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Mirror Symmetry gives a correspondence between symplectic and complex manifolds. We propose a
way to "explain" MS by identifying both moduli spaces of complex and symplectic manifolds with Cl = 0
with tbe moduli space of Ac:o-algebras. Our guess leads to the following prediction: tbere sbould be a
kind of twistor correspondence from Lagrangian subvarieties on one side to complexes of holomorphic
vector bundles on the other side.

In Sections 1-3 we are trying to give more or less precise formulation of the Mirror Conjecture. This
part can be considered as a complement to tbe talk of Yu.Manin. In Sections 4-6 we show that A oo ­

algebras arise naturally from complicated struetures of MS. We bope that our point of view will lead to
the proof of the Mirror Conjecture in BOrne future.

We want to mention that only few results here are proved rigorously.

1. Basic example. (After P.Candelas et al., see M)
Let V be a generic quintic in cp4. Denote by nd the "number l1 of rational. curves of degree d on V

(see Seet.2 and talks of Yu.Manin and Y.Ruan for the meaning of quote-marks). Consider tbe following
generating function in variable t):

zl:
where Li3 (x) =E 1;3' Re(t) < to =-7.590...

1:~1

Here t can be considered as a local coordinate on the moduli space of symplectic manifolds. We endow
V by 2-form tx(the pullback of the Fubini-Studi symplectic form on CP4).
. On the other hand, let W = W(>') be I-parameter family of Calabi-Yau 3-folds obtained by the
resolution of singularities of .

where (Z/5Z)3 is the group cf transformations Xi ....... ejZi, et = 1, nei = 1 preserving the volume
element on the quintic. We have the variation of 4-dimensional Bodge structures B3(W(>'); C) over one

parameter '\. For example, one of the periods is~ i~~i~ ,\-5n .

The conjectured mirror relation between V and W is tbe following. Let us consider the trivial 4­
dimensional complex vector bundle with 4 linearly independent sections eI, ... , e4 over l·dimensional
base {t E ClRe(t) < to, 0 < Im(t) < 27r}. Introduce connection V' by

. V'(ei)
ej:= dt""

and tbe Bodge filtration 0 C (e I) C (e I e:l) C (e I e2e3) C (e I e:le3e,,) . This gives a complex variation
of Bodge structurea which is conjecturally eqivalent (in seme coordinates >. = >.(t» to the variation
H3(W(>')j C). One can show that t as a function of >. is equal to the ratio of two periods.

2. Gromov·Witten invariants.
Let (V, w) be a compact semi-positive symplectic manifold. Semip08itivity means tbat there exists an

almest complex structure on V compatible with w such that the canonical 2-form representing Cl (V) is
non-negative. In this case we expect that invariants which we caB Gromov~Witten invariants are defined.
These invariants depend on homology dass ß E B:l(V; Z) aod a pair (g, n) of non-negative integers
satisfying inequality 2 - 2g - n < 0,

1,,0;/3 E Beven (M"o x V"; z) .

Here M,," denotes the coarse Deligne-Mumford compactification of the moduli space of n-punctured
complex curves of genus g.
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Denote by Xg,n;,B the spaee of equivalenee dasses of (C, Xl, ... , Xn, 4J) where C is a smooth complex
eurve of genus g, Xi are distinet points on C and 4J : C -+ V ia a pseudo-holomorphie map (=the solution
of a generie perturbation of the Cauehy-Riemann equation). There is a natural map from Xg,n;,B to
M g,n x vn by assoeiating with (C, x., 4J) the equivalence dass of (C, x.) and the sequenee of points
(eP(xt}, ... , eP(xn )).

It seems that using results of M.Gromov, D.MeDuff and Y.Ruan one ean eonstruct a natural eompacti­
fication X 9 ,n;,B whieh a) maps to Mg ,n X V n and b) has a fini te Whitney stratifieation by even-dimensional
oriented strata. We define /g,n;,B to be the image of the fundamental dass of X g,n;,B'

3. Potential and related differential-geoluetric structures.
. Here we eonsider semi-positive (V,w) as above. Denote by H := EBH.t(V; C) the total eohomologyspace
of V considered as a super-vector space and also as a complex ftat super-manifold. Following E.Witten
[W] we ·introduce a function <I) on H by the formula

Bete, denotes a non-homogeneolls cohomology dass on V, 1M is a zero-dimensional cohomology dass0._
Ion Mon.,

We expect that this series is absolutely convergent in same open domain in H if the cohomology dass
[w] E Ja 2 (V, R) is sufficiently large.

Function <I) must satisfy a remarkable system of non-linear differential equations of the third order.
Let us choose a base x a of the space H. Denote by 9 = (9a,B), 9a,B::= Jv 01\ß the matrix of the Poincare
pairing, (ga,B) = 9- 1 will be the inverse matrix. For all 0, p, 'Y, {)

We show now why this equation sho~ld oe satisfied at point 0 E H (for simplieity). Third derivatives
8a,B'"f~ at zero point count number of rational pseudo-holomorphic curves in V passing trough. 3 eydes
in V with the weights exp( -area). Let us fix now 4 poi nts x I, ... ,X4 on C p. and 4 cydes C., ... C4 on

,-..... V. We ean count also the number of maps 4J such that 4J(Xi) E Cj. This number will not change underc:.) the··permutations of indices and will not depend on the cross-ratio of (x.:). AB the cross-ratio tends to
infinity the eurves must degenerate to 2 copies of Cpl gilied at same point. At the limit we obtain the
problem of eounting pairs of maps <PI, <P2 : cp· -+ V with restrietions

It is the same as maps <P. x <P2 from Cp. t,o V x V with certai n restrietions on the values at 0, 1, 00. Using
Künneth decomposition of t.he homology dass of diagonal we reduee the quest ion baek to V. Hence we
obtain the equation at zero.

The equation above was studied by B.Dubrovin [D]. He discovered that it is a completely integrable
system, and it is equivalent to the following classical problem: find curvilinear coordinates in the standard
ftat Euclidean spaee Rn in which the metrie is be diagonal.

This equation ean be reformlIlated as the eondition of assoeiativity of the algebra given by structure
eonstants A~,B := L-r' g'"f'"f

l

aa,B-y' <1). In invariant terms it means that there exists a new eommutative
associative multiplication on H (Quantum Ring) depending on the point of H.

