ELLIPTIC STRUCTURES ON WEIGHTED
THREE-DIMENSIONAL FANO HYPERSURFACES

IVAN CHELTSOV

ABSTRACT. Let X be a sufficiently general quasismooth hypersurface in the weighted projective
space P(1, a1, az, as, as) of degree d = Z?zl a; such that the hypersurface X has terminal singu-
larities, where a1 < a2 < a3 < a4. Then the hypersurface X is a birationally rigid Fano 3-fold,
and there are exactly 95 possibilities for the five-tuple (d, a1, a2, a3, as). In the given paper we
classify all birational transformations of the hypersurface X into elliptic fibrations.

INTRODUCTION.
Let X be a quasismooth hypersurface in P(1, a1, a9, as,aq) of degree d, such that

—Kx ~q OP(17alya2,a3,a4)(1)

and X has terminal singularities, where a7 < as < a3 < a4. Then X is a Fano 3-fold, the
singularities of the hypersurface X are Q-factorial, the hypersurface X is rationally connected,
and there are exactly 95 possibilities for the five-tuple (d, a1, a2, as, a4), which are found in [7] by
means of computer computations'. Let n be a number of X in the notations of the appendix D.

Remark 0.1. In the case n = 1 the hypersurface X is a smooth quartic 3-fold, in the case n = 3
the hypersurface X is a double cover of P2 branched over a smooth sextic, in all other cases the
hypersurface X is singular.

Suppose in addition that X is sufficiently general. The following result is due to [6].
Theorem 0.2. The 3-fold X is birationally rigid?.

Moreover, it is proved in [6] that for every possible value of n there are explicitly constructed
birational involutions 71,..., 7, of X such that there is an exact sequence of groups

1 - T — Bir(X) — Aut(X) — 1,
where I' is the group generated by the involutions 7q,..., 7 and
k, =5 whenn =7,
k, = 3 when n € {4,9,17,20,27};
=2 when n € {6,12,13, 15,23, 25, 30, 31, 33, 36, 38,40, 41,42, 44, 58, 61, 68, 76 };
k, =1 when n € {2,8,16, 18,24, 26, 32,43, 45,46, 47,48, 54, 56, 60, 65, 69, 74, 79};
k, = 0 in other cases.
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Remark 0.3. In the case when k,, > 0 and n ¢ {7,20} the hypersurface X is birationally equiva-
lent to an elliptic fibration that induces the birational involutions 74, ..., 7,. The latter is used
in the paper [3] to describe the relations between the birational involutions 71,..., 7y

"

Therefore, it is natural to try to classify all possible birational transformations of the hyper-
surface X into elliptic fibration. In the case n = 3 the hypersurface X is not birational to any
elliptic fibration (see [1]), but in the case n = 1 all birational transformations of X into elliptic
fibrations are induced by projections from lines (see [2] and Theorem 2.1)).

IThe completeness of the list obtained in [7] is proved in [8].

2Let V be a Fano variety of Picard rank 1 having terminal Q-factorial singularities. Then V is called birationally
rigid if the following conditions hold: the variety V' is not birational to any variety Y such that there is a surjective
morphism £ : Y — Z such that a general fiber of ¢ has negative Kodaira dimension and dim(Y) # dim(Z) # 0;
the variety V' is not birational to a Fano variety Y of Picard rank 1 having terminal Q-factorial singularities that
is not biregular to V. The variety V is birationally superrigid if it is birationally rigid and Bir(V) = Aut(V).



Lemma U.4. dSuppose that n & 1, 4,9, (,11,19,00,7(9,04,8(,95y. Let P : XA --»1"(l,a1,a) be
a projection. Then the normalization of a general fiber of v is an elliptic curve.

Proof. Let C be a general fiber of 1. Then C' is not rational by Theorem 0.2, and C' is a hyper-
surface of degree d in P(1, a3, a4) = Proj(Clz, t,w]), where wt(z) = 1, wt(t) = as, wt(w) = ay4.
Suppose that n ¢ {18,32,43,45,69}. Then either (%] <3, or (%] < 4 and d = 2ay4.
Let V' be an affine subset of P(1, a3, as) that is given by the equation x # 0, and Z be an
affine curve VN C. Then V = C? and

e cither (%] < 3, and the curve Z is a plane cubic,

e or {%} <4, d = 2a4, and Z is a double cover of C branched over at most 4 points.

Let C' be a normalization of Z. Then C' is either rational or elliptic. The birational rigidity
of the hypersurface X implies that C' is an elliptic curve.

We may assume that n € {18,32,43,45,69}. We consider only the case n = 18, because other
cases are similar. Thus, the variety X is a hypersurface in P(1,2,2,3,5) of degree 12, and there
is a commutative diagram

/ \
Y OX
¢ -~ ~
i _é/// \&
P(1,2,2,3) = — — — — — — — — — — — — - P(1,2,2),

where y and £ are projections, « is a weighted blow up with weights (1,2, 3) of the singular point
of the hypersurface X that is a quotient singularity of type %(17 2,3), v is a birational morphism,
and 7 is a double cover. Thus, the variety Y is a hypersurface in P(1,2,2,3,7) of degree 14 with
canonical singularities. Now the arguments used in the previous case imply that the normali-
zation of a general fiber of y o n is an elliptic curve, which implies that the normalization of a
general fiber of the rational map v is an elliptic curve. ([l

Lemma 0.5. Suppose that n € {7,11,19}. Then X is birational to an elliptic fibration.

Proof. We consider only the case n = 19, because other cases are similar. Then X is a hyper-
surface in P(1,2,3,3,4) of degree 12 that can be given by the equation

wf8(m7y7zut7w) + Zf?)(Z?t) + yflO(m7y7zat7w) + $f11(337y727t7’w) =0C PI'Oj (C[x7y7zat7w])7

where wt(z) = 1, wt(y) = 2, wt(z) = wt(t) = 3, wt(w) = 4, and f; is a quasihomogeneous
polynomial of degree i. Let H and B be pencils of surfaces that are cut on X by the equations

M2 +puy =0, 02 +72=0

respectively, where (A : ) € P! and (6 : 4) € PL. Then the pencils H and B induces a rational
map p: X --» P! x PL. Let C be a general fiber of p. Then C is a hypersurface in P(1,3,4) of
degree 12 that passes through the point (0 : 1 : 0), which implies that an affine part of C' is a
cubic curve in C2. The curve C is not rational, because X is birationally rigid, which implies
that the normalization of the curve C' is an elliptic curve. O

Let ¥ = {3,60,75,84,87,93}. Then Lemmas 0.4 and 0.5 imply that X is birational to an
elliptic fibration if n ¢ ¥. The following result is due to [3] (see Lemma 1.13).

Theorem 0.6. The hypersurface X is birational to an elliptic fibration if and only if n € X.

Let Q ={1,2,7,9,11,17,19, 20, 26, 30, 36, 44,49, 51,64}. Then one can easily check that there
are many birational transforms of X into elliptic fibrations whenever n € 2. Namely, one can
show that in the case n € € there are rational maps o : X --» P? and 3 --» P? such that the
normalizations of general fibers of the rational maps a and 3 are irreducible elliptic curves, but
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there 1S no commutative diagraim

xX---"-- - X
I I
al e}
Y Y
]PQ***C**}]P)Q)

where ¢ and ¢ are birational maps.
In the given paper we classify all birational transformation of the hypersurface X into elliptic
fibrations in the case n € ) and prove the following result.

Proposition 0.7. Let p : X -—-» P2 be a rational map such that the normalization of a general
fiber of p is an elliptic curve. Suppose that n & QUY. Then p = ¢op, where p : X --» P(1,a1,a2)
is the natural projection, and ¢ : P(1,ay,az) --+ P? is a birational map.

The claim of Proposition 0.7 is proved in [13] in the case n = 5, and in the paper [3] in the
case when n € {14, 22, 28,34, 37, 39, 52,53, 57, 59, 66, 70, 72, 73, 78, 81, 86, 88, 89, 90, 92, 94, 95}
To illustrate our technique let us prove the following result.

Proposition 0.8. The claim of Proposition 0.7 holds for n = 14.

Proof. Suppose that n = 14. Then X is a sufficiently general hypersurface in P(1,1,1,4,6) of
degree 12, the singularities of the hypersurface X consists of a single point, which is a quotient
singularity of type %(17 1,1). Let P be a singular point of the hypersurface X, and 1 : X --» P?
be the natural projection. Then a general fiber of ¢ is an elliptic curve. Let 7 : U — X be a
weighted blow up of the singular point P with weights (1,1,1). Then 1 o 7 is a morphism.

Let p : X --» P? be a rational map such that the normalization of a general fiber of the rational
map p is an irreducible elliptic curve. We must show that p = ¢ o 1) for some ¢ € Bir(P?).

Let us consider commutative diagram

v

/V{
X---5-->P,

where V' is smooth, the morphism « is birational, and 3 is a morphism such that the general
fiber of [ is an elliptic curve. Let B be the linear system |3*(Opz(1))|, and M be a proper
transform of the linear system B on the hypersurface X. Then to conclude the proof we must
show that the proper transform of the linear system M on the variety U lies in the fibers of the
elliptic fibration ¢ o 7.

There is a natural number £ > 0 such that surfaces of the linear system M are rationally
equivalent to the divisor —kKx. Then

1 ) 1 d g
Ky + EB ~Q (Kx + EM) + ZCLZEZ ~Q ZaiEi,
i=1 i=1

where F; is an a-exceptional divisor, a; is a rational number, and J is the number of exceptional
divisors of the morphism «. Let C be a sufficiently general fiber of the morphism 3. Then C' is
a smooth elliptic curve that is not contained in the support of the divisor UleEi. In particular,
the equality Ky - C = 0 holds, but the curve C does not intersect a general surface of the linear
system B. Therefore, we proved that

1)
(0.9) Y aE;-C=0,
=1

which easily implies that there is an index j such that a; < 0. In other words, the singularities

of the log pair (X, %M) are not terminal (see Theorem B.4). Indeed, suppose that a; > 0 for all

possible values of the index 7. Then the equality 0.9 implies that the equality E; - C' = 0 holds

for all possible values of the index i. Therefore, the projection formula implies —Kx - a(C) = 0,
3



which contradicts the ampleness oI the anticanonical divisor —i x, because tne curve C 1S not
contracted by the birational morphism «.

The singularities of (X, %M) are not terminal, but X is birationally superrigid, which implies
that the singularities of (X, +M) are canonical (see Corollary B.2). Hence, the inequality a; > 0
holds for every index i, and there is an index j such that a; = 0.

Let Z; = a(E;). The there are following possibilities:

e the subvariety Z; is a smooth point of the hypersurface X;
e the subvariety Z; is a curve on the hypersurface X;
e the subvariety Z; is a singular point of the hypersurface X.

Let S1 and S5 be general surfaces of the linear system M.

The linear system M is not composed from a pencil®. Thus, there is no proper Zariski closed
subset > C X such that the support of the cycle S; - S5 is contained in Y. Indeed, the support
of the effective cycle S7 - So contains the proper transform of the fiber of the morphism 3 over
the point p(S1) N p(S2), which implies that the support of the cycle Sy - .Sy spans a Zariski dense
subset of the hypersurface X when we vary the surfaces S; and S5 in the linear system M.

Suppose that Z; is a smooth point of the hypersurface X. Then

multz, (Sy - Sz) > 4k

by Theorem C.15. On the other hand, the linear system | —4K x| does not have base points and
induces the natural double cover X — P(1,1,1,4). Hence, we have

2k* = H - Sy - Sy > multy, (S - Sp) > 4k>,

where H is a sufficiently general divisor in the linear system | — 4K x| that passes through the
point Z;, which is a contradiction.
Suppose that Z; is an irreducible curve. Let H be a general divisor in | — 4K x|. Then

2k* = H - S - So > multy, (S - So)H - Z; > k*H - Z;,
because multz;(S1) = multz, (S2) = k. Therefore, the inequality —Kx - Z; < 1/2 holds. How-
ever, the divisor —2Kx is a Cartier divisor, which implies that —K x - Z; = 1/2, and the support
of the effective cycle Sy - S is contained in the curve Z;, which is a contradiction.

Therefore, the equality a; = 0 implies that Z; is the singular point of the hypersurface X.
Let D be a proper transform of the linear system M on the variety U. Then

D ~q " (—kKx) + mG,

where G is the exceptional divisor of the morphism 7, and m is a positive rational number. We
may assume that there is a birational morphism w : V' — U such that the diagram

is commutative. The inequality m < 1/k holds, because
1
Ky ~q 7" (Kx) + EG.
Suppose that the inequality m < 1/k holds. Then

D|g ~q —mG|q,

where G = P? and G|g ~ Op2(—2). Let P a point of the surface G, and D be a sufficiently
general divisor of the linear system D. Intersecting the divisor D|g with a general line on the
surface G = P? passing through P we see that mult p(D) < k, but mult,,z,)(D) = k.
Therefore, the equivalence D ~g —kKy holds, which implies that the linear system D lies in
the fibers of the elliptic fibration 1 o 7w, which concludes the proof. U

3The linear system M on the variety X is not composed from a pencil if dim(dam (X)) # 1.
4



‘1he classincation oI the birational transrormations mmto elliptic nbration 1s based on submaz-
imal singularity (see Theorem B.4). However, submaximal singularities can be also induced by
by Fano varieties with canonical singularities and by fibrations into surfaces of Kodaira dimen-
sion zero (see Theorems B.6 and B.7). The purpose of the given paper is to classify all birational
transformation of the hypersurface X into elliptic fibrations. Therefore, we can consider sub-
maximal singularities not induced by elliptic fibrations as bad submaximal singularities.

The only way to obtain the classification of birational transformations into elliptic fibration is
to exclude submaximal singularities that do not exists and to exclude bad submaximal singulari-
ties. The proof of Proposition 0.8 is rather simple, because in the case n = 14 the indeterminacy
of the natural projection X --+ P(1,aq,a3) can be resolved by one weighted blow up of the
unique singular point of the hypersurface X. On the other hand, in many cases the indeter-
minacy of a projection X --» P(1,a1,a2) can be resolved by a composition of several weighted
blow ups, which implies that submaximal singularities must be studied on every floor of this
composition. To handle the letter problem we use Theorem A.15 and Lemmas A.16 and B.5.

To exclude bad submaximal singularities induced by fibrations into surfaces of zero Kodaira
dimension we use Lemmas A.17 and A.20 together with Corollary A.19. We can exclude such
bad submaximal singularities without their classification. A priori, one can use Theorem B.6 to
classify birational transformations of X into fibrations into surfaces of Kodaira dimension zero,
which is done in some cases in [1], [13], [2], [14].

The exclusion of bad submaximal singularities induced by Fano varieties with canonical sin-
gularities uses Lemma B.5. However, one can easily see that it is impossible to exclude such bad
submaximal singularities and skip their classification. Namely, the classification of birational
transformations of X into elliptic fibrations implies the classification of birational transforma-
tions of X into Fano varieties with canonical singularities. For example, one can easily see that
the hypersurface X is the only Fano variety that is birational to X in the case n = 14, but in
most of cases the latter is not true.

In certain sense, the complexity of the classification of birational transformations of X into
elliptic fibrations is determined by the number and types of all possible birational transforma-
tions of the hypersurface X into Fano varieties with canonical singularities. From this point of
view the most complicated cases are n = 25, n =43, n = 47, n = 56, n = 62, n = 82, because in
these cases there are birational transformations of the hypersurface X into Fano varieties with
canonical singularities whose constructions nontrivially involve antiflip*.

This work is done during the author’s stay at the Max-Plank-Institute fiir Mathematik (Bonn),
the author is grateful to Max-Plank-Institute fiir Mathematik for the hospitality and excellent
work conditions. The author would like to thank A. Corti, M. Grinenko, V.Iskovskikh, Yu. Ma-
nin, J. Park, Yu. Prokhorov, A. Pukhlikov, V. Shokurov and D. Stepanov for useful conversations.

1. CLASSIFICATION OF ELLIPTIC STRUCTURES.

Let X be a general quasismooth hypersurface in P(1, a1, az,as,as) of degree d = Zj‘zl a;,
where a1 < a9 < a3 < aq, and the singularities of X are terminal. Let n be a number of the
hypersurface of X in the notations of appendix D.

Suppose that we have a set = such that every element of the set = is an explicitly constructed
rational map & : X --» S, whose general fiber is birational to a smooth irreducible elliptic
curve, and we want to show that the maps of the set = exhausts all possibilities of birational
transformations of the hypersurface X into elliptic fibrations.

Example 1.1. Let X be a quartic hypersurface in P2, and Z be a set of all projections from
lines contained in X.

Example 1.2. Let n = 3, and = be an empty set.

4The case n = 60 is an exceptional case among all cases when n € 3, because in the case n = 60 the
hypersurface X is not birational to an elliptic fibration, but the hypersurface X can be birationally transformed
into a Fano variety with canonical singularities that is not biregular to the hypersurface X.
5



ouppose that there 1s a birational map p : A --»> V and a morpnism v : Vv — I~ such that
the variety V' is smooth, and a general fiber of v is an elliptic curve. We want to show that for
some element & : X --» S of the set = there is a commutative diagram

(13) X--"--rX--F--»y
|
€l lu
y
S - P2,

where o and ¢ are birational maps, which implies that = # @. The commutative diagram 1.3
implies the existence of the commutative diagram

(1.4) X---"-->vy
|
c
¢ 2
S-— -~ >P

if for every birational automorphism o of the hypersurface X and every rational map & of the
set = we have £ o 0 = x o £ for some birational automorphism y € Bir(.5).

Example 1.5. Let ¢ : X --» P(1, a1, az) be a projection, and o be any birational automorphism
of X. Suppose that n ¢ {1,2,3,7,11,19, 20, 36, 60, 75,84,87,93}. Then it follows from [6] that
there is a birational automorphism x of P(1,a,az) such that ¢ oo = x o 4.

Let M be a proper transform of the linear system |v*(Op2(1))| on X. Then M ~q —kKx for
some natural k, but the singularities of the log pair (X, %M) are not terminal by Theorem B.4.

Remark 1.6. It follows from Theorem 0.2 and Corollary B.3 that there is a birational auto-
morphism o of the hypersurface X such that the singularities of the log pair (X, $o(M)) are
canonical. Therefore, we can replace the birational map p by the composition p o o and assume
that the singularities of the log pair (X, M) are canonical.

The following result is due to [6].
Theorem 1.7. The set CS(X, %M) does not contain smooth points of X if n # 1 and n # 2.
On the other hand, the following simple result holds.
Lemma 1.8. Let C be a curve on X such that C € CS(X, tM). Then —Kx - C < —K%.
Proof. Let H be a general divisor in | — rK x| for r > 0. Then
—rk?KY = H- Dy - Dy > multe(Dy - Do)H - C > mult2(M)H - C > —rk*Ky - C,

where D1 and Dy are general surfaces in M. Therefore, the inequality —Kx - C < —K §’< holds,
but in the case when —Kx -C = —K §’< the support of the effective cycle D1 - Dy is contained in
the curve C', which is impossible by Lemma A.17. O

Corollary 1.9. Suppose that n > 6. Then the set CS(X, %M) does not contain curves that do
not contain singular points of the hypersurface X.

In particular, the set CS(X, %M) contains a singular point of the hypersurface X in the case
when n > 6 by Theorem A.15.

Proposition 1.10. Suppose that the set CS(X, %M) contains a singular point O of the hyper-
surface X such that O is a quotient singularity of type %(1, r —a,a), where a and r are coprime
natural numbers and r > a. Let w: Y — X be a weighted blow up of the singular point O with
weights (1,a,7 — a). Then —K3$ > 0.

Proof. Suppose that —Kg)’, < 0. Let E be an exceptional divisor of the morphism =, and B be a
proper transform of the linear system M on the variety Y. Then

1
Ky ~Q W*(Kx) + ;E,
6



which implies that —Ay = —Ry — L/(ra(r —a)), but 5 ~qg —kKAy Dy Lheorem A.lo.

Let NE(Y) be a closure in R? of the cone generated by effective one-dimensional cycles of the
variety Y. Then —FE - E generates the extremal ray of the cone NE(Y). Moreover, it follows
from Corollary 5.4.6 in [6] that there are integers numbers b > 0 and ¢ > 0 such that the cycle

—Ky - (=bKy + cFE)

is numerically equivalent to an effective, irreducible and reduced curve I' on the variety Y that
generates the extremal ray of the cone NE(Y) different from the ray generated by —E - E.
Let S7 and Sy be general surfaces of the linear system B. Then S; - Sy € NE(Y), but

S-Sy =k KE,

which implies that the cycle S - So generates an extremal ray of the cone NE(Y') that contains
the curve I'. Moreover, for every effective cycle C' € R*T we have

Supp(C) = Supp(51 - S2),
because S1-I' < 0 and Sy - I' < 0, which contradicts Lemma A.17. O
The following result is implied by Proposition 1.10.

Proposition 1.11. The claim of Proposition 0.7 holds for all values of n that is contained in
the set {14,22,28,34,37,39,52,53,57,59, 66, 70,72,73,78,81,86,88,89,90,92,94,95}.

Proof. We must show the existence of the commutative diagram

(1.12) X- - -
|

Pl ll/
v

P(1,a1,az) - i > P2,

where 1 is the natural projection, and ¢ is a birational map.

It follows from Theorem 1.7, Lemmal.8 and Theorem A.15 that the set CS(X, +.M) contains
a singular point P of X that is a quotient singularity of type %(1,@,7“ — a), where a and r are
coprime natural numbers and r > a.

Let 7 : Y — X be a weighted blow up of P with weights (1,a,7 — a), E be the exceptional
divisor of the birational morphism 7, and B be the proper transform of the linear system M on
variety Y. Then the equivalence B ~g —kKy holds by Theorem A.15. Moreover, one can easily
check that either —K{’, <0, or —K{’, = 0.

The equality —K 33, = 0 holds by Proposition 1.10. The linear system | — r Ky | does not have
base points for 7 > 0 and induces the morphism 7 : Y — P(1, a1, az2) such that the diagram

is commutative. Let C' be a general fiber of the elliptic fibration 7, and S is a general surface of
the linear system M. Then S ~g —kKy by Theorem A.15. Thus, the equality S - C = 0 holds,
which implies the existence of the commutative diagram 1.12. (|

The following result implies Theorem 0.6.
Lemma 1.13. The existence of p and v implies that n & {3,60,75,84,87,93}.

Proof. Tt follows from Proposition 1.10 that n & {75,84,87,93}.
Suppose that n = 3. Then the hypersurface X is smooth, and the set CS(X, %M) contains an
irreducible curve I' such that —Kx -T' = 1 by Lemma 1.8. In particular, the curve I' is smooth.
Let 7 : X — X be a blow up of the curve I, and G be the exceptional divisor of the birational
morphism «y. Then the divisor v*(—3Kx) — G is nef and big, but

(77*(_3KX) - G) - 518, =0,
7



where o1 and o9 are proper transiorms on A OI general suriaces oI the linear system Jvi, which
is impossible by Corollary A.19.

Thus, we have n = 60. Then X is a sufficiently general hypersurface in P(1,4,5,6,9) of degree
24, and it follows from Proposition 1.10 that the set CS(X, %M) contains the singular point O
of the hypersurface X that is a quotient singularity of type %(1,4, 5). It is easy to check (see

[13]) that
1

3
Kx-C> K}j—-45,
where C is a curve on X, which implies that CS(X, M) = {O} by Lemma 1.8.

Let 7 : Y — X be a weighted blow up of the point O with weights (1,4,5), and D be a proper
transform of the linear system M on the variety Y. Then D ~g —kKy by Theorem A.15, but
the set CS(Y, %D) is not empty by Lemma B.5. Let P and @) be singular points of Y that are
quotient singularities of types %(1, 1,3) and %(1, 1,4) contained in the exceptional divisor of the
morphism 7 respectively. Then it follows from Lemma A.16 that

Cs(Y, %D) N{P,Q} + 2.

