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ABSTRACT. We prove a double-sum analog of an identity known to Kronecker and give
related symmetric forms.

0. NOTATION

Let ¢ be a nonzero complex number with |¢| < 1 and define C* := C — {0}. Recall

(@ = @ = [[0 =), (@ =m0 = [[0 - )
and  j(:q) = (2)o(0/D)oc(@)oc = Y, (—1)"q()a",

where in the last line the equivalence of product and sum follows from Jacobi’s triple
product identity. Here a and m are integers with m positive. Define

Jaam = 3(0%04™), T = Jnzm = [ [(1 = ¢™), and Jom := j(—q"; ™).
i>1
We will use the following definition of an Appell-Lerch function [1I, 4] 8] [14]:

[o.9]

_1\r (;)Z'r
m(z,q,z) = ! ] Z (=1 (0.1)

J(z;q 1—qlzz’

r=—00

1. INTRODUCTION

The following identity was known to Kronecker [6], [7, pp. 309-318], see also A. Weil’s
monograph for Kronecker’s proof [I1, pp. 70-71]; however, Kronecker’s identity is also
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a special case of Ramanujan’s 1¢;-summation. For z,y € C* where |¢| < |z| < 1 and y
neither zero or an integral power of ¢
P (0)%(2y, ¢/7y; @)oo

—1-yq (2,9/,9,9/Y¥ )

r

(1.1)

If we place the additional restriction |¢| < |y| < 1, we have a more symmetric form,

o5 Jid(Tyig
(Z_E )qu:ﬁ- (1.2)
r,s>0 r,5<0 J 1 q)I\Y5 4

A natural question is what are the higher-dimensional generalizations of ([1.1])?

In [4], we expanded Hecke-type double sums in terms of Appell-Lerch functions and
theta functions. As an example, we showed for generic =,y € C*,

( Z B Z >(_ r+sxrysq( )+2rs+(3) (1.3)

r,s>0 r,5<0
2 2 3
, ‘T g . Yy 3 yJ3i(=2/y; )i (dzy; ¢*)
( Y2 ) ( ) ) Josi(—aqy? )z ¢*)j(—qx2[y; ¢?)

In [9], we demonstrated how identity can by used to determine directly the theta-
quotient term of Hecke-type doubles such as in . Indeed, one can actually see the
right-hand side of within the extreme right-hand side of . In trying to determine
the modularity of so-called Hecke-type triple-sums [5] the natural question is to determine
the modularity of higher-dimensional generalization of . It turns out that there is a
double-sum analog of , it is our result, and it appears to be new.

Theorem 1.1. For x,y,z € C* where |q| < |y| <1, |q| < |z| < 1, and = neither zero or
an integral power of g,

st,,s 5t

(X -2 )it (1.4)

5,620 s,t<0

_ v (602 DR (y2)"
(¥:2,0/Y.4/% Voo (1 P £ 1+ %

(ry, /2y ¢P)oo (4:0)% Z(—l)quz(xy)’“
(@9, 0/2,0/y; D)o (% %) 7 1+ 72
(¢% %3, (zy, 22,92, ¢* /2y, ¥ )72, /Y2 ¢*) o
($7 yv Z, q/'rv Q/y’ Q/Z, Q)OO (_"L‘7 _yv —Z, —QQ/L —CZQ/.% _q2/z, q2)oo
(r2,%/22,¢%) 0 (4;0)2% (—1)Fg" (v2)*
(z,2,q/%, /% @)oo (€% ¢*)o 1+ g%y

keZ

Restricting  and using the Appell-Lerch function notation, we have the symmetric
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Corollary 1.2. For z,y,z € C* where |q| < |z| <1, |¢| < |y| <1, and |q| < |2| < 1,

< Z Z > rtrist vy st (1.5)

r,8,t>0 r,s,t<0
Jij(yz: ) @ T2 (xy; q) gz
=~ ml———.q,qyz) + ——————m( — 7q qry
3y 0)i(zq) ( yz ) J(;9)3(y; ) ( Y )
JiJ3 J(zy; 6)j (w2 ¢%)j(yz: %)
3(x0)j(y; )i (7 ) J(=236%) 5 (=y; ¢°) 3 (=2 ¢%)
J3 ; .
Lo 1"7(%?) m(— 2, ¢, qrz).
J3(59)3(2 q) vz
In particular, where Kronecker’s (|1.1)) is modular, we see that our new Theorem is in
fact mixed mock modular [13].

One could also ask whether or not there are analogous higher-dimensional generaliza-
tions of Hickerson’s [2, (1.30), (1.32)]. If we introduced the more compact notation sg(r)
where sg(r) := 1 if r > 0 and sg(r) := —1 if » < 0, where r is an integer, Hickerson’s two
identities [2, (1.30), (1.32)] read respectively

s v s J2aglqry; ¢)i(—qzy™ Y )i (2% )
> sg(r)q* "y’ = REETRRIED) : (1.6)
sg(r)=sg(s) ) ;
r=s (mod 2)
rsoros _ Ylad(ay; )j(—ay ™t )iy g
E sg(r)q”z"y” = 2 ( ( )’ (1.7)

(2 42Yq (22 o2
sg(r)=sg(s) ](ZL’ 4 )](y 4 )
r#Zs (mod 2)

where for both identities one has the restrictions |¢| < |z] < 1 and |¢| < |y| < 1.
It turns out, that when r, s, and ¢ are required to have the same parity, we have

Theorem 1.3. For x,y,z € C* where |q| < |z| <1, |q| < |y| < 1, and |q| < |z] < 1,

