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DYNAMIC ALPHA-INVARIANTS OF DEL PEZZO SURFACES
IVAN CHELTSOV AND JESUS MARTINEZ-GARCIA

ABSTRACT. For every smooth del Pezzo surface S, smooth curve C € | — Kg| and g8 € (0,1],
we compute the a-invariant of Tian «(S, (1 — 8)C) and prove the existence of Kahler-Einstein
metrics on S with edge singularities along C' of angle 273 for § in certain interval. In particular
we give lower bounds for the invariant R(S, C'), introduced by Donaldson as the supremum of
all 8 € (0, 1] for which such a metric exists.

1. INTRODUCTION

Let X be a normal variety of dimension n > 1, and let A be an effective R-divisor on X.
Suppose that (X, A) has at most Kawamata log terminal singularities, and —(Kx + A) is ample.
Then (X, A) is a log Fano variety. Its a-invariant can be defined as

a(X,A) =sup {)\ eR

the log pair (X, A+ )\B) is log canonical } € R,
for any effective R-divisor B ~gp —(Kx + A)
Remark 1.1. For every effective R-Cartier R-divisor B on X, the number
let(X,A; B) = sup{A eR ’ the log pair (X, A+ )\B) is log canonical}
is called the log canonical threshold of B with respect to (X, A). Note that
alX,A) = inf{lct (X,A;B) | Bis an effective R-divisor such that B ~g —(Kx + A)}

If A =0, we denote a(X, A) by a(X). Tian introduced a-invariants of smooth Fano varieties
in [19]. His definition coincides with ours by [5, Theorem A.3|. In [19], Tian also proved

Theorem 1.2 ([19, Theorem 2.1]). Let X be a smooth Fano variety of dimension n. If

a(X) > 7, then X admits a Kéhler-Einstein metric.

This theorem gives the initial motivation for the study of a(X, A) in the case when A = 0. In
fact, a(X, A) is also important if A # 0. When X is smooth and Supp(A) is a smooth irreducible
divisor, Theorem 1.2 has been generalized by Jeffres, Mazzeo and Rubinstein as follows

Theorem 1.3 ([11, Theorem 2, Lemma 6.13]). Let X be a smooth projective variety of dimen-
sion n, and let D be a smooth irreducible hypersurface in X. Let § € (0, 1] and suppose that the
divisor —(Kx + (1 —)D) is ample. If a(X, (1 — 8)D) > 7, then X admits a Kéhler-Einstein
metric with edge singularities of angle 273 along D.

Song computed a-invariants of smooth toric Fano varieties in [18, Theorem 1.1]. The same
approach can be used to obtain an explicit combinatorial formula for a(X, A) in the case when
X is toric and Supp(A) consists of torus-invariant divisors (cf. [5, Lemma 5.1]).

Example 1.4 ([6, Remark 6.7]). Let L1, Ly and L3 be distinct lines on P? such that (), L; = 0,
and let (81, B2, 33) be any point in (0,1]3. Then
3

_ max(S1, B2, B3)
Oé(ﬂﬂ,;(l - 5i)Li> B+ B+

Throughout this paper, we assume that all considered varieties are projective and defined over C.
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For smooth del Pezzo surfaces, a-invariants have been explicitly computed in [2, Theorem 1.7]
(see [7] and [16] for analytic approach, see [14] for a characteristic free approach). The proof of
this theorem implies

Theorem 1.5. Let S be a smooth del Pezzo surface. Then

a(S) = inf{lct(S,O;B) ‘ Be|—-Kg|and B = ZBi’ where B; 2 P! and — Kg-B; <3 W}.

To apply Theorem 1.3, the divisor —(Kx + (1 — 8)D) must be ample. A natural choice for
the pair (X, D) considered by Donaldson in his approach to the Yau-Tian-Donaldson conjecture
is to let X be a smooth Fano variety and let D be a smooth anticanonical divisor (see [9]).

Remark 1.6. Let X be a smooth Fano variety of dimension n, and let D be a smooth divisor
in | — Kx|. By [17, Theorem 1.2], such divisor D always exists when n < 3, which is no longer
true in general if n > 4 (see [10, Example 2.12]). One has (X, (1 — 8)D) = 1 > ;25 for all
positive § < 1 (see Theorem 1.10). In particular, X admits a K&hler—Einstein metric with edge
singularities of angle 273 along D for all positive S < 1 by Theorem 1.3.

A Kahler—Einstein metric with singularities along D of angle 27 is a Kédhler—Einstein metric
in the usual sense. So, it is natural to consider the following invariant introduced by Donaldson:

Definition 1.7 ([9]). Let X be a smooth Fano variety, and let D be a smooth divisor in | — Kx|.
Then R(X, D) is the supremum of all 5 € (0,1] such that X admits a Kahler-Einstein metric
with edge singularities along D of angle 27 (.

It follows from [11] that the smooth Fano variety X admits a Ké&hler—Einstein metric with
edge singularities of angle 273 along D for every positive 5 < R(X, D).

Corollary 1.8. Let X be a smooth Fano variety, and let D be a smooth divisor in | — Kx]|.
Suppose that X admits a Kéhler-Einstein metric. Then R(X, D) = 1.

By Tian’s theorem (see [20]), a smooth del Pezzo surface S admits a Kéhler-Einstein metric
if and only if § 22 F; and Kg # 7. Thus, we have

Corollary 1.9 ([20]). Let S be a smooth del Pezzo surface such that S % Fy and K2 # 7, and
let C' be a smooth curve in | — Kg|. Then R(S,C) = 1.

Unless R(X,D) = 1, we do not know a single example for which the invariant R(X, D) is
known precisely (cf. [12, Theorem 1.7]). A lower bound for R(X, D) can be found using

Theorem 1.10 ([1], [15, Corollary 5.5], [6, Proposition 6.10], [6, Remark 6.11]). Let X be a
smooth Fano variety of dimension n, and let D be a smooth divisor in | — Kx/|. Let

9ifn =2,
M = ¢ 64if n =3,
32" — 1) (n+ )" =D (2n(n + 1) (n + 2))" L if n > 4.
Then 1 > a(X, (1 — 8)D) > min{1, MLB} for every 8 € (0,1].
Corollary 1.11. In the assumptions and notation of Theorem 1.10, one has R(X, D) > Z—JK/}
The purpose of this paper is to merge Theorem 1.5 with Theorem 1.10 by proving

Theorem 1.12. Let S be a smooth del Pezzo surface, let C be a smooth curve in | — Kg|, and
let 5 be a real number in (0,1]. Then

B e |- Kg| SuchthatB:CorB:ZBi,}

where B; 2 P! and — Kg- B; <3 Vi
2

a9, (1 - B)C) = inf {lct(S, (1-8)C;BB)



We will prove Theorem 1.12 in Section 4. In Section 2, we will give very explicit formulas for
the invariant (S, (1 — 8)C). Instead of presenting them here, let us consider their applications.

Corollary 1.13. Let S be a smooth del Pezzo surface, and let C' be a smooth curve in | — Kg|.
Then «(S, (1 — §)C) is a decreasing continuous piecewise smooth function for g € (0, 1].

Corollary 1.14. Let S7 and S9 be smooth del Pezzo surfaces, let C; and Cy be smooth curves
in | — Kg,| and | — Kg,|, respectively. Suppose that there is a birational morphism f: Sy — S;
such that f(C2) = C1. Then a(S1, (1 — B)C1) < aSe, (1 — B)Cs) for every B € (0,1] except the
following cases:
(1) S; =2 P2, Sy 2 Fy, and f is the blow up of an inflection point of the cubic curve C; C P2,
(2) S; 2P x P KEQ =17, and f is the blow up of a point in Cj.

If S is a smooth del Pezzo surface such that either S =2 F; or Kg =7, and C is a smooth
curve in | — Kg|, then R(S,C) > % by Corollary 1.11. We improve this bound:

Corollary 1.15. Suppose that S = F;. Let C' be a smooth curve in |-~ Kg|. Then R(S,C) > .
Furthermore, if C is chosen to be general in | — Kg|, then R(S,C) > 2.

Corollary 1.16. Let S be a smooth del Pezzo surface such that K% =7, and let C be a smooth
curve in | — Kg|. Then R(S,C) > 2. Furthermore, if C does not pass through the intersection
point of two intersecting (—1)-curves in S, then R(S,C) > 1.

In [21, Theorem 1], Székelyhidi proved that R(S,C) < 3 when S = Fy, and R(S,C) < §
when K% = 7 and C passes through the intersection point of two intersecting (—1)-curves in S.

Acknowledgements. Most of the results in this paper were obtained in the Ph.D. Thesis of the
second author (see [13]). This paper contains simplified proofs and, in some cases, completely
new proofs. A part of this work was done during a visit of both authors to the National Center
for Theoretical Sciences in Taipei. We are grateful to Jungkai Chen for making this visit possible.
The first author thanks the Max Planck Institute for Mathematics in Bonn, where part of this
work was completed. We thank Yanir Rubinstein and Gabor Székelyhidi for useful discussions.

