HOPF DIAGRAMS AND QUANTUM INVARIANTS

ALAIN BRUGUIERES AND ALEXIS VIRELIZIER

ABSTRACT. The Reshetikhin-Turaev invariant, Turaev’s TQFT, and many re-
lated constructions rely on the encoding of certain ribbon tangles (n-string
links, or n-ribbon handles) as n-forms on the coend of a ribbon category. We
introduce the monoidal category of Hopf diagrams, and describe a universal
encoding of ribbon string links as Hopf diagrams. This universal encoding is
an injective monoidal functor and admits a straightforward monoidal retrac-
tion. Any Hopf diagram with n legs yields a n-form on the coend of a ribbon
category in a completely explicit way. Thus computing a quantum invariant of
a 3-manifold reduces to the purely formal computation of the associated Hopf
diagram, followed by the evaluation of this diagram in a given category (using
in particular the so-called Kirby elements).
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INTRODUCTION

In 1991, Reshetikhin and Turaev [RT91] introduced a new 3-manifold invariant.
The construction proceeds in two steps: representing a 3-manifold by surgery along
a link and then coloring the link to obtain a scalar invariant. Here, colors are
(linear combinations of) simple representations of a quantum group at a root of
unity. Since then, this construction has been re-visited many times.

In particular, Turaev [Tur94] introduced the notion of a modular category, which
is a semisimple ribbon category satisfying a finiteness and a non-degeneracy condi-
tion, and showed that such a category defines a 3-manifold invariant, and indeed a
TQFT. In this approach, colors are simple objects of the category.

Following these ideas, a more general approach on quantum invariants of 3-mani-
folds has been subsequently developed, see [Lyu95] and more recently [KLO01, Vir03].
It avoids in particular the semisimplicity condition. Let us briefly outline it: the
initial data used to construct the invariants is a ribbon category C endowed with a
coend A = [ VX @ X. Let L be a framed n-link. We can always present L as
the closure of some ribbon n-string link 7. By using the universal property of the
coend A, to such a string link 7" is associated a n-form on A, that is, a morphism
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2 A. BRUGUIERES AND A. VIRELIZIER

Te: A®" — 1 in C. Given a morphism «: 1 — A (which plays here the role of the
color), set:

1e(L;a) = Te 0 a®™ € Ende(1).

A Kirby element of C, as defined in [Vir03], is a morphism «: 1 — A such that, for
all framed link L, 7¢(L; «) is well-defined and invariant under isotopies of L and
under 2-handle slides. In this case, by the Kirby theorem [Kir78] and under some
invertibility condition, the invariant 7¢(L; ) can be normalized to an invariant of
3-manifolds.

At this stage, two main questions naturally arise. Firstly, how to recognize the
Kirby elements of a ribbon category? And secondly, how to compute the forms T¢
obtained via universal property?

Concerning the first question, recall that the coend A has a structure of a Hopf
algebra in the category C, see [Maj93, Lyu94]. This means in particular that A is
endowed with a product pa: A® A — A, a coproduct Ay: A — A® A, and an
antipode S4: A — A which satisfy the same axioms as those of a Hopf algebra
except one has to replace the usual flip map with the braiding of C. If A admits
a two-sided integral A: 1 — A, then A is a Kirby element and the corresponding
3-manifold invariant is that of Lyubashenko [Lyu95]. More generally, if a morphism
a: 1 — A in C satisfies:

(ida @ pa)(Aa ®ida)(a®a) =a®a and Ssa=aq,

then it is a Kirby element, see [Vir03]. In particular, any Reshetikhin-Turaev
invariant computed from a semisimple sub-quotient of C can be defined directly via
a Kirby element of C satisfying this last equation.

The main motivation of the present paper is to answer the second question.
Given a ribbon string link 7', we express T¢ in terms of some structural morphisms
of A (avoiding the product). This can be done by means of a universal formula,
that is, independently of C. To this end, we introduce the notion of Hopf diagrams.
They are braided planar diagrams (with inputs but no output) obtained by stacking
boxes Azﬁ] , S :[:] , and w=[]. These are submitted to relations corresponding
to those of a coproduct, an antipode, and a Hopf pairing. To each Hopf diagram D
with n inputs is associated a ribbon n-string link ¢(D):

This gives a universal encoding for ribbon string links for which all the forms ?7¢
are realizations.

In Section 1, we define the monoidal category of Hopf diagrams, as a convo-
lution category. The category of Hopf diagrams comes in two versions: with, or
without antipode. Both versions are isomorphic, however. In Section 2, we review
the monoidal category of ribbon string links and the related monoidal category
of ribbon handles. These categories are isomorphic. In Section 3, we construct a
monoidal functor ¢ from the category Diag® of Hopf diagrams to the category RSL
of ribbon string links. We introduce a quotient Diag® of Diag® in such a way that
the monoidal functor ¢: Diag® — RSL induced by ¢ admits a right inverse. More
precisely, in Section 4, we construct a monoidal functor ®: RSL — Diag® such that
¢o® = lrgy. In particular, ¢ is surjective. Finally, in Section 5, given a ribbon
category C endowed with a coend A, we explain how to represent the category of
Hopf diagrams into C by using some structural morphisms of A. Moreover, we give
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a general criterion, using Hopf diagrams, for recognizing Kirby elements.

Unless otherwise specified, categories are assumed to be small and monoidal
categories are assumed to be strict.

1. HOPF DIAGRAMS

1.1. Categorical (co)algebras. Recall that an algebra in a monoidal category is
an object A endowed with morphisms p: A® A — A (the product) and n: A — 1
(the unit) which satisfy:

plida @ p) = p(p®@ida)  and  p(n®@ida) =ida = plida @ ).

Dually, a coalgebra in a tensor category is an object C' endowed with morphisms
A: C — C®C (the coproduct) and €: C — 1 (the counit) which satisfy:

(idc ® A)A = (A ® ldc)A and (6 ® ldc)A =id¢g = (ldc ® S)A

Note that the unit object 1 of a monoidal category C is an algebra and a coalgebra
in C (with trivial structure morphisms).

When the category C is braided with braiding 7, the tensor product A® A’ of two
algebras A and A’ in C is an algebra in C with product (u® p')(ida @ 74,4 @ ida)
and unit 7 ® . In particular, for any non-negative integer n, A®" is an algebra
in C. Likewise, the tensor product C' ® C’ of two coalgebras C and C’ in a braided
category C is a coalgebra in C with coproduct (id¢ ® 7¢.¢r ® ider)(A @ A’) and
counit e ®¢’. In particular, for any non-negative integer n, C®" is a coalgebra in C.

