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Abstract

We study the von Neumann algebra, generated by the regular representations of the
infinite-dimensional nilpotent group BZ. In [14] a condition have been found on the
measure for the right von Neumann algebra to be the commutant of the left one. In
the present article, we prove that, in this case, the von Neumann algebra generated
by the regular representations of group BOZ is the type III; hyperfinite factor.

We use a technique, developed in [20] where a similar result was proved for the
group Bg]. The crossed product allows us to remove some technical condition on the
measure used in [20].
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1 Introduction

We study the von Neumann algebra, generated by the regular representations
of the infinite-dimensional nilpotent group BZ. The conditions of irreducibility
of the regular and quasiregular representations of infinite-dimensional groups
(associated with some quasi-invariant Gaussian measures ;) are given by the
so-called Ismagilov conjecture (see [11-13]). In this case the corresponding von
Neumann algebra is a type I, factor. In [14] a condition have been found on
the measure for the right von Neumann algebra to be the commutant of the
left one.

In the present article, we prove that, in this case, the von Neumann algebra
generated by the regular representations of the infinite-dimensional nilpotent
group BZ is the type III; hyperfinite factor. Moreover this factor is unique.



We recall that the first examples of a non-type I factor, namely a type II;
factor, were also obtained by Murray and von Neumann as von Neumann
algebra generated by the regular representation of a discrete ICC group (i.e.
the group for which all conjugacy classes are infinite, except the trivial one) We
shall show that the regular representations of non-discrete infinite-dimensional
groups provide examples of non-type I or II, but type III factors, namely the
type I11;.

2 Regular representations

Let us consider the group G = BZ of all upper-triangular real matrices of
infinite order with units on the diagonal

é:BZ:{I+x|x: Z Tin Frn },

kn€Zk<n

and its subgroup
G =B ={I +x € B”| zis finite},

where Ej,, is an infinite-dimensional matrix with 1 at the place k,n € Z and
zeros elsewhere, © = (Typ)k<n 18 finite means that g, = 0 for all (k,n) except
for a finite number of indices k,n € Z.

Obviously, BY = lim B(2n—1,R) is the inductive limit of the group B(2n —
1,R) of real upper-triangular matrices with units on the principal diagonal
realized in the following form

B(QTL - 17R) - {I+ Z xkrEkr | Tgr € R}, ne N’

—n+1<k<r<n-—1

with respect to the symmetric imbedding

B@2n—-1,R)sz—*(x) =2+ E_, _, + E,, € B2n+ 1, R).

We define the Gaussian measure 1, on the group B% in the following way

din(2) = @pnez. ken(bin /)% exp(—brn @2, ) dTrn = Oknez. kenditn,, (Tin),
(1)

where b = (bg,)g<n is some set of positive numbers by, > 0, k,n € Z.

Let us denote by R and L the right and the left action of the group BZ on
itself: Ry(s) = st Li(s)=ts, s,t € BZ and by ® : BZ + BZ, &([ + ) :=
(I +2)~! the inverse mapping. It is known [17,19] that



Lemma 1 pi* ~ puy V¥t € BY if and only if SE (b) < oo, Vk,n € Z, k < n
where

Sen(b) = 32 = (2)

T=—00

Lemma 2 pit ~ py Vt € B? if and only if Sk (b) < oo, Vk,n € Z, k < n,
where

Sh= > 6

m=n+1 "M
Lemma 3 ,ubL”tE’“" 1y Vt € R\{0} & SE (b)) =00, k,n€Z, k<n.

Let us denote

bkr
bnr

L Enb)= Y bt . m e Z. (4)

k<n<r<m bk"b"”’

E(b) =

k<n<r bk”
Lemma 4 [15] If E(b) < oo, then uf ~ .

Remark 5 [15] If uf ~ py then pit ~ py < pit ~ py Vt € B2

PROQOF. This follows from the fact that the inversion ® replace the right
and the left action: R, o ® = ® o L; Vt € B%. Indeed, if we denote u/(C) =
pu(f~H(C)) for a measurable set C, we have (u/)? = p/°9. Hence

 ~ iyt~ (ppt)® = " =yttt = ()t~ ', Yt € By

|

Remark 6 We have

SE (b SE (b SE(p
k<n kn k<n kn k<n<m kn
Indeed oL . ) )
kn kr kr
- = 50)
% bkn ;KZM;H bkn nr k<z< blmbnr
n—1 b . nr
IR
n<r 7“”“ k=—00 kn n<r

If ,ubRt ~ up and uft ~ p Vt € BZ, one can define in a natural way (see
[11,12]), an analogue of the right 7% and the left T*® regular representations
of the group B% in the Hilbert space Hy, = L?(BZ, 1)

TR THY BE — U(H, = L*(B*, 1)),



(T f)(x) = (dus(t) [dp (x)) 2 [ (at),
(TS F)(@) = (dp(s™ ) [dpp(@)) 2 f (571 2).

3 Von Neumann algebras

Let AR = (T | t € BZ)" (resp. AX* = (TFY | s € BZ)") be the von
Neumann algebras generated by the right T#? (resp. the left T5%) regular
representation of the group BE.

Theorem 7 [14] (The commutation theorem) If E(b) < oo then pf ~ . In
this case the right and the left reqular representations are well defined and the
commutation theorem holds:

(Q[R,b)/ — Q[L,b. (6)
Moreover, the operator J,, given by

(o f) (@) = (dp(z™") ey () f7T) (7)
15 an intertwining operator:

T = J, T, t € BE and J, %470, = qALL,

If pi? ~ py Vt € BZ but it Ly, Vt € B¥\{e} one can’t define the left regular
representation of the group BZ. Moreover the following theorem holds

Theorem 8 [17] The right regular representation T : BL — U(Hy) is irre-
ducible if

(1) b+ L py Vs € BE\{0},

(2) the measure p, is BE right-ergodic,

(3) okn(b) = 00, Vk < n, k,n € Z, where

S D

(D) = D [SE (b) + bem][SE  (b) + bpm]

m=n+1

Remark 9 We do not know whether the Ismagilov conjecture holds in this
case, namely, whether conditions 1) and 2) of the theorem are the criteria
of the irreducibility of the representation T™® of the group BL as holds for
ezample for the group BY (see [11,12]).

