Denote e(x0, gx0) by γ(g). Then ‖ γ(g) ‖^2= d(x0, gx0). Let u be the element of the axis Cg nearest to x0. Then

d(x0, g^nx0) = d(x0, u) + d(u, g^nu) + d(g^nu, g^nx0) = 2d(x0, u) + nℓ(g)

u gu g^nu −−−•−−−•−−−•−−−•−−−•−−−•−−−• −−− •−− −•− −−Cg | | | | | | • • x0 g^nx0 Hence (for the given g)

‖ γ(g^n) ‖^2 −nℓ(g) = O(1) Hence the function ‖ γ(g) ‖^2 determines the length function.� Example 4.20. Consider the Bruhat-Tits tree Tn. Then our hilbert space is the space l^±_2 (Edge^∗(Tn)) in notations of ss.1.5. Obviously action of Aut(Tn) in l^±_2 (Edge^∗(Tn)) is AI-reducible. Its AI-irreducible component can be realized in the space ker(H) = Im(P).

4.9. Irreducibility theorem. Let T be a metric tree . Let a group Γ acts on T . For a vertex x0 ∈ T denote by Γ(x0) the stabilizer of x0 in Γ. For an edge δ denote by Γ[σ] the stabilizer of σ in Γ.

Recall that for a metric tree T the Hilbert space H(T ) is identified with the space of functions on the set Edge(T ) provided by the scalar product ⟨f1, f2⟩ = ∑ σ_j ∈Edge(T )

f1(σj )f2(σj ) · length (σj )

Theorem 4.21.Consider an action of the group Γ on an oriented metric tree T . Let Γ be transitive on the set of vertices. Let x0 be a vertex of T . Assume that for each edge σ incindent to x0 the index of Γ[σ] in Γ(x0) is infinite. Then the canonical affine isometric representation of Γ in H(T ) is AI -irreducible.

Proof. Suppose that there exist an invariant subspace K in H(T ). Let Af = T f + τ be the projector to K (where T is a linear operator in H(T ) and τ = τ(σ) ∈ H(T ) is a function on Edge (T )). The operator A commutes with the affine isometric action Π(g)f(σ) = f(gσ) + γg(σ) where σ ∈ Edge(T ), γg(·) ∈ H(T ). Hence T γg(σ) − γg(σ) = τ(gσ) − τ(σ) (4.14) Let g ∈ Γ(x0). Then the left part of (4.4) equals 0 (since γg(σ) = 0 far all σ ∈ Edge). Hence the function τ(σ) is Γ(x0) -invariant. But all orbits of Γ(x0) on Edge (T ) are infinite. Bearing in mind that τ(·) ∈ l2 we obtain τ = 0. Hence T γg(σ) = γg(σ). Bearing in mind that Γ is transitive on the set of vertices we obtain that a linear span of vectors γg is dense in H(T ) and hence T = E.�

Consider the action of free group Fn on the Bruhat-Tits tree T∞ constructed in Example 4.4.

Corollary 4.22.The canonical affine isometric action of Fn in H(T^∗(Fn)) is irreducible.

Proof. Indeed this action satisfies the conditions of Theorem 4.21. The bijection (4.3) identifies the space H(T^{(1)}(Fn)) and l2(Fn). Rewrite the canonical action of Fn in H(T^{(1)}(Fn)) in terms of the space of l2(Fn). Consider g = ψ1a^{ε1}_1 ψ2a^{ε2} . . . ψka^{εk} ψk+1 ∈ Fn (4.15) where ψi ∈ Fn−1, εi = ±1 and the word (.) is irreducible. Then

Π(g)f(h) = f(gh) + γg(h) (4.16) where h ∈ Fn and the function γg(h) is given by the formula γg(h) = { εj if h = ψ1a^{ε1}_1 . . . ψj a^{εj} 0 otherwise Remark 4.23. Recall that the regular representation of Fn is a factorrepresentation, nevertheless its affine “deformation” is AI-irreducible.

Example 4.24. Consider once more the tree T (Fn) (see Example 4.3). Let us contract all edges of types {aα+1}, . . . , {an}. Denote the tree which we obtained by T^{(α)}(Fn). The vertices of T^{(α)}(Fn) are enumerated by cosets Fn/Fn−α and the group Fn has α orbits on the set of edges (the stabilizer of each edge is trivial). If α < n the conditions of the theorem 4.21 are fulfiled and hence the affine isometric action of Fn in the space H(T^α(Fn)) is AI -irreducible. Observe also that H(T^{(α)}(Fn)) can be identified by the natural way with α copies of the space l2(Fn).

The affine isometric action of Fn in H(T (Fn, s1, . . . , sn)) is reducible (see the arguments of Example 4.20).

4.10. Bibliographical remarks. Bruhat–Tits trees appeared in [BH] (1967) as a partial case of Bruhat–Tits buildings (ensembles). Serre used Bruhat–Tits trees as tool for investigation of discrete groups ([Ser1-2]). R- Trees were discovered in [Chi] and [Tit] (1976–1977).

Construction of affine isometric actions and conditionally positive definite functions associated to metric tree is old and I don’t know when it appeared, see [Ols2], [Mar],III.3. Spherical functions (they are closely related to affine isometric actions) on Bruhat–Tits tree of nonarchimedian nonlocal field were classified in [Ism1]-[Ism2]. Conditionally positive definite functions associated

to R-tree were mentioned in [HV]. On R-trees see reviews [Sha1-2].

5 General remarks (continuation)

This section is continuation of preliminaries.