Let UB introduce a connection V' on the tangent bundle to H by the formula V' = V'0 + A where V'0 is
the standard trivial connection. One ean deduee from the main equation that A is fIat.

Now we are ready to formlilate the general form of the Mirror Conjecture. Suppose that Cl (V) = 0
and V carries at least one integrable complex structure compatible with w. For each such complex
Btructure we have a Hodge decomposition 11 = EBHP,q. We expect that all cydes Ig,n;,B are Hodge cydea
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(algebraic cycles for the algebraic csse [w] E H:J(V; Z)) of dimensions independent on ß. it follows tbat
tbe restriction of V to the submanifold Hl,l of H maps HP,' to HP+l,,+l ~ Ol(Hl,l).

We introduce filtrations EBp S;p CI HP" on the trivial bundles EBp -, ja flxed HP,. on H1,1. Hence we have
Hat connections and filtrations. One can prove using formal arguments with Hodge-Tate groups that
the equivalence c1asses of this variations of Hodge structures are not c~anging under deformations of the
complex structure on V used for the Bodge decomposition.

Mirror Conjecture. These variations of Bodge structures are algebro-geometric. Sometimes they are
Bodge structures on all cohomology groups of mirror manifolds.

We wrote sometimes because there are examples of rigid Calabi-Yau rnanifolds wbicb can 't be dual to

projective manifolds.
In tbe case of quintic V in cp4 the function ~ is the surn of 2 terms: the contribution of tbe maps to

points of V and the contribution of rational curves (and their multiple covers). We introduce coordinates
t j I i = 0, ... 3 in one-dimensional spaces Bi ,i(V) and odd coordinates ej, T]j, j = 1, 102 in HS(V). In
these coordinates we have (up to adding a polynomial of degree 2)

eJ>(ti,€j,TJj) =~ L: tjtjtk +to L:€jT]j + L:ndLis(etld) .
i+j+k=S j d~l

ODe can deduce from this formula the Candelas example.

4. Extended moduli 8paces.
Wben we restriet the flat bUDdle to tbe subspace Hl,l a lot of information will be lost. It seems very

reasonable to extend the moduli space of symplectic structures to the whole domain in H in which tbe
potential cI> is defined. Henee the tbe tangent space to the extended moduli space is equal to H =eHt

.

Now we want to construct some extended moduli space M for complex Calabi-Yau W containing
tbe ordinary moduli space M od(W). The natural candidate to the tangent bundle to M at classical
points M od(W) should be equal to the direct sum E9HP(W, AfT). Tbis problem was already dicussed by
E.Witten (see his paper in M).

Our gUesB is that eHP(W, A'T) can be interpreted as total Hochschild cohomology of the sbeaf Ow
of holomorphic functions on W.

The usual definition of Hochschild cohomology needs an associative algebra A and bimodule over it.
Tbe Becond Hochscbild cobomology of A with coefficients in A classifies infinitesimal deformations of A.
One ean define RH also for graded differential al$ebras as weil. We can replace now tbe sheaf of algebras
Ow by tbe sbeaf of differential algebras (0°'·, eJ). This sbeaf has cobomology only in degree O. Let us
pass to tbe differential algebra of sections, i.e. global a·forms.

Theorem. There exists a natural isomorphism HH(Oo,·(W), 8) ~ $HP(W, "'T)

Anotber approacb to the definition of Hochschild cobomology of tbe sheaf 0 of holomorphic funetionB
on algebraic manifolds was developed by M.Gerstenhaber and D.8hack.

The main question now is to give sorne interpretation in terms of deforrnationB of all Hochschild
cohomology groups of differentail graded associative algebras.

5. Atw:l ..algebraB and their deformations.
Aoo-algebras were introduced by J .8tasheff in 1964 in [8]. We will give two equivalent definitions.
Firßt definition. Let (Xi ,~j) be a set of indeterminates divided into two parts (even and odd variables).

Denote by A := C(x., e.) the completed free associative algebra generated by x., e•. A consists of all
(infinite) formal linear combinations of monomials. We consider A as Z/2Z-graded algebra.

By definition Aoo-algebra is continuous map D :.A - A satisfying conditions:

(1) deg(D f) =degJ + 1 mod 2,
(2) D(fg) = D(f)g + (_l)des/ fD(g),
(3) D2 =O.
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It is enough to define D on generators because we have super-Leibniz rule 2). For example let A be an
associative algebra aod ctj be the structure constants of A in some base. We define A to be generated

by pure odd indeterminates {i and define D by D6: = L C~j{j{i. The associativity of A is equivalent to
the condition 3).

We will say that two Aoo-algebras (A, D) and (A', D') are equivalent if there exists a continuous
isomorphism between Z/2Z-graded algebras A and A' identifying D and D'.

Second definition. Let A be Z/2Z-graded vector 8pace. The strueture of Aoo-algebra on A ia the
infinite sequence of linear maps mA: : A0A: - A sat.isfying (higher) associativity conditions:

(1) m~ =0, (we can consider ml as a differential and (Al md as a complex),
(2) ml (m2(a (9 b) =m2(ml (a) 0 b) ± m2(a 0 ml (b)), (m2 ia a morphism of complexes),
(3) m3(mda) 0 b0 c) ± m3(0 0 ml(b) 0 c) ± m3(a 0 b0 ml (c)) ± ml(m3(a 0 b0 c) =

= m2(m2(a ® b) ® c) - m2(a ® 1112(b 0 c)), (1112 is associative up to homotopy),

(4) and so on ...

One can pass from the second definition to the first one by defining the space of generators to be A·
with the reversed parity and D on generators to be equal L m;.

It is very easy to see that infinitesimal deformations of a difTerntial graded algebra considered as an
Aoo-algebra is equal to total Hochschild eohomology of A.

We expeet that the formal moduli spaee of Aoo-algebras near Calabi-Ya~ manifolds is smooth.
There are several reasons to beleive that t.he moduli M of Aoo-algehras are relevant for the situation

of Mieror Symmetry:

(1) on the tangent space to M at eaeh point there exists a natural associative commutative multipli-
eation (eup-product on Hochschild cohomology), .