Z qrs—i—rt—i-stx,ryszt (1 ) 8)

sg(r)=sg(s)=sg(t)
r=s=t (mod 2)

35 (0252 o4 3,
Jii (2% q") m(—% 2 —y2) + Jij(a*2* ¢") ( qy o )

= - - m\—-——,q,—T2
J(w%qh)j(2% %) yz J(@?%¢4)j(2% q) Tz

N J3J3 i(zy; ) j(xz¢%)i(yz ¢%)
J(@:9) (Y @) (2 9) §(=25¢2) 5 (=y: 4?)j (=2 ¢?)
3 2.2, .4
) (% )
7@ ¢*) 5 (y% q)

When r, s, and t do not all have the same parity, we have for example
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Theorem 1.4. For x,y,z € C* where |q| < |z| <1, |q| < |y| < 1, and |q| < |z] < 1,

Z qrerrtJrstxrysZt (19)

sg(r)=sg(s)=sg(t)
r=s#t (mod 2)

Jii(y?=% ") qr Jii(Px?2?; qb) w
. m(—=—,¢", —qyz) + 2= m(—==,¢", —quz
J(Py?; q*)7 (2% %) ( Yz ) J(?2?%;¢*)j(2% ¢*) ( Tz )
J3 T3 J(zy; ¢*)i(qrz; ) jlqyz; ¢%)

“3(@ )i ) (5.0) J(—0a; ) (—ya; ) (—2 )
2.

_ a4 J29(9: y*q") —m(— P 2 _ay).

vy j(¢22% q4)i(¢%y* ") Ty
In Section [2|, we recall useful facts on theta functions and Appell-Lerch functions. In
Section 3] we demonstrate that the left and right-hand sides of Theorem [I.1] satisfy the
same functional equation. In Section [ we show that the difference between the left
and right-hand sides of Theorem is analytic for x # 0. This we call the difference
function. In Section [5] we prove Theorem by expressing the difference function in
terms of a Laurent series and then showing how the functional equations of Section
force the difference function to be zero. In Sections [6] and [7} we prove Theorems and
1.4 respectively. In Section [§] we sketch how one can guess the right-hand side of our
three new theorems up to a theta function. We also point out ideas for alternate proofs.

ACKNOWLEDGEMENTS

We would like to thank Christian Krattenthaler, Wadim Zudilin, Ole Warnaar, and the
two referees for helpful comments and suggestions. In particular, we would like to thank
the second referee who suggested finding generalizations of (1.6 and ((1.7)).

2. PRELIMINARIES
We have the general identities:
jla"wsq) = (~1)"q Daj(zi0), ne, (
i(wiq) = j(a/x;q) = —wj(a™"sq), (2.1b
j(wiq) = Nj(wia*)i(ea; %)/ I3, (2.1c
j(2% %) = Jaj(x39)j(~2:9) /]y (2.1d
In addition, the following proposition will be useful in computing residues.

Proposition 2.1. [2 Theorem 1.3] Define G(z) := 1/5(82°¢™). G(z) is meromorphic
for z # 0 with simple poles at points 2y such that z§ = ¢*™/B. The residue at such zy is
(—1)*+1g m(3) o/bJ3.

The Appell-Lerch function m(z, ¢, z) satisfies several well-known functional equations
and identities, which we collect in the form of a proposition,
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Proposition 2.2. For generic x,z € C*

m(z,q,z) = m(z,q,qz), (2.2a)
m(z,q,2) =z 'm(z™t, q,27"), (2.2b)
m(qzr,q,z) =1 —xzm(x,q, 2), (2.2¢)
m(z,q,2) = m(x,q,x 'z71). (2.2d)
We also have the following well-known result,
Proposition 2.3. For generic x, zy, z1 € C*
20077 (21/20;9)J (220215

6 2) = mi, 6, 20) = 7 (Zo; Q;jézl ;/q)j(qﬂzié; q)j(ﬂfjl); q) 238)

A specialisation of Propositon that we will use later reads

Z z yq J35(—a:4*)j(yz ¢*)

m(_@’ 7o) = (_@ Ty = 2 j(ay; )i (v ¢2)i (=2 ¢%)i (7 ¢*) (242)

With R and S denoting integers, we recall the useful [3], (1.15)]

R—1 S—1
Z sg(r)crs = Z sg(r)crirsts + Z Z Crs + Z Z Cr.s) (2.5)
r=0 s s=0 s

sg(r)=sg(s) sg(r)=sg(s)

and we point out that we will be observing the convention [3]: for b < a,

b a—1
ZCT =— Z Cr. (2.6)
r=a r=b+1

To prevent later confusion for the unfamiliar reader, we also point out examples such as

~1 0 0 0
Zcr:—Zcrand ZCT:—ZCTZO. (2.7)
r=1 r=0 r=1 r=1

Our convention allows us to combine two seemingly different cases into one case. For
example, induction arguments generalizing (2.2c) and (??) yield two different results.
However, our summation convention allows us to combine the two results into one:

—_

m(q"z,q,2) =Y (—1)F¢"" 1~ (2) + (=1)" q(g)x”m(x,q, z), for n € Z. (2.8)

3

il

3. TwWO FUNCTIONAL EQUATIONS

We define

st,,s 1

F(x Y2 q = (Z Z ) 1q_iqzs+t (3’1)

s,t>0 s,t<0
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and

G(r,y,2q9) 1 = 1i(yz:d) ( d )+M( q

i y_’q T i) x_y’q )
Jij(xz;q) @y
J(39)3 (2 q)m( "o 1 01)
Ji 3 J(wy; 6*)i(x2 6%)j(yz: ¢°) (3.2)
3@ 0)3 (v 0 (2 @) j(—25¢%)j(—y: 6*)i (=25 ¢%) '
Proposition 3.1. For z,y,z € C* where |q| < |y| < 1, |q| < |z] < 1, and z is generic,
the functions F(z,y, z;q) and G(x,y, z;q) satisfy the functional equation

Jjyz0) (3.3)
3(y;0)i(z q)
_xg Jjlryig)  wq Jij(rziq)
vz j(@0)j(yia) vz ilea)i(za)
Proof. Using Kronecker’s identity (1.2] m we obtain

st, st

Jljyzq (Z Z) TYZ (1 pgettt?)