5.1. Boson Fock space, see [Ber1],[Ner2]. Boson Fock space Fn with n degrees of freedom is the Hilbert space of holomorphic functions on C^n with scalar product {f1, f2} = ∫ C^{n f1(z)f2(z) exp(−|z|} 2) ∏ dz_idz_i π The function f(z) = 1 is called by vacuum vector, and its norm equals 1. We have the canonical isometric embedding In : Fn → Fn+1, if f(z1, . . . , zn) ∈ Fn then (Inf)(z1, . . . , zn+1) = f(z1, . . . , zn) ∈ Fn+1 Consider the chain of embeddings F0 → F1 → F2 → . . . Its inductive limit F∞ in the category of Hilbert spaces (i.e. the completion of ∪Fj ) is called by Boson Fock space with infinite number degrees of freedom. Elements of F∞ can be considered as holomorphic functions on l2, see [Ber1], [Ner2].

Let H be a complex separable Hilbert space. Then H is isomorphic to l2. Hence elements of F∞ can be considered as holomorphic functions on H. We denote this space of holomorphic functions by F (H).

5.2 Fock representation of a group of isometries. Denote by Isom (H) the group of all affine isometric transformations of a Hilbert space H.

Consider an element σ → Aσ + γ of the group Isom (H). Consider the operator Exp(A, γ)f(z) = f(Az + γ) exp(⟨z, A^{−1}γ⟩ − 1 2 ⟨γ, γ⟩) (5.1) in Boson Fock space F (H). The following theorem is well-known (and simple).

Theorem 5.1.Exp(A, γ) is a unitary projective representation of the group Isom (H). Moreover

Exp(T, γ)Exp(T^′, γ^′) = exp{i Im < γ, (T^′)^{−1}γ^′} · Exp(T^{′′}, γ^{′′}) (5.2)

(where T^{′′} = T T^′, γ^{′′} = T^′γ + γ^′).

5.3 Araki scheme. Let G be a group and let Πs = (π, s · γ) be its affine isomorphic action. Then the formula

ρs = Exp ∘ Πs defines the unitary (projective) representation of the group G in the boson Fock space F (H).

Remark 5.2 Let K be a real Hilbert space and let Π = (π, γ) be an affine isometric action of G in K. Consider complexification KC and representation Exp of Isom (KC). Then (see (5.2)) Exp ∘ Π is linear (nonprojective !) representation of G.

Application of this construction to locally compact groups gives extremely reducible representations of G (the boson Fock space is so large and the group G is so small!). In the next subsection we briefly discuss some interpretations of this construction.

For infinite dimensional groups such constructions are more interesting, see [Ara], [VGG1-2], [Ism3-5], [Ols2], [Ols3], [Ner 1-2].

5.4 Conditionally positive definite functions, (see [Scho], [Gui1], [Mar], [PS] [HV]). Let G be a topological group. Denote by P(G) the set which elements are triples (H, π, σ) where

i) H is a Hilbert space ii) π is a unitary representation of G in H iii) σ ∈ H is G-cyclic vector.

We say that triples (H, π, σ) and (H^′, π^′, σ^′) are equivalent if there exists a G-intertwining unitary operator U : H → H^′ such that U σ = σ. Let P = (H, π, σ), P^′ = (H^′, π^′, σ^′) ∈ P(G). Let us define the product P P^′ = (H^{′′}, π^{′′}, σ^{′′}). For this consider the triple (H ⊗ H^′, π ⊗ π^′, σ ⊗ σ^′) Let H^{′′} be G-cyclic span of the vector σ⊗σ^′, π^{′′} be restriction of representation π⊗π^′ on H^{′′} and σ^{′′} = σ⊗σ^′ ∈ H^{′′}. It is well-known that the semigroup P(G) is isomorphic to the (multiplicative) semigroup R(G) of all positive definite functions on G (Gelfand–Naimark–Segal construction, see [Dix],13.4).

Recall that a continuous function ψ : G → C is called positive definite if for each g1, . . . , gn ∈ G the hermitian form Q(h1, . . . , hn) = n∑ i,j=1 ψ(g^{−1}_i gj )hihj is nonnegative defined (see [Dix], 13.4). Let (H, π, σ) ∈ P(G). Then ψ(g) = ⟨π(g)σ, σ⟩H is an element of R(G) and the correspondense P(G) ↔ R(G) is bijective.

We are interested by 1-parametric semigroups in P(G), i.e. families P (t) ∈ P(G), t ≥ 0 such that

P (t1 + t2) = P (t1)P (t2)

Example 5.3. Let G = ŜL2(R) be the universal covering of SL2(R). Let πt be the representation of G in the space of holomorphic functions in the disc |z| < 1 given by the formula πt ( a b b̄ ā ) f(z) = f ( az + b b̄z + ā ) (b̄z + ā)^{−t} If t > 0 then the representation πt is unitary in some scalar product. Let Ht be the corresponding Hilbert space and σt = σt(z) = 1. Then P(t) = (Ht, πt, σt) be the one-parametric subsemigroup in P(SL2(R)). We also have ⟨πt ( a b b̄ ā ) 1, 1⟩ = ā^{−t} Consider an one-parametric semigroup P (t) in P(G). Let ψt be the corresponding family R(G). Evidently ψt(g) has a form ψt(g) = exp(−t · φ(g)) where φ is a function on G. There arises the natural question: describe functions φ(g) such that functions exp(−t·φ(g)) are positive definite for all t > 0 ? The answer is well-known (see [Scho]), this are the so-called conditionally positive definite functions. Recall that a continuous function φ on G is called conditionally positive definite (or negative definite) if for each g1, . . . , gn ∈ G the hermitian form Q(h1, . . . , hn) = ∑ i,j ϕ(g^{−1}_i gj )hihj is nonpositive definite on the hyperplane h1 + . . . + hn = 0. Remark 5.4. The description of all conditionally positive definite functions on R is given by the classical Levy-Khinchin theorem (see [Shi],III.5). For nonabel groups the question on analogy of Levy-Khinchin theorem have two completely different versions: the question on infinitely divisible elements in semigroup M(G) of probabilistic measures (see [Hey]) and question on infinitely divisible representations.

