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THE DIVISIBILITY BY 2 OF RATIONAL POINTS ON ELLIPTIC
CURVES

BORIS M. BEKKER AND YURI G. ZARHIN

ABSTRACT. We give a simple proof of the well-known divisibility by 2 condition
for rational points on elliptic curves with rational 2-torsion. As an application
of the explicit division by 2™ formulas obtained in Sec.2, we construct versal
families of elliptic curves containing points of orders 4, 5, 6, and 8 from which
we obtain an explicit description of elliptic curves over certain finite fields Fq
with a prescribed (small) group E(F4). In the last two sections we study 3-
and 5-torsion.

1. DIVISION BY 2
Let K be a field of characteristic different from 2. Let
(1) E:yzz(:cfal)(xfag)(xfag)

be an elliptic curve over K, where oy, as, ag are distinct elements of K. This means
that E(K) contains all three points of order 2, namely, the points

(2) W1 = (al,O),Wg = (QQ,O),Wg = (053,0).

The following statement is pretty well known ([3, pp. 269-270], [7, Ch. 5, pp.
102-104], [4], [5, Th. 4.2 on pp. 85-87], [2, Lemma 7.6 on p. 67] [1, pp. 331-332],
[14, pp. 212-214]; see also [15]).

Theorem 1.1. Let P = (zg,y0) be a K-point on E. Then P is divisible by 2 in
E(K) if and only if all three elements xo — «; are squares in K.

This assertion is traditionally used in the course of a proof of the Weak Mordell-
Weil Theorem for elliptic curves. While the proof of the claim that the divisibility
implies the squareness is straightforward, it seems that the known elementary proofs
of the converse statement are more involved/computational. (Notice that there is
another approach, which is based on Galois cohomology [10, Sect. X.1, pp. 313—
315].)

We start with an elementary proof of the divisibility that seems to be less com-
putational. (In additional, it will give us immediately explicit formulas for the
coordinates of all four 1 P.)

Proof. So, let us assume that all three elements x¢y — o; are squares in K, and let
Q@ = (z1,y1) be a point on E with 2Q) = P. Since P # oo, we have y; # 0, and
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2 BORIS M. BEKKER AND YURI G. ZARHIN

therefore the equation of the tangent line L to E at Q may be written in the form
L:y=lx+m.

(Here x1,y1,l, m are elements of an overfield of K.) In particular, y; = lx; + m.
By the definition of @ and L, the point —P = (zg,—yp) is the “third” common
point of L and E; in particular, —yo = lzg + m, i.e., yo = —(lzg + m). Standard
arguments (the restriction of the equation for E to L, see [11, pp. 25-27], [14, pp.
12-14], [1, p. 331]) tell us that the monic cubic polynomial

(x — a1)(z — az)(z — az) — (lz + m)?
coincides with (z — z1)?(2 — zo). This implies that
—(la; +m)? = (a; — 21)*(a; — x0) for all i = 1,2, 3.

Since 2Q) = P # oo, none of x1 — a; vanishes. Recall that all g — «; are squares in
K and they are obviously distinct. Consequently, the corresponding square roots
[1, p. 331]

are distinct elements of K. In other words, the transformation
lz4+m
—z 4+ a1

of the projective line sends the three distinct K-points aq, oo, a3 to the three dis-
tinct K-points r1, 79,73, respectively. This implies that our transformation is not
constant, i.c., is an honest linear fractional transformation ! and is defined over K.

Since one of the “matrix entries”, —1, is already a nonzero element of K, all other
matrix entries [,m,x; also lie in K. Since y; = lx; + m, it also lies in K. So,
Q = (z1,y1) is a K-point of E. |

Let us get explicit formulas for z1,y1,l, m in terms of 1,72, 73. We have
o =0 — 12, lag +m = ri(z1 — a;),
and therefore
zo —7f) +m = riler — (w2 —17)] =} + (21 — z2)rs,

which is equivalent to 73 +1r2 + (1 — zo)r; — (lzg +m) = 0, and this equality holds
for all ¢ = 1,2,3. This means that the monic cubic polynomial

h(t) =3 + 1t? + (v1 — wo)t — (Ixg +m)
coincides with (¢t — r1)(t — r2)(t — r3). Recall that —(lzg + m) = yo and get
(3) rireT3 = —Yo-
We also get

l=—(r14+re+rs), x1 —xg = 71172 + 273 + T3771.

This implies that
(4) x1 = xo + (r17re + rors + 1r3ry).
Since y; = lz1 + m and —yy = lzg + m, we obtain that

m = —yo — lzg = —yo + (r1 + r2 + 13) 20,

L Another way to see this is to assume the contrary. Then the determinant lx1 +m = 0, i.e.,
yo = 0, and therefore P = 2@ is the infinite point, which is not true.
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and therefore
y1 = —(r1+ra+r3)[xo + (r1ire + rars +rar)] + [—yo + (r1 + 72 + 73) 20,
i.e.,
(5) Y1 = —yo — (r1 +ro +r3)(rire +rors 4 r371).
Notice that there are precisely four points @ € E(K) with 2Q = P,
(6) Q= (xo+ (rir2 +7rers +1371), —Yo — (r1 +r2 +13)(rir2 +rarz +1371))

each of which corresponds to one of the four choices of the three square roots
ri = xo— o € K (i = 1,2,3) with r1rarg = —yo. Using the latter equality, we
may rewrite (5) as 2

(7) y1 = —(r1 +r2)(r2 +73)(r3 +71).
In addition,
(8) 1= i+ (s 1) (ri + 1),

where 7, j, k is any permutation of 1,2, 3. Indeed,

Ty — o = (2o — ;) + 1179 + Tor3 + 1371 =

T+ r1re + rors + rary = (v + 1) (1 + 7).
The remaining four choices of the “signs” of ri,rs, 73 bring us to the same values
of abscissas and the opposite values of ordinates and give the results of division by
2 of the point —P.

Conversely, if we know Q = (z1,y1), then we may recover the corresponding
(r1,72,73). Namely, the equalities (8) and (7) imply that

ri+rg=— 2 ,
T — Oy
ro— _(rj+rk)+(7'i+7"j)+(?”i+7’k)
=
2

Y1 1 1 1
2 Ty —Q; T — 0 T — Qg

for any permutation i, j, k of 1,2, 3.

Example 1.2. Let us choose as P = (zg,yo) the point W5 = («as,0) of order 2
on E. Then r3 = 0, and we have two arbitrary independent choices of (nonzero)

r1 = as —aj and ro = \/ag — ay. Thus

Q = (a3 +rir2, —(r1 + 1r2)rire) = (a3 +ri7r2, —r1(0s — ) — ra(az — ay))
is a point on F with 2QQ = P; in particular, @ is a point of order 4. The same is
true for the (three remaining) points —Q = (a3 + r172, r1(ag — az) + ro2(ag — aq)),
(az —r179, —1r1(Qz — ag) +r2(as — 1)), and (a3 — 179, 1 (a3 — a) —ro(as — aq)).

Recall that, in formula (6) for the coordinates of the points P, one may ar-
bitrarily choose the signs of 71, 72,73 under condition (3). Let @ be one of %P’s
that corresponds to a certain choice of r1,7r2,73. The remaining three halves of
P correspond to (r1,—re, —r3), (—r1, 72, —73), (—r1, —72,73). Let us denote these
halves by Q1, Qs, Qs, respectively. For each i = 1,2, 3, the difference Q; — @ is a
point of order 2 on E. Which one? The following assertion answers this question.

2This was brought to our attention by Robin Chapman.
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Theorem 1.3. Let i, j, k be a permutation of 1,2,3. Then
(i) If P =W,, then Q, = —Q.
(ii) If P # W, then all three points Q;, —Q, W; are distinct.
(iii) The points Q;, —Q,W; lie on the line
y=(rj +re)(@ — o).
(iV) Qi — Q = Wi.
Proof. First, assume that P = W;. In this case, formulas (4) and (5) tell us that
Q = (@i + 11k, =113 + 7k));
which implies that
Qi = (i +ryri, ryri(ry + 7)) = —Q
and
Qi-Q=-2Q=-P=P=W,.

This proves (i) and a special case of (iv) when P = W,. Now assume that P # W;
and prove that the three points Q;, —Q, W; are distinct. Since none of @); and —@Q
is of order 2, none of them is W;. On the other hand, if Q; = —@Q, then

20=P=2Q;=-2Q=-P,

and so P has order 2, say P = W;. Applying (a) to j instead of i, we get Q; = —Q;
but Q; # Q; since ¢ # j. Therefore Q;, —Q),W; are three distinct points. This
proves (ii).

