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Biholomorphic automorphisms of Siegel
domains in 0 4
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1 Results

Gerd Schmalz··

Let z = (zj), j = l, ... ,n, w = u+iv = (wi) = (u j +ivj), j = 1, ... ,k be
coordinates in c n X C k

, k ::; nj

(z,z) =1" ((z,z)t, ... ,(z,z)k)

a Rk-valued hermitian form and 0 the Siegel domain of second kind,
associated with the form (z, z), Le.

n = {(z,w) E Cn+k
: v - (z,z) E V},

where V is the cone Rconv{ (z, z) : z E Cn
} (Rconv stands for convex

hull in R k ).

The quadric Q = {(z, w) E C n+k : v - (z, z) = O}, which is the Shilov
boundary of 0, is presumed to be nondegenerate, i.e.

i)(z, b)i = 0 for all z implies b = 0

ii)(z, z)i are linearly independent j = 1, ... , k.

The last condi tion means that the cone V has nonempty interior.

·supported by Max-Planck-Institut Bonn
··Bupported by Deutsche Forschungsgemeinschaft
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Let f : n ---+ 0 be a proper holomorphic map. It was shown in [3, 5, 2]
that f extends to a holomorphic automorphism of its Shilov boundary Q and
this map occurs to be birational in C n+k with the degree uniformly bounded
within the same (n, k), and, eonversely, any loeal C-R diffeomorphism (Il :

Q ---+ Q extends to a holomorphic automorphism of O. This result might
be considered as a generalization of the Poincare-Alexander theorem [4, 1]
about the extension of a loeal eR diffeomorphism of a hyperquadrie in Cn+1 .

Sinee Q is a homogeneous manifold (AutQ aets transitively via the trans
formations z ...... p +z, w ...... q +w +2i(z,p) with (p, q) E Q) then AutQ f'V

Qx AutoQ, where AutoQ is the isotropy group of a fixed point, say the origin.
Due to the Inentioned extension theorem, we may eonsider AutoQ as a

group of genns of biholomorphic (in our ease, birational) transformations
~: (Q,O) ---+ (Q,O).

AutoQ is a finite dimensional Lie group iff Q is nondegenerate (see [6, 2]).
Our goal is to find the explieit deseription for AutoQ and henee for AutO.
In this paper we consider the ease n = 2, k = 2. This ease eovers the

nonequivalent domains related to the quadries:

Ql : VI - /z l r2 + Iz212

v 2 = ZI Z2 + Z2 ZI (1)
Q-l : VI = Iz112 _ Iz212

v 2 = z1 Z2+ z 2Z1 (2)
Qo : VI = Iz112

v 2 = zl z2+ z 2z1. (3)

All other possible nondegenerate quadries are isomorphie to one of these
types by means of the aetion of the group G2

,2 = GL(2, C) x GL(2, R):

(C,p)((z,z)) = p(C-1Z,C-1Z).

These 3 eases are ealled hyperbolic, elliptic and parabolie, aceording to
the distribution of the roots of the polynomial invariant

where (Z,Z)i = L:jkA~kzjzk for i = 1,2. We denote the eorresponding
Siegel domains by O-b Oll 0 0 ,
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In suitable coordinates the hyperbolic quadric takes the form VI = Iz1 p~,

v 2 = IZ2]2, thus it is the direct product of two spheres 53. Due to a theorem
of Beloshapka [6] AutO I "'-J Ql X Auto(Qd = Ql x Auto(53

) X Auto(53 ),

and, hence, each element cI> E Aut(fh) can be represented as a composition
cI> = cI>2 0 cI>l, where

cl) 1 : zi t--+
eirPi Ai (zi + aiwi)

1 - 2iiii zi - (r i + i lai ]2)Wi

wi t--+
(Ai )2wi

1 - 2iai zi - (ri + ilai l2 )wi

cI>2: Z t--+ ]) + z
W t--+ q+w+2i(z,p), Im q = (p,p)

for j = 1,2, where Ai > 0, <Pi, r i E R, ai E C.
For the formulation of the nlain result, concerning the domains 0_1 and

