
THE SEMI-CLASSICAL APPROXIMAnON
FOR MODULAR OPERADS

E. Getzler

Max-Planck-Institut
für Mathematik
Gottfried-Claren-Str. 26
53225 Bonn

Gennany

MPI96-145

Department of Mathematics
Northwestem University
Evanston
IL 60208-2730

USA





THE SEMI-CLASSICAL APPROXIMATION FOR MODULAR
OPERADS

E. GETZLER

The serni-classical approximation is an explieit formula of mathelnatical physics for the

Sllm of Feynnlan diagrams with a single eireuit. In this paper, we study the same problem

in the setting of modular operads [5]; instead of being a nUIuber, the interaction at a
vertex of valenee n will bc an Sn-module.

The Inotivation for developing this theory was thc desire to calculate the §lceqllivariallt

Hodge polynomials of the Deligne-MuInford-Knudsen moduli spaces M 1 ,n of stahle curves

of genus 1 with n marked SIllooth points. In perfonning these calculatiolls, we use thc

formulas for the §n-eqllivariant Sene polynOlnials of MO,n and M 1,n derived in [1] a.nel [3]
respectively.

A partieul?-r eonsequence .of Our _~alculatio~l~ v.:ill ~.be. neeeJ~d. i.~1.J4J .t~ fiqd ~ Cl.Jeht~~Qll _ ~

among the codimension two cycles in M 1,4'

Theorem. The 5 4-module H 4 (Ml,4, Q) is isornoryJhic to

(V(4) 0 (f) EB (\1(3,1) (59 q) EB (\1(2,2) ® «t).
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1. WICK'S THEOREM AND THE SEMI-CLASSICAL APPROXIMATION

Let r g,n be the slIlali catcgory whose objects are isolHorphisII1 classes of stable gl'aplts G
of genus g(G) = 9 wit.lt TL totally ordered legs [5], alld whose IllorphisIllS are the autolllor

phisms: if GErg,n, its autOlllorphisnl group All t (G) iH the subset. of the permlltat ions of

the Hags whieh prcscrvc aB thc dat.a defining thc stable graph, including thc total ordering

of the legs. Because of the stability condition, r g,n is Cl finite eategory.

Define polynOlnials {Mvg,n I 2(g -1) +n > O} of a set of variables {vg,n I 2(g -1) +n > O}
by the following formula:

1
(1.1) MVg,n = L IAut(G)1 II Vg(v),n(v)'

GEOb r g,n vEVert(G)

Introeluee the sequellces of generating functiolls
xn . x 7l

ag(x) = L v9,n~, anel &g(:1:) = L MV9,n~
2(g-1 )+n>O 2(9-1)+n>0

Wiek's theorenl gives an integral formula for the generating functions {&g} in terms of

{ag}:

00 100 (00 (02
) dL bgFig- 1 = log exp L agn9 -

1
- x ~n ~.

g=O -00 9=0 V 21T!i
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As writtell, this is purely formal, since it involves the integTation of apower series in x.

It luay be made rigourous by obscrving timt the integral transfol'm

100 :J fix
f 1-------7 f(li, x )e-(x-~) 12ft __

-00 v2nh
inchlces a cont inuollS linea.r Illap on the space of Laurellt series Q((n)) [x] topologized by
thc powers of thc ideal (fi, x).

The semi-classical expansion is a pair of fonIlulas for bo alld bl in terms of ao and aI,

which wc now rccall.

Definition (1.2). Let R be a ring of characteristic zero. The Legendrc transform L is
t.he involution of the set. x2 /2 + x3 R[x) characterized by the fornlllia

(Lf) 0 l' + f = ]>11'.

Theorem (1.3). The series x 2
/ 2 + bo is the Legendre tra1lsfoT'1H 0f x 2 /2 - ao.

The first few coefficients of bo may be calculated, either from the definition of MvO,n 01'

from Theorem (1.3):

11 Mvo n
'"

. ). ~ , ........... + ... "'" """" ~ -..... - ...... ..- .......- .... .......- ~.~ ...
3 VO,3

4 VO,4 + 3v5,3

5 VO,5 + lOvü,4 vo,3 + 15v~,3

6 VO,6 + 15va,5va,3 + lOv5,4 + l05vo,4V6,3 + lO5vg,3

Wc now came t.o the formula for bI , kllown as the senü-dassical approximation.

