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ON MULTIGRADED REES ALGEBRAS
OF IDEALS OF POSITIVE GRADE

M. Herrmarm, E. Hyry, J. Ribbe

o. Introduction

Let A be a Ioeal ring with the maximal ideal m. Let I C A be an ideal
of grade I > O. The purpose of this paper is to study the Cohen-Macaulay
and Gorenstein properties of the multigraded Rees algebras RA(Ikl, ... , I k,.) =
A[Ikl tl, . .. ,Ik,.tr ], where t1, .. . , t r are indeterminates and k1 , ••• , kr E N*. The
geometrie objeet associated to RA([k1 , ••• , [k,.) is the multiprojeetive scheme
Proj RA([k1 , •• • ,[k,.) embedded into some projective space P1 XA ... XA P~.
The scheme Proj RA(Ik1 , • •• ,[k.. ) is isomorphie to Proj RA([k1 +...+k.. ), which is
the blow-up of SpecA along the subscheme V(Ikl+ ...+J:,.). From the homological
point of view these multigraded Rees algebras must thus be closely eonnected to
the Rees algebras of powers of ideals.

The Cohen-Macaulay and Gorenstein properties of RA([k1 , • •• ,[k,.) have pre
viously been considered in [HHR] for equimultiple ideals I. The main results from
[HHR] coneerning the Gorensteiness of RA(Ikl, ... ,[k.. ) have partly been general
ized to arbitrary ideals in [R]. For an equimultiple ideal, we could calculate (by an
idea of E. Hyry) the Ioeal cohomology and the specific eanonical modules of several
graded algebras by using a slightly generalized concept of the Segre product of two
graded rings in the following sense: Goto and Watanabe had determined the loeal
cohomology of the Segre produet of two graded rings over a field. Their arguments
eould be extended in [HHR] to graded rings over Artinian rings; in particular, we
eould compute the Iocal eohomology of the Segre products

(EB In / I n+1)U(A/ I)[t 1 , . .• ,trl
n~O

and
(EB In / In+q)U(A/ Iq)[t}, ... ,trl (q > 1),
n~O

where t}, ... ,tr are indeterminates and I is an m-primary ideal. Then, for any
equimultiple ideal, oue could proceed by standard arguments.
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In [R], by a eompletely different approach the Cohen-Macaulay type of a
multigraded Rees ring RA(Ikl, ... , I k,.) for an arbitrary ideal I has been de
termined. This eomputation together with the observation that the eanonieal
module of RA(I) can be easily ealculated in terms of the canonieal module of
RA(Ikl, ... ,Ik,.) led to the more general results in [R].

In this paper, we also eonsider the multigraded Rees ring RA(Ikl, ... , I k,.)
for an arbitrary ideal I. In Theorem 2.4 we first give a neeessary and sufficient
eondition for the Cohen-Maeaulayness of RA(Ikl, . .. ,Ik,.) in terms of the loeal co
homology of the usua! Rees algebra RA(I). It then turns out in the main Theorem
3.16 that if RA(Ikl, .. . , I k,.) is Cohen-Maeaulay, RA(Ikl, .. . , I k,.) is Gorenstein if
and only if the Rees algebra RA(Ik1+...+k,.) is Gorenstein. Consequently a suitable
charaeterization of the Gorensteiness of RA(Itl), q E N* , for an arbitrary ideal I
of grade I > 0 is desirable in this eontext. This is the seeond aim of this paper.
The Gorenstein properties of ordinary Rees algebras RA(Itl), q E N'" have already
been studied to some extent in [HRZ], [HRS], [H] and [Z]. Assuming RA(I) to be
Cohen-Maeaulay, it was shown in [HRZ] that if A is a loeal Gorenstein ring and
ht I > 1, RA(Itl) is Gorensteio if and ooly if the assoeiated graded riog grA(I) is
Gorensteio with the a-invariant -(q + 1). This is a generalization of a result of
Ikeda ([I]), which says that if RA(I) is Coheo-Maeau1ay and grade I > 1, RA(I)
is Gorenstein if and ooly if WA :: A and wgr.... (I) .-v grA(I)(-2). The result of
Ikeda has been extended to the ease gradeI = 1 by Goto and Nishida in [GN].
They first prove that if RA(I) is Gorenstein, then WA .-v HomA (I, A) = I-I and
there exists an exaet sequenee

0-4 grA(I)(-2) --+ wgr.... (I) --+ Ext~(A/I,A)(-l)--+ O.

They then show that these eonditions are under eertain assumptions sufficient for
the Gorensteiness of RA(I). Meanwhile Trung, Viet and Zarzuela have proved in
[TVZ] that these eonditions are also sufficient in general. Here we follow the line
of thinking in [GN] in the following sense.

H I C A is an ideal, let I'" = Un>I1n+I : In be the eorresponding Ratliff
Rush ideal (see [Me]). Let RA,(I) aner grA(I) denote the Rees algebra and the
assoeiated graded ring of the filtration

Set I-n = HomA(In,A) for n > O. We shall show in Theorem 3.9 that if RA(Itl)
is Gorenstein, there exists an exact sequenee

q-I

o--+ RA,(I)(-q) -4 WR.... (I) -4 E9 In-tl -4 0
n=I
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and we have wA ~ I-q. If, moreover, H~m A(RA(I)) = 0, where 001 is the
homogeneous maximal ideal of RA(I) , there also exists an exaet sequenee

q

o~ grA(I)( -(q + 1))~ wgrA(I) ~ E9 In-q-l /In-q ---+ O.
n=l

We then prove in Theorem 3.12 under the assumption H;mA(RA(I)) = 0 that
if grade I > 1 the conditions WA '"'-I A, WgrA(I) '"'-I grA(I)( -(q + 1)) imply the
Gorensteiness of RA(Iq). In the case q = 1, this reduces to the above mentioned
theorem of Goto and Nishida.

In Corollary 3.14 we show that if A is a loeal Cohen-Maeaulay ring and
RA(Iq) is Gorenstein, grA(I) is Gorenstein if and only if either I is principal or
ht I > 1 and grA (I) is Cohen-Maeaulay.

