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Abstract

We construct an elliptic generalization of the Schlesinger system (ESS) with positions
of marked points on an elliptic curve and its modular parameter as independent variables
(the parameters in the moduli space of the complex structure). ESS is a non-autonomous
Hamiltonian system with pair-wise commuting Hamiltonians. The system is bihamiltonian
with respect to the linear and the quadratic Poisson brackets. The latter are the multi-color
generalization of the Sklyanin-Feigin-Odeskii classical algebras. We give the Lax form of the
ESS. The Lax matrix defines a connection of a flat bundle of degree one over the elliptic
curve with first order poles at the marked points. The ESS is the monodromy independence
condition on the complex structure for the linear systems related to the flat bundle. The
case of four points for a special initial data is reduced to the Painlevé VI equation in the
form of the Zhukovsky-Volterra gyrostat, proposed in our previous paper.
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1 Introduction

The Schlesinger system was introduced in [1] is a system of first order differential equations for

n matrices 8/ (j = 1,...,n), depending on n points x; € CP!
. Sk gJ
8kS]:[ : ],(k;éj), Ok = Oy, (1.1)
T — Ty
Sk 87
0pSF == 15787 (1.2)
. Tk —Zj
J#k

This system has the Hamiltonian form with respect to the linear (Lie-Poisson) brackets on
sl(N,C). The Hamiltonian

.
me=Y B2 ()~
gk R

defines the evolution with respect to the time xp. There exists the tau-function exp F, related
to the Hamiltonians [2]
OpInexp F = Hy, .

The Schlesinger equations are the monodromy preserving conditions for the linear system on
CP!

0.+ s’ U =0.

Z— X
j J

For two by two matrices and four marked points the Schlesinger system is equivalent to the
Painlevé VI equation [3]. In this case the position of three points can be fixed as (0, 1, 00) while
x4 play the role of an independent variable. Due to SL(2,C) gauge symmetry we leave with
second order differential equation for the matrix element (1,2) of S* (see, for example, [4]).

Here we replace CP! by an elliptic curve and define a similar system (the elliptic Schlesinger
system (ESS)). In this case, in addition to the coordinates of the marked points a new indepen-
dent variable appears inevitably. It is the modular parameter of the curve, and thereby we have
an additional new Hamiltonian. The similar systems in their integrable versions were considered
earlier in [5, 6, 7]

We reproduce the main properties of the Schlesinger system. Moreover, we rewrite the ESS
in terms of quadratic Poisson brackets. They are a multi-color generalization of the Sklyanin-
Feigin-Odesski classical algebras [8, 9]. In conclusion, for the four point case and the matrices
of order two we derive the Painlevé VI equation in the form of the Zhukovsky-Volterra gyrostat,
proposed in our previous paper [10]. It was established there that the non-autonomous SL(2, C)
Zhukovsky-Volterra gyrostat is equivalent to the elliptic form of the Painlevé VI equation [11]
proposed by P.Painlevé one year later after Fuchs (see, also, [12]). The corresponding isomon-
odromy problem on an elliptic curve is discovered only recently [13]. This paper is a continuation
of [10], though it can be read independently.
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2 Elliptic Schlesinger system

2.1 Definition
Let 3¥; = C/(Z + 7Z) be an elliptic curve, with the modular parameter 7, (Im7 > 0) and
D, = (z1,...,2n), T # 2, T € Xy

be the divisor of non-coincident points with the condition

Z zj €(L+TL). (2.1)
Consider the space PY(LIEV of n copies of the Lie coalgebra g* ~ sl(N,C)*, related to the points
of the divisor.

1 . . . .
P =eig;, o ={8'= > sit}, (2.2)
aezQY
where ¢t is the basis (B.7).
Introduce three operators that act from Pq(u)v to the dual space ©7_,9;

ij : gk — 85, S'y = (Ik]) S’y? (ij)’y - 90’7( mk) (23)
Jjj 1 9; =95, Sy S, J,=Ea(¥), (2.4)
Jij 1 05— 85, SY = (Jig)ySh s (Jig)y = fo(a — ) (2.5)

where ¢, (x), E2(¥) and f,(z) are defined by (B.10) - (B.14).

The positions of the marked points z; € D,,, satisfying (2.1), and the modular parameter 7
are local coordinates in an open cell in the moduli space M, of elliptic curves with n marked
points and play the role of times.

