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Asymptotic trace formula for the Hecke operators

Junehyuk Jung Naser T. Sardari
(With an appendix by Simon Marshall)

Abstract

Given integers m, n and k, we give an explicit formula with an optimal error term
(with square root cancellation) for the Petersson trace formula involving the m-th and
n-th Fourier coefficients of an orthonormal basis of Si,(IV)* (the weight k& newforms
with fixed square-free level N) provided that |[47\/mn — k| = o(k'%). Moreover,
we establish an explicit formula with a power saving error term for the trace of the
Hecke operator 7, on Si(IN)* averaged over k in a short interval. By bounding the
second moment of the trace of 7, over a larger interval, we show that the trace of 7T,
is unusually large in the range |47/n — k| = o(né ). As an application, for any fixed
prime p with ged(p, N) = 1, we show that there exists a sequence {k, } of weights
such that the error term of Weyl’s law for 7, is unusually large and violates the
prediction of arithmetic quantum chaos. In particular, this generalizes the result of
Gamburd, Jakobson and Sarnak [GJS99, Theorem 1.4] with an improved exponent.
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1 Introduction

1.1 Background

We begin by explaining Weyl’s law, and bounds on its error term, in some arithmetic ex-
amples which reduce to deep problems in Number Theory. Let X C R? be a bounded
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domain with smooth boundary. Let 7" be a positive real number, and let N(T') be the
number of Dirichlet Laplacian eigenvalues of X less than T (counted with multiplic-
ity). It was conjectured independently by Sommerfeld and Lorentz, based on the work of
Rayleigh on the theory of sound, and proved by Weyl [Wey11] shortly after, that

N(T) = cgvol(X)T%(1 + o(1)) as A — oo,

where ¢ is a constant depending only on d and vol(X) is the volume of X in R%. More
generally, let (M9, g) be a compact smooth Riemannian manifold of dimension d with
Laplace-Beltrami operator A. Then Hormander [Hor68] proved that

N(T) = eqvol(M)T¢ + Ry (T),

where Ry (T) = O(T%'). In fact, this general estimate is sharp for the round sphere
M = S?. However, given a manifold M the question of finding the optimal bound for the
error term Ry (7') is a very difficult problem.

We now restrict to the case d = 2, and discuss the relation between the size of Ry, (T),
and the geodesic flow on the unit cotangent bundle S* M, predicted by the correspondence
principle. The two extreme behaviors that the geodesic flow can have are being chaotic
or completely integrable, and in these two cases the correspondence principle predicts
the distribution of eigenvalues to be modeled by a large random matrix, and a Poisson
process, respectively [Ber85, Ber86].

In particular, we expect that for a generic 2 dimensional flat torus, or a compact arith-
metic hyperbolic surface [Sar95, Figure 1.3 and Section 3]°, the set of eigenvalues inside
the universal interval [TQ, (T + %)2} where logT" < L = o(T) is modeled by Poisson
process; see the very interesting work of Rudnick [Rud05] and Sarnak’s letter [Sar02] ex-
plaining the critical window log(7T") < L = o(T') using Kuznetsov’s trace formula. This
suggests that these surfaces satisfy Ry, (7)) = O(T'27%). In fact, Petridis and Toth proved
that the average order of the error term in Weyl’s law for a random torus chosen in a com-
pact part of the moduli space of two dimensional tori is R(T) = O.(T %“); see [PTO2].
Moreover, for compact arithmetic surfaces it was proved by Selberg [Hej76, p.315] that
R(T) = Q(Tz/logT).

For the rational torus T = R?/Z?, bounding Ry (T') is equivalent to the classical Gauss
circle problem. It was conjectured by Hardy that Ry(T) = O.(T'2*¢), and it is known
by Hardy and Landau [HL24] that Ry(T) = Q(Tz log T'). Note that the eigenvalue
distribution here is known not to be Poisson [Sar97].

As mentioned above, for generic compact hyperbolic surfaces, we expect the set of
eigenvalues inside the interval [T2, (T + 1)?] to follow the eigenvalue distribution of a

3The geodesic flow in this case is chaotic, but Sarnak explains that one expects to see Poisson behavior
due to the high multiplicity of the geodesic length spectrum.
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large symmetric matrix, which has a rigid structure. As a result, it is conjectured that
these surfaces satisfy Ry (T) = O(T7).

Proving an optimal upper bound on Ry (7T) is extremely difficult, and we don’t have
any explicit example of M other than the sphere where the optimal bound is known! The
best known upper bound for hyperbolic manifolds is Ry(7) = O(T%!/log(T')), due to
Bérard [Bér77]. As pointed out by Sarnak [Sar02, Page 2], even improving the constant
and showing that R(7") = o(T'/log(T")) for the cuspidal spectrum of SLo(Z)\H (after
removing the contribution of the Eisenstein series) is very difficult; see Remark 1.2.1.

In this paper, we give bounds on the error term of Weyl’s law for the Hecke eigenval-
ues of the family of classical holomorphic modular forms with a fixed level. We briefly
describe this family, its Weyl’s law, and known bounds and predictions on its error term.

Next, we explain our results and compare them with the previous results and predictions.
Let ['4(N) := [Z Z] ca,b,c,d €7, N|c} be the Hecke congruence subgroup of

level N. Let Si(IV) be the space of even weight & € Z modular forms of level N. It is the
space of the holomorphic functions f such that

f(zifz) = (cz + d)F f(2) (1.1)

for every [Z 2] € T'o(N), and f converges to zero as it approaches each cusp (we

have finitely many cusps for ['o(/V) that are associated to the orbits of I'y(/N) acting
by Mobius transformations on P'(Q) ); see [Sar90]. It is well-known that Si(N) is a
finite dimensional vector space over C, and is equipped with the Petersson inner product

)= Jr, o £ (2) §(2)y*dxdy/y* which makes it into a Hilbert space. Assume that
pis a fixed prime number where p { V. Then one can define a self-adjoint Hecke operator

7, on Sk(N):
T,(f)(z) = p’% Zanpe(nz +p 2 Zan e(pnz), (1.2)
n=1

where f(z) =Y | an,e(nz) is the Fourier expansion of f at the cusp 0. In particular, if
f is an eigenfunction of 7, with eigenvalues \,(f) then a, = a1 A\, (f )p"=". By Deligne’s
result [Del74] the Ramanujan-Petersson conjecture holds for f and we have |\,(f)| < 2.
Under Langlands’ philosophy, the Hecke operator 7, is the p-adic analogue of the Laplace
operator (the eigenvalues of 7, determine the Satake parameters of the associated local
representation 7, of GL2(Q),) just as the Laplace eigenvalue of the Maass form deter-
mines the associated local representation 7., of G Ly(R )) Let By n be a basis for the
eigenfunctions of 7, acting on Sy (V). Let fu v : m > fen, . dx,(f) be the spec-
tral probability measure associated to 7, acting on S (/N') which is supported in [—2, 2].
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Using the Eichler-Selberg trace formula, Serre [Ser97] proved that ju;, y converges weakly
to 41, as k + N — oo, where 1, is the Plancherel measure of G L,(Q,) given by

|8
=

_ptl (-

. dx.
T -

pip() :

=

Moreover, let vy, n = ! ))Z’}G Bk,N(S)‘I’( )» where the superscript i means the ex-

dim(Sk (N
pression in the sum is multiplied by the harmonic weights %. It follows from the
Petersson trace formula (see Section 2) that v, ; converges weakly to the semi-circle law

1 2
(@) = 24 /1 - da,
Hoo() = — T

as k + N — oo. These are the analogues of Weyl’s law for this family of classical mod-
ular forms. In fact, Weyl’s law is formulated and expected to hold in great generality for
other families of automorphic forms; see [SST16, Conjecture 1]. In [GJS99], Gamburd,
Jakobson and Sarnak studied the spectrum of the elements in the group ring of SU(2). In
particular, they proved the analogue of Selberg’s lower bound and Bérard’s upper bound
on the error term of Weyl’s law in that context. By the Jacquet-Langlands correspondence
one can interpret their results in our context as follows. Given two probability measures
i1 and g on R, we denote the discrepancy between them by D( i1, 112), where

D(py, p2) := sup{|pa (1) — po(I)| - I = [a,b] C R}.