Acknowledgements. This paper was written when the seeond author was
visiting Germany. Financially he was supported by agrant of the DAAD (Ger
mauy). We want to thank Ngo Viet Trung (Hanoi) and Zhongming Tang (Suzhou)
for many helpful diseussions in the seminars of the Max-Planck-Institut für Mathe
matik during the preparation of this work.

1. P reliminaries

We begin by fixing some notation and by recalling eertain basic facts about
the local cohomology theory of multigraded rings and modules (for details see
[HHR], [HIO], [GW1], [GW2]).

We use the following multi-index notation. The norm of a multi-index n E zr
is Inl = nl + ... + n r . H m, n E zr are multi-indexes, their product mn =
(ml nl, ... , mrnr ) and dot-product m· n = ml nl + ... + mrnr . If mi < ni
(mi ~ ni ) for every i l we set m < n (m ~ n). We denote 1 = (1, ... ,1).

In the following we eall zr -graded rings and modules r-graded or simply
multigraded. Rings are always assumed to be Noetherian and Nr -graded. Let
S = EBnEN" Sn be an r-graded ring. Denote S+ = EBn:;eo Sn, st = EBni>O Sn
(i = 1, ... ,r) and S++ = EBn>O Sn = si n ... n S:-. If s E Sn, we say that s
has total degree Inl. From any graded ring R we can always form an r-graded
ring Rr-gr = EBnEN" Rlnl' which we cal1 the r-graded ring correJponding to R.

From now on we assume that 5 = EBnEN" 5n , where 50 = A is a loeal ring. H
m is the maximal ideal of A, the ring 5 now has a unique homogeneous maximal
ideal 001 = mffiS+. We have the multigraded local cohomology modules Hk(M).
Put d = dirn 5. An r-graded 5 -module Ws is called a canonical module of 5 if

d '"'-I ......

HomsClLm(S), Es(k)) = ws ~A A,

where Es(k) is the injeetive envelope of k in the category of r-graded 5-modules.
If a canonical module exists, it is finitely generated and unique up to an isomor
phism. Moreover, it always satisfies the condition (52) and dim5/P = dim5 for
al1 P E Assws.
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There is the theorem of loeal duality, which says that if A is eomplete, 8
is Cohen-Maeaulay if and only if every finitely generated r-graded 8 -module M
satisfies

Homs(H:m(M), Es(k)) = Ext~-i(M,ws) (i = 0, ... , d).

An important eorollary of this theorem says that if 8 is Cohen-Macaulay and has
a eanonieal module ws, then also every r-graded ring T defined over a loeal ring
and admitting a finite ring homomorphism 8 ---+ T has a eanonieal module

where e = dirn 8 - dirn T. The ring 8 is Gorenstein if and only if it is Cohen
Macaulay and Ws f"V 8(n) for sorne n E zr.

Reeall then the notion of the a-invariant. H R is a graded d-dimensional
ring defined over a loeal ring and has the homogeneous maximal ideal ')1, the
a-invariant of R is

a(R) = max{m E NIlH.;(R)]m f. O}.

If R has a eanonieal module, also

a(R) = -min{m E NI[WR]m f. O}.

The a-invariant of an r-graded ring 8 is a(S) = (aI, ... ,ar), where

In the ease 8 has a eanonieal module, we also have

aj = -min{njln E zr and [wsl n f. O}.

If S is Gorenstein, Ws f"V S(a(S) ) .
H k E (N· t , the Verone"ean ",ubring S(k) of S is S(k) = EBnEN" Skn. H

M is an r-graded S -module, the Verone"ean "ubmodule M(k) of M is the T

graded 8(k) -module M(k) = EBnEZ" Mkn. H S ean be generated by elements
of total degree one over A, we have (H&n(M))(k) = Hk(k)(M(k»). Moreover,
if dim S = dim S(k) and S has a eanonieal module ws, so does S(k) and the
canonieal module of S(k) is WSCk) = (ws )(k) .

In many oeeasions it is useful to consider the ring S endowed with a different
grading. Given a homornorphism <p: zr -4 zq satisfying cp(Nr) C Nq we put

S~ = EB ( EB Sn ) .
mEN' ~(n)=m
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For any r-graded S -module M there is the corresponding r-graded Slp -module

Mlp = E9 ( E9 Mn).
mEZ' <,O(n)=m

It is easy to see that for all r -graded S -modules N and every homomorphism
cp: zr -+ zq satisfying cp(Nr) c Nq (Ext~(M, N))<'o = Ext~'P (M<'o, N<'o). The
following lemmas show that the loeal eohomology groups and the eanooieal module
behave well under a change of grading (see [HHR, §1]).

1.1. Lemma. Let S be an r-graded ring deiined over a loeal ring and let
001 be the bomogeneous maximal ideal oE S. Let M be an r -graded S -module.
H cp: zr -+ zq is a homomorpbism satisfying cp(Nr) c Nq, we have

(H~(M))lp = H~'P(M<'o).

1.2. Remark. H cp is an isomorphism zr -+ zr such that Slp = S and
M<,O = M, it especially follows that (Htm(M))'P = H~(M).

1.3. Lemma. Let S be an r -graded ring defined over a Ioeal ring. Suppose
cp: zr -+ zq is a bomomorpbism satisfying cp(Nr) c Nq and cp-l(O) n Nr = O. H
S has a canonical module ws, so does Slp and tbe canonical module oE S'P is

WS'P = (ws)'P.

Let A be a ring aod let 11, ... , Ir C A be ideals. Set I = (11,"" Ir). The
multi-Ree" ring RA(I) is the r-graded ring

RA(I) = E9 I~l ... I~r.
nENr

We often ideotify RA(I) with the subring A[I}tt, . .. ,Irt r] of A[t}, ... , t r]. H
ht I j > 0 (j = 1, ... , r), we have dirn RA(I) = dimA+r. In this paper we eoneeo
trate to the case where all the ideals I}, .. . ,Ir are powers of the same ideal I C A.
We use the notation Ir for the r-tuple (I, ... , I) and set I~ = (111 , • •• ,Ikr) for
k E (N-)r. The aJ"ociated r-graded ring grA(Ir) = RA(Ir)/I RA(Ir). If A is Ioeal
and ht I > 0, we have dirn grA (Ir) = dirn A + r - 1 .