,00 it is convenient to introduce the following notation:
Let i : C2 ~ 91(2, C) be the lifting of the form:

o=o,-l.
Let a = (a 1,a2 ) E C 2 ,r = (r l ,r2) E R2,

ß = id - 2iT(z)i(a) - (T(r) +iT(a)T(a))T(w) =

= id _ 2i ( (z, a)1 8(z, a)2 )
(z,a)2 (z,a)1

_ ( (w, r - i(a, a))1 6(w, r - i(a, a))2 )
(w,r - i(a,a))2 (w,r - i(a,a))1

8 = 0,-1.
We prove the following
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Theorem 1 Each element <1- 5 E Aut(!15) , where 6 = 0, -1 admits a repre
sentation 0 f the form <1- 5 = <1-~ 0 <1-~ 0 <1-l:

where C E GL(2, C), p E GL(2, R) of the form

(A-B)
C= BA' p = ce

,

I;,

with A, B E C in the elliptic case and

where 4>, A, Jl E Rand ( E C in the parabolic case.

<1-~ : z ~ p + z

w ~ q + w + 2i(z,]J),

with (p, q) E Q5.

Remark. Without using the matrix notation the transformations take in
the parabolic case the form
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<P~ : Zl t-t
Zl + (W,o)l

1 - 2i(z, a)1 - (w, r - i(a, a))1

Z2 t-t
Z2 + (w, ä)2

1 - 2i(z,a)1- (w,r - i(a,a))1
(Zl + (w, ä)1)(2i(z, a)2 + (W, r - i(a, a) )2)

+ (1- 2i(z,a)1 - (w,r - i(a,a})1)2

w1 w1
1--+

1 - 2i(z,a)1- (w,r - i(a,a))1

w2 w2

t-t
1- 2i(z,a)1 - (w,r - i(a,a))l

w1 (2i (Z, a) 2 + (W, r - i (a, a) )2
)

+ (1 - 2i(z, a)l - (W, r - i(a, a))1)2

<P~:Z 1--+ e'HA ( e; e~~ ) z

( e2~ n,W 1---+ e2).
2e~ Re(

fll~:z t-t p+z
w 1--+ q+w+2i(z,p),

where (p, q) E Qo, r 1
, r 2

, A, 4>, Jl E R, a l
, a2

, ( E C.
In the elliptic case it is convenient to use coordinates, where Q-1 has the

form VI = Im Zl Z2, v2 = Re Zl Z2. Then the corresponding transformations
are

Zl- a l (w1 -iw2 )
1--+

1 - (i2 z 1 +a l (i2(w 1 - iw2 )

Z2 + a2
( w 1 + iw2

)

1 - (jlZ2 - (jla2(wl + iw2 )

1 w 1
- iw2

w
1

1--+ 21 _ ä2z1 + a 1a2(w1 _ iw2 ) +
1 w1 + iw2
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W ......-+

if,,2 • Z ......-+
"i" -1 •

<p3 .z
-1 .

t

where (p,q) E Q_but,a2,r E C,A,jJ"B,4> E R. ~:1 = \lJ2 0 \lJ1.
This theorem leads to the notion of biholomorphica.lly invariant 2 di~

mensional "chains", analogaus to the ehern-Moser chains on a hypersurface
which a.re in the case of hyperquadrics the intersections with complex lines.

A k dimensional surface r on Q c C n+k is called a chain if there exists
tI> E AutQ such that

t1>(r) = r o = {(z,w) E Cn+k
: v = O,z = O}.

The k-plane r 0 is called standard chain.

Corollary 1 Chains passing throught the origin are 2 dimensional real-an
alytic sur/aces of the form

z = .6.- l (a,u)
w = .6.-lu

The explicit fOflllulas for the automorphisms provide an obvious extension
of the automorphisn~s.
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Corollary 2 Any IDeal eR diffeomorphism 0/ a nondegenerate quadrie in
C4 extends to abirational map 0/ C4 whieh degree does not exeeed 2.

This Corollary provides the general theorem of Henkin and Tumanov
[3, 5] with precise estimate of the degree.