Suppose that the set CS(Y, %D) contains the point Q). Let o : U — Y be a weighted blow up
of the point @ with weights (1,1,4), and B be a proper transform of the linear system M on the
variety U. Then B ~g —kKy by Theorem A.15, the linear system | —4Ky| is a proper transform
of the pencil | —4K x|, and the base locus of the pencil |—4K7| consists of an irreducible reduced
curve Z on the variety U such that the curve 7 o «(Z) is a base curve of the pencil | — 4K x]|.

Let H be a sufficiently general surface of the pencil | — 4Ky|. Then the equality

1

30

holds on the surface H, but B|g ~q kZ. Therefore, it follows from Lemma A.21 that
Supp(D) N Supp(H) = Supp(Z),

where D is a sufficiently general surface of the linear system B, which contradicts Lemma A.20.
Therefore, the set CS(Y, %D) contains the singular point P.
The hypersurface X can be given by a quasihomogeneous equation of degree 24

wzt + ’UJf15(.ZU,y,Z,t) + f24(a:,y,z,t) =0C P(174a57679) = PrOj(C[éE,y,Z,t,’UJ]),

where wt(z) = 1, wt(y) = 4, wt(z) = 5, wt(t) = 6, wt(w) =9, fi(z,y, 2,t) is a quasihomogeneous
polynomial of degree i. Let D be a general surface of the linear system | — 5K x|, and S be the
unique surface of the linear system | — Kx|. Then D is cut on X by the equation

Z° = —Kf=—

\z® + dxy + pz =0,

where (), 6, 1) € P2, and S is cut on X by the equation = 0. Moreover, the base locus of the
linear system | — 5K x| consists of the irreducible curve C' that is cut on the hypersurface X by
the equations x = z = 0. In particular, we have D - S = C.

In the neighborhood of the point O the monomials z, y and z can be considered as weighted
local coordinates on X such that wt(z) = 1, wt(y) = 4 and wt(z) = 5. In the neighborhood of
the point P the birational morphism 7 can be given by the equations

4 5
9 9

~ L ~ -~
T=2Y%, Yy=Y% z2=2Y9%,

where z, y and z are weighted local coordinated on the variety Y in the neighborhood of the
point P such that wt(z) = 1, wt(g) = 3 and wt(Z) = 1. Let D, S and C be proper transforms
on the variety Y of the surface D, the surface S and the curve C respectively, and E be the
exceptional divisor of m. Then in the neighborhood of the point P the surface F is given by the
equation § = 0, the surface D is given by the equation
AES + 0% + pz =0,

and the surface S is given by the equation & = 0. Hence, we have

. 5 .

D ~qg m(=5Kx) — §E ~q 55 ~qg —5Ky,
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the curve C 1S the mtersection or the surraces L) and O, the linear system | — oy | 1S a proper
transform of | — 5K x|, and the base locus of the linear system | — 5Ky | consists of the curve C.

Let 3: W — Y be a weighted blow up of the point P with weights (1,1,3), D, S and C be
proper transforms on the variety W of the surface D, the surface S and the curve C respectively,
and F' be an exceptional divisor of the morphism (3. Then the surface F is a weighted projective
space P(1,1,3), and in the neighborhood of the singular point of the surface F' the birational

morphism (3 can be given by the equations
1

T=2xy1, y=y
where Z, ¥ and z are weighted local coordinates on the variety W in the neighborhood of the
singular point of F' such that wt(z) = 1, wt(y) = 2 and wt(z) = 1. In particular, the exceptional
divisor F'is given by the equation y = 0, the surface D is given by the equation

\Z°G + 0% + pz = 0,

3 L __1
4, 2= zY4,

and the surface S is given by the equation Z = 0. Therefore, we have
M * (T 1 * b * 1 Q *(Q 1
D ~q 8(D) = 3 F ~q (10 5)"(=5Kx) — P (B) = 3 F, S ~q f°(5) — ;F ~q —Ew,

and the curve C is the intersection of the surfaces D and S. Let P be a proper transform of
the linear system | — 5K x| on W. Then D is a general surface of the linear system P, the base
locus of the linear system P consists of the curve C, and the equalities
e |
D-C=D-D-S= 3

holds. Thus, the divisor D is nef and big, because D3 = 2. On the other hand, we have

_ 1 k 2

D By By = (5*(—51@) - ZF) : (6*(—kKy) - ZF) —0,
where By and Bjy are general divisors of B, which is impossible by Corollary A.19. U

Now we prove the following very simple result.

Proposition 1.14. Suppose that n = 11. Let = be the set of maps &; : X --» P(1,1,2) that is
implicitly constructed in the proof of Lemma 0.5, where i = 1,2,3,4,5. Then the commutative
diagram 1./ exists for some £ € Z.

Proof. The variety X is a hypersurface in P(1,1,2,2,5) of degree 10, the hypersurface X is
birationally superrigid, the singularities of X consist of points P;, P», P3, Py and Ps that are
quotient singularities of types %(17 1,1), and the equality —K% = 1/2 holds.

The proof of Lemma 0.5 implies that there is a commutative diagram

where 7; is the weighted blow up of P; with weights (1,1, 1), and 7; is an elliptic fibration.

It follows from Theorem 1.7, Lemma 1.8 and Theorem A.15 follows that CS(X, +M) contains
the singular point P;, where i € {1,2,3,4,5}. Let D; be the proper transform of the linear
system M on the variety U;. Then D; ~g —kKy, by Theorem A.15, which easily implies the
existence of the commutative diagram 1.4. [l

The following result is due to [13].

Theorem 1.15. Suppose that the set CS(X, %M) contains an irreducible curve C' on the hyper-
surface X, but n # 1 and n # 2. Then Supp(C') C Supp(S7 - S2), where S1 and Sy are different
surfaces of the linear system | — K x|.

Thus, the claim of Theorem 1.15 implies the following result.

Lemma 1.16. Suppose that as # 1. Then the set CS(X, %M) does not contains curves.
9



r/roof. dSuppose that LS(AX, £/V) contains a curve C. Lhen the claim of lheorem l.1o 1mplies
that there are surfaces S; and Sy of the pencil | — Kx| such that the curve C is an irreducible
component of the curve S1 N So, which is reduced and irreducible. Therefore, the equality

~Kx-C=-K%
holds, which is impossible by Lemma 1.8. O
Let us prove the following result, which is proved in [13].
Proposition 1.17. The claim of Proposition 0.7 holds for n = 5.

Proof. Let n =5. Then X is a sufficiently general hypersurface in P(1,1,1,2,3) of degree 7, the
singularities of the hypersurface X consist of points P and () such that the point P is a quotient
singularity of type %(17 1,1), and the point @ is a quotient singularity of type %(1, 1,2), and
—K% =1/6.

The hypersurface X can be given by the equation

w? f1(z,y, 2) + falz,y, 2z, )w + fr(z,y, 2,t) =0 C P(1,1,1,2,3) = Proj (Clz,y, 2, t,w]),

where wt(z) = wt(y) = wt(z) = 1, wt(t) = 2, wt(w) = 3, and f; is a quasihomogeneous
polynomial of degree i. Hence, the point P is given by the equations x =y = z = w = 0, and
the point @) is given by the equations £ = y = z =t = 0. There is a commutative diagram

where y and £ are the natural projections, the morphism w is an elliptic fibration, the morphism
« is a weighted blow up of the point @ with weights (1,1, 2), the morphism + is the birational
morphism that contracts 14 smooth irreducible rational curves C1,...,C14 into 14 isolated or-
dinary double points P, ..., Pi4 of the variety Y respectively, the morphism 7 is a double cover
branched over the surface R C P(1,1, 1,2) that is given by the equation

f4($,y,2,t)2 - 4f1(:17,y,z)f7(33,y,z,t) =0C ]P(lv 1a 172) = PrOj(C[éE,y,Z,t])

and has 14 isolated ordinary double points n(P1),...,n(P14), and (§ is the composition of the
weighted blow ups with the weights (1,1,1) of two singular points of the variety W that are
quotient singularities of types %(1, 1,1) such that one of them is the proper transform of the
point P, but another one is contains in the exceptional divisor of the morphism a.

Let G be an exceptional divisor of the morphism «, P be the proper transform of the singular
point P on the variety W, and O be the singular point of the variety W that is different from the
point P. Then G is a weighted projective space IP(1,1,2) that can be identified with a quadratic
cone, the point O is a singular point of GG, and the singular points of the surface R are contained
in the divisor 7o v(G), which is given by the equation fi(z,y,z) =0 in P(1,1,1,2).

It follows from Theorem 1.15 and the generality of X that the set CS(X, %M) does not contain
curves (see the proof of Proposition 3.2). The set CS(X, %M) contains a singular point of X.

Suppose that @ € CS(X, %M) and P ¢ CS(X, %M) Let D be the proper transform of the
linear system M on the variety W. It follows from Theorem A.15 and Lemmas B.5 and A.16
that the set CS(W, %D) contains the singular point O. Let B be the proper transform of the
linear system D on the variety Y. Then the set CS(Y, %B) contains an irreducible curve C' such
that the equality —Ky - C' = 1/2 holds, and x on(C) is a point.

The variety P(1,1,1,2) is a cone over the Veronese surface. Hence, the curve n(C) is a ruling
of the cone P(1,1,1,2), and the point y(P) = v(O) is a vertex of P(1,1,1,2). The generality of
the hypersurface X implies the existence of the irreducible curve Z on the variety Y such that
the curve Z is different from the curve C, but n(Z) = n(C), and v(P) € Z.

10



We have 4 ¢ Lo(Y, £0). Let 5 be a general surface 1n | — Ay | containing C. 1hen the strict
inequality Z2 < 0 holds on S, but B|g ~g kC + kZ, which easily implies that Z € CS(Y, %B)

Thus, the set CS(X, %M) consists of the singular points P and ). Let H be the proper
transform of the linear system M on the variety U, and F and F' be exceptional divisors of the
birational morphism 3 such that 3(E) = P and B(F) = O. Then the surfaces F and F are
sections of the elliptic fibration w, and it follows from Theorem A.15 that

H ~g —kKy + (g — multo(D) ) F,

where D is the proper transform of the linear system M on W. Then multo(D) > k/2 implies
the claim of Proposition 0.7.

Therefore, we may assume that multo(D) < k/2. It follows from Lemmas B.5 and A.16 that
the set CS(U, %H) contains a curve L that is a line on the surface E =2 P2, Intersecting a general
surface of the linear system H with a fiber of the elliptic fibration w over a general point of the
line w(L) C IP?, we obtain a contradiction. O

In the rest of the paper we continue the classification of the birational transformations of the
hypersurface X into elliptic fibrations for all remaining values of the index n.

2. SMOOTH QUARTIC THREEFOLD.

Let X be a smooth hypersurface in P* of degree 4. Then X contains a one-dimensional family
of lines. Moreover, the following result holds (see [2]).

Theorem 2.1. Let £ : X --» P? be a rational map such that the normalization of a general fiber
of & is an elliptic curve. Then there is a line L C X such that € = 0 o), where 1 : X —-» P2 is
the projection from the line L, and o is a birational automorphism of P2.

In the rest of the chapter we prove Theorem 2.1. Let us use the notations and assumptions of
chapter 1. We must show that there is a line L C X such that there is a commutative diagram

(2.2) X---"—-svy
|

Pl ll/
A

P2-— - - >~ P?,

where 1 is the projection from the L, and ¢ is a birational map.
Lemma 2.3. The set CS(X, %M) does not contain points of the quartic X

Proof. Suppose that CS(X, %M) contains a point P of X. Then multp(M) > k, which implies
that there are finite number of lines on X that pass through the point P. Let H be a general
hyperplane section of X passing through the point P. Then it follows from Theorem C.15 that

4k? < multp(Dy - Do) < Dy - Dy - H = 4K?,

where Dy and Dy are general surfaces of the linear system M. Therefore, the support of the
effective one-dimensional cycle Dy - D5 is contained in the union of a finite number of lines on
the quartic X that pass through the point P, which contradicts Lemma A.17. O

Therefore, the set CS(X, %M) contains a curve C. Thus, the inequality multo (M) > k holds,
but it follows from Lemma 1.8 that deg(C') < 3.

Lemma 2.4. The curve C is contained in two-dimensional linear subspace of P*.

Proof. Suppose that C is not contained in any plane in P%. Then C is either a smooth curve of
degree 3 or 4, or a rational curve of degree 4 having one double point.

Suppose that C is smooth. Let a : U — X be the blow up of the curve C, F be the the
exceptional divisor of a, and D be the proper transform of M on the variety U. Then the base
locus of the linear system |a*(—deg(C)Kx) — F| does not contain curves, but

<a*(—deg(C’)KX) - F) Dy -Ds <0,
11



where [J; and D9 are general surfaces or the linear system L/, which 1s a contradiction.

Thus, the curve C is a quartic curve with a double point P. Let #: W — X be a composition
of the blow up of P with the blow up of he proper transform of C. Let G and E be the
exceptional divisors of 3 such that (E) = C and $(G) = P. Then the base locus of the linear
system |5*(—4Kx) — E — 2G| does not contain curves, but

(57 (~4Kx) - E—2G) - Dy Dy <0
where D1 and D, are general surfaces of the linear system D, which is a contradiction. ([l
Lemma 2.5. The curve C is a line.

Proof. Suppose that deg(C') # 1. Then we have the following possibilities:

e the curve C is a smooth conic;
e the curve C' is a smooth plane cubic;
e the curve C is a singular plane cubic.

Suppose that C' is smooth. Let o : U — X be a blow up of the curve C, F' be the exceptional
divisor of the morphism «, and D be the proper transform of M on the variety U. Then one
can easily check that the base locus of the linear system |a*(—deg(C)Kx ) — F| does not contain
curves. Therefore, the divisor a*(—deg(C)Kx) — F is nef and big, but

(a*(—deg(C)KX) - F) Dy Dy =0,

where D7 and D, are general surfaces of D, which contradicts Corollary A.19.

Hence, the curve C' is a plane cubic with a double point P. Let §: W — X be a composition
of the blow up of P with the blow up of the proper transform of C'. Let G and E be the
exceptional divisors of the morphism 3 such that G(F) = C and B(G) = P. Then the base
locus of the linear system |3*(—3Kx) — E — 2G| does not contain curves, which implies that the
divisor 5*(—3Kx) — E — 2G is nef and big. On the other hand, the inequality

(5*(—3KX) —E- 2G) Dy Dy <0
holds, where Dy and D5 are general surfaces of D, which is impossible by Corollary A.19. [

Let m: Y — X be the blow up of C, 1 : X --» P? be the projection from C, D be the proper
transform of a general divisor of the linear system M on the variety Y, and Z be a general fiber
of the morphism 1 o w. Then D - Z = 0, because multo(D) = k, which implies the existence of
the commutative diagram 2.2, where L = C.

3. CASE n = 2, HYPERSURFACE OF DEGREE 5 IN P(1,1,1,1,2).

We use the notations and assumptions of chapter 1. Let n = 2. Then X is a sufficiently general
hypersurface in P(1,1,1,1,2) of degree 5, the equality —K3 = 5/2 holds, and the singularities
of the hypersurface X consist of a point O that is a quotient singularity of type %(1, 1,1).

The hypersurface X can be given by the equation

w fi(,y, 2,t) + fa(z,y, 2, 0w + fs(z,y,2,t) =0 C P(1,1,1,1,2) = Proj(Clz,y, z,t,w]),

where wt(z) = wt(y) = wt(z) = wt(t) = 1 and wt(w) = 2, fi(x,y,z,t) is a homogeneous
polynomial of degree 7, and the point O is given by the equations xr =y =z=1t=0.
Let ¢ : X --» P3 be the natural projection. Then there is a commutative diagram

Y W,
TN L)
x* 2 8 "
AN / %
&]P>3 777777 > P2



where 7 18 the weighted blow up or the point J with weights (1L, L, 1), the morphism 7y 18 the
birational morphism that contracts 15 smooth rational curves C1,. .., Cy5 to 15 isolated ordinary
double points P, ..., Pi5 of the variety Z respectively, n is a double cover branched over the
surface R C P? of degree 6 that is given by the equation

f3(:1:7y727t)2 - 4f1($7y72,t)f5(377y727t) =0cC ]11)3 = PI‘Oj (C[xvyvzat])

and has 15 isolated ordinary double points n(P1),...,n(Pi5), «; is a blow up of C;, ; is a blow
up of the point P;, w; is a birational morphism, y; is a projection from n(P;), and &; is an elliptic
fibration. Moreover, the points n(P1),...,n(Pi5) are given by the equations f3 = f1 = f5 = 0.

Remark 3.1. Let 7 be the birational involution of the hypersurface X induced by the double
cover 7. Then it follows from [6] that the group Bir(X) is generated by the involution 7 and
biregular automorphisms of X. Moreover, a general fiber of the rational map x; o ¢ is left
invariant by the birational involution 7.

In the rest of the chapter we prove the following result.

Proposition 3.2. There is a commutative diagram

(33) Uz ***** >V
L
2 . _ _ > P2
P 4 P
for some i € {1,...,15}, where ¢ is a birational map.

Let B; be the proper transform of the linear system M on the variety W;. Then in order
to prove the existence of the commutative diagram 3.3 it is enough to show that B; lies in the
fibers of the elliptic fibration &; o w;, which is implied by the equivalence B; ~qg —kKyy,.

Lemma 3.4. Suppose that CS(X, %M) contains a smooth point of X. Then the commutative
diagram 3.3 exists for some i € {1,...,15}.

Proof. Suppose that CS(X, %M) contains a smooth point P of X. Let S be a sufficiently general
surface in | — Kx| that passes through P. In the case when P ¢ U 7(C;), the surface S does
not contain irreducible components of the effective cycle Dy - Do, where D1 and Dy are general
surfaces of the linear system M. Therefore, in the latter case we have

o
2
which contradicts Theorem C.15. Thus, the point P is contained in 7(C};) for some i.
Let us use the arguments of the paper [6]. Put C' = 7(C;) and
M|s = L + multc(M)C,

where L is a linear system on the surface S without fixed components. Then it follows from the
claim of Theorem C.10 that the point P is contained in the set

Inultp(D1 : Dg) <Di-Dy-S= —]{;QKE;’( = ]{;2’

1 It
L(CS(S, S ) C(M)C),
k k
but the surface S is smooth in the point P. Therefore, we have

_ multg(M) ) 2
k
by Theorem C.13, where L; and Ly are general curves in £. On the other hand, the equality

multp(Ly - Ly) > 4(1

Ly Ly = ng — multc(M)k — gmult%(M)

holds on the surface S, because C2 = —3/2. Hence, we have

multc (M) ) 2

_ — - > —
2k‘ multc(M)k 2multc(/\/t) > 4(1 i
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which 1mplies multc(/M) = k. lhus, the curve m((C;) 1s contained m Ls(A, £/vl), and the
equivalence B; ~g —kKyy, follows from Theorem A.15, which concludes the proof. O

We may assume that CS(X, %M) does not contain smooth points of X.
Lemma 3.5. Let C be a curve on X such that C N Sing(X) = @. Then C ¢ CS(X, +M).

Proof. Suppose that the set CS(X, +.M) contains the curve C. Then multc(M) = k. Let H be
a very ample divisor on X. Then H ~g —AKx holds for a natural number A\. Thus, we have
5Ak?
2
where S7 and S5 are general surfaces in M. Therefore, we have the following possibilities:

= MKy =H-S;- Sy >multi(M)H - C > MKy - C,

e the equality —Kx - C' =1 holds, and the curve C' is smooth and rational;
e the equality —Kx - C' = 2 holds, and the curve C' is smooth and rational;
e the equality —Kx - C'= 2 holds, and the arithmetic genus of the curve C is 1.

Let 0 : X — X be the blow up of the ideal sheaf of the curve C, and G be the exceptional
divisor of the birational morphism o. Then the variety X is smooth in the neighborhood of
the divisor G whenever the curve C' is smooth. Moreover, in the case when the curve C' has an
ordinary double point the singularities of X in the neighborhood of the divisor G consist of a
single isolated ordinary double point. In the case when the curve C has a cuspidal singularity
the singularities of the variety X in the neighborhood of G consist of an isolated double point
such that X in the neighborhood of this point is locally isomorphic to the hypersurface

¥+ 22 + 22 + 23 = 0 € C = Spec(Clzg, 1, T2, 23]).

Let S; and Sy be the proper transforms of the surfaces S; and Sy on the variety X respectively.

Suppose that —Kx - C = 1. Then the curve C is cut in the set-theoretic sense by the surfaces
of the linear system | — 2K x| that pass through C'. Moreover, the scheme-theoretic intersection
of two general surfaces of the linear system | — 2K x| passing through C' is reduced in a general
point of C'. Thus, the divisor 0*(—2Kx) — G is nef and big (see Lemma 5.2.5 in [6]), but

(a*(—2KX) - G) 288y =0,

which is impossible by Corollary A.19.

Suppose that —Kx-C' = 2, and C'is smooth and rational. Then ¢*(—2Kx)—G is nef, because
the curve C' is cut in the set-theoretic sense by the surfaces of the linear system | — 2K x| that
pass through the curve C, but the scheme-theoretic intersection of two general surfaces of the
linear system | — 2K x| passing throughC' is reduced in a general point of C'. We have

0:>—3k2=:Qﬁ(—QKy)—-G)-SI-SQ>(x

Hence, the arithmetic genus of the curve C'is 1 and —K x-C' = 2. The curve C is a set-theoretic
intersection of the surfaces in | — 4K x| that pass through C. Moreover, the scheme-theoretic
intersection of two general surfaces of the linear system | — 4K x| passing through C' is reduced
in a general point C. Hence, the divisor 0*(—4Kx) — G is nef and big, but

(a*(—4KX) - G) 2818 =0,
which contradicts Corollary A.19. O

It follows from Theorem A.15 that O € CS(X, %M) Let D be the proper transform of M on
the variety Y. Then Theorem A.15 implies that D ~g —kKy. The existence of the commutative
diagram 3.3 is clear, if the set CS(Y, %D) contains the curve C;. Therefore, we may assume that
the set CS(Y, D) does not contain the curve C; for every i € {1,...,15}.

Lemma 3.6. The set CS(Y, %D) does not contain smooth points of the variety Y .

Proof. The set CS(X, %M) does not contain smooth points of X. Therefore, to conclude the
proof it is enough to show that the set CS(Y, %D) does not contain points of the exceptional

divisor of the morphism 7, which is implied by Lemma A.16. O
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Fut A =~(L). Llhen 1 ~q —KAKz, the singularities of the log pair (4, £/1) are canonical,
and the claim of Lemma B.5 implies that the set CS(Z, %H) is not empty.

Lemma 3.7. The set CS(Z, %H) does not contain points of the variety Z.

Proof. It follows from Lemma 3.6 that smooth points of the variety Z are not contained in the
set CS(Z, +H). The condition P; € CS(Z, +H) implies that the set CS(Y, D) contains either
the curve C}, or a point on the curve C;, which is impossible. ]

Thus, there is a curve I" on Z that is contained in the set CS(Z, %H), and multr(H) = k.
Lemma 3.8. The equality —K 7 -T' =1 holds.

Proof. Let H be a general divisor of the linear system | — Kz|. Then
2k = H - Dy - Dy > multp(Dy - Dy)H -T' > —k?K - T,

where D1 and Do are sufficiently general surfaces of the linear system H. Therefore, the in-
equality —K 7 -I' < 2 holds. Moreover, the equality —K 7 -I' = 2 implies that the support of the
effective cycle Dy - Dy coincides with the curve I', which contradicts Lemma A.17. Il

The curve n(I') is a line in P3, and the restriction n|p : T' — 7(T) is an isomorphism, and the
proof of Lemma 3.8 implies that CS(Z, %H) = {T'}, and the inequality

multp (D - Do) < 2k?
holds, where Dy and D5 are sufficiently general surfaces of the linear system H.
Lemma 3.9. The line n(T") is contained in the ramification surface R of the double cover n.

