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Q-OPERATOR AND FUSION RELATIONS FOR C”(2)

IVAN CHI-HO IP AND ANTON M. ZEITLIN

ABSTRACT. The construction of the Q-operator for twisted affine super-
algebra 032)(2) is given. It is shown that the corresponding prefunda-
mental representations give rise to evaluation modules some of which do
not have a classical limit, which nevertheless appear to be a necessary
part of fusion relations.

1. INTRODUCTION

The Q-operator and its generalizations are important ingredients in the
study of quantum integrable models. Namely, eigenvalues of the transfer-
matrices, corresponding to various representations can be expressed in terms
of eigenvalues of the Q-operator, which has less complicated analytic proper-
ties. These features of the Q-operators were first noticed by Baxter the early
70s in the case of vertex models. Later, after the quantum group interpretation
of the quantum integrable models it was realized that the original Baxter Q-
operator correspond to the integrable model based on the simplest nontrivial
quantum affine algebra £1A[q(2). A natural question was to generalize this notion
to the higher rank and give a proper representation-theoretic meaning to these
fundamental building blocks for transfer matrix eigenvalues. The first idea in
that direction was given in the papers of V. Bazhanov, S. Lukyanov and A.
Zamolodchikov [3], [4] in the context of the construction of integrable struc-
ture of conformal field theory: the interpretation of Q-operators for 5A[q(2) as
transfer-matrices for certain infinite-dimensional representations of the Borel
subalgebra of f:\[q(2). Later their results were generalized in [2], [12] to the
case of f/,\[q(n). Finally, in the recent preprint of E. Frenkel and D. Hernandez
[8] the full representation-theoretic description of Q-operators was given for
any integrable model based on any untwisted quantum affine algebra U,(g)
and connected to the earlier description of the transfer-matrix eigenvalues via
the g-characters [6]. The infinite-dimensional representations corresponding
to the Q-operator, which the authors called ” prefundamental representations”
were constructed just before that in [7].
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2 IVAN CHI-HO IP AND ANTON M. ZEITLIN

At the same time, some analogues of the Q-operators were constructed
in this way in the case of superalgebras [14], [5], [16]. In this article we
improve the constructions of [14]. In that paper an attempt to construct
the Q-operator and associated fusion relation for transfer matrices was made
in the case of 052)(2) = s1®(2|1). However, the construction given there
lead to only partial result: half of the resulting transfer matrices were built
“by hands” out of Q-operators and did not seem to correspond to any finite
dimensional representation of 052)(2). In this paper we solve this ambiguity,
by allowing some representations to have no classical limit (¢ — 1). The
approach we are using allows to show explicitly the similarity between (Agl))q

and 0,52)(2) previously noticed on the level of universal R-matrices [11].

The structure of the article is as follows. In Section 2 we fix the nota-
tions and describe the relation between finite-dimensional representations of
05p,(2[1) and sl,(2), previously noticed on the level of modular double [9]. The
approach, which can be generalized to higher rank superalgebras is that we
find representations of osp,(2[1) inside the tensor product of finite-dimensional
representation of sl_;4(2) and two-dimensional Clifford algebra. such repre-
sentation splits into two irreducible representations which differ by the parity
of the highest weight and have equal dimensions. It is notable that the even-
dimensional irreducible representations obtained in this way do not have the
classical limit. We also give explicit formulas for R-matrix in these repre-

sentations. In Section 3 we consider evaluation modules for 0(52)(2), which
can be obtained in a similar fashion from evaluation modules of (Agl)),iq.
We explicitly find the resulting trigonometric R-matrix and its matrix coeffi-

cients (with the details of calculations in the Appendix). We also introduce in
Section 3 the prefundamental representations for 052)(2) and study in detail
the relations in the Grothendieck ring of prefundamental representations com-
bined with evaluation representations. The relations in the Grothendieck ring
lead to relations between transfer-matrices and Q-operators: in Section 4 we
correct the constructions of [14], where the integrable structure of supercon-
formal field theory was studied, now changing “fusion-like” relations by the
true fusion relations.
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2. QUANTUM SUPERALGEBRA 05p,(2|1) AND ITS REPRESENTATIONS

We define the quantum superalgebra osp,(2|1) as follows. It is a Hopf
algebra generated by even element C and odd elements £ and F such that

=1
(e.Fy=erpFe="r
q+q
KE = ¢*€K,
KF =q*FK,

where the corresponding coproduct is:
A)=ERK+1®E,
AF)=F@1+K'aF,
AK)=K®K.