In Section 5 we give a linear representation of the automorphism groups
in C6

•

This paper has been completed while the first author stayed at Max
Planck-Institut für Mathematik in Bonn.

The conversation with V.Beloshapka inspired UB to work on this problem
and we are deeply grateful to hirn.

We also would like to thank I.Lieb for useful discussions and the conditions
we have had to complete our work.

2 Motivations from the case of'a hypersphere
Sc C 2

We show that the projective transformations which compose the isotropy
group of a hypershere can be obtained by "gradual normalization" of the
equation of S.

In the next section we will see that the considerations concerning the
hypersphere can be applied to the codimension 2 case by means of same
matrix substitution. Using this result we can define some 2 dimensional
submanifolds at the outlined quadrics Q being analogous to the ehern Moser
chains at the oulined quadrics and obtain the transformations cI» 1.

Let z, w = u + iv - coordinates in C~. We consider 8 = 8 c C~ given by
v = Iz12.

The isotropy group lotS) consists of projective transformations and its
Lie algebra I(S) is composed with vector fields:

((p +iq,)z +aw +2iäz2 +rwz)~ + (2pw +2iäzw +rw2
)~,

where p, 4>, r E R, a E C.
Let cI» E Jo(8). Without loss of generality we mayassume that the tangent

map to ~ restricted to Toc 8 is identical, since auy automorphism is a composi
tion of such a<P and a linear transformation of the form z 1--+ ).eiq,z, W 1--+ ).2 w .

7



,T,-l
'i"l :z t-+

We will represent ~ as composition of several maps which are not auto
morphisms of S.

S contains a straight line 1 : v = 0, z = O. We denote by 'Y~ : z =
p(t), w = q(t) - a ~-"characteristic" curve on S, the so called "chain" , that
is mapped to 1by ~.

We take some "natural" parameter on 1 and look for the first map W1

being defined in some neighbourhood of the origin in C2 in the form

Z +p(w) + 2iT{z, w),
w t-+ q{w}+2ig{z,w),

T = O(Z2),g = O{z),

choosing T and 9 to eliminate as many as possible terms in the new
equation of S, using all given functional freedom in T and g,' and leaving one
parameter a = *'10 free.

Then we find w2, having the form

Z 1-+ eiO(W)/h'(w)z

w 1-+ h(w),

h(u), O{u) E R,I1'(O) = 1,

(4)

where we use all the freedorn in 0 and h to eliminate some other terms
in the equation , leaving Tl = d:), 10 free. It ia convenient to represent W2 in
the form ~2 0 w~, where ~2 is some automorphism of Sand for \l1~ Tl = O.

We set ~1 := \l1~ 0 W1

Thus, we have found a unique ci> = «1>2 0 ~1 with the prescribed set of pa
ralneters (a, 1]), that "kills" a number of "observable" terms of the equation.
Since there exists an automorphism ~ E 10(8) with the same parameters
(a, 71), it follows that ci> = ~. .

We emphasize that we "kill" only some terms of the power series, which
are easy to observe, until we "eat up" all the possible functional freedom in
the transformation and do not pay attention to the other terms.

The precise computation gives us the following:
Consider S : v = Izl2 and apply the transformation
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Z .-+ Z + p(w) +2iT(z, w),
w .-+ q(w) +2ig(z, w).

We choose T, 9, p, q such that in the new equation

v = Izl2 +E Fkl(Z, z, u)
k,l

(Fk1 a.re polynomia.ls in (z, z) of degree (k, 1) with coefficients ana.lytic in
u.) the terms FlO , FkO , Fk1 , F32 , k = 2,3, ... vanish.

We choase the parameter on 1 : Z = p(u), w = q(u) so that

dq .d])
- = 1 +2~-p
du du

The vanishing of FkO , k = 1,2, ... implies far T and g:

gl = zp(w),
9k = 2iTkp(w), k = 2,3, ...