1.2. The convolution product. Let C be a tensor category, (A, u,n) be an al-
gebra in C, and (C,A,e) be a coalgebra in C. The convolution product of two
morphisms f, g € Home(C, A) is the morphism f * g = u(f ® g)A € Home(C, A).
This makes the set Home(C, A) a monoid with unit ne: C — A.

1.3. Convolution categories. Let C be a braided category, A be an algebra in C,
and C be a coalgebra in C. Let us define the convolution category Conve(C, A) as
follows: the objects of Conve(C, A) are the non-negative integers N. For m,n €
N, the set of morphisms from m to n is empty if m # n and is the monoid
Home (C®™, A) endowed with the convolution product if m = n, see Section 1.2
(recall indeed that C'®" is a coalgebra in C). In particular, the identity of an object
n € N is:

id, = ne®": C®" — A,

and the composition of two endomorphisms f,g € Hom¢g(C®", A) of an object
n € N is given by the convolution product:

fog=fxg=pulf®g)Acen: C®" — A,

where Acon denotes the coproduct of the coalgebra C®".

Note that the category Conve(C, A) is a monoidal category: the monoidal prod-
uct of two objects m,n € N is given by m ® n = m+n, the unit object is 0 € N, and
the monoidal product of two morphisms f: m — m and g: n — n (where m,n € N)
is the morphism f® g = u(f ®c g): m+n — m+n.
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1.4. The category Diag. Let D be the braided category freely generated by one
object * and the following morphisms:
A x — Q% Wi *®%x — 1, Op:x— 1,
e x — 1, w_: *®x — 1, 0_:*—1,
where 1 denotes the unit object of the tensor product. Let Dy be the quotient of
the category D by the following relations:
(1.1) (idi ® A)A = (A ® id4) A,
(1.2) (idy ® )A = id, = (e ® id,)A.
The category Dy is still braided (with induced braiding) and (*, A, €) is a coalgebra

in Dy. We define the category Diag to be the convolution category Convp, (*,1),
see Section 1.3, where 1 is endowed with the trivial algebra structure.

1.5. The category Diag®. Let D° be the braided category freely generated by
one object x and the following morphisms:

A x — Q% Wi * Q% — 1, Op: % — 1,
e:rx — 1, w_: *@x — 1, 0_:*x—1,
Sk — %, STl w =«

Let D5 be the quotient of the category D by the relations (1.1) and (1.2), and the
following relations:

(1.3) SS™1 =id, =518,

(1.4) AS = (8 ® 9T A,

(1.5) eS =g,

(1.6) 0.5 =04,

(1.7) wi(S®idy) =w_ = w4 (ids ® 5),

(1.8) wi(ST'®ids) = w_ T = wy(ide ® ST,

where 7, ,: * ®* — * ® * denotes the braiding of the object * with itself in DS,

The category Dj is still braided (with induced braiding) and (x,A,¢) is a
coalgebra in Dj. We define the category Diag® to be the convolution category
Convpg(*, 1), see Section 1.3, where 1 is endowed with the trivial algebra struc-
ture.

1.6. Relations between Diag and Diag®. The inclusion functor D «— D¥ in-
duces a functor Dy — D§ and so a functor ¢: Diag — Diag®. Note that ¢ is the
identity on the objects.

Theorem 1.1. ¢: Diag — Diag® is an isomorphism of categories.

Proof. Let C be the quotient of the category D* by the relations (1.4)-(1.8) together
with the following additional relations (which can be shown to be satisfied in D§
by using (1.3)):

AST = (ST @S iA, eSS =e, 0.5 =0,

w_(S®id,) = w+7';i =w_(ids ® 9),

w (ST'®idy) =wy =w_(id. ® S71).
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From these rules, we can show that if m is a word in S and S~!, then em = £ and
0+m = 04. Moreover if m; and msy are words in S and S~!, then

wi(ma @ ma) = wy T;f if e(mq) + e(me) = 2k,
wi(my @ma) =w_ 7, if e(mq) + e(me) =2k + 1,
w_(m1 ®ma) = wy 7 f ! if e(mq) + e(me) =2k + 1,
w_(my @ mg) = if e(mq) + e(me) = 2k,

where e(S§*1 52 ... 5% ) = a3 + as + -+ - + a, with ; = £1.

Denote by p: D — C the composition of the inclusion functor D < D? with the
projection functor D% — C. Let n be a non negative integer and f € Home (+®7, 1).
By using the above relations, one can remove all the generators S and S~! from
an expression of f in a unique way. Therefore there exists a unique morphism
f € Homp(x®",1) such that p(f) = f. This means that p induces a bijection
between Homp( *®" 1) and Home (%™, 1).

Let Cy be the quotient of the category C by the relations (1.1) and (1.2). Note
that the object * is then a coalgebra in Cy. By definition of convolution categories
and by using the preceding, p induces an isomorphism p: Diag = Convp, (*,1) —
Conve, (*,1).

Now remark that the relation (1.3) holds in Home(x®",1). Indeed let f €
Home (+®7,1). Suppose for example that f = g(id.™' @ 718 @ id™ %)k for some
g € Home(x®™ 1) and h € Home (x®", x®™). Recall that g = p( ) where § €
Homp (+®™,1). Since p(g) is expressed without using S or S~! and since the
morphism S~ satisfies:

ASTIS=(STIS®S7TIS)A, eSS =¢ 0:S7'S =0,
wi(STIS ®@id,) = wy = wy(id, ® S718),
w (SIS ®@idy) =w_ =w_(id, ® S7LS),

we have that p(3)(id. ' ® S™'S ®id"™") = p(§) and so f = gh.

Since (1.3) holds in Home (*®™,1), the projection functor D° — C induces a
isomorphism 7: Diag® — Conve,(*,1) such that p = 7 o+. Hence ¢ is an isomor-
phism. ([l

1.7. Hopf diagrams. By a Hopf diagram, we shall mean a morphism of Diag or
Diag®. Hopf diagrams can be represented by plane diagrams: we draw one of their
preimage in the braided category Dy or D by using Penrose graphical calculus with
the ascending convention (diagrams are read from bottom to top) as for instance
in [Tur94]. We depict the generators as in Figure 1 except Figure 1(e) which depicts
A 5 — @+ defined inductively by:

A —id,, AW =A and ACTD = (AM™ gid,)A.

The relations defining Diag® (except those concerning the braiding) are depicted
in Figure 2. Recall that the composition Dy o Dy = Dy * Dy of two Hopf diagrams
Dy and D- is given by the convolution product, see Figure 3.