Let us prove (iii). Since

xy — oy = (ri +7r5)(ri + 1), y1 = —(r1 +12)(r2 +1r3)(rs +71),
we have y; = (r; + ) (21 — «;). Further
2(=Qi) — i = (ri —75)(ri —7),

y(=Qi) = (ri =) (=rj —re)(=rk + i) = (rj + i) (@(=Qs) — i) -
Therefore Q;, —Q, W, lie on the line

y=(reg+r)(z— ).

We have already proven (iv) when P = W,. So, let us assume that P # W;.
Now (iv) follows from (iii) combined with (i). O

In what follows we discuss a criterion of divisibility by any power of 2 in F(K)
(Section 2). In Sections 3,4,5 we will use explicit formulas of Section 1 in order to
construct versal families of elliptic curves E such that E(K) contains a subgroup
isomorphic to Z/2mZ ® 7/27 with m = 2,4, 3 respectively. (In addition, in Section
3 we construct a versal family of elliptic curves E such that E(K) contains a
subgroup isomorphic to Z/4Z & Z/4Z.) Such families are parameterized by K-
points of rational curves that are closely related to certain modular curves of genus
zero (see [6, 9]); however, our approach remains quite elementary. In addition, in
Sections 4 and 6 we construct versal families of elliptic curves E such that E(K)
contains a subgroup isomorphic to Z/8Z @ Z/AZ and Z/10Z & Z /27 respectively.
These two families are parameterized by K-points of curves that are closely related
to certain modular curves of genus 1.
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As an unexpected application, we describe explicitly (and without computations)
elliptic curves E over small finite fields F,; such that E(F,) is isomorphic to a certain
finite group (of small order).

Acknowledgements. We are grateful to Robin Chapman for helpful comments.

2. DIVISION BY 2"

Using the formulas above that describe the division by 2 on E, one may easily
deduce the following necessary and sufficient condition of divisibility by any power
of 2. For an overfield L of K, we consider a sequence of points @), in E(L) such that

Qo=Pand 2Q, 1 = Q, for all p=0,1,2,.... Let v r{" " (1 =0,1,2,...)
be arbitrary sequences of elements of L that satisfy the relations
(r")? = 2(Qu) - as.
Then for each permutation 4, j, k of 1,2,3 we obtain, in light of the formula (8),
(@urs) = () ) o) 1),
which implies that
(T2 = 6 ).

obtain all possible values of the abscissas of Q(,41) With 2Q 11 = Q.

Suppose that @, € E(K). Then @, is divisible by 2 in E(K) if and only if one
may choose rf“),r](-”), r,(c“) in such a way that (Tgﬂ) + Tg»“))(rl(“) + T}iu)) are squares
in K for all : = 1,2,3. We proved the following statement.

By changing the signs of ri, T§-”), r,(cﬂ) in the product (7“5“) + 7“5-“))(7“2(”) + r,i“)), we

Theorem 2.1. Let P = (z0,y0) € E(K). Let r{* r{" +{" (1 =0,1,2,... ) be
sequences of elements of L that satisfy the relations

(,r?)z _ 7“1'2 = 20 — (rz(u+1))2 _ (rl(u) + réll))(rl(u) + 7n](ft))
for all permutations i, j, k of 1,2,3. Then P is divisible by 2™ in E(K) if and only
if all xg — oy are squares in K, and for each p = 0,1,...n — 1 one may choose
square roots r%“), Té”), ré“) in such a way that the products (7“1(”) + r§”))(r§”) + 7“,(6“))
are squares in K (and therefore for all p=10,1,...n—1 all 7’5”) lie in K).

The knowledge of sequences ri” ),7“5“ ),r§” ) allows us step by step to find the
points %P, %P, %P etc.
Example 2.2. Let P = (z9,yo0), let R be a point of E such that 4R = P, and let
Q = 2R = (z1,y1). By formulas (4) and (7),
Ty =20 + (r1r2 + rars +7371), Y1 = —(r1 +12)(r2 +73)(r3 +71),
where the square roots
Ty = VTo — Oy, 1= 1727?”

are chosen in such a way that rirors = —yg. Further, let
1
r = \/(rZ + 1) (ri + i)
be square roots that are chosen in such a way that

rrr) = —yy = (4 r2) (2 ) (s 7).
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In light of (4) and (7),
z(R) =z + Tgl)rél) + rél)rgl) + rél)r§1),
y(R) = ~(ri" + )" + o5y (5 oY),
which implies that
2(R) =z + (rire + rarg + 1r3ry) + (rgl)rél) + rél)rél) + rél)rgl)L

)
y(R) = =17 + )" + ) + 1),

3. RATIONAL POINTS OF ORDER 4

In the sequel, we will freely use the following well-known elementary observation.
Let k be a nonzero element of K. Then there is a canonical isomorphism of the
elliptic curves
E:y? = (z—a1)(z—a)(z — a3)

b= () (- 2) (- )

that is given by the change of variables

)
K2’ K3

and

and respect the group structure. Under this isomorphism the point («;,0) € E(K)
goes to (a;/k?,0) € E(k)(K) for all i = 1,2,3. In addition, if P = (0,y(P)) lies in
E(K), then it goes (under this isomorphism) to (0,y(P)/x?®) € E(k)(K).

We will also use the following classical result of Hasse (Hasse bound) [14, Th. 4.2
on p. 97]. If q is a prime power, F, a g-element finite field and E is an elliptic curve
over Fy, then E(F,) is a finite abelian group, whose cardinality |E(F,)| satisfies the
inequalities

(10) q—2/q+1<|EF,)| <q+2yq+1.

We are going to describe explicitly elliptic curves (1) that contain a K-point of
order 4. In order to do that, we consider the elliptic curve
Eixn:yi=(@+ ) (z+ Da
over K. Here ) is an element of K \ {0,+1}. In this case, we have

2

alz—)\7a2:—1, OégZO.

Notice that
Eia=E&1 2
All three differences
a3 — (1 :/\2, a3—a2:12, a3—a3202

are squares in K. Dividing the order 2 point W3 = (0,0) € &1 A(K) by 2, we get
r3 = 0 and the four choices

r = :tA, To = +1.
Now Example 1.2 gives us four points @ with 2Q = W3, namely,

()‘a :F(A + 1))‘)a (7)5 :t(>‘ - 1))‘)
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This implies that the group £; x(K) contains the subgroup generated by any @ and
W1, which is Z/4Z & 7,/2Z.

Remark 3.1. Our computations show that if () is a K-point on Ej », then
2Q = W3 if and only if z(Q) = £A.
Both cases (signs) do occur.

Remark 3.2. There is another family of elliptic curves ([6, Table 3 on p. 217] (see
also [9, Part 2], [8, Appendix E]))

2 2 3 2 2
xz'i ¢ — — = x° — t4 — — €T

whose group of rational points contains a subgroup isomorphic to Z/47 @ Z./27.
Theorem 3.3. Let E be an elliptic curve over K. Then E(K) contains a subgroup
isomorphic to Z/AZ ® Z/27Z if and only if there exists A € K \ {0,+1} such that E
is isomorphic to &1 .
Proof. We already know that & x(K) contains a subgroup isomorphic to Z/4Z &
Z/2Z. Conversely, suppose that E is an elliptic curve over K such that E(K)
contains a subgroup isomorphic to Z/4Z @® Z/27Z. Then E(K) contains all three
points of order 2, and therefore E' can be represented in the form (1). It is also
clear that at least one of the points (2) is divisible by 2 in F(K). Suppose that
Wy is divisible by 2. We may assume that as = 0. By Theorem 1.1, both nonzero
differences

—] = O3 — 1, —Qy = QO3 — Q2
are squares in K; in addition, they are distinct elements of K. Thus there are
nonzero a,b € K such that a # +b and —ay = a?, —as = b%. Since az = 0, the
equation for F is

E:y* = (v +d*)(z +b*)r.

If we put k = b, then we obtain that F is isomorphic to

2
E):y” = <33/ + ZQ) (' +1)a’,
which is nothing else but & » with A = a/b. ]

Corollary 3.4. Let E be an elliptic curve over Fs. The group E(Fs5) is isomorphic
to ZJAZ © 7.)27 if and only if E is isomorphic to the elliptic curve y? = 2® — x.

