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Integral Formulas for Affine Surfaces

and

Rigidity Theorems of Cohn-Vossen Type

I(atsumi Nomizu and Barbara Opozda

In this note we establish sorne integral fOfD1ulas for sutfaees in affine space whieh are
analogous to those for surfaces in Euelidean spaee. As applications we provide proofs for
the classical theorems of Blasehke that ehaxaeterize ellipsoids among the ovaloids. Then
we proceed to prove sorne results on the rigidity of compact affine surfaces provided
with equiaffine transversal fields.

Emphasis in the note is more on exposition than on new, original results. The
rigidity theorem of Cohn-Vossen type (Theorem 4) we establish is in weaker fonn than
what is given in [5), but our approach, based on the integral fonnulas, is elementary and
easily approaehable. It is eomparable to Herglotz's proof of the original Cohn-Vossen
theorem for surfaees in Euelidean space (see [Cl).

In Section 1 we recall the basic facts about affine surfaces and derive integral
formulas. In Section 2, we prove two characterization theorems (Theorems 1, 2), due to
Blaschke, for ellipsoids. There are perhaps several different proofs which are seattered
in [B] and in some referenees contained in [B]. In Section 3 we prepare a few lemmas
that are used in Seetion 4 in order to prove several congruence results, Theorems 3, 4
and 5. As mentioned already, Theorem 4 is our affine version of the rigidity theorem of
Cohn-Vossen; the ease of Blaschke surfaces (Corollary to Theorem 4) was first presented
at a seminar at I(U, Louvain, in June 1990.

1. Integral formulas

Let M 2 be a connected, orientable, differentiable 2-manifold. Let I : M 2
-t R 3 be

an immersion into the affine 3-spaee equipped with a globally defl.ned transversal vector
field ealong I. For all tangent veetor fields X, Y we ean write

(1) Dx I.(Y) = 1.(\1X Y) + heX, Y)e,

where D denotes the usual Hat connection in R3 • This formula defines a torsion-free
affine eonnection \l, said to be induced by (I, () and abilinear symmetrie tensor h,
called the fundamental form for (I, e). The rank of h does not depend on the ehoiee of
transversal veetor field. H the rank is n, we say that I is nondegenerate.

We restriet our attention to transversal veetor fielclS ewith the property that D xe
is tangential to 1.(M2 ); they are ealled equiaffine transversal veetor fields. H we set

(2) B(X, Y) = det (/.X, I.Y, (),
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for all tangent vectors X, Y to M2, 8 is a volwne element on M 2 which is '\7-parallel.
We may also write

(3) Dx~ == - f.(SX),

thus defining a (l,l)-tensor field S, called the shape operator for (f, ~).

Remark 1. For the f1llldamental equations of Gauss, Codazzi and Rieci, see [N-P]. The
Ried tensor for '\7 is given by Ric (Y, Z) = h«trSI - S)Y, Z). For sunaces, if Ric is
nondegenerate, then S is nonsingular and h is nondegenerate. The converse also holds.

The classical Blaschke theory goes like this. Assume J : M 2 -+ R 3 is nondegenerate.
Then we can find a unique equiaffine transversal vector field e(up to sign), called the
affine normal, such that the form f) defined by (2) coincides with the volume element
of the nondegenerate metric h. When we choose an affine normal e, the corresponding
structures '\7, h and S are called, respectively, the Blaschke connection on M 2 , the
affine fundamental form (or affine metric) and the affine shape operator. Or we may
simply refer to f : M 2 -+ R3 as a Blaschke immersion or a Blaschke surface. We call
K == detS and H == trS/2 the affine Gaussian curvature and the affine mean curvature,
respectively.

Suppose that M 2 is compact and J : M 2 -+ R3 is a nondegenerate imbedding with
an equiaffine transversal vector field e(not necessarily an affine normal). It is known
that J(M 2

) is a convex surface which is the boundary of a convex body. By changing e
to -e, if necessary, we may assume that h is positive-definite and eis inward. We call
M 2 an ovaloid (in the sense of affine differential geometry).

It goes without saying that all the definitions go over to the case of an immersion
Mn -+ Rn+l. But we are concerned with the case n == 2 in this paper.

Now assume that J and 1 are two immersions: M 2 -+ R3
, where M 2 is compact.

Assume that we have equiaffine transversal vector fields e, [ for J, J such that \7 ==
'\7, f) == B. We shall derive a mixed integral formula. We define al-form Q' by

(4) a(X) == 8(Z, SX),

where S is the shape operator for f and Z denotes the tangential component of the
position vector J( x):

(5)

Obviously, we can define a similar form, say, Qr by interchanging the roles of f and J:

(4) ä(X) == 8(Z, SX),
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where S is the shape operator for f and

(5) lex) = p~+ l .. zx.
We compute da. From a(Y) = O( Z, SV) we obtain

(6) X a(Y) = ('\7xO)(Z, SV) + 0('\7xZ, SV) + O(Z, (V'xS)Y) + B(Z, S('\7X V)).