Proof. Suppose that the line n(I") is not contained in the surface R. Let S be a general surface
of the linear system | — K| that passes through the curve I'. Then

Hl|s = multp(H)I" + multq(H)Q + L,

where £ is a linear system on the surface S that does not have fixed components, and 2 is a
smooth rational curve on the variety Z such that n(Q) = n(T"), but Q # I'". We have

SlIlg(Z) NI = {Pil,...,.PZ'r} g_ {Pl,...,P15} = Smg(Z),

but P;; is an ordinary double point of the surface S. Moreover, the equality

M2=02=_24°
"3

holds on the surface S, but r < 3. Hence, the inequality 2 < 0 holds on the surface S, and
(k: - mulm(H))m - (multp(H) - k)F Q+L-Q=L-Q>0,

where L is a general curve in the linear system £. Therefore, the inequality multo(H) > & holds,
which implies that 2 € CS(Z, %H), which is impossible. O

Let H be a general hyperplane in P? passing through the line 5(I'). Then the curve
A=HNR=nT)uTY

is reduced and n(I") ¢ Supp(T), where T is a plane curve of degree 5. Moreover, the reducible
curve A is singular in every singular point 7(P;) of the surface R that lies on the line n(I"), but
the set 7(I') N T contains at most 5 points. On the other hand, we have

Sing(A) Nn(I') =T Nn(l),
which implies that |Sing(Z) NT'| < 5. Moreover, the surface R is given by the equation

f3($7y727t)2 = 4f1($,y,z,t)f5(:r,y,z,t) C ]P3 = Proj((C[:r,y,z,t]),

and singular points of R are given by the equations f; = f3 = fs = 0. We may assume that the

equations f; = f3 = 0 and f; = f5 = 0 defines irreducible curves in P3, which implies that at

most 3 points of the subset Sing(R) C P3 can lie on a single line. Therefore, the Bertini theorem

implies that 7(I') N'T contains different points O; and Oz that are not contained in Sing(R).
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niemark o.10. Lhe nyperplane f1 tangents tne surtace i 1 the points V1 and Us.

Let L; be a general line on the plane H that passes through the point O;, Oj be a proper
transform of the point O; on the variety Z, and f)j be the proper transform of the line L; on
the variety Z. Then L; tangents the surface R in the point O;, and the curve I}j is irreducible
and singular in the point Oj, but —K - ﬂj — 2. Let H be the proper transform of H on the
variety Z, and D be a general surface of the linear system H. Then

D|gz = multr ()" + ¥,
. Let Aj = (D\I')N L;. Then

)
2k = D-L; > mults (L;)multr(D)+ Z multp(D)-multp(L;) > 2k+ Z mult p(D)-multp(L;),
PeA; PeA;

where ¥ is an effective divisor on H such that I’ ¢ Supp(¥

which implies that D N l~} C I'. On the other hand, when we vary the lines Ly and Lo on the
plane H the curves L1 and L2 span two different pencils on the surface H, whose base locus
consist of the points O; and Oy respectively. Hence, we have

Supp(D) N Supp(H) = Supp(T),

where H is a general divisor in | — K| that passes through the curve I', and D is a general
divisor in H, which contradicts Lemma A.20. The claim of Proposition 3.2 is proved?®.

4. CASE n =4, HYPERSURFACE OF DECGREE 6 IN P(1,1,1,2,2).

We use the notations and assumptions of chapter 1. Let n = 4. Then X is a sufficiently general
hypersurface in P(1,1,1,2,2) of degree 6, the equality —K% = 3/2 holds, and the singularities of
the hypersurface X consist of points Py, P, P3 that are quotient singularities of types %(1, 1,1).

Let ¢ : X --» P? be the natural projection. Then a general fiber of the rational map v is an
elliptic curve, and the composition 3 o 1 is a morphism, where 7 : ¥ — X is a composition of
the weighted blow ups of the singular points Py, P, and Ps with weights (1,1,1).

Proposition 4.1. The claim of Proposition 0.7 holds for the hypersurface X.

Let us prove Proposition 4.1. We must show the existence of the commutative diagram

(42) X--—--- >V
|
: !
' 2
2 - — - — - >
P p =,

where ¢ € Bir(P?). Let Z be an element of CS(X, +M). We have the following possibilities:

e the subvariety Z is a curve that is contained in X \ Sing(X);
e the subvariety Z is a curve that contains a singular point of the hypersurface X;
e the subvariety Z is a singular point of the hypersurface X.

Suppose that Z is an irreducible curve such that Z does not contain singular points of the
hypersurface X. Then the equality —Kx - Z = 1 holds by Lemma 1.8, which implies that the
curve Z is smooth. Let v : W — X be the blow up of the curve Z, and G be the exceptional
divisor of the morphism 7. Then the divisor v*(—4Kx ) — G is nef, which implies that

(Y (—4Ex) = G) - 81+ 82 > 0,
where S; and Sy are proper transforms on the variety W of sufficiently general surfaces of the
linear system M. We have 0 < (y*(—4Kx) — G) - S1 - So = —k?, which is a contradiction.
Suppose that Z is an irreducible curve that passes through some singular point of the hyper-

surface X. Then the inequality —Kx - Z < 1 holds by Lemma 1.8. The curve C' is contracted
by the rational map ¢ to a point, and either —Kx - Z =1/2, or —Kx - Z = 1.

STt is easy to see that the given proof implies the claim of Proposition 3.2 under the weaker assumption that
the hypersurface X is quasismooth, and the projection ¢ : X --» P3 contracts 15 different curves.
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Let £ be a sulliciently general surface oI the linear system | — £ x| that passes through the
curve Z. Then the surface F' is smooth outside the points P;, P, and Ps, which are isolated
ordinary double points of F. Let Z be a fiber of 1 over the point ¥(Z). Then the generality of
the hypersurface X implies that the curve Z is an irreducible component of Z.

Suppose that Z consists of irreducible curves Z and Z. Then the inequality Z2? < 0 holds on
the surface F', but M|p ~q kZ + kZ. On the other hand, we have

M|p =multz(M)Z + multZ(M)Z + F,
where F is a linear system on the surface F' that does not have fixed components, but
(k‘ - multZ(M))Z ~q F,

which implies that mult ;(M) = k, and the support of S; - Sy is contained in Z U Z, which is
impossible by Lemma A.17.

Suppose that the fiber Z consists of irreducible curves Z, Z and Z. Then
—KX.Zz—KX.Z:—KX.Z:%,
but the intersection form of the curves Z and Z on the surface F is negatively defined, which
implies that the support of Sy - S5 is contained in ZUZUZ, where S; and S are general surfaces
of the linear system M, which is impossible by Lemma A.17.

Hence, we have CS(X, t M) C {P;, P2, P3}.

Let 7 : U — X be a composition of the weighted blow ups with weights (1, 1, 1) of the singular
points of the hypersurface X that are contained in the set CS(X, %M), and D be the proper
transform of the linear system M on the variety U. Then it follows from Theorem A.15 that
the equivalence D ~g —kKyp holds, but the divisor —Kj; is nef.

Suppose that CS(U, %D) contains a subvariety A C U. Then A is contained in some excep-
tional divisor of 7. Let GG be an exceptional divisor of 7 that contains A. Then A is a line on
the surface G = P? by Lemma A.16. The linear system |7*(—2Kx) — G| does not have base
points, and the divisor 7*(—2Kx) — G is nef and big. It follows from Lemma 0.3.3 in [10] that
there is a proper Zariski closed subset A C U such that A contains all curves on U having trivial
intersections with the divisor 7*(—2Kx) — G. We have

%2 = <7r*(—2KX) - G) 281 - S5 > multd (D) (7r*(—2KX) - G) A =22,

where S and S, are the proper transforms of Sy and Sz on U respectively. Thus, the support
of the effective cycle Sy - Sg is contained in A U A, which is impossible by Lemma A.17.
Hence, the set (CS(U, D) is empty.
Let — K, lg} > (0. Then the divisor Ky is nef and big, which is impossible by Lemma B.5.
Hence, the equality —K [?} =0 holds. Then m = n and

—Ky ~ (¢ om)*(Op2(1)),
which implies that D lies in the fibers of the elliptic fibration i o . Therefore, the commutative
diagram 4.2 exists. The claim of Proposition 4.1 is proved.

5. CASE n = 6, HYPERSURFACE OF DEGREE 8 IN P(1,1,1,2,4).

We use the notations and assumptions of chapter 1. Let n = 6. Then X is a sufficiently general
hypersurface in P(1,1,1,2,4) of degree 8, the equality —K % = 1 holds, and the singularities of
the hypersurface X consists of points P; and P» that are quotient singularities of type %(1, 1,1).

There is a commutative diagram

(5.1) U

where v is the natural projection, 7 is a composition of the weighted blow ups of the singular
points P; and P, with weights (1,1,1), and 7 is an elliptic fibration.
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rroposition oa.4. lhe citarm of rroposition U./ holtas jor the hypersurjace X .

Let us prove Proposition 5.2. It follows from Theorem 1.7 that the set CS(X, %M) does not
contain smooth points of the hypersurface X. Therefore, the set CS(X, %M) contains a singular
point of the hypersurface X by Corollary 1.9 and Theorem A.15.

Remark 5.3. Suppose that the set CS(X, %M) contains both points P; and P,. Then it easily
follows from Theorem A.15 that the claim of the Proposition 0.7 holds for the hypersurface X.

Hence, to conclude the proof we may assume that P; is contained in the set CS(X, %M), but
the point P» is not contained in the set CS(X, tM).

Lemma 5.4. The set CS(X, +M) does not contain curves.

Proof. Suppose that CS(X, %M) contains a curve C. Then it follows from Lemma 1.8 that the
equality —Kx - C' = 1/2 holds.

Let C be the proper transform of the curve C' on the variety U. Then —Ky - C = 0, which
implies that the curve C'is a component of a fiber of 1. Therefore, the curve C' is contracted by
the rational map v : X --» P2 to a point. In particular, the curve C is smooth and rational.

Let S be a general surface of the linear system | — K x| that contains the curve C. Then the
surface S is smooth outside the points P; and P,, which are isolated ordinary double points on
the surface S. Let F be a fiber of the rational map v over the point ¢(C). Then F' consists of
two irreducible components such that the curve C' is one of them. Let Z be the component of
the curve F that is different from the curve C. Then Z2 < 0 on the surface S, but

M|s = multe(M)C 4+ multz(M)Z + L,

where L is a linear system on the surface S that does not have fixed components. However, the
equivalence (k — multz(M))Z ~q L holds, which implies that multz(M) = k.
It follows from Theorem A.15 that CS(X, M) contains P», which is a contradiction. O

Thus, the set CS(X, %M) consists of the point P;. Let ( : Y — X be the weighted blow up
of the point P; with weights (1,1, 1), and D be the proper transform of the linear system M on
the variety Y. Then D ~g —kKy by Theorem A.15, and CS(Y, %D) # & by Lemma B.5.

Let T be a subvariety of Y that is contained in CS(Y, D). Then ¢((T') € CS(X, + M), which
implies that T' C GG, where G is the exceptional divisor of (. The subvariety T is a line on the
surface G = P? by Lemma A.16. Let D be a general surface in D, and Z be a general fiber of
the rational map 1 o ¢ that intersects T'. Then the Z is not contained in Supp(D). We have

k
5= D - F > multy(D)multr(Z) > k,

which is a contradiction. Thus, the claim of Proposition 5.2 is proved.

6. CASE n =7, HYPERSURFACE OF DECGREE 8 IN P(1,1,2,2,3).

We use the notations and assumptions of chapter 1. Let n = 7. Then X is a sufficiently general
hypersurface in P(1,1,2,2,3) of degree 8, the equality —K3 = 2/3 holds, and the singularities
of the hypersurface X consist of the points P;, P», P; and P, that are quotient singularities of
type %(17 1,1), and the point @ that is a quotient singularity of type %(1, 1,2).

The hypersurface X can be given quasihomogeneous equation of degree 8

w2f($7yvzat) + wg(xvyvzat) + ma(a:,y,z,t) + yb(‘rvya'z?t) + h(zat) =0C PI‘Oj ((C[x7yvzat7w])a

where wt(z) = wt(y) = 1, wt(z) = wt(t) = 2, wt(w) = 3, and f, g, a, b and h are sufficiently
general quasihomogeneous polynomials. Then the points P;, P», P3 and P, are given by the
equations x =y = h(z,t) = w = 0, and @ is given by the equations x =y =2z =t = 0.

We may assume that h(z,t) = zh(z,t), where h(z,t) is a polynomial of degree 3, and the
point P; is given by the equations x =y = z =w = 0. Let & : X --» P(1,1,2) be a projection
induced by the embedding of the graded algebras Clz,y, 2] C Clz,y, z,t,w]. Then &; is not
defined in the points P; and @, and the normalization of a general fiber of £; is a smooth elliptic
curve (see the proof of Lemma 0.5).
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olmilarly, we can construct a rational map §; : A --» I'(1, 1,2) such that {; 1S not aenned m
the singular points P; and @), and the normalization of a general fiber of the map &; is a smooth
elliptic curve. Moreover, there is a commutative diagram

Y;
Bi

where «; is the weighted blow up of the point P; with weights (1,1,1), 3; is the weighted blow
up of the proper transform of the point @ on the variety U; with weights (1, 1,2), and n; is an
elliptic fibration, which is a morphism induced by the linear system | — 2Ky;|.

Let & : X --» P3 be a rational map that is induced by the linear subsystem of the linear
system | — 2K x| consisting of the divisors that are cut on the hypersurface X by the equation

o f(@,y, 2, 1) + Ma? + dgzy + A3y® = 0,

where (Ao, A1, A2, A3) € P3. Then & is not defined in the point @, the normalization of a general
fiber of the map &g is an elliptic curve, and there is a commutative diagram

Up~—20 v,
l/ N\
ag
Xommmmm e ~P(1,1,2),
o

where g is the weighted blow up of the point @ with weights (1,1, 2), (g is the weighted blow
up with weights (1,1,1) of the singular point of Uy that dominates the point @, and ng is an
elliptic fibration.

Proposition 6.1. There is a commutative diagram

(6.2 PO A R R
I

&1 ly
Y

]P)(17172) ______ 3T T T T > IED2

for some i € {0,1,2,3,4}, where o and ¢ are birational maps.

Let us prove Proposition 6.1. The set CS(X, %M) does not contains smooth points of the
hypersurface X, and it follows from Lemma 1.16 that

1
CS(X, EM) C{P, P, P3, Py, Q}.

Lemma 6.3. The set CS(X, %M) does not contain two points of the set { Py, Ps, P3, Py}.

Proof. Suppose that the set CS(X, %M) contains the points P; and P». Let m : W — X be the
composition of the weighted blow ups of P; and P, with weights (1,1,1), and B be the proper
transform of the linear system M on the variety W. Then B ~g —kKy by Theorem A.15.
The base locus of | — Kyy| consists of an irreducible curve C such that C? = —1/3 on the
surface S, which implies that 7(C') is contained in CS(X, %M), which is a contradiction. O

Let D; be the proper transform of the linear system M on the variety U;.

Remark 6.4. The set CS(Up, Do) is not empty by Lemma B.5, if the set CS(X, 1.M) contains
the point @), because the divisor —Kp, is nef and big. Similarly, the set CS(U;, %DZ) is not
empty, if the set CS(X, %M) contains the point P;, because the divisor — Ky, is nef and big.
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Lemma 6.o0. 1ne set LS(A, z/V1) does nol consisis of the potnt 1.

Proof. Suppose that CS(X, M) = {P,}. Then the set CS(U;, 1D;) contains an irreducible
subvariety Z of the variety U; by Lemma B.5.

Let E; be the exceptional divisor of the morphism «;. Then Z C F;, and Z is a line on the
surface F; = P? by Lemma A.16. Let D be a general surface of D;, and C be a general fiber
of m; such that 5;(C) N Z # @. Then (;(C) is not contained in D, but D - 3;(C) = k/3, which
contradicts the equality multz (D) = k. O

Therefore, the condition P; € CS(X, %M) implies that CS(X, %M) = {P;,Q}, which easily
implies that the proper transform of the linear system M on the variety Y; lies in the fibers of
the elliptic fibration 7;. The latter implies the existence of the commutative diagram 6.2.

We may assume that the set CS(X, %M) consists of the point Q.

Let O be a singular point of the variety Uy that is contained in the exceptional divisor of the
morphism «g. Then O is contained in CS(Uy, %DO) by Lemma A.16, which implies the existence
of the commutative diagram 6.2 by Theorem A.15. The claim of Proposition 6.1 is proved.

7. CASE n = 8, HYPERSURFACE OF DECGREE 9 IN P(1,1,1,3,4).

We use the notations and assumptions of chapter 1. Let n = 8. Then X is a sufficiently general
hypersurface in P(1, 1,1, 3,4) of degree 9, the equality —K% = 3/4 holds, and the singularities of
the hypersurface X consist of the singular point O that is a quotient singularity of type %(1, 1,3).

Proposition 7.1. The claim of Proposition 0.7 holds for the hypersurface X.
Let us prove Proposition 7.1. The hypersurface X can be given by the equation
w? fi(z,y, 2) + f5(@,y, 2, t)w + folx,y,2,t) =0 C P(1,1,1,3,5) = Proj(Clz,y, 2, t,w]),

where wt(z) = wt(y) = wt(z) = 1, wt(t) = 3, wt(w) = 4, and f; is a quasihomogeneous
polynomial of degree 7. Thus, the singular point O is given by the equations t =y =2z =1t = 0.
There is a commutative diagram

w ’ U
/la \
Y X Z
LT T A
w A/ \\\\ n
P(1,1,1,3) - - == = = = == = — — - = P2,

where rational maps &, 1 and x are the natural projections, « is the weighted blow up of the
singular point O with weights (1, 1,3), [ is the weighted blow up with weights (1,1,2) of the
singular point of the variety W that is a quotient singularity of type %(1, 1,2), v is the weighted
blow up with weights (1,1, 1) of the singular point of the variety U that is a quotient singularity
of type %(17 1,1), n is an elliptic fibration, o is a morphism that contracts 15 smooth rational
curves to 15 isolated ordinary double points P, ..., Pi5 of the variety Y respectively, w is a
double cover branched over the surface R C P(1,1,1,3) that is given by the equation

f5(:1:7y727t)2 - 4f1(377y72)f9($ay727t) =0C ]P)(]-v 17 173) = Proj(c[‘rvyvzat])

and has 15 isolated ordinary double points w(Py),...,w(Pi5) given by f5 = f1 = fo = 0.

Let G be the exceptional divisor of the morphism «, F' be the exceptional divisor of the
morphism (3, P be the singular point of W, @) be the singular point of U, D be the proper
transform of the linear system M on the variety W, H be the proper transform of the linear
system M on the variety U, P be the proper transform of M on the variety Z, and B be the
proper transform of the linear system M on the variety Y.

Remark 7.2. The divisors — Ky and —Kp are nef and big, and surface w o o(G) is given by the
equation fi(z,y,2) = 0.
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1t Tollows Irom Lheorem L./ that the set Lo(A, £/V1) does not contaln smooth points oI the
hypersurface X, and it follows from Lemma 1.9 and Theorem A.15 that O € CS(X, %M)

Lemma 7.3. The set CS(X, +M) does not contain curves.

Proof. The required claim follows from Lemma 1.16 and the proof of Proposition 3.2. O

Therefore, the set CS(X, %M) consists of the singular point O. Hence, the claim of Theo-
rem A.15 implies that D ~g —kKyw, but P € CS(W, %D) by Lemmas B.5 and A.16.

Lemma 7.4. Suppose that the set CS(W, %D) does not contain subvarieties of W that are
different from the point P. Then the claim of Proposition 0.7 holds for the hypersurface X.

Proof. The equivalence H ~g —kKy holds by Theorem A.15. Hence, the set CS(U, %H) contains
the point ) by Lemmas B.5 and A.16. Thus, the linear system P lies in the fibers of the elliptic
fibration n by Theorem A.15, which concludes the proof. O

Suppose that CS(W, %D) contains a subvariety Z different from P. Then Z is contained in the
surface (¢, which is a cone over the smooth rational curve of degree 3. Moreover, it follows from
Lemma A.16 that Z is a ruling of G. Put C = ¢(Z). Then C € CS(Y, £B) and —Ky -C = 1/3.

Remark 7.5. The variety P(1,1,1,3) is a cone over the Veronese surface, whose vertex is the
point w o o(P). Thus, the curve w(C') is a ruling of the cone P(1,1,1,3).

There is the irreducible smooth rational curve L on the variety Y such that L is different from
the curve C, and w(Z) = w(C). The curve L is not contained in CS(Y, +5). Let S be a general
surface of the linear system | — Ky | that contains C. Then S is smooth outside of the points

o(P) U ({Pl,...,P15} N (CUL)),

the point o(P) is a Du Val singular point of type Ag on the surface S, but the other singular
points of the surface S are isolated ordinary double points. The equality

L= —4/3+71/2

holds on the surface S, where r is the number of ordinary double points of the surface S contained
in the curve L. The generality of the polynomials f5 and fg implies that the curve w(L) does
not contains more than one singular point of R. Therefore, the inequality L? < 0 holds on the
surface S, but the equivalence B|s ~g kC + kL holds. We have

B|s = multc(B)C 4+ multr,(B)L + L,

where £ is a linear system on S without fixed components. Thus, we have (k—mult,(B))L ~q L,
which implies L € CS(Y, %B), which is a contradiction. The claim of Proposition 7.1 is proved.

8. CASE n =9, HYPERSURFACE OF DEGREE 9 IN P(1,1,2,3,3).

We use the notations and assumptions of chapter 1. Let n = 9. Then X is a sufficiently general
hypersurface in P(1,1,2,3,3) of degree 9, the equality —K% = 1/2 holds, and the singularities
of the hypersurface X consist of the point O that is a quotient singularity of type %(17 1,1), and
the points P, P» and P5 that are quotient singularities of type %(1, 1,2).

The hypersurface X can be given by the quasihomogeneous equation of degree 9

4
ftw) +> 2 giw,y, t,w) + za(w,y, t,w) + yb(z, y,t,w) = 0 C Proj(Cla, y, z,t, w)),
=1

where wt(z) = wt(y) = 1, wt(z) = 2, wt(t) = wt(w) = 3, f, gi, a and b are quasihomogeneous
polynomials, the points Py, P» and Pj are given by the equations z =y = z = f(t,w) = 0, and
the point @ is given by the equations r =y =t =w = 0.
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Let ¢ : A --» IF(1l,1,2) be the natural projection. Lhen the rational map § 1S not denned
in the points P;, P» and P53, and a general fiber of £ is an elliptic curve. Moreover, there is a
commutative diagram

U, Yij v
Bij
U; g
X--—---- : --->P(1,1,2),

where «; is the weighted blow up of the point P; with weights (1,1,2), 3;; is the weighted blow
up with weights (1,1,2) of the proper transform of the point P; on the variety U;, 7;; is the
weighted blow up with weights (1,1,2) of the proper transform of P on the Uj;, and n is an
elliptic fibration, where i # j and k & {i,j}.

Remark 8.1. The fibration 7 is a morphism induced by the linear system | — 2Ky |, and the
divisors —Ky, and —Ky,; are nef and big.

Let y : X --» P* be the rational map that is given by the linear system of divisors
Nozga(z,y) + Mz + Aoy + Azzy® + Mgy =0,

where (Ao, A1, A2, A3, \4) € P4 Then y is not defined in the point @, the closure of the image
of the rational map y is a cone over the rational curve in P3 of degree 3, the normalization of a
general fiber of the rational map x is an elliptic curve, and there is a commutative diagram

where 7 is the weighted blow up of @ with weights (1,1,1), and o is an elliptic fibration.