Theorem (1.4). The senes b] and al are related by the formula

b1= (al -1Iog(1 - a~)) 0 (x + bS).

By thc definit.ion of the Legclldre trallsform, we see that (Lf)' 0 l' = x. It follows that
Theorem (1.4) i~ equivalcllt to the fonnllia

b1 0 (x - aS) = (LI -110g(1 - (L~).

This fonnula expresses the fact that t.he st.able graphs contributiug to bj are obtained by
attaching a forcst whose vertices have gcnus 0 to two types of graphs:

(i) those with a single vcrt.ex of genus 1 (corrcsponding to thc tenn aI);
(ii) stable graphs with a single circuit, and all of whose vertices have genus 0 - we call

such a graph a necklace.

The preseIlCC of a logarithm in the tenn which contributes the necklaccs is rclated t.o the
fact that there are (11, - 1)1 cyclic orders of n objccts.

The first fcw coefficient.s of b1 are also easily cakulated:

Tl MVl,n

1 I
Vl,1 + 2va,3

2 Vl,2 + Vl,1 Va,3 + 1(va,tl + V6,3)

:3 Vl,3 + :3vl,2vo,a + VI, I VO,4 + ~ (Va,5 + 3Va,4VO,3 + 2V~,3)

4 VI,4 + 6Vl,3VO,3 + 3Vl,2VO,4 + 15v] ,2v6,3 + Vl,I VO,5

+ ~ (VO,6 + 4vO,SVO,3 + 3v5,4 + 12vo,47J5,3 + 6V6,3)
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In the theory of lllodlliar opera,cls, Olle replaccs the scqllenee of eoefficients {Vy,n} cOllsid

ered above by a stable S-Illodulc, that is, a scqucnee of Sn-modules V((g, n)). The analogue

of (1.1) is the fundor on stable S-modllies whieh sends V to

(2.1) MV((g, n)) = colim 0 V((g(v), n(v))),
GErg,n

vEVcrt(G)

Thus, t Ite coefHeients iu (1.1) are promoted to vcetor spaces, t he produd to a tensor prod

llct, the sum ovcr stable graphs to a direct smll, and the weight IAut(G)I- 1 to colilllt\ut(G),

that is, the eoinvariants with rcspect to thc finite group Aut(G). Note that this definition

makes sense in any synuuetrie luonoidal category C with finite eolimits. We will nccd the

Peter-vVcyl theoreIll to hold for actions of the symmctrie group Sn on C; thus, we will

slIppose that C is additive over a ring of eharacteristic zero. .

Definition {2.2}. Thc eharacteristic chn(V) of an Sn-module is definecl by the fOl'lnula

1
chn(V) = r L Tra(V)Pa E An 0 Ko(C),

n.
aESn

~J~""";"where"IJ,:r" is. the..product.ofoopower, BUlllS 'Pl Cl 1'·0ver~. the Ol:bits· O-of· a.

Although this definition appcars to requirc rational coefficicnts, this is an artifact of

thc use of the power SUIllS Pn; it is shown in [2] that the charaeteristic is a synlllletric

function of degrcc n with valucs in the Grothcndieck group of the additive category C. If
rk : A --+ Q[x] is the hOiliomorphisIll defined by hn H xn In!, we havc

rk(chn(V)) = [V]ln! E Ko(C) 0 Q.

Note that rk(f) is obt.aincd from f by setting the powers StllnS])n t.o 0 if n > 1, and t.o x
if 11 = 1.

Thc place of thc gellerating functiolls ag and bg is now taken by

a g = L chn(V((g, n))) E A0Ko(C),
2(9- 1)+n>0

bg = L chn(MIV((g, n))) E A0K o(C).
2(9- 1)+n>0

Theorem (8.13) of [5), whose stat.ement we now recall, calculat.es b g ill tenns of ah, 11. ::; g.

Let ß bc thc "Laplacian" on A((n)) given by the formula

ß - f!i" (:::. [p +---.!!.-)
- n=l 2 8]J~ 8P2n .

Theorem {2.3}. If V is a stable §-module, thcn

~bg/j9-l = LOg(eXP(ß)Exp(~ag/jg-l)).