2. EXPLICIT FORMULAS

Let S be a smooth del Pezzo surface. If Kg > 3, then —Kyg is very ample. In this case,
we will identify S with its anticanonical image, and we will call a curve Z C S such that
Z - (—Kg) = 1,2,3 a line, conic, cubic, respectively. Let C' be a smooth curve in | — Kg|, and
let 5 be a positive real number in (0, 1]. Let

a(S, (1 - pB)C) = inf {1ct(S, (1—B)C; BB) B €|~ Ks| such that B=Cor B ZB”} .
where B; 2 P! and — Kg- B; <3 Vi

Then (S, (1-68)C) < a(S, (1—p)C). Theorem 1.12 states that a(S, (1-3)C) = a(S, (1—-5)C).
In this section, we will define a number &(S, (1—3)C) such that &(S, (1—5)C) = &(S, (1-5)C).
In Section 4, we will prove that a(S, (1 — 5)C) = &(S, (1 — §)C). The latter inequality implies
Theorem 1.12, since &(S, (1 — B)C) = a(S, (1 — B)C) = a(S, (1 — B)C).

2.1. Projective plane. Suppose that S = P?. Then C is a smooth cubic curve on S. Let

1f01‘0<ﬁ<6,
A . 1+38 1 1+38 1 2
_ _ ~ 1l for - <8< 2,
a(S, (1 - B)C) mln{l, 95 ,35} o3 or & g 3
1 2
_— 2 < .
3ﬁfor?)\/é’\l




Let P be an inflection point of the curve C, and let T be the line in P? that is tangent to C' at
the point P. Then &(S, (1 — B)C) = &(S, (1 — 5)C), since

(s, (1 - B)C) = min{lct(S, (1— B)C; BC), 1et(S, (1 — B)C; 3BT)}.

2.2. Smooth quadric surface. Suppose that S = P! x P'. Let

1 f 0<B<1

) (. 1428 o Sy
- <B<K1.
65 f0r4\5\1

Let T be a divisor of bi-degree (1,1) on S that is a union of two fibers of each projection from S
to P!. Suppose in addition that one component of T is tangent to C' at some point, and another
component of T" passes through this point. Then &(S, (1 — 8)C) > a(S, (1 — B)C), since

a(s, (1 - B)C) = min{lct(S, (1— B)C; BC), 1et(S, (1 — B)C; QBT)}.

2.3. First Hirzebruch surface. Suppose that S = F;. Let Z be the unique (—1)-curve in S,
and let F be the fiber of the natural projection S — P! that passes through the point C' N Z.
Then C ~ 2Z 4+ 3F. If F is tangent to C' at the point C'N Z, let

( 1
1f0r0<ﬁ<6,
A . 1+26 1 1+28 1 5
_ - ) for - < B < =,
a(S,(1-B)0) mln{l, 35 ,35} S5 or 6] G
1 5
— for - <1
35 g sP
If F' is not tangent to C' at the point C'N Z, let
1
1f01'0<,8<1,
R : +0 1 1+ 1 2
_B)C) = Nl P s <8<,
&(S,(1—B)C) mm{l, 55 ,35} 53 or I6] 3
1 2
55 for - <B<1
35 lr 3 S F

In both cases, we have &(5, (1 — 3)C) > a(S, (1 — B)C), because
a(S,(1 - B)C) = min{lct(s, (1 B)C; BC),let(S, (1 — B)C; B(2Z + 3F))}.

2.4. Blow up of P? at two points. Suppose that K% = 7. Then there exists a birational
morphism 7: § — P2 that is the blow up of two distinct points in P?2. Denote by E; and Fj
two m-exceptional curves, and denote by L the proper transform of the line in P? that passes
through m(E}) and 7w(E2). Then Ej, Fs, and L are all (—1)-curves in S.

The pencil |E2 + L| contains a unique curve that passes though C N E;. Similarly, |Ey + L
contains a unique curve that passes though C N Es5. Denote these curves by L; and Lo, re-
spectively. Then L is irreducible and smooth unless Ly = Es + L (in this case E1 N L € C).
Similarly, the curve Ls is irreducible and smooth unless Lo = E1 + L and LN Es € C.

If C does not contain the points E7 N L nor EFs N L, then there exists a unique smooth
irreducible curve R € |E; + E5 + L| such that R passes though C' N L and is tangent to C' at the
point C N L. If either EyNL € Cor EoNL € C, welet R= FE; 4+ Ey + L. In the former case,
either R and C have simple tangency at the point C'N L or the curve R is tangent to C' at the
point C'N L with multiplicity 3 (in this case, we must have RN C = C'N L, because R - C = 3).
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If either Fy N L € C or E; N L € C (but not both, since C'- L = 1), then we let

( 1
lfor0< B <

Za
for —~ < B <
or & I54

. i 1+8 1 1+ 06 1 2
a(S,(l—B)C):mln{l, 55 ,%}: 53 3’
1 2

If the curve C' does not contain the points £E1 N L nor Fs N L, and either L; is tangent to C at
the point C'N Ey or Ly is tangent to C' at the point C' N Fs, then we let

( 1
1for0<5<1,
A (1428 1 1428 . 1 1
- = — = —<pP<s g,
a(S, (1-5)0) mln{l, 65 ’35} 63 for4 I5; 5
1 1
— for =< B <1
| 35 or 5 B

If the curve C' does not contain the points £; N L nor Fy N L (this implies that the curve R is
smooth), neither L; is tangent to C' at the point C'N Ey nor Ls is tangent to C' at the point
C N Es, and the curve R is tangent to C' at the point C' N L with multiplicity 3, then we let

1f0r0</6’<%,
. 1+38 1 1438 1 4
A - = — == for - < B <,
a(S, (1 - B)C) mm{l, 75 ,35} 73 or 7 64 5
1 4
— for - <pB<1
35 rg <7

Finally, if the curve C' does not contain the points E1 N L nor E N L (and hence the curve R
is smooth), neither L; is tangent to C' at the point C'N E; nor Lo is tangent to C' at the point
C N Es, and R is tangent to C' at the point C'N L with multiplicity 2, then we let

1
1for 0 < 8 <

) . 1 3
04(5’,(1—6)0) :mln{l,s—} =4 1 1
B 2
35 for 3 <pB <KL

We have (S, (1 —8)C) = a(S, (1 — B)C). Indeed, if either £y N L € C or E; N L € C, then

I

(S, (1 - $)C) = min {lct(S, (1—B)C; BC),let(S, (1 — B)C; B(3L + 2B, + 2E2))},

which implies that &(S, (1 —5)C) = &(S, (1 — 5)C). If neither By NL € C nor EaNL € C, then
1
min {lct(S, (1— B)C; BC),let (S, (1 — B)C; B(3L + 2B, + 2E2))} = min {1, 36} .

If the curve C does not contain the points £1 N L nor Fy N L, and L, is tangent to C' at the
point C'N E1, then

1

(S, (1 - B)C) = min {1, %,1@(5, (1-B)C; B(2L1 + 2B, + L))},

and similarly if Lo is tangent to C' at the point C' N Es. If the curve C' does not contain the

points £ N L nor Fy N L (this implies that the curve R is smooth), neither L; is tangent to C'
5



at the point C'N E7 nor L is tangent to C' at the point C' N F», and the curve R is tangent to
C at the point C' N L with multiplicity 3, then

min {lct(S, (1= B)C;BC),1et(S, (1 — B)C; B(3L + 2Ey + 2E3)), lct (S, (1 — B)C; B(L + 2R))}
equals &(S, (1 — B)C). We conclude that &(S, (1 — B)C) = &(S, (1 — 8)C) in every case.

2.5. Blow up of P? at three points. Suppose that K% = 6. Then there exists a birational
morphism 7: S — P2 that is the blow up of three non-colinear points. Denote the m-exceptional
curves by E, Ey, E3, denote the proper transform on S of the line in P? that passes through
7(E4) and 7(E3) by L12, denote the proper transform on S of the line in P2 that passes through
7(E1) and 7(FE3) by Li3, and denote the proper transform on S of the line in P? that passes
through m(Fs) and 7w(E3) by Los. Then Ey, Es, E3, Lis, L1 and Log are all lines in S.

If the curve C contains an intersection point of two intersecting lines in S, then we let

1
lfor0< B <o,
1
o?(S,(l—B)C’):min{l,Z/_Bﬂ}: s 3
15 forggﬁél.

If the curve C does not contain the intersection points of any two intersecting lines, and there
are a line Z; and an irreducible conic Zs in S such that Zs is tangent to C' at the point C'N Z1,
then we let

1f0r0<ﬁ<%,
. . 1+28 1 1+283 1 3
_ _ L for - <8< 2,
a(S,(l ﬁ)C’) mln{l, 55 ’Zﬁ} 55 or 3 B 1
1 3
5 for - < B <L
| 25 or o 8<1

If C does not contain the intersection point of any two intersecting lines, and for every line Z;
in S, there exists no irreducible conic Zs in S such that Zs is tangent to C' at C'NZ7, then we let

One has a(5, (1 — 5)C) = a(S, (1 — B)C). Indeed, we have 2E; + 2L12 + L3 + E2 ~ —Kg.
Thus, if BN Lis € C, By N L3 € C and Es N Lis € C, then

lfor0< g <
min {lct (S, (1= B)C; BC), et(S, (1 — B)C; B(2Ey + 2Ly + Lyz + E2))} =3

— for — < p

273 2
Otherwise, this minimum is &(S, (1 — §)C). This shows that &(S, (1 — 8)C) = &(S, (1 — p5)C)
except for the case when C does not contain the intersection point of any two intersecting lines,
but there are a line Z; and a conic Zs in S such that Z5 is tangent to C' at the point C N Z;. In
the latter case, we may assume that Z; = Fj and Zy € |L12 + E3|, which implies that

?

N\ N =

1.