2. RIBBON STRING LINKS AND RIBBON HANDLES

2.1. Ribbon string links. Let n be a positive integer. By a ribbon n-string link
we shall mean a framed (n,n)-tangle T C R? x [0, 1] consisting of n arc compo-
nents, without any closed component, such that the kth arc (1 < k < n) joins the
kth bottom endpoint to the kth top endpoint. Note that a ribbon string link is
canonically oriented by orienting each component from bottom to top.
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(a) A * — %@ b)e:x—1 (c) S: % — % (d) S71:% — %
hd A X
AN /
(e) A : 4 — x®(n+1) (£) T x: * @k — * Q% (8) Tok: *®% = * @ *
(h) wy: *®@«x —1 (i) we: *®@x—1 (G) O+:x—1 (k) O—:%x—1

FIGURE 1. Generators of Diag®

VY
218 ¢ § 87
Afih AR

FIGURE 2. Relations in Diag®

D D’ Dx D'

D D'
ER L2

FIGURE 3. Composition in Diag®

We will represent ribbon string links by plane diagrams. Recall that two such
diagrams represent the same isotopy class of a ribbon string link if and only if one
can be obtained from the other by deformation and a finite sequence of ribbon
Reidemeister moves depicted in Figure 4.

We denote by RSL the category of ribbon string links. The objects of RSL
are the non-negative integers. For two non-negative integers m and n, the set of
morphisms from m to n is

0 if m #n,

Homps (. n) = {RSL ifm=n
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a) Type 0 b) Type 1’ c) Type 2
&
9T 5
(d) Type 2’ (e) Type 3

FIGURE 4. Ribbon Reidemeister moves

where RSL,, denotes the set of (isotopy classes) of ribbon n-string links. The com-
position is given by the stacking product (with ascending convention) and identities
are the trivial string links.

Note that the category RSL is a monoidal category: m ® n = m + n on objects
and the monoidal product T ® T" of two ribbon string links T and 7" is the ribbon
string link obtained by stacking 7" on the left of 7" (see, e.g., [Tur94]).

2.2. Ribbon handles. Let n be a positive integer. By a ribbon n-handle we shall
mean a framed (2n, 0)-tangle T C R? x [0, 1] consisting of n arc components, without
any closed component, such that the kth arc (1 < k < n) joins the (2k—1)-th bottom
endpoint to the 2k-th bottom endpoint. Note that a ribbon handle is canonically
oriented by orienting each component upwards near its right bottom input.

As for ribbon string links, we will represent ribbon handless by plane diagrams.
Two such diagrams represent the same isotopy class of a ribbon handle if and only if
one can be obtained from the other by deformation and a finite sequence of ribbon
Reidemeister moves depicted in Figure 4.

We denote by RHand the category of ribbon handles. The objects of RHand
are the non-negative integers. For two non-negative integers m and n, the set of
morphisms from m to n is

] if m #n,

Hompgpand(m,n) = {RHand ifm=n

where RHand,, denotes the set of (isotopy classes) of ribbon n-handles. The com-
position of two ribbon n-handles T' and T” is the ribbon n-handle defined in Fig-
ure 5(c). The identity for this composition consists in n caps, see Figure 5(d).

T T T T T T
D N nen
(a) T (b) T’ (¢) ToT’ (d) id (&) TRT

F1GURE 5. Composition, identity, and monoidal product in RHand

Note that the category RHand is a monoidal category: m ®n = m+n on objects
and the monoidal product T'® T of two ribbon handles T and T’ is the ribbon
handle obtained by stacking T on the left of T”, see Figure 5(e)
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2.3. An isomorphism between ribbon handles and string links. Let us con-
struct functors F': RSL — RHand and G: RHand — RSL as follows. On objects,
set F(n) = n and G(n) = n for any non-negative integer n. For any ribbon n-string
link S, let F(S) be the ribbon n-handle defined in Figure 6(b). For any ribbon
n-handle T', let G(T') be the ribbon n-string link defined in Figure 6(d).

T

(a) § (b) F(S) (©T

FIGURE 6. Definition of the functors F' and G

Proposition 2.1. The functors F' and G are mutually inverse monoidal functors.

In particular, the categories RSL and RHand are isomorphic. In the following,
depending on the context, we will use indifferently the notions of ribbon string link
and of ribbon handle as more convenient.

Proof. Straightforward! a

3. FROM HOPF DIAGRAMS TO RIBBON STRING LINKS

3.1. From Hopf diagrams to ribbon handles. Let us define a functor ¢ from
the category Diag® of Hopf diagrams to the category RHand of ribbon handles.
For any non-negative integer n, let ¢(n) = n. If D is a Hopf diagram, we construct
a diagram of ribbon handle ¢p by using the rules of Figure 7 and the stacking
product (with ascending convention). See Figure 8 for an example. Then let ¢(D)
be the isotopy class of the ribbon handles defined by ¢p.

YN O @m0 9
A=K X=X
A~ A=A P-R 9-K8

F1GURE 7. Rules for defining ¢

SIS
. ””(ﬁ%“%/

FIGURE 8
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Theorem 3.1. The functor ¢: Diag® — RHand is well-defined, monoidal and
surjective.

Proof. Let us first verify that ¢ is well-defined. We just have to verify both sides
of the relations defining Diag® are transformed by the rules of Figure 7 to isotopic
tangles. Examples of such verifications are depicted in Figure 9. The fact that
¢ is a monoidal functor comes from the definitions of composition and monoidal
product in Diag® and RHand. The fact that ¢ is surjective is a direct consequence
of Corollary 4.5 proved below. O

AT | D RGN/ ) B 1)
Ll ¥y

g
8- &-1-7 )-T0-h-A

FIGURE 9

3.2. From Hopf diagrams to ribbon string links. Let us define a functor
Y: Diag® — RSL as follows. For any non-negative integer n, let ¥)(n) = n. If D is
a Hopf diagram, we construct a diagram of ribbon string link ¥ p as in Figure 10(a),
where ¢p is defined as above. For an example, see Figure 10(b). Then we let (D)
be the isotopy class of the ribbon string link defined by ¢¥p.

$
Q\VE
&)

¢
’Z\,/Q_

0

FIGURE 10

Corrolary 3.2. The functor v¢: Diag® — RSL is well-defined and surjective.
Moreover F oy = ¢ and Go¢p =1, where F' and G are the functors of Section 2.3.