Proof. Suppose that E(F5) is isomorphic to Z/4Z @ Z/27Z. By Theorem 3.3, E is
isomorphic to

y? = (x + \*)(x + 1)z with A € F5\ {0,1,—-1}.
This implies that A = +2, A2 = —1, and so F is isomorphic to
12 =@ —-1)(z+1)=2° -2z

Now we need to check that & 2(F5) & Z/4Z & Z/2Z. By Theorem 3.3, E(Fs)
contains a subgroup isomorphic to Z/4Z @ Z/27Z; in particular, 8 divides |E(F5)].
In order to finish the proof, it suffices to check that |E(F5)| < 16, but this inequality
follows from the Hasse bound (10)

|E(Fs5)| <5+2V5+1 < 11.
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Corollary 3.5. Let E be an elliptic curve over Fy. The group E(F7) is isomorphic
to ZJAZSZ)27 if and only if E is isomorphic to the elliptic curve y? = (v +2)(z +
Dz.

Proof. Suppose that E(F7) is isomorphic to Z/4Z $Z/27Z. Tt follows from Theorem
3.3 that E is isomorphic to y* = (z + A\?)(z + 1)x with A € F7 \ {0,1,—1}. This
implies that A = 2 or £3, and therefore A2 = 4 or 2, i.e., E is isomorphic to one
of the two elliptic curves

13 =@ +2)(x+ Dz, E12:9° = (z+4)(z+ 1)z

Since 1/4 = 2 in F7, the elliptic curve &; 3 coincides with & 2(2); in particular, & o
and &; 3 are isomorphic.

Now suppose that E = &£ 2. We need to prove that E(F7) is isomorphic to
Z/AZ & 7./27. By Theorem 3.3, E(F7) contains a subgroup isomorphic to Z/47Z &
Z/2Z; in particular, 8 divides |E(F7)|. In order to finish the proof, it suffices to
check that |E(F7)| < 16, but this inequality follows from the Hasse bound (10)

|E(F7)| <7+2V7+1 < 14.

O

Theorem 3.6. Suppose that K contains i =+/—1. Let a,b be nonzero elements of

K such that a # +b, a # +ib. Let us consider the elliptic curve
Euop:y?=(z—ay)(r—a)(z —az)

over K with a; = (a? — b*)?, ag = (a®> + %)%, az = 0. Then all points of order 2

on E are divisible by 2 in E(K), i.e., E(K) contains all twelve points of order 4.

In particular, E,(K) contains a subgroup isomorphic to Z/4Z & Z/4Z.

Proof. Clearly, all o;; and —c; are squares in K. In addition,
s —ay = (a® +b%)? — (a* — b*)? = (2ab)?, a1 — ap = (2iab)>.

This implies that all a; — «; are squares in K. It follows from Theorem 1.1 that
all points W; = («;,0) of order 2 are divisible by 2 in E(K), and therefore E(K)
contains all twelve (3 x 4) points of order 4. O

Keeping the notation and assumptions of Theorem 3.6, we describe explicitly all
twelve points of order 4, using formula (6).

(1) Dividing the point Wa = (a2, 0) = ((a® + b*)2,0) by 2, we have r2 = 0 and
get four choices 71 = +2ab, r3 = +(a® + b?). This gives us four points Q
with 2Q = W5, namely, two points

((a® +b*)? + 2ab(a® + b*), +(a® + b* + 2ab)2ab(a” + b?))
= ((a® +b*)(a + b)?, £2ab(a® + b%)(a + b)?)
and two points ((a® + b%)(a — b)?, +2ab(a® + b*)(a — b)?).

(2) Dividing the point W5 = (a3,0) = (0,0) by 2, we have r3 = 0 and get four
choices ry = Fi(a® — b?), 7o = +i(a® + b?). This gives us four points Q
with 2Q = W3, namely, two points

((@® = b*)(a® +b%), £(i((a® = b?) +i(a® +b%))(a® - b*)(a® +b?))
= (a* = b*, £2ia*(a* — %))
and two points (b* — a*, £2ib?(b* — a?)).
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(3) Dividing the point Wi = (v, 0) = ((a* — b2)2,0) by 2, we have r; = 0 and
get four choices ro = +2iab, r3 = £(a? — b?). This gives us four points Q
with 2Q = W3, namely, two points

((a® = b%)? + 2iac(a® — b?), £(2iab + (a* — b?))2iab(a® — b?))

= ((a® = b%)(a +ib)*, +2iab(a® —b*)(a + ib)?)
and two points ((a? — b%)(a — ib)?, +2iab(a® — b?)(a — ib)?).

Remark 3.7. Let A be an element of K \ {0, £1,+v/—1}. We write &  for the
elliptic curve
(A —1)°

Eoniy’ = <x+ (A2+1)2> (z+ 1)z

over K. The elliptic curves &> and F, ; are isomorphic if a = Ab. Indeed, one has
only to put £ = a? + b? and notice that E.b(k) = E.. It follows from Theorem
3.6 that & x(K) contains a subgroup isomorphic to Z/4Z & Z/AZ.

There is another family of elliptic curves with this property, namely,

W = o(z — 1) @-W)

([12], [9, pp. 451-453]; see also Remark 3.9).

Theorem 3.8. Let E be an elliptic curve over K. Then E(K) contains a subgroup
isomorphic to Z/AZ ® Z/AZ if and only if K contains \/—1 and there exists
A€ K\{0,£1,+£v/—1} such that E is isomorphic to & .

Proof. Recall (Remark 3.7) that & »(K) contains a subgroup isomorphic to Z/4Z&
7/47.

Conversely, suppose that E is an elliptic curve over K and F(K) contains a
subgroup isomorphic to Z/4Z @ 7. /4Z. By Theorem 3.3, there is 6 € K \ {0,%1}
such that E is isomorphic to

1592 = (x+ 6D (z+ 1.

Hence we may assume that a; = —2, a0 = —1,a3 = 0. It follows from Theorem
1.1 that all +1,4(6% — 1) are squares in K. (In particular, i = /—1 lies in K.) So,
there is v € K with 42 = 1 — 62. Clearly, v # 0,41. We have

2442 =1
The well-known parametrization of the “unit circle” (that goes back to Euler) tells
us that there exists A € K such that A\ + 1 # 0 and
X1 2
TxNar TR

Now one has only to plug in the formula for § into the equation of & s and get
Ean O

]

Remark 3.9. Using a different parametrization of the unit circle in the proof of
Theorem 3.8, we obtain the family of elliptic curves

2 (21)?
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with the same property as family & 5. Notice that, for each A € K \ {0, £1}, the
elliptic curve F is isomorphic to the elliptic curve

v =z(x—1)(z— (ut+u")?/4)

mentioned in Remark 3.7. Indeed, the latter differs from E(k), where k = 2Ay/—1/(\%+
1), only in the change of the parameter A by u.

Corollary 3.10. Let E be an elliptic curve over F,, where ¢ =9,13,17. The group
E(F,) is isomorphic to Z/AZSZ/AZ if and only if E is isomorphic to one of elliptic
curves Ea.x. If ¢ =9, then E(Fy) is isomorphic to Z/AZ & Z/AZ if and only if E is
isomorphic to y2 =% — .

Proof. First, F, contains v/—1. Suppose that E(F,) is isomorphic to Z/4Z & Z/AZ.
It follows from Theorem 3.8 that E is isomorphic to & ».

Conversely, suppose that E is isomorphic to one of these curves. We need to
prove that E(F) is isomorphic to Z/4Z & Z/4Z. By Theorem 3.8, E(F,) contains
a subgroup isomorphic to Z/4Z @ Z/4Z; in particular, 16 divides |E(Fy)|. In order
to finish the proof, it suffices to check that |E(F,)| < 32, but this inequality follows
from the Hasse bound (10)

|E(F)| <q+2y/q+1<17T+2V17+1 < 27.
Now assume that ¢ = 9. Then A € {£(1 £i}. For all such A

(A -12  (1Fi?  F2i
(A241)2 (—17i)2 +£2i

A2 = +2i = Fi,
Therefore the equation for & y is

v=(—-1)(z+ 1)z =22
[

Corollary 3.11. Let E be an elliptic curve over Fog. The group E(Fa9) is iso-
morphic to Z/8Z ® Z/AZ if and only if E is isomorphic to one of elliptic curves
62,)\.