(5)

where gk and Tk are polynomials in Z of degree k with coefficients being
analytic functions of w, such that

We introduce the operator D acting as follows

D(F(z, w» = iv:~(ull .
v=lzl4:

We will denote the derivative ~(u) by w'
The vanishing of FkI, k = 2,3, ... irnplies then:

9
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Dg1 = 2iT2z - ilzl 2zp (7)

D9k = 2iTk+I Z +2i( -ilzI2)TkP+2i(ilzj2)Tk'p, k = 2,3, ...

On the other hand, deriving (6), we obtain

D91 = zilzl2zp'
Dgk = 2i(ilzI2)Tk]1 +2i(ilzI2)Tk'p, k = 2,3, ...

It follows immediately,

Tk = (2i)k-2 Zk(ß'(w))k-l, k = 2,3, .. "

and, hence, \11)1 takes the form

z
p(w) + 1 2'-'()- tlJ W Z

()
2iji(w)z

w ~ q w + 2' ( )1 - t]7 w z

Now we are going to compute the term F22 :

1 ,,(ilzI2)2 1 ,,(-ilzI2)2 41'. T
= - 2i lJ 2 + 2i q 2 + 2 2

+pllp(i1zr)2 + pp"( _i~12)2 +pp'( -ilzI2)(ilzI 2 )

= 61z14 1p't2

(8)

(9)

Using the vanishing of F23 we determine the function p. Therefore, we
ha.ve to compute F23 :

-'( 'F) _u(-ilzI2
)2 '-'FF23 = -gI -t 22 - 91 2 +p Zt 22 +

p"z(i 1z I2
)2 +4T2T3 - 2izT'( -ilzJ2)

2
_ -2IzI 4 (]/'z - 2izlp'1 2 p')
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Hence, p satisfies the equation

with p(O) = 0, and, therefore,

2i8= _e_(e2iR2U _ 1)
P 2iR '

where R > 0 and eE R.
From condition (5) and q(O) = 0, we obtain

1 'R2
q = _(e21

U - 1).
2iR2

Now we will try to eliminate tbe term F22 by means of some transforma
tion of the form

U(w)z

where IU(u)1 = 1.
Tbe vanishing condition of F33 gives the equation

iuD' - iU'V = -61]1'1 2
•

Solving this equation we obtain

(10)

After the transfonnation (10) the term F33 takes tbe following form:

By means of a transfonnation

z· - Vh'(w)z

w· = h(w),

11
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we shall eliminate FJ3. Therefore h has to satisfy the equation

h'" - ~ (h"? _ 2Jrh' = 0
2 h'

Using the substitution h' = *one finds a particular solution

h' = 1
eos2(R2 u )

It follows that

h = tan(R2 u).
R2

Henee,

• z
z =

eos(R'2 w )

w·
tan(R2w)

= R2

(12)

(13)

Sinee we have chosen only a particular solution for eliminating F33 we
look now for transfornlations of the form (11) preserving F33'

Then h = ho(10) has to satisfy the homogenious equation

h'" _ ~ (h")2 = 0
2 h' .

Using the substitution h' = -:r onee more, we find

h' _ 1
o - (,_ ru)2

We have required that h'(O) = 1. Therefore

, 1
ho = (1 - ru)2

and,

u
ho = --

I-ru
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The parameter 11 = 2r and the "homogenious reparametrization" takes
the form

• z
(14)z =

1- rw
• w

w =
1- rw

Now we can write down the explicit maps <1>] and cI>2:

z+ aib

1 - ilal2 til - 2iaz
tu

w =

with a = Re2iO •

1.U· -

z
1- rw

w

1- rw

The chain in the parameter obtained by transformation (12) is then

a
z = 1 - ilal 2u

1
w =

1 - ilal 2u

It is seen to be the intersection of the quadric with the complex plane
z =aw.
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3 Reduction to the hypersphere case

Let A be the algebra of eomplex 2 x 2 matriees. For any real D there are
eommutative subalgebras Äs eonsisting of matriees of the form:

Sinee Dis real, the following eonjugation is eorreetly defined:

Notice that auy of these algebras with real strueture is equivalent to one
of the following: A_ I , Aa, Al.