2. The Cohen-Macaulay property of the multi-Rees algebras

Let A be a loeal ring and I c A an ideal of ht I > O. Let k E (N-)r. We
want to calculate the Ioeal cohomology of the multigraded Rees algebra RA(I~).

Since RA(I~) = (RA(Ir))(k) , we cau first eonsider the ring RA(Ir). We have

RA(Ir) = E9 {RA(!)]lnl
nENr

so that RA(Ir) is the r-graded ring (RA(I))r-gr corresponding to RA(I). We
therefore begin with the following general lemma:
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2.1. Lemma. Let R be a graded ring defi.ned over a. loeal ring and let 9J1
be the homogeneous maximal ideal of R. Put S = Rr-gr and m= 9J1 r - gr . Let
j,1 E {I, ... ,r} (j -11). Then

(1) Hi (S) - Hi (8) (j) (I) jf n' > 0 and n > 0-91 (nl, ,n,,) - -lJI (nl,.",nj+n"".,O I"",n,,) J - ,- •

(2) H~(S)(n1J ,n,,) = 0 jf nj < 0 and n, ~ O.

(3) Hi (5) - H i (S+) (j) (I) jf n' < 0 and n < 0-91 (nl, ... ,n,,) - -91 , (nl, ... ,nj+n" ... ,o I"",n,,)) ,.

Moreover, H~(8t)cnll".,n,,) = 0 jf nj ~ 0 and n, = O.

ProoE. By symmetry we can asswne that j = r - 1 and 1 = r (see Remark
1.2). Consider the exact sequence

o--+ S: --+ S --+ SIS; --+ O.

From this sequence we get for all n E Nr the exact sequence

llf~-I(SIS;)]o --+ llf~(S;r)]n --+ llf~(S)]n --+ [J[~(SIS;)]n'

Since [J[~ (SI st)] n = 0 if n r -I 0, we obtain an isomorphism

Similarly there is an isomorphism

for nr-l -I O. Also note that the map st --+ S:-l' s I--t t r _1t;-l s , s E st
induces an isomorphism

We then have for any nr-l -I 0, n r f=. -1

H we now replace nr-l and n r with nr-l + n r and 0 respectively, the repeated
use of this formula implies (1). Also (2) folIows, since for k ~ 0 we get

= O.
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To prove (3) observe that for n r-l =1= -1

Bi (s+) ~ Bi (s+ )-lJI r (n11' .. ,n"-l,n,,) - -lJI r-l (n1, ... ,n"_1+1,n,,-I)

'" B~(S)(nll... ,n"_1+1,n,,-I)'

By repladng n r -l and n r again with n r -l + n r and 0 respectively, we get (3).
To prove the last claim note that for n r-l =1= -1 ,nr =1= 1

so that for k >- 0

~ Bi (s+)- -lJI r (n1, ... ,n"-1+k,-k)

=0.

2.2. Theorem. Let R be a graded ring denned over a Joeal ring and Jet rot
be the bomogeneous maximal ideal oE R. Put S = Rr-gr and 91 = rotr - gr . Tben

{

lli1m(R)]lnl if n ~ 0

Lli~(S)]n = Lli~I-r(R)]lnl iE n < 0

o otherwise.

ProoE. We ~se induction on r. The case r = 1 being trivial assume r > 1.
Observe that s(r-l)-gr = SIS:. Let n E Nr and consider the exact sequence

Lli~l(S)]n ~

H~-I(SIS;J-)]n ~ lli~(S;J-)]n ~ Lli~(S)]n ~ Lli~(SI S;J-)]n

--. [K;:1 (S;J-)]n

coming from the exact sequence

o--. S: --. S ---+ SIS: ~ o.

H n ;::: 0, Lemma 2.1 first implies that
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Moreover, we get

so that there is an isomorphism

[K~(S)](nl ,. .. ,nr-l+nr,0) /"<oJ [K~(S / St)l<nl, ... ,nr_l+nr.O)·

The claim now follows from the induction hypothesis. Suppose then that n < O.
We get

Ui~(S»)n /"<oJ [K~(St)](nll,,,,nr_l+nr,O)'

by Lemma 2.1, (3),

since in the exact sequence mentioned above

by Lemma 2.1, (2). This implies the claim by the induction hypothesis. The case,
where some nj < 0 and some n, 2:: 0 follows immediately from Lemma 2.1, (2).

We also need the following lemma (see [HHR, Theorem 2.2 and its proof]).

2.3. Lemma. Let A be a loeal ring and let I), ... , Ir C A be ideals such
that htIj > 0 (j = 1, ... ,r). Then a(RA(I), ... ,Ir )) = -1.

We now give a necessaxy and sufficient condition for the Cohen-Macaulayness
of the multi·Rees algebra RA(I~).

2.4. Theorem. Let A be a IDeal ring oE dimension d and I C A an ideal oE
ht I > O. Let k E (N*)r. Let 9Jl be tbe bomogeneous maximal ideal oE RA(I).
Tben RA(I~) is Coben-Maeaulay if and onIy if [K~(RA(I)]k'n= 0 for i < d + 1
and n < 0 or n 2:: O.

ProoE. Since RA(I~) = (RA(Ir)(k) and RA(Ir) = (RA(I»)r-gr, it follows
from Theorem 2.2 that

{

lli~(RA(I)]k.n if n 2:: 0

lli.~(RA(I~))]n = [Jf~(RA(Ir))]kn = lli.;l-r(RA(I))]k.n if n < 0

o otherwise .

If H~(RA(I~))= 0 for i < d + r, this immediately implies ll!k(RA(I))k'n = 0
for i < d +1 and n < 0 or n 2:: O. Since a(RA(I) = -1 by Lemma 2.3, we have
ll!k(RA(I))]k.n = 0 for i 2:: d+ 1 and n 2:: O. If lH.~(RA(I)]k'n= 0 for i < d+ 1
and n < 0 or n 2:: 0, we thus get H~(RA(I~)) = 0 for i < d + r and the claim
has so been proved.