Definition 2.1 The elliptic Schlesinger system (ESS) is the consistent dynamical system on
737(11])\, with independent variables from My y,

ajsk = [ij(sj)’ Sk] , (k#7), Ok = aﬁvk ) (2.6)
RSP = =) "[L;(87),8%], (2.7)
itk
0,8 =3 518 Ty (SM)] + 1187, 355(87)]. (2.9
ki

where the commutators are understand as the coadjoint action of g; on g;.

The consistency of the system will be proved below.
In the basis t* (a € ZS\%)) (B.7) the ESS takes the form

8ksg¢: Z Clv, o S S] «/90’7( —zg), (k#7), (2.9)
~eZ Q)
wSE=> CHr,a)Y S Shpa y(zr — ), (2.10)
1e2?) itk
1 . )
0,85 = o— 3 Clayy) | D SaySifo(wn — 25) + STSE Ba(3) | - (2.11)
76253)) k#j



Remark 2.1 Equations (2.9), (2.10) are consistent with the restriction on positions of the
marked points (2.1) i.e. 377, 9;S* = 0.

Remark 2.2 In the rational limit (2.9) and (2.10) pass to the standard Schlesinger system
(1.1), (1.2) (see (A.9)).

As in the rational case the ESS has some fundamental properties

e))

e The space P,  is Poisson with respect to the linear Lie-Poisson brackets on g*

{82, Shh = 6*C(a, B)Sars (2.12)
(1)

ESS is a non-autonomous Hamiltonian system with respect to the linear brackets on P,

8]418] :{Hkasj7}l7 ak :axka (].7...,”), (213)
87'Sj = {H07 S]}l 3 (214)
where

Hy=-)Y I;(8M)87)) ==>" > S5 o (a; —ax), (2.15)

j#k 3k ez

1 . . .
Hr = Ho = —5— | Y _(S705;(8")) + > (879;5(87)) (216)
k#j J
1
= -5 SN SISE f(a +Z > 8187 Ea(y
k#j WGZE\?) J WGZE\?)

The brackets (2.12) are degenerate. The symplectic leaves are n copies of coadjoint orbits
O; (j = 1,...,n) of SL(N,C). Let all orbits be generic, and c¢#(j) be corresponding
Casimir functions of order p (i =2,...,N). The phase space of ESS is

Ry ~ PO/ () = (i)} ~ ] O (2.17)
dim Ry = nN(N - 1) (2.18)

The ESS can be considered as a system of interacting non-autonomous SL(N,C) Euler-
Arnold tops, where operators (2.3), (2.4), (2.5) play the role of the inverse inertia tensors.

e The Hamiltonians satisfy the generalized Whitham equations [14]
0;H, —0,H; =0, (j,k=0,...,n). (2.19)

In other words, the flows commute and the equations (2.6), (2.7) and (2.8) are consistent.
These conditions provide the existence of the tau-function exp F

H; = 0;F, Hy=0.F.

e ESS is the monodromy preserving condition for flat rank N and degree one bundles over
Y., with respect to deformations of its moduli.

While the first two statements can be checked directly the last one should be considered
separately. In next subsection we prove all of them by the symplectic reduction from trivial,
though infinite Hamiltonian system.



2.2 Derivation of ESS

Here we derive the ESS starting with a bundle over the elliptic curve .. Deformations of
the complex structure of ¥, allows us to introduce the times and the Hamiltonians. The ESS
arises on the symplectic quotient of the space of vector bundles with respect to the action of the
SL(N, C) gauge group.

2.2.1 Vector bundles of degree one over elliptic curves

Let En be a degree one and rank N bundle over the elliptic curve ¥, ~ C/(Z + 19Z) and
Conn(EyN) = {A} be the space of its C°° connections. It is a symplectic space with the form

w0:1/<5AA5A>.
2 /s

Let (z, z) be the complex coordinates on ¥,
z=x+T10Y, 2=2x+70y, O0<z,y<1).

For generic degree one bundles the transition matrices corresponding to the two basic cycles can
be chosen as
Az+1,2+1) = QA(2,2)Q 1,
Az + 70,2+ 70) = NMA(z, 2)A™! + 2dz

where A(z,7) = —en(—2z — F)A and Q,A (B.1), (B.2). It means that there are no moduli
parameters for degree one bundles.