3(y:4)7 s4>0  8,0<0 1 —agettt?

zq
M(¢°z,y,2;q) = y—ZM(x,y,Z;Q) +

st+s+t+2

< Z Z ) 1 _q qy;]ert N < Z Z ) xqs+t+2

s,t>0 s,t<0 s,t>0 s,t<0
1+s)(1+t s+1 1+t

F(quuzq __(Z Z) 1_xqs+1+t+1

s,t>0 s,t<0

= F(¢°%,y,2;q)

q¢"'y*z z y’
[(Z Z)l—quﬂ_zl—mqt_;l—xqs]

s,t>0 s,t<0

J3 J3' .
= F(¢°%,y,2;q) — ﬂF(m,y,Z;q)Jr—q 1) (@29) + X ”(x.y’q) ,
yz yz j(2;9)i(z9)  yzi(70)5(y; @)

where in the last two equalities we have used (2.5) and (L.1)). For G(z,v, z;q),

G(¢*z,y, 2;q)
J3i(yzq) ¢ I (¢*zy; q) qz 5 5
= L2 (= =, ¢%, quz) + - : m( — @ gy
(W 0)i (25 q) ( Yz ?) J(¢*r;0)5(y; q) ( Py )
Jii(qPez;q qy
L (, : ,) m(———,q¢", ¢y
J(@%r;9)j(2;q) q?rz
. S5 J(Pey; 2)j(Pez ¢?)j(yz: ¢°)

3(@?x;0)5(y; )7 (25q) (=25 ¢*) 7 (=y; ¢*) i (=2 ¢%)
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Gy g) + JEIWED 2 Ty v J@zg)

yz J’(y;q)j(Z;q) yzy(w i) yzi(r9)i(z49)
where we have used ([2.2a), (2.2¢)), and . O

4. AN ANALYTIC FUNCTION
The goal of this section is to establish the following proposition.
Proposition 4.1. We fiz y,z € C* where |q| < |y| <1 and |q| < |z| < 1. The function
H(z,y, 2q) = F(z,y,2,q) — G(z,y,29),

where F(x,y,z;q) (resp. G(x,y,2;q)) is as defined in (resp. (3.9)), is analytic for
x # 0.

Let us decompose our function G(z,y, z;q) as

G(xaywz;(l):01(33;3/7%(])"‘6:2(37;%2;‘])7 (41)
where
yz q (=D*¢* (y2)*
Gi(z,y,2;q) = 4.2
j(zy;q®)  Ji ( 1)'“qk (xy) (zz; q Z (=1)*¢"* (z2)*
J(x:q)7(y; )J 1+ q%*z J( 1+q2’“y
and
JPJ3 J(zy; ¢)i(zz;¢%)i(yz; ¢2)

(4.3)

G2<I7?/;Z§ Q) = —2- . . . . . .

3(@;9)i (3 )i (z5.9) j(=7:¢*)j(—y; ¢°)i (=2 ¢*)

With our notation in place, we now proceed with a series of lemmas and conclude the
section with the proof of Proposition [4.1]

Lemma 4.2. For fized y,z € C* where |q] < |y| < 1 and |q| < |z] < 1, the function
F(x,y, z;q) has simple poles at xo = q", where n € Z, with respective residues

n—1

g

sns

e (4.4)
s=1

Proof. Without loss of generality, we assume that n > 1. We then begin with

qs(n s) (nfs) qsn s+n 55 —(n—s)
lim (z — ( ) = hm (x —
s,tZl st>1
qs
st>1

and the result follows. O
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Lemma 4.3. For fized y,z € C* where |q| < |y| < 1 and |q| < |z| < 1, the function
G1(z,y,2;q) has simple poles at xo = q", where n € 7, with respective residues

n—1 s(n—s)+n m m
gt gt J3 ( 49 )J(yz ¢’)
n—s mom 2 (45)
—~ yz ymzm gy ¢)i(=y; ¢2)i (=2 62)i(a% ¢?)
formn =2m, and
= gt gmiEml J3i(=1;4%)j(yz; ¢%)
S~n—s + m-m T 2\ 5 2\ 5 PADH 2 (46)
— Yz ymzm Gy a*)i(—y;a2)i (2 67)i (=7 ¢7)
form =2m+1.
Proof. Beginning with Proposition [2.1 we have
lim (v — ¢")G1(z,y, 25 q)
T—q
oyt () q i@y ¢%) gy
o ( ) q q Z 1+ PE
iy T3 kEZ
[yt () q 2q?) )k ¢ k(g1 z)k
+(=1)""q (2 Z 1+ 2k
1 q) 2 e qy
n Ji . q <
= (~1)"+1ql gl)j—(q V) Ty ity @ym(— L2 2 gy by (0.1)
(—1) i) B ( )m( prE ) (by (0.1))
n ntl ](q < q ) Ji . n+1 2 q Y n+1
(1) gUE ) R s gty — =L g )
i(zq) J3 gtz
_ n.—n qQ’Z 2 n+1 n._—n q2y n+1
= —q"y m(—qn+1y,q q"y) — " m(— =y ——— ", """ 2) (by (2.19), (2.14))
2n—1 n—1 2n—1 n—1
q Y q Yy q < q "z
= m(—=——=,¢"=2) + "D m(— ; 0%, =) (by (2:20), 2-2d))
If n = 2m, then
2n—1 n—1 2n—1 n—1
q Y q Yy q < q "z
n m(_ ,q2,—2) + n m(_ 7(]27_1/)
<Y z Yz Y
B q4my q2m N q4mz quZ N
- om (_ ) _Z> om <_ yq 7_y)
qzy qz qyz qy
4m m—1
_q y( 2k(m-1)-2(%) Y \k o 2() Y ym Yy o )
= q (=) + ¢\ (=) (=, 7, —2 by (2.8)
(2 Ly + O Lyrm—L g, =) (by @3))
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m—1  om(k4+1)+2m—(k+1)2 y qm2+2m