There is also a formula für bo in terms of ao. To state it, we Il111St recall thc definition

of the Legendrc transform for symlllCtric funetions. Let

A.0Ko(C) = {f E A0K o(C) I rk(j) = x2/2 + O(x3
)}.

If f is CL synllllctrie fllnetion, let. l' = {}f Iäpt; this operat.ion IImy be cxpressed lIlore

illvarialltly as pt (Ex. 1.5.3, Macdonald [6]).

Defini t ion (2.4). The Legench'c transforlll C is the invalu tiOll of A.0K0 (C) charactCl'ized

by the formula (Cf) 0 f' + f = ]JI!'.
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Thc Legench'e transform 121 of a fnndion 1 is characterized by the formllia (LI)' 0 I' = x.
For symmetrie fUllctions, althollgh the analogne of this fornmla holds, in the form

(LI)' 0 l' = h[,

the situation is not as simple, sinee there is no single notion of integral for symIIletrie
fUIlctions (the ':eonstant" term lllay be any fllnetion of the power SUlllS Pn, n > 1).
Neverthless, there is a silllpie algoritlull for ealclliating 121 fronl ]. Denote by In and

9n the eoeffieents of 1 aud 9 = 12] lying in An 0 Ko(C).

(i) The fOl'Illula l' 0 (12/)' = hl may be rewritten as

N N N-I

2::9;1 + 2::]~ 0(h 1 + 2:: [j~) ~ 0 nIoel AN 0Ko(C).
n=3 n=3 k=3

This gives a recllrsive proeedure for ealculating gh'
(ii) Having determined g', we obtain 9 from the fonllula f = Lg, 01' 9 = Plg' - / 09'·

We now rceall Theorem (7.1 7) of [5J, whieh is t he generaliljat ion to IUOelular operads of
TheorClll (1.3).

Theorem (2.5). The symmetrie /unction h2 + bo is the Legendre transfonn 0] C2 - aQ.
• k'

The Illaill result of this paper is a fonllula for b 1 in terms of al and ao, generalizing

Theoreln (1.4). If ] is a syuuuetrie funet ion, wri te j = 8]/ f.)P2 = ~p4- f.

Theorem (2.6).

( 1~ ep(n) 11 8.o(B.o + 1)) ,
b l = al - "2~~ log(1 -1Pn(llo)) + 1 -1P2(~) 0 (h l + bo)

.
Here, ep(n) is Euler's ]unction, the number oJ p1'ime residues modulo n.

Remark. Tlte first two tenns inside the parelltheses on the right-halld siele of Theorem
(2.6) are analogues of the eorresponding terms iH thc fonnllia of Theorem (1.4). Iu partie
ula.r, the second of these terms is closely relat.cd t.o the sum over neeklaecs in the definition
of MIV((l,11)), as is seem from the formllia

2::00 ( S) 2::00

ep(n)ehn Indzn n = - --log(1 - Pn).
11 11

n=l n=1

The relnaining tenn may be undel'stood as a eorrection term, which takes into account the
fact that neddaees of 1 or 2 vertices have nOH-trivial involll t ions (while t hose wi th more

vertiees do not). A proof of the theorClll eould HO doubt be given using this observation;
however, we prefer to derivc it direetly frOlli Theorem (2.3).

If we take the plethysm on the right of the formula of TheoreIIl (2.6) with thc symIIletrie
fllnction h1 - afJ, anel apply the formllia (h1 + bb) 0 (h 1-~) = h1, we obtain the eqllivalent
formulation of this theoreul:

/ 1 2::00
4J(n) /I B.o(ilo + 1)

b 1 0 (h l - an) = al - -2 -log(1 -1J;n(an)) + 1P ( ")'
n 1- 2ao

n=1

P1'00J oJ Theo1'em (2.6'). The syuuIletric function b 1 is a Slllll over graphs obtaillcel by
attaching forests whose vertiees havc genus 0 to either a vert.ex of genus 1, 01' to a necklace.
In other words,

b t = (al + slIm over necklaces) 0 (h l + b~).