Proof. This is an immediate consequence of Theorem 3.1 and Proposition 2.1. O

3.3. More relations on Hopf diagrams. In this section, we quotient Diag® by
additional relations which will allow us to construct right inverses of the functors ¢
and ¢ (see Section 4). Denoting by * the convolution product on Hopf diagrams,
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these relations are the following:

(idy ® 0£)A = (01 ® idy)A,
(0 ®0_)A =c¢,

(04 ®04)A =wir 1A,

(- ®0_)A =w_A,

Wy w_ =R E=wW_ *wy,

W12 ¥ W13k W423 = W13 ¥ W23 ¥ W12 = W23 ¥ W12 ¥ W413,

37) W13 XK W423 X W24 * W_23 = W423 K W24 x W_23 %X W13

FIGURE 11

Let Diag® be the quotient of the category Diag® by Relations (3.1)-(3.7). We will
still call the morphisms of Diag® by Hopf diagrams. Denote by 7: Diag® — Diag®
the projection functor.

Proposition 3.3. The functors ¢ and v factorize through m to surjective functors
¢ and Y so that ¢ = F o).

Proof. We have to verify both sides of Relations (3.1)-(3.7) are transformed by the
rules of Figure 7 to isotopic tangles. Examples of such verifications are depicted in
Figure 12. Note that in the first picture, we used the fact that the (2¢ — 1)-th and
2i-th inputs of a ribbon handle are connected. O

V-0 B 8-
T-8-0-9 CO-TD- -7

FIGURE 12
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4. FROM RIBBON STRING LINKS TO HOPF DIAGRAMS

In this section, we construct right inverses of the functors ¢ and ¢, that is,
monoidal functors ®: RHand — Diag® and ¥: RSL — Diag® such that:

¢0® = 1lRHana and o ¥ = lggy.

4.1. From ribbon pure braids to Hopf diagrams. Let RPB the subcategory
of RSL made of ribbon pure braids. The objects of RPB are the non-negative
integers. For two non-negative integers m and n, the set of morphisms from m to
n is

0 if m #n,

Homgps(m, n) = {RPB ifm=n

where RPB,, C RSL,, denotes the set of (isotopy classes) of ribbon pure n-braids.

The composition is given by the stacking product (with ascending convention) and

identities are the trivial braids. Note that RPB is a monoidal subcategory of RSL.
Recall we have a canonical group isomorphism:

(u,t1,...,t2): RPB, == PB,, x Z",

where PB,, denotes the group of pure n-braids, u: RPB,, — PB,, is the forgetful
morphism, and ¢; the self-linking number of the i-th component. Hence, using a
presentation of PB,, by generators and relations due to Markov [Mar45], we get
that RPB,, is generated by ¢, (1 <k <n)and g;; (1 <i < j <n) subject to the
following relations:

(4.1) tyt; = tity,  for any k, [;

(4.2) tpoij = ot for any i < j and k;

(4.3) 0i,jOk1 = Ok,104; foranyi<j<k<loranyi<k<j<lI
(4.4) 04,j0i k0 k = 04 k0105 = 04 k0; 0k forany 1 < j <k;
(4.5) Ui,ka'j,ko'j,lo';li = aj,kcrj,lajj,iai,k forany i < j < k <.

Graphically, the generators may be represented as:

S N G ‘ \ ‘
HAH =

Let us define a functor ¥g: RPB — Diag® as follows: for any non-negative
integer n set ¥(n) =n. For 1 <i< j<nandl<k<n,set

Uo(of)) =37 and Wo(") = Qf,

where

" 99/5%\99 99%9

Lemma 4.1. The functor Vo: RPB — Diag® is well defined, monoidal, and is
such that 1) o Wo(P) = P for all ribbon pure braid P.

Proof. Firstly, from Relation (3.5) (resp. Relations (3.1) and (3.2)), we have that
the Hopf diagrams Ei_’jl and X; ; (resp. Q,;l and Q) are inverse each other.
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Secondly Relations (4.1)-(4.5) hold in Diag;;, where we replace o; ; and t;, with
Y;; and Qy respectively. Indeed Relations (4.1) and (4.2) follow from (3.1). Re-
lation (4.3) follows from (1.2). Relations (4.4) and (4.5) correspond to (3.6) and
(3.7) respectively.

Finally the isotopies depicted in Figure 13 show respectively that 1) o Vo(oi,;) =
0;; and 1 o Wo(ty,) = tj,. Hence 1) o Uo(P) = P for all ribbon pure braid P. O

=B

FIGURE 13

1

4.2. Contractions. Let n > 3 and 1 < ¢4 < n. For a ribbon n-string link T,
we define the i-th left contraction of T to be the ribbon (n — 2)-string link ¢;(T)
defined as in Figure 14(a). For a Hopf diagram D with n inputs, we define the i-th
contraction of D to be the Hopf diagram with (n — 2) inputs C;(D) defined as in
Figure 14(b).

1—2 n—i—1 i—2 n—i—1
(a) (b)
FIicure 14

Lemma 4.2. Letn > 3 and 1 < i < n. For any Hopf diagram D with n inputs,
we have that c¢;(Y(D)) = (C;(D)).

Proof. This follows from the following equalities:

where we used that the (2 — 1)-th and 2i-th inputs of ¢(D) are connected (since it
is a ribbon handle). O

Lemma 4.3. c;c; = cjciya and C;C; = C;Ci40 for any i > j.

Proof. This results directly from the definitions of the contraction operators. [
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4.3. From ribbon string links to Hopf diagram. In this section, we extend
the functor ¥g: RPB — Diag® to a functor ¥: RSL — Diag®. The construction of
this extension follows, broadly speaking, the same pattern as the proof of [Bru04,
Theorem 3]. The point is to see that a ribbon string link can be obtained from
a ribbon pure braid by a sequence of contractions. This will at least show that
U extends uniquely and suggest a construction for it. We then must check the
coherence of this construction, that is, its independence from the choices we made.

The main trick we use consists in “pulling a max to the top line”. Let I' be a
tangle diagram with a local max m, with n outputs. We may write I' as in Fig-
ure 15(a), where U, V are tangle diagrams. Let i be an integer, 1 < ¢ < n + 1.
Let j be the number of strands to the left of m on the same horizontal line. Let
U U Y be a tangle diagram obtained from U by inserting a new component ¢ going
from a point between the j-th and (5 4+ 1)-th inputs of U to a point between the
(i — 1)-th and 4-th outputs of U, see Figure 15(b). We assume also that ¢ has no
local extremum. Let Uy = Ap(U U¥) be the tangle diagram obtained from U U ¢ by
doubling ¢. Set I'y = U,V see Figure 15(c). We say that I'y is obtained from I" by
pulling m to the top in the i-th position (along the path £). Likewise, one defines
the action of pulling a local min to the bottom.