-1 o (-, —2)
p ok+1 y2mf(k+1) qz ymzm qz 7
m—1  om(k+1)+2m—(k+1)2 m2+2m
q zZq zZ 5
+— m\——.,q,—
+ — yk+122m—(k+l) qy ymzm ( qy q y)
m q2mk+2m—k2 qm2+2m P qm2+2m z 1
- - - m(__>q 7__) (by -7 -)
; Zkme—k ymzm qy ymzm qy =
2mk+2m—k? m2+42m
q | Z 5
D T (O
— ykZQm—k qy ymzm qy
n—l s(n—s)+n m2+2m
q z 4 [ ) <2
- m(——,q", qy) —m(——,q ,—y)} (by (2.2d))
v e " (2:2d)

s=1

The result then follows from ([2.4a)). The case n = 2m~+1 is similar and will be omitted. [

Lemma 4.4. For fized y,z € C* where |q] < |y| < 1 and |q| < |z] < 1, the function
Go(x,y, 2;q) has simple poles at xo = ¢, where n € Z, with respective residues

g J3i(—a: 41 i(yz: ¢%)
. 1) (4.7)
ymem o j(—y; %) (=2 02)3(ye; ¢)i(2¢; ¢)
form =2m, and
m?4-3m+1 3 —1: 2\ .42
q . J33(=1;4°)j(yz: ¢%) (4.8)

ymzm o Gy a?)i(—y:a2)i(z67)i(—2 67)
form =2m+1.
Proof. Let us consider the case n = 2m. Using Proposition we have

T—q™
B e M) 2 S X WA X W1 )
T3y 0)i(z0) 5(=¢*™¢%)j(—y; ¢2)j (=2 ¢?)
gmitm 2J3 3 (y; 42 (= ) i(y2; ¢%)
= - = , by (2.1d))
o (0 7Ly P (=i ) by 1d)
m24+2m 3 74 .2
q 2J5J; J(yz,q )
= — : . - , by -2.1 .
ymzm o Ji(yas 6?)g(z2q; q%) 5(=1562)j(—y: 42 (=25 ¢2) (by @219)
The result then follows from the product rearrangements 7072 = 2Jf/ Jo and 71,2 =

Jy/JEJE. The case n = 2m + 1 is similar and will be omitted. O
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Lemma 4.5. For fized y,z € C* where |q| < |y| < 1 and |q| < |z| < 1, the function

Gi(z,y,2;q) has simple poles at xg = —q*", where n € Z, with respective residues
yrzn Gy @)i(za) T3
Proof. This is immediate from the definition of G4 (z,v, z;q), e.g. (4.2). OJ
Lemma 4.6. For fized y,z € C* where |q| < |y| < 1 and |q| < |z| < 1, the function
Ga(z,y,2;q) has simple poles at xg = —q*", where n € Z, with respective residues
n2+42n ; 2 4
z; J
(-1l C_Iwsd) (4.10)

vz j(yi9)i(zq) 3
Proof. Using Proposition [2.1, we have
lim (z — x0)G2(2,y, 25 q)

T—TQ
_ 9. Ji 3 ()P Gy )i (e )iy )
J(=a*:a)i(y: 0)J (25 q) J3 iy )i (=2 ¢%)
_ _(_1>nq”2+2” Jlymd) I
yrem o j(yi)i(zq) I3

where we have used and the product rearrangement Jo; = 2J2/.J;. O
Proof of Proposition[{.1 For a fixed y and z as in the proposition, we note that the only
potential singularities of H(z,y,2;q) are simple poles at xy = ¢" and zy = —¢*" where

n € Z. Simple poles of the form zy = ¢" occur in the functions F(z,y, z; q), G1(z,y, z; q),
and Ga(x,y, z;q), so by Lemmas , , and , we know that the residues sum to zero.

Simple poles of the form xy = —¢*"* occur in the functions Gy(z,y, z; q) and G(z,v, 2; q),
so by Lemmas [4.5] and we know that the residues sum to zero. Hence the function
H(z,y,z;q) is analytic for z # 0. O

5. PROOF OF THEOREM [L.1]

We fix y, z € C* such that |¢| < |y| < 1 and |gq| < |z| < 1. We recall the function
H(%?/J%Q) = F(I’,y,Z,(D—G(I,y,Z,q), (51)

where F' and G are the respective left and right-hand sides of (1.4). By Proposition ,
the difference function ([5.1)) is analytic for x # 0, thus our function H can be written as
a Laurent series in z valid for all x # 0