The complex structure on ¥, allows us to introduce the complex structure on Conn(Ey).
Let

(2.20)

d=0+A, d'=0+A4, (0=0.,0=0:)

be the corresponding components of the connection A.
In addition, we fix a quasi-parabolic structure at n marked points. It means that A has
simple poles at the marked points and

ResA|,_o =8 = g_ISég €0;Cg;
J

while A is regular. The symplectic form acquires the additional Kirillov-Kostant terms

n

W? = / (SANGA) = (Shg;'6g;97" Nog;), gj € SL(N,C). (2.21)
by =1

We denote the set Conn(FEy) with the quasi-parabolic structure at the marked points as
-1 .
R (S5).

In fact, we will work with the larger space

PN = {Conn(By) :@_,g7} = {(4,4),87 ,(j =1,...,n)}
equipped with the Poisson brackets

{Aa, A} = 00,5, (2.22)

{92, S5} = 0;,C(, ) Sars - (2.23)

By fixing the values of the Casimir functions to come down to ﬁ}VTn(S(J))

5



2.2.2 Introducing Hamiltonians by deformation of complex structure

Deform the complex structure as

{ weEsT «(2,2), dw = (1 — J¢)dz — OedZ . (2.24)
W= Z;
The Beltrami differential
_ Oe(z,2) 0 _ -
HE T ) <a®dz>  (0=02)

defines the new holomorphic structure - the deformed antiholomorphic operator annihilates dw,
while the antiholomorphic structure is kept unchanged

Oy =0+ pd, 9y =0.

In addition, assume that p vanishes at the marked points pu(z, z)| 0 = 0.
J

We specify the dependence of i on the positions of the marked points in the following way.
Let U} D U; be two vicinities of the marked point x, such that Uj NU;, = O for j # k. Let
X;j (2, Z) be a smooth function

X'(Z Z) . { 1, ZGZ/{]'
I 0, z€X,\U.
Introduce times related to the positions of the marked points t; = x; — x?. Then
pj =t =t;0x5(2,2), t; =5 —aj. (2.25)

The dependence of the modular parameter takes the form

" - n
pr = topty = =0z = 2)(1 - j}_jlxmz)), ty=7-10. (2.26)
The functions ,ug-) (j =0,...,n) can be considered as a basis in a big cell /\/l(l)m of the moduli

space M ,,. The introduced above times play the role of coordinates in this basis
n
po=trpd + > tud. (2.27)
j=1

We deform w by means of the Beltrami differentials in a such way that it acquires nontrivial
Hamiltonians. Let us go to a new pair of the connection components

(A, A) — (A A = A— pA)
It changes the form of w® (2.21) as
1
w=wy— = S(A%)opu. (2.28)
2 ),

Expanding p in the basis (2.27) we obtain

n
w = wo - Z 5I~{j5t]‘ s to = tT, (2.29)
j=0

6



where

ﬁj:%/ (Adx;(22), (G=1,...,n) (2.30)
= | (A=) - ;w, 2). (2.31)

The form w is defined on R (3,\D5,) x M(l)m. The brackets (2.22), (2.23) and the Hamiltonians
H ;j lead to the equations of motion

1LO;A=ApY, 2.0,A=0, 3.9;9r=0, (9;=20y,). (2.32)
Evidently, these flows pairwise commute. Moreover, we have from (2.22), (2.30), and (2.31)
{H;, Hy} =0 (2:33)

Remark 2.3 It easy to see that for general non-autonomous multi-time Hamiltonian systems,
as, for example, ESS, the commutativity of flows amounts to the quasi-classical flatness

aij — 8kHj + {Hk,Hj} =0.
If, moreover, (2.33) holds, then these conditions provide the existence of the tau-function
0;exp F = H;. In particular, the tau-function exists for the flows (2.32).

2.2.3 ESS as symplectic quotient
Let G = {f(w,w)} be the group of smooth maps of ¥, to SL(N,C) with the quasi-periodicity

fw+1,w+1) =Q ' flw,®)Q, flw+r,®+7)=A"(w)f(w,w)A(w). (2.34)
Define its action on the fields as
A= fTouf+ fTTAf, A— fToaf + fTHAS, (2.35)

95 — 9ifis fi=f(2,2)|:=a; -

The form w is invariant with respect to this action. Therefore we can pass to the symplectic
quotient

1 . 1 .
R (80) = R, .(80)//G -
Proposition 2.1 e The symplectic quotient is the product of the coadjoint orbits

RG)(S2) ~ X710

Ty

e The ESS is a result of the symplectic reduction of the system (2.82). Its Hamiltonians
(2.15), (2.16) are reduction of (2.30), (2.51) to Rg\p (Sd).