Remark 10 We do not know the criterion of the BL-ergodicity of the measure
wy on the space BE. The sufficient conditions are the following E,,(b) < oo
for all m € Z.



Remark 11 The von Neumann algebra A®° is a type I, factor if the condi-
tions of the Theorem 8 are valid.

Let us assume now that uj* ~ p, ~ pit V¥t € BZ. In this case the right regular
representation and the left regular representation of the group BZ are well
defined.

In [15] the condition were studied when the von Neumann algebra A% is a
factor, i.e.

AL N (ALY = {AI|\ € C}.
Since T)"* € (A™) Yt € B?, we have AL ¢ (A™), hence

Q{R,b N (Q{R,b)/ C (QlL’b)/ N (Q[R,b)/ — (QlR’b U %L’b)/. (8)
The last relation shows that Af* is factor if the representation
BZ x BE 5 (t, ) — T[T ¢ U(H,)

is irreducible. Let us denote

RL - > bim
Sin (b) = m;ﬂ [SE.(b) + by [SE,, (b) + SE, (b)]

k < n. (9)

Theorem 12 [15] The representation
B% x BE > (t, s) — T[T ¢ U(H,)
is irreducible if S,i;L(b) = 00, Vk < n and the measure p, is BY right-ergodic.

Corollary 13 The von Neumann algebra A7? is factor ifS,ﬁ;L(b) =ooVk <n
and the measure p, is BE right-ergodic.

Remark 14 In what follows, we shall show that the condition E(b) < oo is
already sufficient for AR (and AX?) to be a factor.

4 Examples

In this section we give an example of a measure py,, b = (bgy)g<n for which
E(b) < oo, hence the representations 77 and TH° are well defined and the
commutation theorem (Theorem 7) for von Neumann algebras 2% and A%
holds. We show that the set b = (byp)g<n for which

E(b) < oo and hence Si (b) < oo, Sg (b) < o0 (10)

defined respectively by (4), (2) and (3), is not empty.



In the example (15) below for the particular case by, = (ax)™ we give some
sufficient conditions on the sequence a,, implying conditions (10).

Example 15 Let us take by, = (ax)", k,n € Z.

We have
k—1 b 0
SE(b) = Z = = Z a' " <ooif Y a, < oo, (11)
r=—00 Tk r=—00 r=—00
0 ay m a n+l o0 aj m aj n+1 1
-2 (@) -G @) -G ==
kn() m:zn+1 (7% an mZ:() Qp, (07% 1_% >
(12)
iff a;, < apy1, k € Z. Finally we get
Ly s kO ey L L
k=—o0 n=k+1 bkn k=—o0 n=k+1 1 - ZLL:GZ
n+1 1 [e%s) a (o) 1 n+1
Ya¥ () mre X iw 2 ()
k=—00 n=k+1 T an k=—o00 = a1 n=k+1 Qn
0o 1\ oo a 1\~ 2 1
<yt y (H) - X (i) -
k=—o00 ak+1 n=k+1 (k1 k=—o0 Aft1 (k+1 k41
o0 _QE 1 k+1
S )
a a
ko (1= g )" \ e

Example 16 Let us take by, = (ay)", k,n € Z where a, = s*, k € Z with
s> 1.

Conditions (10) hold for aj = s*. By (11) and (12) we have

SL (b) B % n+1 1 B 1 n+1 1 N 1 n+1
kn Y an 1— a — \ gn—k 1— 1L gn—k ’

an sn—k

k—1 ( " 0o 1
Sin T_Zooa - ,:ZOOS _21:_ k)
1-k
( 1 ) l (n—k)(k—1)
Sn k ]. - Snl—k
since
1 1
1 < —T

Using the latter equivalence we conclude that E(b) < co. Indeed we have

o
Sk
S SIS USSR S SENEE
k=—o0 n=k+1 kn k=—oco n= k+1 —00 n=k+1




0 00 o o 0 .
EEERR I R DD D o D DL gD D Sl
00 Sk 00 1 0 i 00 1 oo 1
+/§::1 SHF1)Z n%:ﬂ - k;ms n;m e k; T < %

5 Cyclycity

We prove that the function 1 € L?(B%, 1) is cyclic and separating for 2A%°
and AL if E(b) < co. We use a method similar to the proof of ergodicity of
iy (under the same condition) in [17], Lemma 4 by reducing the situation to
the case of BY ([20]).

Lemma 17 If E(b) < oo then the function 1 € L*(B% ) is cyclic and
separating for AL,

PROOF. First we prove that 1 is cyclic for A®*. For any m € Z we define
the subgroups B™ and B, of the group B? as follows:

B":={l+2€B"|z= ) zmEwm}

k<n<m

By ={l+z€B”|z= > z3,Em}

k<n,n>m

Obviously, B? is a semi-direct product of the two groups above (B, is a
normal subgroup of BZ) for any m:

BZ = By x B™, z=yx, z € BZ ye B(my, € B™.
Let fu,(m), py* be the projections of the measure p, on the above groups:

mo.__ .
My = ®k<n§m,ubkn> Mo, (m) = ®k<n,n>mlub;m~

Then we have

L2(BZ7/~Lb) = LQ(B(m)a ,ub,(m)) ® LQ(Bm7/~L£n)7 f(Z) = f(yl‘)

Furthermore let By (), B be the intersection of the above groups with BJ.
Now, fix an m € Z and consider a function f(z) = f(yz) € L*(BZ, ).
Further, suppose that

(f,al) =0, Vae A (13)



First we note that the points of B, are invariant under the right action R,
for all t € By". Indeed, we have for t € B*