Proof. First, Fag contains v/—1. Suppose that E(Fag) is isomorphic to Z/8Z®Z/AZ.
Then E(Fy9) contains a subgroup isomorphic to Z/47Z & Z/4Z. Tt follows from
Theorem 3.8 that E is isomorphic to & ».

Conversely, suppose that E is isomorphic to one of these curves. We need to
prove that E(Fag) is isomorphic to Z/8Z @ Z/47Z. By Theorem 3.8, E(Fa9) contains
a subgroup isomorphic to Z/4Z & Z/4Z; in particular, 16 divides |E(Fa9)|. The
Hasse bound (10) tells us that

29 +1—2v29 < |E(F,)| <29 +1+2v29
and therefore
11 < |E(Fa)| < 41.

It follows that |E(Fa9)| = 32; in particular, E(Fa9) is a finite 2-group. Clearly,
E(Fa9) is isomorphic to a product of two cyclic 2-groups, each of which has order
divisible by 4. It follows that E(Fa9) is isomorphic to Z/8Z @ Z/4Z. O
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4. POINTS OF ORDER 8

Let us return to the curve & ) and consider Q € & A (K) with 2Q = W3. Let us
try to divide @ by 2 in E(K). By Remark 3.1, 2(Q) = £\. First, we assume that
2(Q) = A (such a @ does exist).

Lemma 4.1. Let Q) be a point of &1 x\(K) with x(Q) = A. Then Q is divisible by 2
in &1 \(K) if and only if there exists ¢ € K \ {0, £1, 1 £ /2, 4+/—1} such that

[

A = A= (M) =242 A—ap=A— (1) =A+1, A—az3=A—-0=\

By Theorem 1.1, Q € 2& \(K) if and only if all three A + A%, A + 1, X are squares
in K. The latter means that both A and A 4+ 1 are squares in K, i.e., there exist
a,b € K such that a®> = A +1,\ = b%. This implies that the pair (a,b) is a K-point
on the hyperbola

Proof. We have

u? —0? =1.
Recall that A ## 0,+1. Using the well-known parametrization
t+1 t—1
U= V=
of the hyperbola, we obtain that both A and A\ + 1 are squares in K if and only if
there exists a nonzero ¢ € K such that

If this is the case, then

c+
=+ c. b=+ =
a 5

and

1
A+1:{C+C}

Recall that A # 0,£1. This means that

c—
2

c#0,+1,+1 + V2, +v/—1.

1
c £0,+1,4V—1, ie.,

Now let us assume that 2(Q) = —\ (such a @ does exist).

Lemma 4.2. Let Q be a point of E1x(K) with ©(Q) = —A. Then Q is divisible by
2 in &1 A(K) if and only if there exists c € K \ {0,41,£1 + /2, £y/=1} such that
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Proof. Applying Lemma 4.1 to —\ (instead of ) and the curve & ,_ = &5, we
obtain that @ € 2&,_»(K) = 2&1 A(K) if and only if there exists

ce K\{0,£1,+1 + V2, +/—1}

such that

Lemmas 4.1 and 4.2 give us the following statement.

Proposition 4.3. The point W3 = (0,0) is divisible by 4 in &1 A(K) if and only if
there exists ¢ € K such that ¢ # 0,4, +1 + /2, +/—1 and

I it -) IV Lo
B 2 2

Proposition 4.4. The following conditions are equivalent.
(i) If Q € E1A(K) is any point with 2Q = Wi, then it lies in 261 A\(K).
(ii) If R is any point of & x with 4R = W3, then R lies in & x(K).
(iii) There exist c,d € K \ {0,£1, 414 /2, 4/—1} such that
2

4

c— 177 d—1
_ c N d
= - [F

If these equivalent conditions hold, then K contains v/—1 and & x\(K) contains all
(twelve) points of order 4.

Proof. The equivalence of (i) and (ii) is obvious. It is also clear that (ii) implies
that all points of order (dividing) 4 lie in & x(K).
Recall (Remark 3.1) that @ with 2Q) = W3 are exactly the points of & ) with
2(Q) = £\. Now the equivalence of (ii) and (iii) follows from Lemmas 4.1 and 4.2.
In order to finish the proof, notice that A # 0 and

Suppose that

_ 172
A= {c > } with ¢ € K\ {0,£1, 41+ /2, £v/~1}

and consider @ = (A, (A + 1)A) € & A (K) of order 4 with 2QQ = W3. Let us find a
point R € & x(K) of order 8 with 2R = Q. First, notice that

142

o-omem- ([ [ [51])
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‘We have

=VA+X =+ ro=VA+1, r3= VA, rirers = —(A+ 1A
This means that

1 1 1 1

—= c+ = c+ = c— =

==+ £ . < =+—= ==+ <
™ 9 2 y T2 9 , '3

2 )
and the signs should be chosen in such a way that the product rirers coincides
with

[

For example, we may take

rl:ic—%‘c—l—%:icg—ciz:ic‘*—l 7’2:c+% TS:C—%
2 2 4 4c2 2’ 2
and get (since ro +r3 = ¢ and rorg = (c* — 1)/4c?))
T ct—1 —ct+4ct+1
mTretry=———5— _—
1 2 3 42 4c2 )
c(c*—=1) =1 (1-c)(ct—1)
19 + ror3 + 13Ty = Cry +ror3 = — 5 + 5 =
4c 4c

4¢? '
Now (4) and (7) tell us that the coordinates of the corresponding R with 2R = Q
are as follows:

(- 1)?
2(R) = x(Q) +rira +rors +r3ry =

Lo -1

(1 =¢)*(c+1)
4c2 4¢2 B 4c ’
Yy(R) = —(r1 +r2)(r2 +r3)(r1 +13) =
c—% c—&—%_'_c—i—% c—% c—i—%_'_c—%
2 2 2 )\ 2 2 2
1 1 1 1
I Rt DR R
2 2 2 2
I O A N o oY (G T
16 c c 16
So, we get the K-point of order 8
(1t ) (k) (=2 = k)
B 4c ’ 16
on the elliptic curve
N
E1c:=¢& N2yl = x+(c_c) (x+ 1Dz
e 1,(1“}) 2

for any ¢ € K\ {0, £1,4+1++/2, £y/—1}. The group &, .(K) contains the subgroup
generated by R and Wi, which is isomorphic to Z/8Z @ Z/27Z.

13
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Remark 4.5. See ([6, Table 3 on p. 217], [8, Appendix E])) for another family of
elliptic curves,
v’ + (1 —a(t)zy - bt)y = «° — b(t)a?
with
(2t +1)(8t2 + 4t + 1) (2t +1)(8t2 + 4t + 1)
a(t) = 5 , b(t) = SRRV :
204t + 1)(8t2 = 1)t (8t2 - 1)
whose group of rational points contains a subgroup isomorphic to Z/8Z @ Z/27Z.

Theorem 4.6. Let E be an elliptic curve over K. Then E(K) contains a subgroup
isomorphic to Z/SZ®Z /27 if and only if there exists c € K\{0, £1, +14+/2, +1/—1}
such that E is isomorphic to €4 .

Proof. We know that &, .(K) contains a subgroup isomorphic to Z/8Z & Z /2Z.

Conversely, suppose that E(K) contains a subgroup isomorphic to Z/8Z ®Z/2Z.
This implies that E(K) contains all three points of order 2, i.e., E may be repre-
sented in the form (1). Clearly, one of the points (2) is divisible by 4 in E(K).
We may assume that Wj is divisible by 4. We may also assume that az = 0, i.e.,
W3 = (0,0). Then we know that there exist distinct nonzero a,b € K such that
o1 = —a?, 00 = —b?, i.e., the equation of E is

y? = (z+a®)(z + b))
Replacing E by E(b) and putting A = a/b, we may assume that
E=&,:y*=(x+\)(z+ 1)z
Since W3 is divisible by 4 in & »(K), the desired result follows from Proposition
4.3. (I
Remark 4.7. Suppose that K =F, with ¢ =3,5,7 or 9. Then
F,\{0,1, 1,41+ V2, +v/—1} = 0.

Corollary 4.8. Let E be an elliptic curve over Fy, where ¢ = 11,13,17,19. The
group E(Fy) is isomorphic to Z/8Z & Z/2Z if and only if E is isomorphic to one
of elliptic curves E4.