;T

e There exists the tau-function exp F for the ESS

OjexpF = Hj.



Proof.
The symplectic quotient is characterized by the conditions:
i. the moment constraints

Zs 0w —xj,w — 7;) — No(w,w)t”, 87 = g-'Slg;, (2.36)

where F(A, A) = 0A + 0(uA) + [A, A]. Note that the last term in the r.h.s. of (2.36) comes
from (2.34) and (2.35).
ii. the gauge fixing

Az =0. (2.37)

It means that any Ay can be represented as the pure gauge Ay = f~'[Ap]0s f[As]. As a result
R%)T .(S?) is described by the Lax matrix

L==0uff'+ FAf™", f=[lAa].

The Lax matrix is a solution of the equation

OpL =) 876w — zj,w — T;) — N6(w, w)t’

J=1

with the quasi-periodicity (2.20). From (A.13) and (B.15) we get

L(w) = ——E1 )To + Z > s — 2T, . (2.38)

= IWGZ

Here, for convenience we have used the basis 7%, instead of t7. We stay only with finite degrees

of freedom described by the ESS variables S7. Thereby, the symplectic quotient Rﬁ)m(s{))
coincides with the phase space of the ESS (2.17).
The following Lemma complete the essential part of the proof.

Lemma 2.1 e The equations of motion (2.32) on the reduced space RS\I,)Tn(Sé) take the Laz

form
oL — OpM* + [M* L] =0, (k=0,...,n), (2.39)
where
- Z S'I;QD“{(’UJ - xk)TW > (k 7£ O) ) (240)
~eZ
1 1 &
0 _ 1
MO = —<0- n9(w|r)To + -— ; Z(:Q) S fy(w — )T . (2.41)
T NELy

o (2.39) coincides with the ESS (2.9), (2.10), (2.11).

Proof.
Substituting in the equation of motion for A (2.32(2))

A=flof+f'Lf



and defining M* = —0, ff~! we come to (2.39). It follows from (2.32 (1)) that M* satisfies the
equation O MF* = —L,u% with the same quasi-periodicity as L for j # 0. To define M7 we have
used (B.15) and (B.16). The Lax equation with M7 (j # 0) leads directly to (2.9). The Lax
equation with M follows from the heat equation (A.11) and the Calogero equation (A.18). [J

After the reduction the Poisson space 757(11])\, passes to PY(LIEV with the brackets (2.23). It follows

from (2.30), (2.31) that the Hamiltonians H; on Pr(ngv can be read off from the expansion of
tr(L?) on the basis of the elliptic functions
1 n
5“‘@(“’))2 = (Ha;Ex(w — ;) + HijEr(w — ) + Hp
j=1
where Hy = —51 (H} — 4%) and } ; Hyj = 0. Here Hy; = %Zﬂ/ SZY'SJ_'V are the quadratic

T om

Casimir functions corresponding to the orbits O;. It can be find that H; j coincide with (2.15),
and Hyp with (2.16). The Hamiltonians commute since their pre-images commute on 757(11])\,

Therefore, we have proved the consistency of ESS and the existence of the tau-function. [

2.2.4 TIsomonodromy problem
Let W €T be a section of a degree one vector bundle over ... Consider the linear system

(O + AV =0,
(0 + A)¥ =0, (2.42)
V=0, (k=0,...,n).

The compatibility conditions of the first two equations is the flatness condition of the bundle.
The equations of motion (2.32) are the compatibility conditions of the last equations with the
two first equations. Let v be a closed path on X, W, is the corresponding transformed solution
and O, is the monodromy matrix
v, =v0,.
Then the last equations implies the independence of ©, on the moduli times ¢;. Therefore, the
equations of motion are the monodromy preserving conditions.
Let f be the gauge transformations ¥ — fW that "kills” Ag. Then (2.42) takes the form

(0w + L)V =0,
0V =0, (2.43)
(Op + MFYU =0, (k=0,...,n),

where L (2.38) and MP* (2.40),(2.41). The compatibility conditions of the last equations with
the first one is the ESS in the Lax form (2.39). They are the monodromy preserving conditions
for the linear system of the first two equations.