(a) T by UurL (0) Ty

FIGURE 15. Pulling a max to the top line

Let us define ¥: RSL — Diag® as follows: on objects n € N, set ¥(n) = n.
Let n be a positive integer and 7" be a ribbon n-string link. Consider a diagram
of T. For each local extremum pointing to the right (once the strands canonically
oriented from bottom to top), modify the diagram using the following rule:

o AR U~

This leads to a diagram I' which is left handed, that is, with all local extrema
pointing to the left. Pulling all local max to the top and all local min to the
bottom, we obtain a diagram of a pure braid. Here is an algorithm. Denote by m;
the number of local max (which is equal to the number of local min) on the i-th
component of I'. Let m(I') = my + - - - + m,, be the number of local max of I". If
m([') = 0, we are already done. Otherwise, chose ¢ maximal so that m; > 0. Let
m be the first max and m’ be the first min you meet on the i-th component, going
from bottom to top. Pull m to the top, in the (i + 1)-th position, and m’ to the
bottom, in the i-th position. Let IV be the diagram so constructed. Then I is a
string link diagram, with m(I'") = m(T') — 1. Let us denote by {I'} the ribbon string
link defined by the diagram I'. Then {T'} = ¢;41{I"'}, where ¢;41 is the (i+1)-th left
contraction as in Section 4.2. Repeating m(I') times this transformation yields a
pure braid diagram P with n +2m(I") strands, and we have {I'} = ¢, -~ ¢;, {P}
where 1 < j; <--- < Jm@m <N, and jj takes m; times the value ¢ + 1. Note that

T = (tflll L. tf{") oy " " Cin {P}’
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where «; is the number of modifications (4.7) made on the i-th component and
t; € RPB,, is as in Section 4.1. Finally, as suggested by Lemmas 4.1 and 4.2, set:

U(T) = (5 - Q) Oy -+ Ci Wo({ PY),

where Uo: RPB — Diag® is the functor of Lemma 4.1, the Q; = Wy(¢;) are the
Hopf diagrams of Section 4.1, and the C; are the contractions on Hopf diagrams
defined in Section 4.2.

Theorem 4.4. The functor ¥: RSL — Diag® is well-defined, monoidal, and is
the only functor from RSL to Diag® satisfying:

(a) ¥(P) = Ty(P) for any ribbon pure braid P;

(b) U (c;(T)) = C;U(T) for any ribbon n-string link T and 1 < i < n.
Moreover 1) o ¥ = 1ggr..

Remark in particular that W is injective and ¢ (and so v) is surjective.
We prove the theorem in Section 4.5.

Set ® = ¥ o G: RHand — Diag®, where G: RHand — RSL is the monoidal
isomorphism defined in Section 2.3. From Proposition 2.1 and Theorem 4.4, we
immediately deduce that:

Corrolary 4.5. The functor ®: RHand — Diag® is monoidal and satisfies po® =
1RHand~

Note in particular that ® is injective and that ¢ (and so ¢) is surjective.

4.4. A summary and an open question. The preceding results may be sum-
marized in the commutativity of the following diagram:

RHand<——RHand

RSL RSL

The main open question concerning Hopf diagram is: are the relations we put
on them (that is, those defining Diag®) sufficient to insure that the functors ¢ and
® (resp. ¢ and ¥) are isomorphisms (and so inverse each other)?

G

4.5. Proof of Theorem 4.4. Before proving Theorem 4.4, we first establish some
lemmas.

Lemma 4.6. Let P be a ribbon pure n-braid and 1 < ¢ < n+ 1. Insert a new
component € between the (i — 1)-th and i-th strand of P so that P U { is a ribbon
pure (n+ 1)-braid. Let Py = Ay(P UYL) be the ribbon pure (n + 2)-braid from P U/
by doubling €. Then:
(a) The equalities of Figure 16 hold;
(b) CZ(\IJQ(Pg)D) = \Ifo(P)Cl(D) and Ci+1 (D\Ifo(Pg)) = l+1(D)\I/0(P) fO?"
any Hopf diagram D with (n + 2) inputs.

Proof. Let us prove Part (a) by induction on the length m of PUI in the generators
a,f_ll and tkﬂ of RPBy4+1. If m = 0, then it is an immediate consequence of (1.2)
and (1.5). Suppose that m = 1. Given a ribbon pure braid Q, denote by A;(Q)
(resp. 0;(Q)) the ribbon pure braid obtained from @ by doubling (resp. deletmg)

)

its 7-th component. We have to verify that the statement is true for P = 4; (0,C I
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\I/O Pg — ’\IIO(P) — \IJO Pg
FIGURE 16

and Py = A;(oi] 1), and for P =¢; (tE') and Py = A;(££"). This can be done case
by case by using the descriptions of Table 1. Examples of such verifications are
depicted in Figure 17.

Ai(oi)) 8i(oic))
i<k Oitiii i1 At | silt)
i=k | (ois10m00)T | I i<k tel )
k<i<l Ol Ohl1 i=k| ot e | I
i=1 (OiOhig1)E! I, k<i tEt t
1< Uzzll szll
TABLE 1

‘I’()(5 (0:1))

ZEN
.-

D -
0 OF

Yo (Ai(ti))

0

Wo(d:(ti))

CRt ey

FIGURE 17

Let m > 1 and suppose the statement true for rank m. Let P and ¢ such
that PU{ = wy ... wm41 where the w; are generators of RPB,, 1. Remark that
Py = Aj(wy)Aj(wa -+ - Wipg1) and P = 0;(w1)d; (wz « - - wint1). By using (1.4), (1.2),
and the statement for ranks 1 and m, we get the equalities depicted in Figure 18.
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The left equality of Figure 16 is then true for P and ¢. The right equality can
be verified similarly by remarking that Py = A;(wy -+ - wp,)Aj(wm+1). Hence the
statement is true for rank m + 1.