Here we have '\7xB = O. In order to take care of '\7x Z, we consider the conormal map
v : M2 -t R3 : for each x E M 2, V X is the covector in the dual space R3 such that
vx(~x) = 1 and v:r;(f.. X) = 0 for all X E Tx(M2 ). Then in (5), we have p = v(f(x)).
We define the affine distance function p: M 2

-t R by p(x) = v(f(x)),x E M 2
• Thus

(5') f(x) = pex + f .. z:r;.

Differentiating trus equation relative to X we get

(7) '\7xZ=pSX+X and h(X,Z)=-Xp.

We can rewrite (6) as follows:

X a(Y) = pO(SX, SV) + B(X, SV) + B(Z, ('\7xS)Y) + O(Z, S('\7x V)).

Taking Xa(Y) - Ya(X) - a([X,Y)) and using the Codazzi equation ('\7yS)(X) 
('\7xS)(Y) we obtain

(8) (da)(X, Y) = p[B(SX, SV) +O(SX, SY) +8(X, SY) + 8(SX, V)].

2 2

SXj =L S;Xi and SXj = L S;Xi.
i=l i=]

From (8) we compute

where < , > denotes the inner product of signature (-, -, +, +) in the space of all
endomorphisms of Tx (M 2 ) defined by

< A, B >= {tr(AB) - trA . trB]/2.
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We also have
-2 < A, B >= detA + detB - det(A - B).

It finally follows that

(9) da = [pe detS + detS - det(S - S)) + trS]8.

Next we define al-form ß by ß(X) = 8(Z,X), where X is any tangent vector and
Z is as in (5). It is quite simple to get

(10)

(I)

dß = [2 + ptrS]8.

From (9) we get

r [2pdetS + p(detS - detS)) - pdet(S - S) + trS]8 = O.1M2
In particular, taking J = f we get

(lI)

From (I) and (11) we obtain

r [2pdetS + trS]8 = O.1M2

(III) [ (trS - trS +p(detS - detS)]8 = [ pdet(S - S))8.1M2 1M2
From (10) we get

(IV) r (2 + ptrS)B = O.1M2

2. Characterizations of ellipsoids

We shall now prove two characterization theorems for ellipsoids among the ovaloids
with Blaschke structures.

Theorem 1. H the affine Gaussian curvature]{ of an ovaloid f : M 2 ----+ R 3 is constant,
then !( is positive and f(M2) is an ellipsoid.

Theorem 2. H the affine mean curvature H of an ovaloid f : M 2 -+ R 3 is constant,
tben f(M2) is an ellipsoid.

Remark 2. The original result by Blaschke for Theorem 1 assumes that K is a positive
constant, see [B, p.248]. Theorem 2 is stated in [B, p.201] and proved in the reference
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cited there. To prove Theorems 1 and 2, it is sufficient to show that, for an ovaloid
f : M2 -+ R 3 with an equiaffine transversal vector field, the assumption that detS =
constant or trS = constant implies S = pI, where p is a nonzero constant. Then if f is
further a Blaschke imbedding, it follows that f(M2) is an ellipsoid by another theorem
of Blaschke [B, p.212].

Proof of Theorem 1. We may assume that h is positive-definite. By Lemma 3.1 in
[O-V], it follows that detS is a positive constant. We may assume K == I, without lass
of generality. Let kl, k2 be two eigenvalues of S so that k1k2 = 1. Hence

H == (k1 +k2 )/2 = (k I +1/kI )/2 ~ I, and the equality holds if and only if k1 = k2 •

Now since M2 is convex, we may choose a point, say, 0 in the interior of the convex
body bounded by f(M2) so that the position vector from 0 to f{x) for each point x of
M 2 is transversal to f(M2). Then the affine distance p from 0 is negative-valued on
M 2 • From (IV) and (11) we obtain

r _pO = r HO?:. r 0 = r -pH8
JM2 JM2 JM2 JM2

and hence

r p(l - H)O ~ O.
JM2

Eut P < 0 and 1 - H ~ O. Hence the integral above is ?:. O. It follows that the integral
fiust be 0 and hence H = 1. We get kI == k2 •

Proof of Theorem 2. We mayassume 1 = H = (k1 + k2 )/2. Then

and the equality holds if and only if k1 == 1. By (IV) and (11) we get

r _pB == r 0 = r -pK0,
JM2 1M21M2

which implies JM2 p(l - K)8 == O. Since p < 0 as before and 1 - ]{ 2:: 0, it follows that
K == 1 and hence k1 == k2 == I, as desired ..

3. Lemmas

The following lemma is essentially in [SL].