(2) there exists a natural bundle with flat conneetion on M with the fiber equal to the periodic cyclic
homology of Aoo-algebras (see [GD,

(3) any finite-dimensional Aoo-algeb.ra wi~h seme additional data (a scalar product compatible with
all higher multiplications) gives cohomology classes of Mg,n (see [Kl).

Now we describe natural Aoo-structure arising in the framework of symplectie geometry.

6. Fukaya's Aoo-category.
At the end of last year Kenji Fukaya introduced an Aoo-category for semi-positive aymplectic manifolds

for the purposes of Donaldson invariants of 4-manifolds. First of all, Aoo-eategory ia not a category in
the strict sense. ]t consists of objects, the space of morphisms between any two objects and a ladder of
(higher) eompositions of morphisms. The axioms are such that the set of morphisms of any object inta
itself will be Aoo-algebra (seeond definition).

Let (V, w) will be semi-positive symplectic manifold with sufficiently large [w]. Objects of Aoo-category
F(V, w) are Lagrangian submanifolds of V. Morphisms are defined only when Lagrangian submanifolds
are in general position, F(i:., i:.') := C..cn.c

l

with Z/2Z-grading arising from the Maslov index.
The differential on F([" [") will be a modified Fleer differential. The matrix eoeffieient of differential

associated with two intersection points PI, p'J E i:. n [" is the number of pseudü-holomorphic discs 4J
D - V with

4J( -1) =PI, 4J( 1) =P2, 4'(upper boundary) C [" 4'(lower boundary) C ["

counted with the weight exp(-area of D).
Higher multiplications are defined analogously using maps from polygons to V.
One ean show (not rigorously) that the cap-product on the Hochschild cohomology of this eategory

coinsides with the quantum multiplieation on the ordinary cohomology H(VI C).
We don't know at the mom"ent any mathematical definition of an Aoo-algebra A(V, w) such that

Fukayals category is equivalent to the Aoo-category of modules over it. Also we expect that one has
to extend in some way F(V,w) (fro example, consider IDeal systems over Lagrangian submanifolds) and
obtain an equivalence between (extended) F (V, w) and the derived category of eoherent sheaves on the
dual complex manifold W.
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Confc1nnal Field Theories in Two Dimensions and their W-Algebras .
,-
:.

Conformal quantum field theories in two dimensions have been invented
to describe aspects of nature, but they already have multiple uses in mathe­
matics. Almost by definition, they contain the theory of. projective highest
weight representations of Diff(S')_ and of the group·of continuous maps from'
S' to any compact Lie group G, but even in this case,only they, explain in a

simple way why the characters are modular functi,ons. ·Con~ernjng .. finite simple
·groups, the monster has been cons tructed as automorphi,sm group of 5 uch a
theory. In topology, they provide invariants of 3-manifolds and knots. In
algebraic geometry, they allow much insight into -Calabi-Yau manifolds, as
has been s hown by the di scov-ery of mi rror symmetry.
Quantum field theories often are defined by functional integrals. Those
integrals can be computed numerically, though this is very expensive and the·
existence of the relevant limits often remains ·an open prob-lern. They also
can be characterized axiomatically. Systems satisfying the axioms can be
constructed in favorable cases, though to some extent their relation to the
integral express ions remains guesswork.

Let us start with the second approach. First, consider one dimensional
functional integrals, i.e. integrals over spaces C(ta,tb) of continuous
functions defined on closed intervals [ta,tb] of the real line. The image
space of the functions ;5 arbitrary. The integrand should be local in the
sense that

I(f13 ) = I(f,2) I(f23 ) ,

where f ij
e C(ti,tj ), t1~ t2~t3' and f 12 , f 23 are the restrictions of f'3

to the respective intervals. F.ormally, this yields
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f 23 f C(t2,t3)

f 23 (t2)=x

f 12 € C(t1,t2)

f 12 (t2)=x

s
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The two integrals on the right are functions of x. When the .last one takes

values in aspace V, then the previous one natural'ly takes values in the
*'dual space V . Let us assume that the functional integrand is invariant

under translations of the real axis, such that V does not depend on t 2.

If we also have invariance under an orientation change of the real line,
*then V and V can be identified. In physics this is often the case.but not

I
always.

*When we specify functions of f 13 (t1) and f 13 (t3) in V and V , resp., the

equation above yields the following natural axioms for one dimensional
functional integrals: We have a category with one object (corresponding to

the points of the real line). The arrows are·the non-negative real numbers t

(corresponding to the intervals), with their addi·tive semigroup.structure.

Another category has V as single object, the arrows are the linear maps of V.

The functional integral is a funotcr from the first category to the second.

This formulation immediately generalizes to higher dimensions. For two

dimensional functional integrals we consider the category wnioh has one
dimensional closed manifolds as objects (including the empty one) and· two
dimensional manifolds with corresponding boundary components as arrows.
A new feature is the possibility of any number of.boundary components .
The corresponding function spaces obviously should be tensor products of

the basic functions space V corresponding to a single circle. Thus the

second category has as objects the tensor product powers of V and as arrows

the corresponding linear maps. Again we get a functor which should satisfy

same obvious properties.

In general, functional integrals in n dimensions require the glueing of

bounded submanifolds a10ng pieces of the boundary, such that one has to
consider submanifolds of codimension 1,2, etc. However, for conformally
invariant theories in two dimensions, this is not necessary and,the frame-'"

wor~ sketched above is adequate .(G. Segal. unpublished notes).
In this case, the arrows joining two circles form annuli with a complex
structure. Their semigroup is the complexification of Diff(Sl). The
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categories have to be extended to allow for projective' representations.

The complexification of the Lie 'algebra of Diff
C

(S1) decomposes into two

copies of the Vi'rasoro algebra, corresponding to holomorphic and anti­
holomorphi,c vector fields in neighbourhoods of S1. Both contain natural

rotation generator~~Lo' LO' which give a grading on V. To get a good
1imiting behaviour i~r infinitesimally small annuli, the ~p~ctra of La and
La must be bounded "::fJm below .