Z Trilin = Tgp, N >m,
j=k+1

since t, = Ok, for n > m. We have for t € B}

(£, 1) / o ST )i o () 1)
= / F) T 1 ) o (1),

where

ful@) = [ () ds oy ()

Bm)
For the function f,, holds

(fn, T/*1),n = 0, Vt € By, (14)

where (., .),, denotes the restriction of the inner product (.,.) to L*(B™, ui").
Next, we define a bijection W : B™ — B,,, where B,, is the group

B, ={l+zz= Z TinEin} = BY,

m<k<n

':E;cn = (\P($))kn = To2m—n2m—k-
Note that ¥ are reflections around the axis k +n = 2m and if m = 0,
x}, = T_n_j. Now we continue with the equation (14):

dpiy* (1)

0= (fmaﬂR7b1)m:ém fm () M

duy' ()

dpy" " (t'a) v
— s ZE/ b d m, ZL‘/ ’
B, fm( ) dﬂl:n7@<$/) :ub ( )

where f¥ := f,, 0¥ and "7 (C) = " (¥(C)) for each Borel set C'. Since this
holds for all ¢ € By and hence all ¢’ € By, and B,, = BN,

0= [ FH@TF () = (7 T

where, more precisely, f¥ is interpreted as its image under the isomorphism
form B,, to BY and (.,.)y is the inner product on L?(BY, ). It also follows
(after taking the linear span and weak limits) that

(f;,g, al)y =0, Vac LN

10



where AN are the algebras generated by the left regular representation 7
of the group BZ. But 1 is cyclic for 24N by [20] and hence f¥(2') = 0 for
all # € B,,. Since V¥ is a bijection, hence we get f,,, = 0 for any m.

In addition we have f,, — f, when m — oo in L*(B%, 1) (see [17], Corollary
1). Thus f,, = 0 for all m € Z implies f = 0. Since f is arbitrary, using (13)
we conclude, that the set A1 is dense in L?(BZ%, i) and hence 1 is cyclic
for AL,

Now we turn to the separating property. We know that 1 is cyclic for A®?°.
We prove that the same holds for (A%%) = A%b. Thus, again consider f €
L?(BZ, 1) and assume

(f,b1) = 0,V¥b € A-L, (15)

Recall that E(b) < oo implies the existence of the intertwining operator J =
Ju,» which is anti-unitary. Then the following calculation holds:

(f, T/*1) = (JT/*"1, T f)

f(@=1)dpp()

:/ dpy(z=1) | dpy((2t)=1) | dpy(z1)
() N () dyn(a)

o dﬂb(tilxil) 1 -1
-/ “auie 1 TE Ndula™)

If we replace ! by  in the above integral we obtain (f,7;}%°1) = (f,T;*"1)
for all t € BZ. From (1) we know that (f,7;7"1) = 0 for all ¢t € B? implies
that f = 0. Hence (f, TtL’bl) = 0 for all ¢ € BZ also implies that f = 0 and
hence 1 is cyclic for A%, since we chose f arbitrarily. O

6 Modular operator

In this section we recall the construction of the modular operator for a locally
compact group and generalize it to the infinite-dimensional case. We recall [7]
(see also [20]) how to find the modular operator and the operator of canonical
conjugation for the von Neumann algebra 7, generated by the right regular
representation p of a locally compact Lie group G. Let h be a right invariant
Haar measure on G and

p, A G U(L*(G,h))

11



be the right and the left regular representations of the group G defined by
(pef)(x) = fat), (\f) () = (dh(t™ ) /dh(2) f(t™ 2).

To define the right Hilbert algebra on G we can proceed as follows. Let M (G) be
an algebra of all probability measures on G with convolution p * v determined

by
|t = [ [ fstydu(s)v(o).

We define the homomorphism
M(G) 3 ps g = [ prdplt) € BILAG. 1)),

We have ptp” = p**¥, indeed

P’ —/ pedp(t /psdl/ //ptsdu /pt prv)(t) = p".

Let us consider a subalgebra M (G) := {u € M(G) | v ~ h} of the algebra
My(G). In the case when p € My(G) we can associate with the measure
w1 its Rodon-Nikodim derivative du(t)/dh(t) = f(t). When f € C§°(G) or
f € LY(G) we can write

o = [ F®)pan()

hence we can replace the algebra M,(G) by its subalgebra identified with an
algebra of functions C5°(G) or LY(G, h) with convolutions.

If we replace the Haar measure h with some measure p € M,(G) we ob-
tain the isomorphic image T%* of the right regular representation p in the
space L2(G, pu): T/*" = Up, U~ where U : L2(G, h) — L*(G,u) defined by

(Uf)(x) = (gzgg)lﬂ f(z). We have

o)) V2
(T4 ) () = (CM ”) Flat),

dp(z)

and

T/ = [ PO du()
We have (see [4], p.462) (we shall write T} instead of TtR’“ )

S(r7) = (1) = [ FOTdut) = | O g st

o d#(tfl)i_l

- [ T
Hence (i1

(590 = 2 (16)




In the Tomita-Takesaki theory [22], Chapter VI, Lemma 1.2, the operator S
is defined for the von Neumann algebra M of operators on the Hilbert space
H by

H>zww— Srw=2x"w e H,

where x € M and w € H is cyclic (generating) and separating vector.

To calculate S* we use the fact that S is antilinear, i.e. (Sf, g) = (S*g, f). We
have

W) s mdn ) = [ FETa@dut
¢ du(ny | Detdu(t) = T g@dutt™)

:Laﬁﬁawwzw%ﬂ,

hence (S*g)(t) = g(t~1). Finally the modular operator A defined by A = S*S

has the following form (Af)(t) = dZ’é(f)l) f(t). Indeed we have

(Sf.9) =

50 _dp(t)
dp(t=1)

f(t).