To prove t.he theorem, we must ealclliate the stlm over neekla.ces.
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To do this, observc that a llecklace is a graph with fiags colourcd red or bIue, such tImt

each vertex has exact.ly two red fiags, each cclge is red, and all tails arc blne. Let W((n)) ,
n ~ 1, be the sequellcc of representations of §2 X Sn

W((n)) = Res~:;~2 V((O, n + 2));

think of the first factor of the product §n x §2 as acting Oll the blne Rags at a vertex, anel
the second factor as acting on the red Hags. Applyillg Theorem (2.3), wo see that

Log(exp(l 0~) Exp(Ch(W))) E A0A0Ko(C)

is the ~nlln ovcr stable graphs all of whose edges are red. To impose the condition that all
tails are blne, we sct the variables qn to zcro before taking the Logarithm.

We now proceed to the explicit calculation. We set Ti = 1, since it plays 110 föle WhCIl

all graphs have genus 1. In writing elcments of A0A, we will dcnote power SUlIlS in the

first factor of A by Pn, and in the second by qn.

Lemma (2.7). The characteristic Ch(W) of W is the Ubisymmctric" function

Ch(W) = 1a~qi + aoQ2 E A0A20Ko(C).

Praaf. We have Ch(W) = htao 0 h2 +etao \2) e2. Expressing thi~. in terms of power SUIllS,

we have

htao 09 h2 + etao 0 e2 = (1(pf)2 + rt)ao 0 ~(Qr + q2) + (~(pf)2 - pt)ao 01(qr - q2)

= ~(pf)2ao 0 qr + ptao 0 fJ2· 0

Fronl this leHllna) it follows that
00 2 00

Exp (Ch(W)) = rr exp ( VJn (a~) ~~) rr exp ( VJn (ilo) q~n) E A0A0Ko(C) 1

n=1 n=1

We now apply thc heat kernel anel separate variables:

(
n 8

2
) ( q2 ) Iexp(l 0~) Exp(Ch(W)) Iq,,=o = rr exp - a 2 exp VJn(aZ)2- _

2 fJn 2n q,,-ü
n odd

( 2) 2n 8 8 /I qn . 2qn
x rr cxp "2 8 2 + a exp ( VJn(ao)~ + VJn/2(ao)-.-)! .

n CVCIl qn qn 1L n qn=O

We now insert the explicit formulas for the heat kernel of tohe Laplacian, llamcly

(
n 8

2
) 100

( q2) dq
exp "28q~ f(qn)lqn=ü= _oo!(qn)exp -Zn vZ1rn'

For the add variables, matters are ql1ite straightforward:

( 82) 2 00 ( 2 2 )
exp ~2~ 8 2 exp ( 2

qn
VJn (a~D ) I _ = 1 cxp VJn (~) zqn - 2

qn
J2

Qn
.

qn n qn-O ~OO n n 1rn

= (1 _1jJn(a~))-1!2.

For the even variables, things becoll1c a liHle luore involved:

(
n 82 8) ((") fJ~ (' ) Zqll ) Iexp -2 8 2 + ~8 exp VJ71 ao -2' + VJ7I./2 ao -.- _

qn fJn n n q,,-ü

(
n 8

2
) ((" fj~ . 2qn ) I= exp -2 8 2 exp VJll ao)-2' + VJn/2(ao)- _

qn '1L 11. q,,_l

-100

(~/' ( ") q~. + ~/. (') Zqn (qn - 1)2) rlqn- cxp 'l-'n a ü - 'l-'n/2 ao - - --.
-00 2n 71, 271, v21rn
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To perform this gaussian integral, we complete the square in the exponent.:

~/, ( lI)q~ + ~/, (' )2qn _ (qn -1)2
o/n a o 2 o/n/2 8.Q 2n n n

( ( ")) {J~ ( (') ) (Jn 1= - 1 - 'l/Jn 8.0 - + 2'l/Jn/2 8.Q + 1 - - -
2n n 2n

= _ 1 - 'l/Jn(a~) (qn _ 2'l/Jn/2(ilv) + 1) 2 + ~ ('l/J71/2(B.O) ('l/Jn/2(ao) + 1)).
2n 1 -1jJn (a~) n 1 -1jJn(a~)

Thus, the gallssian integral equals

(1 _ ~/, ( ")) -1/2. ~ ('l/Jn/2 (ilD) ('l/Jn/2 (ilv) + 1) )
O/n 8.0 exp 1 _ ~/. ( ") .