. Arbitrary 2-manifolds can be construeted by glueing annuli to a standard
sphere with three removed eireles. We remove eircles of the Riemann sphere
around a ,c0, and z, and eons i der the map VxV~ V i ndexed by z. whi eh i s
given by the fur"tor of the eonformal theory. This functor can be considered

as a map
* "V x I!'"->GL(V).

More preeise1y, the resulting linear transformation of V is unbounded, but
range and domain can be deseribed easi1y. If the ,circle around a is filled,
then z ean be taken to zero, whieh yields an identifieationof V with
eertain operators on V. With this identifieation; the,map VxV~ V can be
rega rded as an operator product expans ion "(OPE). The representat.i on of
DiffC(S') on V together with.the.OPE give a compl~te description of the
conforma1 theory.

The subspace Vhol of V which is invariant under the anti-holomorphic part
of DiffC(S') is ca11ed the space of holomorphic fields. The OPE of h~lo­

morphic fields is again holomorphic. The corresponding 'restrietion of the....
(: "".

\~j OPE i 5 ca 11 ed W-a 1gebra. It ta kes the form

~(z) X = ~2zk fk

Invariance under La yields k= h(-rk)-h(r)-h"~), where Laf=h(f)
Thus the sum over k is bounded fram below.

By translational invarianee one finds

Taking z and Zl to the unit circle from opposite sides yields distributional

limits. The two distributions resulting fram the ehoiee of the sides agree
for z-~ Zl and are linear combinations of derivatives of Dirae's delta
d) stri bu~ion. The di fferenee defi nes a Li e bracket of Y7(z) and) (z I).

whieh is in one-to-one eorrespondenee with the singular part of the OPE.



A/Ci L" Jo-ov"\

Autor: /" Seite: tj

, "

( ',\

~)

A special case are the affine Kac-Moody algebras. which have the form

[ ja (z) j b(z I )] = f abc j c(z) cf (z -Z I) + Ja b d"(z -Z I ) .
;:_1

Together with such a Lie algebra, the OPE of holomophic fields defines

aso-ca 11 ed nonna1 ordered product

:f!: = 10 ·
The remalnlng ~k can be obtained from normal ordered products of derivative
fields. The Lie bracket of nonnal ordered products can be calculated in I

• I

terms of the Lie brackets of their factors. In most cases of interest, al~.

of Vhol is generated by a finite dimens,ional subspace V. 1 in tenns ofSlmp e
derivatives and normal order.ed products. The action of the diffeomorphisms

on Vsimple is uniquely detennined in terms of the grad,ing by LO' such that
the complete holomorphic part of the conformal theory is determined by the

grading of a'.basis of Vsimple and the finitely many structure constants
which describe the Lie algebra of these basis elements. One obtains a
confonna1 theory, when these structure, constants are compati b1e wi th the;;~

Jacobi identity of the Lie bracket.
The generators of DiffC(S1) themselves yield a holomorphic field T with

h(T)=2. Its Fourier components satisfy the V.irasoro algebra. ·If,one adds
one additional simple field of grade >6, the Jacobi identities only alloW"

a finite number of solutio~s for the structure constants. For grade 8 e.g.

there are 9 solutions, one of which yields a central extension of the

Virasoro algebra with c=-3164/23.
The space V can be considered as a representation space for'the W-algebra
Vhol and its anti-holanorphic counterpart,. In many cases, the W-algebras

only have finitely many irreducible repres~ntations, which yields a finitely
reducible V. Such confonnal theories are called rational. The characters
of their representations are traces of qLo over irreducible subspaces of V.
They can be related to the image of the complex'torus ,of modulus Tunder
the functor of the confonna1 theory, where q=exp (2 7( i T). As a' resul t, the
characters of a rational theory form a representation of'the modular grOup,

y (:t =j; j t (T. (

(Nahm 1990). This explains the behaviour. of the characters of the affine

Kac-Moody algebras and of the Virasoro algebra.
The resulting representation of the modular group together with its special
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c = L(f.), 'r. = TT (1_].) 2B i j .
1 .j1 . J'

Here c is given by the central extensi;n of DiffC(S') and is rational for

rational theories. Thus confo~al,theories. yie1d identities for the Rogers
dilogarithm L. The arguments lie in the number field generated by the
matrix elements of the representation of the modular graupe Since conforma1

theories yie1d invariants of 3:manifolds, one can hope for an interesting
dua1ity between their dilogarithm identities and the classification of
3-manifolds by their hyperbolic volume (Thurston 1982), which also is given

by a sum of positive values of a·.dj'1t>gar.ithmic function.

basis allows the construction of topological quantum field theories in three

dimensions. Here one has a category of closed 2-manifolds with arraws given
by topological 3-manifolds, and a functor to a category of finite dimensional
vector spaces, which carry representations of the mapping class groups of the

corresponding 2-manifolds. The functor can be explicitly evaluated by con­
structing the 3-manifolds ,by C~0n twists around knots in S3 and using the

corresponding elements of the m:~tular group (Witten 1989). For SU(2) Kac­

Moody algebras, the results agr~e with perturbative evaluations of the

torresponding functional integrals (Freed and Gompf 1991).

For a large class of rati'onal,';conf.onnal theories, the characters have

express i ans of the fonn 1'1. ' qmBm+bi m
L- (q) =(1-q) .. '. (1_qm )
mk~O 0' m

(Nahm et a1. 1993). (q)m ···(q)m
1 r

Here the rxr matrix B labels the theory and the vectors bi the representation~ .

For the representation of the W~algebra in Vhol itself, one has b=O. Apart
fram some power of q, these characters are modular functions. In particu1ar,

this yields

f<'~"
\~l
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NEW METHODS IN MODULAR FORMS AND JACOBI FORMS

N .-P. SKORUPPA

The following three theorems represent typical examples of recent applications of the theory '1
of modular forms or J acobi forms to other parts of mathematics or to physics.

Theorem [E-5]. Let c be one oi the values oi the table below, and let He the associated set of
rational numbers. Then there exists a set of holomorphic functions (e,h (h EHe), defined on the
upper half plane, which saUsfy the following conditions: -. ....~

(-') (1) the functions ee,h are non-zero modular functions for some congruence subgroup cf
'-.-' SL(2,Z), and the space of functions spanned by the (e,h (h EHe) is an irreducibl~

SL(2,Z)-module via the action (A,e(T)) 1-+ e(AT), "'.:- . :
(2) for each h E He ODe has ee,h(i) = O(q-c/'-t) as Im(T) tends to infinity, where q = eh ·i .,.

and c= c - 24 min He,
(3) for each h E He the function q-(h-tf)€e,h is periodic with period 1, and its Fourier

coeflicients are rational numbers.