Theorem 2.4 immediately implies the following two corollaries.
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2.5. Corollary. Let A be a IDeal ring and I c A an ideal of ht I > O.
Let k E (N*)r. Denote q = gcd(k}, ... , kr ). H RA(lq

) is Coben-Maeaulay, also
RA(I~) is Cohen-MacauIay.

2.6. Corollary. Let A be a IDeal ring of dimension d and I c A an ideal
of htI > O. Let k E (N*)r. H RA(I~) is Cohen-MaeauIay, also RA(Ilkl) is
Cohen-Macaulay.

Also reeall the following result proved in [HHR] (see [HHR, Theorem 2.2]):

2.7. Theorem. Let A be a Ioeal ring of dimension d and I C A an ideal
of ht I > O. Let 9Jl and m be the homogeneous maximal ideals of RA (I) and
RA(Ir) respeetively. Tbe following eonditions are equivalent.

(1) RA(Ir) is Coben-MaeauIay.

(2) lli.~(grA(Ir)]n = 0 wben i < d + r - 1 and n f -1,

a(grA(I r » < O.

(3) Ll&n(RA(I)]n = 0 wben i < d +1 and n f/. {-r + 1, ... ,-1}.

(4) llfk(grA(I)]n = 0 when i < d and n f/. {-r, ... ,-1},

a(grA(I» < O.

3. The Gorenstein property of the multi·Rees algebras

Let A be a loeal ring and I C A an ideal of grade I > O. In this chapter we
want to study the Gorenstein property of the multi-Rees algebra RA(I~), where
k E (N*)r. We begin with aseries of lemmas.

3.1. Lemma. Let A be a IDeal ring an cl let 11 ,.,., Ire A be ideals. Set
S = RA(11 , • , • , Ir) and J = 11 •.. Ir. Then

Homs(JS,S) = EB HomA(J,I~l., .1~r).
nENr

ProoE. Suppose first that f E [Horns(JS, S)]n. Then I = (Im )mENr , where
Im E HomA(JSm,Sm+n)' If a E J and bE 1;"1 .. ·1~r, we have

It follows that Im (ct';1 ... t~r) = lo(e)t';1 ... t~r for all c E I;nt +1 ... l~r+l '.
This shows that f is uniquely determined by an element of HomA( J So, Sn) =
HomA(J, If1 ... l;!r) and the lemma follows.

3.2. Lemma. Let A be a loeal ring and let 11 , ••• , Ir C A be ideals such
tbat gradelj > 0 (j = 1, ... ,r). Set S = RA(I1 , ... ,lr) and J = 11 , .. Ir. H
grade(JS+S++) > 1, webave [Ext1(s/s++,S)]n = 0 for n ~ O.
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Proof. Let aj E Ij (j = 1, ... , r) be non-zero divisors. Denote a = al ... a r

and s = atl ... t r . Multiplication by s then induces an exact sequence

o--+ S( -1) -+ S -+ S/sS --+ O.

PrOffi this we get the exact sequence

o-+ HOffis(S/S++, S( -1)) --+ HOffis(S/S++, S)

--+ HOffis(S/S++, S/sS) -+ Ext1(s/S++, S( -1))

--+ Ext~(S/S++, S) --+ ...

Since HOffis(S/S++, S) = 0 and Ext~(S/S++, S( -1)) --+ Ext~(S/S++, S) is a
zero map, there is an isomorphism

Because

we get

for al1 n.
We shall next show that for n ~ 1 [sS: S++]n = [sS : (J S + S++)]n' Let

et~l: .. t~r E [sS : S++]n' Then

This implies Je C aI~l ... I~r C aI~1-1 ... I~r-l so that

Hence et~l ... t~r E [sB: (JS +S++)]n and the above claim has been proved.
If grade(J S + S++) > 1, we have sS : (J S + S++) = sS and get thus

[Ext1(s/S++, S)]n = 0 for n ;:::: 0 as wanted.

3.3. Lemma. Let A be a loeal ring and let 11 , ••. , Ir c A be ideals such
that gradeIj > 0 (j = 1, ... ,r). Set S = R A (I1 , •.• ,Ir ) and J = I 1 ···Ir . H
grade(JS + S++) > 1, the canonical homomorphism

i8 an isomorphism for all n ;:::: 1.



11

ProoE. By dualizing the exact sequenee

0--+ 8++ --+ 8 ~ 8/8++ --+ 0

by 8 one obtains the diagram

where e is the degree 1 isomorphism indueed by the isomorphism J8 --+ 8++ ,
S t--+ st l •• ·tr , s E J8. Sinee gradeJ > 0, we have Homs(8/8++,8) = O. By
Lemma 3.2 we know that [Ext1(8/8++, 8)]n = 0 for n ~ o. The diagram then
implies that for n ~ 1 there is an isomorphism 8 n- 1 --+ [Homs(J 8,8)]0' In
this isomorphism s E 8 n-1 is mapped to the element s' t--+ (s' t l ••• t r )s, s' E J8
of [Homs( J 8, 8)]n' Because

Homs(J8,8) = EB HomA(J, I~l ... I~r)
nENr

by Lemma 3.1, we get an isomorphism I~l-l. ··I~r-l --+ HomA(J,I~l .. . I;!r) ,
whieh maps an element a E Ir1

-
1
... I;r- l to the element a' I-t aa', a' E J of

HOIDA (J, I~l ... I;!r) as desired.

3.4. Lemma. Let A be a Ioeal ring and I c A an ideal of grade I > O.
Suppose that RA(I~) is Cohen-Macaulay for some k E (N*)r. Then

(1) Tbe canonical homomorpmsm In : Im ~ HOffiA(Im, In) is an isomorphism
for m ~ Ikl ~ n.

(2) Ik.n : Ilkl = I k .(n-1) for n ~ 1.