3 Bihamiltonian structure of ESS

3.1 Quadratic Poisson algebra

Consider a complex space of dimension nN2. We organize it in the following way. Attribute to
the marked points of the divisor D,, n copies of the GL(N, C)-valued elements

mj—>SgT0+Sj: Z S({Ta.

aEZS\Q,)



Add to this set a variable Sy € C and define
777523\/ = {So, (Sj,SjJ' =1,...,n)| ng =0}.

Proposition 3.1 The space 77( ])v is Poisson with respect to the quadratic brackets

{S07S(])}2 = {S]7S0}2 = {S£7S§}2 =0, (31)
{50755}2 = Z C(O‘f}/) a 5y ﬂ/ ZS] Sk-l—’yf’Y ‘T]') ) (32)
YF#o J#k
{527 515}2 = C(a7 6)S052+ﬂ + Z 0(77 o — ﬁ)sz—wslﬁg+vfaﬁf‘f (33)
v#a,—B

+C(a, 8)Sy Sk+ﬁ(E1(Oé +B) — Er(a) — E1(B))
—C(, 8) Y _[S5S?, gasp(n — ;) — SJSE, 5By (g, — )]}

j#k
~2) C(y,a —B)Se S50+ (k — 25)},
ik
where £, g~ is defined by (B.14). For j # k
Sﬁ}2 Z C 77 Sa 'ySﬁ—‘,-’yQO’Y( {L’k) (34)

y#o,—p

_C(O{,,@) (SéSngﬁgoa(xj — :Z,’k) — Sgsi—i—ﬁgo—,@(mk — :L’])) ,
and |
' 23 C(y,—P)S, S5 oy (a1 — ), ik,
SJ)Sk = 5+’Y v 3.5
{50, 55}2 { —2Zm¢k2 C(y, )s_ysﬁﬂ%ﬂ(xk om), j=k. (3.5)

The brackets are extracted from the classical exchange algebra
{LT(2), L3P (w) } = [r(z — w), LT (2) @ LT (w)]

where r is the classical Belavin-Drinfeld r-matrix r(2) = >_ ¢y(2)Ty ® T_, [17], and LI is
the modified Lax operator

n
J,97oup _ SO‘i'ZS(J)El(Z_wj) TO—I—I:]’, [2]- :ZSgl@a(Z—xj)Ta.
i=1 “

The Jacobi identity for 77(2) follows from the classical Yang-Baxter equation for r(z). The

Poisson algebra 73( ])V defines the structure of the Poisson-Lie group on the product of G; attached

to the marked pomts x;. The proof of Lemma will be given in a separate pubhcatlon

Remark 3.1 For n =1 we come to the classical Feigin-Odesski-Sklyanin algebras [8, 9]

{S0,8a}2 = Z C(a77)5a—vSvE2(’u7) ) (3.6)
YF#o
{Sa: Sat2 = S08a15Cla, B) + > C(y,0 = B)SaSa14F(c, 5,7) (3.7)
Y#a,—fB

10



3.2 Bihamiltonian structure
(2)

The quadratic brackets on P, "y are degenerate. The function det L(z) is the generating function
for the Casimir functions C*(j) ! (see [16]). Since it is a double periodic function it can be
expanded in the basis of elliptic functions (A.6)

det L(z cMZc VE1(z —x;) + C%(j)Ea(z —x;) + ... + ON(§)En(z —z;).  (3.8)

In particular, for the second order matrices N = 2

SO+477125” +Z ZEQ )SIS7 +2> " SISk f(ay — ) | (3.9)

k#j
Cl(j) = SoS;+ Y SISEE(w; —ar) + > Y SISEb. (x5 — ) , (3.10)
k#j k#j v
C*(j) = (S5)° = D _(S2)*. (3.11)

~

Due to the condition .

>_CG) =0, (312)
=1
the number of the independent Casimir functions is Nn. The generic symplectic leaf

R2 x ~ POJCH(G) = C*(j) ), p=1,....N,j=1,...,N}.

has dimension
dim(R} ) = nN(N —1). (3.13)

It coincides with the dimension of the ESS phase space RE\I,)Tn(S(J)) defined in terms of the linear
brackets. ‘

We can extend the linear Poisson manifold PY(LIEV (2.2) by adding the variables Sp,S). In
terms of the linear brackets they are the Casimir ‘functions and therefore preserve the phase
space RE\I,)TH(Sé) (2.17).