(S, (1 - B)C) = min {lct(S, (1— B)C; BC),let(S, (1 — B)C; B(2Z2 + Ey + Laz)) }

since 225 + E1 + Log ~ —Kg. Thus, in all cases we have &(S, (1 — 8)C) = &(S, (1 — p)C).
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2.6. Blow up of P? at four points. Suppose that K% = 5. Then there exists a birational
morphism 7: S — P? that contracts four smooth rational curves to four points such that no
three of them are colinear. Denote these curves by Ey, Fo, F3, F4. For and integers ¢ and j such
that 1 <4 < j < 4, denote by L;; the proper transform on S via 7 of the line in P? that passes
through m(E;) and 7(Ej). These gives us six lines Li2, L13, L1, L3, L24 and Lzs. Moreover,
El, El, EQ, Eg, E4, ng, L13, L14, L23, L24 and L34 are all lines in S. Let

1 1for0< <
a(S, (1 B)C) :min{l,%}: L

— _for - <
2ﬁf01r2\6

)

VAN N

1.
Then &(S, (1 - 8)C) > &(S, (1 — B)C), since 2E; + L1a + L13 + L14 ~ —Kg and

(S, (1 - B)C) = min {lct(S, (1— B)C; BC),let (S, (1 — B)C; B(2Ey + Lia + Lis + L14))}.

2.7. Complete intersections of two quadrics. Suppose that KL% = 4. Then there exists a
birational morphism m: S — P? that is the blow up of five points such that no three of them
are colinear. Denote by F1, Fo, E3, E4 and Es5 the m-exceptional curves. For any integers ¢ and
J such that 1 <7 < j <5, denote by L;; the proper transform via m on S of the line in P? that
passes through 7(E;) and w(E;). Denote by E the proper transform on S of the unique smooth
conic in P? that passes through 7 (E1), 7(E2), m(E3), n(E4) and 7(E5). Then Ey, Es, E3, Fy,
E5, L12, ng, L14, L15, L23, L24, L25, L34, L35, L45 and E are all the lines in S.
If the curve C contains the intersection point of any two intersecting lines, then we let

1
lfor0< <=
N . 1+ 2’
a(s,(1-8)0) :mm{l’?)ﬁﬁ =1 143 1
for - <f<1
30 2

If the curve C does not contain the intersection point of any two intersecting lines, but there
are two conics Ch and Cy in S such that C; + Cy ~ —Kg, and C; and C5 both tangent C' at
one point, then we let

( 1
1f0r0<5<§,
. 1428 2 1428 . 1 5
a(9, (1-8)0) :mln{l, 15 ,ﬁ}: 15 for§<ﬂ<67
2 )
— for - <8 «<1
| 35 or6 15}

Finally, if the curve C does not contain the intersection point of any two intersecting lines, and
for every two conics C7 and Cs in S such that C; + Cy ~ —Kg, the conics C7 and Cy do not
tangent C' at one point, then we let

9 1for 0 < B <
a(s, (1 B)C) :min{l,%}: s o

Z for 2 ¢
35 orgsp

Y

1.

VAN

We claim that &(S, (1 — 5)C) > &(S, (1 — 8)C). Indeed, the lines Lo and L3y intersect at a
single point. Let Z be the proper transform on S of the line in P2 that passes through 7(Es)
7



and 7(Lyia N Lag). Then Lis + L3y + Z ~ —Kg. Moreover, if Lis N Lgy € C, then

lfor0< B < %,
min {lot(S, (1 = B)C3 BC), 1ot(S, (1= B)C: Bl + L+ Z) } =8 1, 5 4

However, if L1 N L34 ¢ C, then this minimum equals min{1, %} Since we can repeat these
computations for any pair of intersecting lines in S, we see that &(S, (1 —3)C) = a(S, (1-5)C)
except possibly the case when C does not contain the intersection point of any two intersecting
lines, but there are two conics C7 and Cs in S such that C7 + Cy ~ —Kg, and C7 and Cy both
tangent C' at one point. In the latter case, &(S, (1 — 5)C) is equal to

min {lct(S, (1 - B)C, BC),IC’C(S, (1 - ,B)C, B(le + L3q + Z)),lCt(S, (1 - 6)07 B(Cl + 02))},

since C7 + Cy ~ —Kg. This shows that &(S, (1 — 5)C) = &(S, (1 — 5)C) in all three cases.

2.8. Cubic surfaces. Suppose that K% = 3. Then S is a smooth cubic surface in P3. Recall
that an Eckardt point in S is a point of intersection of three lines contained in S. General cubic
surface contains no Eckardt points. If S contains an Eckardt point that is contained in C, then
we let

1
lforO0< <<
1 )
a (s, (1-p)C) = min{1, Ly L
36 ﬂ for - <8<1
If S contains an Eckardt point and C contains no Eckardt points, then we let
2
lfor0< g < 3’
a (S, (1- B)C) = min{1, =12 o
— for - < B <1
35 T3 s/

If S contains no Eckardt points, but S contains a line L and a conic M such that L is tangent
to M and LN M € C, then we let

2

1f0]ﬁ'0<ﬁ<77

A 248y s
a(S,(l—ﬂ)C)—mm{l’ﬂ}_ ﬂforg<ﬁ<1
48 3 ST

If S contains no Eckardt points, for every line L and every conic M on S such that L is tangent
to M, we have LN M ¢ C, but there is a cuspidal curve T' € | — Kg| such that TN C = Sing(T),
then we let

1f0r0<ﬂ<§,
. 2438 3 24383 2 )
A - = — = for - </ <2,
a(s,(1-8)C) mln{l, 65 ’4ﬁ} 65 or 3 64 G
3 )
= for2<B<1
| 15 or B

Finally, if S contains no Eckardt points, for every line L and every conic M on S such that L is
tangent to M we have LN M ¢ C, and every irreducible cuspidal curve T € | — Kg| intersects
8



C by at least two point, then we let

3
) ‘ 3 ].fOI‘O<B<Z7
a(S,(l—,B)C) :mm{l,@} =9 3 3
— - < A8 < 1.
13 for4\6\1

One can easily check that (S, (1 — 8)C) = a(S, (1 — B)C) (see [13, Theorem 4.9.1}).

2.9. Double covers of P2. Suppose that K% = 2. If | — Kg| contains a tacnodal curve whose
singular point is contained in C, then we let

2
1 f <=
218y or 0 < f3 3

4 J ) 2+8 2
2 for < B< 1.
15 lrgsh

a(S,(1— B)C) = min{l,

If | — Kg| contains a tacknodal curve, but C' does not contain singular points of all tacknodal
curves in | — Kg|, then we let

sty -l 3=

If | — Kg| contains no curves with tacnodal singularities, but C' contains the cuspidal singular
point of a cuspidal rational curve in | — Kg|, then we let

3
lfor0< g <~
. . 3428 4’
a(S, (1—,8)0) =mins1l, — ¢ =
{ 66 } 3+26f0r§<5<1
63 1

Finally, if | — Kg| contains no curves with tacnodal singularities, and C' does not contain cuspidal
singular points of all cuspidal rational curves in | — Kg|, then we let

5 1for 0 <<
a(s, (1 - B)C) :min{l,@} NEURS
@ Ol’g\ﬁ

One can easily check that &a(S, (1 — 8)C) = a(S, (1 — B)C) (see [13, Theorem 4.10.1]).

5
67
<1

2.10. Double covers of quadric cones. Suppose that Kg = 1. If | = Kg| contains no cuspidal
curves, then we let &(S, (1 — 5)C) =1 for every § € (0,1]. Otherwise, we let

5 1for 0 < <
&(S,(1—-p)C) =ming 1, — ¢ =
( ) { 66} jfor§<ﬁ
603 6

In the former case, we have &(S5, (1 — 3)C) = lct(S, (1 — B)C; SC). In the latter case, we have
a (8, (1= 8)C) = min {let(S, (1 - H)C; BC), let (S, (1 - B)C3 82) |,

where Z is a cuspidal curve in | — Kg|. Thus, &(S, (1 — 8)C) > &(S, (1 — 8)C) in both cases.
9
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3. LOCAL INEQUALITIES
Let S be a smooth surface, let D be an effective R-divisor on S, and let P be a point in S.
Lemma 3.1. Suppose that (S5, D) is not log canonical at P. Then multp(D) > 1.
Proof. This is a well-known fact. See [8, Exercise 6.18], for instance. O

Lemma 3.2. Suppose that (S, D) is not log canonical at P. Let B be an effective R-divisor
on S such that (S, B) is log canonical and B ~g D. Then there exists an effective R-divisor D’
on S such that D’ ~g D, the log pair (S, D’) is not log canonical at P, and Supp(D’) does not
contain at least one irreducible component of Supp(B).

Proof. Let p be the greatest real number such that D' := (1 + p)D — uB is effective. Since
D # B, the number u does exist. Then D’ ~g D, the log pair (S, D’) is not log canonical at P,
and Supp(D’) does not contain at least one irreducible component of Supp(B). O

Let m1: S; — S be a blow up of the point P, let F| be the m-exceptional curve, and let D!
be the proper transform of D via 7. Then Kg, + D! + (multp(D) — 1)Fy ~g 7} (Kgs + D).

Lemma 3.3. Suppose that (5, D) is not log canonical at P. Then multp(D) > 1 and there exists
a point Py € Fy such that (S7, D' + (multp(D) — 1) F}) is not log canonical at P;. Moreover, one
has multp(D) + multp, (D) > 2. If, in addition, multp(D) < 2, then such point P; is unique.