ProoE. We apply Lemma 3.3 with Ij = Ikj (j = 1, , r ). Since 8 =
RA(I~) is Cohen-Macaulay, we have ht(J8 +8t) > 1 (j = 1, , r) and so also
grade( J 8 + 8++) = ht(J 8 + 8++) > 1. It follows that the canonical homo
morphism I k .(n-1) ~ HomA(Ilkl,Ik.n) is an isomorphism for aU n ~ 1. We
then observe that (2) is a consequence of (1). To prove (1) note first that in the
case n = 1 the above isomorphism gives an isomorphism A --+ HOffiA (Ilkl, Ilkl) .
Consider the exact sequence

Dualizing by In gives the sequence

HomA(Im/ Ilk l, In) ~ HOffiA(Im, In) ~ Hom(Ilkl, In).
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Since grade 1 > 0, we have HOffiA(Im /Ilkl,ln) = O. Then

Hence we can make the identification

and the lemma has so been proved.

Let A be a ring and I c A an ideal. Consider the so-ealled Ratliff-Rush ideal

I· = UIP+l : IP
p>O

(see [Me, Chapter 11)). Note that In+p : IP C In+p+l : IP+l for all n,p ~ O.
When grade I > 0, it is well-known that

In. = Urn+p : IP
p>O

for all n E N (see [Me, Proposition (11.1), (v))).

3.5. Lemma. Let A be a loeal ring and I C A an ideal of grade I > O.
Suppose that RA(I~) is Cohen·Macaulay for some k E (N*)r. H n E Nr, let
s( n) = (s 1 ( nl ), ... , Sr ( n r )) E Nr, wbere n j + S j ( n j) E k j N, 0 ~ S j ( n j) < k j

(j = 1, ... ,r). Then [lnl+p : IP = (1101 ). for p ~ 18(n)l.

ProoE. It is enough to prove that [Inl+la(o)l : [1-(0)1 :> (lini)•. We show that

for all q > O. H a E Ilol+la(n)l+qlkl : Ila(n)l+qlk! , we obtain

Now n + s(n) = km for some m E Nr. Since RA(I~) is Cohen-Macaulay, it
follows from Lemma 3.4 that

Therefore a E Ilol+la(n)l : [1-(0)1 and the claim has been proved.

We are now ready to consider the Gorensteiness of RA([q) (q E N·).
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3.6. Proposition. Let A be a loeal ring and I C A an ideal of ht I > O. Set
S = RA(I). Let q E N*. H n E N, let ren), sen) E N be tbe Dumbers determined
by tbe eonditioDs n + sen) = r(n)q, 0 ~ sen) < q. Denote T = RA(Iq). H T is
Coben-Maeaulay and bas a eanonieal module, also S has a eanonieal module and

[WS]n = [HomT(I,,(n)T,wT)]r(n)

for a11 n ~ 1. H a E Im and ';' E [WS]n,
((atm),;, )(btk) = ';'(abtk+r(n+m)-r(n))

for b E I,,(m+n)+k q, k E N. Moreover,

[Hom(I5, WS)]n = [HomT(I,,(n)+lT, WT )]r(n)'

ProoE. Put U = A[Iqtq ] and denote UP = (It)PU for 0 ~ p < q. First observe
that U is a subring of 5 and S is a finite U -module. In fact, as aU-module

q-l

S = EBUp.
P=O

H ,;,: Z~ Z is the map n 1-+ qn, n E Z, we have U = TVJ and UP = (IPT)/.P( -p).
Since T and U are isomorphie as rings, also U is Cohen-Maeaulay and so

q-l

Ws = Homu(S,wu) = EBHomu(UP,wu).
P=O

By Lemma 1.3 we know that wu = (WT)CP. Then

[Homu(UP, WU )]n = [HomTIIt((IPT)/.P, (WT )/.P)]n+p

= [(HomT(IPT,wT ))/.P]n+p.

It follows that [HOffiu(UP,wU)]n = 0 if p # sen). So

[WS]n = [Homu(U,,(n), Wu )]n = [HomT( I,,(n)T, WT )]r(n)' "-

H a E Im, b E I,,(n+m)+l:q and ';' E [WS]n, the claim coneerning ((atm),;,)(bt k )

follows easily from the observation that we can write

m + sem + n) + kq = sen) + kq + (r(n + m) - r(n))q.
Since

q-l
IS = EBIUP

p=O

and
Homs(IS,ws) = Homs(IS,Homu(S,wu)) = Homu(IS,wu),

it follows in a similar way that

[Hom(IS,ws)]n = [Hoffiu(Iu,,(n),wU)]n = [HOffir(I,,(n)+lT,WT)]r(n)'

In the proof of the following lemma we use the ideas presented in the proof
of [Z, Proposition (1.1)].
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3.7. Lemma. Let A be a eomplete Ioeal ring of dimension d and I C A an
ideal of htI > O. Set S = RA(I) and G = grA(I). Let 9Jt be the bomogeneous
maximal ideal of S. There exists a eommutative diagram

o -. Ws --+

Ir
o --+ ws --+

--+ WA

-4 WG

-4 Homs(H~(S),fu(k))

--+ Homs(H~(S),Es(k)),

where r is a bomomorphism of degree -1 and (l is tbe degree 1 isomorpbism
indueed by tbe isomorpbism I S --+ S+ , S I--t st, sEIS. Moreover, if n > 1, tbe
homomorphisms rn: [WS]n -4 [WS]n-1 are fujeetive and for every 0' E [WS]n r(O')
is uniquely determined by the property that (ct )r(Q') = ca for all c EI.

ProoE. Set T = RA(Iq) and U = A[Iqtq]. Sinee U is isomorphie with T as
ring, also U is Cohen-MaeauIay. Moreover, U is a subring of S over whieh S is
finitely generated. By dualizing the exaet sequenees

o-. S+ --+ S --+ A --+ 0

and
o--+ IS --+ S --+ G -4 0

by wu we obtain the exaet sequenees of S -modules

HOffiu(A,wu) --+

HOffiu(S,wu) --+ HOffiu(S+ ,wu) --+ Exth(A,wu)

--+ Extt,(S, wu),

HOffiu{G,wu) -4

HOffiu(S,wu) --+ Homu(IS,wu) --+ Exth(G,wu)

--+ Exth(S, wu).