H(z,y,2;q) = Z Crz™, (5.2)

meZ
where the C), depend on y, z, and q. Proposition yields the functional equation

zq
H(¢z,y,2,q) = y—ZH(aay, 2;q). (5.3)
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Inserting (5.3) into the Laurent series (5.2) yields

Z Co(¢*z)™ q Z Cnz™, (5.4)

mEZ mEZ
which gives
Crg?™ = LCp s, (5.5)
Yz
or
q—l—Zm
Cini1 Chn. (5.6)
Yz
Iteration yields for k € 7Z
Cr =y F2rgF 0. (5.7)
Hence
H(z,y,2q) = Co »_y *a kgt (5.8)
keZ

Because H is analytic for x # 0, we can use, say, the ratio test to conclude that Cy = 0.
It follow that for x,y, z € C* such that |¢| < |y| < 1, |g| < |z] < 1, and z neither zero or
an integral power of ¢, we have Theorem [I.T}

F(x,y,2,9) = G(7,y, 2;9). (5.9)
6. PROOF OF THEOREM [L.3]

In this section, we redefine F(z,y, z;q), G(x,y, z;q), G1(z,v,2;q), Ga(z,y, z;q), and
H(z,y,z;q) for the purpose of proving Theorem . We define

q4sty2322t q4st+4s+4t+3y25+122t+1
F(z,y,zq) = Y Sg(s)m +a Y sg(s) [ g2girirra (6.1)
g (s)=sg(t) sg(s)=sg(t)
and
3, 222. 4 T 3, 1,222. 4
Govy.sia) = it = o ve) + S (= S =)
N S T3 j(@y; ¢%)j (rz ¢°)j (yz q*) (6.2)
3 0)(y; )i (25 q) (=25 ¢2)j(—y: ¢*) j(—2: ¢2)
Sy q") m(— L g _xy)
J(x% ¢4y q%) vy

and prove a stronger theorem, which gives as a corollary Theorem [I.3]

Theorem 6.1. For x,y,z € C* where |q| < |y| <1, |q| < |z2| < 1, and = neither zero or
of the form x = £¢**, where n € Z, we have

F(z,y,2q) = G(2,y, 2 ). (6.3)
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In particular, if we impose the additional restriction |¢| < |z| < 1 and use the geometric
series, we see

4st, 2s 2t 4st+4s+4t+3,,2s+1 L 2t+1

qyz q Y Z
Fags)= Y sbf g+ > st (64)
sg(s)=sg(t) sg(s)=sg(t)

_ Z q4(st+rs+rt)x2r y2$ Z2t
sg(r)=sg(s)=sg(t)
3 A(st+rs+rt) (A 2\r( 4 2\s( 4 2\t
+ayzg® Y g (q*2%) (q*y?)* (¢"2)
sg(r)=sg(s)=sg(t)
_ Z q(2r)(2s)+(2r)(2t)+(25)(2t)x2ry2sz2t
sg(r)=sg(s)=sg(t)
X Z DD U D)F (21 (2641) 241 251 2641

Y z
sg(r)=sg(s)=sg(t)
_ Z qrs+rt+st " ys St
sg(r)=sg(s)=sg(t)

r=s (mod 2)

For the remainder of this section we will give the analogs of the proposition and lemmas
to what one finds in Sections [3] and [} Once that is done, the proof of Theorem is
exactly the same as what one finds in Section [ so we will omit it.

Proposition 6.2. For z,y,z € C* where |q| < |y| < 1, |q| < |z] < 1, and x is generic,
the functions F(x,y,z;q) and G(z,y, z;q) satisfy the functional equation

zq J3i(y* 2% ")
M(¢*x,y,2;q9) = —M(2,y,2;q) + = .
( ) yz ( ) 7Y% ah)i(z%¢")
qr  J3j(a?y*qt)  qr Jij(a?2%qY)
yz 3 (22472 qY)  yzi(a?q)i (2% q%)

(6.5)

Proof. For the function F(x,y, z; q), we have

zq
F(¢*z,y, 2;q) — ;F(:v, Y, 2 q)

4st, 2s 2t 4st+4s+4t+3, 2s+1 ,2t+1

. q-Yyrz 2 q Y z
- Z Sg(s) 1 — g2qlstat+d tqz Z sg(s) 1 — g2ghs+at+s
sg(s)=sg(t) sg(s)=sg(t)

ag Z . (5) q4sty25 22 - m_Qq Z . (5) q4st+4s+4t+3y2s+l L2t+1
yz g 1 — a2gtstdt yz ) 1 — p2glstata
sg(s)=sg(t) sg(s)=sg(t)
4st, 2s 2t 4st, 2s 2t
. q-Yyz q Yz 2 AstAt+4d
- Z s8(s) 1 — g2ghstat+d o Z sg(s) 1 — g2ghstat+d g
sg(s)=sg(t)
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. q Z . (s)q4(s+1)(t+1)y2(s+1)z2(t+1) g Z (o) grsty?s 2
V= g 1— x2q4(s+1)+4(t+1) yz ¥ (t) ) 1_ g2ghs it
sg(s)=s

sg(s)=sg(t)

= X s Y e e L T
s (s)=s(t)
TPt g Ji’j($2y2;q4) qx ij(ﬁzQ; q')
Wi ik dNite) vr i e)i(E et
where in the last two lines we have used and (L1)). For G(z,v,2;q),

G(¢*z,y,2;q)

L) ér J3j(q*z?2% ¢*) @y .
T 2. 44\ 4 2. 4m(_ ,q,_y2)+ (A2, 2. m(_ 2 ,q,_qu)
J(w%q*)i(2%q") Yz J(q*2?; ) j(2% q) q>rz
JPJ3 J(Pry; ¢*)j(Prz; ¢ i (yz; ¢°)

+ - : : : . .