Proof. Suppose that E(F,) is isomorphic to Z/8Z & Z/2Z. 1t follows from Theorem
4.6 that F is isomorphic to one of elliptic curves

(e 4
v 2
with ¢ € K\ {0,4+1,++/—1,++/—1}. Conversely, suppose that F is isomorphic to
of these curves. We need to prove that E(F,) is isomorphic to Z/8Z & Z/27Z. By
Theorem 4.6, E(F,) contains a subgroup isomorphic to Z/8Z & Z/2Z; in particular,

16 divides |E(F,)|. In order to finish the proof, it suffices to check that |E(F,)| < 32,
but this inequality follows from the Hasse bound (10)

|BE(F)| < q+2q+1<19+2V1941 < 29.

Ereiy? = (x4 1)z

O

Corollary 4.9. Let E be an elliptic curve over Fy7. The group E(Fy7) is iso-
morphic to Z/247 ® Z/2Z if and only if E is isomorphic to one of elliptic curves
Eie.
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Proof. Suppose that F(F47) is isomorphic to Z/247Z @ Z/27Z. Then it contains
a subgroup isomorphic to Z/8Z @ Z/27Z. 1t follows from Theorem 4.6 that F is
isomorphic to one of elliptic curves
(e
v 2

with ¢ € K\ {0, 41,414 /2, +/—1}.

Conversely, suppose that E is isomorphic to one of these curves. We need to prove
that E(F47) is isomorphic to Z/24Z @& Z/27Z. By Theorem 4.6, E(F,7) contains a
subgroup isomorphic to Z/8Z&®7Z/2Z; in particular, 16 divides |E(F47)|. The Hasse
bound tells us that

4741 = 2vV47 < |E(Fy47)| <474+ 14 2V47

and therefore 34 < |E(F47)| < 62. This implies that |E(F47)| = 48; in particular,
E(F47) contains a point of order 3. This implies that E(F47) contains a subgroup
isomorphic to

4

Ereiy? = (x4 1)z

(Z/8Z ®Z)27) ® Z/3Z = 71]247 D 7/ 2.
Since this subgroup has the same order 48 as the whole group E(F47), we get the
desired result. O

Theorem 4.10. Let E be an elliptic curve over K. Then E(K) contains a subgroup
isomorphic to Z/87 @® Z/AZ if and only if K contains i = +/—1 and there exist

1 1
c,de K\{0,£1,+1 £v2,+v—1} such that ¢ — = =1 (d d>
&

and E is isomorphic to &y ..

Remark 4.11. The above equation defines an open dense set in the plane affine
curve

(11) Mgy (2 —1)d =i(d* —1)e.

It is immediate that the corresponding projective closure is a nonsingular cubic
Mg 4 with a K-point, i.e., an elliptic curve. To obtain a Weierstrass normal form of
Mg 4, we first slightly simplify equation(11) by the change of variables d = s,ic =t
and get st +ts? + s —t = 0. Then, using the birational transformation
Ui Ui
s = , t= ,
£+ & 1+¢

we obtain 7% = &3 — ¢£.

Proof of Theorem 4.10. We have already seen that & .(K) contains an order 8
point R with 4R = Ws. It follows from Proposition 4.4 that &, .(K) contains all
points of order 4. In particular, it contains an order 4 point Q with 20 = Wj.
Clearly, R and Q generate a subgroup isomorphic to Z/8Z @ Z/4Z.

Conversely, suppose that E(K) contains a subgroup isomorphic to Z/8Z ®Z/4Z.
This implies that F(K) contains all twelve points of order 4. In particular, £ may
be represented in the form (1). Clearly, one of the points of order 2 is divisible by
4 in F(K). We may assume that W3 is divisible by 4. The same arguments as in
the proof of Theorem 4.6 allow us to assume that

E=&,:y*=(x+\)(z+ 1)z
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Since W3 is divisible by 4 in & »(K) and all points of order dividing 4 lie in & x(K),
every point R of & » with 4R = W3 also lies in &1 x(K). It follows from Proposition
4.3 that K contains i = v/—1 and there exist

c,de K\{0,1,—1,£1 + V2, +v/—1}
such that

This implies that

1 1
— S =dild-=).

Replacing if necessary d by —d, we obtain the desired
1 1
——=ild-=).

5. POINTS OF ORDER 3

The following assertion gives a simple description of points of order 3 on elliptic
curves.

Proposition 5.1. A point P = (x¢,yo) € E(K) has order 3 if and only if one can
choose three square roots r; = \/Tg — a; in such a way that

rire + rors + r3r; = 0.

Proof. Indeed, let P be a point of order 3. Then 2(—P) = P. Hence, all zg — o
are squares in K. By (4),
x(=P) =z + (r1ra + rars + 1371)

for a suitable choice of 1,79, 735. Since x(—P) = x(P) = zg, we get rirg + rors +
rary = 0.

Conversely, suppose that there exists a triple of square roots r; = /x¢g — ; such
that r1ro + rorg + r3ry = 0. Since P € E(K),

(rirar3)® = (20 — an) (w0 — a2) (0 — a3) = Y3,

i.e., rirers = £yo. Replacing r1,rq, 73 by —r1, —rg9, —rs if necessary, we may assume
that r17273 = —yo. Then there exists a point Q = (z(Q),y(Q)) € E(K) such that
2Q = P, and 27 = 2(Q),y1 = y(Q) are expressed in terms of ri,73,73 as in (6).
Therefore

z(Q) = xo + (r1r2 + rors + 13711) = X0,
y(Q) = —yo — (r1 +ra +13)(r17m2 + 123 +1371) = Yo,
ie., @ =—P,2(—P) = P, and so P has order 3. 0

Theorem 5.2. Let a1, az,a3 be elements of K such that all a3,a3,a3 are distinct.
Let us consider the elliptic curve

E = Ea a0, ' y* = (z +a¥)(x + a3)(2 + a3)
over K. Let P = (0,a1a2as3). Then P enjoys the following properties.
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(i) P is divisible by 2 in E(K). More precisely, there are four points Q € E(K)
with 2Q = P, namely,

(azaz — araz — azay, (a1 — az)(az + as)(az — ay)),
(aza1 — araz — agas, (a1 — az)(az — as)(az + ay)),
(a1az — azaz — azay, (a1 + az)(az2 — az)(asz — a1),

(a1ag + asas + asay, (a1 + a2)(az + as)(as + a1)).

(ii) The following conditions are equivalent.
(1) P has order 3.
(2) None of a; vanishes, i.e., *ay,+as, *as are siz distinct elements of
K, and one of the following four equalities holds:

G203 = a102 + azai, aza1 = a162 + a2a3,
aj1a = az20as + asay, a1az + aga3 + aza] = 0.

(iii) Suppose that equivalent conditions (i) — (i7) hold. Then one of four points Q
coincides with —Q and has order 3, while the three other points are of order
6. In addition, E(K) contains a subgroup isomorphic to Z/6Z & 7./27Z.

Remark 5.3. Clearly, Eq4, 45,05 = F+a1,+as,+as-
Proof of Theorem 5.2. We have

ap = —al, ag = —a3, az = —a3.
Let us try to divide P by 2 in F(K). We have

r1 = £aq, ro = taq, r3 = tas.

Since all r; lie in K, the point P = (0, ajasas) is divisible by 2 in E(K). Let @ be
a point on E with 2QQ = P. By (4) and (7),

2(Q) = rire + rars + 1371, Y(Q) = —(r1 +1r2)(r2 +73)(r3 +71)

with ryrors = —ajagas. Plugging in r; = ta; into the formulas for z(Q) and y(@Q),
we get explicit formulas for points @ as in the statement of the theorem. This
proves (i).

Let us prove (ii). Suppose that P has order 3. Since P is not of order 2, we have

0=x(P) # «; for all i = 1,2,3. Since

{alv Q2, 043} = {_a%a _agv —a§}7
none of a; vanishes. It follows from Proposition 5.1 that one may choose the signs
for r; in such a way that riro + rors 4+ r3r; = 0. Plugging in r; = +a; into this
formula, we get four relations between a1, as,as as in (ii)(2).

Now suppose that one of the relations as in (ii)(2) holds. This means that one
may choose the signs of r; = 4a; in such a way that riro + rors +r3r; = 0. It
follows from Proposition 5.1 that P has order 3. This proves (ii).

Let us prove (iii). Since P has order 3, 2(—P) = P, i.e., —P is one of the four
@’s. Suppose that @ is a point of E with 2QQ = P, Q # —P. Clearly, the order of
@ is either 3 or 6. Assume that ) has order 3. Then P = 2Q) = —(@Q and therefore
(Q = —P, which is not the case. Hence () has order 6. Then 3(Q has order 2, i.e.,
coincides with W; = (—a?,0) for some i € {1,2,3}. Pick j € {1,2,3} \ {i} and
consider the point Wj = (—a3,0) # W;. Then the subgroup of E(K) generated by
@ and W is isomorphic to Z/6Z & Z/2Z. This proves (iii). O
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Remark 5.4. In Theorem 5.2 we do not assume that char(K) # 3!