Proposition 8.2. FEither there is a commutative diagram

(8.3) X---——--- -V
|
gl lu
y
P(1,1,2) - — - — - > P2,
¢
or there is a commutative diagram
(8.4) XYoo ey Ly
|
X | lu
y
P(L 17 3) ************ > [P)Q’

where ¢, w and v are birational maps.
Let us prove Proposition 8.2.
Lemma 8.5. Suppose that Q € CS(X, %M) Then there is a commutative diagram 8.4.

Proof. Let B be the proper transform of M on Z. Then B ~g —kKx by Theorem A.15, which
implies the equality S-C', where S is a general surface of the linear system M, and C is a general
fiber of the morphism o. Hence, the linear system B lies in the fibers of the morphism ¢, which
implies the existence of the commutative diagram 8.4. ]

We may assume that CS(X, ;M) C {P;, P, P3} by Theorem 1.7 and Lemma 1.16.
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Lemma 8.0. 1he commutalive aragram o.0 e€xisis whenever CS(AX, M) = (L1, 142,137.
Proof. See the proof of Lemma 8.5. O

To conclude the proof of Proposition 8.2, we may assume that the set CS(X, %M) does not
contain the point P3 and contains the point P;.

Lemma 8.7. The set CS(X, 1. M) contains the point Ps.

Proof. Suppose that the set CS(X, %M) consists of the point P;. Let B be the proper transform
of the linear system M on the variety Uy. Then B ~g —kKy;, by Theorem A.15, and Lemma B.5
implies that the set CS(Uy, %B) is not empty.

Let Z be an element of the set CS(Uy, %B), and G be the exceptional divisor of the birational
morphism «;. Then G is a cone over the rational curve of degree 3, and Lemma A.16 implies
that Z is either a vertex of the cone G, or a ruling of the cone G.

Suppose that Z is a ruling of the cone G. Let C' be a sufficiently general fiber of the elliptic
fibration 7 such that (12 0 y12(C) N Z # &, and S be a sufficiently general surface of the linear
system B. Then the curve 12 0 y12(C') is not contained in the surface S. Thus, we have

2
2 =5 B oma(C) > i (S) > b,

which is a contradiction.

Therefore, the subvariety Z is a singular point of the surface (G, which is a quotient singularity
of type %(1, 1,1) on the variety Uj.

Let § : W — Uj be the weighted blow up of the point Z with weights (1,1,1), D be the proper
transform of the linear system M on the variety W, and F' be a general surface of the linear
system | — Ky|. Then the inequality A? = —1/2 holds on the surface F, but

D|r ~q —kKu,|F ~q kA
by Theorem A.15, which is impossible by Lemmas A.21 and A.20. g

Thus, the set CS(X, %M) consists of the points P; and P,. Now we can apply the arguments
of the proof of Lemma 8.7 to the variety Uyo and proper transform of the linear system M on
the variety Ujs to get a contradiction. The claim of Proposition 8.2 is proved.

9. CASE n = 10, HYPERSURFACE OF DEGREE 10 IN P(1,1,1,3,5).

We use the notations and assumptions of chapter 1. Let n = 10. Then X is a sufficiently gen-
eral hypersurface in P(1,1,1,3,5) of degree 10, the equality —K 3% = 2/3 holds, the singularities
of the hypersurface X consist of the point O that is a quotient singularity of type %(1, 1,2).

It should be pointed out that X is birationally superrigid.

Proposition 9.1. The claim of Proposition 0.7 holds for the hypersurface X.

There is a commutative diagram

%4
/ \
xZ Y
/5// Y o
T~ n
P(1713 1;3) ************* ;]P)Q,

where £, ¥ and x are projections, « is the weighted blow up of O with weights (1,1,1), 3 is
the weighted blow up with weights (1,1, 1) of the singular point of the variety W, and 7 is an
elliptic fibration.

In the rest of the chapter we prove Proposition 9.1. Let ) be the unique singular point of the
variety W, D be the proper transforms of the linear system M on the variety W, and H be the
proper transforms of the linear system M on the variety Y.
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Lemma 9.2. 1he set LS(A, £/V1) does nol contains Curves.

Proof. Suppose that CS(X, %M) contains a curve C. Then —Kx - C = 1/3 by Lemma 1.8,
which implies that the curve C is contracted by the rational map 1 to a point.

The variety P(1,1,1,3) is a cone, whose vertex is the point £(0). Thus, the curve £(C) is a
ruling of the cone P(1,1,1,3). Moreover, the generality of the hypersurface X implies that the
curve £(C) is not contained in the ramification divisor of £. There is the irreducible curve Z on
the variety X such that Z is different from C, but £(Z) = {(C). Moreover, it follows from the
arguments of the proof of Lemma 1.8 that Z is not contained in CS(X, %M)

Let S be a sufficiently general surface of the linear system | — K x| that passes through the
curves C' and Z. Then S is smooth outside of the point O, and the point O is a Du Val singularity
of type Ao on the surface S. The equality Z? = —4/3 holds on the surface S, but

Mg = multc(M)C + multz(M)Z + L ~q kC + kZ,

where L is a linear system on S without fixed components. Therefore, the curve Z is contained
in the set CS(X, %M), which is a contradiction. g

The set CS(X, %M) consists of the point O by Theorem 1.7, the set CS(W, %D) contains the
point () by Lemmas B.5 and A.16, but H ~g —kKy by Theorem A.15. Therefore, the linear
system H is contained in the fibers of the elliptic fibration 7.

The claim of Proposition 9.1 is proved.

10. CASE n = 12, HYPERSURFACE OF DEGREE 10 IN P(1,1,2,3,4).

We use the notations and assumptions of chapter 1. Let n = 12. Then X is a sufficiently
general hypersurface in P(1,1,2,3,4) of degree 10, the equality —K% = 5/12 holds, and the
singularities of the hypersurface X consist of the points P; and P, that are quotient singularities
of type %(17 1,1), the point Ps that is a quotient singularity of type %(17 1,2), the point Py that
is a quotient singularity of type %(17 1,3).

Proposition 10.1. The claim of Proposition 0.7 holds for the hypersurface X.

There is a commutative diagram

Y
U
U34 U45 P(17172)a
Ba B3 ////7
Bs ///’/
Us Uy ///;/
&\ a4/////

where 1 is a projection, as is the weighted blow up of P35 with weights (1, 1,2), ay is the weighted
blow up of Py with weights (1, 1,3), (4 is the weighted blow up with weights (1, 1, 3) of the proper
transform of the point Py on Us, (3 is the weighted blow up with weights (1, 1,2) of the proper
transform of the point P3 on Uy, (5 is the weighted blow up with weights (1,1, 2) of the singular
point of U, that is contained in the exceptional divisor of ay, 73 is the weighted blow up with
weights (1, 1,2) of the proper transform of the point P3 on the variety Uys, 75 is the weighted
blow up with weights (1,1,2) of the singular point of Us4 that is contained in the exceptional
divisor of the morphism 34, and n is an elliptic fibration.

Remark 10.2. The divisors — Ky, —Ky,, —Ky,, and —Ky,, are nef and big.
Let us prove Proposition 10.1. It follows from Theorem 1.7 and Lemma 1.16 that
1
CS(X, EM) C{Py, Py, P5, Py}
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Lemma 1U.s. 1he set Lo(A, M) aoes not contain £ ana 13.

Proof. Suppose that the set CS(X, %M) contains the point P;. Then to conclude the proof, it
is enough to get a contradiction.

Let 7 : W — X be the weighted blow up of the point P; with weights (1,1,1), B be the
proper transform of the linear system M on the variety W, S be a general surface of the linear
system | — K|, and Z be the base curve of | — Kyy|. Then B ~g —kKy by Theorem A.15, the
surface S has Du Val singularities, the surface S smooth outside of the proper transforms of the
points P, P3 and P4 on the variety W, and the curve Z irreducible, smooth and rational.

The equality Z? = —1/24 holds on the surface S, but

Bls ~q Sls ~q kZ,
which is impossible by Lemmas A.21 and A.20. ]

Let D3, Dy, D34 and Dys be the proper transforms of M on Us, Uy, Ugs and Uys respectively,
then it follows from Lemma B.5 that the set CS(U,,, %DH) is not empty whenever D, ~q —kKy,.

Lemma 10.4. Suppose that the set CS(X, %M) contains the point Py. Let P3 be the proper

transform of the point P3 on the variety Uy, and Ps be the singular point of the variety Uy that
dominates the point Py. Then Dy ~q —kKy, and CS(Uy, %D4) C{P;, P5}.

Proof. We must show that CS(Uy, %D4) C {Ps, Ps}, because Dy ~g —kKy, by Theorem A.15.

Suppose that (CS(U4,%D4) ¢ {P3,Ps}. Let C be a subvariety of the variety Uj that is
contained in the set CS(Uy, %D4) and different from P; and Ps. Then ay(C) = Py.

Let G be the exceptional divisor of the morphism «4. Then G is a cone over the smooth
rational curve in P? of degree 3. It follows from Lemma A.16 that C is a ruling of G.

The hypersurface X can be given by the equation

w?z + fo(x,y, 2, t)w + frolz,y,2,t) =0 C P(1,1,2,3,4) = Proj ((C[a;,y, z,t,fw]),

where wt(z) = wt(y) = 1, wt(z) = 2, wt(t) = 3, wt(w) = 4, and f; is a quasihomogeneous
polynomial of degree i. Moreover, there is a commutative diagram

Qy

where £ and y are the natural projections, 7 is a birational morphism that contracts 20 smooth
rational curves to isolated ordinary double points of the variety W, and w is a double cover
branched over the surface R C P(1,1,2,3) that is given by the equation

fﬁ(.ﬁU,]J,Z,t)z - 4Zf10($7yvz7t) =0C P(L 172a3) = Proj((C[a:,y,z,t])

and has 20 ordinary double points, which are given by the equations z = fg = fi9 = 0.

Let B be the proper transform of the linear system M on the variety W, and Z be the proper
transform of C' on W. There is an irreducible curve L C W such that w(L) = w(Z), but L is
different from Z. The log pair (W, %B) has canonical singularities, the set CS(W, %B) does not
contain the curve L, the curve L contains 7(P3), and Z contains 7(Ps).

Let S be a general surface in | — 2Ky | containing Z. Then S is smooth outside of the points

7(Py) Un(Ps) U (A n(Zu L)),

where A is the set of ordinary double points of the variety W. The equality

ANL
L2:—5/3+| 5 |
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holds on o5, but the generality oI fg and jip 1mplies that the curve w(L) does not contain more
than two singular points of the surface R. Therefore, the inequality L? < 0 holds on S, but

B|s = multz(B)Z + mult;(B)L + L ~g kZ + kL,

where L is a linear system on the surface S that does not have fixed components. Therefore, the
equivalence (k — multz(B))L ~g £ implies that the set CS(W, £B) contains the curve L, which
is a contradiction. O

Lemma 10.5. Suppose that the set CS(X, %M) contains the point Ps3. Let Py be the proper
transform of the point Py on the variety Us. Then D3 ~qg —kKy, and CS(Us, %Dg) = {P,}.

Proof. See the proof of Lemma 8.7. O

It follows from Theorem A.15 that either D3y ~g —kKy,, or Dys ~g —kKy,,. Let D be the
proper transform of the linear system M on the variety Y.

Lemma 10.6. Suppose that D3y ~q —kKy,,. Then D ~qg —kKy .

Proof. Let F' be the exceptional divisor of the morphism 3, G be the exceptional divisor of the
morphism (4, Ps be the singular point of the surface G, and Py be the singular point of the
surface F'. Then it follows from Theorem A.15 that the equivalence D ~qg —kKy holds, if the
set CS(Us4, £D34) contains the point Ps.

Suppose that P5 ¢ CS(Usg, %D34). It follows from Lemmas B.5 and A.16 that
1
—D3y).

k 34)

Let 7 : W — Usy be the weighted blow up of the point Ps with weights (1,1,1), B be the
proper transform of the linear system M on the variety W, and S be a general surface of the
linear system | — Ky |. Then the equivalence B ~g —kKyw holds by Theorem A.15, the base
locus of the linear system | — Ky | consists of the irreducible curve A such that

Bls ~q S|s ~q kA,
but the inequality A% < 0 holds on S, which is impossible by Lemmas A.21 and A.20. O

Pﬁ € CS(U34,

The proof of Lemma 10.6 implies that D ~g —kKy whenever Dy ~q9 —kKy,,. However,
if follows from the equivalence D ~g —kKy that the linear system D lies in the fibers of the
elliptic fibrations 1. Hence, the claim of Proposition 10.1 is proved.

11. CASE n = 13, HYPERSURFACE OF DEGREE 11 IN P(1,1,2,3,5).

We use the notations and assumptions of chapter 1. Let n = 13. Then X is a sufficiently
general hypersurface in P(1,1,2,3,5) of degree 11, the singularities of the hypersurface X consist
of the point P; that is a quotient singularity of type %(1, 1,1), the point P, that is a quotient
singularity of type %(1, 1,2), the point Ps that is a quotient singularity of type %(17 2,3), and
the equality —K ;’( = 11/30 holds. There is a commutative diagram

/ \ P(1,1,2),
JINGA
N

where 1 is a projection, ap is the weighted blow up of P, with weights (1, 1,2), as is the weighted

blow up of Ps with weights (1, 2,3), (3 is the weighted blow up with weights (1, 2, 3) of the proper

transform of the point Ps on the variety Us, (2 is the weighted blow up with weights (1,1,2) of
26



the proper transiorm o1 £ on the variety Ug, D4 1S the weighted blow up with weights (1, 1, 2) o1
the singular point of the variety Us that is the quotient singularity of type %(17 1,2) contained
in the exceptional divisor of a3, 2 is the weighted blow up with weights (1, 1,2) of the proper
transform of P, on the variety Usyg, 74 is the weighted blow up with weights (1,1,2) of the
singular point of the variety Uss that is the quotient singularity of type %(1, 1,2) contained in
the exceptional divisor of the morphism 33, and 7 is an elliptic fibration.

Proposition 11.1. The claim of Proposition 0.7 holds for the hypersurface X.

Let us prove Proposition 11.1. It follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10
that CS(X, M) C {P,, Ps}.

Lemma 11.2. The set CS(X, 1. M) contains the point Ps.

Proof. Suppose that P; ¢ CS(X,1M). Then CS(X, M) = {P}. Let Dy be the proper
transform of M on the variety Us. Then it follows from Theorem A.15 that Dy ~qg —kKp,, but
the set CS(Us, %Dg) is not empty by Lemma B.5.

Let E be the exceptional divisor of the morphism ay. Then E can be identified with a cone
over the smooth rational curve in P3 of degree 3. Let Z be a subvariety of the variety Us that is
contained in the set CS(Us, D2). Then it follows from Lemma A.16 that either Z is the vertex
of the cone F, or Z is a ruling of the cone F.

Suppose that Z is a ruling of the cone E. Let D be a sufficiently general divisor of the linear
system Dy, and C' be a general fiber of the fibration 7 such that the curve 33 o v4(C) intersects
the curve C. Then Supp(C) ¢ Supp(D), which implies that

2k
5 = C-D >multz(D) >k,

which is a contradiction.

The subvariety Z is the vertex of E and a quotient singularity of type %(1, 1,1) on Us,.

Let m : W — Us be the blow up of the point Z with weights (1,1,1), and S be a sufficiently
general surface of the pencil | — Kyy|. Then S is irreducible and normal, the base locus of the
pencil | — K| consists of the irreducible curve A contained in S. Moreover, the equality
3
10
holds on the surface S. On the other hand, the equivalence B|s ~g kA holds, where B is the
proper transform of M on the variety W. Therefore, we have B|g = kA, which implies that

Supp(S) N Supp(D) = Supp(A),

where D is a general surface in B, which is impossible by Lemma A.20. (]

A? =K} =—

Lemma 11.3. The set CS(X, 1 M) contains the point Ps.

Proof. Suppose that CS(X, %M) does not contain the point P,. Then CS(X, %M) consists of the
point P3. Let D3 be the proper transform of M on Us. Then D3 ~g —kKy, by Theorem A.15,
and the set CS(Us, £Ds3) is not empty by Lemma B.5.

Let G be the exceptional divisor of the morphism ag, Py be the singular point of G that is
a quotient singularity of type %(17 1,2) on the variety Us, and Ps; be the singular point of the
surface GG that is a quotient singularity of type %(1, 1,1) on Us. Then G = P(1,2,3), and it
follows from Lemma A.16 that either CS(Us, £D3) = {P4}, or P5 € CS(Us, +Ds).

Suppose that the set CS(Us, %Dg) contains the point P5. Let m : W — Ujs be the weighted
blow up of P5; with weights (1,1,1), B be the proper transform of M on W, L be the curve on
the surface G that is contained in the linear system |Op(y, 2 3)(1)[, L be the proper transform of
the curve L on the variety W, and S be a general surface of the linear system | — Kyy|. Then

Bls ~q kA + kL,
the equivalence B ~qg —kKw holds by Theorem A.15, and the base locus of | — Kyy| consists of

the curve L and the irreducible curve A such that the curve oo 7(A) is the base curve of the
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pencil | — K x|. Moreover, the equalities
A?=_-5/6, L?=—4/3, A-L=1

hold on the surface S, which imply that the intersection form of the curves A and L on the
surface S is negatively defined. Therefore, the support of the effective cycle S - D is contained
in the union A U L by Lemma A.21, where D is a general surface of the linear system 3, which
is impossible by Lemma A.20.

Hence, the set CS(Us, AD3) consists of the point Py. Let D34 be the proper transform of the
linear system M on the variety Usq. Then CS(Usy, %D34) # @& by Lemma B.5, because the
equivalence D34 ~g —kKp,, holds by Theorem A.15.

Let E be the exceptional divisor of the morphism (4, and P be the singular point of the
surface £. Then E = P(1,1,3), the point FPs is a quotient singularity of type %(17 1,1) on the
variety Usy, and Ps € CS(Usy, %D34) by Lemma A.16.

Let ¢ : Z — Usy be the weighted blow up of Ps with weights (1,1,1), H be the proper
transform of M on Z, and F be a general surface of the pencil | — K z|. Then the base locus of
the pencil | — Kz| consists of irreducible curves L and A such that the equalities

A?=_-5/6, [?=-3/2, A-L=1
hold on F. Thus, the intersection form of the curves A and L on the surface F is negatively
defined. However, the equivalence H|p ~g kA + kL holds by Theorem A.15. Thus, if follows

from Lemma A.21 that the support of the effective cycle /- H is contained in the union of the
curves A and L, where H is a general surface in H, which contradicts Lemma A.20. O

Therefore, we have CS(X, %M) = {P,, P3s}. Let Dy3 be the proper transform of the linear
system M on the variety Uss. Then the set CS(Uss, %DQ;},) is not empty by Lemma B.5, because
the equivalence Do3 ~q —kKy,, holds by Theorem A.15.

Remark 11.4. The proof of Lemma 11.2 implies that the set CS(Uss, %Dgg,) does no contain the
singular point of the variety Uss that is contained in the exceptional divisor of the morphism (s,
but the proof of Lemma 11.3 implies that the set CS(Uas, %DQ?,) does not contain the singular
point of the variety Usg that is a quotient singularity of type %(1, 1,1) contained in the exceptional
divisor of the morphism f3.

Therefore, the set CS(Uas, %DQ;},) contains the singular point the variety Uss that is a quotient
singularity of type %(1, 1,2) contained in the exceptional divisor of the morphism (3. Now the
claim of Theorem A.15 implies that the proper transform of M on the variety Y is contained in
the fibers of the elliptic fibration 7.

The claim of Proposition 11.1 is proved.

12. CASE n = 15, HYPERSURFACE OF DEGREE 12 IN P(1,1,2,3,6).

We use the notations and assumptions of chapter 1. Let n = 15. Then X is a sufficiently
general hypersurface in P(1,1,2,3,6) of degree 12, the equality —K3% = 1/3 holds, and the
singularities of the hypersurface X consist of the points P; and P, that are quotient singularities
of type %(17 1,1), and the points P3 and Py that are quotient singularities of type %(17 1,2).

Proposition 12.1. The claim of Proposition 0.7 holds for the hypersurface X.

Proof. There is a commutative diagram

20 M

where 1) is a projection, « is the weighted blow up of the point Ps with weights (1,1,2), (3 is the
weighted blow up of P, with weights (1, 1,2), 7 is the weighted blow up with weights (1,1,2) of
28
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the proper transtorm orf iy on the variety U, o 1s the weighted blow up with weignts (1, 1,2) o1t
the proper transform of the point P3 on the variety W, and 7 is an elliptic fibration.

It follows from Theorem 1.7, Proposition 1.10 and Lemma 1.16 that CS(X, M) C {Ps, P,}.

Let ‘H be the proper transform of the linear system M on the variety Y. To conclude the
proof we must show that H lies in the fibers of the morphism 7, which easily follows from the
condition CS(X, %M) = {Ps, P} by Theorem A.15. Therefore, without loss of generality, we
may assume that the set CS(X, %M) contains P3 and does not contain Pj.

Let B be the proper transform of M on U, and @ be the singular point of U that is contained
in the exceptional divisor of a. Then the equivalence B ~g —kKy holds by Theorem A.15, but
the point @ is a quotient singularity of type %(17 1,1) on the variety U. In particular, it follows
from Lemmas B.5 and A.16 that the set CS(U, %B) contains the singular point Q).

Let ¢ : Z — U be the weighted blow up of the point @) with weights (1,1, 3), D be the proper
transform of the linear system M on the variety Z, and S be a sufficiently general surface of the
pencil | — Kz|. Then the equivalence D ~g —kKz holds by Theorem A.15, but the base locus
of the pencil | — Kz| consists of an irreducible curve A such that A? < 0 on the surface S, but
the equivalence D|g ~qg kA holds, which is impossible by Lemmas A.21 and A.20. O

13. CASE n = 16, HYPERSURFACE OF DEGREE 12 IN P(1,1,2,4,5).

We use the notations and assumptions of chapter 1. Let n = 16. Then X is a sufficiently
general hypersurface in P(1,1,2,4,5) of degree 12, the equality — K §’( = 3/10 holds, and the sin-
gularities of the hypersurface X consist of the points P;, P, and P53 that are quotient singularities
of type %(1, 1,1), and the point P4 that is a quotient singularity of type %(1, 1,4).

Proposition 13.1. The claim of Proposition 0.7 holds for the hypersurface X.

Let us prove Proposition 13.1. There is a commutative diagram

U o 2% - Y

l l”
____________ >P(1,1,2

X ; (1,1,2)

where 1) is the natural projection, « is the weighted blow up of P4 with weights (1,1,4), 3 is the
weighted blow up with weights (1, 1,3) of the singular point of the variety U that is contained
in the exceptional divisor of «, 7 is the weighted blow up with weights (1,1, 2) of the singular
point of W that is contained in the exceptional divisor of 3, and 7 is an elliptic fibration.

Remark 13.2. The divisors —Ky and —Ky are nef and big, and the morphism 7 are induced
by the complete linear system | — 2Ky |.

It follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10 that CS(X, $.M) consists of
the point P;. Let G be the exceptional divisor of the morphism «, Ps be the singular point of
the surface G, and D be the proper transform of M on the variety U. Then G is a cone over a
smooth rational curve of degree 4, amd the point Ps is a quotient singularity of type %(1, 1,3)
on the variety U. Moreover, the equivalence D ~g —kKy holds by Theorem A.15, and the set
of centers of canonical singularities CS(U, %D) is not empty by Lemma B.5.

Lemma 13.3. The set CS(U, %D) consists of the point Ps.