More6ver; up to m ultiplication hy scalars; the functions ee,"h'" (h "E He) are 'uniquely determined .'
by these three conditions.

I c I He
I - WI- fi {O, 9, 10,12,14,15,16,17,18, 19} -
l_l~;O 1_ A{O, 27,30,37,39,46,'48,49,50,52,53,55,57,58,59, 60}
\- 3~~4 \_ A{O, 54;67,81,91,94,98,103,111,112,116,
I I 118,119, 120,122,124,125,129, 130,131,132,133}

Theorem [5]. If a positive fundamental discriminant D =1 mod 8 is a congruent number, i.e.
the area of a right triangle with rational sides, then v+(D, r) = lI_(D, r), where r denotes any
solution to r' =D mod 128 and

lI±(D,r) = #{(a,b,c) EZ3
1 b2

- 4ac = D, b2 < D, ±a> 0,
b+r b-r

a == 3-
2

- fiod 32, 3e =-2- fiod 32}.

Theorem [C-S-Z]. Denote by f(m) the number of modular elliptic curves with conduetor :S
m, counted up to isogeny (i.e. the number of newforms of weight 2 on r o(m t

) with rational
eigenvalues under a1l Hecke operators, where m' runs through a1l positive integers :$ m), . Then,
for m :S 1000, one has

7 m 3/'
f(m)~ ---.

13 log m

The first theorem is the answer to a typical problem of physicists working in conformal field
'theory: Each c-value of the given table represents the central charge of a rational model of a.
certain W·algebra, and the sets He represent the sets of conformal dimensions. of these models

, (cf. W. Nahm's talk at this Arbeitstagung). It is in general difficult to compute the conformal
chara.cters of a given rational model of a W·algebra directly from physical informations. However,
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one knows that they satisfy the "axioms" (1) - (3) given in the theorem. Thus the theorem
actually states that, for the three specific models considered here, the conformal characters are
uniquely determined by the central charge and the set of conformal dimensions. (Is that true
in general, say, if one restricts to "generic" W-algebras 7) Moreover, the proof of the theorem
gives explicit, c10sed formulas for the conformal characters [E-S].

It should be noted that the theorem, or rather the functions which it characterizes, may
deserve more interest as one might expect at the first glance. First of all, it is possibly only'
the prototype of a whole series of analogaus theorems for other rational models of W-a.lgebraa.
Secondly, it is known by examples that conformal characters are very special modular functions
with remarkable features. Sometimes they have analytic expressions which lead to identities of
Roger-Ramanujan-type, wmch in turn are elosely related to identities for the dilogarithm (cf.
[N-R-T] for such examples). The modular functions ~c,h characterized by the theorem appear to
be promising in this respect too: among some other remarkable features they have for instance
intere~~ing prQduc~ expansions, [E:-S]. _~n this se~~e,~ ~h~"fi~~~t_SJu~or~m i§ .p'~rh.!1ps~ o.!!Jy.... ~.....ll~Y. ,.
indication of new methods which may come up in the future in the interaction of confü:rmal field

I ~ ,

theory and modular forms. ,:;~p '.:;
The second theorem is, in a different statement, known aa Tunnell's theorem [T]: Thnnell

gave eatiily cor'll pufable, nec'essary" conditions for','a' '0um})er-"]) ~'i'(;--'b'e a cong'j.'uent"numoer. --Tli'e· .. ·'
crit~rion given here is different from Thnnell's. It is a prototype of an infinity of analogous
theorems which can be produced systematically in an algorithmic way as we shall indicate below
(cf. [S4] for more details).

The third theorem, as stated, is, of course, not really a theorem: one would have to make
precise the "~". What it means (still vaguely) is that if you plot the graph of f(m) then it just
looks very elose to the graph of the function on the right hand side of the approximate identi.ty.
For more precise information cf. [C-S-Z]. .

There is one point which is common to all three theorems: there is no conceptual proof for
them, or, to state it more precisely, in all three cases the assertions are re~uced to problems
which have to be solved computationally. '

For the third theorem it is obvious what has to done for proving the statement: compute the

newforms of weight 2 on r 0 ( m') = (m~Z ~) n 5L(2, Z) for aIl m' $ m. The approximate

identity was indeed obtained' exactly IÜce this (as a side r~~ii of an algorithmic project of
tabulating all newforms in a given range [C-S-Z]). .

The first theorem is reduced, using several more or less deep theorems from the representation
theory of SL(2, Z) and from the theory of modular forms, to 'essent'ually the problem of computing
a basis for the space of all modular fonns of weight k = k(c) on a certain subgroup r = r(c)
(or rather a certain subspace of this space which is cut out by certain representation theoretic
considerations [E-S]).

The second theorem is reduced, following Tunnell's original reasoning, to the problem of
finding explicit formulaa for the values L(j, D, 1). Here j is the unique (normalized) cusp form
of weight 2 on ro(32), and L(j, D, s) is the L-scries of f twisted by D, Le.

00

L(J, D, s) = L af(n)XD(n)n-",
n=l

where the af( n) are the Fourier coefficients of j, and where XD(n) is the quadratic character
mod D whlch, for any odd prime p, satisfies XD(p) = usual Legendre symbol"D over p". Indeed,
the standard compactification of the Riemann surface f o(32)\Sj (Sj = upper half plane in C)
equals E(C) for 30 cer"tain elliptic curve E defined over Q (30 'Weierstrass model of E is given by
y2 = x3 - x). Translating the question of D beeing a congruent number or not into an equation
it is not hard to show that this question is equivalent to the question whether ED(Q), the set
of Q-rational point on the twisted elliptic curve E D , is infinite 'or not. A well-known theorem
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(Coates-Wiles) shows that E(Q) infinite implies L(Ev , l) = 0, where L(Ev,s) is the L-series of
Ev. By Eichler-Shimura theory one has L(ED, s) =L(/, D, s). Thus, the problem is reduced to
finding formulas for L(/, D, 1).