5.5. Conditionally positive definite functions and affine isometric actions. Consider an affine isometric action of a group G on a real Hilbert space H:

Π(g)v = π(g)v + γ(g) (5.3) It is easy to prove that φ(g) =‖ γ(g) ‖^2 is a conditionally positive definite function satisfying the conditions a) φ(g) is real b) φ(e) = 0 c) φ(g) = φ(g^{−1}) Inversely, let φ be a conditionally positive definite function satisfying the conditions a) - c). Then where exist a unique real action (5.3) such that a) φ(g) =‖ γ(g) ‖^2 b) There are no G-invariant closed linear subspaces in H. The construction is simple. Conditions (0.3)-(0.4) imply ‖γ(g^{−1})‖ = ‖γ(g)‖^2 + ‖γ(h)‖^2 − 2⟨γ(h), γ(g)⟩ and hence we have to construct a hilbert space H and a system of vectors γ(h) such that ⟨γ(h), γ(g)⟩ = 1 2 (ϕ(g^{−1}h) − ϕ(g) − ϕ(h)) We omit details, see for instance [HV].

It is easy to describe a one-parametric semigroup P (t) ∈ P(G) corresponding to the semigroup exp(−t ‖ γ(g) ‖^2) in R(G). For this consider the representation Exp ∘ Π^√_t (see subsection 5.3) and the cyclic span of vacuum vectors.

6 Fock representation of the semigroup of probabilistic measures on a group

6.1 Construction of representation Let G be a topological group. Denote by M0(G) the semigroup of probabilistic measures on G with compact support. Denote by μ ∗ ν the convolution of measures. Consider an affine isometric action of G in a Hilbert space H: Π(g)v = π(g)v + γ(g) Theorem 6.1(see [Ner 2]). Let μ ∈ M0(G). Consider the operator L(μ) in the boson Fock space F (H) defined by the formula L(μ)f(z) = exp(d + ⟨u, c⟩)f(Az + b) where

A = A(μ) = ∫ G π(g)dμ (6.1) b = b(μ) = ∫ G γ(g)dμ) (6.2) c = c(μ) = ∫ G γ(g^{−1})dμ (6.3) d = d(μ) = − ∫ G ‖ γ(g) ‖^2 dμ (6.4)

Then a) L(μ)L(ν) = exp(i · Im⟨b(ν), c(μ)⟩) · L(μ ∗ ν) (6.5) b) ‖ L(μ) ‖≤ 1 for each μ.

Hence we get a projective representation of the semigroup M0(G). We also get central extensions of M0(G) given by the formula (6.5).

6.2 Examples of central extensions. Let Π = (π, γ) be a complex affine isometric action (see subsection 2.5) of a group G. Then (by Theorem 6.1) we obtain the central extension of semigroup M0(G). The elements of this extension are pairs (μ, x) ∈ M0(G) × R and the product is given by the formula (μ, x) ∘ (ν, y) = (μ ∗ ν, x + y + σ(μ, ν)) where σ(μ, ν) = Im⟨b(ν), c(μ)⟩ = Im ∫ G ∫ G ⟨γ(g), γ(h^{−1})⟩dμ(g)dν(h) Example 6.2. Consider the case G = PSL2(R). The affine isometric action of G is defined in § 1. When using the formula (1.2) we obtain

σ(μ, ν) = −Im ∫ PSL2(R) ∫ PSL2(R) ln ( a(g1g2) a(g1)a(g2) ) dμ(g1)dν(g2) (6.6) Example 6.3.Let now G = Γn be the fundamental group of a sphere with n handles. Consider an embedding ψ : Γn → PSL2(R). Elements of M0(Γn) are finite linear combinations Σ pj δ(gj ), where pj > 0, Σ pj = 1 and δ(gj ) is the unit measure supported in the point gj ∈ Γ. Then the cocycle is given by the formula

σ( M∑ j=1 pj δ(gj ), N∑ k=1 qkδ(hk)) = Im ∑ ln a(ψ(gjhk)) a(ψ(gj ))a(ψ(hk)) pj qk (6.7)

Example 6.4. Let G ≃ Z^{2n} be a lattice in C^n . The cocycle on M0(G) is given by the formula σ( N∑ j=1 αj δ(σj ), M∑ k=1 α^′_kδ(σ^′_k)) = N∑ j=1 M∑ k=1 αj α^′_kIm ⟨σj , σ^′_k⟩ 6.3 Irreducibility.

Theorem 6.2. Let Π = (π, γ) be an irreducible isometric affine action of a group G. Let the unitary representation π doesn’t contain weakly the trivial representation of G. Then the representation L(μ) of the semigroup M0(G) is irreducible.

Proof. (I am using the argument communicated to me by Ismagilov). Denote by H the space of representation Π. Consider a measure μ ∈ M0(G) such that ‖ π(μ) ‖< 1, see proposition 2.7. Denote by μ^∘ the image of μ with respect to a map g → g^{−1} from G to itself. Let ν = μ^∘ ∗ μ (hence ν^∘ = ν). Consider the map Π̃(ν) : H → H given by the formula

Π̃(ν)v = ∫ G π(g)vdν(g) + ∫ G γ(g)dν(g) Let w ∈ H be the fixed point of the map Π̃(ν). Without loss of generality we assume w = 0. Hence 0 = ∫ G γ(g)dν(g) = ∫ G γ(g^{−1})dν(g^{−1}) = ∫ G γ(g^{−1})dν(g) and vectors b(ν) and c(ν) defined by (6.2)-(6.3) equals zero. Hence L(ν) has the form L(ν)f(z) = λ · f(A(ν)z) where λ ∈ C , and (A(ν))^∗ = A (ν^∘) = A(ν). Hence the vacuum vector 1 is the unique maximal vector of the operator L(ν). Hence each M0(G) -intertwining operator fixes the vacuum vector. It remains to prove that vector 1 is M0(G) -cyclic. It is quite simple, for details see [Ner 2],10.2.