Then [GJS99, Theorem 1.3] is equivalent to D(j 2, f1,) = O(1/log(k)), which is the
analogue of Bérard’s upper bound. Moreover, [GJS99, Theorem 1.4] is equivalent to the
existence of a sequence of integers k,, — oo such that

1

S u— (1.3)
k2 log® k,

D(pn, 2, ) >
which is the analogue of Selberg’s lower bound. This is a corollary of their lower bound on
the variance of the trace of the Hecke operators by varying the weight k; see Theorem 1.5.

1.2 Main results

1.2.1 Large discrepancy for ;i

Let S(N)* be the space of newforms of weight & and fixed level N. Let 7" be the
restriction of 7, from Sy, (V) to its subspace Sy, (IN)*. We denote by 115, 5 and v;,  the cor-
responding measures associated to 7. The main theorem of this paper is a generalization
of (1.3) to pj, v with any squarefree level NV and an improved exponent of % in the lower
bound:
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Main Theorem 1.1. Let N > 1 be a fixed square-free integer. Then there exists an infinite
sequence of weights {k, } with k,, — oo such that

1

D(py,, n tp) > o,
ks log® k,

Remark. As mentioned in the introduction the best known upper bound for D(uj, v, i)
is
D(pj. s 1) = O (log(k) ™) , (1.4)

see [MS09]. The standard method for giving an upper bound on the discrepancy of a
sequence of points is the Erdos-Turdn inequality [ET48]. Even to improve the implied
constant in (1.4) using the Erdos-Turdn inequality, one needs to obtain a nontrivial upper
bound on the trace of the Hecke operator 7,, for n > k*, where A > 0 is an arbitrarily
large constant. But the error term in the Selberg trace formula is large in this range and
makes the problem very difficult by this approach.

Theorem 1.1 follows from an explicit asymptotic formula for the weighted average
of the trace of the Hecke operator in a short interval. More precisely, let ¢ be a positive
smooth function supported in [—1, 1], and satisfying fjl Y(t)dt = 1. Let Tr T,(N, k)*
be the trace of the Hecke operator 7, on Si(/N)*. Let K be a number satisfying K =

Am/n + o(ns).
Theorem 1.2. Let % <6< % be any real number. We have

Y (’“ . K) TR = a2 )7 oy

K° 12
k>0,k€27

where Ji is the J-Bessel function, p is the Mobius function, o is the sum of the divisors
of n and ¢ is some small fixed constant depending on 6. Moreover, the implicit constant in

O depends only on the fixed variables N and €.

Remark. By the asymptotic of the .J-Bessel function in the transition range, we have
| Jx (47\/n)| > K~3; see [DLMF, 10.19.8]. Hence, we have |Tr 7,,(N, k)*| > k3 for
some k € [K — K° K + K°]. This lower bound violates the naive expected square root
cancelation for the eigenvalues of the Hecke operator 7, (N, [)*.

We give a brief description of the proof. We give the proof of the above theorem in
Section 3. The proof is based on the Petersson trace formula and the proof of Theorem 1.7
that we give in Section 2. The main term of the above formula comes from the .J-Bessel
function in the transition range. Next, we simplify the error term by using bounds on the
J-Bessel function outside the transition range. For the remaining error terms, we average
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over weights and apply the Poisson summation formula and obtain a sum of Klooster-
man sums twisted by oscillatory integrals. The Theorem follows from Weil’s bound for
Kloosterman sums, and bounds on the oscillatory integrals that we prove by the station-
ary phase method in Section 3.1. There are some similarities between our method and the
circle method, specially the version developed by Heath-Brown [HB96].

1.2.2 Variance of the trace

If we consider the variance of the trace of the Hecke operator over k ~ 1/n, the largeness
of the trace in Theorem 1.2 is no longer present. To be precise, we have the following

results:

Theorem 1.3. Let N > 1 be a squarefree integer. For any n, we have

2

k—1 O/n
> | X M) - e SE| < nllogn)(oglogn)’
ke2z feB;
3my/n<k<5m\/n ’

In particular, almost all k in the range [3m+/n, 5m+\/n| satisfy

3 () =0. (k%+f>.

feBi N
We also prove a lower bound for the variance of the trace of the Hecke operator:

Theorem 1.4. Let N > 1 be a squarefree integer and let n = p™ where p is an odd prime.
There exists a sufficiently large fixed constant A > 0 such that for any K > A\/n, we
have

2

1 k—1 k—1 6um .
- ¢(———> An(f) — ©(N) >y nz, (1.5)
S0 () o, U )| 2 M= g oM

where d 5 = 1if n is a square, and 0 otherwise.
This immediately implies the following weaker version of Theorem 1.1.

Corollary 1.5. Let N > 1 be a fixed square-free integer and let p be an odd prime. Then

1
D s =Q(——1.
(Mk,N Mp) (lm 10g2 k)

we have

Remark. Note that this generalizes [GJS99] to any square-free level NV > 1.
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Theorem 1.3 and 1.4 are consequences of the following asymptotic formula, which we
derive from the Eichler—Selberg trace formula for 7' > /n (Lemma 4.6):

2

> (5| T - e

k>0,k€2Z f€B; &

() S oo () 0o, as

ke2Z t2<4n

Here D(t,n) is a weighted sum of class numbers:

t2 — 4n

2\/4n—t2;hw( 12

Dit.n) = ) it g0, ),
with weights |fi(t, f,n, N)| = On(1) (for the precise definition, see Lemma 4.2).
The upper bound (Theorem 1.3) then follows by applying a standard upper bound for
the class numbers of imaginary quadratic fields.
Note that inputting the sharp lower bound for the class numbers of imaginary quadratic
fields,
hp(—d) >, 2™,

to (1.6) is not sufficient to prove the lower bound in Theorem 1.4. Therefore we relate the
problem of estimating the sparse sum of sums of class numbers

> D(t,n))?
t2<4n

to the problem of counting integral lattice points on 3-spheres, under certain congruence
conditions on the coordinates. This can be done by following the circle method developed
by Kloosterman [Klo27], and we have

> Dt )P >N Vi,
t2<4n

under the assumption that n is odd (Theorem 4.7). Now if n = p™ with a fixed odd prime
p, and if T > A,/n for some large A, we see that

2y o (") X ot

k€27 12<4n

is larger than ¢ (%) %n)z = O(n), from which Theorem 1.4 follows. These steps are
carried out in Section 4.
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1.2.3 Large discrepancy for the measure with harmonic weights

Next, we give our results on the error term of the Weyl law associated to the measures

*
Vi y as k — oo,

Theorem 1.6. There exists an infinite sequence of weights {k, } with k,, — oo such that

D(”Zn,Na ,uoo) > 1 (17)

k3 log® k,,

Remark. The above exceptional sequence of weights is very explicit and is given by
k., = |4mp™]. Based on arithmetic quantum chaos, numerical evidence [GJS99, Figure 5
and Figure 6], and the random model described in the introduction for the eigenvalues of
the Hecke operator, it is expected that

D(pi, s 1p) = Ocoy (K5 and D(vj o ioc) = Ocw (K75) . (18)

for a density 1 set of k. In this context, the exponent % in Theorem 1.6 (and Theorem 1.1)
shows that one can not achieve (1.8) for every weight k.

Theorem 1.6 is an immediate consequence of an explicit asymptotic formula for the
Petersson trace formula. More precisely, let

h

Npn(mon) =" Aa(H)A(S).

fEB y
Theorem 1.7. Assume that |4m\/mn — k| = O(k3) and ged(mn, N) = 1. Then

Af n(m,n) = @5(7)@ n) + Jk1(47r\/%)@ H(1 —1/p?) + O(k3).
pIN

where 6(m,n) = 1 if m = n and §(m,n) = 0 otherwise, Jy_, is the J-Bessel function
and the implicit constant in O depends only on the fixed variables N and c.

Remark. Since |47\/mn — k| = O(k3), by the asymptotic of the .J-Bessel function in
the transition range [DLMF, 10.19.8], we have |.J,_ (47/mn)| > 1/k3. It follows that
T—1 (4 y/rm) 1) [ L~ (1 —1/p?) is the main term, and

|AF v (m,n) = 5(m,n)| > 1/k3.