H(@*r;0)j(y; )i (2 q) §(=¢*x;¢%)j(—y; ¢*) 7 (=2 ¢?)

J3i(q*2%y?; ¢*) qz 4
e (= 5— " —d"y)

J(qg*2?;¢")j(y% q) Pxy

L% q")  gqr Jii(@%%qY)  gqr JPi(a%ytiqY)

2;q“) yzy(l“?,q )22 ¢Y) vz (2264 5(y% ¢

qr
= —G(x,y,2,q) + - .
yz Iy ah)i(z

where we have used (2.2a), (2.2¢)), and . O
We decompose the function
G(2,y,2:q) = Gi(z,y, 219) + Ga(,y, 23q), (6.6)
where
Jlyzd®) i aF Ryt
G T,Y,2:q4) ‘= — . T on_1 67
3 ) J2 a2 Y) 31— e (67)
Jrzd?) T~ Rt Jlry;d®) T Ryt
J@%gN)i(z% ¢ 3 e L=ty G(a%gN)i(y%qt) T a1 — g% e
and
J3J3 ; e a2\ 4 e q2) 4 : 2
Ca(,y, 2 q) = A2 .j(xy’% )Z(xz’q;j,(yz a 3 . (6.8)
3(@:0)7(y; )3 (2 ) J(—25¢%)j(—y: 6°) i (=25 ¢%)
For x # 0, potential singularities of the function
H(%?LZ,C]) = F(I‘,y,Z,Q)—G<l’,y,Z,Q), (69)

are limited to simple poles at z = ¢" and x = —¢*" for n € Z. The following series of
lemmas demonstrate that the respective residues of any such poles always sum to zero.
Hence, H(z,y, z;q) is analytic for  # 0, and one then proceeds as in Section [
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Lemma 6.3. For fized y,z € C* where |q| < |y| < 1 and |q| < |z| < 1, the function
F(x,y,2;q) has simple poles at x3 = ¢*", where n € Z, with respective residues
2n—1
1 s(2n—s)+2n
L A (6.10)

2 sz2n—s
s=1 Yy

for xo = ¢**, and
2n—1 (_1)sqs(2n—s)+2n

1
D e (6.11)

for xy = —q*".

Proof. Without loss of generality, we assume n > 1. We have

lim (x — x)F(x,y, 2;q)

T—T0
gty 22 gAstHAs AT 251 2t
— 1 — I =
B =) DD e g DL s e
sg(s)=sg(t) sg(s)=sg(t)
" q4sty2522t q4st+4s+4t+3y28+1z2t+1
- IEEO@ ~ o) Z 1 — p2glstit T Z 1 — p2glstit+a
T
S, S,
' gty 252 At sty 254 24
= — lim (x — x0) -tz Sy
) 1_xq7n 1_xq,n
s+t=n st+t—1=n
s,t>1 s,t>1
. ([E N ) [nl q4sn—4s2y—28Z—(2n—25)q4n
= — o
) (x —¢*)(z +¢*")

s=1
n dsn—4s2+4s—dn—1

—l—qu J

2s+122n251q4ni|
p—t (x — ¢*")(z + ¢*") '

For zg = ¢*",

1 n—1 q4sn7432+2n 1 n q4sn7452+4571
lim (x — o) F(x Z, = = — 5 — T
a:—)xo( 0)F(z,y, 2 q) 2 £ Y25 22125 + 2 y25—1,2n—2s+1
S= sS=
1t q25(2n—25)+2n 1 q(25—1)2n—(25—1)2+2n
= — _ 4 =
2 25 52n—2s 2 25—1,2n—2s+1
s=1 Yy s=1 Yy
1 2n—1 qs(2n—s)+2n
- 5 ysZQn—s
s=1

The case zy = —¢*" is similar, so we omit it. O
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Lemma 6.4. For fized y,z € C* where |q| < |y| < 1 and |q| < |z| < 1, the function

Gi(z,y,2;q) has simple poles at xo = ¢*"™', where n € Z, with respective residues
S n2 n
 jlymed) T gt (6.12)
iah)i(z%qt) J3 o ynan
Proof. This follows immediately from definition (6.7)). O

Lemma 6.5. For fized y,z € C* where |q| < |y| < 1 and |q| < |z] < 1, the function
Gi(z,y,2;q) has simple poles at x3 = ¢*", where n € Z, with respective residues

2n—1 g(op—s n n n .
1 Z g5 (2n—s)+2 . s . J3 ' i(yz: ¢?) (6.13)
2 &=yt 2ymen JRIE G(ays 6)i(—ys a?)i(—267)i (g2 ¢?)

S

for xo = ¢**, and

2n—1 s s(2n—s n n,n n .
1 T (=1)rgCraen  (—)ngm gy g?)