Tl o/n 8..()

Putting these calclliations together, we see that

(10~)E (CI (W))I _ = 1100

(1-~1, (11))-1/2 ~(1/Jn(ä.o)('l/Jn(ilv)+l))exp Xp 1 qTl-O o/n 8.0 exp 1 "/L-.. ( ")
n=l n - 'Y'1.n ao

=,11 (1 - tPn(a:!)(:2 E~P( ~~~27!!g),
and, applying the operation Log, that

Log(exp(10 6) Exp(Ch(W)) Iqn=o) = Log11(1- tPn(a:!))-1/2 + ~~27~~'

The proof of the thcoreIn is cmnpleted by the following leuulla., applied to f = 1 - a~.

Lemma (2.8). Let f E A0Ko(C) Iwve constant term equal to 1i that is, rk(f) = 1+0(x).
Then

Proof. By definition,

00 00 () 00 00

Log 11 'l/Jn (/)-1 /2 = L t
L kk log 11 'l/Jnk (f)-1 /2 = - ~ 11 (L fl;;l)) log( 'l/Jn (/)).

n::::l k::::l n=l n=l dln

The leIluna follows from thc forunda

"""' IL(d) _ 4>(n)
~ cl - n '
dln

which follows by Möbius inversion frOIll Ldln ep(d) = n. 0

Corollary (2.9). Define (Lg = rk(agL bg = rk(bgL and üo = rk(ao). Then we havc

al 0 (x - a~) = al - ~ log(1 - a~) + ao(ao + 1).

Example (2.10). Sllppose V((O, n)) = n. is the trivial oue-dimensional reprcsentation for
all n ;::: 3, while V((l, n)) = O. Then MV((l, n)) is an Sn-module whose rank is t.he Illunber

of graphs in r~,nl where r?,n c rl,n is the subset of stable graphs all of whose vertices
have genus O. We have

00 00

ao = L hn = exp(L ~~) - 1 - h1 - h2 ·

n=3 n=1
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Theorem (2.6) leads to the following rcsults; the calculations were pcrformed using J. Stem
bridge's sYIIlmctric fUllction package SF for maple [7].

11. chn (MV((I, n))) Ir?nl
1 SI 1

2 3 82 3

3 7 83 + 4 821 15

4 2084 + 17831 + 14822 + 48212 111

5 5285 + 78841 + 710932 + 3309312 + 34 $221 + 48213 + sIr; 1104

An explicit formula for the gcnerating fUllction of the Ilumbers Ir? nl may be obtained

frmIl Corollary (2.9), using thc fonIllllas a~ = C
X

- 1 - x, a~ = C
X

- 1 'and iLo = ~(cX - 1).

Proposition (2.11).

00 x
n (1 1):L Ir?,nl;T = -2 log (2 - eX

) + 4:(e2X
- 1) 0 (1 + 2x - eX

)-I.

n=l

3. THE §n-EQUIVARIANT H0.oGE POLYNüMIAL OF M 1,n

A Illore intcresting application ofThcorem (2.6) is to the stable §-modulc in the category

of Z-graded mixed Hodge structures

V((g, n)) = If;(M g ,1H C).

Let KHM be thc Grothendieck group of mixed Hodge structures. The Sn-eqllivariant
Serre polynOIuial eSn(Mg,n) is by definition thc characteristic chn(V((g,n))) E An 0 KHM.
It follows [rom the usual propcl'ties of Serre polynomials (see [2] or Proposition (6.11) of

(5]) that chn (MV((9, 11.))) is the §n-equivariant Serre polynomial eS n (M 9 ,n) of the lIlod111 i
space Mg,n of st.ahle Cllrves. Since the moduli space Mg,n is a complete slnooth Deligne

Mumford stack, its kth cohomology group carries a pure Hoclge structure of wcight k;
thus, thc Hodge polynoluial of Mg,n Inay be cxtractcd frolll eSn(Mg,n). USillg Theorem

(2.6), wc will calclliatc the Serre poly nonüals eSn (M l,n) .

It is shown in [1] (see also [2]) that

00 {:fI: (1 + Pn)* Ldln ll(n/d)(I+L
d
)} - 1

~ Sn(M) n=l h 1 h2
ao = L.- e o,u = --------L"""::a:""'"--L------ - L2 - L - L + 1 '

n=3

where L is thc pure Hodge strllcture C( -1) of wcight 2. Tlleorem (2.5) implies that

is the Lcgendre transform of C2 - an j this was used in [1] to calclliate eS n (M O,n) .