Let us choose the (odd) Clifford generators &, acting in the space C!I' :=
span{|+),|—)}, where |=), |+) are odd and even vectors correspondingly and

§=<(1) é) 77=<0i 6) (1)

=y ). )

The following notation will play a crucial role in relating the superalgebra
and the classical case via the spinor representation:

such that

Definition 2.1. We denote by

Gx = —1iq <3)
and writing q := e”bQ, Qs = e’”bz, we have
1

Then we have the following proposition observed in [9], which can be proved
by direct computation.

Proposition 2.2. If E, F, K generate sl,_ (2), then
E=EE, F=nF, K=inK (5)

generate osp,(2[1).
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Therefore, we are now able to relate the representations of sl, (2) and
05p,(2[1). Let us do it explicitly.

Consider the s + 1 = 2] 4 1 dimensional representation V of sl;-(2) with
basis

€rms m=—I,..,1
and action
l o2m 1
Ke,, = ¢."ep,
Hel, = 2m)e,,

l l
Eem = [l - m]q* €m+1>
l

m—1

Fej, = [l +mlg.e

where formally K = ¢ and [n], := q;__qq: = is the quantum number.

The generators &, F, K naturally act on Vy ® C'I' by means of the sl - (2)
action, and decomposes as

W,=V,eCl=wFew,, (6)
where W has highest weight w = el ® |+) and spanned by
WZE = span{wE, Fut, FPuwi, ..., Fiuwt}. (7)

Let eﬁn,i := el ® |+) be the natural basis of V, ® C!'. Note that elm_ is

an odd vector while eﬁn)+ is even. Then the action of £, F, K can be written
explicitly as follows:

Proposition 2.3.
Icein,i = i(meelm,i,
= ii72mq2me£n,iv
‘%fn,i =[l- m]Q*elm—i-l,$a
= ilimil{l - m}qelm—i-l,$a
felm,:l: = Fi[l +m}q*6lm—171

= F {1+ m}qein—l,$

. a"—(=D"q" _
where {n}q == *— =" =

We notice that the representations of even dimension is something which
we do not encounter in the classical case, namely all the finite-dimensional

representations of Lie superalgebra osp(2|1) are odd-dimensional.
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Example 2.4. Forl = %, the representation on VV1i with basis {eig € o

_(Fig O (1 0
€= (0 i) m=(h),

0 1 0 0
=0 0) 7= o)

Forl =1, the representation on ng with basis {eii, e(l)’p el,lyi} s given by

is given by

¢ 0 0 2 0 0
K=1 0 =1 0 , H={|0 0 0],
0 0 Fq?2 0 0 -2
0 1 0 0 0 O
E=(0 0 i¢'-q)), F=|xa'-q 0 0
0 0 0 0 +i 0
Now we will find the formula for the R-matrix acting in tensor product of
WE.
Let
oo xn
exp, () = (8)
)= 2l
where [n], = 11__‘1:. The the following Theorem holds.

Theorem 2.5. The universal R matriz is given by

R=QR
where Q = C’q% with C == 1(1®@1+i€n®1+1®iln+En®En) such that
C (=)™ @ (D)%) = (-1)9=, ¢ e {01}, 9)
and
Ri=exp,2(i(¢; " — ¢.)E @ F) (10)
=exp_g2(—(q+ g ERF)
S et
where

(g+q )"
{n}q!

a, = (—1)"gz""D

(11)
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The proof is given in Appendix.
Finally, let us give for completeness the explicit matrix coefficients of R.

Namely, we find the pairing for Ry, 1, = Ry« - Wk

15 lo Iy
<em, o ®@er o Rule), o ® m2762)>

where €; € {0,1} indicates the parity, namely |£) = |(—=1)¢). Let us fix I, 1o
and write el  for e}, .

Proposition 2.6.

ll l2 —
<em/ €1 ® em Ez’Rllvb( mi,€} ®6m2’5/2)> =0

if my —mq # mo —mb or mf —my =my —m) <O0.
Otherwise let n = m} — my, we have

l2
< ’ ®em’ 5/7Rl1112( mi,€1 ®em2,2)>
:i(l17m1+l2+m271)n72m1m2(71)6162+nq§n(n71)+2m'1m'2'

g+ {i—mde! {l 4 maly!
{n}y! {lh —m1 —n}y! {la +ma — n}y!

In terms of q. and using the standard [n],, instead, we get

_ nmenazmimy, e (@ — @) [ —male ! [lo +mojg,!
- (1)
[n]q.! [l1 —mi —n]g.! [la +ma —nlg,!

Note that there are no more i’s using the q. notation.