At this stage Jacobi forms corne into play (in contrast to TunneIl's original theorem where.he
used modular forms of half integral weight). We sketch the main features of this theory.

Denote the space of cusp forms of (integral) weight k on ro(m) by Sk(rO(m)), and let Sk,m.
be the space of Jacobi (cusp) forms of weight k, (integral) index m > 0 and signature f. The
members of Stm are called "holamorphie" for f =-1 and "skew-holomorphic" for f = +1. (For
a precise definition of Jacobi forms cf. any of [51] up to [54].) The main point needed here is that
Jacobi forms are functions in two variables, having a Fourier development, where the Fourier
coefficients C<p(D, r) of a Jacobi form 4> E Bk mare indexed by discriminants D a.nd integers r
satisfying Df > 0 and r 2 == D mod 4m, and ~here these coefficients depend on r only modulo
2m. As for modular forms on ro(m) one has Hecke operators T(/) (I = 1,2, ... , gcd(/, m) = 1)
acting on Sz'm' and one has the notion of a "newform": A Jacobi form (or modular form) is called·­
newform if it is an eigenform of all T( I) and if it is uniquely determined (in Sk m respectively
Sk (r0 ( m ))) by all its eigenvalues. 0 ne has the following two basic theorems: '

Theorem [S-Z]. For each newform ;p 'e' Sk,m' := ·'8~m·ffi-'·S~'~· there 'exists a n'eWform I 'e"'
S2k_2(rO(m)) which has the same eigenvalues under all Hecke operators T(/) and vice versa.

Theorem [G-K-Z]. Let 4> E Sk,m and I E S2k-2(rO(m)) be newforms with the same set of
eigenvalues under a11 Hecke operators T(l). Then, for any fundamental discriminant D and any
integer r such that r 2 == D mod 4m, one has

Ic~(D, rW= c(k, m) Ij:: IDl k
-

3
/
2 L(I, D, k - 1)

with a eonstant eCk, m) depending 0!11y 0!1 k and m and 14>1 2 , 1/12 denoting Petersson sealar
products.

(For a proof of the latter theorem for the case f = -1 cf. [G~K~Z, Corollary 1 in sec.II.3]j
for the case f = +1 use [53, Proposition 1] from which the asserted identity cau be deduced
analogously to the reasoning in [G-K-Z]).

These two theorems suggest that Jacobi forms are very similar to modular forms of half­
integral weight. Indeed, there is a very elose relationship and various theorems concerning
modular forms of half-integral weight can easily be translated to Jacobi forms: for instance, the
last theorem is nothing else but an 'adaption of Waldspurger's theorem to Jacobi forms. The
point in using Ja.cobi forms instead of modular forms of half integral weight is that the latter
have certain technical deficiencies which make them hard to use in general: For instance, a really
satisfactory analogue of the one before the last theorem is only known for essentially squarefree
mj it is not even clear in general how many modular forms of half intgeral weight in given space
"lift" to a given newform. In contrast to this Jacobi forms are quite easy and natural tu use:
one might view them too as a "new method" in modular forms.

Returning to the congruent numher problem, we see from the preceeding considera.tions that
the question for the values L(/, D, 1) is reduced to the question for formulas for the Fourier
coefficients C<p(D, r) of the (unique) newform in S2,32'

5umming up, we have seen that the proofs of the three theorems stated in the beginning are
in each case reduced to the problem of computing certain modular forms or Jacobi forms or
finding elosed formul~ for them. .

For presenting a last "new method" we sketch how one ca.n arrive at explicit formulas for the
Fourier coefficients of modula.r forms and Jacobi forms. This method is based on an' idea which
is, as far as it concerns modular forms, not at all new: The idea. is due to Manin [MI], [M2]. It
i~ ron17hlv t.he irlea that modular forms can be characterized by their periods, and hence that
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there must be formulas expressing the Fourier coefficients of of modular forms in terms of their
periods: a prototype of such a formula is the "Mamn reciprocity law" ([M2]). This idea was
taken up by many authors (key word: "modular symbols"). Modular symbols have been used
to create the t ables [Cr] and parts of t he tables [C-5-Z], periods of special modular forms have
been computed in [K-Z], [A}, interesting formulas for the action of Hecke operators on modular
symbols have been given recently in [Z], [Me].

For simplicity assume f = fo(m) and k = 2. Consider the following exact sequence of
f-modules (with respect to the obvious actions)

i q ( )] de~o~ V ~ PI Q ~ c ~ O.

We set
co(r) := ker (Ho(f, V) ~ HO(r,qP 1(Q)])),

, • ... I ~ ~. ... .".~ -~ '1 • t

where ~o(f,W), for any f-module W, is the space off-co-invariants ofW. Let 9 be theAi~gonal

matrix I with diagonal entries -1 and +1. Since r is normalized by 9 the natural action'of 9 on
elements of qP I(Q)] induces an involution ,on Co(f.): denote.by...Co(f)± the.corresponding±l. .
eigenspaces .

There is an obvious action of the Hecke operators T(l) on Co(f), which can be described
explicitly in terms of representatives of co-invariant classes by simple formulas. Furthermore,
there is an obvious notion of integration of holomorphic or anti-holomorphic modular forms
along elements of Co(r). This integration defines a perfect pairing between Sk(f) ffi 3\(r) (the
second space denoting the space of anti-holomorphic cusp forms) and Co(r) [54, Theorem 2].
On Sk(f) EB S k(r) we have the perfect pairing defined by taking wedge products and integrating
along r\Jj, and on Co(r) we have th'e (via integration along co-invariants) dual pairing p#ru.
Using this "intersection number" one has the following theorem:

Theorem[55]. Let Uo E Co(r), let E.= ±l. Then the association

00

~ ~ L ((T(l)uo)#ru) ql
1=1

defines' a Hecke-equivariant map Luo :Co(f)€ ~ S2(f). There exist co-invariants Uo such that
L uo is an isomorphism. .' ".