Proof. This is a well-known fact. See, for example, [4, Remark 2.5]. U

Let C be an irreducible curve on S that contains P. Suppose that C' is smooth at P. Write
D = aC + Q, where a € R>g, and Q2 is an effective R-divisor on S with C' ¢ Supp(Q2).

Theorem 3.4. If (S,aC + Q) is not log canonical at P and a < 1, then multp(Q2- C) > 1.
Proof. See, for example, [8, Exercise 6.31], [14, Lemma 2.5] or [3, Theorem 7. O

Denote the proper transform of the curve C on the surface S; by C*, and denote the proper
transform of the R-divisor € on the surface S; by Q.

Lemma 3.5. Suppose that a < 1, the log pair (S, aC + 2) is not log canonical at the point P,
and multp(Q2) < 1. Then (S1,aC* + Q! + (a +multp(2) — 1) Fy) is not log canonical at C1 N F,
it is log canonical at every point in By \ (C* N F), and multp(Q - C) > 2 — a.

Proof. Since a < 1 and multp(2) < 1, we have multp(D) < 2. By Lemma 3.3, there exists a
unique point P; € Fy such that the log pair (S1,aC! + Q! + (a + multp(2) — 1)F}) is not log
canonical at Py. If P ¢ C!, then multp(Q2) = Fy - Q' > multp, (Q' - F1) > 1 by Theorem 3.4,
which is impossible, since multp(Q2) < 1. Thus, P; € C'. Then, by Theorem 3.4 again:

multp(Q-C) > multp(Q) + multp, (Ql -C’1> > 2 —a. O
Let us consider an infinite sequence of blow ups
Tn+1 Sn Tn Snfl Tn—1 . ™3 52 ™ 51 T S

such that each 7, is the blow up of the point in the proper transform of the curve C on the
surface S,_1 that dominates P. Denote the m,-exceptional curve by F;,, and denote the proper
transform of C on S,, by C™. For every n > 1, write P,, = C" N F},, denote the proper transform
of the divisor 2 on S,, by Q", let m,, = multp, (2") and let my = multp(2). For every positive
integers k£ < n, denote the proper transform of the curve Fj on S,, by F}'. Finally, we let

n k—1
DS =aC" + Q"+ Y (ka—k+ Y mi) By
k=1 =0

for every n > 1. Then Kg, + D% ~p (myomgo0---om,)*(Kg + D) for every n > 1.
10



Theorem 3.6. Suppose that (S, aC + Q) is not log canonical at P and a < 1. Then mg+a > 1
and multp(2 - C) > 1. Moreover, the following additional assertions hold:
(i) if mg < 1, then the log pair (S1, D1) is not log canonical at P,
(i) if (S,, D) is not log canonical at some point in Fy,, then D" is an effective divisor,
(iii) if (S,, D) is not log canonical at some point in F}, and Z?;ol m; < n+1—na, then such
point in F}, is unique,
(iv) if (Sn, D®") is not log canonical at P,, then (n + 1)a + >_iqm; > n + 2, the log pair
(Spy1, D%+1) is not log canonical at some point in Fj, 11, and multp(Q-C) > n+ 1 — na,
(v)ifn>2 my_1 <1 and Zl o mi < n+1—na, then (Sp, D) is log canonical at every
point of F, dlfferent from P, and F,, N F]_
(vi) if n > 2 and Z 0 m; < n— (n—1)a, then (Sn,DS”) is log canonical at F,, N F_,,
(vil) if n > 2, 317 0 m; <n—(n—1)a, and Y ;" 0 m; + 2my_2 < n+ 1 —na, then (S, D) is
log canonical at F,, N F"_;.
Proof. By Lemma 3.1, we have mg + a > 1. By Theorem 3.4, we have multp(Q2-C) > 1 — a.
Assertion (i) follows from Lemma 3.5. If (S,,, D) is not log canonical at some point in F},, then
(Sp_1, D%1) is not log canonical at P"~'. Thus, assertion (ii) follows from Lemma 3.1. In-
equality Z:‘L;ol m; < n+1—nais equivalent to multp, , (D%-1) < 2. Thus, assertion (iii) follows
from Lemma 3.3. If (S, D) is not log canonical at P,, then (n + 1)a+ 31 ym; > n+2 by
Lemma 3.1, the pair (Sy+1, DS"“) is not log canonical at some point in F;, 1 by Lemma 3.3, and

n—1 n—1
multp<Q-C) — ;mi = multpn<Q" . C’") >1-— (na—n—i—;mi),

by Theorem 3.4. This proves assertion (iv).

Suppose that n > 2. Let O = F, N F» . If S0 o mi <n+1—naand (S,, D) is not
log canonical at some point in F,, \ (P, U O), then m,_1 = F,, - Q" > 1 by Theorem 3.4, which
implies assertion (v). If (S, D) is not log canonical at O and El "o Mi <n+1—na, then

Mpy—1 = Fy, - Q" mult()(F Q">>1—<(n—1)a—n+l+2mz)
by Theorem 3.4. If (S,,, D) is not log canonical at O and > 1, 0 m; < n— (n—1)a, then
Mpy—9 — Mpy_1 = - Q" > multp (F” 1 Q”) >1-— (na —n+ Zml)

by Theorem 3.4. This proves assertions (vi) and (vii). O

Corollary 3.7. Suppose that (S,aC + ) is not log canonical at P, C' ¢ Supp(f2), a < 1 and
mo < min{1,1+ 1 —na} for some integer n > 1. Then multp(€2 - C) >n+1—na.

Corollary 3.8. Suppose that (S, aC + Q) is not log canonical at P, a < 1 and mgy < 1. Suppose
that 2mgy < 3—2a or mo+m1 < 2—a. Suppose that mg+2mq < 4—3a or mg + mq +mg < 3 — 2a.
Then multp(2-C) > 4—3a. If mg + m1 + 2mg <5 — 4a or mg + my + ma + m3z < 4 — 3a, then
multp(Q2-C) > 5 — 4a.

Let us conclude this section by recalling

Theorem 3.9 ([3, Theorem 13]). Let C; and C be two irreducible curves on S that are both
smooth at P and intersect transversally at P. Let D = a1Cy 4+ a2Cy + A, where a; and as
are non-negative real numbers, and A is an effective R-divisor on S whose support does not
contain the curves Cy and Cy. If (S, D) is not log canonical at P and multp(A) < 1, then
multp(A - Cp) > 2(1 —az) or multp(A - Ca) > 2(1 —ay).

11



4. THE PROOF

Let us use the notation of Section 2. The goal of this section is to prove
Theorem 4.1. One has a(S, (1 — 8)C) = &(S, (1 — 8)C) for every € (0,1].

This theorem implies Theorem 1.12, since &(S, (1 — 8)C) > &(S, (1 — B)C) (see Section 2)
and &(S, (1 —8)C) = a(S, (1 — B)C) (by definition) for every g € (0, 1].

Let D be any effective R-divisor such that D ~g —Kg, and let P be any point in S. Since
a(S, (1 —-B)C) < &S, (1 — B)C), to prove Theorem 4.1, it is enough to show that the log pair

(4.2) (5.1 = B)C +a(s, (1 - B)C)BD)
is log canonical at P for every 3 € (0,1]. We will do this in several steps.

Lemma 4.3. Suppose that (4.2) is not log canonical at P. Then P € C, we have

1
o a2 L
a(s, (1-p)0)
and (4.2) is log canonical outside of the point P. Moreover, if there exists a (—1)-curve Z C S
such that P € Z, then Z C Supp(D). Furthermore, there exists an effective R-divisor D’ ~g D
such that C' ¢ Supp(D’) and (S, (1 — 8)C + &(S, (1 — 8)C)BD') is not log canonical at P.

Proof. It P ¢ C, then (S,a&(S, (1 — 8)C)BD) is not log canonical at P, which is impossible,
since «(S) < pa(S, (1 — B)C) by [2, Theorem 1.7]. We have &(S, (1 — 5)C)multp(D) > 1 by
Lemma 3.1. In particular, if there exists a (—1)-curve Z C S such that P € Z, then Z must be
contained in Supp(D), because otherwise we would have 1 = Z - D > multp(D) > 1.

We see that (4.2) is log canonical outside of the curve C. Moreover, the coefficient of the
curve C in the divisor (1—3)C+a(S, (1—5)C)BD does not exceed 1, since D ~g C. Hence, the
log pair (4.2) is log canonical outside of finitely many points. Now the connectedness principle
(see, for example, [8, Theorem 6.32]) implies that (4.2) is log canonical outside of P.

Since (S, (1 —8)C + a(S, (1 —5)C)BC) is log canonical, it follows from Lemma 3.2 that there
is an effective R-divisor D' ~g D such that C' ¢ Supp(D’) and (S, (1—3)C+a(S, (1-5)C)BD")
is not log canonical at P. O

multp(D) >

Thus, to prove that (4.2) is log canonical at P, we may assume that P € C' ¢ Supp(D).
Lemma 4.4. If S = P2, then (4.2) is log canonical at P.

Proof. Suppose (4.2) is not log canonical at P. Let L be a general line in S that contains P.
Then multp(D) < D - L = 3. But 3&(S, (1 — B)C)B < 3 + B3 (see §2.1). Thus, if 8 < Z, then

4(5, (1~ B)C)pmultp(D) < 36(S,(1 - IO)F < 5 + B < 1.