Let. S2k+2 be thc pure Hodgc strllctllre gr~r+l H~ (M I
l
1, SYU12k H), whel'e H is the local

systenl R l
7f*Q of rank 2 over the modllii stack of elliptie eurves. (Here, 7f : M 1,2 --+ M 1,1

is the universal elliptic curvc.) This Hodge structure has thc following properties:

(i) S2k+2 = pOS2k+2 EB pOS2k+2;

(ii) there is a. natural isomorphism between FOS 2k+2 and thc spacc of eusp fOrIns S2k+2

for t.he fu1l mod lliar grollp SL(2, Z). (In particlliar 1 S2k+2 = 0 for k :::; 4.)
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It is shown in [3] that

2:
00 Sn(M) [( Il~=1 (1 + Pn) ~ Edln j1(njrl)(l-w

d
-L

d
jwd+L

d
) - 1)

al = ein = reso /' 1-w-Lw+L
n=1

(~ (S2k+2 + 1) 2k ) ( )]X ~ L2k+l W - 1 w - L/w (M 1

where reso[aJ is the rcsidue of the oue-form a at the origin.
Wc may now apply Theorem (2.6) to calculate the generating fllnction of the §n

equivariant Serre polyuOInials eSn(Ml,n)' We do not. give thc dctails, sincc they are
quite straightforward, though the resulting formllias are trelnendously complicated when
writtcll out in fuIl. However, we da present. sonlc sampie calculations, perforIucd with the
packagc SF.

4

2

260

12"

(L+ 1)SI

(L2 + 2L + 1)82

(1.: 3 + 3L2+3L + 1)83 +' ([2 + L)8~1 . - - -.. - - .~ - . -.". .

(L4 + 4L3 + 7L2 + 4L + 1)84 + (2L3.+ 4L2 + 2L)S31 + (L3 + 2L2 + L)S22 49

(L5 + 5L4 + 12L:l + 12L2 + 5L + 1)85 + (3L4 + 11L3 + 11L2 + 3L).941

+ (2L4 + 7L3 + 7L2 + 2L)S32 + (L3 + L2
)(S32 + 822d

2

5

3

4

1

In a. tablc at. the end of thc paper, we give a table of non-eqllivariant Serre polynomials
of M l,n for n ::; 15; these give an iclea of the way in which the Hodge structures SZk+2

typically euter into t.he cohoIllology. In particular, we sec that tlle cvcll-dimensional coho
mology of thc 1Il0du Ii spaces M 1,11 is spanned by Hodge structures of t.hc form Q(f), w hile
t.he odd dimclIsional coholllology is spanned by Hodge strllctlll'CS of tlle form S2k+2( f),

Thc rationa.l cohomology grollps of M 1,11 satisfy Poincare duality: therc is a n011
degeuCl'ate 8 1l-equivariant pairing of Hodgc strllctllres

k - 2n-k-
H (M l,n, Q) @ H (M t,n, Q) -----t Q( -n).

Unfürt.llnatcly, our fünnula für eSn (M 1,n) eIoes not render this dllality manifest.

4. THE EULER CHARACTERISTIC OF M l,n

As an applicatioll of Corollary (2.9), wc givc an explicit fonnula for th9 gencl'ating
function of thc Elller charaeteristics X(M 1,71.).

Theorem (4.1). Let g(x) E x + x 2Q{xl be the solution 01 the equation

2y(x) - (1 + g(x)) lüg(1 + g(:c)) = x.

Then

00 TU 1 12: X(Ml,n)'1'~! = -12 log(1 + g(3:)) - "2 lüg (1 -log(1 + g(x))) + E(g(X)),
n=1

where
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Proof. We apply Corollary (2.9) with thc data

00 X n 00 X 11
a~ = L X(MO,11+d r = L{-1)"(n - 2)!-', = (I + X) log(1 + X) - X,

n. n.
n=2 11=2
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where we havc useel timt X(M1,d = X{Ml,2) = 1 anel X{MI,3) = X(Ml,4) = O. Thc
function 9 (x) of the statement of thc theorenl is x + b~ (x) . D

The following corollary was shown us by D. Zagier.