Corollary 5.5. Let ay,as, a3 be elements of K such that a3,a3,a3 are distinct.

Then the following conditions are equivalent.
(i) The point P = (0,a1a2a3) € Eq, ay,05 (K) has order 3.
(ii) None of a; vanishes, and one may choose signs for
a==xay, b= *xa, c= *as
in such a way that c = ab/(a + b).
If these conditions hold, then

A 2
Eoyagas = Exp 1 y° = (2% + (A)?) (z +b?) <m + {Mb} ) :

where A =a/b € K \ {0,£1, -2, —%}
Proof. Suppose that none of a; vanishes and we may choose
a=tay,b=*as,c= *taz
in such a way that ¢ = ab/(a + b). Then none of a, b, ¢ vanishes and ab = ac + be.
By Theorem 5.2(ii), P = (0, abc) is a point of order 3 on the elliptic curve
Exp = Ea,as,05-

Since abc = t+ajaqas, either P = P or P = —P. In both cases P has order 3.
Notice that +a1,tao, +as are six distinct elements of K. This means that
+a, +b, £c are also six distinct elements of K. If we put A = a/b, then

1
+Ab, +b, i)\%b
are six distinct elements of K. This means (in light of the inequalities a # 0,b # 0)

that
1

5.
Suppose P has order 3. By Theorem 5.2(ii), none of a; vanishes and one of the
following four equalities holds:

N#£0,+1, -2, —

asaz = aias + azay, aza; = aijaz + a2as,
aias = asa3 + asai, aias + asag + aga; = 0.
Here are the corresponding choices of a,b, c with ¢ = ab/(a + b):
a=ay,b=—as,c=az; a=a;,b= —as,c=as;
a=ay,b=as,c=a3; a=ay,b=as,c= —as.
In order to finish the proof, we just need to notice that a = Ab and
ab Ab-b A

T a4+b XN+b A1

O

Theorem 5.6. Let E be an elliptic curve over K. Then E(K) contains a subgroup
isomorphic to Z/6Z® Z/2Z if and only if there exists A € K\ {0,£1, -2, -1} such
that E is isomorphic to

Esn iy = (" + X)) (z+1) <m+ [/\ilr> .
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Remark 5.7. There is another family of elliptic curves in characteristic # 3 [6,
Table 3 on p. 217] (see also [8, Appendix EJ),
y? + (1= a(t))zy — b(t)y = 2° — b(t)2?,

with
10 — 2¢ —2(t—1)%(t—5

whose group of rational points contains a subgroup isomorphic to Z/6Z @® Z/27Z.

Proof of Theorem 5.6. Let A € K \ {0,4+1,—2,—1/2} and put a; = X\,as = 1,a3 =
A/(X+1). Then all a; do not vanish, a?,a3,a? are three distinct elements of K,
a1a2 = aga3 + azay, and &3\ = Eq, g5,05- 1t follows from Theorem 5.2 that & x
contains a subgroup isomorphic to Z/6Z & Z/2Z.

Conversely, suppose that E is an elliptic curve over K such that F(K) contains
a subgroup isomorphic to Z/6Z @ Z/27. 1t follows that all three points of order 2
lie in E(K), and therefore F can be represented in the form (1). It is also clear that
E(K) contains a point of order 3. Let us choose a point P = (x(P),y(P)) € E(K)
of order 3. We may assume that z(P) = 0. We have P = 2(—P), and therefore P
is divisible by 2 in E(K). By Theorem 1.1, all 2(P) — a; = —a; are squares in K.
This implies that there exist elements a1, az,a3 € K such that a; = —a?. Clearly,
all three a?, a3, a3 are distinct. Since P lies on F,

y(P)? = (x(P) + af)(x(P) + a3)(z(P) + a3) = afa3a3 = (a1a2a3)?,
and therefore y(P) = tajasaz. Replacing P by —P if necessary, we may assume
that y(P) = ajaqas, i.e., P = (0,a1a2a3) is a K-point of order 3 on
E = Fa, 5,05 : v’ = (z+ 511)2(m + a%)(m + a3)2.

It follows from Corollary 5.5 that there exist nonzerob € K and A € K\{0,+1, -2, —-1/2}
such that

- 2
E = FEu a3, = Exp i y° = (z+ (A)?) (z +b°) <x+ )\—Ai—lb} > )

But Ej  is isomorphic to

A+1

12
Exa(b) 1y = (@' + 3)(a' +1) (x + [A )

while the latter coincides with & y. ([

Corollary 5.8. Let E be an elliptic curve over Fy, where ¢ = 7,9,11,13. The
group E(F,) is isomorphic to Z/6Z & Z/2Z if and only if E is isomorphic to one
of elliptic curves &3 .

Proof. Suppose that E(FF,) is isomorphic to Z/6Z & Z/27Z. By Theorem 5.6, E is
isomorphic to one of elliptic curves &3 .

Conversely, suppose that E is isomorphic to one of these curves. We need to
prove that E(F,) is isomorphic to Z/6Z & Z/2Z. By Theorem 5.6, E(F,) contains
a subgroup isomorphic to Z/6Z @ Z/2Z; in particular, 12 divides |E(F,)|. In order
to finish the proof, it suffices to check that |E(F,)| < 24, but this inequality follows
from the Hasse bound (10)

|E(F,)| < q+2/q+1<13+2/13+1 < 22.
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d

Corollary 5.9. Let E be an elliptic curve over Fas. The group E(Fa3) is iso-
morphic to Z/127 & Z/27 if and only if E is isomorphic to one of elliptic curves
53,)\.

Proof. Suppose that E(Fa3) is isomorphic to Z/12Z @ Z/2Z. Then it contains
a subgroup isomorphic to Z/6Z & Z/2Z. Tt follows from Theorem 5.6 that F is
isomorphic to one of elliptic curves &£s y.

Conversely, suppose that E is isomorphic to one of these curves. We need to prove
that E(Fa3) is isomorphic to Z/12Z & Z/2Z. By Theorem 5.6, E(Fa3) contains a
subgroup isomorphic to Z/6Z®7Z/2Z; in particular, 12 divides |E(FF23)|. The Hasse
bound (10) tells us that

23 +1—2v23 < |E(Fa3)| < 23414 2v23

and therefore 14 < |E(Fa3)| < 34. It follows that |E(Fa3)| = 24; in particular
the 2-primary component E(F33)(2) of E(F23) has order 8. On the other hand,
E(F33)(2) is isomorphic to a product of two cyclic groups, each of which has even
order. This implies that E(Fa3)(2) is isomorphic to Z/4Z & Z/2Z. Taking into
account that E(FFa3) contains a point of order 3, we conclude that it contains a
subgroup isomorphic to

(Z/AZ ® 7/2Z) ® 7./3Z = Z./12Z & 7./ 3.

This subgroup has the same order 24 as the whole group E(F23), which ends the
proof. (I

6. POINTS OF ORDER 5
The following assertion gives a description of points of order 5 on elliptic curves.

Proposition 6.1. Let P = (zg,y0) € E(K). The point P has order 5 if and only
if, for any permutation i,j,k of 1,2,3, one can choose square roots r; = \/xg — «;
™ = =/(ri +1;)(r; + 1) in such a way that

O AP ) =,

T1T2 +T27’3 +T’3T‘1 7é 0

and r,

(12) (rirg + rors +rary) +

Remark 6.2. Notice that if we drop the condition 17913 = —yo in formulas (4)

and (7), then we get 8 points @ such that 2QQ = +P. Similarly, if we drop the

conditions r1rer3 = —yo, r%l)rél)rél) (r1 + r2)(r2 4+ r3)(rs + r1) in the formulas

(9), then we obtain all points R for which 4R = +P.

Proof. Suppose that P has order 5. Then —P is a 1/4th of P. Therefore there
exist r; and r§1) such that

2(=P) = x(P) + (riry + rors +r37r1) + (7‘(1) 1 4 rgl) :(31) + Tél)rﬁl)).
Since z(P) = z(—P), we have

(rire 4+ rors +rary) + (ri )r(l) (1) ( ) + 7"31) (1) )=0.