Similarly, if % < B < 1, then &(S, (1 — 8)C)Smultp(D) < %multP(D) < 1. Applying Corol-
lary 3.7 with n = 3 to (4.2), we get

984(S, (1 = B)C) = (S, (1 = B)C)B(C - D) > &(S, (1 = HC)Bmultp(C- D) > 1+ 35,
which contradicts the definition of &(5, (1 — 8)C) in §2.1. O
Lemma 4.5. Suppose that S 22 P! x P!. Then (4.2) is log canonical at P.

Proof. Suppose that (4.2) is not log canonical at P. Let Ly and Lo be the fibers of two different
projections S — P! that both pass through P. Since (S, (1—8)C+a&(S, (1—8)C)B(2L1 +2Ls)) is
12



log canonical and 2L1 4+ 2Ly ~g D, we may assume that either L; ¢ Supp(D) or Ly ¢ Supp(D)
by Lemma 3.2. This implies that multp(D) < 2, since D - Ly = D - Ly = 2. Then

a(S, (1 = B)C)Bmuttp(D) < 24(S, (1 - B)C)B < min {1, i + 5},
(see §2.2). Applying Corollary 3.7 with n = 4, we get
8a(S, (1= B)C)8 = a(S, (1 = B)C)B(C - D) > a(S, (1 = B)C)fmulep(C - D) > 1+ 45,
which contradicts the definition of &(S, (1 — 8)C) in §2.2. O
Lemma 4.6. Suppose that K2 < 3. Then (4.2) is log canonical at P.

Proof. Suppose that (4.2) is not log canonical at P. By [4, Theorem 1.12], there is T € | — K|
such that (S,7) is not log canonical at P, and all irreducible components of the curve T' are
contained in the support of the divisor D. Moreover, such T is unique.

Since (S,T') is not log canonical at P, we have very limited number of choices for T € | — Kg].
Going through all of them, we see that (S, (1 — 3)C + &(S, (1 — 8)C)BT) is log canonical at P
(for details, see the proofs of [13, Theorems 4.9.1, 4.10.1, 4.11.1]).

By Lemma 3.2, there is an effective R-divisor D’ on the surface S such that D’ ~gr D, the log
pair (S, (1—8)C+a&(S, (1—3)C)BD’) is not log canonical at P, and Supp(D’) does not contain
at least one irreducible component of 7. The latter contradicts [4, Theorem 1.12]. O

Corollary 4.7. Theorem 4.1 holds in the following cases: S = P? S = P! x P! and K% < 3.

Lemma 4.8. Suppose that 4 < Kg < 7, and P is the intersection point of two intersecting
(—1)-curves in S. Then (4.2) is log canonical at P.

Proof. Suppose that (4.2) is not log canonical at P. Denote by Z; and Z3 two (—1)-curves in S
that contains P. We write D = aZ;4+bZ54 €2, where a and b are non-negative real numbers, and
Q) is an effective R-divisor that whose support does not contain Z; and Z. By Lemma 4.3, one
has a > 0 and b > 0. Let x = multp(Q2). Then 1 —b+a =Q-Z; > z, which gives b—a+ 2z < 1.
Similarly, we obtain a —b+x < 1. Thena <14+b, b< 1+ a and x < 1. Thus, we have

multp ((1-B)C +4(S, (1-F)C)5Q) = 1= B+4(S,(1-F)C)fz < 1-f+a(S. (1-HO)F < L
because &(S, (1 — §)C) < 1. Applying Theorem 3.9 to (4.2), we see that
2(1-@(5, (1—5)0)5@ <7 (a(s, (1—B)C)BQ+(1—6)C) — &(S, (1-B)C)B(1—a+b)+1—4,

or

2(1—@(5, (1-5)0)&) < ZQ-(@(S, (1—5)0)m+(1—5)0)

In both cases, we obtain &(S, (1 — 5)C)B(1 +a+b) > 1+ (.

Suppose that K2 = 7. Let us use the notation of §2.4. We may assume that Z; = E; and
Zy = L. Since 3L + 2E; + 2E5 ~ —Kg and (S, (1 — 8)C + a(S, (1 — B)C)B(3L + 2E1 + 2E5) is
log canonical, we may also assume that Fy ¢ Supp(Q2) by Lemma 3.2. Then 1 —b = E5 - > 0,
which gives b < 1. Since a < 1+ b, we get a + b < 3. Thus, we have

4B4(S, (1 — B)C) = &(S, (1 — 5)0)5(1 ta+ b) >1+8,

which contradicts the definition of &(S, (1 — 8)C).

Suppose that K% = 6. Let us use the notation of §2.5. Without loss of generality, we may
assume that Z; = Ey and Zy = Lia. Since (S, (1—8)C+a(S, (1—8)C)3(2L12+2E1+ L1s+ E2))
is log canonical and 2Lq9 + 2F7 + L13 + F3 ~ —Kg, we may assume that Supp(€2) does not
contain L1z or Ey by Lemma 3.2. If Lz ¢ Supp(Q2), then 1 —a = Q- Ly3 > 0, which implies
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that a < 1. Similarly, if Ey ¢ Supp(Q2), then b < 1. Since a < 1+ b and b < 1 + a, we see that
a+ b < 3. Thus, we have

4Ba(S, (1 — B)C) = a(S, (1 — 5)0)5(1 Yat b) > 148,

which contradicts the definition of &(S5, (1 — 3)C).

Suppose that Kg = 5. Let us use the notation of §2.6. Without loss of generality, we may
assume that 7 = Fy and Zy = Ljg. Since (S, (1—8)C+a&(S, (1—-8)C)B(2E1+ L1+ Lis+ L14))
is log canonical and 2E; + L1a+ L3+ L14 ~ —Kg, we may assume that Supp({2) does not contain
Lq3 or L4 by Lemma 3.2. Since (S, (1 — 5)C + a(S, (1 — 8)C)B(E1 + 2L12 + Ez + Lay)) is log
canonical and Fy +2Lj9 + E9 + L3y ~ —Kg, we may assume that Supp(2) does not contain Fs
or Ly by Lemma 3.2. If L13 ¢ Supp(Q?), then 1 —a = Q- L13 > 0, which gives a < 1. Similarly,
if L14 ¢ Supp(Q?), then a < 1. If Ey ¢ Supp(Q?), then 1 —b = Q- Ey > 0, which gives b < 1.
Similarly, if Lz4 ¢ Supp(€2), then b < 1. Thus, we have a < 1 and b < 1. Then

38a(S, (1 — B)C) = a(S, (1 — 5)0)5(1 Yat b) > 145,

which contradicts the definition of &(S, (1 — 3)C).

We have K% = 4. Let us use the notation of §2.7. Without loss of generality, we may assume
that Z; = Lis and Zo = L3s. Let Z be the proper transform on S of the line in P? that passes
through 7(F5) and m(Li2 N Lsg). Since (S, (1 — B)C + &(S, (1 — B)C)B(L12 + Lss + Z)) is log
canonical and Ly + L3y + Z ~ —Kg, we may assume that Z ¢ Supp(€?) by Lemma 3.2. Then
2—a—b=Q-Z >0, which implies that 364&(S, (1—038)C) > &(S,(1—8)C)B(1+a+b) > 1+ 0.
The latter contradicts the definition of &(S, (1 — 5)C). O

Lemma 4.9. Suppose S = Fq, and P is contained in a unique (—1)-curve in S. Then (4.2) is
log canonical at P.

Proof. Let us use the notation of §2.3. Then P = ZNC, since P € C. Suppose that (4.2) is not
log canonical at P. By Lemma 4.3, we have Z C Supp(D). By Lemma 3.2, we may assume that
F ¢ Supp(D), since (S, (1-8)C+a(S, (1-5)C)5(2Z+3F)) is log canonical and 2Z+3F ~ —Kg.
Then multp(D) < F - D = 2. On the other hand, we have 2&(S, (1 — 8)C)5 < % + B and
24(S, (1 — B)C)B < 1. Applying Corollary 3.7 with n = 4 to (4.2), we get

8&(S, (1= B)C)8 = &S, (1 = B)C)B(C - D) > a(S, (1 — B)C)fmultp (C - D) > 1448,
which contradicts the definition of &(S, (1 — 8)C). O

Lemma 4.10. Suppose that 4 < K2 < 7, and P is contained in a (—1)-curve in S. Then (4.2)
is log canonical at P.

Proof. See Section 5. 0
The following result implies Corollary 1.14 modulo Theorem 4.1.

Theorem 4.11. Let S; and S5 be smooth del Pezzo surfaces, let C7 and Cy be smooth curves in
| - Kg,| and | — Kg,|, respectively. Suppose that there exists a birational morphism f: So — S}
such that f(C2) = C1. Then &(S1, (1 —B)C1) < &(Se, (1 — B)Cq) for every B € (0,1] except the
following cases:
(1) S; = P2, Sy 2 Fy, and f is the blow up of an inflection points of the cubic curve C; C P2,
(2) Sp = P! x P KEQ =7, and f is the blow up of a point in Cj.