Now we eousider the equation defining the hypersphere in the algebras
A_I , Aa, Al' We obtain

(15)

These equations define Qb Qa, Q-I for D= 1,0, -1 respeetively.
Substituting in the automorphisms ~l and 4l~ of the hypersphere ~ =

z, w, a, r by

we obtain automorphisln'groups of real dimension 6.
Now we ean write down the equations of the ehains being analogous to

the Moser ehern chains. These cllains are the 2 dimensional surfaces which
ean be mapped by an automorphism to the plane v = 0, z = O.

They have the form

z = (1 - iaau)-lau

w = (1 - iaäu)-lu.
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It follows that they are the intersections of the quadric with special com
plex 2-planes

z = aw,

where a E Aa, the "matrix lines".
In the next section we will compute the groups of linear automorphisrns.

Adding these groups we get automorphism groups of dimension 10 in the el
liptic and 11 in the parabolic case. It follows then from a result of Beloshapka
(see [6]) that these are the complete automorphism groups.

Another way to verify that the transformations obtained above are all
automorphisms <I> with

is the following:
We show that any holomorphic map

00

F : z ~ z +p(w) +2i L: Tk (z, w),
k=2

00

W 1-+ q(w)+2iL:9k(Z,W),
k=l

with the property that the equation of the image of Q via F does not
contain terms of degree (1,0), (k, 0), (k, 1) for k > 1, ... has the the form:

00

F : z· = E An(w)zn
n:;;:;O

00

w· = E Bn(w)zn,
n=O

where z,w,z"w· are matrices of the given form and An(w),Bn(w) cau
be represented as

15



00

An - E An,mwm
n=O

00

B n = E Bn,m wm .
n=O

Then all considerations from the hypersphere case can be formally applied
to the quadrics Q, with one exception concerning the "reparametrization"
map <I- 3 in the parabolic case. We will return to this question at the end of
the following section.

We need the following

Lemma 1 Let e : C 2 --+ C:<! be a holomorphic map defined in Borne neigh
bourhood 01 the origin with the property:

ael ae:<!
=8wl aw:<!

aal ae:<!
= D-

8w2 8w1

then

Proof. We prove that

It can be verified, by induction, that

16
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(:~ 0;2) n = 2~((WI + JSW2t _ (WI _ JSW2t) (~ ~)

+~((WI + JSW2t + (W1 - JSW2t) (~ ~)

It follows ilnmediately from (16) that

anG1 4 a
n
G

1

(aw 1 )k(aw2)1 = 8 (aw1)n

anG2 anG2

= (8101 )n'(Bw1)k(Bw2)1

if I is even, and

BnG1 1+1 BnG2
= Vi (Bw 1 )n(Bw1 )k (8w2)1

BnG2 BnG1

=(8w1 )k (8w2 )1 (8w1 )n'

if 1 is odd. These identities prove the lemma. 0

Now we deduce that F has the desired form.
Froln the condition that the terms (0, k) in the new equation of Q vanish

we derive

91(Z, w) - zfi(w)
9k(Z, w) - Tk(z, w)fi(w) for k > 1.

Here gk, Tk and ]1 are lnatrix-valued functions of the form

17



The vanishing of terms (1, k) gives

Tk(z,w)z = 2Tk_1 Dji(w) for k > 2.

It follows from the holoIuorphy of F that

8p l Dp'1
=Du l 8u,'1

8pl Dp'1
8u'1 - ÖDu l '

In fact, (17) is equivalent to

Tk(z, w)z = 2iTk_I i;'zz +2iTk _ I R(ZI Z2 + Z'1 Zl)

where

P-l = (Pa8~: ö~)
~~,
8u1 8u1

The holomorphy of Tk iIUplies that

8
8ziR(ZIZ2 + z2 ZI)(Z)-l = 0

for i = 1,2.
We get

(

zlZ'1

R Iz2j2

and, hence, R = O.
Then (17) takes the form

Tk(z,w) = 2iTk- I P'(W)z.