Corollary (4.2).

- (11 - I)! l 1/2 (3/2))' ... - _. ~_. -- ~~"X(MT;-i1)""""'-4{e _ 2)11 \l-+.Gn-;-~ ·4·Qn:: -_. 1-'

where

c = ;8- 2 (1 + 4e + ge2 + 4e3 + 2e4
) ~ 18.31398807.

1 7rC >

Proof. To show this1 we alluIytically continue g{x) to the domain C \ [e - 2100). The
rcsulting funct.ion ha..":l an asymptot.ie expansion of the form

00

g(x) ....... e - 1 - J2e{e - 2 - x) + L (Lk{e - 2 - x)k/2.
k=3

Thc a..~Ylnptotics ({4.2)) follow by appIyillg Cauchy1s integral fonnula to thc right-hand
side of Theorem (4.1), with contollr t.he circle lxi = e - 2. D

Thc peculiar polynOlniaI E(X) of Theorem (4.1) combincs the crror terms in the fonilula
for X(Ml,") with the cOITcction tenns illvolving iLo in Corollary (2.9). Olnittillg t.he term
E(g (x)) in Thcorcln (4.1), wc obtain t.he generating funet ion not of thc Ellier characteristics
X(M 1,n) I but. rather of t. he vi rtual Euler charactcristics Xv(M 1 ,n) of t. he Illlderlyi ng SIIlOoth
IIloduli stack (orbifold). The asymptotic behaviour of t.he virtual Ellier characteristics

is thc same H.." that of thc Euler eharacteristics1 with 0 repluced by (; = (~8~~) 1/2 ;:::;
0.06835794. Thc ratio betwccn these Eulcr characteristics has the asymptotic behaviour

X{MI,n) ....... (0 _ (;)11.- 1/ 2 + 0(n- 1),

Xv(Ml,n)

giving a stat.istical mcasure of thc ramification of M l,n [or Iargc n.



n I e(M 1,n)

1 L+1

2 L2 +2L+1

3 L3 +5L2 +5L+1

4 L4 + 12 L3 + 23 L2 + 12 L + 1

5 L5 + 27 L4 + 102 L3 + 102 L2 + 27 L + 1

6 L6 + 58 L5 + 421 L4 + 756 L3 + 421 L2 + 58 L + 1

7 L7 + 121 L6 + 1612 L5 + 5077 L4 + 5077 L3 + 1612 L2 + 12 L + 1 .

8 L8 + 248 L7 + 5802 L6 + 31072 L5 + 52402 L4 + 31072 L3 + 5802 L2 + 248 L + 1 j
r

9 L9 + 503 L8 + 19925 L7 + 175036 L6 + 480097 L5 + 480097 L4 + 175036 L3 + 19925 L~ + 503 L + 1

10 L10 + 1014 L9 + 66090 L8 + 920263 L7 + 3975949 L6 + 6349238 L5 + 3975949 L4 + 9~0263 L3 + 66090 L2 + 1014 L + 1
j

11 L11 + 2037L lO + 213677L9 + 4577630 L8 + 30215924L7 + 74269967L6 +30215924L5 + ... + 1- 5 12

12 L12 + 4084 L11 + 677881 LI 0 + 21793602 L9 + 213725387 L8 + 784457251 L7 + 1196288936 L6 + ... + 4084 L + 1 - 11 (L + 1)5 12

13 L13 + 8179 L12 + 2120432 L11 + 100226258 L10 + 1424858788 L9 + 7603002045 L8 + .17095248952 L7 + ...

-(66L2 +429L+66)5 12 i
14 I L14 + 16370 L13 + 6563147 L12 + 448463866 L11 + 9049174765 L10 + 68547770726 L9 + 221071720149 L8 + 324314241400 L7 + ...

- (286 L3 + 6006 L2 + 286 L)5 12 ..

15 I L15 + 32753 L14 + 20153930 L13 + 1963368663 L12 + 55228789080 L11 + 581636563570 L10 + 2627427327522 L9 + 5488190927216 L8 + ...

- (1001 L4 + 53053 L3 + 186263 L2 + 53053L + 1001)512 - 5 16 I

>-'
Cl

~

o
~

~
;::;
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