Proof. Since f(C2) = Ci, the morphism f is the blow up of Kgl — K?gz > 0 distinct points on
the curve Cy. Suppose that &(Si, (1 — 3)C1) > &(S2, (1 — B)Cs). Going through all possible
cases considered in Section 2, we end up with the following possibilities:

(1) S = P2, Sy =2 Fy, and f is the blow up of an inflection points of the cubic curve C; C P2,
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(2) Sp = P! x P, K%Q =7, and f is the blow up of a point in C,

(3) Kgl =4, K%Q = 3, the morphism f is the blow up of a point in C7, the curve C7 does
not contain intersection points of any two lines, for every two conics Z; and Zs in Sy
such that Z; + Zy ~ —Kg,, the conics Z; and Zy do not tangent C; at one point, and
Sy contains an Eckardt point and this point is contained in Co,

(4) Kgl =3, K%Q = 2, the morphism f is the blow up of a point in C4, the surface S;
contains no Eckardt points, for every line L and every conic M on 57 such that L is
tangent to M we have L N M ¢ C}, and every irreducible cuspidal curve T' € | — Kg, |
intersects C by at least two point, the linear system | — Kg,| contains a curve with a
tacnodal singularity and this tacnodal singular point is contained in Cs.

The first two cases are indeed possible. Let us show that the last two cases are impossible.
Denote by E the f-exceptional curve. Then f(E) € C4.

Suppose that Kg 2 = 4 and Kg 2 = 3. Then Cy contains an Eckardt point O. Denote by
L1, Lo, L3 the hnes in So that passes through O. Then either E is one of these three lines, or
intersects exactly one of them. Without loss of generality, we may assume that either £ = L3
or ENL; = ENLs = &. In the former case, f(L1) and f(L2) are two conics in S; such
that f(L1) + f(L2) ~ —Kg,, and both f(L;) and f(L2) tangent the curve C1 = f(C2) at the
point f(P) € C;. Since we know that such conics do not exist by assumption, we conclude that
ENLy =FEnNLs=@. Then f(L;) and f(L2) are two lines in S; that both pass through the
point f(P) € Cy. Such lines do not exist either. Thus, this case is impossible.

Now we suppose that Kgl = 3 and K§2 = 2. Let Z be a curve in | — Kg,| such that Z has
tacnodal singularity @ € Co. Then Z = L; + Lo, where L; and Lo are two (—1)-curves in So
that are tangent each other at the point () € Cy. Then either F is one of these two curves, or E
intersects exactly one of them. Without loss of generality, we may assume that either £ = Lo
or ENL; = @. In the former case, f(L1) is a cuspidal curve in | — Kg, | whose intersection with
the curve C consists of the point f(Q) = Sing(f(L1)). By assumption, such a cuspidal curve
does not exist. Thus, ENL; = @. Then f(L;) is a line, and f(L3) is a conic. Moreover, the line
f(Ly1) tangents to f(Lgz) at the point f(Q) € C1. The latter is impossible by assumption. O

To prove Theorem 4.1, we have to prove that (4.2) is log canonical at P, where P is a point
in C' ¢ Supp(D). The latter follows from Corollary 4.7, Lemmas 4.8, 4.9, 5.9, 4.10 and

Lemma 4.12. Suppose that K% > 3, and neither S 2 P? nor S = P! x P!. Suppose that P is
not contained in any (—1)-curve in S. If Theorem 4.1 holds for all smooth del Pezzo surfaces of
degree K% — 1, then (4.2) is log canonical at P.

Proof. Suppose that (4.2) is not log canonical at P. Let f: S — S be a blow up of P. Then S is
a smooth del Pezzo surface of degree K& 2 = K2 — 1, since P is not contained in any (—1)-curve

in S. Denote the f-exceptional curve by E, denote the proper transform of C' on S by C, and
denote the proper transform of D on S by D. Then C & | — Kg|, since P € C. The log pair

(4.13) (5.0 - 5)C + (5.1~ )0)8(D + (multp(D) ~ M)E))

is not log canonical by Lemma 3.3. Let D' = D + (multp(D) — 1)E. Then D’ ~g —Kg, and D’
is effective by Lemma 4.3. Furthermore, the log pair (S, (1 —3)C +a(S, (1— ,B)C’)BD ) is not log
canonical, because (4.13) is not log canonical. This shows that &(S, (1 —8)C) > «(S, (1 - 8)C).
But it follows from Theorem 4.11 that &(S, (1 — 8)C) > &(S, (1 — B)C). Thus, we see that
&@(S,(1 - B)C) > a(S, (1 — B)C). Hence, Theorem 4.1 does not hold for S. O

This completes the proof of Theorem 4.1 modulo Lemma 4.10.
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5. THE PROOF OF LEMMA 4.10

In this section, we will prove Lemma 4.10. Let us use its notation and assumptions. Then
4 < K% < 7and Pisapoint in C ¢ Supp(D) that is contained in a (—1)-curve in S. Let us
denote this (—1)-curve by £. We must prove that (4.2) is log canonical at P. By Lemma 4.8,
we may assume that £ is the only (—1)-curve in S that contains P. We write D = aLl + €2,
where a is a non-negative real number, and €2 is an effective R-divisor such that £ ¢ Supp(£2).
By Lemma 4.3, we have a > 0. Let + = multp(2). Then 1 +a=L-Q > z.

Corollary 5.1. One has z < 1+ a.
Let A = &(S, (1 — 5)C). Consider a sequence of 4 blow ups

T4 3 2 ™

Sy Ss So S1 S

such that w1 is the blow up of the point P, my is the blow up of the intersection point of the
mi-exceptional curve and the proper transform of the curve C' on Sy, w3 is the blow up of the
intersection point of the me-exceptional curve and the proper transform of the curve C' on Sz, and
74 is the blow up of the intersection point of the m3-exceptional curve and the proper transform
of the curve C on S3. Denote by I}, F5, F3 and F) the exceptional curves of the blow ups 71, 73,
73 and 74, respectively. Denote by C', C?, C3 and C* the proper transforms of the curve C on
the surfaces S1, Sa, S3 and Sy, respectively. Let P, = C'NF, P, = C?>NFy, P = C3N F3 and
Py = C* N Fy. Denote the proper transform of the divisor € on the surfaces Si, Sa, S5 and Sy
by Q', 02 Q3 and O, respectively. Let x1 = multp, (Q), z2 = multp, (Q) and z3 = multp, ().

Lemma 5.2. Suppose that (4.2) is not log canonical at P. Then at least one of the following
four conditions is not satisfied:
(i) AMBla+=x) <1,
(ii) 2A\B(a+x) —28<lor \B(a+z+x1) — B < 1,
(iii) MBa+z+2x1) —38<1lor \la+z+z1+x2) —26 <1,
(iv) ABla+z+ 21+ 2x2) —48 < lor A\B(a+x+x1 + 22+ 23) — 35 < 1.
If \BK2 < 1+ 38, then at least one of the conditions (i), (ii) or (iii) is not satisfied.

Proof. If conditions (i), (ii), (iii) and (iv) are satisfied, then Corollary 3.8 gives
1+46
A3
which is impossible, since ABK2 < 1448 by the definition of A = &(S, (1-3)C) for 4 < K2 < 7.
Similarly, if conditions (i), (ii), (iii) are satisfied, then A\GK g > 14 35 by Corollary 3.8. O

K§:D-02multp<D-C> >

Lemma 5.3. Suppose that K% = 7. Then (4.2) is log canonical at P.

Proof. Suppose that (4.2) is not log canonical at P. Let us use the notation of §2.4. Without
loss of generality, we may assume that either £ = E; or £ = L (but not both).

Suppose that £ = L. Since P ¢ FE; U FE5, the curve R is smooth and irreducible. Since
(S, (1-B)C,\B(L+2R)) is log canonical and L+2R ~ —Kg, we may assume that R ¢ Supp(£2).
Denote the proper transform of the curve R on S; by R!, and denote its proper transform on
So by R? Then3—a—2—21 = R2-Q? > 0, which gives a + + x1 < 3. Since x —a < 1 by
Corollary 5.1, then x1 < % and all conditions of Lemma 5.2 are satisfied, giving a contradiction.

We have £ = Ej. Then L; is irreducible, since P ¢ L. Since (S, (1 —8)C,\3(2L1+2E, + L))
is log canonical and 2L; + 2F; + L ~ —Kg, we may assume that L; or L is not contained
in Supp(2) by Lemma 3.2. We write Q@ = bL; + A, where b is a non-negative real number,
and A is an effective R-divisor on S such that Ly ¢ Supp(A) and E; ¢ Supp(A). Then
l1—b+a=FE;-A >y, which givesb+y < 1+a. If b > 0, then a < 1. Indeed, if L ¢ Supp(A),
thenl—a=L-A>0.
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Denote the proper transform of the divisor A on S; by Al | denote the proper transform of
the divisor A on Sy by A2, and denote the proper transform of the divisor A on Sz by A% . Let
y = multp(A), y1 = multp, (Al), yo = multp,(A?) and y3 = multp,(A3). Then z = b+y. Since
Ly - C =2, either multp(L; - C) =1 or multp(L; - C) = 2. Thus, we have, zo = y2 and z3 = ys.

Suppose that multp(L;-C) =1. Then 1 =y; and2—a=L;-A > y. Wehaveb+y < 1+a
by Corollary 5.1. If b > 0, then a < 1. Therefore, we have A3(a+x) < 1, \B(a+x+x1)— 8 < 1,
AB(a+z+2x1) —38 <1 and A\F(a+ =+ x1 + 2x2) — 45 < 1, which contradicts Lemma 5.2.