Now dimG = dimA = d, but dimU = dimS = d + 1. Let 9Jt be the maximal
ideal of S. By Ioeal duality we get

and
Homu{G,wu) = HOffiu(H;tI(G), Eu(k)) = O.

Sinee E s(k) = Homu(S, E u(k)), it follows that



15

We also have Ws = HOffiu(S,wu) , WA = Exth(A,wu), WG = Exth(G,wu) and

HOffis(S+,ws) = Horns(S+,Homu(S,wu)) = Homu(S+,wu),

Homs(IS,ws) = Homs(IS,Homu(S,wu)) = Homu(IS,wu).

We thus get the exact sequences

and
o ---+ Ws ---+ Homs(IS, ws)~ WG ~ Homs(H~(S), Es(k)).

Since [WA]n = 0 if n ~ 1, the map [WS]n ~ [Homs(S+ ,WS)]n is an isomorphism
for n ;::: 1. Because a(S) = -1, [WS]n = 0 for n ~ O. By means of the diagram

we can now define a degree -1 homomorphism T:WS ~ ws such that the
diagram commutes. It follows easily !rom the definition of T that (ct )r(0') =
T( (ct)O') = ca for all c EI. To see that this property uniquely detennines T( a)
assume that ß E ws and etß = ca for all e EI. Then et(T( 0') - ß) = 0 for all
e EI, which implies that S+ C Ann(T(a) - ß). If T( a) f:. ß, there would now
exist P E Ass ws such that S+ C P. We would then have dim S/ P < dirn S ,
which is impossible, sinee dimS/P = dimS for all P E Assws. So T(a) = ß and
the lemma has been proved.

Let A be a ring and I C A an ideal of grade I > O. Consider the Ratliff-Rush
ideals In. (n E N). By [Me, Proposition (11.1), (vi)] In·Im* C In+m. for all
m, n E N. The ideals In. (n E N) so define a filtration

Let
RA(I) = EB I n* and

nEN

grA(I) = EB I n* / I n+1
•

nEN

denote the corresponding Rees-algebra and the associated graded ring respee
tively. By [Me, Theorem (12.3)] we have In* = In for all n E N if aod only
if grade(grA(I))+ > O. We thus get RA(I) = RA(I) and grÄ(I) = grA(I) if and
only if grade(grA(I))+ > O. By [V, p. 157] this is the case, for example, when
RA(I) has the property (52)' It is also useful to note the following simple lemma.
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3.8. Lemma. Let A be a Ioeal ring and I C A an ideal of grade I > O.
Then grÄ(I) ~ grA(I) if and onIy if grade(grA(I))+ > O.

ProoE. Suppose grÄ(I) "" grA(I). There exists then for every n E N an
isomorphism In IIn+l ---+ In. IIn+1 •. From the isomorphisffi AI1 ---+ AII· we
get I = I·. It follows by induction on n that In = In. for every n E N. AB

mentioned above this is now equivalent to grade(grA (1))+ > O.

We denote I-n = HOffiA(In, A) for n > O. For all n E N there is the exact
sequence

coming from the sequence

o ---+ 1n+1 ---+ In ---+ In 11n+1 ---+ O.

Since grade I > 0, we have HOffiA(Inlln+l,A) = 0 so that there is a monomor
phism

o---+ I-n ---+ I-(n+l).

Hy means of this monomorphism we shall consider I-n as an A-submodule of
1-(n+l) .

3.9. Theorem. Let A be a Ioeal ring and I C A an ideal of grade I > O.
Set S = RA(I) and G = grA(I). Suppose that RA(Iq) is Gorenstein for some
q E N·. Then

(1) Tbere exists an exact sequence of graded S -modules

q-l
o ---+ RÄ(I)( -q) ---+ ws ---+ ffi In-q ---+ O.

n=1

(2) WA "" I-q

(3) Set d = mmA and let m be the bomogeneous maximal ideal oE S. H
H~(S) = 0, we also bave an exaet sequenee of graded S -modules

q

o---+ gr~(I)(-(q+ 1)) ---+ wo ---+ ffi1n-q-1 /In-q ---+ O.
n=1

PraoE. We may assume that A is complete. Lemma 3.7 implies the existence
of the diagram

o ---+ ws ---+ Homs(S+ ,ws) ---+ WA ---+ Homs(H~(S),Es(k))

19
o---+ Ws ---+ HOffis(IS,ws) ---+ Wo ---+ Homs(H~(S),Es(k)),
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where (} is an isomorphism of degree 1. Put T = RA(Iq). Since T is Gorenstein,
WT = T( -1). By Lemma 3.1 it follows from Proposition 3.6 that

Ws = E9 [Homr(I..(n)T,wr )lr(n)
n~l

= E9 [Homr(I,,(n)T, T)lr(n)-l
n;;:::l

= E9 HomA(I,,(n), I,,(n)+n- q).

n~l

Similarly
Homs(IS, ws) == E9 HornA(I,,(n)+l, I,,(n)+n- g).

n~l

If 1 ~ n ~ q, s(n) = q - n and so

HOillA(I..(n) , I ..(n)+n- q) = HOillA(Iq-n, A) == In-q,

HOffiA(I,,(n)+l,I,,(n)+n- q) == HomA(Iq-n+l ,A) = In-q-l.

H n > q, s(n) + n - q ~ q and it follows from Lemmas 3.4 and 3.5 that

HOffiA(I,,(n) , I,,(n)+n- q) == I,,(n)+n-q : I,,(n) == (In-q)*,

HOffiA(I,,(n)+l,I,,(n)+n- q) = I,,(n)+n-q : I,,(n)+l = (In-q-l)*.

The claim (1) is now immediate. Since T is Cohen-Macaulay, we have ll!.~(S)lo ==
lfdn(T)lo = O. Then

[Homs(H~(S),b(k))]o== HomA(LH.~(S)lol EA(k)) = O.

Since also [wslo = 0, the diagram implies WA f'V [Hoffis(IS,ws)h = HOffiA(Iq, A)
BO that (2) has been proved. To prove (3) observe that in degrees 1 ~ n ~ q one
cao identify the second row of the diagram with the sequence

In the case n ~ q, we thus get that

H n > q, we have
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and the claim has so been proved.