7 Groups of automorphisms of bundle

7.1. The group B(G). Let X be a Lebesgue measure space with continuous measure μ such that μ(X) = 1. Recall that all such spaces are isomorphic to the segment [0, 1] equipped by the usual Lebesgue measure. Denote by Ams(X) the group of all measure preserving maps X → X.

Let G be a topological group. Denote by F(X, G) the group of all functions h : X → G such that there exist a compact set K ⊂ G (subset K depends on function h) satisfying the condition μ{x ∈ X : h(x) /∈ K} = 0. Denote by

B(G) = B(X, G)

the semidirect product of the group Ams(X) and the group F(X, G). Elements of B(G) are pairs (p(x), h(x)) ∈ Aut(x) × F(X, G) and the product is given by the formula

(p1(x), h1(x))(p2(x), h2(x)) = (p1(p2(x)); h1(p2(x)) · f2(h2(x))

7.2. Induced actions of the group B(G). Let a group G acts by transformations –(g) of a set M. Then the group B(G) act on X × M by transformations –^∘(p, h)(x, m) = (p(x), h(x)m)

7.3. Induced representations of the group B(G). Consider a unitary representation ρ of a group G in a Hilbert space H. Consider the space L^2(X, H) of all L^2-functions X → H, the scalar product in L^2(X, H) is given by the formula ⟨f1, f2⟩ = ∫ X (f1(x), f2(x))H dμ(x) Define the unitary representation ρ^∘ of B(G) in L^2(X, H) by the formula ρ^∘(p, h)f(x) = ρ(h(x))f(p(x)) where p ∈ Ams(X), h ∈ F(X, G). 7.4. Induced affine isometric actions of the group B(G). Consider an affine isometric action Π(g)v = π(g)v + γ(g) of a group G in a Hilbert space H. Define the affine isometric action Π^∘ = (π^∘, γ^∘) the group B(G) in the space L^2(X, H) by the formula

Π^∘(p, h)f(x) = π(h(x))f(p(x)) + γ(h(x)) (7.1) 7.5. Fock representations of the group B(G). (“Araki multiplicative integral”) Let a group G has a nontrivial affine isometric action Π = (π, γ). Consider the affine isometric action Π^∘ = (π^∘, γ^∘) given by the formula (7.1). Restriction of the representation Exp of the group Isom(L^2(X, H)) to the subgroup B(G) give projective unitary representation R = Exp ∘ Π^∘ of the group B(G) in the Fock space F (L^2(X, H)) given by the formula R(p, q)f(w) = f(Π^∘(p, q)w)× × exp [ − 1 2 ∫ X ‖ γ(q(x)) ‖^2 dμ(x) − ∫ X ⟨π(q(x))w(p(x)), γ(q(x))⟩H dμ(x)) ]

where w = w(x) ∈ L^2(X, H), f = f(w) ∈ F (L^2(X, H)). Using (5.2) we obtain R(p, q)R(p̃, q̃) = σ((p, q), (p̃, q̃)) · R((p, q) ∘ (p̃, q̃)) where

σ((p, q), (p̃, q̃)) = exp { i Im ∫ X ⟨π(q̃(x)) · γ(q(p̃(x)), γ(q̃(x))⟩Hdμ(x) } (7.2)

Araki multiplicative integral is the restriction of this representation to the subgroup F(X, G). On Araki multiplicative integral see [VGG1-2], [Ber2], [Del1-2].

7.6 Central extensions of B(G). Let a group G has a nontrivial action Π = (π, γ) on a complex Hilbert space H. Then in the preceding subsection we constructed the central extension B̂(G)_Π. The elements of this extension are triples (p, q, a) ∈ Ams(X) × F(X, G) × R and the multiplication is given by the formula (p, q, a) ∘ (p̃, q̃, ã) = (p̃ ∘ p, (q̃ ∘ p) · q̃, a + ã + λ((p, q); (p̃, q̃)) where λ(. . .) is the expression in curly brackets in (7.2).

Example 7.1. Let G = PSL2(R). Then with the notation of subsection 1.2 we have λ(p, q); (p̃, q̃)) = −Im ∫ X ln ( a(q̃(p(x))q(x)) a(q̃(p(x))a(q(x)) ) dμ(x) Let Γ be a lattice in PSL2(R). Then the central extension of B(Γ) is given by the same formula

Remark 7.2. The constructions of § 6 and § 7 are the parts of a more general construction obtained in [Ner 1], see also [Ner 2] (representations of the category of G-stochastic kernels).

7.7. Group of automorphisms of G-bundle. Let G be a group. Let X = M be a compact smooth manifold equipped by some smooth volume form ω (of course M is a Lebesgue measure space). Consider a vector Gbundle B over a manifold M. Denote by π the projection of the total space B to M. Let r : B → B be a measurable transformation. We say that r is an measurable automorphism of the bundle if

a) r maps fibres to fibres. Hence r induces the map r� : M → M b) the map r� preserves the measure on M c) for each m ∈ M the map of fibres

r : π^{−1}(m) → π^{−1}(r�(m))

is a element of the group G.

It is easy to see that the group of all measurable automorphisms of the bundle B is isomorphic to the group B(M, G).

Denote by B^∞[B] the group of smooth automorphisms of the fibre bundle B → M. Obviously

B^∞[B] ⊂ B(M, G)

. In many cases B^∞[B] is dense in the group B(M, G) in some natural sense and this implies that the restriction of Fock representation of B(M, G) to

B^∞[B] is irreducible.

Now we obtain a possibility to embed different groups G to the group

B^∞[B] and by such a way to construct unitary representations and central

extensions of B^∞[B] .

8 Constructions of representations of groups of diffeomorphisms of two-dimensional manifold

Here we want to construct several series of representations of groups of volume preserving diffeomorphisms of two-dimensional manifolds.