On the other hand, if r17r9 + rors + 371, then the corresponding @ (with 2Q = P)
satisfies

z(Q) = x(P) + (rira + rorg + r3ry) = z(P)
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and therefore Q = P or —P. Since 2QQ = P, either P = 2P or Q = —P =
—2@Q has order 5. Clearly, P # 2P. If Q = —2@Q then @Q has order dividing 3,
which is not true, because its order is 5. The obtained contadiction proves that
r1re + ror3 + 1311 # 0.

Conversely, suppose there exist square roots

ri = /Ty — a; and rfl) = \/(ri + 1) (ri +75)
that satisfy (12). Replacing if necessary all r; by —r;, we may and will assume that
rirers = —y(P). Let Q = (2(Q),y(Q)) be the corresponding half of P with z(Q) =
x(P) + (rira + rors 4+ r3ry). Since rirg + rors 4+ r3ry # 0, we have 2(Q) # z(P);
in particular, @Q # —P. Replacing if necessary all rgl) by 7’1(1) , we may and will
assume that

r D = (g 4 12) (1 4 75) (s +11) = —(Q).

Let R = (z(R),y(R)) be the corresponding half of Q). Then 4R = 2(2R) =2Q = P
and
2(R) = x(P) + (rir2 + rars + 7r37m1) + (r%l)rél) + rél)rél) + rél)rgl)) = z(P).

This means that either R = P or R = —P. If R = P, then R = 4R and R has order
3. This implies that both @ = 2R and P = 4R also have order 3. It follows that
P =2@Q = —@Q and therefore P = —(@Q, which is not the case. Therefore R = —P.
This means that R = —4R, i.e., R has order 5 and therefore P = —R also has order
5. O

In what follows we will use the following identities in the polynomial ring Z[t1, 2, t3]
that could be checked either directly or by using magma.
(—t7 + 85+ 85)(H — 3 +43) + (1] — 13 + 13) (8 + 3 — £3)
(13) +(tT+ 15 —t3) (T + 15+ t3) =
—(t1 +to+t3)(—t1 +ta +t3)(t1 — to +t3)(t1 + ta — t3),
(14)
(—t] 15+ £3) (1] — 15+ 15) + (6] — 15+ £3) (1 + 15 — 13)
+(t] 4+ 15 — 13)(—t1 + 13 + t3) + At tats + 4t1t5t5 + dt1tat3
=]+t +t5 — 20313 — 2053 — 2433 — At3tats — Atyt5ts — Atytot]
= (t1 +to+t3) (8] +15 + 5 — tta — t1t] — t5ts — tot] — tits — tit3 — 2titats) .
Theorem 6.3. Let a1,as,a3 be elements of K such that taq,tao, a3 are six

distinct elements of K and none of three elements

2., .2 2 2_ .2, 2 2., .2 _ 2
81 =—ai +a5+asz, P2 =a] —a5+ a3, P03 =ai +a5; — a3

vanishes. Then the following conditions hold.

(i) None of a; vanishes and 32,533,832 are three distinct elements of K.
(ii) Let us consider an elliptic curve

B B3 B33
E5;a1,a2,a3 53}2: (x'f'i 33+ZQ $+ZS

with P = (O, *ﬂ1ﬂ2ﬂ3/8) € E5;a1,a2,a3(K)-
Then P enjoys the following properties.
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(1) P €2Es5.4, 05,05 (K).
(2) Assume that
ad + a3 + a3 — alag — ajal — adaz — azai — alaz — aja3 — 2aya0a3 = 0,
(a1 + as + a3)(ar — as — az)(a; + ag — az)(ay — az + az) # 0.
Then P has order 5. In addition, Es.q, ay.05(K) contains a subgroup iso-

morphic to Z/10Z & Z/27Z.

Proof. (i) Since a; # —a;, none of a; vanishes. Let i,j € {1,2,3} be two distinct
indices and k € {1,2, 3} is the third one. Then

Bi—Bj=a —a; £0, B+ B; =2a; #0.

This implies that 37 # ﬂjz.

(ii) Keeping our notation, we obtain that
Br _ , —af+a3+ad
T 2 ’
1 _ _ (s
r; =/ (ri +15)(ri +78)

where i, j, k is any permutation of 1,2,3. Thanks to Proposition 6.1, it suffices

M in such a way that

i

2 2 2 2 2 2
B ai —as5+a B3 ai +a5—a
1 2 3,7"3: 1 2 3

R N R R

to check that one may choose the square roots r; and
r1re + Tors + 1371 # 0 and

(16) (rirg + rors +r3ry) + (r%l)rél) + rél)rél) + rél)rﬁl)) =0.
Let us put
po B et
L2 2
We have

T+ 1o :ag, T+ T3 :ag, To + T3 :a%.
It follows that
()7 =d3a3, (") =aia3, (")’ = afal.
Let us put
rgl) = agas, rél) = ayas, rél) = ajas.
Then the condition (16) may be rewritten as follows.

(—ai + a3+ a3)(a — a3 + a3) + (a] — a3 + a3)(a] + a3 — a3)

+(a3 + a3 — a3)(—a? + ai + a3) + 4atasas + dayadaz + 4ajasal = 0.
In light of (14), the condition (16) may be rewritten as
(a1 +as +az)(ad +a3+a3 —aay —aya3 — a3as — asal — alas —aya3 — 2a1aza3) = 0.

The latter equality follows readily from the assumption (15) of Theorem. By Propo-
sition 6.1, it suffices to check that riro + rorg + r3ry £ 0. In other words, we need
to prove that

(—af + a3 +a3)(af — a3 + a3) + (af — a3 + a3)(a] + a3 — a3)

17
(a7) +(a? + a3 — a2)(—a} + a3 +a3) #0.
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In light of (13), this inequalty is equivalent to
(a1 + as + ag)(al —as — ag)(al + ag — ag)((ll —ag + a3) 7é 0.

But the latter inequality holds, by the assumption (15) of Theorem. Hence, P has
order 5. Clearly, P and all points of order 2 generate a subgroup that is isomorphic
to Z/10Z & Z/27. O

Theorem 6.4. Let E be an elliptic curve over K. Then the following conditions
are equivalent.

(i) E(K) contains a subgroup isomorphic to Z/10Z & Z/27.
(ii) There exists a triple {a1,a2,a3} C K that satisfies all the conditions of
Theorem 6.3, including (15) and such that E is isomorphic to Es.q, as.a5-

Proof. (i) follows from (ii), thanks to Theorem 6.3.

Suppose (i) holds. In order to prove (ii) it suffices to check that E is isomorphic
to a certain Fs,q, a,,q; Over K. We may assume that £ is defined by an equation of
the form (1). Suppose that P = (0,y(P)) € E(K) has order 5. Then P = 4(—P) is
divisible by 4 in E(K). This implies the existence of square roots r; = \/—a; € K

and rgl) =/(ri +7;)(r; + r) € K in such a way that

2(=P) =x(P) + (riro + rors +r3r1) + (Tgl)rél) + rél)rél) + rél)rgl)),
rrr = (1) 4 ry) (g + 15)(rs +11).
Since z(—P) = x(P) =0,
(18) (rire 4+ rors +r3ry) + (ril)rél) + rél)rél) + rél)r§1)) =0.
Since the order of P is not 3,
(19) r179 + ror3 + r3ry # 0.
Recall that none of 7; + r; vanishes. Let us choose square roots
by = Vra+713,ba = Vi +13,b3 = Vi + 2
in such a way that ril) = bybs, rgl) = b3b;. Since
rpf e = 120202 = (bybobs)?,
we conclude that

OO s o S U L
3 Tél)rgl) (b2b3) (b3b1)

‘We obtain that
(20) P = baba, 7" = baby, 15" = bibs.

Unfortunately, b; do not have to lie in K. However, all the ratios b;/b; lie in K*.
We have

2 2 2
T'2+7"3:b1,7'1+7'3:b2,7"1 +’)"2:b3



24 BORIS M. BEKKER AND YURI G. ZARHIN

and therefore

. _=bi+b34+b3 b —b34+0b3  bT+ b3 — b3
1= 2 , T2 = 2 , '3 = 2 y
o _ (=0T + b3 +b5)° o (b — b3 +b5)
ap = —r] = , Qg = —T9g = — )
(21) 4 4
()[3:—T§:——(b%+bi_b§)27

P =(0,—(r1 +72)(ra +73)(rs + 1)) = (0, —b7b3b3) € E(K).
Since none of r; vanishes, we get
—b + b3 + b5 £0, b — b3 +b3 #£0, b +b3 — b3 #0.
Let us put
Y= b 05 4 65,70 = by — b3 + b3, 95 = b + b — b3,

It follows from Theorem 6.3(i) that all 8; are distinct nonzero elements of K. The
inequality (19) combined with first formula of (21) gives us

(=b1 + 03 + b3)(b] — b3 + b5) + (bT — b5 + b3) (b + b5 — b))
(07 + b3 = b3) (=Dt + b3 + b3) £ 0,

which is equivalent (thanks to (13)) to
(b1 4+ b2 + b3) (b1 — ba — b3) (b1 + by — b3) (b1 — ba + b3) # 0.