The above lower bound violates the naive expected square root cancelation in the sum of
the normalized Fourier coefficients of the newforms in this range. More generally, one
can generalize Theorem 1.7 if [47/mn — ak| = O(k3) for any fixed integer ov. In the
appendix by Simon Marshall, the existence of this asymptotic trace formula is explained
via the geometric side of the Petersson trace formula.
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We prove Theorem 1.7 in Section 2 by applying the Petersson trace formula and parti-
tioning the geometric side of this formula into three parts according to the various behav-
ior of the J-Bessel function in different ranges. This partition is explained in the appendix
according to the incidence of the associated pairs of horocycles. The main term comes
from the J-Bessel function in the transition range where the associated horocycles are
tangent to each other, and the error term stays in the ranges where the J-Bessel function
decays rapidly.

Theorem 1.2 follows form Theorem 1.7 and averaging over m and k parameters. In
fact, we expect that a stronger version of of Theorem 1.2 to be true, namely:

o(n)

1(N)k )L (1 + O(k9)),

Tr T,,(N, k)* = Jp(4m/n) T -

where k = 4m\/n + o(n%). However, removing the harmonic weights in Kuznetsov’s
formula by only averaging over m in our context is equivalent to a very strong unproven
bound on L-functions, namely:

Hypothesis 1.8. Let n = O(k?) and N be a fixed square free integer. Then

h 1 1

D e MDD it sy ) = O(k™87), (1.9)
where t = O(log(k)?) for some A > 0.

We are overcoming this problem by taking average over k on a very short interval.
Hence unlike standard averaging techniques, it is only good for estimating lower bound.

1.3 Notations

We let Si, (V) and its subspace S; (/V) denote the space of holomorphic cusp forms and the
subspace of newforms of weight £ on I'o(N)\H. If gcd(n, N) = 1, we let 7, = T,(N, k)
be the n-th Hecke operator acting on Sy(/N). For a joint eigenfunction f € Si(NV) of
T, let A, (f) be the eigenvalues of 7,,, n > 1. We normalize 7, so that |\,(f)] < 2is
the Ramanujan bound. We use the divisor function parameterized by t: o¢(n) = >, d".
We write By y and Bj y for an orthonormal basis of Si(IV) and Si(IN)* respectively.

If f € Sp(N), we write (%)%# = pf(n)nk_%e(nz) for the L?-normalized
Fourier coefficients of f. The sum Z’}e B,y Means the expression in the sum is multiplied
by the harmonic weights %. We write v(N) = [Sl2(Z) : T'g(NV)], and when N is
square free we have v(N) = N ], (1 +1/p).
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2 Petersson trace formula

In this section, we give a proof of Theorem 1.7. First, we explain the Petersson trace for-

mula. Recall that By, y is any orthonormal basis of Sy (V). Let |]ZC‘ = ((4:k1)1) 25 pa(f)n” ~2¢(nz).

Then Petersson proved [Pet32]; (see also [ILS00, Proposition 2.1])

471'\/_ )

Ar(mon) =3 pu(palf) = 8(m,m)+2mit Yy~ S Stmnic)

Nle

(2.1)
where Ji,_; is the J-Bessel function and S(m, n; ¢) is the Kloosterman sum. We have the

well-known Weil’s bound
S(m,n;c) < 7(c)/ged(m, n, )v/e. (2.2)

Each new from f of level M gives rise to 7(M) old forms in Si(/N); see [AL70]. By
choosing a special orthonormal basis of Hecke eigenfunctions, it is possible to write the
Petersson formula only for the new forms of level /V; see [ILS00, Proposition 2.9]

Ap n(m,n) = Zh A ()M (f) = Z @ Z I A (mi?n).  (2.3)

B
JFeB; n LV=N e

We assume that ged(mn, N) = 1 and

[dmy/mn — k| = O(k?). (2.4)

2.1 Proof of Theorem 1.7.

Proof. We apply the identity (2.3) and obtain

Ap n(m,n) = Z @leA;@M(le,n).

LM=N I|Lo°

First, we analyze the contribution of §(ml? n) by applying the Petersson formula (2.1).

and gcd(N, mn) = 1, then the only possibility for mi*> = n is that | = 1 and
m = n. By summing over [, we obtain

(L) . u _ (V)
3 TZZ §(mi%n Z =y O(m.n).

LM=N [|Loe LM=

Therefore,

N
Ap n(m,n) = %&m, n) + S + Sy,
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where

Si= % @le 5 S(mzc,n;c)Jkl(zw\c/m),

LM=N [|Le° M|cand c=l

Si= 3 leﬂ 5 S(mzi,n;c)Jkl(4wz\c/m)_

LM=N [|Le® M |cand c#l

In what follows, we assume that [ = ¢ and give an explicit formula for .S;. Since M|c, I| L
and ged(L, M) = 1 then M = 1 and we have

l l
Sy = Jy1 (dm/mn le mi ) 2.5)

I|N>

By using the Ramanujan identity S(0,n;[) = u(l), we obtain

51 = da () S [T - 1), 2.6)

pIN

Note that we have the following asymptotic for the J Bessel function in the transition
range where a = O(1); see [DLMF, 10.19.8]

1

J,(v+ al/%) = 2—?142'(—2%@) + O(%) (2.7)

V3
By the inequality (2.7) and the assumption (2.4), we have |.S;| > k%, where the constant
3
involved in >> only depends on N which is fixed. Next, we give an upper bound on S5.

Let o > 0 be some positive real number and S, 5 be the same sum as S, but subjected to
ko <1,

S(ml?,n;c drly/mn
Spe= Y0 My Sl el
LM=N kS <I| Lo M]|c and c#l ¢ ¢

Since, N is fixed and S; is supported on [|[N>° and p(1) # 0, it follows from (2.3) that for
sufficiently large & ;.e.g., k° > N

3 L) > N (Apm(mi® n) = 5(mi® n)).
LM=N kS <l|L>°

By [ILS00, Corollary 2.2], we have

mn i+sl%+s
Apar(ml?n) — §(mi? n) = O(%

where the implied constant in O only depends on the fix number N and e. Therefore,

1 1
mn Z+€l§+6
Sus 3



12 Junehyuk Jung, Naser T. Sardari, (With an appendix by Simon Marshall)

By (2.4), we have

1

Sos < kTFE N I = (kTR (2.8)

kO <IN
Finally, we give an upper bound on S(9) := Sy — S5 5. We split S(0) into three ranges:
1. 2l < ¢
2. l<ec< 2 <2k

3. c<l<k®

and we write S;(9) for the sum S(§) subjected to the i-th condition listed above. We give
an upper bound on S} (J) by using the following upper bound for .J, when the order v is
large; see [DLMF, 10.14.7]

J,(vz) _
< ¥ < v(l—x) 2.
— xl’Ju<1/) — € Y ( 9)

where v > 0 and 0 < z < 1. By (2.9), (2.7) and Weil’s bound (2.2) on Kloosterman’s
sum, we have

s <| S @ DS S(mlc,n;C)Jkl<47rl\c/ﬁ)

LM=N I| Lo l<kd M|c,2l<c

< Z l_lz S(mil?,n;c)

c
[|Noo I<kS 2l<c

< Yoy

[|N®° l<kS 2l<c

Jr-1( )

Arcly/mn
c

k(1=1/c+log(l/c))

k3

(2.10)

k(1—3 —log(2))
e 2
<< e
>

[N <k
< ¢ 019k

Next, we give an upper bound on S3(d) and S5(0). From [DLMF, (10.20.4)] of NIST
functions and the following upper bound on the Airy function for real nonpositive x; see
[DLMF, (9.8.1) and (9.8.20)]
Ai(z) < |2| 75,
we have for 1 > z > 1,
1

J(v) € ———m—
(vz) (1—z2)iyé

) (2.11)
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and for z > 1,
1

Jy <K< —F-:.
(v2) (22 — 1)%V%

(2.12)

Assume that [ < ¢ < 2] < 2k°. By the inequality (2.11), (2.4) and Weil’s bound (2.2)

B P S e

LM=N L l<kd  Mle,e<2l
4rly/mn
< 1 \/7 —S+e |y
Z Z ged(m,n,c)c 27 |y .
IIN>®I<kd  l<e<2l
< ! Vged( —atepT 2.13
Z Z ged(m, n, c)c e ( )
[|No° I<kS l<e<2l ( - 0_2)
1 \/gcd m,n,c)
< k3 Z I~ 5/4+¢ Z
l\N°°,1<k5 I<e<2l C - l
<kE Y T«
[|Noo 1<k

where the implied constant only depends on the fixed number N. Finally, assume that
¢ < | < k° then by (2.12) and Weil’s bound (2.2)

sol=| X M S ey Sl (i)

LM=N | Loo l<ks M]|c,c<l
drl\/mn
-1 \/7 —L1te
< Z l Z ged(m,n,c)e 27 | Jp_y ( . )‘
[N I<k® c<l
< Z I~ 1zx/gcd m,n,c)c —otegs — (2.14)
[|Noo l<kS e<d (c_z - )4
< k3 Z I~ 5/4zx/gcdmnc 2+5 c: -
[|No°l<ks c<d 6)4
<k T Y Itk
1IN I<kd

Letd = % + ¢ and apply (2.8), (2.8), (2.10), (2.13) and (2.14), to obtain

A y(myn) = Qa(m,m + Jk1<4w\/m)“(]€[) I1 (1 - pi) +0 (k )

p|N

This concludes the proof of Theorem 1.7. [
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2.2  Proof of Theorem 1.6.