Suppose that RA(lq) is Gorenstein. In [HRZ] the a-invariant of grA(l) was
computed in the case grade I > 1 if RA(I) was Cohen-Macaulay. Now using
Theorem 3.9 we cau generalize this result as folIows.

3.10. Corollary. Let A be a local ring of dimension d and I C A an ideal
of grade 1 > O. Let v.n be tbe bomogeneous maximal ideal of RA(I) and assume
tbat H~(RA(I)) = O. Suppose tbat RA(Iq) is Gorenstem for some q E N·. H
gradeI = 1, we have a(grA(I)) > -(q + 1), and if grade I > 1, a(grA(I)) =
-(q+1).

Proof. Set G = grA (I) . Assume first that grade I = 1. Then I-I i= A.
According to Theorem 3.9 we then have [wa]q i= 0 so that a(G) > -(q + 1). In
the case grade I > 1, we obtain [waln = In-q I In-q-l = 0 for 1 ~ n ~ q, but
[Wa]q+l = All· i= 0, which means that a(G) = -(q +1).

We want to show next that if grade I > 1, the conditions mentioned in The
orem 3.9 are also sufficient for the Gorensteiness of RA(Iq).

3.11. Lemma. Let A be a complete local ring of dimension d and I c A
an ideal of grade I > O. Let !Dt be the bomogeneous maximal ideal of RA(I)
and assume that H~(RA(I))= O. Let q E N·. Suppose that RA(Iq) is Cohen
Macaulay. Set S = RA(I), G = grA(I). H [ws]q "" A and if there exists an
isomorpmsm

grA(I)( -(q + 1)) --+ ES [wa]n,
n;::::q+l

then we bave an isomorpbism

RA(!)( -q) --+ ES [WS]n
n;::::q

of graded S -modules.

ProoE. Let r: Ws --+ WS( -1) be the homomorphism of Lemma 3.7. We first
define homomorprusms 1/1n: (In- q).~ [WS]n (n 2:: q) so that the diagram

~ [WS]n-l

i tPn-l
-. (In-q-l).

commutes. By assumption we cau find an isomorphism 1/Jq: A ---}o [ws]q. Accord
ing to Lemma 3.6 we can identify [WS]n with

[HoffiT(I.t(n)T, WT )Jr(n),
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where s(n),r(n) E N and n+s(n) = r(n)q, 0:$ sen) < q. Set ~ = lf'q(l) E [ws]q.
Let a E (In-q)*. To define 1/Jn(a) we need a homomorphism Ia(n)T --r WT of
degree r(n). Hy Lemma 3.5 we have (In-q)* = 16(n)+n-q : Ia(n). Since ala(n) C

Ia(n)+n-q and ~ is a homomorphism T ---+ WT of degree 1 , we can define lf'n(a)
by setting

tPn(a)(bt k ) = e(abtk+r(n)-I) (b E Ia(n)+qk,k E N).

The definition now implies easily that "p n ( ca) = ctVJn -1 ( a) for a E (In - q-l )* ,c E
I. By Lemma 3.7 this means that tPn-l (a) = T( tPn (a)). So the diagram commutes.
Now consider the diagram

o ---+ [WS]n

l,pn
o ---+ (In- q)*

---+ [WS]n-l ---+ [WO]nr,pn-l
---+ (In- q-l)* ---+ (In- q-l YI(In-q)*

---+ 0

---+ 0

Hy the induction hypothesis tPn-l is an isomorphism. It follows that the induced
homomorphism (In-q-t)* I(In-q)* ---+ [WO]n is an epimorphism. Since there
by assumption exists an isomorphism (In-q-l)* I(In-qy ---+ [WO]n, this epimor
phism must be an isomorphism. Hy the five-lemma ,pn is an isomorphism. Since
tPn+m(ca) = ctmtPn(a) for all cE Im, a E (In- q)* and n ~ q, the isomorphisms
,pn now induce a S -linear isomorphism

E9(In-q)* ---+ E9 [WS]n
n~q n~q

and the lemma has so been proved.

3.12 Theorem. Let A be a Jocal ring of dimension d and I C A an ideal
oE grade I > 1. Let VJ1 be the homogeneous maximal ideal oE RA(I). Suppose
H!k(RA(I)) = O. Set G = grA(I). Let q E N*. Then RA(Iq) is Gorenstein if
and only if the following conditions are satisiied

(1) RA(Iq) is Cohen~Macau1ay

(2) WA ~ A

(3) wo ~ grA(I)( -(q + 1)).

H grade G+ > 0, conditioD (3) is equivalent with the condition

(3') Wa ~ grA(I)(-(q + 1)).

ProoE. We mayassume that A is complete. Put S = RA(I), T = RA(Iq).
Since grade I > 1, we have In-q = I n-q-l for 1 ::; n ::; q. According to Theorem
3.9 the Gorensteiness of T implies the conditions (1 )-(3). Suppose then that the
conditions (1)-(3) hold. Then [WO]n = 0 for 1 ~ n ~ q so that by the diagrarn of
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Lemma 3.7 we get [ws]q "J [WS]q-l "J ••• "J [wsh "J WA "J A. By Lemma 3.11 this
implies that

EB [WS]n = EB(In-q)*.
n~q n~q

Now WT = (ws)(q). Since T is Cohen-Macaulay, (Iq(n-l)t = Iq(n-l) (see p. 15).
We get WT = T(-1) so that T' is Gorenstein as wanted. The equivalence of (3)
and (3') follows from the fact that gradeG+ > 0 implies G = grA(I) (see p. 15).