8.1 Construction with Jacoby matrix,see [Ner1]. Let M^2 be a compact two-dimensional manifold, let ω be a volume form on M^2. Let G = SDiff (M^2) be a group of all volume preserving and orientation preserving diffeomorphisms of M^2. Consider a volume preserving and orientation preserving smooth maps from some bounded domain Ω ⊂ R^2 to some open dense domain on M^2. For each q ∈ SDiff (M^2) consider a corresponding piecewise smooth map q̃ : Ω → Ω. Denote by D(q̃(x)) the Jacoby matrix of q̃(x) in the point x ∈ Ω. Then the formula q → (q̃; D(q̃(x)) (8.1) defines the embedding SDiff(M^2) → B(PSL2(R)). The image of SDiff(M^2) is dense in B(P SL2(R)) (see [Ner 1]).

Restricting the Fock representation (see subsection 7.5) of B(P SL2(R)) to SDiff(M^2) we obtain irreducible representation of SDiff(M^2). Analogically the central extension of B(PSL2(R)) (see subsection 7.6) induces the nontrivial central extension of SDiff(M^2).

Remark 8.1. Consider the tangent PSL2(R) -bundle B → M^2. The group SDiff(M^2) acts in B by the obvious way. The formula (8.1) is “coordinatization” of this action.

Remark 8.2 This construction of representation of SDiff(M^2) can be repeated for the group of volume preserving diffeomorphisms of 2-dimensional p-adic manifolds. I don’t know has it some sense or not.

8.2 Ismagilov’s embedding, see [Ism 2]. Let M be a connected and non simply connected compact manifold. Let ω be a volume form on M. Denote by SDiff(M) the group of all diffeomorphism of M preserving ω. Let D(M) be the connected component of SDiff(M^2) containing unity. Assume (for simplicity) that the fundamental group Γ of M has a trivial center.

Let M̃ be the universal covering over M. Then π : M̃ → M is a principle Γ -bundle over M. Let q ∈ D(M). Then there exists a unique covering diffeomorphism q̃ : M̃ → M̃ (π ∘ q̃ = q ∘ π). Hence we get a (continuous) action of the group D(M) in Γ-principle bundle π : M̃ → M.

So we obtain the embedding

D(M) → B(M, Γ) (8.2)

Theorem 8.3.([Ism 2]) The image of D(M) in B(M, Γ) is dense. Now we will give another description of the same embedding. For this consider a compact fundamental domain M^∗ ⊂ M̃ (i.e. ⋃ g_i∈Γ giM ∗ = M̃; M^∗ ∩ giM^∗ has zero measure for all gi ≠ e). Let q ∈ D(M). Define the function λq(x) : M^∗ → Γ by the condition λq(x) = h ⇔ q̃x ∈ hM^∗ Then the embedding D(M) → B(M^∗, Γ) is given by the formula q → (q̃, λq(x)). By remarks from ss.7.2-7.3 each action of Γ induces the action of D(M), each unitary representation of Γ induces the unitary representation of D(M). Each affine isometric action of Γ induces an affine isometric action of D(M) and representation of the group D(M) in the boson Fock space.

8.3. Action of group D on 3-dimensional manifolds. Let Mn be a sphere with n handles (n > 1). Then its universal covering M̃n is the Lobachevskii plane H^2.

Consider an embedding λ : Γ → PSL2(R). The group PSL2(R) acts on the circle S^1. Let us restrict this action to the subgroup Γ. Concider embedding (8.2) and the induced action (see ss.7.2) of the group D(Mn). In other words consider the S^1-bundle ϕ : R → Mn induced from the principal Γ -bundle H → Mn and consider the action of D(Mn) in the space R. The space R is a 3-dimensional manifold, orbits of the group D(M) in R are 2-dimensional submanifolds of R isomorphic to H^2. Each D(M)-orbit O is dense in R (and the intersection of O with each fibre ϕ^{−1}(m) ≃ S^1 is a dense subset in the fibre).

Consider the natural unitary representation of D(M) in L^2(R): Lλ(q)f(x) = f(qx) · I(q, x)^{1/2} where x ∈ R, q ∈ D(M), I(q, x) is the Jacobian of the map x → qx.

Proposition 8.4. The representation Lλ is irreducible. If the embeddings λ, λ^′ : Γ → PSL2(R) are not conjugate then the representations Lλ, L_λ′ are not equivalent.

Proof. It is the partial case of the Proposition 8.7 (see below). This corresponds to one of the points of principal series representation of PSL2(R).� Let π be an irreducible unitary representation of PSL2(R). Consider the representation Lλ,π of D(M) induced from the restriction π|Γ.

Proposition 8.5.

a) Let π be not a representation of discrete series. Then Lλ,π is irreducible. b) Let π, π^′ are not representation of discrete series. Then Lλ,π = L_λ′_{,π}′ , only in the case π = π^′ and λ is conjugate to λ^′.

c) Let π be a representation of discrete series. Then Lλ,π be a type II1 factor-representation.

Proof. It is a corollary of theorem 8.5 and theorems 3.1-3.3. � 8.4.Induced affine actions. Let us consider an affine action Πs of PSL2(R) (see § 1) and its restriction to Γ. Then we obtain a representation of D(M) in the boson Fock space. Doubtless this representation is irreducible by I don’t know the precise proof of this (the theorem 8.3 is not quite enough for the proof).

Problem 8.6. Representation of B(PSL2(R)) induced from affine isometric action of the group PSL2(R) is projective. We restrict this representation to the group D(M) and hence we obtain central extensions of D(M) enumerated by the points of Teichmüller space. But I don’t know are these central extensions nontrivial?

8.5.Constructions of representations of groups of diffeomorphisms which use p-adic numbers. Consider a sphere S^2 with volume form ω. Fix points m1, m2, . . . , ml ∈ S^2. Consider the group D̃(S^2, m) of all volume preserving diffeomorphisms of S^2 which fix points m1, m2, . . . , ml. Let D(S^2, m) be the connected component of unit in the group D̃(S^2(m). The fundamental group π1(S^2 \ {m1, m2, . . . , ml} is a free group Fl−1.