Proof. Recall that v}, = Z?eBk,N‘S/\p(f)' Since |\, (f)| < 2, we can write \,(f) =
2cos(6,(f)) foraunique 0 < 6,(f) < m. Let U, (cosf) = W for n > 0 be the n—th
Chebyshev polynomial of the second kind. It is well-known that A\« (f) = U, (A, (f)/2).
In order to give a lower bound on the discrepancy of v and po for k, := [47/p"],
we compute the difference between the expected value of U, (x) with respect to these
measures. It is well-known that U,,(z) are orthogonal set of polynomials with respect to

oo Hence,
2
/ U (2)dpios () = 0
—2

On the other hand, by Theorem 1.7, since |k, — 47/p"| < 1 we have

/_2 Un(z)dvy y = Af, n(1,9") = Jkn—1(4W\/F)M(J<fV) HN(l 1P + Ok ).

As pointed out in Remark 1.2, since |k, — 47+/p"| < 1 then by the known lower bound
in the transition range of the J-Bessel function, we have

2 1
/ Un(x)dvy >N kn .

-2

By integration by parts and upper bound |U/ (x)| < n?, it follows that
1 _1
D(vj, s Hoo) > —hn ™. (2.15)

Since k,, = |4m\/p" ], it follows that

D(Vg, v Hoo) > ————.
ks log” k,,

This concludes the proof of our theorem. ]

3 Removing the weights

In this section we give the proof of Theorem 1.2 and then Theorem 1.1 follows imme-
diately from it. We give a brief outline of the proof of Theorem 1.2. Our proof is built
on the proof of Theorem 1.7 and we assume that the reader is familiar with that proof.
Note that the trace of the Hecke operator 7,*(N, k) is obtained by removing the arithmetic
weights ﬁ from the Petersson trace formula (2.3) at m = 1. The usual trick for re-
moving these weights is to average the Petersson trace formula (2.3) smoothly over m?

where gcd(m, N) = 1. Unfortunately, the error associated to the Sy(d) and S3(d) sums
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defined in (2.8) are larger than the main term after averaging over m?. In order to bound
the error term associated to these terms, we sum the trace formula as k varies inside a

short interval of size ~ k° for some 1/6 < § < % (0 < 1/6 is not large enough to bound
1
3

apply the Poisson summation formula on the £ sum and obtain some oscillatory integrals.

the error term and 0 > = makes the main term smaller than the error term!) and then
We give bounds on these oscillatory integral in Lemma 3.1. Finally, Theorem 1.2 follows
form Weil’s bound on the Klossterman’s and Lemma 3.1.

3.1 Averaging over the weight

In Lemma 3.1, we prove a lower bound on the average of the J-Bessel function in the
transition range and also a non-trivial upper bound on this outside the transition range.
We use this lemma in the proof of Theorem 1.2 where we bound the average of Sy(J) and
S5(d) over k.

Recall that ¢ is a positive smooth function supported in [—1, 1] and f_ll Y(t)dt = 1.
Let K > 0 be a positive real number.

Lemma 3.1. Let 0 < § < % and > 0. If %= > max (55, K), then

K K36
|- K B
Z Y( 708 V() Kay K4 (3.1)
[=1 mod 2
otherwise . _
- 1
5 2 Vg ) <y KT (3.2)
=1 mod 2

for any A > 0 where < 4., means the implicit constant is independent of v and K and

only depends on the smooth weight function ) and the exponent A. Moreover, if x =
K + o(K3) then

Lo wEEw =@ ok ) >y K 63)

=1 mod 2

Proof. 1t is well-known that

1

2 . L
Jl(x) :/ e—2ﬂ'zlte—zzsm27rtdt.

1
2

By the Poisson summation formula, it follows that

Z g(l)Jl(x) — / QZ)(U)G—QWiuKlf‘; (6—ia:sin(27ru/K5) B GixSin(Qﬂ—u/Ké))du.

=1 mod 2
By writing the Taylor expansion of the sin function at zero, we obtain

+r— K  iz(2mu)?

—2miuK'° + iz sin(2ru/K°) = 27i 75 4T gz

+ c(u),
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where |c/(u)] < 257 for u € [~K¢, K*]. Assume that 22 > max(;Z;, K¢) then it
follows that
d +r— K
< —2miu K70 4 ix sm(27ru/K5)> x—l,
du Ks
where u € [— K¢, K¢|. Therefore, by the stationary phase theorem
RE o pel—6 P 5 - §
@ZJ(U)G_QWWK (e—zxsm(QTru/K ) e7,acs.1n(27ru/K ))du <A |K|_A,
— K¢

for any A > 0. We note that for |u| > K* the Fourier transform of ) decays faster than
any polynomial and we have

/ 10(0)| <a K|,
|u|>K¢

This completes the proof of (3.1). The inequality (3.2) follows, from the well-known
upper bound Jk(z) < K =3 and the fact that 1 is supported in [—1, 1]. Finally, (3.3)
follows from the asymptotic of the J-Bessel function in the transition range (2.7). This

concludes the proof of our lemma.
[

Finally, we give the proof of Theorem 1.2. Recall that 7, (N, k) 1= >, By An(f)

and K := 4m\/n 4 o(ns). First, we cite some identities from [ILS00] that we use in the
proof. Let f be a newform of Si (V) of level M, then by [ILS00, Lemma 2.5], we have

(3.4)

12X (F)An(f)M
(k= Dr(N)Z(1, (M)’

where Z(s, f) := >, Ay(n*)n=*. Note that Z(s, f) is related to L(s,sym?(f)) by; see
[ILSO00, (3.14)]

Pm(f)on(f) =

L(s,sym*(f)) = ¢(2s)¢w(28) "' Z(s. f),

where CN(2S) = Hp‘N(l_p 2 ) 1' Let ZN(S7 f) = chd(m,N)Zl Tigf)
(3.16)]

Z(s, ) = L(s, sym*(f))¢(2s) " Cn(28)Cn(s + 1) (3.5)

By the celebrated result of Shimura [Shi75] L(s, sym?(f)) is an entire function, so ZV (s, f)
is holomorphic for $(s) > % and has meromorphic continuation to the complex plane.
Let w(x) = exp(—z). Note that the Mellin transform of w is the Gamma function
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3.2 Proof of Theorem 1.2

Proof. Assume that k € [K — K° K + K°] where § < %. By the Petersson formula (2.3)

Z pmz(f)pf(n): Z @leAkyM(mQF,n). (36)

feB; N LM=N 1L
Let T := k“ for some 0 < a < 1 that we choose at the end of the proof. We average the
LHS of the above by the smooth function w(x/T")/x and use (3.4) to obtain

1220 () A (m?)¢n (2)

S wm/Tim S meps) = 3 S wlm/) R,
ged(m,N)=1 FeB; n fEB;, N ged(m,N)= ’

2
Z A S wmyr) 2
N & ,f) il m
kN ged(m,N)=1

(3.7)
By the inverse of the Mellin transform, we have w(z/T) = 5= 22:.1;0 ['(s)T*x~"ds and

this implies

S w(mym) ) L_/MOO ZN(s + 1, f)T*T(s)ds.