The form of brackets (3.2), (3.5) and the Casimir functions (3.9), (3.10) suggests the following
statement:

Proposition 3.2 In terms of the quadratic brackets the ESS takes the form
] . .
03 = (86, 8ide, Gk =1,...m),

9,50 — %{So,Sgb.

We have more for the second order matrices. The Casimir functions of the quadratic brackets
serve as Hamiltonians in the representations ESS by the linear brackets

S, ={CH(k), S}, (k=1,...,n),

. 1 .
aq—Sgl = 2—7”{00, S(])l}l .

'To distinguish them from the Casimir functions of the linear algebra we denote them by capital letters.

11



Therefore, for N = 2 the trajectories of the ESS lie on the intersection of the symplectic leaves
of 73,(?% and PY(LIEV. This phenomena is a manifestation of the compatibility of the linear and
the quadratic Poisson brackets. The existence of compatible Poisson structures implies the
bihamiltonian structure of integrable hierarchies related to these brackets [18]. We don’t touch
this point here.

4 Reduction to the PVI

Consider the rank two case (N = 2) with four marked points n = 4. We slightly change here
our notations and enumerate the marked points as z;, j = 0,1,2,3. Replace the basis T,, with
the Pauli matrices

T — o3, T — o1, Ta — o2,

and the basis index o = 1,2,3. As an initial data we put the marked points on z = 0 and the
half-periods of X,

x 0, x T wy, T 1+7 w1 two, x 1
= = — = = = = — = W
0 , T1 5 2, T2 5 1 2, I3 5 1,
and assume that ‘ '
S) =680, (1=1,2,3), (4.1)

while S? = S, are arbitrary. Since for N = 2 ¥ ~ —%¥ it is not difficult to see that the
Hamiltonians H; (j = 1,2,3) (2.15) vanish for this configuration, while (2.16) assume the form

H, = Z(S)QE(’?)—%SI/ vl = —ge(—wa0rwea) 7(0) )
' =123 v e “ T\ Wwa) )

Therefore, the initial data (4.1) stay unchanged and we leave with the two-dimensional phase
space R ¢ Riz. It is described by S = (51, S2,53) with the linear sl(2, C) brackets and the

Casimir function
c= ) s (4.2)
v=1,2,3

The equations of motion on R(Y take the form of the non-autonomous Zhukovsky-Volterra
gyrostat [10].
0;S, = 2260{57 (SgS’yEg(’yy) + Vés,y) . (4.3)

Here S = (S1,52,53) is the momentum vector, J = (Fa(ws), Ea(wr + ws), Fa(w:)) is the
inverse inertia vector, and 7/ = (v],v4,v4%) is the gyrostat momentum. This equation has the
bihamiltonian structure based on the generalized Sklyanin algebra [10].

It was proved in [10] that there exists a transformation that allows to pass from the elliptic
form of the Painlevé VI [11] to the non-autonomous Zhukovsky-Volterra gyrostat (4.3).

The Lax matrices can be read off from their representations for the ESS (2.38), (2.41)

1
L= _5811; lnﬁ(w; T)UO + Za:(sagoa(w) + VaSOa(w - woz))aa .

Pa(w)

where L' = )" (Sa¢a(w) + Vapa(w — wq))oq. The former matrix define the linear problem for
(4.3) in the form (2.43).

1
M = —587— In 7.9(’[1.}, 7')0'0 + Z _Sa @l(w)@2(w)<{73(w) Oa t+ El('UJ)L/ .
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5 Appendix

5.1 Appendix A. Elliptic functions.

We assume that ¢ = exp 27i7, where 7 is the modular parameter of the elliptic curve E.

The basic element is the theta function:

I(z|T) = qs Z(—l)”e(%n(n +1)7+nz)= (e=exp2m)
nez

The FEisenstein functions
1
Eq(z|1) = 0. log ¥(z|T), E1(z|T) ~ o 2 2,

where

m(r) = % ()

= 2mi (1) o) = o J10—a).

n>0
is the Dedekind function.

1
Es(z|T) = —0.Ey(2|T) = 83 log¥(z|7), Ea2(z|T) ~ ) +2n .

Relation to the Weierstrass functions

C(z,7) = E1(z,7) +2m(1)z, @(z,7) = Ea(z,7) — 2m1 (7).