Example 2.7. For W;"@W,", let the basis be {61/2 » 61/12/2 }®{ei§§ o 61/12/2 L
Then R is given by

1
g: 0 0 0
-3 —2y 3
Ri.— 0 q° (1_(]*1 )Q* 0
22 0 0 g 2 0
0 0 0 —gf
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Example 2.8. For W;@W;, let the basis be {ei+7 e(l)’,, 61,1’+}®{6i+7 e(l)ﬁ, 61,1’+}.

Then R is given by

@2 0 0 0 0 0 0 0

01 0 ¢2—q2 0 0 0 0

0 0 ¢~ 0 ¢ —gq) 0 (¢ -1 —-¢7?) 0

0O 0 O 1 0 0 0 0
Riy=]0 0 0 0 ~1 0 (¢ =) g + ) 0

0 0 0 0 0 1 0 @2 — g2

0 0 O 0 0 0 g2 0

0 0 O 0 0 0 0 1

0 0 O 0 0 0 0 0

2
3. EVALUATION MODULES FOR Ctg )(2) AND PREFUNDAMENTAL
REPRESENTATIONS

The quantum affine superalgebra 052)(2) is generated by &;, F;, KC;, i = 0,1,
where &; and F; are odd, with Cartan matrix given by

A= (_22 22)_

In particular, we have

Ki& = q &K, KiFj = q %9 F;Ki, (12)

and in addition the Serre relations
EXE; + {3V, E26,8 — {3}, EiE;62 — E,E2 =0 (13)
F2F; + {3} FiF;Fi — {3} FiF; Ff — F;F2 =0 (14)

3 -3
where {3}, = £-E2. Furthermore, for later convenience we modify the scal-
q q+q ’

ing of F; and use instead the following commutation relations:

Ki—K;t

&, Fiy = .
{ ) q+q!

(15)

3.1. Evaluation modules for 0,52)(2) and trigonometric R-matrix. One
check easily that we have the following spinor representation as in the osp q(2| 1)
case:

& =E;, Fj=FEmn K;=itnkK;, (16)

SO OO OO oo

)
* DN
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and we also have the evaluation modules induced from (Agl))q* given by
Ei— AE, Eyp— AF
Fi—\1F,  Fy—\1'E
Ki—EK, Ky—K!

Then using the 2-dimensional representation of the Clifford algebra, we can
consider its action as before on V, @ C'I'| and decompose it into Wy (\) :=
WAt @ Ws(\)~.

Proposition 3.1. The action on the evaluation module W¢(\)* with basis
eﬁn’i, s=2l, m=—l,...,1, is given by

Elein’i =\l - m}q*elm+1?
5035n,j: = Al + m}q*ein—l,zF
flein,j: =FA I+ m]qxein—l,$
fOein,:t =Fix [l - m]q*e£n+1,1
Kiel, o+ = +¢" el o
Kol o = +4,°"€), 4

!

IC(Sein,:t =Cm,+
In the case s = 1, one can solve for the R matrix explicitly.

Proposition 3.2. The R matriz for s =1, Ws(A1) @W,(A2)®, €; € {+,—},
is, up to scalar, given by

1—22¢2 0 0 0
N 0 €1q:(1 —2%)  e2z2(1—¢?) 0
fi= 0 az(l1—¢q) e2q.(1—2%) 0 - (7)
0 0 0 —e1ea(1 — 2%¢7)

where z = /A\—';‘ Alternatively, let \; = €™, then we can cast it in trigonometric

terms:

sinh(z1 — x2 — Ingy) 0 0 0
R~ 0 €1 sinh(zy —x2)  ezsinh(Ing.) 0
- 0 ersinh(Ing,)  ezsinh(x; — x2) 0

0 0 0 —er€asinh(zy — x2 — Ingy)

(18)
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In the general case, one has to calculate the action of the generators cor-
responding to the imaginary roots. The explicit calculation is given in the
Appendix and the explicit form of the R-matrix is presented in Theorem A.4.

3.2. Prefundamental representations and the Grothendieck ring. Let
us consider the Verma modules corresponding to evaluation modules of Cf) (2).
Namely, let us start from the following representation of osp,(2[1):

WL = {Frud 1o, (19)

where wt := 61 ® |£) as before such that K - wF = +qsw?
Writing |k)+ := FFw¥, the basis are related to em 4 of the 5+1 dimensional
module Wz from before by

|O>i = w;t = e%,ia
|k> _ ]_-k + ]:k l _ —k [2”(1*' l 20
S PR A A e i (20)

Note that |k)+ is an even vector when 4(—1)% = +1.
This gives rise to the following evaluation module of the upper Borel part

b of C{?(2) on WE:

Eolk)r = AFlk)x = Ak + 1)1,

Eilk) e = AElk)y = )\[k] [s —k+1]q.|k— 1)+

Kolk)+ =K~ 1|k:)i = +£¢% ¢ k) = (=1 " [k)+,
Kilk)x = Klk)+ = £ ¢ k) = £(=1)F ¢ |k) «

Furthermore, we see that when s € Z>g, W3 (\) has a block diagonal form
such that in the Grothendieck ring of the representation of b,

WEN] = WEN)] + WESD T (). (21)

S

Let us define the prefundamental (or g-oscillator) representation of by of
0(52)(2). The g-oscillator algebra is generated by a,a_,H such that
1
ara_ +q loiap =—— | H,a+] = 204, 22
qoy q + = [H, ot ] + (22)
where a4 are considered as odd elements. We consider the Fock modules
1 = span{ak |0)+ : H|0)+ = 0,ax[0)+ = 0}, (23)

where the vacuum vectors |0) 1 are even. Then we have an important Lemma.
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Lemma 3.3. The following substitution provides an infinite dimensional rep-
resentation of by :

p+(A) : & = dag, & =g, Ki=q¢", Ko = ¢T7. (24)
Let us consider the tensor product p; (Ap) ® p_ (Au~1). The action of &; is
given by
& =AMpoy ®@q¢ " +1@p  a) = Ma_ +b)
So=MNpa_@dt+1@p " ay) = NMay +by)

so that we have the commutation relations
2

- H
a_a4 + lata_ = _
q + q + q+q_1
-2
- I
bib_+q¢ bbb, =——"
qb+ q + q+q_1

a'51b52 = _q26162b52a51’ 61 € {i}’

or, in ¢, notation we have:

-1
qx0—-04 — (@, 040 = ——,

Gubib — g boby = D———

25,6
as,bs, = q;°*"bs, a5, ,

which is similar to the bosonic case considered in [4]. Hence as in [4], the
tensor product py(Ap) @ p—(Ap~"') decomposes as

pr() @ p- (™) = P o™, (25)
m=0
where
P ™) = (ay +b)F(ay —4b)™[0) @ 10) (26)

for k € Z>o and v # —¢?",n € Z any constant. Note that |p,(€m)> is even when

k + m is even.

Let p = q3+2 Then the action of b is given by

p+ (M) ® p- () (KD)lp™) = g ™) = (~)FFmg o,
pi () @ p— (A1) (K >|p("”>
(M) © p— (A=) (Eo)lp™) =
pa () ® p— (™ )(ED) o) =

m m 2(k
PEE ) = ()R ),

Ao,

AKlg.[s — k + g |00 + ™ o)

Pr-1

)
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where cém) are constants not necessary in what follows.

We observe that the representation of b has a block diagonal form defined
by p"™), which resembles the Verma module W2 with a shift in the factors of
K;. Hence in the Grothendieck ring of representation of b, we obtain

[+ ) @ p-(Au™H)] = D [Unszm @ WD (W) (27)
m=0
where U, is the 1-dimensional representation such that &;,&, act trivially
as 0, while K1, Ko acts as ¢¥,q. ¥ respectively. Indeed, the action of K1 on
U_s_om @ WY (\) is given by multiplication by

—s—zam m - s m _—2(k+m
(=" 72m) - ()™ (—1)hg 2e) = (—1)Ftmg 20

(
Note that [Up] = [W; ()] = 1 in the Grothendieck ring.
Let us denote by
Uit572m =C- |:l:>
the 1-dimensional representation with odd generator |—) or even generator

|+). (Here U, := U,) We have

Ui U2 ~Un%,. (28)
Let us introduce the parity element ¢ := [U; ] in the Grothendieck ring.
Then
Uy @ W ~WF, Uy @Us ~UJ. (29)
Hence
oW =71, olUy]=[U]], o°=1, (30)
and we can rewrite in the Grothendieck ring:
s41 —s_1 > _1\ym
o4 (@22 N)][p— (g« > 2N = D [U—aam @ WD (V)]
m=0
= Z o™ U—s—am] WS (V)]
m=0

= [W:_(/\)] Z Um[U—s—Qm]
m=0

— WO
where

_\ o™ = 3 o e i
fs = mXZ:O [U—s—Q’m] [U—S] mz::o [U_Q] 1-— U[U*Q] . (31)
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For simplicity, let us always fix the highest weight of the finite-dimensional
module to be even and rewrite Wy(\) := W ().
Now from previous observation,

WE] = W] + VST ()] = W] + o v, ()],

Letting s — —s — 2, we have

o4 (@ 2 2N [p— (a2 T2N)] = WE,_y(W)] - foama.
Hence we have
[WL(N)] = V)] = o VE, (V)]
= £ @ T N o (a2 TN — FoE o oy (o PN (g2 TN