Consider the group PSL2(K) over nonarchimedian local field K. Let us embedd the group Fl−1 to PSL2(K) by such a way that image is a lattice.

The group PSL2(K) acts on a projective line PK^1 . Consider the restriction of this action to Γ and consider the induced action of D(S^2, m). For this consider the bundle ϕ : R → S^2 \ {m1, . . . , ml} associated with principal Γ -bundle H^2 = R → S^2 \ {m1, . . . , ml}. We get a topological space with ergodic action of D(S^2, m). Each D(S^2, m) orbit O is again isomorphic to the Lobachevskii plane and the intersection of O with each fibre of the bundle is dense in a fibre.

Now we can apply induction procedure.

8.6. Once more costruction. The factor-group Γm/[Γm, Γm] is isomorphic to the cyclic group Z^{2m}. Consider an action of Z^{2m} on C^m by translations. It is an affine isometric action and each such action induces the representation of D(M) in boson Fock space and the central extension of D(M).

9 On central extensions of groups of automorphisms of bundles

In sections 6-8 we constructed some unitary representations and some central extensions of some groups. It appears that these central extensions exist in more general situation (when affine isometric actions itself don’t exist).

9.1. Central extensions of group B(Sp(2n, R)). Consider space R^{2n}

equipped with skew-symmetric form defined by the matrix ( 0 1 −1 0 ) . De-

note by Sp(2n, R) the group of operators in R^{2n} which preserve this form.

These operators g = ( a b c d ) satisfies the condition ( a b c d ) ( 0 1 −1 0 ) ( a b c d )_t = ( 0 1 −1 0 )

Let g be a element of Sp(2n, R). Consider matrix ( Φ Ψ Ψ Φ ) := ( 1 i i 1 ) ( a b c d ) ( 1 i i 1 )_{−1} (9.1)

We denote n × n-matrix Φ = Φ(g) as left upper block of the matrix (9.1):

Φ(g) = Φ {( a b c d )}

Consider function τ : Sp(2n, R) × Sp(2n, R) → R given by the formula

τ(g1, g2) = Im tr ln{Φ(g1)^{−1}Φ(g1g2)Φ(g2)^{−1}}

Remark 9.1. Denote the matrix in curly brackets by N. Then ‖N −1‖ < 1 and hence logarithm of matrix is well-defined.

Let (p1, , h1), (p2, h2) be elements of group B(Sp(2n, R)). We define an expression

c((p1, , h1); (p2, h2)) = ∫ X τ(h1(p2(x)), h2(x))dμ(x) Theorem 9.2.Expression τ is 2-cocycle on the group B(Sp(2n, R)). Remark. Analogical construction exists for the groups B(U(p, q)) and

B(SO^∗(2n)).

9.2. Central extensions of groups of symplectomorphisms. Let M be a compact n-dimensional manifold equipped with symplectic form ω. Let SYMP(M, ω) be the group of all diffeomorphisms of M preserving the form ω. The group SYMP(M, ω) acts on tangent bundle to M hence we obtain embedding of SYMP(M, ω) to the group B(Sp(2n, R)) and this embedding induces some central extension of SYMP(M, ω). We will give description of this extension in coordinates.

Consider some dense open domain Ξ ⊂ M such that Ξ is symplecticaly equivalent to some domain Ω ⊂ R^n . Now we can consider elements of SYMP as transformations of Ω. Let g ∈ SYMP, x ∈ Ω. Denote by J(g, x) Jacoby matrix of the map J in the point x. Then 2-cocycle on SYMP is given by the formula τ(g1, g2) = ∫ Ω τ(J(g1, g2(x)), J(g2(x))ω^n Proposition 9.3. Central extension defined by the 2-cocycle doesn’t depend on coordinate system on M.

Generally speaking this extension is not trivial, but I don’t know theorem which ca be considered as quite satisfactory.

10 Immobile sets and immobile functions

10.1. Immobile sets. Consider a group Γ acting on countable set M. Let A ⊂ M be a subset. We say that subset A is immobile if for each g ∈ Γ the set A △ gA is finite (where B △ C := (B \ C) ∪ (C \ B) is a symmetric sum of the sets).

Let a group G acts by measure preserving transformations on space M with infinite measure μ. We say that subset A ⊂ M is immobile if μ(A △ gA) < ∞ . Let A be immobile set and μ(A △ A^′) < ∞. Obviously the set A^′ also is immobile. We say that immobile sets A and A^′ are equivalent if μ(A △ A^′) < ∞ . Obviously if A and B are immobile sets then A ∪ B and A ∩ B are also immobile sets.

Example 10.1. Consider a quadratic form x^2_1 + x^2 − x^2_3 in R^3 . Consider the group O(2, 1) of all linear transformations preserving this form. Let G = SO0(2, 1) be the connected component of unit in SO(2, 1), see above ss.1.2. Let M be a one-sheet hyperboloid

x^2_1 + x^2 − x^2_3 = 1 and μ be a SO0(2, 1)-nvariant measure on M. Then the subset {x > 0} is SO0(2, 1)-immobile.

Example 10.2. Consider the cylindr

M : x^2_1 + x^2 = 1

in R^3 . Consider function h(m) = x3 on M. Let G be the group of diffeomor-

phisms g : M → M satisfying condition: h(m) → +∞ implies h(gm) → +∞. Then the set {x3 > 0} is G-immobile.

Consider a finitely generated discrete group Γ acting on countable set M. Let h1, . . . , hp be generators of the group Γ. Consider the Cayley graph T (Γ, M) of our action. Vertices of T (Γ, M) are points of M. Edges have the form [m, hj m] where m ∈ M and hj are generators.

Proposition 10.3 A set A ⊂ M is immobile iff there exist only finite number of edges joining A and M \ A.

Proof: obvious.