Proof. Suppose that the set CS(U, %D) contains a subvariety C of the variety U that is different
from the point Ps. Then it follows from Lemma A.16 that C is a ruling of the cone G.
The hypersurface X can be given by the equation

w?z + fr(x,y, 2, t)w + fro(x,y, 2,t) =0 C P(1,1,2,4,5) = Proj ((C[a;,y, z,t,fw]),
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where wt(r) = wtly) = L, wt(z) = 4, wt(l) = 4, wt(w) = o, and J; 1S a quasihomogeneous
polynomial of degree ¢. Moreover, there is commutative diagram

U X

where & and x are the natural projections, 7 is a birational morphism that contracts 21 smooth
rational curves to isolated ordinary double points of the variety Z, and w is a double cover
branched over the surface R C P(1,1,2,4) that is given by the equation

f7($,y72’at)2 - 4Zf12($7y727t) =0C ]P)(lv 17274) = Proj(c[‘rvyvzat])

and has 21 isolated ordinary double points, which are given by the equations z = f7 = f12 = 0.

Let B be the proper transform of the linear system M on the variety Z, and A be the proper
transform of the curve C on the variety Z. Then there is the smooth rational curve I' on the
variety Z such that w(I') = w(A), but the curve I is different from the curve A. Moreover, the
log pair (Z, £B) has canonical singularities, the set CS(Z, +5) contains the curve A and does not
contains the curve I, the curves I and A contains 7(Ps), and the curves I' and A are contacted
by the rational map £ o w to a nonsingular point of the surface P(1,1,2).

Let S be a sufficiently general surface of the linear system |—2K z| that contains the irreducible
curve A. Then the surface S contains the curve I'. Moreover, the inequality I'> < 0 holds on
the surface S. On the other hand, the equivalence B|g ~qg kI' + kA holds and

B|s = multp(B)I' + multa (B)A + L,

where L is a linear system on the surface S that does not have fixed components. However, it
easily follows from the equivalence (k — multp(B))[' ~g £ that the set CS(Z, £B) contains the
curve I', which is a contradiction. O

Let H be the proper transform of M on W. Then it follows from Theorem A.15 and Lem-
mas B.5 and A.16 that the set CS(W, +H) contains the singular point of the variety W that is
contained in the exceptional divisor of the morphism 3. Therefore, the proper transform of the
linear system M on the variety Y lies in the fibers of the morphism 7 by Theorem A.15.

The claim of Proposition 13.1 is proved.

14. CASE n = 17, HYPERSURFACE OF DEGREE 12 IN P(1,1,3,4,4).

We use the notations and assumptions of chapter 1. Let n = 17. Then X is a sufficiently
general hypersurface in P(1,1, 3,4, 4) of degree 12, the equality —K 3 = 1/4 holds, and the singu-
larities of the hypersurface X consist of the points P;, P, and P; that are quotient singularities
of type %(17 1,3). There is a commutative diagram

where 9 is a projection, w is a composition of the weighted blow ups of P;, P, and P3; with
weights (1,1,3), and w is and elliptic fibration.
The hypersurface X can be given by the quasihomogeneous equation of degree 12

wf(t,w) + za(z,y, 2, t,w) + yb(x,y, z,t,w) + zc(x,y, z,t,w) = 0 C Proj ((C[a;,y, z,t,fw]),

where wt(z) = wt(y) = 1, wt(z) = 3, wt(t) = wt(w) = 4, and f, a, b and ¢ are quasihomogeneous
polynomials of appropriate degrees. Moreover, we may assume that the point P; is given by the
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equations r =y =z =w =0U. Let {1 : XA --»>I'" be the rational map that 1s given Dy the linear
subsystem of the linear system | — 4K x| consisting of divisors
Aow + )\1£L‘4 + )\21‘3y + )\3:1:2y2 + )\4:1:y3 + >\5y4 =0,

where (Mg, A1, A2, A3, A1, A5) € P°. Then the rational map &; is not defined in the point P;, the
closure of the image of the rational map &; is the surface P(1,1,4), and the normalization of a
general fiber of the rational map &; is an elliptic curve. Similarly, we can construct the rational
maps & : X --» P(1,1,4) and &3 : X --» P(1,1,4) such that the rational map &; is not defined
in the point P;, and the normalization of a general fiber of the map &; is an elliptic curve.

Proposition 14.1. Fither there is a commutative diagram

(14.2) X — - -V
|
Pl lv
y
P(1,1,3) - — - — - - P2,
or there is a commutative diagram
(14.3) Yoo Ty
|
le l/l/
y
P(l, 1, 4) 777777777777 > P2

for some i € {1,2,3}, where ¢, o and v are birational maps.

Let us prove Proposition 14.1. The singularities of the log pair (X, %M) are canonical, but
it follows from Theorem 1.7 and Lemma 1.16 that CS(X, M) C {P1, P>, P3}.

Remark 14.4. Tt easily follows from Theorem A.15 that the commutative diagram 14.2 exists, if
the set CS(X, M) contains the point Py, P and Ps.

Therefore, we may assume that the set CS(X, %M) contains the point P; and does not contain
the point P3. There is a commutative diagram

where « is the weighted blow up of the point P; with weights (1,1, 3), [ is the weighted blow
up with weights (1,1, 2) of the singular point the variety U that is contained in the exceptional
divisor of the morphism «, and 7 is an elliptic fibration.

Remark 14.5. The morphism 7 is induced by the complete linear system | —4K x|, which implies
that the divisor — Ky is nef and big.

Let D be the proper transform of the linear system M on the variety U, P5 be the proper
transform of the point P, on the variety U, and P, be the singular point of the variety U that is
contained in the exceptional divisor of a. Then D ~g —kKy by Theorem A.15, and it follows
from Lemma B.5 that the set CS(U, %D) is not empty.

Remark 14.6. 1t easily follows from Theorem A.15 that the commutative diagram 14.3 exists, if
the set CS(U, £D) contains the point P.

Therefore, we may assume that CS(U, %D) does not contain the point P;. Hence, it follows
from the proof of Lemma 8.7 that CS(U, %D) does not contains subvarieties of U that are

contained in the exceptional divisor of . Thus, the set CS(U, %D) contains Pj.
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Let vy : W — U be the weighted blow up ol the point 7~ with weignts (1, 1,o), O 1S the proper
transform of M on the variety W, S be a general surface of in | — K|, and C be the base curve
of the pencil | — Ky |. Then B ~g —kKyw by Theorem A.15, the curve C is irreducible, the
inequality C? = —1/24 holds on the normal surface S, and the equivalence B|g ~q kC holds,
which is impossible by Lemmas A.21 and A.20.

The claim of Proposition 14.1 is proved.

15. CASE n = 18, HYPERSURFACE OF DEGREE 12 IN P(1,2,2,3,5).

We use the notations and assumptions of chapter 1. Let n = 18. Then X is a general
hypersurface in P(1,2,2,3,5) of degree 12, the equality —K% = 1/5 holds, and the singularities
of the hypersurface X consist of the points O1, Os, O3z, O4, Os and Og that are quotient
singularities of type %(17 1,1), and the point P that is a quotient singularity of type %(17 2,3).

There is a commutative diagram

U W

l ln
77777 ~P(1,2,2

X w (77)7

where 9 is a projection, « is the weighted blow up of the point P with weights (1,2, 3), ( is the
weighted blow up with weights (1, 1,2) of the singular point of the variety U that is a quotient
singularity of type %(1, 1,2), and 7 is an elliptic fibration.

Proposition 15.1. The claim of Proposition 0.7 holds for the hypersurface X.

Proof. 1t follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10 that CS(X, + M) = {P},
and the singularities of the log pair (X, %M) are canonical.

Let D be the proper transform of M on U. Then D ~g —kKy by Theorem A.15, and the
set CS(U, %D) is not empty by Lemma B.5. Let G be the exceptional divisor of the birational
morphism «, and () and O be the singular points of the surface G that are quotient singularities
of types %(1, 1,2) and %(1, 1,1) on the variety U respectively. Then it follows from Lemma A.16
that the set CS(U, %D) contains either the point @, or the point O.

Suppose that the set CS(U, %D) contains the point O. Let w : Y — U be the weighted blow
up of O with weights (1,1,1), F' be the m-exceptional divisor, and H and P be the proper
transforms of M and | — 3Ky/| on Y respectively. Then H ~g —kKy by Theorem A.15, but

1

and the base locus of the linear system P consists of the irreducible curve Z such that oo 7(2)
is the base curve of the linear system | — 3K x|. Moreover, for a general surface S of the linear
system P, the inequality S - Z > 0 holds, which implies that the divisor 7*(—6Ky) — F' is nef
and big. On the other hand, for general surfaces D and D of the linear system H, we have
k 2
(7r*(—6KU) - F) "Dy Dy = (w*(—6KU) - F) : (w*(—k:KU) - §F) —0,

which contradicts Corollary A.19.

Therefore, the set CS(U, %D) contains the point ). Let B be the proper transform of the
linear system M on the variety W. Then the equivalence B ~g —kKy holds by Theorem A.15,
which easily implies that the claim of Proposition 0.7 holds for the hypersurface X. Il

16. CASE n = 19, HYPERSURFACE OF DEGREE 12 IN PP(1,2,3,3,4).

We use the notations and assumptions of chapter 1. Let n = 19. Then X is a general
hypersurface in P(1,2,3,3,4) of degree 12, the singularities of the hypersurface X consist of the
points O1, Oz, O3 that are quotient singularities of type %(17 1,1), the points Py, Ps, P3, P, that
are quotient singularities of type %(1, 1,2), and the equality —K% = 1/6 holds.
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1he proot or Lemma U.o 1mplies that 1or every 7 € 11, 4,9,4; there 1s a commutative diagram

where &; is a rational map, which is not defined in the point P;, 7; is the weighted blow up of
the point P; with weights (1,1, 2), and n; is an elliptic fibration.

Proposition 16.1. There is a commutative diagram

(16.2) X---"—-—svy
|

& ly

P(1,2,3) — — = — - > p2

for some i € {1,2,3,4}, where o is a birational map.

Proof. It follows from Theorem 1.7, Corollary 1.9, Theorem A.15 and Proposition 1.10 that the
set CS(X, %M) contains the point P; for some i € {1,2,3,4}. Let D be the proper transform
of the linear system M on the variety U;. Then D ~g —kKy, by Theorem A.15, which implies
that the linear system D is contained in the fibers of the elliptic fibration 7;, which implies the
existence of the commutative diagram 16.2. ]

17. CASE n = 20, HYPERSURFACE OF DEGREE 13 IN P(1,1,3,4,5).

We use the notations and assumptions of chapter 1. Let n = 20. Then X is a general
hypersurface in (1,1, 3,4, 5) of degree 13, the equality —K % = 13/60 holds, and the singularities
of the hypersurface X consist of the point P; that is a quotient singularity of type %(1, 1,2),
the point P, that is a quotient singularity of type i(l, 1,3), and the point P that is a quotient
singularity of type %(1, 1,4). There is a commutative diagram

P
N A
N

where 1) is a projection, aq is the weighted blow up of P, with weights (1,1, 3), as is the weighted
blow up of P3 with weights (1,1,4), (3 is the weighted blow up with weights (1,1, 4) of the proper
transform of the point P3 on Uy, (2 is the weighted blow up with weights (1,1, 3) of the proper
transform of the point P, on the variety Us, (4 is the weighted blow up with weights (1,1, 3)
of the singular point of Us that is contained in the exceptional divisor of as, v9 is the weighted
blow up with weights (1,1, 3) of the proper transform of Py on Usy, 74 is the weighted blow up
with weights (1,1, 3) of the singular point of the variety Usg that is contained in the exceptional
divisor of the morphism 33, and 7 is an elliptic fibration.

Remark 17.1. The divisors — Ky, —Ky,, —Ky,, and —Ky,, are nef and big.
The hypersurface X can be given by the quasihomogeneous equation of degree 13

2z, y,t) + 22 fr(zy, tw) + 2 fio(z, y, tw) + fis(z,y,t,w) = 0 C Proj(Clx, y, 2, t,w)),
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where wt(r) = wt(y) = 1, wt(z) = o, wt(l) = 4, wt(w) = 9, and J; 1s a general quasinomogeneous
polynomial of degree i. Let € : X --» P® be the rational map that is given by the linear subsystem
of the linear system | — 4K x| consisting of the divisors

ot 4+ Mzt + Nozdy + Asz?y? + May® + Asy? = 0,

where (Mg, A1, A2, A3, A1, A5) € P°. Then ¢ is not defined in the points P; and P, the closure of
the image of the rational map £ is the surface P(1,1,4), and the normalization of a general fiber
of the map £ is an elliptic curve. Moreover, there is a commutative diagram

Y
Uy Us e
e

where « is the weighted blow up of the point P; with weights (1,1,2), a3 is the weighted blow
up of the point P3 weights (1,1,4), v3 is the weighted blow up with weights (1,1,4) of the
proper transform of P3 on the variety Uy, 71 is the weighted blow up with weights (1,1,2) of
the proper transform of the point P; on the variety Us, and w is an elliptic fibration.

Remark 17.2. The divisor — K7, is nef and big.

P(1,1,4),

In the rest of the chapter we prove the following result holds.

Proposition 17.3. FEither there is a commutative diagram

(17.4) X T exo oy
|
vl l
y
P(L 17 3) 777777 v T T T~ > ]Pz,
or there is a commutative diagram
(17.5) Yoo xSy
|
€ l
y
P(1,1,4) - - - - - - — —— - — - > P2,

where o, v and ¢ are birational maps.

It follows from Theorem 1.7 and Lemma 1.16 that CS(X, M) C {Py, P», Ps}.
Lemma 17.6. Suppose that { Py, P3s} C CS(X, %M) Then the commutative diagram 17.5 exists.

Proof. Let B be the proper transform of the linear system M on the variety Y, and S be a
sufficiently general surface of the linear system B. Then S ~g —kKy by Theorem A.15, which
implies the equality S - C = 0, where C' is a general fiber of the morphism w. Therefore, the
linear system B lies in the fibers of the elliptic fibration w, which implies the existence of the
commutative diagram 17.5. g

Lemma 17.7. The set CS(X, 1 M) does not contain the set {Py, P,}.

Proof. Suppose that {P;, P3} C CS(X, %M) Let m : W — U; be the weighted blow up with

weights (1,1,3) of the proper transform of the point P, on the variety Uj, and B be the proper

transform of the linear system M on the variety W. Then B ~g —kKy by Theorem A.15.
The linear system | — Kyy| is a pencil, the base locus of the pencil | — K| is the irreducible

curve A such that the curve a; o7(C) is cut on the hypersurface X by the equations z =y = 0.
Let S be a sufficiently general surface of the linear system | — Ky |, P3 be the proper transform

of the singular point P3 on the variety W, and Ps and Ps be other singular points of W such

34



that aq om(f5) = 1 and ag o7(Lg) = 2. lhen f75 1S a quotient singularity of type 5(l1,1,1)
on the variety W, the point Ps is a quotient singularity of type %(17 1,2) on the variety W, the
surface S is smooth outside of the points P;, P5 and P, the singularities of the surface .S in the
points P, Ps and Ps are Du Val singularities of types A4, A and A, respectively.

The equality A% = —1/30 holds on the surface S, but the equivalence B|g ~@ kA holds, which
implies that B|g = kKA. The generality of the surface S implies that multa(B) = k, hence, the
curve oy o m(A) is contained in the set CS(X, $M), which is a contradiction. O

Lemma 17.8. The set CS(X, %M) s not consists of the point P;.

Proof. Suppose that CS(X, %M) = {P;}. Let D be the proper transform of M on U;. Then the
equivalence D ~g —kKy, holds by Theorem A.15. Moreover, it follows from Lemma B.5 and
the proof of Lemma 8.7 that the set CS(U;, %D) contains the singular point of U; that is the
singular point of the exceptional divisor of the birational morphism «;.

Let w : W — U; be the weighted blow up with weights (1, 1,7) of the singular point of the
variety U; that is contained in the exceptional divisor of the morphism «;, and B be the proper
transform of the linear system M on the variety W. Then B ~g —kKy by Theorem A.15.

Let S be a sufficiently general surface of the pencil | — K|, and A be the unique base curve
of the pencil | — Kyy|. Then the surface S is normal, but the curve A is irreducible, rational and
smooth. Moreover, simple computations imply that the equality

—9/20 i=1,
A?2=¢ —1/30 i=2,
0 i=3,

holds on the surface S. However, we have the equivalence B|g ~g kA, which implies (see the
proof of Lemma 17.7) that the curve a; o m(A) is contained in the set CS(X, + M) if i # 3.

Therefore, the equality ¢ = 3 holds.

Let G be the exceptional divisor of the birational morphism a3, and P, be the singular point
of the variety Us that is contained in divisor G. Then the surface G can be identified with a
cone over a smooth rational curve P? of degree 5, and the point P? is a quotient singularity of
type %(1, 1,3) on the variety Us.

The point Py is contained in the set CS(Us, $D). Suppose that the set CS(Us, £D) contains
a subvariety Z C Us that is different from P;. Then it follows from Lemma A.16 that Z is a
ruling of the cone G. On the other hand, the restriction

won e G-+ P(1,1,4)

is biregular. Let D be a sufficiently general surface of the linear system D, and C be the fiber
of the elliptic fibration w over a general point on the curve w o~y 1(Z). Then the curve 71 (C) is
not contained in the surface D. Hence, we have

2k
3= v (C) - D >z multz(D) =k,

which is a contradiction. Therefore, the set CS(Us, %D) consists of the singular point Pj.

The variety W is the variety Usy4, and 7 is the morphism (4. Thus, the divisor —Kjyy is nef
and big. Therefore, it follows from Lemmas B.5 and A.16 that the set CS(W, %B) contains the
singular point of the variety W that is contained in the exceptional divisor of the .

Let pn : Z — W be the weighted blow up weights (1,1,2) of the singular point of the va-
riety W that is contained in the exceptional divisor of the morphism =, and P be the proper
transform of the linear system M on the variety Z. Then the equivalence P ~g —kKz holds
by Theorem A.15. Let F' be a general surface of the pencil | — Kz|, and I" be the unique base
curve of the pencil | — Kz|. Then the surface F' is irreducible and normal, but the curve T' is
irreducible, rational and smooth.

The equality I'? = —1/24 holds on the surface F, but P|s ~g kI, which implies that

agomopu(l) e CS(X, %M),

but the set CS(X, M) does not contain curves. O
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Hence, to conclude the proor or rroposition 1l/.o we may assume that
1
CS(X, L M) = (P2, P3}.

Let D be the proper transform of M on Us3. Then D ~g —kKy,, by Theorem A.15, and it
follows from Lemmas B.5 and A.16 that the set CS(Uss, %D) contains either the singular point
of the variety Uss that is contained in the exceptional divisor of the morphism 33, or the singular
point of the variety Usg that is contained in the exceptional divisor of (5.

Lemma 17.9. The set CS(Uss, %D) does not contain the singular point of the variety Usg that
s contained in the exceptional divisor of the morphism (3.

Proof. Let E be the exceptional divisor of the morphlsm B2, and Py be the singular point of the
surface E. Then Ps is a quotient singularity of type —(1, 1,2) on Uss.

Suppose that the set CS(Uss, %D) contains the point Pg.

Let m : W — U3 be the weighted blow up of the point Ps with weights (1,1,2), B be the
proper transform of M on W, S be a general surface of the pencil | — K|, and A be the base
curve of the pencil | — Ky|. Then B ~g —kKyw by Theorem A.15, the surface S is irreducible
and normal, and the curve A is irreducible. Moreover, the equivalence B|s ~g kA holds, but
the equality A? = —1/24 holds on the surface S, which contradicts Lemmas A.21 and A.20. O

Hence, the set CS(Uss, %D) contains the singular point of the variety Usg that is contained in
the exceptional divisor of the morphism 3. Thus, the existence of the commutative diagram 17.5
is easily implied by Theorem A.15. The claim of Proposition 17.3 is proved.

18. CASE n = 23, HYPERSURFACE OF DEGREE 14 IN PP(1,2,3,4,5).

We use the notations and assumptions of chapter 1. Let n = 23. Then X is a sufficiently
general hypersurface in P(1, 2, 3,4, 5) of degree 14, the singularities of the hypersurface X consist
of the points P;, P», and P; that are quotient singularities of type 5 (1 1,1), the point P4 that is a
quotient singularity of type = (1 1,2), the point P5 that is a quotient singularity of type 7 (1, 1,3),
the point Py that is quotient singularity of type 5(1, 2,3), and the equality —K% = 7/ 60 holds.

There is a commutative diagram

e \\<>
\ ST

where v is the natural projection, as is the weighted blow up of the singular point P5 with
weights (1,1, 3), ag is the weighted blow up of Py with weights (1,2, 3), 35 is the weighted blow
up with weights (1,1, 3) of the proper transform of P; on the variety Us, (¢ is the weighted blow
up with weights (1,2,3) of the proper transform of Ps on Us, and 7 is an elliptic fibration.

In the rest of the chapter we prove the following result.

Proposition 18.1. The claim of Proposition 0.7 holds for the hypersurface X.
It follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10 that CS(X, +M) C {Ps, Ps}.
Lemma 18.2. The set CS(X, 1. M) contains the point Ps.

Proof. Suppose that CS(X, M) does not contain Ps. Then the set CS(X, M) consists of the
point Ps. Let D5 be the proper transform of M on Us. Then D5 ~g —kKy, by Theorem A.15,
but the set CS(Us, £ Ds) is not empty by Lemma B.5.

Let P; be the singular point of the variety Us that is contained in the exceptional divisor of
the morphism as. Then the point P; is a quotient singularity of type %(17 1,2) on Us, and it
follows from Lemma A.16 that CS(Us, %D5) contains P;. Let m: U — Us be the weighted blow
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up ot the pomnt 7 witnh weights (1, 1,9). lhen the linear system | — 2/ 7| 1S & proper transiorm
of the pencil | — 2K x|, and the base locus of the pencil | — 2K7| consists of a single irreducible
curve Z such that as o 7(Z) is the unique base curve of the pencil | — 2K x|.

Let S be a sufficiently general surface of the pencil | — 2K;|. Then the surface S is normal,
the surface S contains the curve Z, and the inequality Z2 < 0 holds on the surface S, because
the inequality — K [?} < 0 holds. However, the equivalence B|s ~qg kZ holds by Theorem A.15,
where B is the proper transform of M on W. It follows from Lemma A.21 that

Supp(S) N Supp(D) = Supp(Z),

where D is a sufficiently general surface of the linear system B, which contradicts Lemma A.20,
because the linear system B is not composed from a pencil. Il

It easily follows from Theorem A.15 that the claim of Proposition 0.7 holds for X whenever
the set CS(X, M) contains the points Ps and Ps. So, we may assume that Ps & CS(X, tM).

Let D¢ be the proper transform of M on Ug. Then Dg ~g —kKy,; by Theorem A.15, which
implies that the set CS(Us, %DG) is not empty by Lemma B.5. Let P; and Pg be the singular
points of the variety Ug that are quotient singularities of types %(17 1,2) and %(1, 1,1) contained
in the exceptional divisor of the morphism «g respectively. Then the set CS(Us, %DG) contains
either the point Pr, or the point P3 by Lemma A.16.

Lemma 18.3. The set CS(Us, %DG) does not contain the point P.

Proof. Suppose that P; € CS(Us, %D(;). Let v : W — Ug be the weighted blow up of P; with
weights (1,1,2), and S be a general surface of in | — 2Kyy|. Then the surface S is irreducible
and normal, the linear system | — 2Kyy| is the proper transform of the pencil | — 2K x|, and the
base locus of the pencil | — 2Kyy| consists of the irreducible curve A such that the equality

1

A2— oK, — -1

6
holds on the surface S. Moreover, the equivalence Bls ~g kA holds, where B is the proper
transform of M on W, which contradicts Lemmas A.21 and A.20. O

Therefore, the set CS(Us, %D(;) contains the point Px.

Remark 18.4. The linear system | — 3Ky, | is the proper transform of the linear system | —3K x|,
the base locus of the linear system | —3K| consists of the irreducible fiber of 1) o ag that passes
through the singular point Pg.