Finally, since J = SA™Y/2 (see [4] p.462) we get

fo A (dmt—l) )“2 PR ( du(t))>1/2 i)

dp(t) du(t) \dp(t™!
_(du(t1)>1/2 =
- FE,
du(t)
1 1/2
o = (%) TE wa @ano = 0. an

To prove that JT**.J = T" we get

1) & (du(ml)yﬂf(x—l) i (dﬂb(ﬂ))” 2 <du<<wt>>

) s

dp(x) dp(x) dp(xt)

_ (N ey du(xl))“ (du<t>)/
_< W@)> ft-tz=1) <w@) )
(AN
- (D) ) = )

Remark 18 The representation T is the inductive limit of the represen-
tations T of the group B(m,R) where the measure i is the projection of
the measure p, onto subgroup B(m,R). Obviously w* is equivalent with the
Haar measure h,, on B(m,R).

13



7 Structure of von Neumann algebras and the flow of weights in-
variant of Connes and Takesaki

Let us denote as before M = AR = (TRY | s € BZY", b = (T}
We assume that

t € BYY".

E(b) < 0o, hence SE (b) < oo, and S{,(b) < oo.

We also note that from [17], Lemma 4 (see Remark 10) follows that the con-
dition E(b) < oo implies the ergodicity of the measure y;, with respect to the
right action.

From the previous section (see (17)) we conclude that the modular operator
A is defined as follows

(Af)(x) = dpp(z) /dp(x") f (). (18)

In the next section we shall prove that M (and hence M’) is a type III;
factor, without assuming further conditions on the measure. From our proof
immediately follows that M is a factor and we do not use the conditions (9).
In [20] the case of the group BY' was studied. There the author proved the
type III; property by directly showing that the fixed point algebra of M w.r.t.
the modular group is trivial. The idea was to prove that the one-parameter
groups generated by multiplication operators by the independent variables zy,,
are contained in the commutant of the fixed point algebra. This, together with
the fact that also all translations TtR’b,t € B} are in the latter commutant,
implies the triviality of this fixed point algebra. In the case of B%, however,
this method does not directly give the answer, because of the presence of
infinite sums (see later). In this paper, we came up with a different approach,
by making use of the flow of weights of a type III factor.

After the original classification of type II1I factors by Connes in 1973 ([2]), there
came an equivalent classification of type III factors using the flow of weights
invariant, which was concluded in the joint work of Connes and Takesaki
[5]. The definition of the flow of weights relies on the duality theory for von
Neumann algebras, which was discovered by Connes ([2]) and Takesaki ([21]).

Remark 19 (See [22], chap.X, §2) To a von Neumann algebra M with an
action o of a locally compact abelian group G one can associate another von
Neumann algebra N and an action 6 of the dual group G. The pair (N, 0) is
called the dual system.

For the case when M is a type III factor and o is the modular automorphism
group of a faithful semi-finite normal weight, this becomes an invariant, called
the non-commutative flow of weights. The pair (Cy, 6), where Cy is the center
of N, is called the flow of weights. In this section we review some basic facts

14



about the structure of von Neumann algebras and the flow of weights of a
type III factor. For more details we refer to e.g. [22].

Definition 20 A W*-dynamical system is a triple (M, o, G), where M is a
von Neumann algebra, G a locally compact group and o an action of G on

M by automorphisms, i.e. a strongly continuous homomorphism from G into
Aut(M).

A crossed product of (M, a, G) is defined as follows.

Definition 21 Consider the following representations of M and G on
L*(G,H) = L*(G) ® H, where H is the Hilbert space M acts on:

(Ta(2)§)(s) = o' (2)é(s), €M s€G,

(A& (s) =¢(t7's), siteG e LX(GH).
The representation (74, \) is covariant, i.e. mooas(x) = A(s)mo(x)A(s)*. Then
M x, G := (mo(M)UXG))"
is called the crossed product of (M, a, G).

When G is abelian we can define an action of G (the dual of G) on the crossed
product by the following formulas.

(1(P)€)(s) = (s,p)é(s), peG,

p(z) = p(p)zp(p)’, € M X G.
Let us denote U(s) = A(s) and V(p) = u(p), s € G,p € G. It follows that U
and V satisty the following relation:

U(s)V(p)U(s)"V(p)" = (s,p)- (19)

Definition 22 In general, a pair of unitary representations U of G and V
of G on the same Hilbert space 'H s said to be covariant if the commutation
relation (19) is satisfied. The commutation relation (19) is called the Weyl-
Heisenberg commutation relation.

In what follows we will need the following result for covariant representations
in a von Neumann algebra.

Proposition 23 ([22], Proposition 2.2) The covariant representation
{Aa, ua} generates the factor B(L*(G)) of all bounded operators on L*(G).

PROOF. For each f € L'(G), we define

V)= [ S0V (p)dp,

15



Then V is a *representation of L'(G), so that it can be extended to the
enveloping C*-algebra Cy(G) (the algebra of continuous functions vanishing
at infinity ' ). We shall denote the extended representation of Co(G) by V
again. In the case when V' = ug, we have that ug(f) is the multiplication by
f on L*(GQ) (f € Cy(G)). Hence the von Neumann algebra A generated by
{uc(f); f € Co(G)} is the multiplication algebra L>(G) on L*(G). So it is
maximal abelian (i.e. L>(G) = L*(G)). Now, we have

Aa($)na(f)Aa(s)" = pe(Asf), se€ G, [feL=(G),

where (Asf)(r) = f(r —s). Hence the operators A commuting with Ag(G) are
only scalars (the Haar measure dr is ergodic). Therefore,

{Xa(@),ue(@)) =C

so that {\g, g} is irreducible. O

The definition of the flow of weight relies on the following duality theorem of
Connes and Takesaki.

Theorem 24 ([2,21]) For a W*-dynamical system (M,«,G), where G is
abelian the following isomorphism holds:

(M x, G) x5 G = MRB(LYG)).

Definition 25 The representation ofG on LQ(G H) defined above is called
the dual representation to A. The action & ofG’ on the crossed product M=
M x,G is called the dual action and the resulting dynamical system (M, Q, G),
we call the dual system.