Lemma 1. Let f : (M2, ~) -+ R 3 be a Blaschke surface. Then the affine Gaussian
curvature !( == det S is equal to f det R(X I, X 2), wbere f == ±1 dep ending on whether h
is definite or not, and {Xl, X 2 } is a unimodular basis (i.e. 8(XI , X 2 ) = 1), detR(X1 , X 2 )

being independent of the choice of such {Xl, X 2 }.

5



Prooe. We include a proof for the sake of completeness. Let h be the fundamental form
for I and let {Xl, X 2} be an orthonormal basis in Tx ( M 2 ) relative to h : h(X 1, Xl) =

1, h(X1 ,X2 ) = 0, h(X2 ,X2 ) = f, where f = ±1. Frofi the Gauss equation we have
R(XI,X2 )X1 = -SX2 = -SJX1-SiX2 and R(X1,X2 )X2 = €SX1 = €(SfX1+S;X2 );

by computing det R(XI,X2 ) we find it to be €detS = €!(. Now observe furthermore
that R(X1 , X 2 ) is independent of the choice of XI, X 2 such that 8(X1 , X 2 ) = 1. Thus
K is determined by (V, 8) and the signature of h.

Lemma 2. Let [ : Mn 7' Rn+1 be a bype!'S~ace wjth a transversal vector fieId~. H
a, ß E R - {O}, I = a/, ~ = ß~, and if V, h, S, and 8 are tbe induced conneetion, the
fundamental fonn, the sbape operator and the volume element corresponding to (j, {),
then we have

V = V,

In particular, if a = ß, then

- a
h= -h,

ß

Lemma 3. Let g, 9 be positive-definite scaJar products on a 2-dimensional vector space
V and A, Ä be endomorpbisms, botb positive-definite (or both negative-definite) and
symmetrie relative to 9 and 9, respeetively. Assume that g, g, A, A are reiated by

(11) g(Y, Z)AX - g(X, Z)AY = g(Y, Z)Ax - g(X, Z)AY

for evezy X, Y, Z E V. H detA = detA or trA = trA, then det(A - A) =:; 0, and the
equaJity holds if and onIy if A = A.

Praoe. Fix an orientation on V. Let {eI, e2} be a positively oriented g-orthononnal
basis of V diagonalizing A and {ej, e-2} a positively oriented g-orlhogonal basis diago
nalizing A. Then

for same PI, P2, 111, fJ.2· We may assume that ).1 2:: ).2 and 111 2:: fJ.2·

Let e1 = ae1 + be2, e2 = ce1 + de2. Also eonsider the matrices

By a straightfonvard computation we obtain
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where I = detL > 0 and ß = be.
Ftorn (11) we can compute
.A2 e2 = g(el, el )Ae2 = g( el, el )Äe2 - g(el, e2)Äel

= (l/z3){g(del - be2, del - be2)Ä( -cel +ae2)

-gedel - be2, -cel + ae2 )A(deI - be2)}

= (1/P)[(dC/l2 + bafLl)el + (b2fLl + cPfL2)e2].
Hence

(13)

and

(14)

Assume that c # O. Then by (13) we have dfL2 = -bapl/c. By substituting this fonnula
inta (14) and using the equality I = ad - bc we get

(15)

Since A and A are both positive-definite or both negative-definite, we have by (15)
b/c < 0, Le. ß = bc < O. Of course, if e = 0, then ß = O. Heuce we conclude ß ::; O.
Since detA = detA or trA = trÄ, we have (Al -lll)(A2 - J.l2) ~ O. Of course, we have
(1/1)(pl - Jl2)(..\1 - ..\2) 2: O. Using fOfffiula (12) we see that det(A - A) ::; O.

Now suppose we have the equality in this formula. Then

and

(16)

If ß < 0, then J.Ll = J.L2 or ..\1 = "\2, By (16) we have PI = Jl2 = ..\1 = "\2, which clearly
implies the equality A = A. If ß = 0, then by (13) and by the faet that 1 # 0 we get

b = c = O. Then LBL-1 = (~l :2) und by (16) we get A = Ä.

Lemma 4. Let g, 9 be positive-definite scalar products on a 2-dimensional vector space
V and A, A isomorpbisms of V symmetrie relativ'e to 9 and g, respectively. Assume that
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g, 9, A, A are related by (11). H detA = detA and trA = trA = 0, then det(A - A) 2: 0,
the equality holds iE and only if A = A.

Proof. Using the same notation as in the proof of Lemma 3, we have

and by (12)

(17) det(Ä - A) = 4(ß /1)>',2.

Using (15) we get ß > 0, Le. det(A - A) 2: o.
Now suppose det(Ä - A) = O. By (17) we get ß = O. Then by (13) and by the fact

I = da - bc t= 0, we obtain b = c = o. Hence LBL-1 = (~ ~A) and, consequently,

A=Ä.