Let 7 : U — Ug be the weighted blow up of the point Py with weights (1,1,1), F be the
exceptional divisor of the morphism 7, D be the proper transform of the linear system M on
the variety U, and H be the proper transform of the linear system | — 3Ky,| on U. Then

D ~q —kKy ~q 7 (—kKy,) — gF
by Theorem A.15. The simple computations imply that
1
H ~q 7 (—3Ky,) — §F,

and the base locus of H consists of the irreducible curve Z such that ag o m(Z) is the base curve
of the linear system | — 3K x|. Moreover, the equality S -Z = 1/12 holds, where S is a general
surface of the linear system H.
Let Dy and D5 be general surfaces of the linear system D. Then
1 k

—k2)2 = (w*(—SKUG) - §F) : (w*(—kKUG) - EF)2 - (77*(—3KU6) - %F) Dy Dy >0,

which is a contradiction. Hence, the claim of Proposition 18.1 is proved.
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19. UASE n = 29, HYPERSURFACE OF DEGREE 1o IN (1, 1,0,4,7).

We use the notations and assumptions of chapter 1. Let n = 25. Then X is a sufficiently
general hypersurface in P(1,1,3,4,7) of degree 15, the equality —K% = 5/28 holds, and the
singularities of X consist of the point P; that is a quotient singularity of type %(1, 1,3), and the
point P» that is a quotient singularity of type %(17 3,4).

Proposition 19.1. The claim of Proposition 0.7 holds for the hypersurface X.

N

There is a commutative diagram

\/\
\

/
\ /

where 1) is a projection, a; is the weighted blow up of P; with weights (1,1,3), as is the
weighted blow up of Py with weights (1,3,4), (9 is the weighted blow up with weights (1, 3,4) of
the proper transform of Py on Uy, 31 is the weighted blow up with weights (1, 1,3) of the proper
transform of the point P; on the variety Us, (3 is the weighted blow up with weights (1,1, 3) of
the singular point of the variety U, that is a quotient singularity of type %(1, 1,3) contained in
the exceptional divisor of the morphism s, 71 is the weighted blow up with weights (1,1, 3) of
the proper transform of P} on Uss, 3 is the weighted blow up with weights (1,1, 3) of the point
of the variety Upo that is a quotient singularity of type %(1, 1,3) contained in the exceptional
divisor of the morphism 33, and 7 is an elliptic fibration.

Remark 19.2. The divisors —Ky,, —Ky,, —Ky,, and —Kj,, are nef and big.

Let us prove Proposition 19.1. It follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10
that CS(X, %M) C {P1, P}. To conclude the proof of Proposition 19.1, we may assume that
the singularities of the log pair (X, M) are canonical (see Remark 1.6).

Lemma 19.3. The set CS(X, 1 M) contains the point Ps.

Proof. Suppose that the CS(X, %M) does not contain the point P,. Let D; be the proper
transform of the M on the variety U;. Then CS(X, 1 M) = {Pi}, and the set CS(Uy, 1D1) is
not empty by Lemma B.5, because the equivalence Dy ~g —kKy, holds by Theorem A.15.

Let Ps5 be the singular point of the variety Uy that is contained in the exceptional divisor of
the morphism «7. Then the point P5 is a quotient singularity of type %(1, 1,2) on Uy, and it
follows from Lemma A.16 that CS(Uy, %Dl) contains the point Ps.

Let m: W — Uj be the blow up of the point P5 with weights (1, 1,2), and S be a sufficiently

general surface of the pencil | — Kyy|. Then the surface S is irreducible and normal, and the
base locus of the pencil | — Kyy| consists of the irreducible curve A such that
1
A= K3 = ——
W1

on the surface S, but B|g ~g kA, where B is the proper transform of the linear system M on
the variety W. Therefore, we have B|g = kA, which implies that

Supp(S) N Supp(D) = Supp(A),
where D is a general surface in B. The latter contradicts Lemma A.20. O
Let G be the exceptional divisor of aia, Dy be the proper transform of the linear system M on

the variety Us, P; be the proper transform of P; on Us, and P3 and P, are the singular points
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of the variety Ug that are quotient singularities of types z(1,1,5) and 3(l1, 1, 2) contained 1n the
exceptional divisor G respectively. Then G = P(1, 3,4), the points P53 and Py are singular points
of the surface G, and Dy ~g —kKp, by Theorem A.15. Hence, the set CS(Us, %Dg) is not empty
by Lemma B.5. Moreover, the proof of Lemma 19.3 implies that CS(Us, D) # {P1}.

Lemma 19.4. The set CS(Us, %Dg) does not contain both points Py and Pjy.

Proof. Suppose that {Ps, Py} C CS(Us, %Dg). Let m: W — Us be a composition of the weighted
blow ups of the points P; and P, with weights %(1, 1,3) and %(17 1,2) respectively, and B be the
proper transform of M on the variety W. Then B ~g —kKyw by Theorem A.15.

Let S be a general surface of the pencil | — Kyy|. Then the surface S is irreducible and normal,
but the base locus of the pencil | — K| consists of the irreducible curves C' and L such that
the curve ag o m(C) is the unique base curve of the pencil | — K x|, the curve 7(L) is contained
in the surface G, and (L) is the unique curve in |Op(; 3 4)(1)]. We have

Bls ~q —kKw|s ~q kS|s = kC + kL,
but the intersection form of L and C on S is negatively defined, and Lemma A.21 implies that
Supp(S) N Supp(D) = Supp(C) U Supp(L),
where D is a general surface in B, which is impossible by Lemma A.20. (]
Thus, we have CS(Us, D) € {P1, P3, 1} by Lemma A.16.
Lemma 19.5. The set CS(Us, %Dg) contains either the point Py, or the point Py.

Proof. Suppose that the set CS(Us, %Dg) does not contain neither the singular point P, nor the
singular point Py. Then the set CS(Us, %Dg) contains the point Ps.

The linear system | — Ky, | is the proper transform of the pencil | — Kx/|, and the base locus
of the pencil | — Ky, | consists of the irreducible curves L and A such that as(A) is the unique
base curve of the pencil | — Kx|, the curve L is contained in the divisor G, the curve L is the
unique curve of the linear system |Op(y 3 4)(1)]-

Let Ps be the singular points of the variety Usg that is contained in the exceptional divisor
of 33, and Ds3 be the proper transform of M on Us3. Then Dy3 ~q —kKy,, by Theorem A.15,
and it follows from Lemmas B.5 and A.16 the the set CS(Uss, %Dgg) contains the point f’ﬁ that
is a quotient singularity of type %(1, 1,2) on the variety Uss.

Let 7 : W — Uz be the weighted blow up of Py with weights (1,1,2), D be the proper
transform of the linear system M on the variety W, and L and A be the proper transforms of the
curves L and A on W respectively. Then the equivalence D ~g —kKy holds by Theorem A.15,
the linear system | — Kyy| is the proper transform of the pencil | — Ky, |, and the base locus of
the pencil | — Kyy| consists of the curves L and A.

Let S be a general surface of the pencil | — Kyy|. Then the surface S is irreducible and normal,
the equivalence D|g ~q kEA + kL holds, but the equalities

A*=—7/12, [ = -5/6, A-L=2/3

hold on the surface S. Therefore, the intersection form of the curves A and L on normal the
surface S is negatively defined, which contradicts Lemmas A.21 and A.20. |

The hypersurface X can be given by the equation
U)2y + wt2 + U)tf4(.73, Y, Z) + wa(xv Y, Z) + tfll(m7 Y, Z) + fl5(x7 Y, Z) =0C PI‘Oj ((C[:IZ, Y, 2,1, w])a

where wt(z) = 1, wt(y) = 1, wt(z) = 3, wt(t) = 4, wt(w) = 7, and f;(x,y,t) is a sufficiently
general quasihomogeneous polynomial of degree 1.
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fiemark 19.6. Suppose that the set Lo(Ug, £1V2) contalns both points [ and f3. Lhen the
claim of Theorem A.15 easily implies the existence of the commutative diagram

X---- -V
I
Pl lu
Y
P(1,1,3) - — — — - - P2,

where ( is a birational map.

Therefore, we may assume that set CS(Us, %Dg) does not contains both points P, and Ps.
Lemma 19.7. The set CS(Us, %Dg) contains the point P.

Proof. Suppose that P; & CS(Us, £Ds). Then CS(Us, £Ds) = {P4}.

Let 7 : W — U be the weighted blow up of the point P; with weights (1,1,2), E be the
exceptional divisor of the morphism 7, and G and B be proper transforms of the divisor G' and
the linear system M on the variety W respectively. Then it follows from Theorem A.15 that the
equivalence B ~g —kKy holds, but the proof of Lemma 19.5 implies that the set CS(W, %B) does
not contain the singular point of the variety W that is contained in the exceptional divisor of the
morphism 7. Therefore, the singularities of the log pair (W, %B) are terminal by Lemma A.16.

Let Sg, Sy, Sz, St and S,, be proper transforms on the variety W of the surfaces that are cut
on the variety X by the equations x =0, y =0, z =0, t =0 and w = 0 respectively. Then

( . 3 1
Sz ~Q (agow) (—Kx)—?E—?G,
. 10 . 8
Sy ~Q (a2 O7T) (—Kx)—7E—?G,
i} 2 . 3.
. 5 4
St ~Q (042 O7T) (—4Kx) - ?E — ?G,
[ Sw ~q (ag o m)*(=TKXx).

The base locus of the pencil | — Kz| consists of the irreducible curves C' and L such that the
curve ag o (C') is cut by the equations z = y = 0 on the hypersurface X, the curve 7(L) is
contained in the surface G, and the curve 7(L) is contained in the linear system |Op(y 3 4)(1)]-

The equivalences 19.8 implies that the rational functions y/z, zy/xz*, ty/z% and wy?® /2! are
contained in the linear system |aS;|, where a = 1, 4, 5 and 10 respectively. Therefore, the linear
system | — 20Ky | induces the birational map x : W --» X', where X’ is a hypersurface with
canonical singularities in P(1,1,4,5,10) of degree 20. In particular, the divisor —Kyy is big.

It follows from [15] that there is a composition of antiflips ( : W --» Z such that the rational
map ( is regular outside of C'U L, and the divisor divisor —K z is nef. Let P be the proper
transform of the linear system M on Z. Then the singularities of log pair (Z, %77) are terminal,
because the rational map ( is a log-flop with respect to the log pair (W, %B)7 which has terminal
singularities. However, it follows from Lemma B.5 that the log pair (Z, %P) does not have
terminal singularities, which is a contradiction. O

Hence, the set CS(Us, %Dg) consists of the points P; and Pj.

Let m : W — Us be a composition of the weighted blow ups of the points P; and P; with
weights (1,1,3) and (1,1,2) respectively, G and B be the proper transforms of G and M on the
variety W respectively, and F' and F be exceptional divisors of the morphism 7 that dominates
the points P; and Pj respectively. Then the equivalence B ~@ —kKyw holds by Theorem A.15,

but it follows from the proof of Lemma 19.5 that the singularities of (W, %B) are terminal.
40



Let Oog, Oy, Oz, O¢ and Oy, be the proper transtorms on the variety WV ol the surtaces that are
cut on X by the equations x =0, y =0, z =0, t =0 and w = 0 respectively. Then

Su ~g (a2 0w (~Kx) ~ 2F — 2G — {F ~g K,
Sy~ (az 0 m)*(~Kx) = 2B~ 2G - 1F,
S, ~q (g om)"(=3Kx) — %E - %G’ - 2F,
Sy ~g (g om)*(—4Kx) — gE - éé,
| 50~ (a2 o 7Y (~TK) - %F

which imply that the rational functions y/z, zy/z?, twy*/z'> and wy?/2'° are contained in the
linear system |aS;|, where a = 1, 4, 15 and 10 respectively. The linear system | — 60Ky | induces
the birational map y : W --» X’ such that the variety X' is a hypersurface in P(1,1, 4,10, 15)
of degree 30. In particular, the divisor —Kyy is big. Now we can obtain a contradiction in the
same was as in the proof of Lemma 19.7. The claim of Proposition 19.1 is proved.

20. CASE n = 26, HYPERSURFACE OF DEGREE 15 IN P(1,1,3,5,6).

We use the notations and assumptions of chapter 1. Let n = 26. Then X is a sufficiently
general hypersurface in P(1,1,3,5,6) of degree 15, the equality —K% = 1/6 holds, and the
singularities of the hypersurface X consist of the points P; and P, that are quotient singularities
of type %(1, 1,2), and the point Ps that is a quotient singularity of type %(17 1,5).

There is a commutative diagram

U ’ 7% - Y

l l”
777777777777 >P(1,1,3

X ; (1,1,3)

where 1) is a projection, « is the weighted blow up of Ps with weights (1,1,5), 5 is the weighted
blow up with weights (1,1,4) of the singular point of the variety U that is contained in the
exceptional divisor of the morphism «, 7 is the weighted blow up with weights (1,1,3) of the
singular point of the variety W that is contained in the exceptional divisor of the morphism 3,
and 7 is an elliptic fibration.

The hypersurface X can be given by the equation of degree 15

2Bw+ 22g(z,y, t,w) + zh(z,y, t,w) + ¢(z,y,t,w) = 0 C Proj (Clz,y, 2, t,w]),

where wt(x) = wt(y) = 1, wt(z) = 3, wt(t) = 5, wt(w) = 6, and f, g, h and ¢ are quasihomoge-
neous polynomials. We may assume that Pj is given by the equations x =y =%t =w = 0.
Let &1 : X --» P7 be the rational map that is given by the linear system of the divisors

6
pw + Z NxlyS~ =0,
i=0

where (11, Ao, A1, A2, A3, A1, As, Ag) € P7. Then &; is not defined in the point Py, the closure of the
image of the rational map &; is the surface P(1,1,6), and the normalization of a general fiber of
the rational map &£; is an elliptic curve.
Similarly, we can construct the rational map &2 : X --» P(1,1,6) such that £, is not defined
in the point P, and the normalization of a general fiber of the map &5 is an elliptic curve.
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Lhere 15 a commutative dlagram

where o; is the weighted blow up of the point P; with weights (1,1,2), and w; is an elliptic
fibration, which is induced by the linear system | — 6Ky, |.

Remark 20.1. The divisors —Ky and — Ky are nef and big, the morphism 7 is induced by the
linear system | — 3Ky |, and the group Bir(X) is generated by biregular automorphisms of the
hypersurface X and a birational involution 7 € Bir(X) such that ¢»o7 =1 and & o 7 = .

In the rest of the chapter we prove the following result.

Proposition 20.2. Fither there is a commutative diagram

(20.3) X--——--- =V
|
P lu
y
P(1,1,3) - — - — - > P2,
¢
or there is a commutative diagram
P
(20.4) X--—-—--- =V
|
&l ly
y
P(1,1,6) - — = — — > P2,

where ¢ and o are birational maps, and i =1 or i = 2.
It follows from Theorem 1.7 and Lemma 1.16 that CS(X, M) C {Py, P», Ps}.
Lemma 20.5. Suppose that P; € CS(X, %M) Then the commutative diagram 20.4 exists.

Proof. Let B be the proper transform of M on U;. Then B ~g —kKy, by Theorem A.15, which
implies that the linear system B lies in the fibers of the morphism w;, which implies the existence
of the commutative diagram 20.4. g

Therefore, we may assume that the set CS(X, %M) consists of the point Ps.

Let D be the proper transform of the linear system M on the variety U, G be the exceptional
divisor of o, and P, be the singular point of G. Then D ~q —kKy by Theorem A.15, and the
set CS(U, %D) is not empty by Lemma B.5, but the surface G is a cone over a smooth rational
curve of degree 5, and the point P, is a quotient singularity of type %(1, 1,4) on the variety U.

Lemma 20.6. The set CS(U, +D) consists of the point Py.

Proof. Suppose that the set CS(U, %D) contains a subvariety C' of the variety U that is different
from the point P;. Then it follows from Lemma A.16 that C is a ruling of the cone G.
The hypersurface X can be given by the equation

w?z + fo(z,y, z,t)w + fis(x,y, 2,t) =0 C P(1,1,3,5,6) = Proj ((C[x,y,z,t,w]),
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where wt(r) = wt(y) = 1, wt(z) = o, Wt(l) = 9, wt(w) = 0, and J; 1S a quasihomogeneous
polynomial of degree ¢. Moreover, there is a commutative diagram

where ¢ and x are the natural projections, 7 is a birational morphism that contracts 27 smooth
rational curves into isolated ordinary double points of the variety Z, and w is a double cover
branched over the surface R C P(1,1,3,5) that is given by equation

fg(.ﬁE,y,Z,t)Q - 4Zf15($7yvz7t) =0C P(L 173a5) = Proj((C[a:,y,z,t])

and has 27 isolated ordinary double points, which are given by the equations z = f9 = fi5 = 0.

Let B be the proper transform of the linear system M on the variety Z, and A be the proper
transform of the curve C' on the variety Z. Then there is a smooth rational curve I'" on the
variety Z such that w(I') = w(A), but I' # A. Therefore, the log pair (Z, 15) has canonical
singularities, the set CS(Z, %B) contains the curve A and does not contain the curve I', the
curves I' and A pass through the point 7(Py), and the curves I' and A are contracted by the
rational map & ow to a smooth point of the surface P(1,1,3).

Let S be a general surface in | — 3K z| that contains the curve A. Then the surface S contains
the curve I, but the inequality I'? < 0 holds on the surface S, but

B|s = multp(B)I' + multa (B)A + L ~q k' + kA,

where L is a linear system on the surface S that does not have fixed components. Hence, the
equality multp(B) = k holds by Lemma A.21, but CS(X, %M) does not contain curves. O

Let ‘H be the proper transform of M on W. Then ‘H ~qg —kKyw by Theorem A.15, but it
follows from Lemmas B.5 and Lemma A.16 that CS(WV, %H) contains the singular point of the
variety W that is contained in the exceptional divisor of (. It follows from Theorem A.15 that
the proper transform of the linear system M on the variety Y lies in the fibers of the elliptic
fibration 7, which implies the existence of the the commutative diagram 20.3.

The claim of Proposition 20.2 is proved.

21. CASE n = 27, HYPERSURFACE OF DEGREE 15 IN P(1,2,3,5,5).

We use the notations and assumptions of chapter 1. Let n = 27. Then X is a sufficiently
general hypersurface in P(1,2,3,5,5) of degree 15, the equality —K3% = 1/10 holds, and the
singularities of X consist of the point O that is a quotient singularity of type %(1, 1,1), and the
points P, P, and P3 that are quotient singularities of type %(1, 2,3).

Let ¢ : X --» P(1,2,3) be the natural projection. Then the map 1 is not defined in the
points P;, P, and P3. There is a commutative diagram

Yij

Uij Y
y
U, g
X - - - -P(1,2,3),

where «; is the weighted blow up of the point P; with weights (1,2,3), 8;; is the weighted blow
up with weights (1,2,3) of the proper transform of the point P; on the variety U;, 7;; is the
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weighted blow up with weights (1, 2,5) O the proper transiorm of 7 on U;j;, and 7) 18 and elliptic
fibration, where i # j and k & {i,7}.

Proposition 21.1. The claim of Proposition 0.7 holds for the hypersurface X.
Let us prove Proposition 21.1.

Remark 21.2. In the case CS(X, %M) = {Py, P», P3}, the claim of Proposition 0.7 holds for the
hypersurface X by Theorem A.15.

It follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10 that
1
@ # CS(X, M) € { Py, P2, P},

which implies that we may assume that the set CS(X, %M) contains point P; and does not
contain the point Ps.

Lemma 21.3. The set CS(X, +M) contains the point P;.

Proof. Suppose that CS(X, %M) does not contains the point Py. Then CS(X, %M) consists of
the point P;. Let D; be the proper transform of M on U;. Then Theorem A.15 implies that
the equivalence D; ~g —kKp, holds. The set CS(Uyj, %Dl) is not empty by Lemma B.5.

Let G be is the exceptional divisor of a1, and O and @Q are the singular points of G that are
quotient singularities of types %(1, 1,2) and %(1, 1,1) on Uj respectively. Then it follows from
the claim of Lemma A.16 that CS(U, %Dl) contains either the point O, or the point Q.

The linear system | — 2K, | is a pencil, and the base locus of the pencil | — 2Ky, | consists of
the irreducible curve C such that the curve C passes through the point O, and C is contracted
by the rational map ¥ o a; to a singular point of the surface P(1,2,3).

Suppose that the set CS(Uy, %Dl) contains the point O. Let m : W — U be the weighted
blow up of O with weights (1, 1,2), B be the proper transform of M on W, and C be the proper
transform of C' on W. Then B ~g —kKy by Theorem A.15, the linear system | — 2Kyy| is the
proper transform of the pencil | — 2K, |, and the base locus of | — 2Ky | consists of C.

Let S be a general surface in | — 2Kw|. Then B|s ~g kC, but on the surface S, the strict
inequality C? < 0 holds. Therefore, we have

Supp(S) N Supp(D) = Supp(C),
where D is a general surface in B, which is impossible by Lemma A.20.
Hence, the set CS(Uq, %Dl) contains the point Q.
Let ¢ : U — U; be the weighted blow up of the point @ with weights (1,1,1), F be the

exceptional divisor of ¢, H be the proper transform of M on U, and P be the proper transform
of the linear system | — 3Ky, | on U. Then H ~g —kKy by Theorem A.15, but

N 1
P ~g C'(=3Ku) = 5F,
and the base locus of P consists of the irreducible curve Z such that the curve a o ((Z) is the
unique base curve of the linear system | — 3K x|. Therefore, we have
1 1
“(—3K. ——F) Z=—,
which implies that

3k2 1 k2 1
_ *(_ _ = . *(_ _ — *(_ N . . >
o (g (—3Ky,) 2F) (g (—kKy,) 2F) (g (—3Ky,) 2F) Hy - Hy >0,
where Hy and H, are general surfaces of the linear system H. O

We have CS(X, %M) = {P;, P,}. Now we can apply the proof of Lemma 21.3 to the proper
transform of M on Ujs to get a contradiction. The claim of Proposition 21.1 is proved.
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Z2z. UASE n = 29, HYPERSURFACE OF DEGREE 10 IN IF(1,1,24,9,9).

We use the notations and assumptions of chapter 1. Let n = 29. Then X is a sufficiently
general hypersurface in P(1,1,2,5,8) of degree 16, the equality —K% = 1/5 holds, and the
singularities of the hypersurface X consist of the points O; and Os that are quotient singularities
of type %(1, 1,1), and the point P that is a quotient singularity of type %(1, 2,3).

There is a commutative diagram

U ’ W
l ln
X -~ =P(1,12),

where 1) is the natural projection, « is the weighted blow up of P with weights (1,2, 3), (3 is the
weighted blow up with weights (1, 1,2) of the singular point of the variety U that is a quotient
singularity of type %(1, 1,2), and 7 is an elliptic fibration.

It should be pointed out that the hypersurface X is birationally superrigid.

Proposition 22.1. The claim of Proposition 0.7 holds for the hypersurface X.

Proof. 1t follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10 that

& £ CS(X, %M) — (P}

Let D be the proper transform of M on U. Then

D ~Q —kKU ~Q Oé*(—ka) - gG,
by Theorem A.15, where G is the exceptional divisor of the morphism «. Moreover, it follows
from Lemma B.5 that the set CS(U, %D) is not empty. The exceptional divisor G is the weighted
projective space P(1,2,3).

Let Q and O be the singular points of the exceptional divisor GG that are quotient singularities
of types %(1, 1,2) and %(17 1,1) on U respectively. Then it follows from Lemma A.16 that either
the set CS(U, %D) consists of the point O, or the set CS(U, %D) contains the point Q.