Later we will need a convenient description of the commutant of M. The
following theorem gives us the desired answer:

Theorem 26 ([22]) Consider a W*-dynamical system (M, G, «), where M
acts on 'H, G a locally compact group and « is implemented by a unitary one
parameter group V(s) on H, i.e. as(a) = V(s)aV(s)*, fora € M,s € G.
Define

(WE)(s) = V(s)€(s), €€ LG H).
Then the following holds

M, G = (WMW U)",

(M x4 G) = (M UWALW™" |

L A function f on G is said to vanish at infinity if given any e > 0, there is a
compact subset of G such that |f(z)| < € for = outside this subset
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where AY (resp. UL ) is the left (resp. the right) von Neumann algebra of G.

The following Theorem describes the so-called continuous decomposition of a
von Neumann algebra. It is crucial for the definition of flow of weights for type
IIT factors. From now on we set G = R and denote the W*-dynamial systen
(N,6,R) by (N,0).

Theorem 27 ([21,5]) (1) Let (N,0) be a W*-dynamical system such that
o N admits a faithful semi-finite normal trace T;
e 0 transforms in such a way that

Tol,=e°1, seR.

Then the crossed product M = N Xy R is properly infinite and the center
Cyr is precisely the fized point algebra C% of the center of N under the
canonical embedding of N into M (the representation my). Furthermore,
M s of type III (i.e. all the factors in the decomposition of M are of type
II1) if and only if the central dynamical system (Cy,0) does not contain
an invariant subalgebra A, such that the subsystem (A, 0) is isomorphic
to L>®(R) together with the translation action of R. In the case that M
is of type 111, N is necessarily of type Il (i.e. T(I) = c0).

(2) If M is a von Neumann algebra of type III, then there exists a unique,
up to conjugacy, covariant system (N, 0) satisfying the conditions of (1).

Moreover, the above theorem implies that M is a factor if and only if 6 is
centrally ergodic. Now we are ready to introduce the flow of weights. It was
discovered, in the context of the duality theory for von Neumann algebras, by
Connes in [2] and Takesaki in [21] and was studied in detail in their joint work

[5]-

Definition 28 The dynamical system (N,6,R), such that M = N x4 R is
called the non-commutative flow of weights, whereas (Cn,0,R) is called the
flow of weights associated to (M, o, R). By the above theorem it is an invariant
for the algebraic type of M.

Recall that in [2] Alain Connes classified type III factors with the following
invariant.
S(M) = () SpA,, (20)
pew
where W is the set of faithful normal semi-finite weights on M. S(M)\{0}
is a multiplicative subgroup of R, and subdivides type III factors into three
classes ([2]):

(1) When S(M) = [0,400), M is said to be of type III;
(2) When S(M) = {\"|n € Z} U {0}, where 0 < A < 1, M is said to be of
type 111,
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(3) When S(M) = {0,1}, M is said to be of type IIlj.

The following theorem states an equivalent description of the types in terms
of the flow of weights.

Theorem 29 ([5]) Let M be a factor of type III.

(1) M is of type IIL, if and only if the flow of weights is trivial, i.e. N is a
factor.

(2) M is of type Il if and only if N is not a factor and the flow of weights
has no period.

(8) M is of type III if and only if N is not a factor and T > 0 is the period
of the flow of weights,where X = e~ 1.

8 Type III; factor

For the von Neumann algebra M = 2% we shall prove that the corresponding
flow of weights is trivial , i.e. N is a factor. Using the theorem 29, we conclude
that M is then of type III;. [From Theorem 27 it follows, first of all that
M is a factor, since the center of M is contained in the center of its dual.
Moreover, by the same theorem, it is of type III, since there can not be a
non trivial subsystem isomorphic to L*(R) with the translation action on R.
Furthermore, by theorem 29, M is of type III;.]

Note that to prove the factor property we do not use the sufficient conditions
from Corollary 13. Now we state the main theorem.

Theorem 30 Consider the von Neumann algebra A%° generated by the right
regular representation T of BZ. Assume that E(b) < co. Let ¢(a) = (1,al)
be the faithful normal state on AR, associated to the cyclic and separating
vector 1, and o the corresponding modular automorphism group. Then the
dual algebra N := A% xR is a factor. Hence, A™? is a type III, factor. The
same holds for AP,

PROOF. On the space L*(R, L*(B%, u)) = L*(BZ x R, iy @ m) (m is the

Lebesgue measure) we define the operator W as follows

WHle) =2t = (D) o,

Denote N := M = M x, R. By Theorem 26, we have

N=WMW*U3), N =M UWALW™),
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hence
Cyn=NNN=(NUN') =WMW*UM UNXR)UWpR)W*). (22)
From (22) we see that C}y contains the following set of elements:
(WTEW*, T8 X(s), Wp(s)W5u € By, s € R). (23)

We would like to prove the triviality of Cy. For this we show that operators of
multiplication by the independent variables xy, and ¢, in the space L?*(B% x
R,y ® m), are affiliated to Cj (see Lemma 33). In this case, since TL? €
Ciy,Yu € BE, the two lemmas below would imply that Cy is trivial.

Lemma 31 ([20]) Let g be a multiplication on L*(B%, ) by a measurable
function g on B%, then

(T 9TV f)(2) = g(at) f(x), for all t € BY, f € L*(B”, ).

Lemma 32 Let M be a von Neumann algebra on L?*(B% 1) @ L*(R,m) =
L*(BE x R,y @ m). If €t e € M' k < n, TEY € M',Vu € BE s € R,
A(s) € M’ for all s € R and the measure py, is ergodic, then M = CI.