\IIO(AiV(uq ) To(Aj(wa - wWit1)) Wo(A;(wr)) To(A; (ws o Wint1))
Wo(Fr) s ey B e

i i+1

Vo (A (wr)) Uo(Aj(wa -+~ wWimt1))

ioi+1

Wo(d:(wr)) Wo(di(ws - - Wing1)) \IIQ(P)
FIGURE 18

Let us prove Part (b). Let D be a Hopf (n + 2)-diagram. By using (1.1), (1.2),
(1.4), and Part (a) of the lemma, we get the equalities of Figure 19, which mean
that Ci(\Ilo(Pg)D) = Uy(P)C;(D). Likewise, one can show that C;41 (D\Ifo(Pg)) =
Cit1(D)To(P). O

Vo () D

FIGURE 19

Lemma 4.7. Letn >3 and 1 <i<n (resp. 0 <i<n—1). Let P and P’ be two
pure n-braids which have diagrams which differ only inside a disk. Inside this disk,
the i-th and (i 4+ 1)-th strands pass respectively to the front and the back of another
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strand. Suppose also that above (resp. below) the disk, the i-th and (i+1)-th strands
run parallel, see Figure 20. Then:

Cl\Ifo(P) = Ci\IJQ(P/) (resp. CZ‘+1\IJQ(P) = CiJrl\Ifo(P/)),

P= \@\ and P = |\ (vesp. P = \@\ and P = \@)

FIGURE 20

Proof. Let us denote by k the other component. Suppose that above the disk,
the i-th and (¢ + 1)-th strands run parallel (the resp. case can be done similarly).
Assume first that £ < i. We can write P = Aoy ;04,41 B and P’ = AB where
A and B are ribbon pure n-braids. Moreover A = Ay/(E U {) where E is ribbon
pure braid with n — 2 strands and ¢ is a new component inserted in E in i-th
position. Now remark that oy iok:41 = Ay(In—2 Uy) where I,_» is the trivial
braid with n — 2 strands and ~ is new component added to I,,_o in i-th position so
that I,_o U~y = oy; in RPB,,_1. Therefore, by using Lemma 4.6, we get:

Ci¥o(P) = C;Vo(Aoy,iok,i+1B) = CiWo(A(EU LA (I,—2 U fy)B)
=VUo(E) Yo(l,—2) Ci¥o(B) = ¥o(F) Ci¥o(B)
=CVo(Ay(E U E)B) = C;Vo(AB) = C;¥(P).
The case k > i+ 1 is done similarly by writing P = Ao; y0,41,,B and P’ = AB. O

Let us now prove Theorem 4.4. Let n be a positive integer and T be a ribbon
n-string link. Counsider a diagram I'r of T'. Applying rules (4.7) changes (in a unique
manner) I'r to a left handed diagram. Denote by «; is the number of modifications
(4.7) made on the i-th component of I'p. Then pulling maxima to the top and
minima to the bottom as explained in Section 4.3 leads to a diagram P of a ribbon
pure braid so that 7" = (¢7* - - - t%")c;,, - - - ¢, { P} for some 1 < j; <--- < j,, < m.
Pulling extrema in another way may lead to another diagram P’ of a ribbon pure
braid so that T' = (¢t{* - - - t%")¢;,,. - - - ¢j, {P'}. Now the ribbon pure braids {P} and
{P’} are related by moves described in Figure 20. Therefore, by using Lemmas 4.3
and 4.7, we get that C;, ---C}, Yo({P}) =Cj,, ---Cj, ¥o({P'}). Hence

U, = Q7 - Q5") G, -+ Cj Wo({P})

only depends on the diagram I'r of T'.

Let us verify that Ur,. remains unchanged when applying to I'r a Reidemeister’s
move, see Figure 4. Invariance under moves of type 2 or type 3 is a consequence of
the existence of the functor ¥g. Invariance under moves of type 2’ is a consequence
of Lemmas 4.3 and 4.7.

Suppose that a Reidemeister move of Type 0 is applied to I'r, and denote by
I'7. the so-obtained diagram. There are four cases to consider, depending on the
orientation of the considered strand and the direction (left or right handed) of the
move. These cases, together with the way we apply the algorithm, are depicted in
Figure 21. Let us for example verify invariance in the case depicted in Figure 21(d).
Recall that applying the algorithm to I'p gives rise to a diagram P of a pure braid
such that {T'r} = (¢7" -+ - t%") ¢j,, - - - ¢, { P}. Let ¢ be the number of the component
of I'r on which the move is performed. Since the orientation of the strand is
downwards and T is a (canonically oriented) string link, we know that there exist
a maximum just before and a minimum just after the place where the move is
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I'r

||
A
I
B
S
;

Iy — * - T = [U - ‘N)

c

(c)
N I N
Iy = / — T = (H - \K‘;
(d)
FIGURE 21

performed, when going through the component i from bottom to top (see the left
picture of Figure 21(d)). Let ¢;, be the contraction corresponding to this pair of
extrema when applying the algorithm to 't (we have j, =i+ 1). Denote by k the
number of the component of P where the move is performed. Up to using invariance
under Reidemeister’s moves of type 2 and type 3, we can write { P} = UV, with U
and V pure braids, so that the move is performed on the k-th component between
U and V. Insert a new component £ in U in k-th position and a new component £’
in V in (k+ 1)-th position. Set U, = Ay(UUY) and Vir = A (V UL'). As depicted
in Figures 21(d) and 22, we can apply the algorithm to I'}, in such a way that:

{T7} = (5 4742 t0) e, i,y €y (UnOhp o2 V).
Now, by using (1.4), (1.6) and (4.8), we have that, for any Hopf diagram D,
Q,C;(D) for p < j,

(4.8) Cj( QD) =q Q;-1C;(D)  for p =,
Q,_2C;(D) forp>j.
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N
.
I
A Le-- [
| Uy |
Iy = (H ~ ~ ij"'CjTCiHer_l"'le( L 19 ] )
l‘, "‘c ‘/'Z/
U | I eer I eee I |
k
FIGURE 22
Vo (Up) Uo(Ver) Wo(Up) Uo (Vi)
k=1 k k+1k+2 k+3 k-1 k k+1k+2k+3 k=1 k k+1k+2 k+3 k-1 k k+1k+2k+3

NS

Vo (U) o (V)

k—1k+1 k k=1 k k+1

FIGURE 23

Moreover we have the equalities of Figure 23 where are used in particular (1.7),
(3.1), (3.4) and Lemma 4.6(a). Then we get that:

CrCr¥Vo(Upots1,k+2Ve) = CrCri2¥o(UrOks1,u+2Ver)
= CiCrs2 (Yo(Ue)Zrt1,642%0(Ver))
= 0.2, Ch (Yo (U)To (V)
= 0.2, Ch ¥ ({P}).
Therefore we can conclude that:
Yry, = (QF QP2 Q0) Oy, - 0. Ciin C,y -+ O o (Ueop jy2 Vir)
Q- Qe Qe Oy Oy O CRCr o (Unosy k2 Vi)

—

(
(
= Q- QF Q) € O O (92, Cr T ({P)))
(
(

m

—

Q- Qom0 Oy - O, - O CRBo({PY) by (4.8)
Q(lh . an) ij C. lelllo({P}) = ’(ﬂFT.