Suppose that the set CS(U, %D) contains the point O. Let w : Y — U be the weighted blow
up of O with weights (1,1,1), H be the proper transform of M on Y, L be the curve on G that
is contained in |Op(y 2,3)(1)|, L be the proper transform of L on Y, and S be a general surface
of the linear system | — Ky|. Then H ~g —kKy by Theorem A.15, and the base locus of the
pencil | — Ky | consists of the curve L and the irreducible curve A such that com(A) is the base
locus of the pencil | — Kx|. Moreover, the equalities

A?=—1,[*=—-4/3, A-L=1

holds on the surface S. Thus, the intersection form of the curves A and L on the surface S is
negatively defined. On the other hand, we have

H|5 ~Q k‘S|5 ~Q kA + k‘fj,
which implies (see Lemma A.21) that
Supp(S) N Supp(D) = Supp(A) U Supp(L),

where D is a general surface in H, which is impossible by Lemma A.20.

Therefore, the set CS(U, %D) contains the point ). Let B be the proper transform of the
linear system M on the variety W. Then B ~g —kKyw by Theorem A.15, which implies that
the linear system B is contained in the fibers of the morphism 7. (|
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29. UASE n = 56U, HYPERSURFACE OF DEGREE 10 IN I°(1,1,95,4,0).

We use the notations and assumptions of chapter 1. Let n = 30. Then X is a sufficiently
general hypersurface in P(1,1,3,4,8) of degree 16, the equality —K35 = 1/6 holds, and the
singularities of X consist of the point O that is a quotient singularity of type %(17 1,2), and the
points P; and P, that are quotient singularities of type %(17 1,3).

There is a commutative diagram

/
\ A

where 1) is the natural projection, « is the weighted blow up of P; with weights (1,1, 3), [ is the
weighted blow up of P» with weights (1, 1,3), 7 is the weighted blow up with weights (1,1, 3) of
the proper transform of Py on U, ¢ is the weighted blow up with weights (1,1, 3) of the proper
transform of the point P; on the variety W, and 7 is and elliptic fibration.

The hypersurface X can be given by the equation of degree 16

2+ 2g(x,y,t,w) + zh(x,y,t,w) + q(,y,t,w) = 0 C Proj(Cla, y, 2,t,w]),

where wt(z) = wt(y) = 1, wt(z) = 3 and wt(t) = 4, wt(w) =8, f, ¢, h and ¢ are quasihomoge-
neous polynomials. Let £ : X --» P° be the rational map that is given by the linear subsystem
of the linear system | — 4K x| consisting of the divisors

4
pt+ 3 Aty =0,
i=0
where (1, A\, A1, A2, A3, Ag) € P5. Then ¢ is not defined in the point O, the closure of the image
of the rational map ¢ is the surface P(1,1,4), and the normalization of a general fiber of the
map & is an elliptic curve curve. There is a commutative diagram

where ( is the weighted blow up of O with weights (1,1, 2), and w is an elliptic fibration.

Proposition 23.1. FEither there is a commutative diagram

(23.2) X----"--- -V
|

Pl ly
N

P(1,1,3) - — — — - - P2,

or there is a commutative diagram

(23.3) x--- .x- -y
|

€l ly
y

]P)(17]-74) ———————————— >]P’27

where ¢, 0 and o are birational maps.
Proof. 1t follows from Theorem 1.7, Proposition 1.10 and Lemma 1.16 that

(%) 75 CS(X, %M) - {O,Pl,Pg}.
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ouppose that the set Lo(A, £/V1) contalns the point ). Let /- be the proper transiorm ol the
linear system M on the variety Z. Then P ~g —kKz by Theorem A.15, which implies that the
linear system P is contained in the fibers of the elliptic fibration w, which implies the existence
of the the commutative diagram 23.3.

Therefore, we may assume that CS(X, +M) C {Py, P,}. The existence of the commutative
diagram 23.2 follows from CS(X, %M) = {P1, P} by Theorem A.15. Therefore, to conclude the
proof, we may assume that CS(X, M) = {Py}.

Let B be the proper transform of the linear system M on the variety U, and Q be the singular
point of U that is contained in the exceptional divisor of o. Then B ~g —kKy by Theorem A.15,
and it follows from Lemmas B.5 and A.16 that the set CS(U, %B) contains the point Q.

Let v : U — U be the weighted blow up of the point @ with weights (1,1,2), D be the proper
transform of the linear system M on the variety U, and S be a sufficiently general surface of
the pencil | — K7|. Then D ~g —kKp by Theorem A.15, the surface S is normal, and the base
locus of the pencil | — K| consists of the irreducible curve A such that a o v(A) is the unique
base curve of the pencil | — Kx|. Moreover, the inequality A% < 0 holds on the surface S, but
the equivalence D|g ~qg kA holds, which contradicts Lemmas A.21 and A.20. O

24. CASE n = 31, HYPERSURFACE OF DEGREE 16 IN P(1,1,4,5,6).

We use the notations and assumptions of chapter 1. Let n = 31. Then X is a sufficiently
general hypersurface in P(1,1,2,3,4) of degree 10, the equality —K3% = 2/15 holds, and the
singularities of X consist of the point P; that is a quotient singularity of type %(17 1,1), the
point P, that is a quotient singularity of type %(17 1,4), and the point Ps that is a quotient

singularity of type %(1, 1,5).
Proposition 24.1. The claim of Proposition 0.7 holds for the hypersurface X.

Let us prove Proposition 24.1. There is a commutative diagram
/

where 1) is a projection, as is the weighted blow up of P, with weights (1,1,4), as is the weighted
blow up of P3 with weights (1, 1,5), 33 is the weighted blow up with weights (1, 1,5) of the proper
transform of P53 on Uy, 35 is the weighted blow up with weights (1,1, 4) of the proper transform
of the point P, on the variety Us, (4 is the weighted blow up with weights (1,1, 4) of the singular
point of the variety Us that is contained in the exceptional divisor of the morphism aj, s is the
weighted blow up with weights (1, 1,4) of the proper transform of Py on Usg, 74 is the weighted
blow up with weights (1,1,4) of the singular point of the variety Uss that is contained in the
exceptional divisor of the morphism (3, and 7 is an elliptic fibration.
It follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10 that

o # CS(X, %M) - {Pg,Pg}.

Let Do, D3, Dog and D3y be the proper transforms of M on Us, Us, Usz and Usy respectively,
then it follows from Lemma B.5 that the set CS(U,,, %Du) is not empty, if D, ~g —kKy,.

Lemma 24.2. Suppose that the set CS(X, %M), contains the point Ps. Let Py be the proper
transform of the point Py on the variety Us, and Py be the singular point of Uz that is contained
in the exceptional divisor of az. Then D3 ~g —kKy, and CS(Us, 1D3) C { Py, Py}.
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r'rooj. lhe equivalence L3 ~qQ —KIiiy,; tollows from lheorem A.lo. dSuppose that
1 _
CS(Us, EDg) Z {Py, Py},

and let G be the exceptional divisor of az. Then G = P(1, 1,5), and it follows from Lemma A.16
that there is a curve C' C G of the linear system |Op(;,1,5)(1)| that is contained in CS(Us, %Dg).
The hypersurface X can be given by the quasihomogeneous equation of degree 16
wZZ + f10($7 Y, 2, t)’UJ + flﬁ(wv Y, z, t) =0C ]P(lv 1a 47 57 6) = PI‘Oj ((C[.ZE, Y, 2,1, ’U)]),
where wt(z) = wt(y) = 1, wt(z) = 4, wt(t) = 5, wt(w) = 6, and f; is a quasihomogeneous
polynomial of degree i. There is a commutative diagram

as

where £ and x are projections, 7 is a birational morphism, which contracts 90 irreducible, smooth
and rational curves to isolated ordinary double points of the variety W, and w is a double cover
branched over the the surface R C P(1,1,4,5) that is given by the equation

f10($7 Y, 2, t)2 - 4zf16($7 Y, %, t) =0C ]P(lv 1a 47 5) = PI'Oj ((C[.ZE, Y, z, t])
and has 90 isolated ordinary double points, which are given by the equations
z = flO(':Ev Y, %z, t) = f16($7 Y, z, t) =0C ]P)(lv 1a 47 5) = PI‘O_j ((C[.ZE, Y, z, t])

Let B be the proper transform of the linear system M on the variety W, and Z be the proper
transform of the curve C on the variety W. Then the generality of f1o(z, vy, 2,t) and fi6(z,y, 2, t)
implies that there is the smooth rational curve L on the variety W such that w(L) = w(Z), but
the curve L is different from the curve Z.

The singularities of the log pair (W, %B) are canonical, the set CS(W, %B) does not contain
the curve L, the curve L contains 7(P), the curve Z contains m(Py), the curve Z does not
contain more than two isolated ordinary double points of the variety W, and the curve L does
not contain more than two isolated ordinary double points of the variety W.

Let S be a general surface in | — 4Kyy| that contains the curve Z. Then L? < 0 on S, but

Bls = multz(B)Z + multy (B)L + L ~q kZ + kL

where L is a linear system on the surface .S that does not have fixed components. Let D be a
general surface of the linear system . Then it follows from Lemma A.21 that the support of
the cycle S - D is contained in the union Z U L, which is impossible by Lemma A.20. O

Lemma 24.3. Suppose that the set CS(X, %M) contains the point Py. Let P3 be the proper
transform of the singular point P3 on Uy. Then Dy ~qg —kKy, and CS(Us, %Dg) = {P}.

Proof. The equivalence Dy ~g —kKp, is implied by Theorem A.15. Suppose that the set of
centers of canonical singularities CS(Us, %Dg) does not consists of the point P;. Let P5 be the
singular point of U, that is contained in the exceptional divisor of as. Then Pj is a quotient
singularity of type %(1, 1,3) on Uy, and CS(Us,, %Dg) contains Ps by Lemma A.16.

Let 7 : W — Us be the weighted blow up of the point Ps with weights (1,1,3), B be the proper
transform of the linear system M on the variety W, and S be a sufficiently general surface of the
pencil | — Kyy|. Then S is normal, the base locus of the pencil | — Kyy| consists of the irreducible
curve A such that B|g ~g kA, and A? < 0 on S, which contradicts Lemma A.20. O

Therefore, it follows from Theorem A.15 that either the equivalence Doz ~g —kKp,, holds,
or the equivalence D34 ~g —kKy,, holds.
Let D be the proper transform of the linear system M on the variety Y.
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Lemma z4.4. ouppose thal g3z ~Q —RIy,;. 1hen L ~qg —Kily.

Proof. Let I be the exceptional divisor of 32, G be the exceptional divisor of 83, P, be the
singular point of G, and Ps be the singular point of F. Then the proof of Lemma 24.3 implies
that CS(Uss, %DQ?,) does not contain the point Ps. Hence, it follows from Lemmas A.16 and B.5
that the set CS(Uss, %DQ;},) contains Pj, which implies D ~q —kKy by Theorem A.15. O

Lemma 24.5. Suppose that D34 ~q —kKys,,. Then D ~g —kKy .

Proof. Let G be the exceptional divisor of the morphism 34, P> be the proper transform of the
point P, on the variety Uss, and Pg be the singular point of the surface G. Then G is a cone
over the smooth rational cubic curve, and Py is a quotient singularity of type %(17 1,2) on Usy.

The set CS(Uas, %DQ?,) is not empty by Lemma B.5, but the equivalence D ~g —kKy follows
from Theorem A.15, if the set CS(Uss, %Dgg) contains the point Ps. Therefore, we may assume
that the set CS(Uas, %Dgg) contains the point Ps by Lemma A.16.

Let 7 : W — Usy be the weighted blow up of the point Ps with weights (1,1,3), B be the
proper transform of the linear system M on the variety W, and S be a sufficiently general surface
of the pencil | — Kyy|. Then the base locus of the pencil | — Kyy| consists of the irreducible the
curve A such that the equivalence B|g ~g kA holds, and the inequality A? < 0 holds on the
surface S. It follows from Lemma A.21 that B|g = kA, which is impossible by Lemma A.20. O

Hence, the equivalence D ~g —kKy holds, which implies that the linear system D is contained
in the fibers of the fibration n. The claim of Proposition 24.1 is proved.

25. CASE n = 32, HYPERSURFACE OF DEGREE 16 IN P(1,2,3,4,7).

We use the notations and assumptions of chapter 1. Let n = 32. Then X is a sufficiently
general hypersurface in P(1,2,3,4,6) of degree 16, the equality —K3$ = 2/21 holds, and the
singularities of the hypersurface X consist of the points Py, P», P3; and P, that are quotient
singularities of type %(1, 1,1), the point P5 that is a quotient singularity of type %(17 1,2), and
the point Py that is a quotient singularity of type %(17 3,4).

Proposition 25.1. The claim of Proposition 0.7 holds for the hypersurface X.

In the rest of the chapter we prove Proposition 25.1. There is a commutative diagram

U ’ Y
l ln
X- - - =P(1,2,3),

where 1) is a projection, « is the weighted blow up of Ps with weights (1,3,4), 5 is the weighted
blow up with weights (1,1, 3) of the singular point of the variety U that is a quotient singularity
of type %(1, 1,3) contained in the exceptional divisor of «, and 7 is an elliptic fibration.
It follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10 that CS(X, M) = {Ps}.
Let E be the exceptional divisor of the morphism «, and D be the proper transform of the
linear system M on the variety U. Then E is the weighted projective space P(1,3,4), and it
follows from Theorem A.15 that

k
D ~Q —kKU ~Q Oé*(—ka) — ?E,
but the set CS(U, %D) is not empty by Lemma B.5, because the divisor — Ky is nef and big.
Let P; and Py be the singular points of U that are quotient singularities of types %(1, 1,2)
and %(1, 1,3) contained in the surface E respectively. Then it follows from Lemma A.16 that

either the set CS(U, £D) contains the point P, or CS(U, D) consists of the point Pr.
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Lemma z9.4. ouppose that I's € Lo(A, V). Lhen there 1s a commutlalive aragram

(25.3) X————=-- %
|

P lu
A

P(1,2,3) - aPa > P2,

where ¢ 1s a birational map.

Proof. Let H be the proper transform of the linear system M on the variety Y. Then it follows
from Theorem A.15 that the equivalence H ~g —kKy holds. Hence, the linear system H lies in
the fibers of the fibration 7, which implies the existence of the commutative diagram 25.3. [J

To conclude the proof of Proposition 25.1, we may assume that CS(U, D) = {Pr}.

Let v : W — U be the weighted blow up of the point P; with Welghts (1,1,2), F be the
exceptional divisor of the morphism v, E be the proper transform of the surface F on the
variety W, and B be the proper transform of M on W. Then the surface F' is the weighted
projective space P(1,1,2), and it follows from Theorem A.15 that

k- 3k

. k

The hypersurface X can be given by the quasihomogeneous equation
w2y + ng(.ZE, Y, %z, t) + f16($7 Y, =, t) =0C ]P)(lv 2a 37 47 7) = PI‘Oj ((C[ill’, Y,2,t, w]) )

where wt(z) = 1, wt(y) = 2, wt(z) = 3, wt(t) = 4, wt(w) = 7, and fy and fi¢ are quasihomo-
geneous polynomials of degree 9 and 16 respectively. Let S be the unique surface of the linear
system | — K x|, and D be a general surface of the pencil | — 2K x|. Then the surface S is cut on
the hypersurface X by the equation x = 0, and D is cut on the hypersurface X by the equation

Ae? 4 py = 0,

where (A, 1) € PL. In particular, the surface D is irreducible and normal, and the base locus of
the linear system | — 2K x| consists of the curve C' that is cut on X by the equations z =y = 0,
which implies that C = D - S.

In the neighborhood of the point Py, the monomials z, z and ¢ can be considered as a weighted
local coordinates on X such that wt(z) = 1, wt(z) = 3 and wt(z) = 4. Then in the neighborhood
of the singular point Pg, the surface D can be given by equation

\z? + ,u(elarg + 0215 + €32%2° 4 €42° + est’x + eta® + ertza® + hig(z, 2, t) + Az, 2, t)) =0,

where ¢; € C, hig(z, 2,t) is a quasihomogeneous polynomial of degree 16, and A(z,z,t) is a
power series such that the quasihomogeneous degree of every monomial in A(x, z,t) is greater
than 16, which implies that the geometry of the log par (X, D) does not depend on the properties
of the power series A(z, z,t) in the neighborhood of the point Pg. In the neighborhood of the
singular point P, the morphism « can be given by the equations

w=FET, 2= 3T, t =137,
where 7, g and Z are weighted local coordinates on the variety U in the neighborhood of the
singular point Py such that wt(#) = 1, wt() = 2 and wt(#) = 1. Let D, S and C be the proper
transforms on U of the surface D, the surface S and the curve C' respectlvely, and E be the
exceptional divisor of the morphism a. Then in the neighborhood of the singular point P7 the
surface F is given by the equation Z = 0, the surface D is given by the vanishing of the function

hig(Z27,27,157) A(337,57, 2%))
2 b)
7

N4 (3 F+ e 5 e B e T esT i eols iertEi 4 -
d

and the surface S is given by the equation z = 0.
In the neighborhood of the singular point of F', the morphism ( can be given by the equations

-1 2 . o1
T =1Tz3, Zz=123, t=1z3,
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where xr, z and t are weignted local coordinates on the variety W 1n the neighbornood or tne
singular point of the surface F' such that wt(z) = wt(z) = wt(f) = 1. The surface F is given
by the equation z = 0, the proper transform of the surface D on the variety W is given by the
vanishing of the analytical function

3 2 — 5 3 2 - 5
~ ~ hig(z27,27,t27) A(zz7,%7,837
Aa?2+u(e1:3923+e222:36+egz:z3+e4+e5525:z+66t93522+e7t2£2+ ( P )+ ( S )),
zZ21 zZ21

the proper transform of the surface S on the variety W is given by the equation = 0, and the
proper transform of the surface E of the variety W is given by the equation z = 0.

Let P, D, S and C be the proper transforms on the variety W of the pencil | — 2K x|, the
surface D, the surface S and the curve C respectively, and H be the proper transform on the
variety W of the surface that is cut on X by the equation y = 0. Then the surface D is a general
surface of the pencil P. Moreover, we have

¢ _ . 2
- " 2, 2 . 2_ 6
( ) DNQ(O‘OV) (_ZKX)_?'Y (E)—gFNQ(ao'y) (—ZK)()—?E—?F,
25.4
_ N 1, 1 . 1. 3
S~g(a0)(=Kx) = 27 (E) = 3F ~g (@09)"(=Kx) - 2B = 2 F,
[] * * 9 « 9 _ 6 _ _
H~on (a (—2Kx) - ;E) ~g (@07) (-2Kx) — B - ZF ~q 25— E.

The curve C is contained in the base locus of the pencil P, but the curve C is not the only
curve in the base locus of the pencil P. Namely, let L be the curve on the surface E that is
contained in the linear system |Op(y, 3 4y(1)|, which means that L is the curve given locally by the
equations Z = Z = 0, and L be the proper transform of L on W. Then the curve L is contained
in the base locus of the pencil P as well. Moreover, it follows from the local computations that
the base locus of the pencil P does not contain curves outside of the union of C' U L.

The curve C is the intersection of the divisors S and H, and the curve L is the intersections
of the divisors S and E. Moreover, we have 20 =D-H,C+L=S-Dand 2L =D -E.

The curves C and L can be considered as divisors on the normal surface D. Then it follows
from the equivalences 25.4 that

E'E:E-E-D:_i
4 8

. H-H-D . . - . _ _ L

(25.5) C.-C = zs.S.D_S.E.D_§E.E.D:_1’

4 2 24

. H-E-D S-E-D E-E-D 3

L= - _ -2

¢ 4 2 4 8’

which implies that the intersection forms of C and L on D is negatively definite.
Let G be a sufficiently general surface of the linear system B. Then

Glp ~o0 —kKw|p ~q kS|p ~g kC + kL,
but it follows from Lemma A.21 that
Supp(G N D) = Supp(C') U Supp(L),
which is impossible by Lemma A.20. The claim of Proposition 25.1 is proved.

Remark 25.6. Let NE(W) be a closure in R? of the cone that is generated by the effective one-
dimensional cycles of the variety W. Then the negative definiteness of the intersection form of
the curves C and L on the surface D implies that the curves C and L generates two-dimensional
face of the cone NE(W) that does not contain irreducible curves except C' and L, which can be
deduced directly from the equivalences 25.4.
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20. UASE n = 50, HYPERSURFACE OF DEGREE 1& IN I°(1,1,4,0,7).

We use the notations and assumptions of chapter 1. Let n = 36. Then X is a sufficiently
general hypersurface in P(1,1,4,6,7) of degree 18, the equality —K% = 3/28 holds, and the
singularities of X consist of the point P; that is a quotient singularity of type %(1, 1,1), the
point P, that is a quotient singularity of type %(1, 1,3), and the point P3 that is a quotient

singularity of type %(17 1,6). There is a commutative diagram

U3 o U34 = Y
| |
_____________ =P(1,1,4
X y (1,1,4)

where 1 is a projection, a3 is the weighted blow up of P3 with weights (1,1,7), (4 is the weighted
blow up with weights (1,1,6) of the singular point of the variety Us that is contained in the
exceptional divisor of the morphism «ag, 5 is the weighted blow up with weights (1,1,4) of the
singular point of the variety Usyq that is contained in the exceptional divisor of the birational
morphism (4, and 7 is an elliptic fibration.

Remark 26.1. The divisors — Ky, and —Kp,, are nef and big.
The hypersurface X can be given by the quasihomogeneous equation of degree 18
Pt 4 2 g(x,y,t,w) + zh(z,y,t,w) + q(x,y,t,w) = 0 C Proj(Cla, y, 2, t,w]),

where wt(z) = wt(y) = 1, wt(z) = 4, wt(t) = 6, wt(w) = 7, and f, g, h and ¢ are quasihomo-
geneous polynomials. Let £ : X --» P7 be a map that is given by the linear system of divisors
that are cut on the hypersurface X by the equations ut + Z?:o Niz'y5~% = 0, where p and \;
are complex numbers. Then there is a commutative diagram

W

jy/ <Q£\\\\\\\\i\\\\\\\\$

Us Us e
[

where g is the weighted blow up of the singular point Py with weights (1,1,3), ag is the
weighted blow up of Ps with weights (1,1,6), (2 is the weighted blow up with weights (1,1, 3)
of the proper transform of P, on Us, (33 is the weighted blow up with weights (1,1,6) of the
proper transform of P3 on Us, and w is an elliptic fibration.

Remark 26.2. The divisor — K7y, is nef and big.

In the rest of the chapter we prove the following result.

P(1,1,6),

Proposition 26.3. FEither there is a commutative diagram

(26.4) x-S it -y
|
vl &
v
P(1,1,4) - — = — — — — — — — — — > P2
(1,1,4) 5 P2,
or there is a commutative diagram
(26.5) X---" sy
|
3 lu
y
P(1,1,6) - — - — — = P2,

where (, ¢ and o are birational maps.
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1t 1ollows 1rom lheorem L./, Froposition 1.1U and Lemma 1.10 that
1
o+ CS(X, EM) - {Pg,Pg},
and the existence of the commutative diagram 20.4 is obvious, if CS(X, 1 M) = {P,, P3}.

Lemma 26.6. The set CS(X, 1. M) contains point Ps.

Proof. Suppose that P; ¢ CS(X,1M). Then CS(X, M) = {P}. Let Dy be the proper
transform of M on Us, and Py be the singular point of Uy that is contained in the exceptional
divisor of ap. Then Dy ~g —kKy, by Theorem A.15, the point Fs is a quotient singularity of
type %(17 1,2) on Us, and it follows from Lemmas B.5 and A.16 that Ps € CS(Us,, %Dg).

Let m : Z — Us be the weighted blow up of Ps with weights (1,1,3), and B be the proper
transform of M on Z, and S be a general surface of | — Kz|. Then S is normal, and the base
locus of the | — Kz| consists of the irreducible curve A such that B|g ~q kA.

The equality A? = 1/7 holds on the surface S, which contradicts Lemmas A.20 and A.21. O

To conclude the proof of the Proposition 26.3, we may assume that CS(X, %M) = {Ps}.

Let D3 be the proper transform of M on Uz, and P, be the singular point of Us that is
contained in the exceptional divisor of the a3. Then D3 ~g —kKy,, and P, is a quotient
singularity of type §(1,1,5) on Us that is contained in CS(Us, +D3) by Lemmas B.5 and A.16.