PROOF. From proposition 23 follows that the result holds in the one-
dimensional case. The space L*(B% x R, i, ® m) is isomorphic to L*(R>, up ®
m) = Qrenezl2(RY, iy, ) ® L*(R,m). Since the variables x, and ¢ are in-
dependent, the condition e, e s € M’ for all k < n € Z and s € R,
means that L2(R,m), L*(R, u, ) C M’ for all k < n. This implies that the
von Neumann algebra generated by (L*®(R, yup,, ))k<n U L>®(R, m) is contained
in M’. The latter is isomorphic to L*°(B% x R, ju, ® m), which is maximally
abelian. Hence, M C L>®(B% x R, i, ® m) = L>®(B% x R, i, ® m). Moreover,
since we assume that A(s), L% € M’ for all u € B% s € R, all functions in
M are BZI-left invariant, by Lemma 31, and translation invariant in the last
argument. By the ergodicity of the measure, they are constant p, ® m-a.e. O

Thus, Theorem 30 is proved. O

Lemma 33 Let Qp, and QQ; be the multiplication operators

(anf)(l’, t) = :L‘knf@:? t)v (Qtf)(xv t) = tf(l‘, t)7 (24)
in L?(B% x R, uy, ® m). Then

e’LanS’ eZQts E C;\”

foralls eR, k,neZ, k<n.
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Formal Computations: The following method uses calculations with un-
bounded generators of one parameter groups, using commutator identities. In
such a way we want to obtain the variables x, and t. However, these compu-
tations are formal and we would have to verify conditions on the domains of
the operators in question, to justify these identities rigorously.

Consider generators of the following one-parameter groups in Cj:
Rb « b
WTe, W T g, At) | s, t € R). (25)

Note that we left out one group, namely Wp(R)W*. However, the same result
can be obtained by replacing A(R) by the latter group.
The generator of (A(—t)) is D; := 4. From [16] follows that the generators of

Lb
Tpi(s) == Ty{yp,, are
L= Gopro = X% Dy + D
pq T % 1+squ‘5:0 = Zm=q+1Lgm pm+ P> (26)
where Dy, = 57— — bpyTp,. Finally we need to calculate the generators of
rq

Vig(s) == WTﬁzquW*. We have

(Voo F) (2. 1) 2= - (Vi) 1), Dl = - (WIS ), D)o
= AW) (A ) Djoco f 0, 1) + (TR D)o

The last term is nothing else than A defined by (see e.g. [15])

k—1
Agn = Z .CC]WDML -+ Dkn7 1 < k <n.

r=—00

Set Byy = Vpq — LT % (s). We have

By = (M) exp(sA%) A" exp(—s AZ)1) ()
— A—it([AR Azt])

Pa’
The nth term in the Taylor expansion of A% is equal to %ln A™. Since
[Af In A] is a function (see later), it commutes with In A. Hence one has the
following formula:

ar D" 1A% Z o n AU AR AL

Pq’ n[ g’
applying this to the Taylor expansion of A® we obtain

[AR A") = it A"[AR In A].

pq’ pq’
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In this manner we obtain

B,y = it[qu, In A(z)]
and hence V,, = it[Afl InA(z)] + Al Thus the generator in (25) are as
follows:

d

Vg = it[AR In A(z)] + A% AL pn

Pq’ e “lpg Dy =

Some useful formulas (see [12]).
Let us denote by X! the inverse matrix to the upper triangular matrix X =
I+x=1+ Zk<nxknEkn € BZ

X'={I+a)' =1+ =, B, € B

k<n

We have by definition X 'X = XX ! = I, hence

<XX_1)1m = zn: Tpr Tl = Opn = En: T, = (X_IX)k . k<n, (27)
r=k r=k

n

thus
n—1 n—1
-1 —1 -1 -1
Ty + Z Tpr Ly + Thin = 0 = Tpp, + Z TprZyy, + i, k<,
r=k+1 r=k+1
and
n—1 n—1
-1 —1 -1
Ty, = —Thkn — Z Ty = —Thp — Z Ty Ty (28)
r=k+1 r=k+1

We can write also
n n—1
-1 -1 -1
Tjp = — Y Tpellyy = — > Tjo Ty (29)
r=k+1 r=k

There is also the explicit formula for ;! (see [10] formula (4.4))
Tipy1 = —Thpr and
n—k—1
Tjop = —Tpn + »_ (1) > Thiy Tiyig---Tipn, k <n—1. (30)
r=1

k<i1<io<...<ir<n

Remark 34 Using (30) we see that x,,} depends only on x,, with k < r <
s<n.

Using (29) we have

n—1 n—1
~1 _ ~1 ~1 _ -1
T + Tl = — E e,y Ty — Ty = 2Ty — E Ty, - (31)
r=k+1 r=k+1
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Let us denote
Wi 2= Wi () 1= (Tpn + x;;i)(l“kn - x,;%)

Using (1) and (18) we get

dpiy () —1\2 2
Ar) = —F——~ =exp bin ((Z1,)” — Tin ) | - 32
0= ety =P | S b (1) k) (32)
“A@) = 3 b gk~ @)’ = X bk + ) (0 — o)
kn€Z, k<n kn€Z, k<n
Z b (Thn + xl;nl)[lem — (Tkn + xl;b] = Z DknWn ().
kneZ, k<n kn€eZ, k<n

To study the action of the operators

d k—1
R ._ R,b _
Akn = d7T1+squ’5:0 — Z x'rkzD'r‘n + Dkn
S r=—00

on the function In A(x) we need to know the action of D, on xy,,.

Lemma 35 ( [20]) We have

—1 -1 .
—xox ifk<p<q<n,

0, otherwise.

[qu,l“z?ﬁ] =

For proof see [20].
Using (33) we get

-1, -1 -1 -1
— Ty Ty, — OkpTgn — Oy, Lk <p<q<mn,

[Dpg, T + xl;nl] = (34)
0, otherwise .