Thus we see that multp(L; - C) =2. Then 21 =y; +band 2 —a = Ly - A > y + y1, which
gives a +y + y1 < 2. Since L; is tangent to C' at the point P, we have

1428 i}
78 3B8)°
Moreover, we have b+ 1y < 1+ a by Corollary 5.1. Furthermore, if b > 0, then a < 1. This gives

A(a+x) < 1,20B(a+x)—28 < 1, \B(a+x+x1+22)—28 < 1 and )\B(a+x+$1+2x2) 48 < 1,
which is impossible by Lemma 5.2. (]

A=a(S,(1-B)C) < min{1,

Lemma 5.4. Suppose that K% = 6. Then (4.2) is log canonical at P.

Proof. Suppose that (4.2) is not log canonical at P. Let us use the notation of §2.5. Without
loss of generality, we may assume that £ = E;. Denote the proper transform of the curve Ey
on the surface S; by Ef. Let L be the proper transform on S of the line in P? that is tangent
to w(C) at the point w(P). Then —Kg - L = 2, since P & L1y U L13 U Las. Denote the proper
transform of the curve L on S; by L', denote the proper transform of the curve L on Sy by L2,
and denote the proper transform of the curve L on S3 by L3.

We claim that L C Supp(?). Indeed, suppose that L ¢ Supp(Q2). Then a + = < 2, since
2—a=Q-L >z But x <1+ a by Corollary 5.1. Therefore, we have z1 < x < % These
inequalities give Af(a +x) < 1, 2A\B(a+z) — B < 1 and AB(a + x + 2x1) — 38 < 1. Therefore,
A(a+ x+ x4+ 222) — 48 > 1 and 6AS > 1+ 35 by Lemma 5.2. The former inequality implies
that a + x + x1 4+ 222 > 6. The latter inequality implies that L is not tangent to C at the point
P (see §2.5).

Let Z be the proper transform on S of the conic in P? that passes through the points 7(E1),
7(E2), m(E3), and is tangent to 7(C') at the point 7(P). Then Z is irreducible, E1+L+Z ~ —Kg
and —Kg - Z = 3, since L is not tangent to C' at P. Then multp(Z - C) < 3, since —Kg-Z = 3.

We write Q = ¢Z + Y, where ¢ is a non-negative real number, and T is an effective R-divisor
on S whose support does not contain Z. Denote the proper transform of the divisor T on
S1 by T!, denote the proper transform of the divisor T on Sy by Y2, and denote the proper
transform of the divisor T on S3 by T3. Let z = multp(Y), 21 = multp, (T1), 20 = multp, (Y?),
z3 = multp, (T3). Then x = c+ 2, 1 = ¢+ 21, ¥3 = 23. If multp(Z - C) = 2, then x5 = 29 and
3—a—c—2z=27-T>multp (Z'- Y1) > 21, which implies that

6<at+ax4+ri+2rx9=a+24+21+2204+2c<3+22+c< 3+ 22+ 2¢c <3+ 2x <6,

since z + ¢ < fand a+ ¢+ z < 2. Thus, we see that multp(Z - C) = 3. Then z9 = ¢ + z3 and
3—a—c—z—zl Z2.7?% > multh(Z2 Y2) > 2z, which gives a + ¢+ 2z + 21 + 22 < 3. Then

6<at+ax4+xi+2r9=a+z24+21+224+3c<3+29+2c<3+229+2c <3+ 2z <6,

which is absurd. This shows that L C Supp(2).
We write Q2 = bL + A, where b is a positive real number, and A is an effective R-divisor on
S such that L ¢ Supp(A). Let y = multp(A). Then 2 —a = A - L > y. Denote the proper
transform of the divisor A on S; by Al, denote the proper transform of the divisor A on S,
by A2 and denote the proper transform of the divisor A on S3 by A3. Let y; = multp, (Al),
Yo = multp,(A?) and y3 = multp,(A3). Then z = b+ y, 2 = y2 and x3 = y3, which implies
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that b4+ y < 14 a by Corollary 5.1. Then
(5.5) (51, (1= B)C! + ABaBl + ABBL! + ABA! + (AB(a+b+y) — ) Fi)

is not log canonical at some point )1 € £} by Lemma 3.3.

We claim that L is tangent to C' at the point P. Indeed, suppose that L is not tangent to C
at P. Then 1 = y;. Let Z be the proper transform on S of the conic in P? that passes through
w(E1), m(E2), m(E3), and is tangent to 7(C') at w(P). Then Z is irreducible and —Kg - Z = 3.
Moreover, we have Ej + L + Z ~ —Kg, and the log pair (S, (1 — 8)C + A3(E1 + L+ Z)) is log
canonical. Thus, we may assume that Z ¢ Supp(D) by Lemmas 3.2. Then 3 —a—b—y =
ZY Al > multp, (Z1 - A') > y;. Since we also have b+y < 14+a,a+y <2, 2 =y+b, x1 =y
and xo = yo, we see that

AByr < 1, Ala+b+y) —B<ABla+b+y+uy)—B<1,
Ala+b+y+2y)—36<1, AB(a+b+y1 +2y2) — 45 < 1.

In particular, (5.5) is log canonical at every point of F; that is different from @ by Lemma 3.3.
If Q1 # L' N Fy and Qq # Py, then A\3(a +y) = F1 - (AB(aEy + A')) > 1, by Theorem 3.4. But
A3(a+y) < 1, since a +y < 2. This shows that Q1 = L' N Fy or Q; = P;. Sinceb—a+y < 1
and a +b+vy+ vy <3, we have b+ 1y < 2. So, if Q1 = L' N Fy, then

1 < A\BF; - (bLl + Al) = AB(b+y) <228 <1,

(5.6)

by Theorem 3.4. If Q1 = P;, then 6 = D -C > % by (5.6) and Theorem 3.6. The latter
contradicts 6A3 < 1+ 40.
We see that L is tangent to C' at the point P. Then 1 = y; + b and

Agnm{L1+2@4£}

56 28

which gives 68 < 14 343. Moreover, we have a+y+1y; < 2, because 2—a—y—1y; = L>-A% > 0.
Furthermore, since 2L+ Log+ E; ~ —Kg and (S, (1—8)C+AB(2L+ Lag+ E) is log canonical, we
may assume that Loz ¢ Supp(A) by Lemma 3.2. This gives us b < 1, because 1 —b = A- Loz > 0.
Since L+ Lis + Lis+2F) ~ —Kg and (S, (1 —8)C 4+ AB(L+ Li2 + L1+ 2E1)) is log canonical,
we may assume that Lis ¢ Supp(A) or L1g ¢ Supp(A) by Lemma 3.2. If L1y ¢ Supp(A), then
1—a=A-Ljs > 0, which gives a < 1. Similarly, we get a < 1if Li3 ¢ Supp(A). Thus, we have

(5.7) a<1, b< 1, b—a+y<1, a+y+y <2

which implies that AS(a+b+y)— < 1. In particular, (5.5) is log canonical at every point of F}
that is different from Q1 by Lemma 3.3. If Q1 # Py and Q1 # E{NFy, then A\By = A\BAL-F} > 1
by Theorem 3.4. The latter is impossible, since Ay < 2A8 < 1 by (5.7). If Q; = E1 N Fy, then

1< Ej- (AﬁAl + (M(a+b+y) — 5)F1) = A\B(1+2a) —

by Theorem 3.4. The latter is impossible, since A\3(1 + 2a) — 8 < 3A3 — f < 1 by (5.7). Thus,
we see that Q1 = P;.
By (5.7), one has a + 2b+ y + y; < 4. This implies that \3(a +2b+y + y1) — 26 < 1. Then

(82, (1= B)C? + ABBL2 + ABA% + (AB(a+b+y) — B) FE + (AB(a + 2b+y + 1) — 28) )

is not log canonical at a unique point Q2 € Fy by Lemma 3.3. If Q2 ¢ L? U FZ U C?, then
ABy2 = ABAZ? - Fy > 1 by Theorem 3.4, which is impossible, since ABy2 < 1 by (5.7). Similarly,
if Q2 = F, N L2, then A3(b+ y2) = A\B(bL? + A?) - F, > 1 by Theorem 3.4, which is impossible,
because b+ y2 < b+y < 2 by (5.7). If Qa = Fo N FZ, then

My + 1 +a+b)—f= (A/J’A2+()\B(a+b+y)—ﬁ)F12> B> 1
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by Theorem 3.4, which is impossible, since y +y; + a + b < 3 by (5.7). Then Q2 = Ps.
We have A\B(a +2b+y+y1 +y2) — 38 < 1, since a + 20+ y + y1 + y2 < 5 by (5.7). Then

(53, (1—B)C? + ABA? + (AB(a+2b+y + y1) — Qﬂ) F3+ (\B(a+2b+y+y1 +12) — 36) Fg).

is not log canonical at a unique point Q3 € F3 by Lemma 3.3. If Q3 ¢ F5 U C3, then \3y3 =
ABA3 . F3 > 1 by Theorem 3.4, which is impossible, because A\Bys < 1 by (5.7). If Q3 = F3NF3,
then Theorem 3.4 gives

1< F3- ()\BA‘% + (MB(a+2b+y+y1 + y2) —35)F3) =MN3(a+2b+y+2y1) — 36 < 5N — 30,

which is impossible, since a + 2b + y + 2y; < 5 by (5.7). Thus, we see that Q3 = P3;. By
Theorem 3.6 (iv), we have 6 = D - C > multp(D - C) > % The latter is impossible, since we
already proved earlier that 6A8 < 1 + 37. O

Lemma 5.8. Suppose that Kg = 5. Then (4.2) is log canonical at P.

