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Abstract. We discuss approximating points on manifolds by nodal sets of
eigenfunctions of the Laplacian and explore analogy with approximation by
continued fractions.

1. The problem and a simple example

Let M be an n-dimensional compact smooth Riemannian manifold with metric
g. Let ∆ be the Laplace-Beltrami operator on M , and let {µj , φj} denote the
spectrum of ∆, where

∆φj + µ2
jφj = 0.

In the sequel we shall assume that one of the following two possibilities holds:

i) all µj-s are simple (true generically, cf. [U]);
ii) we fix in advance a basis of every eigenspace of ∆.

Weyl’s law in dimension n can be formulated as follows:

(1.1) µk � Ck1/n,

where C depends only on n and the volume of M .

Definition 1.2. Let Nµ := N (φµ) be the nodal set of the eigenfunction ∆φµ +
µ2φµ = 0.

We would like to study how well points of M can be approximated by Nµ as
µ → ∞. Consider first a simple example: eigenfunctions on M = [0, π] with the
standard metric and (say) with Dirichlet boundary conditions. Then

µk = k, φk(x) = sin(kx), Nk =

{

πj

k
: 0 ≤ j ≤ k

}

.

Accordingly, the set Nk is π/(2k)-dense in M .
Interestingly, a similar result holds on any smooth Riemannian manifold (see e.g.

[Br]):

Proposition 1.3. There exists C > 0 (which depends only on M, g) such that

B(x,C/µ) ∩ N (φµ) 6= ∅

for any x ∈M and µ > 0.
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Here B(x, r) denotes the ball of radius r centered at x ∈ M . Thus Nµ is C/µ-
dense in M .

To study the rate of approximation by Nµ as µ → ∞ in more detail, consider
again the case of M = [0, π] where approximating by points in Nk is equivalent
(after rescaling by π) to approximating by rationals with denominator k. It is
well-known (see e.g. Khinchin’s book [K]) that the distance from any x ∈ [0, 1] to
the m-th convergent of its continued fraction expansion is O(1/m2). However, the
denominator of the m-th convergent grows exponentially in m for x /∈ Q.

Denote by ||x|| the distance from x ∈ R to the nearest integer. The following
proposition can be found in [K] and is proved by an easy application of Borel-
Cantelli lemma.

Proposition 1.4. If
∑

q ψ(q) converges, then for Lebesgue-almost all x, there exist

only finitely many q such that ||qx|| < ψ(q).

Taking ψ(q) = C/q1+δ in Proposition 1.4 for any δ > 0, we conclude that

Corollary 1.5. Given C, δ > 0, for Lebesgue-almost all x ∈ [0, 1] the inequality

|x− p/q| < C/q2+δ

has finitely many integer solutions (p, q).

Equivalently, almost all x ∈ M = [0, π] cannot be approximated by points in Nk

to within C/k2+δ infinitely often. We would like to prove an analogous statement
for more general M .

2. Estimate for real-analytic manifolds

To characterize the rate of approximation by nodal sets, we make the following
definition:

Definition 2.1. Given b > 0 (exponent), and C > 0 (constant), let M(b, C) to be
the set of all x ∈M such that there exists an infinite sequence µk → ∞ for which

B

(

x,
C

µb
k

)

∩ N (φµk
) 6= ∅.

For example, Proposition 1.3 implies that M(1, C) = M for some C > 0. Also,
Corollary 1.5 implies that for M = [0, π], we have meas(M(2+δ, C)) = 0 ∀C, δ > 0.
Here meas denotes the Lebesgue measure.

We now state an analogue for general M :

Theorem 2.2. Let M be a real-analytic manifold of dimension n. Then for any
C > 0, δ > 0,

vol(M(n+ 1 + δ, C)) = 0,

where vol denotes the Riemannian volume on M .

Equivalently, almost all x ∈ M cannot be approximated by points in Nµ to
within C/µn+1+δ infinitely often.