Using (34) we have [D,g, (Thn + Tph ) (Tn — 71h)] =

2T T Ty + 20k Ty Ty + 2000 Ty iy, k< p < g <, (pg) # (k)
0, otherwise .
(35)
Indeed, if £ <p < q<n, (p,q) # (k,n) we have
[Dpgs (n + 230,) (@hn — 235)] = [Dpgy (Tn + ) (224 — (210 + 735,))]
= [Dypg, (Thn + $I;nl)](2$kn — (Tgn + :E,;;)) — (Tgn + xl;r})[qu? (Tn + xl;r})] =
—2 4 Dy, (2 + 7)) B 20 0L} + 20 i) + 2

kp “qn
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Lemma 36 ( [20]) We have

2$kpxkqa Zf n=4gq, k S p—= 1a
20 11 if k=p, n>q+1,
(A we] =4 L (36)
2(‘qu+qu)7 Zf k:p,q:n,
0, if k#porn#gq,

hence

p—1 o0
—[qu, InA(z)] =2 Z brgTrpTrg + 2 Z bpn:c;nlxgnl + 2(xpq + x;ql). (37)
r=—00 n=q+1

Next, we consider the action of AZLj on (37), where i < p < j < gq.
Lemma 37 ( [20]) One has

4L

157

[AZ In A(2)]] = —2bigzjqTip, fori<p<j<gq

pq’

and hence
(AL, [A]

ip? i)

[Apg: In A(@)]]] = 2bigj4, (38)

P’
which immediately gives us the variables x4, 7,9 € Z, ¢ —j > 1.

PROOF. Recall (see (26)) that A5 = X5

m=j-+

ll‘ijim + Dzy Then

[AiLjv %EH = E%O:jﬂfjm[Dim,xEﬂ + [Di;, x;;ﬂ
(g) - Z:‘L:j—f—l ij(xI;ilz;rg + 5kzz;73 + 5rnxlzi1 + 5ki5rn) (39>

= —(5]-”(:51;»1 + §;ﬂ)
Moreover we also need the formula

[AiLj’ Tin) = 25— 1Zjm[Dims Thn] + [Dijs Thn

= —5]“‘(.73]'” + (Sjn)

(40)

[AZ In A(x)]] will only depend on zy,, n < p.

By our choice of 7 and j, [Af, [Aff,

77
Hence
p—1
[AL [AR In A(z)]] = —2 brqTrpl AL, Ty = —2big jqi.

r=—00

The last formula of the Lemma follows trivially. O
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By applying [qu, ] to (38), we obtain a constant 2b;,. The direct computation,

based on the above formulas gives us the operator of multiplication by xy, and
t:
L [AL (AL AR — 9,
[qu’ [Aip’ [Aij7 Cpq]]] - 22tbiq>
[Dy, [Aina [A{}, Cﬁ]]ﬂ = 2ibiqjq,
since A® commutes with A” ¢ is of course the variable in L?(R).

Remark 38 The previous manipulations with the unbounded operators, were
formal. Nevertheless they indicate us the form of the expressions in terms of
the unitary one-parameter groups generated by AL and AR = we should take,
to obtain the desired answer. We should replace the commutator [z,y|, x,y €
L(G) in the Lie algebra L(G) by the group commutator {a,b} = aba='b~!
where a,b € G.

Again, denote
L,b _ mLp R,b _ mRpb
qu (8) - TIJrsqu? qu (S) - TI+5qu7

Vog(s) = W W*, Wf(a,t) = A (x) f(x,1).
Lemma 39 Denote
Ulr,s) = {T¥" VEY 75 € B, (41)
then we have

U(r,s) = A" (77 o) A" (17 ws) A~ (xs) A™ (z). (42)

PROOF. Since
U(r,s) = {TEb VRN = phby ROpLOY D — plbyypRbyy =Ry,
we have

o N 1/2 wrpLb
) At@) [t (%) At(zs ) f(zs 1) 5

gy () (du(7w8‘1)>1/2 e ]
) (A7) ) (D) At s s
— Ait(l’)A—it(TJL‘) <dILL(T$S_ )

du(x)
L,b

R,b . T 1/2 . . . T
W, A7 () (chz((x))> AN 2s) AT (rs) A (1) f(T2,t) T

M v it (-1, <d,u(:):)>1/2 it (=L Y A=t () A= () (5
<du(w) ) AT gy AT AT @A @) ()

1/2
) A" (s ) f(ros™t)
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= AT ) A" (7 es) AT (ws) AT (2) f (2, ).

Consider the following one-parameter groups in BZ:
E,(s) ={1+4+sE,;s€R}, pqeZ, p<q. (43)
We calculate U(E,m11(t), Emm1(s)) for t = —1.
Lemma 40 Let U,,,(s) € Cly be the operators defined by
Umn(8) :=U(I — Epmat1, I + $Ema1),
where s € R. Then for f € L*(B% x R, i, @ m) holds
(Upm(8)f) (z,t) = exp (—=2ibpmi15txemm) f(x, 1), Vi, s € R. (44)

Then {U,m(8), AN(1)} and {Upm(s), T2(1)} are the one parameter groups gen-

erated by the multiplications by x,.., and t.

PROOF. Fix s € R and define:
X' = XEnmi(s), Y :i=E.,a(1)X, Y = Y Epnms1(s),

where X = 1+ 2,Y =1+ y € BZ. First we note that E,,,,1(—1)Y = X and
Ermi1 (1)Y= X' since E,,,+1(s) are one-parameter groups. By Lemma 39
we get

A+ By + 5B 1)) A% (2)
= BT+ Bomr)0) 5@ + 5By 1))
Um(s) = A7 (y) A" (y") A" (a") A" (2).
To obtain (44) we proceed in two steps. First of all we compute A(z') " A(x)™.
Secondly, we replace x by y and ¢t by —t in the latter expression, to obtain

A(y)*A(y)~™. Finally, we combine the two expressions above to obtain the
desired result. Recall that

—InA()= ) bww(a).

kn€Z,k<n

Uprm(8)

or

We show (44) in two steps.
Step 1: The first step is to compute A(z')"*A(x)™.

Remark 41 The computations below are analogous to those in [20], which
were carried out to obtain the variables xy,, in order to prove the triviality of
the fived point algebra of A® w.r.t. the modular group. However, in the case
of B the fized point algebra method does not work, since all sums are over
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an infinite number of indices. The flow of weights allows us to overcome the
problems.