Let Fn be the free group with n generators h1, . . . , hn. Fix a element v = h^{ε1}_{i1} . . . h^{εk}_{ik} ∈ Fn. Let X(v) ⊂ Fn be the set of all irreducible words in Fn having the form wv = wh^{ε1}_{i1} . . . h^{εk}_{ik} Proposition 10.4. Consider the left action of the group Fn on itself.

Then the boolean algebra Ω of all immobile sets is generated by the sets X(v).

Proof. It is a corollary of proposition 10.3.

10.2. Immobile functions. Consider a group G acting on a countable set M. We say that a function r on M is immobile if for each g ∈ Γ we have ∑ m∈M |r(gm) − r(m)|^2 < ∞ Example 10.5. Let A ⊂ M be a immobile set. Then the function χ(m) = { 1, m ∈ M 2, m /∈ M is immobile.

Let the group Γ be finitely generated. Consider Cayley graph T (G, M) of our action.

Proposition 10.6. Function r on M is immobile iff ∑ [m,m^′ ]∈Edge(T (G,M)) |r(m) − r(m^′)|^2 < ∞

Proof. Obvious.

Let r be immobile function. Then the formula Π(g)f(m) = f(m) + (r(gm) − r(m)) defines affine isometric action of the group Γ in the space l2(M).

Remark 10.7. We want to describe the same action by another way. Fix immobile function r. Consider the space of functions f on M satisfying the condition ∑ m |f(m) − r(m)|^2 < ∞ Then H has a natural structure of an affine hilbert space. The group Γ acts in H by the transformations Π(g)f(m) = f(gm) .

10.3. On the cohomology group H^1(Γ, l2(Γ)), see above question 0.2. Consider a discrete group Γ and the right regular representation of Γ in l2(Γ). Consider all affine actions of Γ in l2(Γ) having the form Π(h)f(g) = f(hg) + γg(h) Proposition 10.8. The cocycle γg has the form γg(h) = r(hg) − r(h) where r is immobile function on Γ.

Proof. By the condition (0.3) γqg (h) = γg(qh) + γq(h) Assume h = e. Then γg(q) = γqg(e) − γ(e) and we obtain r(q) = γq(e) . The case Γ = Fn.^2 We want to describe the group H^1(Fn, l2(Fn)). The Cayley graph of action of the group Fn on itself is the Bruhat–Tits tree T2n−1. Consider the space of functions on the set Vert(T2n−1) such that ∑ [p_j ,q_j ]∈Edge(T2_{n−}1) |f(pj ) − f(qj )|^2 < ∞

It is the space l^±_2 (Edge^∗) defined in ss.1.5. We have to describe quotient space

l^±_2 (Edge^∗)/Im▽

But this space is kerH. We obtain following theorem

Theorem 10.9.There exist canonical isomorphism between the space H^1(Fn, l2(Fn)) and the space kerH = imP described in ss.1.5.

References

[AHT ] Albeverio S., Hoegh-Krohn R., Testard D. Irreducibility and reducibility for the energy representations of the group of mappings of a Riemann manifold to a compact semisimple Lie group , J. Funct. Anal. 41 , 1981 , p. 378-396 [AS ] Atiyah M., Schmid W. A geometric construction of the discrete series for semisimple Lie groups , Inv. math. 42 , 1977 , p. 1-62 [Ara ] Araki H. Factorizable representations of current algebra , Publ. RIMS, Kyoto Univ., t.5 , 1970 , p. 361-422 [BV] Bekka M.E.B., Valette A., it to appear [Ber1] Berezin F.A. Method of second quantization, Moskow, Nauka,1966 (Russian), English translation:Academic Press, 1967 [Ber2] Berezin F.A. Representations of the infinite direct product of universal coverings of isometry groups of the complex ball, Rep.Math.Phys, 9, 1976, 15–30 [BS ] Bishop C., Steger T. Representation theoretic rigidity in PSL2(R) , Acta Math., 170 , 1993 , p. 121-149 [BT] Bruhat F, Tits J. Groupes algebraiques simples sur un corpes local, in Proc. Conf. Local field, p.23–36, Springer, 1967.

2When this paper was in preparation I find a preprint of Bekka and La Valette [BV] which contains more general result that a theorem 10.9 formulated below.

[CM ] Culler M., Morgan J.W. Group actions on R-trees , Proc. Lond. Math.

Soc., 55 , 1987 , p. 571-604 [Chi ] Chiswell L. Abstract length function on groups , Math. Proc. Cambridge Phil. Soc. 80 , 1976 , p. 451-463 [CS ] Cowling M., Steger T. Irreducibility of restrictions of unitary representation to lattices , J. Reine Angew. Math., 420 , 1991 , p. 85-98 [Del1 ] Delorme P. 1-cohomologie des representations unitares des groupes de Lie semisimples et resolubles , Bull. Soc. Math. France 105 , 1977 , p. 281-336 [Del2 ] Delorme P. Irreducibilté de certaines representations de G^X , J. Funct.

Anal. 30 , 1978 , p. 36-47 [Dix ] Dixmier J. C^∗-algebras , North. Holland Publ. Comp. , 1982 [FK] Faraut J., Koranyi A. Analysis on symmetric cones. Oxford University Press, 1994.

[FTP] Figa-Talamanca A., Picardello M.A. Spherical functions and harmonic analysis on free groups, J.Funct.Anal.47, 1982, 281-304.

[FTN] Figa-Talamanca A., Nebbia C. Harmonic analysis and representation theory for groups acting on homogeneous trees, Cambridge Univ.Press, 1991.

[Fock] Fock V.V. Dual Teichmuller spaces, preprint dg-ga 9702018 [GHJ ] Goodman F.M., de la Harpe P., Jones V.F.B. Coxeter graphs and towers of algebras , Springer , 1989 [Gui1 ] Guichardet A. Symmetric Hilbert spaces and related topics , Lect.