4. Congruence theorelllS

We shall first prove the following Ioeal eongruenee theorem.

Theorem 3. Let /, f : M 2 -+ R3 be Blaschke surfaces with definite affine metries
h, h. Assume tbat the Blascbke connections induced by / and f are equal and have
nondegenerate Ricd tensors.

(i) H tbe affine shape operators S and Sare botb positive-definite (or both negative
definite), tllen det(S - S) ~ 0,. the equality holds iE and only if f and f are affinely
congI11ent.

(ii) H f and 1 are affine minimal, then det(S - S) ;::: 0,- the equality holds if and
only if f and 1 are afIinely congruent.

Proof. First remark that S and S are nonsingular, beeause the Rieci tensor is non
degenerate, and that detS = detS by virtue of Lemma 1. To prove (i), we note that
the Gauss equation implies an equation of the form (11), where 9 = h, 9 = h, A = S,
and Ä = S. By Lemma 3, we get det(S - S) ~ O. H the equality holds, then again
by Lemma 3 we eonclude that S = S. By the Gauss equation, we get h = h. It now
follows that f and 1 are affinely eongruent. Similarly, Lemma 4 proves (ii).

We are now in a position to prove the following main theorem.

Theorem 4. Let M 2 be a connected, compact, orientable 2-manifold and let f,l :
M2 -+ R 3 be two nondegenerate imbeddings with equiaffine transversal vector neids
~,{. Assume that det S for f is nowhere O. If tbe induced connections coincide and if
det S = det S at evelJ' point, then f and 1 are afIinely congruent.
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Proof. The fundamental forms h, h for /, f are definite. We ean assmne that they are
positive-definite; namely, if, for instanee, h is negative-definite, then we can replaee / by
- /. We may also assume that the induced volume elements f} and jj coincide, because
\1f} = \1lJ = 0 implies that lJ = cf} with some eonstant c and it is sufficient, by virtue of
Lemma 2, to multiply / and eby C

1
/

3
•

As before, we choose a point 0 in the interior of the body bounded by /(M) so that
the affine distance function p for (/,~) from 0 is negative. There is a point where the
form B(X, Y) = h(SX, Y) is positive-definite (see [O-V], Lemma 3.1). At that point S
is positive-definite. By assumption, detS is never 0 and henee S is positive-definite on
M. Because of the same reason, the shape operator S is positive-definite on M. Now
we can apply Lemma 3 and get p det(S - S) ~ 000 M. From the integral formula (III):

J(trS - tr8)0 = Jp det(S - 8)0,

we obtain JtrSO - Jtr80 2: o.

By interehanging S and S we obtain the reversed inequality, and eonsequently det(S
S) = 0 on M 2 . By Lemma 3 we have S = S. The rest of the proof is similar to that of
Theoem 3.

The following is the rigidity theorem for Blalsehke imbeddings.

Corollary. Let / : M 2 ~ R 3 be an ovaloid sucb that tbe affine Gaussian curvature
K vanisbes nowbere. H a Blascbke imbedding f : M2 ---4 R 3 bas tbe same indueed
connection as that of /, then J is afIinely congruent to f.

Proof. This follows from Theorem 4 and Lemma l.

Remark 3. In Theorem 4 and its Corollary, we can replaee the assmnption that detS
is nawhere 0 by the assumption that the Ried tensor is oondegenerate. See Remark l.

We shall now prove

Theorem 5. Let M 2 be a connected, compact orientable 2-manifold and let /, f :
M 2 be a nondegenerate imbedding and a nondegenerate immersion, respectively, with
equiafIine transversal vector neIds e,~. Assume that they have tbe same induced con
nection \1 with nondegenerate Rieci tensor. H trS = trS and detS .::; detS, then f and
1 are aJRnely eongurent.

Proof. Since the farms B(X, Y) = h(SX, Y) for (f, e) and B(X, Y) = h(SX, Y) for
(1, {) are positive-definite on M 2 and the fonns h and li are definite, we see that S and
S are definite. Since trS = trS, it follows that S and S are both positive-definite or
both negative-definite. It also means that h and h are both positive-definite or both
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negative-definite. We may Msume that they are both positive-definite. By choosing
a point 0 in the interior of the body bounded by f(M2) we obtain a negative-valued
distance function p for (/,~) relative to o. By Lemma 3, we have det(S - S) :::; O. Hence
we get

r pdet(S - S) ~ O.1M2
On the other hand, since p is negative and detS - detS ~ 0, we have

r p (detS - detS) :::; O.1M2
Using the integral formula (lU) we obtain

f pdet(S - S) = 0,1M2
and, consequently, det(S - S) = 0 on M2. By Lemma 3, we get S = S. Then we get
h = Ti as before.
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