In particular, letting s = 0, we obtain the g-Wronskian identity:

1= [WoN)] = f57 o1 (a2 M]lo— (g2 2 N)] — Fdolpy(an 2 N]lp— (a2 N)]. (32)

On the other hand, let us consider the product of [W1(A)] and [p4(N)].
Using (32) with appropriate A:

WMl ] = f1 s (@M][o— (g Mo+ (W] = f o5 o4 (@ M- (@ M)][o+ (V)]
= I o+ (@M (fo + f23 foolp(ar " N)]lp— (V)]
— 23l (as " NI(fo  F-20lp4 (¢ M) [p- (V)] — f-20)
= fi folo (@ X)) + f1 1 23 foolps (@ M)][o+ (a5 " M) [p— (V)]
— 12315 =20 (o (a7 Mo+ (@ M]lp- (V)] = 73 f-20(p4 (a2 N)].

Now using

1—0olU_
I o = S e = [‘;}1]2] _

fl_lfOZ[Ul]v f—_?}f—2:[U—1]’
we get the Baxter relation:
Wi (W)][o+ V] = [Ui][p+ (@] = o [U-1]lp4 (g N). (33)
Similar relation holds for [W7(A)] and [p— (N)]:

[Wi(M]lp- (W] = [Uillp- (' N)] = o[U-1][p-(g:A) (34)
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4. TRANSFER MATRICES FOR SCFT

The universal R-matrix for 052)(2) belongs to a completion of U(by) ®
U(b_). In [14] the lower Borel subalgebra b_ was represented by means of
vertex operators (here wwe use some rescaling):

Vi(u) = /d@ et Pwh) — Fiv/2¢(u) : et2o() .

where
D(u,0) = p(u) — %Qﬁ(u)
¢(u) = ZQ“”ZPU‘FZG%GHV% f(u) = i*l/z Zgnefinu’
9 )
@P)= "5 ool = Grdusmo () = Fbnsmo

o~ 2a_p, - 2a,
ceto(w) . exp ( + Z Lgn“) exp (:I: 2i(Q + Pu)) exp (:F Z ie*mu) )
n n

n=1 n=1

These are the vertex operators acting in the Fock space and according to their
commutation relations, the substitution

2P

2
H, — 72 E_ oy :/ V_(u)du
0

2P

HO(O H _b72

27
s Eag = / Vi(u)du
0
gives rise to a representation of the lower Borel subalgebra b_ with ¢ = emiv’.
The R-matrix with b_ represented as above and by as in W(A) has the
form

Ly(\) = ™ pegpl@ / QW()\V,(u)E + AV, (u)F)du (36)
0

The letter g over the path-ordered exponential (Pexp) means certain regu-
larization procedure, which preserves the property of Pexp (see [14] for more
details).

Similarly, one can consider operators Ly (\), where the upper Borel algebra
b is represented via pi (A):

27
Li()\) = et™PH pegpl@ / (AV_(w)ax + AV (u)ag)du (37)
0
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Then define
T,(\) := sTr(e™FPHL,(N), T\ := sTr(e™PPLg()))

S

QL (N) = sTr(e* ™ "LL(V), (38)

where we consider the highest weight vector in Wy (A), p+ () to be even, and

we take the supertrace of the representation of the second tensor factor. (We

ignore the convergence of the trace here, treating it as formal series in A.)
Then from the previous decomposition and the properties of the supertrace

Q. (27T NQ (¢ TN

= sTr(e’”‘PHL+(q*;—%)\))sTr(e_’”PHL,(q*_E %)\))

(e”iPHR)sTr s 1 (e”iPHR)

p—(ax 2 §A)

=sTr .1
p+(a2 2 N)

—s—2m

oo
Z STTW:T(/\)(eﬂiPHR))sT'rU(fl)m (eﬂ'iPHR)
m=0

M

sTT(e”PHL_,_()\))sTTU(_nm (e PHR)

—s—2m

3
Il
=]

M

Tj(/\)sTTU(_l)m (e2miPH)

—s5—2m

3
]
o

M

(Ts()\) + (_1)S+1T—_i_S_Q()\))ST’I“U(fnm (627riPH)

—s—2m

3
I
o

= (TS()\) + (—1)S+1Ti-572()\>) i (_1)me27rz’P*(—s—2m)
= i T,(A 1 s-‘::;\o-i- A
= Foos@npy) (T + (FD)7HTL, (),

2
where P, = %P. Define the rescaled operator

2P, __
+ o3

Q. (N) == 2cos(2mP,)e*™ P (\)" 2 QL(N). (39)

Then
Q. (2 T2NQ_ (- T 7N) = 2cos(2nP.) (Ts(A) + (—1)*HTE, ().