Invariance in the cases depicted in Figures 21(a), 21(b), and 21(c) can be checked
as above.
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By using similar techniques, one can show the invariance of U, under Reide-
meister’s moves of type 1. Hence we conclude that ¥, remains unchanged when
applying to I'r a Reidemeister’s move, and so ¥(T') = ¥, is well-defined.

We get directly from its construction that the functor ¥ is monoidal and sat-
isfies Condition (a). Let us check that it satisfies Condition (b). Let T be a
ribbon n-string link and 1 < ¢ < n. By applying the algorithm we have that
T = (t7*---t9)ej,, -+ ¢y (P) for some 1 < 53 < --- < j,,, < n and some pure
braid P. We can apply the algorithm to a diagram of ¢;(T) in such a way that:

i(T) = (7 - 452 PO 0 ey oy —aCicy, o 5y (P),

where k is such that jx+1 > ¢+ 1 > j,. Hence:
Ci(¥(T)) = Ci(Q7" - Q3 Cy, - Cj, Wo(P))
= (O - QTN Q0 ) GiCy,, -+ G, (P) by (4.8)
= (O QT QR )G —a - Oy, 2030, -+ Cy (P)
= V(ci(T)).

Uniqueness of a functor Diag® — RSL satisfying (a) and (b) comes from the fact
that every ribbon string link can be realized as a sequence of contractions of a
ribbon pure braid.

Finally, let T' be a ribbon string link. We can always write T = ¢;,, - - - ¢;, (P)
for some ribbon pure braid P. Then we have:

PU(T) = 9¥(c),, - cj (P))
= (Cj,. -+ Cj,¥o(P)) by Conditions (a) and (b)
=¢j,. ¢, (V¥o(P)) by Lemma 4.2
=¢j,. ¢, (P)=T by Lemma 4.1.

Hence 1) o ¥ = 1gsr,. This completes the proof of Theorem 4.4.

5. QUANTUM INVARIANTS VIA HOPF DIAGRAMS AND KIRBY ELEMENTS

A general method is given in [Vir03] for defining quantum invariants of 3-man-
ifolds starting from a ribbon category (or a ribbon Hopf algebra). In this section,
we explain the role played by Hopf diagrams in this theory. Note that this was the
initial motivation of this work.

5.1. Dinatural transformations and coends. We give here definitions adapted
to our purposes. For more general situations, we refer to [Mac98].

Let C be a category with left duals. By a dinatural transformation of C, we shall
mean a pair (Z,d) consisting in an object Z of C and a family d, indexed by Ob(C),
of morphisms dx: X ® X — Z in C satisfying dy (idvy ® f) = dx('f ® idx) for
any morphism f: X — Y.

By a coend of C, we shall mean a dinatural transformation (A,4) which is uni-
versal in the sense that, if (Z,d) is any dinatural transformation, then there exists
a unique morphism r: A — Z such that dx = r oix for all object X in C, see
Figure 24. Note that a coend, if it exists, is unique (up to isomorphism).

Remarks. 1) In general, the coend of C always exists in a completion CofC , namely
the category of Ind-objects of C (see [Lyu94]). In the following, for simplicity, we will
restrict to our definition, that is, to the case where the coend exists in C (although
most of the material still remains true when working with 5)

2) The coend always exists (in C) when C is the category of representations of a

finite-dimensional Hopf algebra or is a premodular category, see [Vir03].
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1®f
WeoX—Y VY

FIGURE 24

Assume that (A,14) is the coend of C. The following dinatural transformations:
(ixRix)(1®coevx ®1): X @X - A®A and evy: 'X®X —1

factorize respectively to morphisms A4: A — A®A (the coproduct) andeg: A — 1
(the counit). This makes A being a coalgebra in the category C.

5.2. The coend of a ribbon category. Let C be a ribbon category (see [Tur94])
and assume that the coend (A7) of C exists. We denote the braiding of C by
cxy: XY =Y ®X.

The coalgebra structure (A 4,£4) on the object A (see Section 5.1) extends to a
structure of a Hopf algebra, see [Lyu94]. This means that there exist morphisms
pa: A® A — A (the product), na: 1 — A (the unit), and S4: A — A (the
antipode). They satisfy the same axioms as those of a Hopf algebra except the
usual flip is replaced by the braiding ca,a: A ® A — A ® A. Namely, the unit
morphism is 4 = ig: 1 = 1 ® 1 — A. By using the universal property of a
coend?, the product p14 and the antipode S4 are defined as follows:

palix @iy) =iygx(lvy ® CX,VY®Y)3 XXWeY — A,
Saix = ivX(GX ® ide)CvX7xi X @ X — A.
Here, the morphisms fx : X — X denote the twist of C. Note that S 4 is invertible,
with inverse S;lz A — A coming from:
Sglix = ivX(G;(l ® idx)c;(’lvxz VX @ X — A.
Let us define morphisms wa: A® A — 1 and Hf: A — 1 as follows:
fLix =evx(idvy ®031): VX @ X — 1,
walix @iy) = (evx ®evy)(idvy @ cvy xex vy ®idvy): "X @ X @Y @Y — 1.
It can be shown that wy4 is a Hopf pairing (see [Vir03]). Finally, we set:
wj = wA(Szl ®ida) and wj =wa.

5.3. Hopf diagrams and factorization. Let C be a ribbon category. Assume
that the coend (A4, 1) of C exists. Consider the Hopf algebra structure of A and the
morphisms wi and Gf as in Section 5.2.

Let T be a ribbon n-handle. Recall that for any objects Xi,...,X, of C, the
handle T defines a morphism T'x,, . x, : X9 X190V X, X, —» 1 by
canonically orienting T (see Section 2.2) and decorating the k*" component of T
by Xj. Hence it can be factorized thought the coend to a morphism T¢: A®™ — 1
so that:

(5.1) Tx,,..x, =Tco(ix, ® - ®ix,)
for all objects X1,..., X, of C.

IFor the product w4, use it twice.
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Theorem 5.1. There exists a unique braided functor E¢: Diag® — C sending:

e the objects n € N to A®";

o the morphisms A, €, ST, wi, 0+ to Aa, €4, Sjl, wf, Hf respectively.
Furthermore, for any ribbon n-handle T', the factorization morphism T¢: A®™ — 1
defined by T is given by Te = E¢(D) where D is any Hopf diagram with ¢(D) =T .
In particular, Te = E¢ o ®(T).

Remark 5.2. We expect to construct such functors E¢: Diag® — C for cate-
gories C which are not ribbon but only turban, see [Bru04].