Proof. Suppose that (4.2) is not log canonical at P. Let us use the notation of §2.5. Then
A = min{1, %} This implies that 5\ < 14+-35. By Lemma 5.2, at least one of the conditions (i),
(ii) and (iii) in Lemma 5.2 is not satisfied. In particular, if a+z < 2, then A\3(a+x+2x1)—35 > 1.

Without loss of generality, we may assume that £ = Li5. Let B3 be the proper transform
on S of the line in P? that passes through 7(P) and 7(E3), and let By be the proper transform
on S of the line in P? that passes through 7(P) and 7(Ey4). Since Lis + Bs + By ~ —Kg and
(S, (1—B)C+AB(L12+ B3+ By)) is log canonical, we may assume that at least one curve among
Bs and By is not contained in Supp(f2). Intersecting this curve with Q, we get a + x < 2. Then
AB(a+ x + 2x1) — 308 > 1. This implies that a + x + 21 > 5.

Denote the proper transform of the curve B3 on the surface S; by Bé, and denote the proper
transform of the curve By on the surface S; by Bj. Recall P, = C1 N Fy.

Suppose that Py ¢ Bi U B}. Then B3 and By do not tangent C' at P. Let R be the proper
transform on S of the line in P? that is tangent to 7(C) at the point 7(P), let Ry be the proper
transform on S of the conic in P? that tangents to 7(C) at the point 7(P) and passes through
the points m(Fs), m(E3) and 7(FEy), and let Ry be the proper transform on S of the conic in P?
that tangents to 7(C) at the point 7(P) and passes through the points m(E1), m(Es3) and w(Ey).
Since P ¢ BéUBi, the curves R; and Rs are irreducible. Hence %ng—i—%R—l—%Rl—F%Rz ~r —Kg
and (S, (1—B)C+AB(3L12+ 3R+ 1 R1+ 3 Ry)) is log canonical. By Lemma 3.2, we may assume
that one curve among R, R; and Ry is not contained in Supp(D). Denote this curve by Z, and
denote its proper transform on S; by Z'. Then P, € Z' and 3 —a —x = Z'- Q! > 1, which is
impossible, since a + x < 2 and a + x + 221 > 5.

We see that P} = Bé NFEy or P = Bi N F1. Without loss of generality, we may assume that
Py = BN Fy. Then B3 C Supp(Q), since otherwise we would have 2 —a —z = B - Q! > 2,
which is impossible, since a + x < 2. We write = bB3 + A, where b € Ry and A is an
effective R-divisor on S such that Bs ¢ Supp(A). Denote the proper transform of the divisor
A on Sy by Al Let y = multp(A) and y; = multp, (A'). Then z =b+y and 1 = b+ y;. We
have b —a +y < 1 by Corollary 5.1 and a + b+ y = a + z < 2, which implies a contradiction
a+x+2x; <24 2y+2b< 5. O

Lemma 5.9. Suppose that K = 4. Then (4.2) is log canonical at P.

Proof. Suppose that (4.2) is not log canonical at P. Let us use the notation §2.7. Then \5 < %
Without loss of generality, we may assume that P € E. Then P = ENC. By Lemma 4.8, the
point P is not contained in any other (—1)-curve. By Lemma 4.3, we have E C Supp(D).
The log pair (S,(1 — B)C + MB(3E + 3(E1 + E> + E3 + E4 + E5))) is log canonical and
%E + %(El + Ey+ Es+ Eg4+ E5) ~g —Kg. By Lemma 3.2, we may assume that Supp(Q2) does
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not contain one curve among FE1, Fo, F3, E4, Fs5. Intersecting this curve with 2, we get a < 1.
Let L1, Lo, L3, Ly, L be the proper transforms on S of the lines in P? that pass through 7(P) and
m(Er), m(E»), m(Bs), m(Ey), m(Es), respectively. Then 2E+2(Ly+ Lo+ Ls+ La+ L) ~r —Kg,
and (S, (1 —B)C + AB(3E + 3(L1 + Lo + L3 + Ly + Ls))) is log canonical. By Lemma 3.2, we
may assume that Supp(Q2) does not contain one curve among Li, Lo, L3, L4, Ls. Intersecting
this curve with ), we get a + = < 2. Recall that a < 1 by Corollary 5.1. Thus, we have

(5.10) a <1, r—a<l1, a+x <2,

which implies that z < % and A\G(a + x) — B < 1. In particular, we have \fz < 1.

Denote the proper transform of the curve E on S; by E'. Then A\3(a + z) — 8 < 1, since
a+ x < 2. Thus, the log pair (51, (1 — B)C + A\BaE + \BQ! + (A\3(a + z) — B)F1) is not log
canonical at the unique point )1 € F; by Lemma 3.3. Note that A\3(a+x)— > 0 by Lemma 3.1.
Moreover, either Q1 = P; or Q1 = E' N Fy, since otherwise we would have Az = A\gQ - F} > 1

by Theorem 3.4. If Q; = E' N Iy, then Theorem 3.9 implies
M(1+a—z)=\30 Bl > 2(1+5—A5(x+a))

or A8z = A\BQ - F; > 2(1 — ABa). The former inequality gives A3(1 + 3a + x) > 2 + 23, which
is impossible since 1 + 3a + = < 5 by (5.10). The latter inequality gives that AB(x + 2a) > 2,
which is impossible since x 4+ 2a < 3 by (5.10). Thus, we see that Q1 = P;.

Let R be the proper transform on S of a line in P? that is tangent to 7(C) at the point 7(P).
Then either —Kg- R =3 or —Kg - R = 2. Moreover, —Kg - R = 3 if and only if 7(R) does not
contain any of the points m(FE1), 7(E2), m(E3), m(Ey), n(Es).

Suppose that —Kg- R = 2. Without loss of generality, we may assume that R = L;. We write
Q =0bL,+ A, where b is a non-negative real number, and A is an effective R-divisor on S whose
support does not contain the curve Li. Denote the proper transform of the curve L; on S; by
L1}, and denote the proper transform of A on S; by Al. Let y = multp(A) and y; = multp, (Al).
Then x = y+b. Since (S, (1—5)C+ A \B(E+ E1+ L)) is log canonical and E+ Ey+ L1 ~ —Kag,
we may assume that b = 0 or Supp(A) does not contain E; by Lemma 3.2. Thus, if b # 0, then
l—a—b=A-E; >0. With (5.10), this gives y +2b < 2 and 2+ a+y+ 2b < %. On the other
hand, we have 2 —a —y = A'- L1 > y;, which implies that a + 2y; < 2, since y > y;. Thus, we
see that 41 < 1. Then multp, ((1 — B)C + ABAY) =1 — 3+ A\By1 < 1. Applying Theorem 3.9,
we see that

1- B+ A2 —a—y)= ((1—5)C’1+>\6A1) -L%>2(1+,@’—A5(a+b+y))

or 1 — B+ A8y = ((1—B)C + A\BAY) - Fy > 2(1 — ABb). This gives A\3(2+a+y+2b) > 1+ 38
or A\B(y + 2b) > 14 . The former inequality is impossible, because 2 + a + y 4+ 2b < %. The
latter inequality is also impossible, because y + 2b < 2.

We have —Kg-R = 3. Then R is irreducible and R+E ~ —Kg. Since (5, (1—-5)C+AG(R+E))
is log canonical, we may assume that R ¢ Supp(Q2) by Lemma 3.2. Denote the proper transform
of the curve R on the surface Sy by R'. Then 3—2a—xz = Q'-R! > x;, which gives x+x1+2a < 3.
Then \3(a +x + x1) — 25 < 1 by (5.10). Thus, the log pair

(52, (1—B)C2+ AR + (\B(a+ ) — B)F2+ (\Bla+ z + 21) — 2[3)F2>

is not log canonical at a unique point Q2 € F» by Lemma 3.3. Note that AG(a+x+z1)—25 >0
by Lemma 3.1. If Q2 # P, and Q2 # F? N Fy, then Theorem 3.4 gives A\fz1 = A\3Q% - Fy > 1,
which is impossible, since ABx; < A\Bz < 1 by (5.10). If Q2 = F2 N Fy, then Theorem 3.4 gives

A3(a+27) — 28 > (Am? +(MBlata+z)— QB)FQ) P21

which is impossible, since a + 2z < %, by (5.10). Hence, we see that Qo = Ps.
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One has A\3(a + x + x1 + x2) — 38 < 1 by (5.10), since x + x1 + 2a < 3 and =2 < 771 < z.
Thus, it follows from Lemma 3.3 that

(S5, (1 = BYC? + AB2% + (ABla+x + 1) — 28)Ff + (AB(a + w + @1 +22) — 38) Fy )

is not log canonical at a unique point Q3 € F3. Note that Af(a + = + z1 + z2) — 36 > 0 by
Lemma 3.1. If Q3 # Ps and Q3 # F23 N F3, then Theorem 3.4 gives A\Bzy = A\3Q3 - F3 > 1, which
is impossible, since A\3zs < A3z < 1 by (5.10). If Q3 = F§ N F3, then Theorem 3.4 gives

A(a +a + 221) — 35 = (/\693 +(M\Ba+z+a1+m) — Bﬁ)Fg) FE>1
<

which contradicts (5.10), since = + x1 + 2a < 3. Thus, we have Q3 = P3. Then Theorem 3.4

gives
B2 478 - 38 = (ABQP + (\Bla+a+ 21 +22) — 30)F3 ) > 1,
which is impossible, since 8 € (0, 1]. O
This completes the proof of Lemma 4.10.
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