m 270 Jo_ioo
ged(m,N)=1
We change the contour integral to the R(s) = —1 and pick up the pole of I'(s) at s = 0
with residue Z%(1, f) = 7 )) hence

Z w(m/T) Ar(m?) = Z(L, /) + L /—2+i0<> ZN(s+ 1, /)T*T'(s)ds. (3.8)

ged(m,N)=1 m (@) 2mi )i
By (3.5),
L — 3 +ioo ZN(S—i—l,f)TSF(S)dS
271 “1oico
! Tt 2 ) Lrn— it L.
=5 ) LG Fit sy (N))C(1+2it)7 CN(1+2zt><:N( it TR (= i)

First, we assume that || > log(k)?2. By Stirling’s formula; see [DLMF, 5.11.9]

D +it) = O((1 + i) e/,

By using the above bound, the convexity bound on L( + it 3ym2 f), the well-known
bound ¢ (1+2it)~" = O(log(t)"), the fact that (v (2s)(n (s+1) ' is bounded on R(s) = 3
and [T~z 4| < T2 < k=/2_ it follows that

log (k)2 3 1, 1
/ / —Ht sym?(f))C(1+2it)  Cn (142it)Cn (= +zt) 1T‘5+”F(—§+it)dt = O(k™),
log(k
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for any A > 0 where the implicit constant in O depends on A. By the above, (3.7) and
(3.8), we obtain

> wlm/Tm Y el Do) = g YA+ OG)

ged(m,N)=1 fe€B} N

log(k)? h 1 Cn (1 + 2it) . 1
+/ A (f)L (— + it, sym2f> , T2t <—— + it) dt
log(k)2 <Zf€BZ,N (/) 2 > C(1 4+ 2it)(n (% + zt) 2
(3.9)

By the Ramanujan bound on the holomorphic cusp forms |\, (f)| < n¢. Hence,

h \ Ll . 9 o Ll y 5 .
ZfeB,:,N n(f) (§+z,sym f)<<anGB;,N| (§+z,sym I <nt.

Therefore,

log(k)?2 h 1 . 1
/ (Z M (f)L(=+it, sym® f)) c(1+2¢t)*1gN(1+2¢t)cN(§+it)*1T*Wfr(——+zt)dt
— log (k)2 Je€B; n 2 2 2

= O(T 7K.

By the above and (3.9), we have

12

G ON R+ 0T ). (3.10)

S wm/T)m S pu(fps(n) =

ged(m,N)=1 fe€B N

Finally, we average the RHS of (3.6) with similar weights w(m/T")/m. Our method is
very similar to our argument in the proof of Theorem 1.7. Let

L
Se= > wm/T)/m Y # > T A (M ).
ged(m,N)=1 LM=N l|L*°,

We analyze the contribution of §(m?/%, n) by applying the Petersson formula (2.1). Since,

I[|N>° and gcd(N,mn) = 1, then the only possibility for m?/> = n is that [ = 1 and

m? = n. Therefore,

Z w(m/T)/m Z @Zl_lé(mzl{n)

ged(m,N)=1 LM=N l|Lo°

(L
— w30 M) - L s

where 0(y/n) = 1 if n is a perfect square and 0(y/n) = 0 otherwise. Note that by our
choice of wif T' <« n%_a, then

3(v/n) = O(k™), (3.11)
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forany A > 0. Let
T . 1(L) -
ST = > w(m/T)/m Y — > (Apu (M n) = 5(m?1%,n)).
ged(m,N)=1,T1te<m LM=N l|Lo°,
By [ILS00, Corollary 2.2], we have

niﬂ(ml)%“

Apr(m??,n) — §(m??,n) = O( 1576 ).

where the implied constant in O only depends on the fix number N and ¢. It follows from
the above and the choice of w and T that ST = O(k~“). Hence,

S =81+ Sy + Ok, (3.12)

where

S1 = 'u<L ) Z Z (m/T)/ml Z S(m2l2, n; C) Jk_1(47rrril\/ﬁ)’

&
LM=N l|L>® ged(m,N)=1,m<T1+te c|M,c=ml

I S SRR CCU VT S Gt VAN

C
LM=N l|L*® gcd(m,N)=1,m<T1+e c|M,c#£ml

In what follows, we give an asymptotic formula for S; which is the sum over the diagonal
terms ml = ¢ where ged(m, N) = 1 and [|L°°. Similarly, ml = ¢ happens when M = 1
and L = N and we have

S(m?1%,n;c) = S(0,n;¢) = Z u(g)d.

e
Hence,
§1 = Jia (/)22 %; X e 3 )u(%l)d
— (4 m%(% M ( X e 3 )u(%)d)
= Jr Gy ) 0 (dzl/d d(hN);KTWw(hd/T)”(h)/h2>
- Jk_1<4m>wc—l<z>a<n>/n<1 o

N
(3.13)

Next, we give an upper bound on Sy. Let 8 > 0 be some positive real number and S5 g be
the same sum as S, but subjected to K B <1,

-y My ey Y ST AT

LM=N KP<I|L>® ged(m,N)=1,m<T1+e c|M,c#£ml
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Since, N is fixed and S; is supported on [|[N>° and p(1) # 0, it follows from (2.3) that for
sufficiently large & ;.e.g., K® > N

S = 3 w(m/T)/m Y ’“‘ Z 171 (Apar(m22,n)—5(mi2,n)).
ged(m,N)=1,m<T1+e LM=N KP<l|L>®

By [ILS00, Corollary 2.2], we have

niﬂ(ml)%“

Apr(m*?n) — 6(m?*,n) = O( 1576 ).

where the implied constant in O only depends on the fix number N and e. Therefore,

, ni—ﬂ—e(ml)%—&-s
ged(m,N)=1,m<T1+e KB<I|N>®
By (2.4), we have
Sop < k73T D" 3T ()R = O(TR kTR, (3.14)

m<Ti+e KB<]|Noe
Finally, we give an upper bound on S(f3) := Sy — Ss 3. We split S(/5) into two ranges:
1. 2ml <,
2. ¢ < 2mland c # ml

and we write S;(/3) for the sum S(() subjected to the i-th condition listed above. First,
we give an upper bound on S;(/3). Assume that 2ml < c then by (2.9), (2.7) and Weil’s
bound (2.2) on Kloosterman’s sum, we have

wu(L) S(m?21%, n;c) drml/n
S8 =1 > = X > wm/T)/(m) Y7 I ()|
LM=N [|Lo° < KB ged(m,N)=1,m<T1+¢ M|e,2mi<c
m?2l?,n;c) 4dmly/n
< Z Z w(m/T)/(ml) Z| ||Jk—1(T)’
[|N> I<KPB ged(m,N)=1,m<T1+e 2ml<c

k(1—h/c+log(h/c))

< Z h Z | kg | < e~ (0-19)k

h<KBM1+e 2h<c

(3.15)

By inequalities (3.10), (3.11), (3.12), (3.13), (3.14), (3.15), we have

T (N, k) = Jy 1 (4my/)

MR 1 2o fm + 50(8) + O(T 4k 4 THEE/2+%),
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We average the above identity by 75 >, reaz ¥ (525°) and apply inequality (3.3) in
Lemma 3.1
1 k—K p(NK . o(n) _
— (N, k) = Jk(4 _— 2)—=(1+ K¢
K‘SDOZ,CGJ(K‘S)M ) = Iyt 1) 70 gy gy

1 k_K _l < l _l_ c
t R ) ¢( 700 )52(5)+0(T 2k + T2k~ P7H) . (3.16)
k>0,k€2Z

Next, we give an upper bound on the average of S5(3).