3.13. Example. ([HRS]) Let k be a field. Consider the ring

where k [[X1, ••• , X 11]] is the formal power series ring over k. The ring A is a
hypersurface ring of multiplicity 2 and dimension 10. Let I denote the ideal
generated by all monomials of degree 4 in X2, ••• , Xll different from x~x~. Let
m be the maximal ideal of A. We now have f2 = m 8

• Because RA(m) is Cohen
Macaulay and a(G(m)) = -9, we know by Theorem 3.12 that R(fl) = R(m8

) is
Gorenstein. We shall show that in this case grA(I) is not even quasi-Gorenstein.
Set S = RA(I) and G = grA(I). One now easily sees that there exists a short
exact sequence

Let rot be the homogeneous maximal ideal of S. The corresponding cohomology
sequence now implies Htm(S) = 0 for i f 1,11, but Hk(S) "J k( -1). It then
follows from the cohomolygy sequences corresponding to the short exact sequences

o---+ S+ ---+ S ---+ A ---+ 0 and 0 ---+ S+(I) ---+ S ---+ G ---+ 0

that [K~(G)]o = [Kfut(S+)h = [Kk(S)h f O. Thus gradeG+ = depthG = O.
Because WG "J grA(I)( -3) by Theorem 3.12, it follows from Lemma 3.8 that
WG ~ G(-3).

3.14. Corollary. Let A be a Iocal Coben-Macaulay ring and [ C A an
ideal of ht I > O. Suppose tbat RA(Iq) is Gorenstein for some q E N*. Then
grA(I) is Gorenstein if and only if either I is principal or ht I > 1 and grA(I) is
Coben-Macaulay.

Proof. Denote G = grA (I) and a = a(G). Observe first that the assump
tions in any case imply by [HRZ, Corollary (2.7)] that RA(I) is Cohen-Macaulay.
Assume now that G is Gorenstein and ht I = 1. Then Wo = G(a). By Corollary
3.10 we have a > -(q + 1). Because G is Cohen-Macaulay, grÄ(I) = G. By
Theorem 3.9 we then get [WG]q+l = Go. So Iq+l+a IIq+2+a "J AII, which implies
that [q+l+a is principal. Since ht I > 0, it follows !rom [5, Proposition 1] that
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I is principa.l. If ht I > 1 and G is Cohen-Macaulay, [HRS, Theorem (2.3)] (or
Theorem 3.12) implies that Wo = G( -(q +1)) so that G is Gorenstein.

We shall now consider the Gorensteiness of RA(I~) (k E (N-)r). We have
the following general result about the canonical module of an r-graded ring cor
responding a graded ring.

3.15. Proposition Let R be a graded ring defined over a IDeal ring. Set
S = Rr-gr. Suppose tbat dimS = dimR + r - 1. H R bas a eanonieal module,
tben so does S and we have

. ws = EB[wR]lnl'
n>O

ProoE. Set d = dimR, so that dimRr-gr = d + r - 1. Denote A = So and
let 9J1 be the homogeneous maximal ideal of R. Set 'J1 = 9J1r-gr. It follows from
Theorem 2.2 that lli.;+r-l(S)]n = lli.~(R)]lnl if n < 0 and 0 otherwise. Then

Ws = HOffis(H;+r-l(S), Es(k))

= HOffiA (H;+r-l(S), EA(k))

= EB RomA ([[[;t~~~(S)]-n, EA(k))
nEZ"

= EB HOffiA (lll~(R)]-lnl'EA(k))
n>O

= EB[HomA(H~(R),EA(k))]lnl
0>0

=EB[HomR(H~(R),ER(k))]lnl
0>0

= EB[wR]lnl'
n>O

3.16. Theorem. Let A be a Ioeal ring and I C A an ideal oE grade I > O.
Let k E (N-)r. Then RA(I~) is Gorenstein if and only iE it is Cohen-Macaulay
and RA(Ilkl) is Gorenstein.

ProoE. Denote R = RA(I) , S = RA(Ir) and S' = RA(I~), R' = RA(Ilk l ).

Assume first that S' is Gorenstein. We then know by Lemma 2.3 that WS' =
S'( -1). By Proposition 3.15 we have

Ws = EB[wR]lnl'
0>0

Since Ws' = (ws )(k) , this implies

S'( -1) = EB Ik.(n-l) = EB[WR]k.n.
0>0 n>O
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Because WR' = (wR)(lkl) , it then follows that

WR' = EEHwR]lkln = EB[WR]k.(nl) = EB Ilkl(n-l) = R'( -1).
n>O n>O n>O

Since R' is Cohen-Macaulay by Corollary 2.5, we get that R' is Gorenstein.
Assume then that S' ia Cohen-Macaulay and R' is Gorenstein. It follows

from Theorem 3.9 that

EB [WR]n = EB (In-Ik l ) ••

n~lkl n~lkl

Aceording to Proposition 3.15 we have

ws = EB[WR]lnl'
n>O

Then
Ws' = (wS)(k) = EB[WR]k.n = EB(Ik.(n-l»)•.

n>O n>O

By Lemma 3.5 we know that (Ik.n). = I k.n for all n E NT. So

ffi Ik.(n-l) S'( 1)
wS'=~ =-

n>O

and the theorem has been proved.

3.17. Example. Consider the dass of Cohen-Macaulay almost complete
interseetion ideals I of ht I > 1 in a loeal Gorenstein ring A. For these ideals
we know by [HRZ, Proposition (2.5)] that grA(I) is Gorenstein and a(grA(I)) =
- ht I < -1. Since RA(I) is then Cohen-Macaulay, it follows from [HRZ, Theorem
(3.5)] that RA(Iht I-I) is Gorenstein. Therefore the multigraded Rees ring RA(I~)

is Gorenstein if Ikj = ht I - 1.
Take in particular A = k[[X1, • •• ,Xa]] , where k[[Xt, ... ,X 6 ]] is the formal

power series ring over a field k, and

([HK]). Then ht I = 3, a(grA (I)) = - 3 so that R(fl) and R(I, I) are Gorenstein.

By combining Theorem 3.16 with Theorem 3.12 we immediately get the fol
lowing.
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3.18. Corollary. Let A be a ioeal ring oE dimension d and I C A an ideal
oE grade I > 1. Let 9Jl be tbe homogeneous maximal ideal oE RA(I). Suppose
H~(RA(I)) = O. Set G = grA(I). Let k E (N*)r. Tben RA(I~) is Gorenstein if
and only if tbe following conditions are satisned

(1) RA(I~) is Coben-Macaulay

(2) WA "-J A

(3) WG "-J grA(I)(-(Ikl + 1)).
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