The highest Eisenstein functions

Bi(e) = {00 E(e), (5>2),

The next important function is

I+ 2)0'(0)

D = i)

qb(u, Z) = ¢(Zv ’LL) ) ¢(—U, _Z) = _¢(ua Z) .
It has a pole at z = 0 and

b(u, 2) = % () + 2B ) — plu)) + ..

Oud(u, z) = ¢(u, 2)(Er(u + 2) — E1(u))]z—0 = —Ea(u) .
Heat equation

0, 6 (u, w) — %8u8w¢(u,w) 0.

Quasi-periodicity

Vz+1)=—-9(2), Vdz+T)= —q_%e_zmzz?(z) ,
Ei(z+1)=F(2), FEi(z+71)=E1(2)—2mi,
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Es(z+1) = Ey(2), Es(z+47) = Es(2), (A.14)

d(u,z+1) = d(u,2), d(u,z+7) =e ™ p(u, z). (A.15)

Oud(u, z +1) = Oup(u, 2),  ud(u,z +7) = e ™9y (u, 2) — 2mep(u, z) . (A.16)
The Fay three-section formula:

P(ur, 21)p(ug, z2) — d(ur + ug, 21)P(uz, 20 — 21) — d(ur + uz, 22)P(u1, 21 — 22) = 0. (A.17)

Particular cases of this formula are the functional equations

(;5(11,, Z)8v¢(vv Z) - ¢(v7 Z)au¢(u7 Z) = (E2(v) - E2(u))¢(u + v, Z) ’ (A18)
P(u, 21)d(—u, z2) = ¢(u, 22 — 21)(E1(21) — E1(22)) — Oudp(u, 20 — 21) . (A.19)
¢(u, 2)p(—u, z) = Ea(z) — Ea(u). (A.20)

5.2 Appendix B. Lie algebra sl(N,C) and elliptic functions

Introduce the notation )
en(z) =ex (@z)
N = €xp N

and two matrices

Q = diag(en(1),...,en(m),..., 1) (B.1)
A:(Sj,j+17 (]:1,,N,mOdN) (B2)

Let B
) = (Z/NZo Z/NZ), 1)) =13\ (0,0) (B.3)

be the two-dimensional lattice of order N? and N2 — 1 correspondingly. The matrices Q% A?2,
a = (a,az) € 25\2,) generate a basis in the group GL(N,C), while Q*A*?, a = (g, a9) € 25\2,)
generate a basis in the Lie algebra sl(IV,C). More exactly, we introduce the following basis in
GL(N, C). Consider the projective representation of Zg?,) in GL(V,C)

B N a102\ ~ay xas
a—T, = 2m’eN( 5 QA (B.4)
N axb
TaTb = Q—MeN(_ B )Ta—i-b, (a X b= ale — agbl) (B.5)

Here %eN(—“TXb) is a non-trivial two-cocycle in H2(Z§3),Z2N). The matrices T, o € 25\2,)

generate a basis in sl(N, C). It follows from (B.5) that
[Ta’ Tﬁ] = C(a7/8)Ta+ﬁ ) (BG)

where C(a, 8) = & sin £ (a x 3) are the structure constants of sl(N, C).
The Lie coalgebra g* = sl(/V, C) has the dual basis
co (s =N5 0y, = 2T (T = 5,0 B.7
= {S=Y5, 1= 20T (L) =57 (8.7
zQ
It follows from (B.6) that g* is a Poisson space with the linear brackets
{Som Sﬁ} = C(OZ,,@)SOH_Q : (B8)
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The coadjoint action in these basises takes the form

ady, t7 = C(a, B)t°F (B.9)

Let ¥ = Lj\ﬁﬁ Then introduce the following constants on Z®):

o) =9 B = B, B) = B, (B.10)
6(2) = 6(7.2), (B.11)
0y (2) = en(122)04(2), (B.12)
Fr(2) = en(122)0u (v, 2)|uzy = 0(2)(B1 (3 + 2) — E1(7)) (B.13)
fopy = E1(3) — Ea(é — B —5) + Er(d —§) — BEy(B —4) (B.14)
It follows from (A.7) that
ey(z+1) =en(n2)py(2), ey(z+7) =en(=m)py(2). (B.15)
Pz +1) =en(i2)fy(2), Jy(z+7) = en(—71)f5(2) — 2mip, () - (B.16)
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