Notes Math. , 1972 , Springer [Gui2 ] Guichardet A. Cohomologie des groupes topologiques et des algebres de Lie , Paris, CEDIC , 1980 [HV] de la Harpe,P, Valette A. La propriete (T ) de Kazhdan pour les groupes localement compacts Asterisque, 175, 1989.

[Hey] Heyer H. Probabilistic measures on locally compact groups, Springer, 1977.

[Ism1] Ismagilov R.S. Elementary spherical functions on the group SL(2, P ) over a field P which is not locally compact, with respect to the subgroup of matrices with integral elements, Izv.Akad.Nauk SSSR ser. mat,, 31, 1967, 361-390(Russian); English translation in Math USSR Izvestiya, v1, 1967 [Ism2] Ismagilov R.S. Representations of SL2(P ) where P is not locally compact, Funct. Anal Prilozh., 7, 1973, 4, p.85-86.

[Ism 3 ] Ismagilov R.S. On unitary representations of the group C^∞(K, SU(2)) , Mat. Sbornik, 100, N1 , 1976 , p. 117-131 (Russian); English translation in Math. USSR, Sbornik [Ism4 ] Ismagilov R.S. Embeddings of the group of measure preserving diffeomorphisms to a semidirect product and unitary representations , Mat. Sbornik 113, N1 , 1980 [Ism5] Ismagilov R.S. Representations of infinite dimensional groups, American mathematical society, Translations,152, 1996.

[Kar ] Karpushev S.I. On irreducibility of multiplicative integral representations , Vestnik Leningr. Univ., Ser. mat., v. 7, N2 , 1981 , p. 37-42 [Kaz ] Kazhdan D.A. On the connection between the dual space of the group and the structure of its closed subgroups , Funkts. Anal. i. Prilozh , 1966 v.1, (Russian); English translation in Funct. Anal. Appl. 1 (1967) , p. 63-65 [Mar ] Margulis G.A. Discrete subgroups of semisimple Lie groups , Springer , 1991

[Mor ] Morgan J.W. Groups actions on trees and the compactification of the space of classes of SO(n, 1) -representations , Topology 25 , 1986 , p. 1-33 [MS ] Morgan J.W., Shalen P.B. Valuations, trees, and degenerations of hyperbolic structures , I. Ann. Math. 120 , 1984 , p. 401-476 [Ner1 ] Neretin Yu. A. Categories of bistochastic measures and representations of some infinite dimensional groups , Mat. Sbornik, 183, 2 , 1992 , p. 52- 76 (Russian) English translation in Math. USSR Sbornik [Ner2 ] Neretin Yu. A.Categories of symmetries and infinite dimensional groups, Oxford University Press, 1996.

[Ols1 ] Olshanskii G.I. Classification of irreducible representations of the groups of automorphisms of Bruhat-Tits trees , Funkts. Anal. i Prilozh., v. 11, N1 , 1977 , p. 32-42 (Russian); English translation Funct. Anal. Appl., 11 (1978) [Ols2 ] Olshanskii G.I. New large groups of type I , in “Sovremennye problemy matematiki”, v. 16 , 1980 , p. 31-52 (Russian); English translation in J. Sov. Math. 18 (1982), 22-39 [Ols3 ] Olshanskii G.I. Unitary representations of infinite-dimensional pairs (G, K) and the formalism of Howe , in “Representations of Lie groups and related topics”, Gordon and Breach , 1990 , p. 269-464 [Par ] Parry W. Axioms for translation length functions , In Arboreal group theory, Alperin R.C. (editor) , p. 295-330 [PS ] Parthasarathy K. Schmidt K. Positive definite kernels, continuous tensor products and central limit theorems in probability theory , Lect. Notes in Math., v. 272, Springer , 1972 [PH] Penner R.C., Harer J.L. Combinatorics of train tracks, Prinston Univ.

Press, 1992.

[Rud] Rudin W. Functional analysis, Mg.-Hill Book Co., NY, 1973. [Sch ] Schoenberg I.J. Metric spaces and positive definite functions , Trans.

AMS 44 , 1938 , p. 522-536 [Ser1] Serre J.P. Amalgames et point fixes, Lect.Notes Math., 372, 1973, 633- 640 [Ser2 ] Serre J.P. Arbres, amalgames, SL2 , Soc. Math. France. Asterisque 46 , 1977 [Sha1 ] Shalen, P.B. Dendrology of groups: an introduction in “Essays in Group Theory”, Ed. Gersten S.M., MSPI Publications 8 , 1987 , Springer [Sha2] Shalen P. Dendrology and its applications, in Group thery from geometric viewpoint(Triest 1990), p. 543-616, World Sci., 1992 [Shi] Shiryaev A.N. Probability. Moscow, Nauka, 1979,; English translation Springer, 1984.

[Tit] Tits J. A theorem of Lie-Kolchin for trees, in Contributions to algebra (collection of papers dedicated to Ellis Kolchin), p.377-388, Acad.Press, New York, 1977 [Thu ] Thurston W.P. On the geometry and dynamics of surface homeomorphisms , preprint, 1976; Bull. AMS 19(1988), 417-431.

[VGG1 ] Vershik A.M., Gelfand I.M., Graev M.I. Representations of SL(2, R) where R is a ring of functions , Uspehi. Mat. Nauk, 28, N5, (1973), 83- 128. (Russian); English translation: Russian Math. Surveys, 285 (1973), 87-132 [VGG2 ] Vershik A.M., Gelfand I.M., Graev M.I. Models of representations of current groups , in “Representations of Lie groups and Lie algebras”, Kirillov A.A. (editor), Budapest, Academiai Kiado , 1985 , p. 121-180

[VK ] Vershik A.M., Karpushev S.I. Cohomology of groups with coefficients in unitary representations, a neighbourhood of unite and conditionally positive definite functions , Mat. Sbornik, 108 , 1982 (Russian). English translation: Math. USSR. Sbornik

[VDN] Voiculescu D.V., Dykema K.J., Nica A. Free random variables, American Mathematical Society, Providense, 1992.