The proof of Theorem 2.2 uses the following estimate proved by Donnelly and
Fefferman proved in [DF]:
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Proposition 2.3. Let M be real-analytic manifold of dimension n. Then there
exist 0 < C1 < C2 independent of µ > 0 such that

(2.4) C1µ ≤ measn−1(Nµ) ≤ C2µ,

where measn−1 is the (n− 1)-dimensional measure on M induced by the metric.

One can regard this result as a generalization of the fact that the k-th eigenfunc-
tion of a Sturm-Liouville problem has (k − 1) zeros.
Proof of Theorem 2.2. The proof proceeds similarly to the proof of Corollary
1.5. Fix C > 0, δ > 0. Let Aj be the neighborhood of N (φj) of radius C/µn+1+δ

j .
As µj → ∞, we have

vol(Aj) ≤ C3/µ
n+δ
j

by (2.4). Accordingly,

(2.5) vol (∪jAj) ≤ C3

∑

j

µ−n−δ
j .

To finish the proof, it suffices by Borel-Cantelli Lemma to show that
∑

j µ
−n−δ
j

converges. This follows from the asymptotics µk ∼ k1/n of (1.1) as k → ∞.

Remark 2.6. In the proof of Theorem 2.2 we have only used the upper bound in
(2.4). For general smooth manifolds, such a bound is unknown but is conjectured to
hold by Yau. Yau’s conjecture would imply Theorem 2.2 for such M . In dimension
two, one can show that vol(M(7/2 + δ, C)) = 0 for all C, δ > 0 using the estimate
meas1(Nµ) ≤ Cµ3/2 of [DF2].

Remark 2.7. By results of [J-L], Theorem 2.2 continues to hold for level sets of
eigenfunctions (since the level set of an eigenfunction is a nodal set of a linear
combination of that eigenfunction with a constant eigenfunction). Question: which
level sets are C/µ-dense?

3. Discussion

For a given M it seems interesting to find

E(M) := sup{b : vol(M(b, C)) > 0 for some C > 0}.

Theorem 2.2 implies that real-analytic n-dimensional manifolds, E(M) ≤ n+ 1.
In dimension one, it follows from the theory of continued fractions that E(M) = 2

for M = [0, π]. In fact, M(2, π) = M while vol(M(2 + δ, C)) = 0∀δ > 0.
The same result likely holds for separable systems.1 In such systems one can sepa-

rate variables and choose a basis of eigenfunctions that (in appropriate coordinates)
have the form φ(x1, . . . , xn) =

∏

ψj(xj), where ψj are solutions of 2nd order differ-
ential equations. Accordingly, N (φ) forms a “grid” of hyperpsurfaces determined
by zeros of ψj-s, and approximation by N (φ) reduces to a series of one-dimensional
problems. The proof of the inequality E(M) ≤ 2 seems straightforward, while the
proof of the equality looks more difficult.

For manifolds with ergodic geodesic flows (e.g. in negative curvature), eigen-
function behavior has been studied using random wave model [Be]. In addition,
percolation model [BS] has been used to study the statistics of nodal domains in

1Examples include surfaces of revolution, Liouville tori and quantum completely integrable

systems [TZ].
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chaotic systems.2 In the opinion of the author, it would be difficult to use these
models directly to predict the “best possible” rate of approximation by nodal sets.
The reason is that these models descibe a single eigenfunction on a scale of C/µ
(several wavelengths). However (as shown by the example of M = [0, π]) for a
given x ∈ M the values of µ giving the best approximation of x by N (φµ) can grow
exponentially. It thus seems difficult to take into account simultaneous behavior
of all eigenfunctions in such a large energy range. However, one can probably ex-
pect that E(M) > 2 for such manifolds (in contrast to the integrable case), due to
irregularity of nodal lines for such systems.

It also seems interesting to study “level sets” M(b) for the approximation expo-
nent b, e.g. defined by

M(b) := ∪CM(b, C) \ (∪a<b ∪C M(a, C)) .
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of those models for studying various questions about eigenfunctions of chaotic systems.