Together with the other relation by substituting s — —s — 2:

Q. (g2 FNQ_(g2 " ?N) = 2cos(2rP) T, _,(N),
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we have

s

2c0s(2rP)To(N) = Q, (a2 T NQ (77PN + (1" Qe TPNQ (a7 ).

In particular, we obtain the quantum super-Wronskian relation:

2c08(27P,) = Qu(GFNQ_( TN + Qo (- T NQ_(¢F ). (41)

The Baxter T-Q relations for Q-operator follows from previous section:

T1(A) - Qr(N) = Qi (¢:A) F Qulgy ' N). (42)

The fusion relation, which follows from the quantum super-Wronskian relation
is:

Ty (2 NT(gr ¥A) = Topr (NTuy (M) + (~1)°. (43)

This relation is similar to the one considered in [14], but now all the transfer
matrices correspond to the representations of CSQ)(Q). In particular,

1 1
To(A) = T1(g2N)T1(g 2A) + 1. (44)
Therefore
1
T2(¢i A) = T1(gAN)T1(N) + 1,

so that the Baxter relation for T is as follows.

To(a2 Qe () = Qe (V) + T1 (2. (2Qu () F Qu (g2 1N))
=Qi(N)+Qu(g?N) — Qe (N) F T1(g:N)Qu (g, ' V)
= QL (*N) FT1(¢:N)Qu(grtN)

Moreover, one can write down the expression for each T, in terms of either
one of Q4 () using the quantum super-Wronskian relation:

5/2 (—1)k=£5)

e Qe (dE T NQA (g

The Ta-transfer matrix has a classical limit of the trace of monodromy matrix
for super-KdV equation. The asymptotic expansion of it should produce both
local and nonlocal integrals of motion for superconformal field theory (SCFT).
We suppose that operators Q4 () possess nice analytic properties like it was

in the Agl) case [3].

To(\) = Qu (a2 N Qu(ar 2 2N

@)

A
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A. APPENDIX

Let us introduce the g-numbers:

such that

q+q1
= inil{n}q

with the usual notation in superalgebra

"= (=1)"q"
{n}q = —1 N
q+q

A.1. R-matrix for osp,(2]1). Let us prove Theorem 2.5 that the universal R
matrix is given by

R = QR, (46)

HQH

where @ = Cg, 2 with C = %(1 ®1+i€n®1+1®i&n+ & ® En) such that
C-l(=DM) @[(=1)%) = (=)=, & e{0,1},
and
R =exp,2(i(q, ! — q.)E@F)
=exp_g2(—(¢+q )EDF)
— Y 0w F
Note that using

[n]m2 = (=)' "{n}q,

we have
Lomen @+ g~ )"
Ay = (_1)nq2n(n 1)7.
{n},!
By definition a,, satisfies
n 1+4q2
n __pUEC) (47)

E {”}q
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In order to prove that R satisfies the properties of the R-matrix, one check
that

(Ke&R=Q(1x¢) (48)

E®1R=QEeKk™) (49)

which follows easily from the commutation relations of the Clifford algebra,
and

1IRE+ERKNE=EQ1®E+ERK) (50)

(The calculation for F is similar). Using

n npne _ CAnte opno1 | (G {n}g 1 pna
EF" — (—1)"F"E = LA s i S A (51)

we have
EQKHE"@F) - (E"@F)ERK) =" @ KTF* — (=1)"¢*"E" T @ KF"
1IREE"RF) - (E"QF)IRE) = (-1)"E"REF" — " @ FE

_ (_1)nq {n}an ®ICJ—_-n71 4 q {n}QEn ®K71fn71

1 + q2 1 _|_q—2
Hence adding up both sides, we need ag = 1 and
g "{n}y _
Ap—1 + Tq—QQ" =
n—1_2(n— nq"{n}
(—1)n 12 Dg, _ — (—1) o quan =0

both of which is equivalent to

an n(l + q_2)

o T
as required.
By writing formally
K =q"" =inq!,
the following proposition shows that up to a constant, the Cartan part of

the universal R-matrix using the Clifford generators coincides with the usual
expression.

Proposition A.1. On the space Wffl ® Wf';% we have the action

H' @H' HQH
2

q = (-1)"""2qC0q. 7, (52)
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where C is the Clifford part 2(1® 1+ ién® 1+ 1®i&n+ &n @ &n) and H’
reproduce the action of K on Wi :
H— % +
I Ing
H { H-(+1)m -

Ing
with s = 2.