First of all, we would like to know the right action of E,,,,1(s) on X € BZ,
where X = 1+ 2z and on X~ !. For k < n we have: x},, =

(XEmm+1 (5>>kn = Z in((;m + S5mi5m+1n) = Tpp + 5m+1n(3$km + S(Skm)- (45)
i=k

Note that only the m + 1st column of x is affected by this transformation.

1 212 w13 T1a -+ Timg1 + STim - -

0 1 o3 Tog -+ Tomyr + STopm -+
XEmm—l-l(S) =

o0 - - 1 Zpme1 + s

From (45) we now can deduce the inverse of z’. In order to do this we note
the following;:

x;cjzl = (XEmm-i-l(S))I:r} = (Emm+1(_S)X_1)kn7

where k& < n. Hence we get: ! = S0 (Epms1 (=) )15 X =
Z 5161 S(smk m+1)(a7]_nl +5jn) CUlm Sakm( m+1n + 5m+1n)

where of course x’ depends on s € R. Since only the rows with number m of
271 and the columns with number m+1 of  are affected by the transformation
x — 2/, it follows that In A(z) can be written as the sum of three different
terms:

—IDA(ZL‘/) = Z bknwkn(x)+z bkm—&-lwkm—i-l(x/)_’_ Z bmnwmn(x,)'

k<n,k#m,n#m+1 k<m n>m+1

Note that the term with £k = m,n = m + 1 vanishes, because W, +1(x) = 0.
First we consider the second term: Y i ., bkm1Wrmi1(2') =

Zk*—oo bkm+1($km+1 x;cn’%—i-l)(ka-i-l + x;cr;—i—l)
ZI__EOO bkm+1($km+l + STrm — x];erl)(ka—&-l + STm + x]?#prl) = (46>

?:_m Orm - 1Whkm+1(T) + X Okmi1 (25ThmThmy1 + 82($km)2) .

26



The third term is as follows: 3-,< 41 bimnWinn (2') =

?LO:m+2 bmn (‘x;nn - x;;i)(xlmn + CC;;;) =

Zozm+2 b (Trn — xr_nln + Sﬁ;wl—kln)(xmn + xr_nlz - Sx;nh—ln) = (47)

-1 ,.—1 2 —1 2
;.zo:m+2 bmnwmn(x) + Zn>m+1 bmn (QSxmnmerln - S (xm+1n) ) .

After adding up the terms we get: In A(z) — In A(2') =

m—1 oo

2 2 -1, -1 2/, .—1 2
Z bkm+1 (2S$kmka+1 +s (Zl'km> )+ Z b’mn (QSxmn$m+1n - S (a"'m—i—ln) ) :
k—oo n=m-+2

Hence we get:

A () A7 (2") = exp (it ZZL__IOO brmi1 (28T kmThme1 + 32(:pkm)2)

‘ | ) (48)
+it fo:mm b (28%%3?@1” - 82($r_n+ln)2) .

Step 2: The next step is to compute A~%(y)A%(y’). To obtain the latter we
have to perform the following operations in formula (48)

x— Eppai(Dx, t— —t.

First we have to compute: Y, = (Epmy1(1)X),,

n—1

- Z (5kz + 5k7“5im+1) (xzn + 6171) = Tkn + 5k7‘ (xm—&—ln + 5m+1n) . (49)
i=k+1

In order to calculate y~! we note that (Epmi(s)X) ' = X 'Eni1(—s)
(Erm+1(s) are one-parameter groups). Thus

yk_nl = ‘rl;; - 5m+1n(xl:nlm + Om)- (50)

According to equation (49) only the row with number r of x is affected by
the left E,.,41(1)-action. Similarly, by (50), only the column with number
m+ 1 of y~! is affected. Moreover, y,;, = Zpm, since T,,41, = 0. Hence, in the
calculation below we have:

TkmTkm+1, itk #r
YemYkm+1 = )
TrmTrm4+1 T Trm if k = r,
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and other terms are unaffected by the transformation z — y. We obtain

AT (y)A"(Y) =

expq{ —it Z ki1 (28YkmYkme1 + 8 (Ykm)?) —

k=—o00
Y bon (25YnUmiin — 5 (Wm1n)} =
n=m-+2
m—1
exp{—it Z Dkm+1 (25T kmTrma1 + 8 (Tim)?) —
k=—00
it Z bmn<28xr_n;xr_n{&-ln - 32(x;11+1n)2) — 2i8bpm 11T }-

n=m-+-2

Therefore '

(Upm(8)f) (, 1) = e 2ibrmerstirm £ (g 4),
Since TLb(s), \(s) € Cly for all s € R, we conclude that {U,,(s), A\(1)},
{U,n(s), TEL(1)} € Cly. The explicit calculation gives us:

({Urm (), M) F) (, 8) = ei=rmorem £ (3. 8),
({Urm (), TEXOY) (2, 8) = eibrmart £ a, 1).

|

PROOF. Now we finish the proof of Lemma 33. From the equations above
we see that the unitary one-parameters groups exp(isQ,,) and exp(isQ@;), s €
R, generated by the self-adjoint operators @, and @, defined by (24), are
contained in Cl, which proves Lemma 33. O

9 Uniqueness of the constructed factor

Theorem 42 The von Neumann algebras A™® and ALY are hyperfinite type
111, factors and hence isomorphic to the factor Ro, of Araki and Woods.

PROOF. Let G be a solvable separable locally compact group or a connected
locally compact group. Then any representation 7 of G in a Hilbert space gen-
erates a hyperfinite von Neumann algebra ([3]).

The group BZ is the inductive limit of groups of finite dimensional upper-
triangular matrices (with units on the diagonal), which are of course solvable,
connected locally compact groups. Hence their group algebras are hyperfinite
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(and by a theorem of Dixmier ([6]) even type I algebras). Thus the von Neu-
mann algebra A®? is the inductive limit of hyperfinite von Neumann algebras
and hence itself hyperfinite. From the theorem of Haagerup ([9]) follows that
AR and ALY are all isomorphic to the Araki-Woods factor Ry, ([1]). O
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