(17)

It follows from Leluma 1 that p can be represented as apower series of
matrices. This inlplies iInmediately that F has the desired form.
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4 The linear automorphisms

We look for linear transformations of the form:

z ~ Cz

W 14 pw

with C E GL(2, C) and p E GL(2, R) preserving the forms Re w1 =
Iz1 12 + 61z2

1
2 and Re w 2 = ZI Z2 + Z2 ZI.

The elements X E gl(2, C), 8 E gl(2, R) of the corresponding Lie algebra
satisfy the following conditions:

X21 + X21 = 812

Xu + X12 = 6S21

Xn + X:;I:;I = X:;I:;I + Xu = 822

Xn + Xll = S11

6X22 + OX22 = 6811

Xu + OX21 OX21 + X12 = 812'

If 0 = 0 it follows

X = i4>id + ( A + fl 0 )
~ + 17] A - Ji .

Ir 0 # 0 it follows

(
A 6(e + iTJ) )

X = i4>id + e+ i71 A .

Applying the exponential map we obtain the form of the matrices C:

if 6' = O. Here A, jL, 4>, e, TJ E R, ( E C.

19



If 6' t 0:

C= (~ 6:),
where A, B E C such that A2 - 6'B2 t O.
The corresponding matrices p have the form:
in the parabolic case, 6' = 0

2.\ ( e
2JJ

0 )
p = e 2eJ.' Re ( 1 '

and in the case 6' t 0

_ ( IAI2 + 81BI 2 8(AB + bA) )
p - AB + BÄ IAI2 + 81BI 2 •

Notice, that a 4 dimensional group of linear (C, p) transformations can be
ohtained froln the linear group in the hypersphere case substituting numbers
by matrices of given forn1. In the hyperbolic and elliptic cases this is the whole
linear group, hut in the parabolic case an additional parameter appears.
Therefore, we have to show that this parameter does not give any additional
freedom in the "reparalnetrization" map 4-3 ,

Let ci- be an autolnorphislTI of the form

Zl 1-+ '\(w)ZI
Z2 1-+ ~(w )Zl + Il(W)Z2

w1
1-+ h1(w)

w2
1-+ h2(w)

with

88h~ = ,\2(w) 8h
1

- 0
W

J
8w; -

~ = 2'\(w)~(w) ~ = ,\(w)Jl(w)

It follows that h1 satisfies the one dimensional equation (13), and

1

hl _ W
- ,

1 - rw1

1
,\(w) = 1

1- rw

20



for same r E R. Therefore, we may suppose, without 10ss of genera1ity,
that .-\ = 1 and h1 = w 1

• After applying ci> in the equation of Qo appears
the term ~lz112Im (Zl Z2) + 2ßRe (Zl z2)Im (Zl Z2). Hence, Jl must be a
constant.

5 Linear representation of AutQ in C6

Let A~ be the As module of tripies (80,81, 8 2) with e i E A6• By As we
denote tbe ring of invertible elements of A6 and by A~ the factar space under
the natural action of As. .A2 is a compact manifold which can be considered
as a compactification of C4 = A~ by the embedding

(z, w) 1---+ (id ,z, w).

Now, any auton10rphism of Q], 00, 0-1 can be represented as a linear
transforn1ation of C6 in the following way:

Let Ql, Qo, Q-l be given in the fOrIn (15). Then tbe automorpbisms can
be written as a composition of

Z I-t (z + aw)(id - 2iäz - (r + iaä)w)-l

w 1---+ w(id - 2iäz - (7' + iaä)w )-1,

where u, r E A 6, with r = f, and a linear (C, p) transformation.
The first map induces the fallowing linear transformation in A~:

8 0 I-t 0 0 - 2iä81 - (r + iaa)0 2

8 1 I-t 8 1 +a82

8 2 1---+ O2 •

Hence,

(
01 ) ( 8

1
) ( 81 )°0 '- 1 . - 2

e~ - 2UL E>~ - (r + taa) e~

21



Together with the linear transformation we obtain

( e~ ) ._ ( el ) . _ (e~ )
t-+ e~ - 2ta e~ - (r + taa) e~

~ C ( ~~ ) +Ca ( ~~ )

~ p( ~D·
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