- , . (6.14)
24y 22"y I3 j(y0)i(%59)
for xg = —q¢*".
Proof. Beginning with Proposition where zy = ¢*"
lim (1’ - xo)Gl(x,y,z;q)
Tr—rxQ
lim (& — 2g) [J’(m;oﬂ) Ji ¢ Fab ey ) T @ e ’“y’“]
= Im(x — Tp)- - - ; - i
w0 Jatg) L2 qh) J3 a2 1=y (y%iqt) J 4 1= gz
_ (—)migiGlg 2”J4[ 0"z ¢%) q gt Gy e?) qk2"“(q2”y)’“}
2‘]4% JZ 22’q ~ 2k 1 j(y2;q4) ~ 1 — q2k—1Z
_ (=)mgiGlgn J4[ H*26%) . on o W 2 o
- 2Ji’> J2 (Zg’q) j( q =9 )m( 2nz’q y —q Z)
3@y 6) . o 4= 2 2n
i (=" g)m o4, —qY ]
UKD ( "y )
2n
g1 y o 1 qz
= _T[ﬁm( et B Rl Sl 1))
where the last two equalities follow from (0.1)), (2.1al), and (2.1d]). We note
lim (2 — x0)G1(2,y, 2 q)
Tr—IT0
an 2n an 2n
q"z "z 5 1 "y 'y 5 1
_ _ 1 _ _Z by ([@.2b
(= 2 ) (- T e ) by E2D)
in n—1
_ 4"z < 2kn-1)—2(8) (2 \k . 2(3)( Eyn Z o 1)
= q =)+ ()" m(——, ¢, —— by (2.8)
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n—1

( Z2H D= ﬁ)k+q2(g)(£)”m(— E,QQ,—ED
2q2y2n P qz qz qz Yy
n—1 n— n n n
B S RS
f—t Qyktlznh=l gy 2ynen @’z

n—1 an— (k+1)2+4n

y qn2+2n y ) 1
+ + — m(— —, ,——
kZ:O 9 hrlyIn—h=1 T 09 nyn 1z q y)
n q2kn—k2+2n P qn2+2n P
=2 ok gy m(——,q"qy by ([2:2d)
— 2yk22n k qy 2ynzn ( qy ) ( -)
n q2kn—k2+2n qn2+2n @
+ - m(—-—,¢,— by (2-25)
— 2Zky2n—k 2znyn ( y q y) ( Vv )
n 2kn—k2+42n n2+2n
q zq zZ 5
=2 ok T m(——,q",qy
2tk gy 2ynan ( qy )
n o 2kn—k2+2n n2+2n n2492n
q q q Z qz 5
+ - o —_ ) y b 2.2
; 2zkyn—k 2z qyn 2z2nqyn qym( y q y) (by )
n—1 5
1 q s(2n—s)+2n > qn +2n z 0
~ 5 s T [m - —,q°,qy) —m ——,q,—y},
2 E y222n—s qy 2’3]”2” ( qy ) ( y )

and the result follows from (2.4a)) and the product rearrangement J,o = J3/J2J?. The

argument for the case xg = —¢°" is similar, so we omit it. 0

Lemma 6.6. For fized y,z € C* where |q| < |y| < 1 and |q| < |z] < 1, the function
Gy(z,y,2;q) has simple poles at xg = —q*", where n € Z, with respective residues

(=) TE G(yzg?)

A JWEG) 6.15
yran J3 j(w )i (2 q) (6.15)
Proof. Beginning with Proposition [2.1],
lim (7 — 20)G2(7, 9, 2;9)
T—T0
373 : . 2
~ Jim (2 — 20)- Jily Iy ¢ 2)i(xz4*)i(yzq 3
a0 3(x;0)3(y; )32 9) (=75 62) 5 (—y; ¢*)(—2; ¢*)
(=gl TP I3 J(=a""y; 4°)5(=*"2 )i (y2: ¢°)
J3 3(=a*"9)i (v 0)i (2 q) J(=y;¢*)j(=2¢%)

_ (Yt T (ys )
yrt o 203 j(y:q)i(ziq)
where we have used (2.1a)), (2.1c), and the fact that j(—1;q) = 2J3/J;. O
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Lemma 6.7. For fized y,z € C* where |q| < |y| < 1 and |q| < |z| < 1, the function
Go(z,y,2;q) has simple poles at xo = q", where n € 7, with respective residues
2 .
AR j(y2: ) (6.16)
2yrzn JRIE (ay;a®)i(az )i (=Y 6)i (2 6°)

for xo = ¢**, and
n2+3n+1

- .2 J4
Jwrhah)i(2%qt) Ji ynen

for xy = ¢** 1,

Proof. Beginning with Proposition 2.1, where zq = ¢**
lim (v — 20)Ga(x, Y, 2; q)

Js S T3 (wy qz) [CERVICER'S
B Sl )V v Y e F e e e e S L 2L )
Byl g Ji T3 (g™ y; CIZ)J( ¢*)i(yz 4°)
4 J3 3@ 56%)i (v 0)i(259) 5(—=a*"; 6*)i (—y 2)J( 2¢°)
g JEJ3 ( )i (z; )J(yz qz)
oy (s a)i(y @) (z0) J(=1 )i (—y ¢2)i (=2 ¢?)
g JS J(yz; 7*)

yrat j(a: )i (=1:6%) j(ay; ¢°)i(az; ¢°)i (=y: )i (=25 ¢%)
where in the last two equalities we have used (2.1a)) and (2.1c). The result then follows
from (2.1¢) and the product rearrangements J, o = J2/Jo, Joo = 2J3/J5, and Jip =
J3/J2J:. The argument for the case zg = ¢*"*! is similar, so we omit it. O

7. PROOF OF THEOREM [1.4]

We again redefine F'(z,y, 2; ), G(v,, 2, q), G1(,y, #;q), G2(,y, 2;q), and H(,y, z; q),
but this time for the purpose of proving Theorem [I.4, We define
4st+2s 2522t Ast+2s+4t, 2s 2t

ca) q Y q Yoz
F(z,y,zq) =2 Y Sg(s)wﬂLl’yq > Sg(s)l—x2q4$+4t+2 (7.1)

sg(s)=sg(t) sg(s)=sg(t)
and
G(z,y,q) (7.2)
213 (%y* 2% q" qx 2J3j(q?x%22 q qy
= = 24 ( 1m(——,q2,—q Z)+ - 2( 1 5. 1m(——,q2,—qmz)
J(®y% )i (2% ) yz J(?2%q*)j(2% q) Tz
2J} T3 J(zy; *)i(qrz; %) j(qyz; ¢°)

(@9 (39 (21 9) 5(—24; 62 i (—ya; 42 i (—z: ¢?)