This theorem is a simple formal consequence of the fact that integration along co-invariants
defines _a perfect pairing and the most basic facts from Hecke theory. It is meaningless with
respect to the problem of computing modular forms as long as there are no explicit formulas for
the intersection numbers p#ru. Fortunately, such explicit formulas do exist: roughly, they can
be obtained by constructing suitable (non-holomorphic) kernel functions k u for the functional
f ~ the integral of f along u E Co(r) and computing the integrals of these kernel functions
aIong co-invariants [55].

The kernel functions which show up in these considerations show also up as the basic compo­
nents of the so-called theta kerneis which yield the correspondance between Jacobi and modular
newforms mentioned above [52]. Analyzing this more carefully one obtains a theorem for Jacobi
forms which is analogous to the last onc, Le. one obtains maps from co(ro(m)) into S2,m which
can be explicitly described using the intersection number of co-invariants, and among these
there exist maps which are surjective [54], [55]. Thus, this theory yields explicit 'formulas for the
Fourier coefficients of Jacobi forms too, which maybe used, e.g., to produce explicit formulas for
the values L(f, D, 1) for newforms f on any given fo(m).

To give a flavour of the kind of explicit formulas for the intersection numbers p#rCf let
Q(X. Y) be a binarv, inte~ral, indefinite quadratic form whose discriminant ia not a perfect
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square, let A± denote the two (real) roots of the equation Q(X, 1) = 0, and denote by uQ be the
coinvariant such that, for any f E S2(r), the integral of fand 7 along UQ equals the integral
of w := f( T)Q (T, 1) dr and walong r Q \ 'I, where 'I is the hyperbolic line in the upper half plane
connecting A+ to A_, and where r Q is the stabilizer in r of trus liI!e. Then, for U = uQ, one has

P#ru = const.· L: Zl #Z,
ZErZ2

where const. is an easy constant depending only on r, where Z2 = (>..+) - (>" _) E qP 1(R)],
where rZ2 is the orbit of Z2 under the natural action of r on C[P 1(R)]' where Zl E qP1(Q)] is
a representative of the co-invarinant class P, and where we UBe

Zl#Z2 = ~ L: mrn.. sign(s - r), (Zl = L: mr(r), Z2 = L: n,(s) E qPl(R)]) .
r"ER rEPl (R) .EP1 (R)

The latter ia the natural intersection number that one would assodate to Zl, Z2 viewed as formal
linear combinations of hyperbolic lines in the upper half plane. It is easy to check that the sumC: in the formula for p#ru is finite. A similar formula for the intersection number P#ru holds true
if Z2 E qP1(Q)] is a representative of U; however, in this case the SUffi in the above formula for
P#ru is DO longer finite and has to be "renormalized" [85].

Finally we mention that the above reasoning can be performed for any group r which admits
areasanable Hecke theory and for arbitrary integral weight [85]. By specializing the resulting
formulas for the Fourier coefficients of modular forms one reobtains the formulas given in [M2],
[K-Z], [A], [Z], [Me]. It is also possible to use the above ideas to produce closed formulas for
modular forms of half integral weight.
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Let 1t:M ..... B be a fibration of complex manifolds equipped with hermitian metrics and
compact fibre Z. Analytic i"rsion forms are forms modulo _. and '5 ·coboundaries on B,
associated to hermitian holomorphic vector bundles E on M. The degree zero part of
these forms (thus, a funclion on B) is equal to the complex Ray·Singer torsion of the
fibres, which is a regularized determinant of the Kodaira·Hodge Laplacian [RS].
The main motivation for the investigation of the analytic torsion forms is the
construction of a direct image in hermitian K·theory. This K·lheory was developed by
Gillet and Soule in tJ:?: context of Arakelov arithmetic geometry. We will briefly
discribe this theory, out the main results presented here are discribed in terms of
complex differential geometry.

I) Hermitian K·theory

Let X be a complex manifold with hermitian metric g. Let A(X) denote the space of real-­
forms on X which are sums of forms of type (p,p) and let j) be the holomorphic and
antiholomorphic derivation operators. We define

A(X):=A(X)/(Im ) + Im1 )

Let E be a holomorphic vector bundle with hermitian metric h. Then there exists a
unique hermitian holomorphic connection V on E. Let n denote ilS curvature. For a
Chern-Weil polynom P, we denote by

PCE,h) := P(-z'!':- 0) 6 A(X)
~'

the Chern·Weil form which represen ts the correspondi ng eharac teri sti c class. For a
short exact se~ence x:O'" E'~ E.....E"..... 0 equipped with arbitrary metrics h'.h,h" let
P( x.h.h'.h 01) '" A(X) be the Bott-Chern secondary class. which was defined axiomatically
in [BGS 1]. In particular.

tJ P( x,h,h' ,h ")=P(E,h)-P(E',h')·P(E" ,h ") .

........
The group KO (X) of virtuel hermitian veclOr bundles is then defined as the Quotient of
the free abelian group generated by the tripies (E.h.Tl) (where Tl is in A(X» by the
relation

"""""(E' ,b' ,Tl ')+(E" ,h".Tl ") - (E,h,Tl '+11" +ch( x.h.h' ,h"»

for each exact sequence 'E. We will denole by P(E,h,h') the Bott-Chern classes
associated to the very shon exact sequence O--E4\ E-'O.

11) Analytic torsion forms

Now let n:M-a. B be a Kählerian fibration of complex manifolds and let (E,h) be a
hermitian vector bundle on M. Let Ci) be the Kähler form on M and gTZ be the
reslriction of the K'cihler metric lO the compacl fibre Z. Suppose lhat the direcl image
sheaves Rn. E have conSlanl dimension, Le. mat they are locally free. The sheaves
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R1t.E at x€B are given by the cohomology HlZx:EJ In tlie fibre. t'or thlS situation,

Bismut and the author constructed analytic torsion forms T1t,CO E A(B) with the
following two properties:

Theorem 1 (Bismut.K. [BK]): Let hR 1t.E be the via Hodge theory induced metric on
R1t.E. Then the following double transgression formula holds

This theorem is a refined, "hermitian" version of the Grothendieck-Riemann-Roch
theorem. Let now co ,co' be two Kähler fonns on M and h.h' two metrics on E. Let
'gTZ,g'TZ and hR1t • E ,h,R1t.E be the corresponding metrics. The principal result of [BK]
is the following

Theorem 2 (Bismut,K.): The following anomaly formula holds

. I efil(TZ.gTZ ,g'TZ)ch(E.h) + Td(TZ,g'TZ)clt(E,h ,h '»
i

modulo • and -coboundaries.