D M e N DI VD S

k>0,k€27 LM=N 1L 1< KB ged(m,N)=1,m<T+
S(m2l? n;c) 1 k—K 4drml/n
X Z . kK Z (G Ko kal(T)‘ (3.17)

M|e,c<2ml k>0,ke2Z

For the summation S(3), we have ¢ < 2ml < 2T °KP. Let z := M. First, we
8 > max(Zy, K). We
assumed that | K —47m\/n| < ns,§ < 5 and ¢ < 2ml, hence 755 > K*. So, it is enough to

check if ‘C[_@K > 5. In particular, if mTl — 1| > K~ then we can apply inequality (3.1).

check the condition of inequality (3.1) in Lemma 3.1, that is if

Hence we consider two cases:
1. c<2mland |2 — 1] > K=
2. c<2mland |™ — 1| < K~%

We denote the above sums by S ; and S, 5 respectively where Sa(5) = Sa1 + Sa2. By
Lemma inequality (3.1), identity (3.17) and Weil’s bound (2.2) on Kloosterman’s sum,
we have

1 k—K 1 S(m??, n; _
& > () sl ¥ DI

k>0,ke2Z I[N I<KB ged(m,N)=1,m<Tl+e c<2ml
_ 1 1
< K™ E E — g ged(m,n, c)c 2 e
m
[IN> I<KPB ged(m,N)=1,m<T1+e c<2ml

= O(T*HK ).
(3.18)
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Finally, we bound the S5 sum. We apply inequality (3.2) and Weil’s bound (2.2) on
Kloosterman’s sum:

1 k—K 1 S(m22, n; 1
DRI G- CE D DD DI D SR~

kE>0,ke2Z [N I<KB ged(m,N)=1,m<T1+e | 1| < K28
(&
1 1 1
< K3 E g —l\/gcd(m,n) g c 2t
m
[N I<KB m<T1+e |2k —1|<K—29

) 3 te
< K3 Z Z \/gcdmn mK;;

1IN I<K?B meTite !

< K3 Z Z Vged(m, n) KZ‘:

IIN® I<KB m<Tl+e

_ O<T%+EK7%—2<§)_

+6

(3.19)
Therefore, by inequalities (3.16), (3.18), (3.19), we have

e X o(te ) mwn

k>0,ke2Z

= JKM?TW)%)(H)O F K + O(T 2k + T2k~57 5% 4 Tateg—3-%)

By choosing 3 large enough, 7' ~ K5+ and 1 < § < L we conclude our theorem.

3.3 Proof of Theorem 1.1

Proof. The method of the proof is similar to the proof of Theorem 1.6. Let U,,(x) be the
n—th Chebyshev polynomial of the second kind. It is well known that

/2 Un () dpp(z) = { iz ifnisaeven
-2

0  otherwise.

By Theorem 1.2, there exists k,, € [L47r\/p”J — p™S, |4m\/p" | + p"/%] such that

By the above inequality and a similar argument as in Theorem 1.6, we have
. 1
D, v Hp) > ———.
ks log® k,

This concludes the proof of our theorem. ]
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4 Selberg’s trace formula

The main purpose of this section is to prove Theorem 1.3 and Theorem 1.4. We first recall
Eichler-Selberg trace formula. We use the version from [MS09] (see also [Ser97]).

Theorem 4.1 (Eichler-Selberg trace formula, Theorem 10 [MS09]). For every positive
integer n. > 1, the trace Tr of T,, = T, (N, k) acting on S,,(N) is given by

Tr 771 = Al(na k7N) + AQ(nv ka N) + A3(n7ka N) + A4(TL, k)y

where A;(n, k)’s are as follows:

E—1 1 e
E2(N)—=  ifnis a square
A k. N)= 12 Vn h =N 1
1(n, k, N) { 0 otherwise where p(N H +
p|N
I k= pfnl —fnl t _4n
Ag(n,k,N):—in 2 E Din ptn E h u(tmfvn’N)a
tEZ, t2<4n

where p; ,, and p, , are zeros of x?—tx+n, and the inner sum runs over all positive divisors
of t* — 4n such that (t* — 4n)/ f? € Z is congruent to 0 or 1 (mod 4). u(t, f,n, N) is
given by ()
pult, f,n, N) = SININ)
where Ny = ged(N, f) and M(t,n, K) denotes the number of solutions of the congru-
ence v —tr +n =0 (mod K).

As(n, b, N)=-—n""2 Y ! 3 0 (gcd (c, %)) .

dln, 0<d<y/n c|N,gcd(c,%)|gcd(N,%fd)

M(t,n, NNy)

Here, ¢ is Euler’s totient function, and in the first summation, if there is a contribution
from the term d = \/n, it should be multiplied by %

Ay(n, k) = { nTE Yyt k=2,

0 otherwise.

To relate the trace of 7, acting on S, (/N) and the trace of its restriction 7" to Si(N)*,
one may use Atkin—-Lehner decomposition for squarefree integers N to derive (see for
instance, [Ham98])

B) = 3 oo (NV/)Te T (A ),
dN
and by Mobius inversion, this implies that
Tr 7,7 (N, k) = Y 0o(N/d)u(N/d)Tr T, (d, k). (4.1)
d|N

Therefore we have:
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Lemma 4.2. Assume that N is a squarefree integer. For every positive integer n > 1, the
trace Tr of T,, = T, (N, k) restricted to Si,(N)*, which we denote by T, = T,*(N, k) is
given by

Tr 7" = Bi(n,k,N) + By(n,k, N) + Bs(n,k, N) + By(n,k,N),
where B;(n, k)’s are as follows:

%@(N)\/Lﬁ if n is a square
0 otherwise

Zi" Zh (t _4”) it fn, N,

where py ., and py ,, are zeros of x> —tx+n, and the inner sum runs over all positive divisors
of t* — 4n such that (t* — 4n)/ f* € Z is congruent to 0 or 1 (mod 4). (t, f,n, N) is
given by

By(n, k, N) = {

1

1 k—1 pk
By(n,k,N) = —én_T Z Ln
Pin

teZ, t2<4n

jut, fn, N) =Y oo(N/d)u(N/d)u(t, f,n, d).

d|N
_k—1 P
Bg(n, k‘, N) = -noz Zd\n, 0<d<y/n dk ! lfN =1
0 otherwise
In the first summation, if there is a contribution from the term d = +/n, it should be

multiplied by %

Bi(n. b ) = { N Ayt =2

otherwise.

Proof. From Theorem 4.1 and (4.1), we have
Tr 7, = Bi(n,k,N) + Ba(n, k, N) + Bs(n, k, N) + By(n, k, N),

where
(n.k,N) =Y 0o(N/d)u(N/d)Ai(n, k, d).

dN

Note that when NV is squarefree, gcd (c, %) = 1, so the inner sum of A3(n, k, V) becomes
(o) (N) .
To prove the lemma, it is sufficient to compute for 7 = 1, 3,4

Bz(n7 k7p) - Az(nv kap) - 2A2(n7 ka 1)
by multiplicity of Dirichlet convolution, and the assumption that N is squarefree:

Y(p) —2¢(1) =p—1=(p),
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when? =1,
oo(p) — 200(1) =2—-2=0,

when ¢ = 3, and
1—2=-1=pu(p),

when ¢ = 4. ]

4.1 Analytic setup

Let ¢ be a positive even rapidly decaying function whose Fourier transform ngS is supported
n [—1/100, 1/100]. In this section, we study the second moment of Bs:

k —
O] ey IENCH ST B D e IENC S )
k>0,k€27 2 i
where we used By(n, k, N) = —By(n,2 — k, N).

We first collect some preliminary estimates.

Lemma 4.3. We have b1
———¢(N) + On(1), 4.3)

SUN)| =

and
By(n,k,N) <y o1(n). 4.4)

Proof. (4.3) follows from Theorem 13 of [MS09], and (4.1).
To prove (4.4), note that

k—1 —k—1
k= 1ptn — Pin

Pt pt,n

2
<2

2
< =
o |pt,n - ﬁt,n| vV 4TL — t2 o

n-

Therefore

By(n, b, N)| <2 ) > hy ( ),&(t,f,n,N)<<N01(n),

t2<4n f

where we combined Lemma 16 [MS09] and a trivial upper bound (¢, f,n, N) <y 1in
the last estimate. ]

For t € Z such that t* < 4n, define 0 < 6;,, < 7 by

. 1
Vet = 5(zf +iVdn — 12).

We record some trivial estimates regarding 6, ,,’s
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Lemma 4.4. For integer t such that t> < n, we have

L, o]
2v/n " 2y/n

T —
and
0 0 > 1
t,n t+1n — 2\/5
Proof. We have
. Van — t2 1
sinb,,, = > )
’ 2y/n 2y/n
Also,
. 1
e Otn—0t41n) — s iVAn —2)(t + 1 —i/4n — (t + 1)2)
n
SO

SN0 — Ors1n) = 4i((t WA= B — /A0 = (L 1)
1 (t+1)%*(4n — %) — t2(4n — (t + 1)?)