Proof. For simplicity, consider the basis el @ e!2 € W~ @ Wi, The action on
other parity is similar. Then we have

H'@H' HQH , _ — ~
¢ 2 =q 2 (i l2H®1)(1®z llH)q
:qun( 1)—l2m—l1n6
while
H®H
Cq* 2 e'lnlv, ® 6ln2 — (71)(l17m)(l27n)q3mn

— (_1)—mnq2mn(_1)(l1—m)(lg—n)

(_1)l112—l2m—l1nq2mn
O

A.2. Universal R matrix for 032) (2). Recall from (15) that we have rescaled

1
girg_l. Hence modifying

the constants from [11] accordingly, the universal R matrix in general is of the
form

our generator F; from the usual definition by ¢ =

R = QR-oRoR<o, (53)

where

H{®H
Q= q712 1+H6®Hd+Hd®H67 (54)

with Hs = Hy + Hy, and H; the extended generators such that
[Hdag()] = 50, [Hdagl] = 07
and

R>0 = H exp_q72((—1)”+1(q71 + Q)ga+n6 & -Fa+n6)a

n>0
R<O = H eXp*q_2((_1)n+1(q_l + q)557a+n6 &® ]:57a+n6);
n>0
n(q + —1)\2
Ro = exp Z %Sné @ Fus |,
n>0 q —4q

where the imaginary generators £,5+a, Fns+a are defined below.
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Proposition A.2. The Cartan term can be replaced using the Clifford part:

Q- Cq:’l?”l +Hs@Ha+Ha@Hs (55)

Proof. We just need to check that the following same commutation holds:
EeNQ=Eek), (Ge)Q=(Eok")
(Fekihe=(Rel), (Fheki)Q=(foel)
(Ki®&)Q@=(01®¢&), (Ko®&)Q=(1® &)
(1) =K1 F), (1&F)Q = (Ko® Fo)

Then it follows that the Clifford part C' commute correctly with the odd el-
ements because & = E;§, F; = F;n and K; = K;ién as before, and the even

part follows from the relation of (A(ll))q*. O

Let us define the following notations for the generators:
& =&, Eo:=E5_a
F1:=Fa, Fo:=Fs—a
Ki =Ko, Ko:=Ks—a
Ks :i=Kas—_q-
Then using
legs eprlq = epep — (=1)" PP ey e, (56)
where 0(f3) is the parity of eg, we define
Es = [Ea.Es—alq = E1&0 + ¢ EEN,
Fs = [Fo—as Falg—r = FoF1 + > F1 Fo.

Both &, Fs5 are even.
Next we define

1
gn6+a = ﬁ[g(n—l)5+aug5]7
!
]:n6+a = q— q_l []:57]:(n—1)5+a]7
1
5(n+1)6—a = m[é’éag’n&f&L
1
F(n+1)57a = ?[‘Fﬂ57()ﬂf5]'

These are all odd.
The pure imaginary roots are harder to define. First we define

7/15 = [gom gnzsfa}q = gagnzsfa + q72£n570¢5aa
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]:7/16 = []:néfcw]:a]q—l = Fns—aFa+ q2]:a]:n67a~

Note that £ = &, F5 = Fs. Then the pure imaginary root vectors are defined
recursively by

— g X pi— _
T I et i Y M L A I O

p1+2p2+...4+npr,=n p pn

-1 _ X pi—1 L
Fns = Z ¢ 2 pi 1)!( s ) (F)P

p1l..pn!

p1+2p2+...4+np,=n

More explicitly, by using generating functions:

El(u) = q+q Zgnéu n’
n>1

E(u):=—(q+q¢ ") Ewsu™™,
n>1

F/( ) q+q Z n,

n>1

F( ) q+q Zf7léu n,

n>1
we have
E'(u)=—-1+expE(u), E(u)=In(1+E'(u))
and similarly for F(u).

Proposition A.3. We have the following action of the non-simple generators
on WE(N):

Esehy e =N (Gl +m+ 1]y, — g T —m+1],,) € 4
faefn’i =\ "2t (qi l—m4+1], —¢ ' T+m+1], el !

l 2n+1,_—2n(m+1) l
Enstrabmr = 1" Ny, [l —mlg €emi1
! __sm\2n+1_—2nm l
5(n+1)57aem’j: ="\ G [l + m]‘]* emfl,:F

l ‘n—1y—2n—1 2 l
‘7:715+aem,j: =£i"TATT" q*nm[l + m]Q* emfl,:F

— iin—l)\—Qn—qun(ﬂ”HJ) [l

l l
]:(nJrl 5,a6m + m]Q* 6m+1,:F

Ensely o = "IN TI () 1 —m 1y, — @2 = mlg [l m 1], €,
Fhseh o =" A2 @™ (1l [l —m+ 1. — @21 = mlg [l +m+1],.) eb
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By the generating functions, we get

>\2n
gmiemj: =" 17‘]\[(1 m nv‘]*) Cm,+>
—2n
Fn(iein + = Z‘niliN(Lm?na Q»Tl)ein +>
) n )
where
N(l,m,n,q) :=q """ (g" V[l + m)]y — ¢ "V [n(l - m)],)
B q2nl + q—2n(l+1) _ q—2nm _ q—2n(m+1)
q—q!