In particular,
b1 + b+ bs # 0.
The equality (18) gives us (thanks to (14))

(b1 + by 4 b3) (b3 4 b3 + b3 — b2by — b1b3 — adbs — bobs — b3bg — byb2 — 2b1bybs) = 0,

ie.,
(b3 + b5 + b5 — bby — byb2 — aZbg — bob2 — b3bg — byb2 — 2b1bybs3) = 0.
Let us put
a; = b—l Ao = b—Q as = b—?’ =1
1_b33 2_b37 3_b3_'

All a; lie in K. Clearly, the triple {aj, as, a3} satisfies all the conditions of Theorem
6.3 including (15). Let us put

2 2 2. N 71
=—aj+taytaz3=-5= ,
/81 1 2 3 b% T1+T2
2 2 2 _ 2 V2
=a]—a az = —& = ,
B2 =aj — a3 +aj 2t
2 _ 73 3

2, 2
Bs=a]+a;—a3=—5 = ——.
b% 1+ 1o

The equation of F is

2 2 2
2 _ s 2 RE]
y—(x+4>(m‘+4>(£+4>.

Then F is isomorphic to
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E(r1+'r2) :y/2 _ ($I+ 7% > (CE/JF 7% ) ($/+ 'Y?? ) _
4(7‘1 + T2)2 4(7“1 + 7“2)2 4(7“1 + 7"2)2

() 9) ()

Clearly, E(rq + r2) coincides with Es.q4, a5,a5- O

Remark 6.5. Let E5.q, q,.4, be as in Theorem 6.3. Clearly, Es.q,.a5,05(a3) =
Es.a, as,a2 /as,1- Let us put X = a1 /a3, u = az/az. Then
(22)
E5;a1/a3,a2/a3,1 = E5;)\,[L,1 :
A2 -2 1\? A2 2 _1\2
or (P e () |

A2 42+ 1)
)2 = H(u

2

The equation of (isomorphic) Es;x .1 (%) is as follows.
(23) , o ,
Esx (AQ + 52 — 1) vyt = o+ (;—ﬁ;;—_ﬂj) T (i2 _T_Zz i_ 1) (z+1).
The conditions on aq, as, a3 may be rewritten in terms of A, p as follows.
N = Nu— =N -2 —p - A—p+1=0,
(24) Atp#£ £l N£0, p#£0, A# +u,
AN+ #£1, N2 —p? # 1
The equality (24) is equivalent to
(25) A+ =p)? = A+ p)? = A +p)+1=0.
Multiplying (25) by (non-vanishing) (A 4 u), we get the equivalent equation
(26) (W =) = A+ p)® = A+ p)? + (A +p) =0.

Let us make the change of variables
E=XA+pu,m=X\—p?

Then (26) may be rewritten as

(27) =€ +€E-1),

which is an (affine model of an) elliptic curve if char(K) # 5 and a singular rational
plane cubic (Cartesian leaf) if char(K) = 5. Since

O +O—p? _€4E _C+E @r@ieon

2., 2 _
(28) N+ = 5 5 5 % ;
the only restrictions on (£, 7) besides the equality (27) are the inequalities
2461
EE+E-D#0,+1 E+E 6142, +1# g = 5(655)7
ie.
—-1+£+V5
(20) € 40,21, 20

2



26 BORIS M. BEKKER AND YURI G. ZARHIN

This means that

-1+£5
(30) (&) € 100,0), (41, £1), (2 0).
In light of (28), the equation (22) may be rewritten with coefficients being rational
functions in &, n (rather than (A, u)) as follows.
2(n +1) )2
_|_ -
’ <s3 e e-3

2(1—n) 2
”(53+§2+f—3)

Theorem 6.6. Let E be an elliptic curve over K. Then the following conditions
are equivalent.
(i) E(K) contains a subgroup isomorphic to Z/10Z & Z/27.
(ii) There exist (€,m) € K? that satisfy the equation (27) and inequalities (30)
and such that E is isomorphic to Es ¢ .

Esem Y =y' = (z+1).

Proof. The result follows from Theorem 6.4 combined with Remark 6.5. O

Remark 6.7. In Theorem 6.6 we do not assume that char(K) # 5!

Corollary 6.8. Let E be an elliptic curve over F, with ¢ = 13,17,19,23,25,27.
Then E(F,) is isomorphic to Z/10Z & Z/2Z if and only if E is isomorphic to one

of Es..n-

Proof. Suppose that E(FF,) is isomorphic to Z/10Z & Z/27Z. By Theorem 6.6, E is
isomorphic to one of elliptic curves &5 ¢,y.

Conversely, suppose that E is isomorphic to one of these curves. We need to
prove that E(F,) is isomorphic to Z/10Z ©Z/2Z. By Theorem 6.6, E(F,) contains
a subgroup isomorphic to Z/10Z @& Z/2Z; in particular, 20 divides |E(F4)|. In order
to finish the proof, it suffices to check that |E(F,)| < 40, but this inequality follows
from the Hasse bound (10)

|E(F,)| < q+2q+1<27+2V27+1 < 40.
0

Corollary 6.9. Let E be an elliptic curve over F, with ¢ = 31,37,41,43. Then
E(F,) is isomorphic to Z/20Z & Z/2Z if and only if E is isomorphic to one of

Es6m

Proof. Suppose that E(F,) is isomorphic to Z/20Z & Z/2Z; the latter contains a
subgroup isomorphic to Z/10Z & Z/27. By Theorem 6.6, E is isomorphic to one of
elliptic curves &s ¢ .

Conversely, suppose that F is isomorphic to one of these curves. We need to
prove that E(F,) is isomorphic to Z/20Z ®Z/2Z. By Theorem 6.6, E(F,) contains
a subgroup isomorphic to Z/10Z®Z/2Z; in particular, 20 divides |E(Fy)|. It follows
from the Hasse bound (10) that

20 < 31 —2V31 41 < |E(F,)| < 43 +2V43 + 1 < 60.

This implies that |E(F,)| = 40, and therefore E(F,) is isomorphic to a direct sum
of Z/5Z and an order 8 abelian group E(F,)(2); in addition, the latter group is
isomorphic to a direct sum of two cyclic groups of even order (because it contains
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a subgroup isomorphic to Z/2Z & Z/27Z). This implies that E(FF,)(2) is isomorphic
to Z/4Z & Z/2Z. It follows that E(F,) is isomorphic to a direct sum

Z/52. & ZJAZ & 7./27. = 7./ 20Z & 7./ 2.
O

Corollary 6.10. Let E be an elliptic curve over F, with ¢ =59 or 61. Then E(F,)
is tsomorphic to Z/30Z & Z/27 if and only if E is isomorphic to one of Es ¢ .

Proof. Suppose that E(F,) is isomorphic to Z/30Z & Z/2Z; the latter contains a
subgroup isomorphic to Z/10Z & Z/27Z. By Theorem 6.6, E is isomorphic to one of
elliptic curves &s ¢ .

Conversely, suppose that E is isomorphic to one of these curves. We need to
prove that E(F,) is isomorphic to Z/30Z ®Z/2Z. By Theorem 6.6, E(F,) contains
a subgroup isomorphic to Z/10Z&Z/2Z; in particular, 20 divides |E(Fy)|. It follows
from the Hasse bound (10) that

40 < 59 — 2v59 4+ 1 < |E(F,)| < 61 4+ 2V/61 + 1 < 80.

This implies that |E(F,)| = 60; in particular, E(F,) contains a subgroup isomorphic
to Z/3Z. This implies that E(F,) contains a subgroup isomorphic to

(Z/10Z @ Z,/2Z) & Z./3Z = 7./30Z & 7./ 2Z;

the order of this subgroup is 60, i.e., it coincides with the order of the whole group
E(F,). |
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