T An (t+ 1)An - P +ty/4n — (t +1)2
2t +1

(t+ DVAn — 2 + t\/dn — (t + 1)2
1
> \/_4_n

We introduce D(t,n) as follows:

By(n,k,N) = Z (ei(k_l)et*" - e_i(k_l)et’") D(t,n).

teZ, t2<4n

Then expanding (4.2) and using D(t,n) = —D(—t,n), we get

> o (55 ) 1Baln ko

ke2Z

_4Z¢( )Z|Dtn

ke2Z t2<dn

+ Z Z ¢< > H n)D(tl’ )D(t27n)

t17#te kE2Z

DI C o B R

t1#£—to kE2Z

=D + 0D,
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where the diagonal part D comes from 0, ,, + 0;,, = 7 and from 60,, ,, = 0, ,,. Note

from Lemma 4.4 that, unless it is an integer multiple of =, 6, ,, = 0,, ,, are contained in

[ﬁﬁ, T — ﬁﬁ] modulo 7. Therefore we have

0D < sup Z ¢ ( ) e!h=e Z |D(t1,n)D(t2,n)|
S [ﬁ,ﬂ'* ke2Z t1,t2
<y sup Z ) ( ) k—1)0 o1(n)?
66[2\} w—#] ke2z
Lemma 4.5. Let T > +/n. Then for any 0 that satisfies 6 € [ﬁ, T — ﬁﬁ , we have
Z ¢ ( ) i(k—1)0 _ O,
k€27,

and as a result
Z¢( )|Bz<nw| _4z¢( ) S (DGt m)P
ke2Z ke2Z t2<4n

Proof. From Poisson summation formula we have

So(tF) e =S (Tt ) =T aem, @y

ke2Z nel meZ

where

B
<
~

|

g 8
ASE
VR

20 — 1Y\ ,
z ) 62(2x71)6€727rmydx

my/ z(0— wy)dx

1\D|’ﬂ [\:>|*ﬂ MIH\

In the last expression, for any m € Z, we have

’T(Wm—ﬁ)' 1
e > =
27 ~ A4r

and since gg is assumed to be supported in [—1/100, 1/100], the right hand side of (4.5)
vanishes. [

We are ready to prove:
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Lemma 4.6. Let ¢ be a positive even rapidly decaying function whose Fourier transform
¢ is supported in [—1/100,1/100]. Let T > \/n. Then we have

k-1 k=1 O
5 (—) \T Y L
2 o7 POV

_2Z¢( ) > |D(t.n) (;) "1:‘)2 +o<n%+€), (4.6)

ke2Z t2<4n

where d s = 1if n is square, and 0 otherwise.

Proof. The summand agrees with By(n, k, N) unless & = 2, so from the computation

given above, we have

k-1 k—1 5\f
o(50) [ - e e
e T i
6 |?
—QZcb( )ZIDtn|+¢ ( ——sO(N)% IBz(TL?N)I)
ke2z t2<4n n
By Lemma 4.2, for N > 1 we have
1 Om
By(n,2,N) =Tt T — E@(N)T\/; - M(N)"i/?

By the Ramanujan bound on the weight 2 modular forms, we have

Tr 7,7 < n nf.

Hence,
1 O /m 2 o1(n)? !
T 77 — S o(N)=Z| —|By(n,2,N)]* = — (+)
r7;L 12§0( >\/ﬁ | 2(”? ) )l n +O n2
This concludes our lemma. ]

4.2 Arithmetic sum
In this section, we estimate the arithmetic part of (4.6):
> D@, n)P
t2<4n
Theorem 4.7. Assume for simplicity that n is odd. Then we have

Vi <y 3 ID(tm)? <y Via(logn)?(loglogn)*

t2<4n
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Recall that

2 — 4n

7
D(t;n) = == ; P (—P

) lt, £, ),

where the inner sum runs over all positive divisors of t* — 4n such that (t* —4n)/f? € Z
is congruent to 0 or 1 (mod 4). i(t, f,n, N) is given by

ilt, fyn, N) =Y ao(N/d)u(N/d)u(t, f,n, d),

d|N
and p(t, f,n, N) is given by

(N)

ults fom N) = 0NN

M(t,n, NNf),

where Ny = ged(N, f) and M (t,n, K) denotes the number of solutions of the congru-
ence 2 — tz +n =0 (mod K).

Denote by H(n) = >_ ), hu(—n/f 2) the Hurwitz class number. For the upper bound
of the arithmetic sum, we write

> D(t,n)? <y Z —t2 —4n), (4.7)

t2<4n t2<4n

using the estimate pu(t, f,n, N) <y 1.
For the lower bound, we first prove the following:

o

—1 forall oddprtmes p|N. Then u(t, fin, N) = oo(N)u(N) for any t = nyg (mod
Proof. For such t, we have u(t, f,n,d) = 0 unless d = 1 or 2. So for an odd N,
filt, f,n, N) = ao(N)u(N).
When N is even, we have
lt, £, N) = 0o(NYa(N) oo (N/2) (N /2)plt, £,1,2) = 0o(N/2)u(N/2) (u(t, £, m,2)~2).

where
/’L(t7 f7 n7 2) = M(t7 n? 2)7
because ged(N, f)| ged(N,t* — 4n) = 1. Then M(t,n,2) = 0 since both n and ¢ are

assumed to be odd, and therefore

jilt, f.n, N) = 0o(N/2)u(N/2) x (=2) = oo(N)u(N). =
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Using this lemma, we bound the arithmetic sum from the below under the assumption
that n is odd as follows:

S pitnP> Y D= Y ZZ(]_V;H?(t?—an)

t2<4n t2<dn t2<dn
t=ng (mod 2N) t=ng (mod 2N)
1 2 (42
> > Tl (t* —4n). (4.8)

t?<dn
t=np (mod 2N)

We now handle the right hand sides of (4.7) and (4.8) separately.

4.2.1 Upper bound

We first recall from [Coh75], that for n = D f? < 0,

H(n) = % > uld)xp(d)o, (g) . (4.9)

daf

where 2w(D) is the number of units in Q(+/—D). Note that

f
Z p(d)xp(d)or Fi

daf
is multiplicative in f, and
k 1

> " u(d)xp(d)oy (%) =01 (p")—xpP)or (P* ) < o1 (p")+o1 (P*7) < (1 + ];) o1 ().
d|p*

Therefore

S utdreotdor (1) <o (1+3) < flogion 1

dlf plf

where we used Gronwall’s theorem in the last inequality. Using a standard upper bound
h(D) < v/Dlog D yields:

H(n) < VD flog D(loglog f)? < v/nlogn(loglogn)?.
Now we apply this to (4.7) to conclude that

Z D(t,n)* <n v/n(logn)*(loglogn)*.

t2<4n
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4.2.2 Lower bound

From Cauchy-Schwarz inequality,

> 4n1_tzH2(t2—4n) > Unt?)> R AGET O

t2<dn t2<dn t2<dn
t=no (mod 2N) t=ng (mod 2N) t=np (mod 2N)
we have
2
1 2 (42 -3 2
Z 4n—t2H (¢ —4n)>>n2 Z H(t — 4n)
t2<4n, t=np (mod 2N) t2<4n, t=ng (mod 2N)

Let r3(n) be the number of ways of representing n as a sum of three squares. Then Gauss’
formula (see for instance, [KO99]) asserts that

rs(n) = 12H(—4n) (n=1,2 (mod 4))
= 24H(—n) (n=3 (mod 8))
=r(n/4) (m=0 (mod 4))
= 0. (n="7 (mod 8))

Observe from (4.9) that if 4 f m, then
H(4*m) = H(m) (01(2") — xp(2)o1(2"1))

and so
2FH(m) < H(4"m) < (28 +2F — 2YH (m).

Combining all these, we conclude that
r3(n) < 48H(—n).