Theorem A.4. We have the following expression for R:
R = QR~oRoR<o,

where the matrix coefficients of each component are given below expressed only
in terms of qy:

o The matrix coefficients of R~q is given by:
I l1 l2 _
<6m’175’1 & € |R>0‘6m1 €1 ® 6m2,62> =0

if my —my ;émg—mz ormj —my =mg —mbh <0.
Otherwise let n = m} — my, we have

l ! L
<err1L/1,€/1 ® €m n |R>0|6m1 €1 ® 6“212v€2>

= (—1)"(€1+€2_ e =g )" Nade)" [l — g, [lo + malq,!
1o (A3 — @ 2m2=2m=2k7]) - nfq !l — my —nlg,! [l +m2 —nlg,!
B
where [n|,, = -

o Similarly, the matriz coefficients of R<o is given by

l
< m/ €} ®€ Y |R<0‘6m1 €1 ® 6%2752> =0

if my —my ;émg—mQ ormj —mq =mg —mbh > 0.
Otherwise let n = m; — m}, we have
<eirlz’1,6’1 ® el2 ‘R<O|em1 o ® 6%2,62> =0
- n(eﬁer g, — g™ n ! - !
s .
_ (=D (2 — g )" (M1 da) [l + mag.! [l2 — mal,.!
[1=1 (A3 = gu2m2=2m R 20 =DAR) [n g Ml + may — nlg ! [lz —ma — ]y, !

o The matrix coefficients of Ry is given by

Litmy y2 2 213 +2l5—2k+2 l2tma 2 2 2my—2mq—2k
/\2 _ )\1(1* 1 2 + /\2 —\ 2— 1

I Iy _ 195
RO(emhel@emz,eg) - fq' H
k=1 2 19* k=1

€

U1

)\2 _ )\2q2m272m1+2k )\2 _ )\%q72l172l2+2k72 mi,€1
*

la
®em2>€2’
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where
1 Al 2n (q2l1n _ q72l1n)(q2lgn _ q72l2n)
fa(l1, A1, 12, A2) = exp (Z n () - P -
n>0n /\2 q’% s !
1 /M ) 2n Qf - q*—n
= exp — | — 2] g 20— ] -
(; n ()\2 U

e Finally, the action of Q) is given by

Iy Iy _(__1\€1€2 ,2mim2 1y lo
Q(eml,el ® emz,ez) - ( 1) q* eml,el ® emQ,ez'

Example A.5. Whenl, =1y = %, we have

1 0 0
) 0 Af;)\i >\1)\2(f{§1*%)
3 A2qr T =22 A2qr =2
A )\ — 2 19 - 29 14« 5%
R%,%( 1 2) qx fq* 0 /\1)\2(q* 17(1*) )\%,)\g 0
Aq. ' -3, Mgt =23,
0 0 0 -1

where
LM\ -
A1, Ag) 1= ex g — | — = = ).
fq*( 1,A2) P<n>0n ()\2> qf+q*n>

Note that up to a constant we recover our previous formula (17).

Example A.6. Using Theorem A.J, we found for example the universal R
matriz acting on W @ W5 is given by

a .
b d .
.oc f g
O O e
R1,1()\17)\2)=% . . —h . —e . —h .
. b d
g f . ¢
d b .
a
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where A\ = €¥1, \g = €72,

a = 4sinh(z; — 29 — Ing,) sinh(z1 — 22 — 21Ing.)

b = 4sinh(zy — x2) sinh(z1 — z2 — Ing.)

¢ = 4sinh(x; — x9) sinh(z; — 22 + Ing,)

d = —4sinh(z1 — 22 — Ing,) sinh(21n g,)

e = 2cosh(2x1 — 2z9 — Ing,) — 4 cosh(Ing.) + 2 cosh(31n ¢.)
f = 4q; ' sinh(x; — ) sinh(In ¢,)

g = 4sinh(In g,) sinh(21n g)

h = 8¢, sinh(z; — x3) cosh(ln g,) sinh(21n ¢.)

and all other entries are zero.
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