18 ERIC T. MORTENSON

_q Jii(2*y% q") m(— 9= " —xy)
vy (7% ¢*)j(a*y* q*) Ty "
and prove a stronger theorem, which gives as a corollary Theorem [I.4]

Theorem 7.1. For z,y,z € C* where |q| < |y| < 1, |¢| < |z] < 1, and x neither zero or
of the form x = +¢*"*!, where n € Z, we have

F(z,y,2,q9) = G(z,y,2q). (7.3)
In particular, if we further restrict ¢ < |z| < 1, then the geometric series yields
F([E, Y, 2 Q) _ Z qrs—l—rt—l—stxryszt (74)

sg(r)=sg(s)=s8(t)
r=s#t (mod 2)

For the remainder of this section we will give the analogs of the proposition and lemmas
to what one finds in Sections [3|and [4, Once that is done, the proof is exactly the same as
what one finds in Section [5, so we will omit it. We also omit the proofs to the proposition
and lemmas because they are similar to those of the previous sections.

Proposition 7.2. For z,y,z € C* where |q| < |y| < 1, |q| < |z] < 1, and z is generic,
the functions F(z,vy, z;q) and G(x,y, z;q) satisfy the functional equation

xq Jii(*y? =% ")
M(¢*x,y,2;q9) = —M(2,y,2;q) + 2 - = 7.5
( ) yz ( ) J(@Py?; q*) (2% %) (7:5)
xqg  Jij(@P2*2%eY) @@ JRi(%yqY)

oy (@%@ eyt dY)
We decompose the function

G(2,y,2:q) = Gi(z,y, 219) + Ga(,y, 21q), (7.6)
where
Cr(ay.q) = o W) Tk ¢ (y2)* (77)
J(a*y?q*)j (2% q*) J3 = 1 — g%
jlarzd?) I d @) q ey d?) Tt ¢ F ()"
H(Pa%qYj(%qY) T3 = 1= ¢y wy (e q)j(Py%qY) J3 A 1 — gz
and

_ 2y Jy j(zy; *)i(grz; %) (qyz; 4°)
Go(7,Y,q) =~ - = e (7.8)
3@ )iy )i (2 q0) j(—2q; ?)j(—ya: ¢°)i (=2 ¢%)
For x # 0, potential singularities of the function
H(%?J;%Q) = F(ZE,y,Z,(])—G<I’,y,Z,Q), (79)

are limited to simple poles at # = ¢" and x = —¢*"*! for n € Z. The following series of
lemmas demonstrate that the respective residues of any such poles always sum to zero.
Hence, H(z,y, z;q) is analytic for  # 0, and one then proceeds as in Section [



A DOUBLE-SUM KRONECKER-TYPE IDENTITY 19
Lemma 7.3. For fized y,z € C* where |q| < |y| < 1 and |q| < |z| < 1, the function
F(x,y,2;q) has simple poles at x3 = ¢*"*2, where n € Z, with respective residues

1 2n qs(2nfs+1)+2n+1

=Y (7.10)

2 ysZQn—s—i—l
s=1

for zg = ¢***, and

2n

1 (_1)sqs(2n—s+1)+2n+1
T 9 Z ys 2n—s+1 (7.11)

s=1

for g = —¢*" 1.

Lemma 7.4. For fized y,z € C* where |q| < |y| < 1 and |q| < |z] < 1, the function

Gi(z,vy,2;q) has simple poles at x3 = ¢*""2, where n € Z, with respective residues
1 ok ghCnhtt2ndlp gnedntl s i(qyz; ¢%) (7.12)
2 L= ykpnokl 2y JUE Gy )i(=za%)i(—qys ¢*)ilaze®)
for o = ¢***1, and
2n 2 .
1 -1 k k(2n—k+1)+2n+1 1 —1)ngn +3ntl J4 .
2 & yka2nktl 2 yra" J3 3y a)izq)
for xg = —g*" L.

Lemma 7.5. For fized y,z € C* where |q| < |y| < 1 and |q| < |z| < 1, the function
Gi(z,y,2;q) has simple poles at xog = ¢*", where n € Z, with respective residues

TL2 n > .

yret o J3 (Y at)i(=% )
Lemma 7.6. For fized y,z € C* where |q| < |y| < 1 and |q| < |z] < 1, the function
Go(x,y, 2;q) has simple poles at xo = ¢, where n € Z, with respective residues

2g g} ilqyz; %)

(7.15)

v I3 (2% ah)i(2% )
for zo = ¢**, and
1ogre gy j(ayz ¢?) (7.16)
2 ymen JRIE §(vi6R)i (=265 (—va 4*)i (g% ¢?)
for xg = ¢*" 1.

Lemma 7.7. For fizred y,z € C* where |q| < |y| < 1 and |q| < |z| < 1, the function
Ga(r,y,2;q) has simple poles at xg = —q*" ', where n € Z, with respective residues
L (=rg™ ™t g gy ¢?)

2 ynzn J3 jy;9)i(zq9)

(7.17)
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8. CONCLUDING REMARKS

We point out that the methods of [10] where useful in finding the double-sum analogs.
Perhaps multivariate extensions of Ramanujan’s 1¢; summation [12] could be used for
alternate proofs.

[1]

[10]
[11]
[12]
[13]

[14]
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