Proof. Uniqueness of the functor E¢ is clear since we impose the image of all its
generators. Its existence comes from the fact that the relations imposed on the
generators A, €, S*!, wi, A4 and Tjti in Diag® are still true in C when replacing
them by A4, €4, Sil, wff, Hf and cf’lA respectively. This is because A is a Hopf
algebra in C, wy is a Hopf pairing, and 6 4 is defined using the twist x of C.

Using the uniqueness of the factorization morphism via a coend, it remains to
show that if D is a Hopf diagram with n inputs, then

(5.2) (D) x,,...x, = Ec(D) o (ix, ® - ®ix,)

for any objects X1,..., X, of C. Clearly, we have that if (5.2) is true for two Hopf
diagrams D and D’, then it is also true for the Hopf diagram D ® D’. Moreover,
by definition of ¢ (see Figure 7) and of €4, wk and 6%, we have that (5.2) is true
for the trivial Hopf diagram ¢ ® - -- ® ¢ and for the Hopf diagrams Efjl and Qkﬂ
depicted in (4.6). Now suppose that (5.2) is true for some Hopf diagram D. Then,
by definition of ¢ (see Figure 7) and of A4, STt and ¢f',, (5.2) remains true for
the following diagrams: ’

| D | , | D | , | D | , and %I .

Hence we can deduce that (5.2) is always true. O

5.4. Kirby elements. Let C and A be as in Section 5.3. Let L be a framed link
in S with n components. Choose an orientation for L. There always exists a ribbon
n-handle T' (not necessarily unique) such that L is isotopic T o (U- ® --- @ U_),
where U_ denotes the cup with clockwise orientation and 7" is canonically oriented.
For a € Home (1, A), set:

(5.3) me(L;a) =Tz 0 a®" € Endce(1),

where Tg: A®" — 1 is defined as in (5.1). Following [Vir03], by a Kirby element
of C, we shall mean a morphism a € Home(1, A) such that, for any framed link L,
7¢(L; ) is well-defined and invariant under isotopies and 2-handle slides of L.

In general, determining the set of morphisms T¢ when 7" runs over ribbon han-
dles is quite difficult. Nevertheless, by Theorem 5.1, the T¢ belong to the set of
morphisms given by evaluations of Hopf diagrams. Hence we have a manner of
verifying that a morphism is a Kirby element:

Corrolary 5.3. Let a: 1 — A in C. Suppose that the two following conditions are
satisfied:
(a) for any integer n > 1 and any Hopf diagram D with n entries, we have:

Ec (D)
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(b) for any integer n > 2 and any Hopf diagram D with n entries, we have:

Ec(D) Ec(D)
where A and Y denote pa: AQA — A and Aa: A — A® A respectively.
Then « is a Kirby element of C.

Remark 5.4. One recovers the fact (see [Vir03, Theorem 2.5]) that a morphism
a: 1 — Ais a Kirby element if it satisfies:

Saia = a,

(pa ®1da)(ida @ Ap)(a®@a) =a®a,
or, in case C is linear, if the morphisms

Saia — a,

(pa ®ida)(ida @ Ap)(a®a) —a®a,
are negligible.
Proof. We just have to adapt the proof of [Vir03, Theorem 2.5] to our more general
situation. Let L = L1 U---U L,, be a framed link. Choose an orientation of L and
a ribbon n-handle T such that L is isotopic T o (U_- ® --- ®@ U_).

Suppose firstly that we reverse the orientation of L;. As in the proof of [Vir03,
Theorem 2.5], we can choose a ribbon n-handle 7" such that new oriented framed
link L' is isotopic to 770 (U- ®---®@U_) and T = Te o (id ge-1) @ Sa ®@id gem-n).
Now let D be a Hopf diagram such that ¢(D) = T. Then T¢ = E¢(D) and so

Te(L';a) = Ee(D)(id ge0-1) ® Sa ® id gem-i) )a®"
= FE¢ D)(CA,A®(1'—1> X idA(n—i))(SAa & Oz®n71)
(Saa®a®" )
)a®™ by Condition (a)

QXn

where

Hence 7¢(L; «) does not depend on the choice of an orientation for L.

Suppose now that the component Lo slides over the component Lq. Let L] be
a parallel copy of Ly and set L' = Ly U (L{#Ly) U LgU---U L,. As in the proof
of [Vir03, Theorem 2.5], we can choose a ribbon n-handle T” such L’ is isotopic to
T'o(U-®- - ®U_) and T} = Te o ((ra ® ida)(ida ® As) ® idgem-2 ). Hence,
choosing a Hopf diagram D such that ¢(D) = T, we get that T¢ = FEc(D) and so

Tc(LI; a) = Ec(D)((/LA ®ida)(ida ® Ax) ® idA@(n—2))a®n
= E¢(D)a®" by Condition (b)
= 1¢(L; ).

Likewise, using the braiding, we can show that 7¢(L; @) is invariant under the other
handle slides. Hence « is a Kirby element of C. g
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5.5. Quantum invariants of 3-manifolds. Recall (see [Lic97]) that every closed,
connected and oriented 3-dimensional manifold can be obtained from S? by surgery
along a framed link L C S3.

For any framed link L in S, we will denote by S3 the 3-manifold obtained from
S3 by surgery along L, by ny, the number of components of L, and by b_(L) the
number of negative eigenvalues of the linking matrix of L.

A Kirby element « of C is said to be normalized if 0« and 0« are invertible
in the semigroup End¢(1). To each normalized Kirby element « is associated an
invariant 7¢(M; «) of (closed, connected, and oriented) 3-manifolds M with values
in End¢(1), see [Vir03, Proposition 2.3]. From Theorem 5.1, we immediately deduce
that:

Corrolary 5.5. For a normalized Kirby element o and any framed link L, we have
Te(SE;a) = (05)" 7 (0,0) ") Ee(D)a®",
where D is any Hopf diagram such that L is isotopic to ¢(D) o (U® --- @ U).

Remarks. 1) Corollary 5.5 gives an intrinsic description, in terms of Hopf algebraic
structures, of quantum invariants of 3-manifolds.

2) In Corollary 5.5, we can in particular take D = W(T') where ¥ is as in
Theorem 4.4 and T is a ribbon sting link such that L is isotopic to closure of T
Recall also that the constructive proof of Theorem 4.4 provides us with an algorithm
for computing D = ¥(T') starting from a diagram of T'.

Let us conclude by giving an example. Recall that the Poincaré sphere P can be
presented as P ~ S% where K is the right-handed trefoil with framing +1. Now
this trefoil can be represented as K = ¢(D) o U where D = (w1 A ® §_)A. Indeed,
we have that:

O PR
K:C(E? and D@?»MD)&e//D ~ C,\(’lD

Hence, if a: 1 — A is a normalized Kirby element of C, then:
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