Therefore we have

48 Z H (t2 — 4n) > Z ra(4n — t%),

t2<4n, t=no (mod 2N) t2<4n, t=no (mod 2N)
and observe that the last sum is equal to the number of elements in the following set:
Aoy(n) i={dn =t +2* +y* +2° : 1,y,2,t €Z, t =ng (mod 2N)}. (4.10)

Note that we assume that n is odd and /V is fixed. Then by the result of Kloosterman
[Klo27] who developed a version of the classical circle method with no minor arcs for
quadratic forms in four variables we have

AN(”) > n,
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where the implicit constant in > only depends on the fixed number N; see also the
work of the second author [Sarl5, Theorem 11] for the optimal strong approximation
for quadratic forms in four and more variables which implies the above lower bound with
an explicit dependence on /V.

This completes the proof of the lower bound in Theorem 4.7.

4.3 Completion of proofs

In this section, we prove Theorem 1.3, 1.4, and Corollary 1.5.

Proof of Theorem 1.3. This is simple consequence of combining Lemma 4.6 and Theo-
rem 4.7. 0

Proof of Theorem 1.4. From Lemma 4.6 and Theorem 4.7, we see that LHS of (1.5) is

> eV - A?”E\/)i

for some constant ¢y > 0 depending only on N. If n = p™, then oy(n) = £

m—+1__ 1
p—1

2p™ = 2n, which implies that

NV = An(\/)j (N_%) V. -

Proof of Corollary 1.5. We first note that from (61), [GIS99] that for n = p™,
Z )\ |Bk:N|\/— < 2m2|BZ,N’D(MZ,Nmup)'
FEB; x

By (4.3), we have by 222 + 2y% > (z + y)?,

2 2
kE—1 5\/5
20 ) Al !BkNI > ) ) = —5—e(N)=Z| +0(n™).
1B f 1EB 12 v
Now from Theorem 1.4, we have
1 S o (M) mBARD G Byt @D
— , ,N» Pp ’ .
Zke?Z ¢ (%) k>0,k€2Z K

where K = Ay/n for some fixed sufficiently large A. Assume for contradiction that

1
D, =0 —4——+). 4.12)
(Nk,N Mp) (k2 lOgQ k)
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Then from (4.11), we have

, 1 k—1
nb < _ ¢ (—) i BE P Dt 1)
Zkezz ¢ (71) k>;ke2z K

1 k—1 k
=o| — Z 10) ( ) m? 7} ) .
<Kk>0,k622 K log™ k

1 E—1 k K
LS (kK

4 4
ooz \ K og" k log" K

However,

contradicting the assumption (4.12).

5 Appendix: By Simon Marshall

The purpose of this appendix is to illustrate the geometric origin of the transition behavior
of the J-Bessel function, by recalling the derivation of the Petersson trace formula as a
relative trace formula following [KL06]. Let G = PSL(2,R), and I' = PSL(2,Z). Let
k > 2 be even, and define f € C*°(G) by

k-1 (24)* _(a b
I9) = A (=b+c+ (a+ d)i)¥’ g_(c d)'

This is the L?-normalized matrix coefficient of the lowest weight vector in the weight &
discrete series, see e.g. [KLO06, Section 3.1]. We form the function

Kr(z,y) = > fla"yy)

vyel

on (I'\G)?2. The Petersson trace formula can be proved by integrating Kr(z,y) against
characters over two horocycles on '\, and comparing the geometric and spectral ex-
pansions of K. More precisely, if m,n > 1 and we define

Un:(k/m 1)7

and likewise for o,,, then the integral we wish to expand is

[ (5 ) o (4 ) et

Note that the heights we have chosen for our horocycles are optimal for picking up the n
and mth Fourier coefficients on the spectral side.



34 Junehyuk Jung, Naser T. Sardari, (With an appendix by Simon Marshall)

We shall analyze the geometric side of this integral, which is

/o1 /oléf <U"1 ( : _19: >7( : ?{ >0m> e(—nz + my)dzdy.

We break the sum over  into double cosets N7 /N, which gives

2 /01/01 . f(a;1<1 —1:1:)7(1 Z{)Um)e(—nx—i—my)dxdy.

neEN\T'/N YENNN

The contribution from the identity coset is

/o1 /olzf (051 ( 1 _1x )7< : ? )Um) e(—nx + my)dxdy.

yeEN

This vanishes unless m = n, in which case it is

drn [ 1 =z
L)

i.e. the integral of f over the horocycle of height 1. If 1 # 1, there is no repetition among
the elements n1yn9, and so we may unfold the two integrals to obtain

[W:/_m/_oof (Unl ( 1 —126 )77( 1 ? >0m> e(—nz + my)ddy. (5.1)

This integral has a simple geometric meaning, as the integral of the kernel K (x,y) =
f(x7'y) against characters over the two horocycles No,, and nNo,,. If we write =

a b . . . .
( e d ) with ¢ > 0, then ¢ corresponds to the index of summation on the geometric

side of the Petersson formula. Moreover, the ranges ¢ < 4m/mn/k, ¢ = 47w+/mn/k, and
¢ > 4m\/mn/k correspond to the oscillation, transition, and decay range of the .J-Bessel
function in the following way. We shall use the fact that the kernel K concentrates near the
diagonal in H? x H2 If ¢ < 4mw+/mn/k, then the two horocycles intersect transversally.
The integrand is roughly supported on two balls of radius k~2 and has magnitude k, and
we have I, ~ 1 as expected. If ¢ > 47/mn/k then the horocycles do not intersect, and
I, <y k™. The case ¢ = 4m\/mn/k is where the horocycles are tangent, and so the
integral is roughly supported on a ball of radius k~1. One might expect [, ~ k= from
this, but in fact it is of size k5. As we shall see below, the point is that the phase in (5.1)
has a cubic degeneracy, and this (rather than the support) determines the size of I,,.

We now explicate the relation between I,, and the geometric side of the Petersson for-

mula, and analyze the phase of the integral in the transition range. Writing n = ( CCL Z )
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with ¢ > 0, the double coset Nn/N is determined by c and the residue class of ¢ mod c.
Moreover, we have

(22)-(H 1))

Changing variable in z and y by a translation, we have

I, = e(—(na+md) /c) /: /_Zf (gnl ( b ) ( ) ‘1/0) ( by ) 0m> e(=na-+my)dzdy.

Conjugating the matrices o,, and o0, though to the middle and changing variable gives

I

n:e(—(na+md)/c)(47rl;ﬁ/_z /:f (( 1 o > ( . —47m/k:c) ( 1 v )>

e(k(—z +y)/4r)dzdy.

If we define

o= [ L(( 7)Y )

then the contribution from all  with a given value of c is

k2
(4m)?mn

S(m,n,c)A(ke/dm/mn, k).

In [KLO6, Prop. 3.6], Knightly and Li calculate

1

e kikqm k1 k2
Jom1(k/t) ~ == T (k/),

Alt k) = 2t(k — 2)!

which gives the required appearance of .J;_; on the geometric side.

One again sees the geometric meaning of A(¢, k). It is an integral of K (z,y) against
characters over a horocycle of height 1, and a horocycle corresponding to the point 0 €
OH? and whose highest point is at i/t*. One therefore expects a transition of A(t, k) at
t = 1, and this corresponds to ¢ = 4mw\/mn/k as claimed above. We now write A(1, k)
as an oscillatory integral (with non-imaginary phase function), and examine its critical
point. Using our formula for f gives

AC )G D)= ()

— k4_7r1z"“(1 +ay/2+ily —x)/2)7"
= k4_7rlik exp(—klog(l + zy/2 +i(y — x)/2)).




36 Junehyuk Jung, Naser T. Sardari, (With an appendix by Simon Marshall)

Computing the Taylor expansion of log(1 + xy/2 + i(y — x)/2) gives

log(1+zy/2 +i(y — 2)/2) = 2y/2 +i(y — x)/2 — % (—=(y—2)*/4+izy(y — x)/2)
—i(y — )24+ O(z" +y")
— (49?8 +i((y—2)/2— wyly — 2)/4 - (y— 2)}4) + O(a* + y").

Substituting this into A(1, k) gives

Ay = F

-1 0 o

i [ exp(-hlay)? stk (syly — 2)/4-+ (u - 2)°/20) +EO(a* +y")dudy,
The leading term —k(z + y)?/8 in the phase truncates the integral to the line x +y = 0

at scale k2, and along this line the leading term in the phase is imaginary with a cubic

degeneracy. This is why one has A(1, k) ~ ks compared to A(t, k) ~ 1 fort < 1. O
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