The difficult part is the description of the dependance on co. In particular. one noticl s
that T de,Pends only on gTZ and not on the full Kähler. metric on M. Following GHlet
and Soule [051], one may now define a direct image

1t!:K(X)""" K(Y)
setting

1t !(E,h;rü= r (_l)i(Ri1t .E,hR1t • E,O) + (O.O,Tn.co(E,h)+ (Tl Td(TZ,gTZ»).
,

Let f:B ......" pt be the projection of B to a point. The exact sequence

O~TZ~TM~ n.TB:' 0

associates a Bott-ehern class Td(TM,TB,gTM ,gTB) to the Todd polynomiaI. Bismut and
Berthomieu proved the following result

Theorem 3 (Bismul,Berthomieu [BB]): The following formula holds

Tron co(E,h) + f Td(TM,TB,gTM,gTB)ch(E,h)
• H = Tf co(Rtt+E,hRtt• E) + fTd(TB,gTB) Ttt co(E,h), , '

This result was obtained by an "adiabatic limit" technique, Le. by multiplying the
metrie on B by a constant K and investigating the behaviour of the analytic torsion
when K tends to infinity. Theorem 3 gives Lhe composilion rule in degree 0 for the
dircct image described above.
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III) Application to Arakelov arithmetic geometry

We shall give only abrief introduction to the constructions of Gillet and Soule in
arithmetic geometry. Details may be found in [5]. Let x be an arithmetic variety, i e. a ­
regular scheme, quasi-projective and flat over 'Z, smooth over the generic point Q Let
X := .3fL_ be the -fibre at infinity. We ~uip X with a Kähler metric. Gillet and Soule
constructed an intersection theory CH(X)Q of (X,g) using Green currents on (X,g). Let
CH(X)(l denote the classical Chow t.lledry and let H(X) be the Dolbeault cohomolog:.
Then there is an exact sequence 'i

a "'" r.,(J) 1. -
H(X)~CH(x)-CH(x)e(ker»,. A(X».

.........
A smooth map 1t:x..~ induces a direct image 1t ... :CH(X)Q~CH(?" )Q. Gillet and Soule

constructed characteristic classes ft:'KJ.X) --. CH(X)~, which verify the properties

~ )~
co (P(E, h.TI »=P(E,h)- -t --:- TI

1"r1

"" /\P(E.h ,TI)-P(E,h ' ,TI )=P(E,h,h ').

The Chern character induces an isomorphism

""",A A

ch:KO(~ CH(x)Q.

Gillet and Soule posed the following conjecture in [GS 1]:

Conjecture (Arithmetic Grothendieck-Riemann-Roch): The folowing diagram
commutes

A lrr A
KO(X) --:-, Ko(Y)

clT,rIM~ 1~
.A. 7ft.A
CH(.x)Q ..-. CH(Y)Q

~

Td A is here a particular complicated characteristic dass (see [GSI] and [KIl). Up to
now, one knows by the work of Bismut, Lebeau, Gillet and Soule that this conject ~re is

A
true for the restriction to CH 1(?'")Q :

. ""Theorem (Glllet,Soule [GS2]):For afKo(X)

~1 (7q a)=7t.(ch(a)TdA(TZ,hTZ»( 1)

Let ö(1t,E,h,gTZ):=Ch(1t! a)~1t.(Ch(a)TdA(TZ,gTZ» for a=[(E,h;n)]. E as in Theorem 1 2,3,

be the possible error of a Grothendieck-Riemann-Roch theorem. Then we find the
following reformulation of the theorems 1 and 2:

........
Theorem 1': The error term lives in the image of the map a:H(Y) .... CH(?'")Q,
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ÖE' a(H(Y)).

Theorem 21
: The error lerm is independenl of lhe metrics h.gTX.

Tbe Theorem 3 describes lhe composition rule for lhe direct image in degree 1.

IV) Analytic torsion forms for lorus fibralions

Firbralions where lhe fibres are lori gi ve a parlicularly nice setting for lhe lorsi ~n

form conslruclion. H lurns oul in lhis case lhat one may conslrucl lhe lorsion for ns
even when the fibralion is nOl kählerian. This is a very slrong generalizalion. We.
conslrucl the - lorus fibralions in lhe following way:
Lel n:F-:t B be a holomorphic n~dimensional hermitian veclor bundle over a comple~

manifold Band lel A be a lauiee generaling the underlying real veclor bundle FR.
Assurne lhal loeal seelions of lhe lanke are holomorphic setlions 'of F. Then the
fibralion F/A ...... B is a holomorphic lorus fibralion. We construcl lhe lors~on forms
T(FIA .gF) only for lhe trivial line bundle 0 on lhis libralion. In lhis silualion,

(*)

as complex veelor bundles, but nOl as hermitian holomorphic vector bundles. Via k*),
F* is equipped with an exotie holomorphic structure. We assurne lhe volume of F/A to
be eonstant equal to 1. so that (*) is an isometry. Using lhe classical formula

ch(Ap*)= =Pi (T1),

one nolices that the following lheorem is lhe analogue of theorem 1:

Theorem 4 ([K2]): Let F· be ·equipped with the holomorphic structure constructed
above. Then

~r F ~ - F
11r~ !(F/A.g )= 1il (F,g ).

This result is a generalization of some result of Atiyah on 2·tori [A]. The analogue of
Theorem 2 i8 an easy consequence of the axiomatic definition of Boll-Chern classes:

Corollary 5 ([K2]): Let gF .glF be two hermitian melrics on F. Then

Theorem 4 is proven by explicitly double trangressing thc Euler class of F using
Epstein zeta funclions. Sullivan proved that this class is zero in rational cohomol( gy
[S]. Bismut and Cheeger transgressed the Euler class in real cohomology when
investigating eta invarianls of SL(2n,Z) vec:lor bundles [BC]. The case considered here
is a bit more sophisticated because not only lhe metric but also the complex struc ure
is not nessecarily compatible with the flat structure.
Tbe result gives in partieular interesting forms on moduli spaces of 2n-tori.
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