Lemma 26.7. The set CS(Us, %Dg) consists of the point Py.

Proof. Suppose that the set CS(Ug,%Dg) contains a subvariety C' of the variety Ujs that is
different from the point P;. Let G be the exceptional divisor of the morphism 4. Then G is a
cone over a smooth rational curve of degree 6, and C is a ruling of G by Lemma A.16.

The proper transform of G on W is a section of the elliptic fibration w. Let D be a general
surface of the linear system D3, and Z be a sufficiently general fiber of the fibration w such that
the curve (2(Z) intersects the curve C. Then [2(Z) is not contained in D. Thus, we have

k
5= B2(Z) - D > multe(D) > k,
which is a contradiction. O

Hence, the set CS(Us, %Dg) consists of the point Ps. Let D34 be the proper transform of the
linear system M on the variety Us4, and Ps be the singular point of the variety Usy that is
contained in exceptional divisor of the morphism 34. Then D3y ~g —kKy,, by Theorem A.15,
the point Ps is a quotient singularity of type %(1, 1,4) on Usy, but CS(Usy, %D34) contains the
point Ps by Lemmas B.5 and A.16. It follows from Theorem A.15 that the proper transform
of the linear system M on Y is contained in fibers of the elliptic fibration 7, which implies the
existence of the commutative diagram 26.4. The claim of Proposition 26.3 is proved.

27. CASE n = 38, HYPERSURFACE OF DEGREE 18 IN P(1,2,3,5,8).

We use the notations and assumptions of chapter 1. Let n = 38. Then X is a hypersurface of
degree 18 in IP(1, 2, 3,5, 8), the singularities of X consist of the points P; and P, that are quotient
singularities of type %(1, 1,1), the point Ps that is a quotient singularity of type %(1, 2,3), and
the point P4 that is a quotient singularity of type %(1, 3,5), and the equality —K3 = 3/40 holds.

Proposition 27.1. The claim of Proposition 0.7 holds for the hypersurface X.
Proof. Tt follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10 that
1
1% 7& CS(Xa EM) - {P37P4}7

but the proof of Proposition 21.1 implies that Py € CS(X, %M)
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Lhere 15 a commutative dlagram

e
TN AT e
A

—

where 1 is a projection, as is the weighted blow up of P35 with weights (1,2, 3), ay is the weighted
blow up of Py with weights (1, 3,5), (4 is the weighted blow up with weights (1, 3,5) of the proper
transform of Py on Us, (33 is the weighted blow up with weights (1,2, 3) of the proper transform
of the point P3 on Uy, (5 is the weighted blow up with weights (1,2,3) of the singular point of
the variety Uy that is a quotient singularity of type (1 2, 3) contained in the exceptional divisor
of the morphism ay, 3 is the weighted blow up w1th weights (1,2, 3) of the proper transform of
the point P3 on the Uys, 75 is the weighted blow up with weights (1,2, 3) of the singular point
of the variety Usy4 that is a quotient singularity of type %(1, 2,3) contained in the exceptional
divisor of the morphism 34, and n is an elliptic fibration.

Let D4 be the proper transform of the linear system M on the variety Uy, P; be the proper
transform of the point P3 on Uy, and Ps and Py be the singular points of the variety Uy that
are quotient singularities of types %(1, 2,3) and %(1, 1,2) contained in exceptional divisor of the
morphism a4 respectively. Then the arguments of the proof of Proposition 25.1 imply that

%'D4) N {Pg, P5} #+ .

Suppose that Py € CS(Uy, %D5). Then the proofs of Propositions 21.1 and 25.1 implies that
the set CS(Uy, %D5) contains the singular point Ps. Therefore, the claim of Theorem A.15
implies that the claim of Proposition 0.7 holds for the hypersurface X.

We may assume that the set CS(Uy, %D5) contains the point Ps.

Let D45 be the proper transform of M on Uys, and P; and FPs be the singular points of
the variety Uys that are quotient singularities of types %(1, 1,1) and %(1, 1,2) contained in the
exceptional divisor of (5 respectively. Then if follows from Lemma B.5 that

CS(Us,

1

=D a,

D) #

and Theorem A.15 implies that the claim of Proposition 0.7 holds for the hypersurface X in the

case when the set CS(Uys, %D45) contains the proper transform of the point P3 on Uys.
Therefore, it follows from Lemma A.16 that to conclude the proof, we may assume that the

set CS(Uys, %D45) contains either the point Py, or the point Ps.

CS(Uys,

Suppose that P; € CS(Uys, %D45). Then considering the proper transform of the complete
linear system | — 3K x| on the weighted blow up of the point P; with weights (1,1,1), we easily
obtain a contradiction as in the proof of Lemma 21.3.

Thus, the set CS(Uys, %D45) contains the point Px.

Let m : W — Uys be the weighted blow up of Pg, B be the proper transform of M on the
variety W, and D be a general surface in | — 2Kyw|. Then B ~g —kKyw by Theorem A.15, the
surface D is normal, the pencil | — 2Kyy| is the proper transform of the pencil | — 2K x|, and the
base locus of the pencil | — 2Ky | consists of the curves C' and L such that ay o 5 o w(C) is the
unique base curve of the pencil | — 2K x|, and the curve 5 om(L) is contained in the exceptional
divisor of the morphism ay.

The the intersection form of the curves C and L on the surface D is negatively definite, but
the equivalence B|p ~q kC + kL holds, which is impossible by Lemmas A.21 and A.20. O
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20. UASE n = 4U, HYPERSURFACE OF DEGREE 19 IN IF(1,95,4,90,7).

We use the notations and assumptions of chapter 1. Let n = 40. Then X is a sufficiently
general hypersurface in P(1,3,4,5,7) of degree 19, the singularities of the hypersurface X consist
of the point P; that is a quotient singularity of type %(1, 1,2), the point P, that is a quotient
singularity of type %(17 1,3), the point P that is a quotient singularity of type %(1, 2,3), and
the point Py that is a quotient singularity of type %(17 3,4), and —K% = 19/420.

There is a commutative diagram

Y
U3 U4 _ -
:?\ A //',/’/'iz'/
-

where 9 is the natural projection, ag is the weighted blow up of the singular point P3; with
weights (1,2, 3), ay is the weighted blow up of Py with weights (1,3,4), (3 is the weighted blow
up with weights (1,2,3) of the proper transform of P35 on Uy, (34 is the weighted blow up with
weights (1,3,4) of the proper transform of Py on Us, and 7 is an elliptic fibration.

In the rest of the chapter we prove the following result.

P(1,3,4),

Proposition 28.1. The claim of Proposition 0.7 holds for the hypersurface X.
It follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10 that
& £ CS(X, %M) C (P, i)
Let D3 and D4 be the proper transforms of the linear system M on Us and Uy respectively.
Lemma 28.2. Suppose that CS(X, M) = {Ps, P,;}. Then there is a commutative diagram

(28.3) X---S---sv
|

Pl lu
\

P(1,3,4) - — — - - > P2,

where ¢ 1s a birational map.

Proof. Let 'H be the proper transform of the linear system M on the variety Y. Then it follows
from Theorem A.15 that the equivalence H ~g —kKy holds, which implies that H lies in the
fibers of the elliptic fibration 7, which implies the existence of the commutative diagram 28.3. [J

Let P; and Ps be the singular points of the variety Us that are contained in the exceptional
divisor of ag such that P; and P are quotient singularities of types %(17 1,1) and %(1,1,2)
respectively, and P; and Pg are the singular points of the variety Uy that are quotient singu-
larities of types %(17 1,2) and %(17 1,3) contained in the exceptional divisor of the morphism a4
respectively. Then it follows from Theorem A.15 and Lemmas B.5 and Lemma A.16 that

1 1
Py g (CS(X, EM) = CS(Ug, E'Dg) N {P5, Pﬁ} #+ o,

1 1
P & (CS(X, EM) = CS(U4, E'D4) N {P7, Pg} #+ .

Lemma 28.4. Suppose that Py ¢ CS(X, +M). Then Ps & CS(Us, :D3).

Proof. Suppose that the set CS(Us, %Dg) contains the point Ps. Let v : W — Us be the weighted

blow up of P5 with weights (1,1, 1), F' be the exceptional divisor of -y, D be the proper transform

of the linear system M on the variety W, H be the proper transform of the pencil | — 3K x| on
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the variety V¥V, [V be a sulliciently general surface ol the linear system L/, and f1 be a sulliciently
general surface of the pencil H. Then we have the equivalence
_ . 3, 1
1 ~g (a3 09)"(=3Kx) — 29°(E) - 3 F,
but the base locus of the pencil H consists of the curve C such that aso~(C) is the unique base
curve of the pencil | — 3K x|. On the other hand, it follows from Theorem A.15 that
_ . k
D ~q —kKw ~q v (—kKy,) — §F
The equivalence D)| a ~Q kC and the equality C? = —lS/ 28 hold on H. Therefore, it follows
from Lemma A.21 that the support of H - D consists of C, which contradicts Lemma A.20. O

Lemma 28.5. Suppose that Py ¢ CS(X, 1 M). Then Ps ¢ CS(Us, 1D3).

Proof. Suppose that Ps € CS(Us, %Dg). Let v : W — Us be the weighted blow up of Pg with
weights (1,1,2), F' and G be the exceptional divisors of ag and ~ respectively, B and D be the
proper transforms of M and | — 7K x| on the variety W respectively, and D be a sufficiently
general surface of the linear system D. Then it follows from Theorem A.15 that

k k

B ~q —kKw ~q (a3 0v)" (—kKx) — gF — §G,
but the base locus of the linear system D does not contain curves. Moreover, we have
. 2
D ~q (a3 o) (-=7TKx) — SF -G,

the divisor D is nef, but the explicit calculations imply that

2
D By By = ((a3 o) (—TKx) — %F - G) ((a3 o) (—kKy) — gF - gG) - —%/&

where By and Bs are general surfaces in B, which is a contradiction. O

Lemma 28.6. Suppose that Py & CS(X, +M). Then P; & CS(Uy, 1Dy).

Proof. Suppose that the set CS(Uy, %D4) contains the point P;. Let v : W — Uy be the weighted
blow up of P; with weights (1,1,2), F' be the exceptional divisor of 7, D be the proper transform
of the linear system M on W, H be the proper transform of | — 4K x| on W, D be a general
surface of the linear system D, and H be a general surface of the linear system H. Then

_ 4 1

1 ~g (a5 09)"(—4Kx) = £9"(E) - 3 F,
and the base locus of H consists of the irreducible curve C such that a3 0y(C) is the unique base
curve of the linear system | — 4K x|. On the other hand, it follows from Theorem A.15 that the
equivalence D ~q@ —kKyw holds. Moreover, the equality C? = —1/6 holds on H, which implies
that the support of H-D consists of C, because D| g ~qg kC, which contradicts Lemma A.20. O

Lemma 28.7. Suppose that Py ¢ CS(X, tM). Then Py & CS(Uy, 1 Dy).

Proof. Suppose that the set CS(Uy, %D4) contains the point Pg. Let v : W — Uy be the weighted
blow up of Py with weights (1,1,3), D be the proper transform of M on W, H be a general
surface of the pencil | — 3Ky/|, and D be a general surface in D. Then D ~q —kKw, but the
base locus of the pencil | — 3Kyy| consists of the irreducible curve C' such that ay o y(C) is the
base curve of | — 3K x|. Moreover, the equality C? = —1/20 holds on H, but D|gz ~g kC, which
implies that the support of H - D consists of C, which is impossible by Lemma A.20. OJ

The claim Proposition 28.1 is proved.
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29. UASE n = 49, HYPERSURFACE OF DEGREE 2ZU IN IF(1, 2,4,9,9).

We use the notations and assumptions of chapter 1. Let n = 43. Then X is a sufficiently
general hypersurface in P(1,2,4,5,9) of degree 20, the equality —K$% = 1/18 holds, and the
singularities of the hypersurface X consist of the points Pi, P>, P53, P, and P; that are quotient
singularities of type %(1, 1,1), and the point Py that is a quotient singularity of type %(17 4,5).
Proposition 29.1. The claim of Proposition 0.7 holds for the hypersurface X.

In the rest of the chapter we prove Proposition 29.1. It follows from Theorem 1.7, Lemma 1.16
and Proposition 1.10 that CS(X, M) = {Ps}. There is a commutative diagram

U a Y
l ln
) G—— = P(1,2,4),

where 1) is a projection, « is the weighted blow up of Pg with weights (1,4,5), 3 is the weighted
blow up with weights (1,1, 4) of the singular point of the variety U that is a quotient singularity
of type %(1, 1,4) contained in the exceptional divisor of «, and 7 is an elliptic fibration.

Let D be the proper transform of the linear system M on the variety U, and P; and Ps be
the singular points of U that are quotient singularities of types i(l, 1,3) and %(17 1,4) contained
in the exceptional divisor of o respectively. Then D ~g —kKy by Theorem A.15.

We must show that the proper transform of the linear system M on the variety Y is contained
in the fibers of the 7, which is implied by Theorem A.15, if Py € CS(U, %D) Thus, to conclude
the proof of Proposition 29.1 we may assume that Pg ¢ CS(U, %D)

Remark 29.2. The set CS(U, %D) contains P7 by Lemma A.16, because — Ky is nef and big.

Let v : W — U be the weighted blow up of the singular point P; with weights (1,1, 3), B be
the proper transform of the linear system M on the variety W, and Py be the singular point of
the variety W that is a quotient singularity of type %(17 1,2) contained in the exceptional divisor
of the morphism ~. Then the equivalence B ~g —kKyw holds by Theorem A.15.

Lemma 29.3. The set CS(W, £B) does not contains the point Py.

Proof. Suppose that the set CS(W, %B) contains the point Py. Let m: Z — W be the weighted
blow up of the singular point Py with weights (1,1,2), H be the proper transform of the linear
system M on the variety Z, and P be the proper transform of the linear system | — 5K x| on
the variety Z. Then H ~g —kKz by Theorem A.15, but the base locus of P consists of the
irreducible curve I" such that a0~ o 7(T") is the base curve in of | — 5K x|.

Let Hy and Hy be general surfaces of the linear system H, and D be general surface of the
linear system P. Then D -T' =1 and D3 = 6. Therefore, the divisor D is nef and big, but the
elementary computations imply that D - Hy - Ho = 0, which is impossible by Corollary A.19. [

Therefore, the claim of Lemma A.16 implies the following corollary.
Corollary 29.4. The singularities of the log pair (W, %B) are terminal.
The hypersurface X can be given by the quasihomogeneous equation of degree 20
w?y + wfi(z,y, 2,t) + foolz,y, z,t) =0 C P(1,2,4,5,9) = Proj ((C[a;,y, z,t,fw]),

where wt(z) = 1, wt(y) = 2, wt(z) =4, wt(t) =5, wt(w) =9, and fi(x,y, 2,t) is a quasihomo-
geneous polynomial of degree i. Let D be a general surface in | — 2K x|, and S be a surface that
is cut on the hypersurface X by the equation = 0. Then D is cut on X by the quasihomoge-
neous equation Az? + py = 0, where (), 1) € P, and the base locus of | — 2K x| consists of the
irreducible curve C that is cut on the hypersurface X by the equations x =y = 0.

In the neighborhood of the point Py, the monomials x, z and ¢ can be considered as weighted
local coordinates on X such that wt(z) = 1, wt(z) = 4 and wt(¢) = 5. Then in the neighborhood
of the singular point Ps, the weighted blow up « is given by the equations

1 4 5

rT=2xz9, z=29, t =129,
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where xr, z and t are weighted local coordinated on the variety U In the neighbornood or the
singular point P7 such that wt(Z) = 1, wt(2) = 3 and wt(¢ ) 1.

Let E be the exceptional divisor of the morphism «, and D, S and C be the proper transforms
on the variety U of the surface D, the surface S and the curve C' respectively. Then E is given
by the equation z = 0, and the surface S is given by the equation & = 0. Moreover, it follows
from the local equation of the surface D that D -S = C + 2L, where L; is the curve that is
locally given by the equations Z = & = 0. Moreover, the surface D is not normal in a general
point of the curve L. Nevertheless, we have the equivalences

_ . 2
D ~q 25 ~g a*(~2Kx) — S E.

In the neighborhood of the point Py the morphism ~ is given by the equations

.t:-lw

~ P s -1
T=2Tz4, 2=724, {t =121,
where Z, z and t are weighted local coordinates on the variety W in the neighborhood of the
point Py such that wt(Z) = 1, wt(z) = 2 and wt(¢) = 1. In particular, the exceptional divisor of
the morphism ~ is given by the equation z = 0, and the proper transform of the surface S on
the variety W is given by the equation & = 0.

Let F be the exceptional divisor of the morphism v, and D, S, E, C and L; be the proper
transforms on the variety W of the surface D, the surface S, the surface E, the curve C' and the
curve L respectively. Then we the equivalence

_ . 1 . 1

S~ —Kw ~q (o) (—=Kx) — 97 (E) - 1

_ 9 1
(29.5) D ~qg —2Kw ~q (a07)"(-2Kx) — 57*(E) -5k

_ . 3

E ~q7"(E) — JF.

Let Lo be the curve on the variety W that is given by the equation Z = Z = 0. Then
D-8=C+2L1+ Ly, D-E=2Ly, D-F = 2Ly,
but the base locus of | — 2Kyy| consists of the curves C, L1 and Lo. The equivalences 29.5 imply
D-C=0,D-L; :_é’ D-ng%.
Let H and T be the proper transforms on the variety W of the surfaces that are cut on the
hypersurface X by the equations y = 0 and ¢ = 0 respectively. Then

T * b * 1 * 5 = 2

T ~q (o) (=5Kx) — -7 (E) — - F ~q (a07)"(-5Kx) — - FE — S F,
(29'6) 911 43 911 ’ 5

H ~q (aov)"(~ QKX)—KV*(E)—iFN@ (o) (= 2KX)—§E—§F

which implies that

—14Kw ~q 14D ~q 2T + 2H + 2F,
and the support of the cycle T - H does not contain the curves Ly and C. Therefore, the base
locus of the linear system | — 14Kyy| does not contain curves except the curve L.

The singularities of the mobile log pair (W, \| — 14Kyy|) are log-terminal for some rational
number A > 1/14, but the divisor Ky +A| — 14Ky | has non-negative intersection with all curves
on the variety W except the curve L;. It follows from [15] that the log-flip ¢ : W --» Z in the
curve L with respect to the log pair (W, \| — 14Ky/|) exists.

Let P be the proper transform of the linear system M on the variety Z. Then the singularities
of the log pair (Z, %P) are terminal, because the singularities of the log pair (W, %B) are terminal,
but the rational map ( is a log flop with respect to the log pair (W, %B), but — Kz is numerically
effective, because the base locus of the linear system | — 14Kyy| does not contain curves outside
the curve Ly, and the inequality — Ky - L < 0 holds.

In the rest of the chapter we show that — K is big, which contradicts Lemma B.5.
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1ne rational runctions y/x~ and ty/x  are contamned 1n |zo| and |/(o| respectively, but the
equivalences 29.6 implies that y/z? and ty/x” are contained in |25| and |75| respectively.

Let Z be the proper transform on the variety W of the irreducible surface that is cut on the
hypersurface X by the equation z = 0. Then the equivalences

7 * 4- * * 4- I 1

Z ~q (o) (—4Kx) — 97 (E) ~g (a0v)"(—4Kx) — gf—3F
hold, which imply that —6Kw ~q Z + H + E. Thus, the rational function zy/x% is contained
in the linear system |6S|. Thus, the linear system | — 42Ky | maps the variety W dominantly
on some three-dimensional variety, which implies that the divisor —K 7 is big.

The claim of Proposition 29.1 is proved.

Remark 29.7. The rational function wy3/z!® is contained in the linear system |15S]|, which

implies that the linear system | — 210Kyy| induces the birational map W --» X’ such that the
variety X’ is a hypersurface in P(1,2,6,7,15) of degree 30 with canonical singularities.

30. CASE n = 44, HYPERSURFACE OF DEGREE 20 IN P(1,2,5,6,7).

We use the notations and assumptions of chapter 1. Let n = 44. Then X is a sufficiently
general hypersurface in P(1,2,5,6,7) of degree 20, the equality —K3% = 1/21 holds, and the
singularities of the hypersurface X consist of the points P;, P, and Ps that are quotient singu-
larities of type %(17 1,1), the point P, that is a quotient singularity of type %(1, 1,5), and the
point Ps that is a quotient singularity of type %(17 2,5).

There is a commutative diagram

Y
Uy Us e
:z\ A //,,/"'iz'/
s

where 1 is a projection, ay is the weighted blow up of P, with weights (1,1,5), a; is the weighted
blow up of P5 with weights (1,2,5), (4 is the weighted blow up with weights (1, 1,5) of the proper
transform of Py on Us, 35 is the weighted blow up with weights (1,2, 5) of the proper transform
of the point P5 on the variety Uy, and 7 is an elliptic fibration.

The hypersurface X can be given by the quasihomogeneous equation of degree 20

w’t + wf(z,y, z,t) + g(x,y,t) = 0 C Proj ((C[:E,y, z,t,w]),

P(1,2,5),

where wt(x) = 1, wt(y) = 2, wt(z) = 5, wt(t) = 6, wt(w) =7, and f, g and h are quasihomoge-
neous polynomials. Let ¢ : X --» P be the rational map that is given by the linear subsystem
of the linear system | — 6 K x| consisting of divisors

Aot + My® + Aay?2? 4+ Ay + M\gab =0,

where (Ao, A1, A2, A3, \s) € P*. Then the rational map ¢ is not defined in the point Ps, and the
closure of the image of the rational map ¢ is the surface P(1, 1,3), which can be identified with
a cone over a smooth rational curve in P? of degree 3. Moreover, the normalization of a general
fiber of the rational map £ is an elliptic curve. There is a commutative diagram

Us W
Olsl lw
X- -~ =P113),

where s is the weighted blow up with weights (1,2,3) of the singular point of Us that is a
quotient singularity of type %(1,2,3) contained in the exceptional divisor of as, and w is an
elliptic fibration.
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In the rest of the chapter we prove the rollowing result.

Proposition 30.1. FEither there is a commutative diagram

(30.2) X oo o P v
|
Pl lu
y
P(1,2,5) - — - — - > ]P’2,
¢
or there is a commutative diagram
(30.3) Xo— e x -y
|
3 l
y
P(l, 1, 3) 777777777777 > P2

where ¢,  and o are birational maps.

It follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10 that
1
o # CS(X, EM) C{Py, P5},

but the proof of Lemma 18.2 implies that the set CS(X, %M) contains the point Ps.

The existence of the commutative diagram 30.2 easily follows from Theorem A.15 in the case
when CS(X, %M) = {Py, Ps}. Thus, to conclude the proof of Proposition 30.1, we may assume
that the set CS(X, +.M) consists of the point Ps.

In the rest of the chapter we prove the existence of the commutative diagram 30.3.

Let D5 be the proper transform of M on Us. Then D5 ~g —kKy, by Theorem A.15, which
implies that the set CS(Us, %D5) is not empty by Lemma B.5. Let G be the exceptional divisor
of the morphism as, and Ps and P; are the singular points of G that are quotient singularities
of types %(1, 2,3) and %(1, 1,1) on Us respectively. Then it follows from Lemma A.16 that the
set CS(Us, %D5) contains either the point Ps, or the point P;.

In the case when the set CS(Us, %D5) contains the point Py, the existence of the commutative
diagram 30.3 follows from Theorem A.15. Therefore, to conclude the proof of Proposition 30.1,
we may assume that the set CS(Us, %D5) contains the point Px.

In the rest of the chapter we obtain a contradiction.

Remark 30.4. The linear system | — 5K, | is a proper transform of | — 5K x|, and the base locus
of the linear system | — 5Ky | consists of the irreducible curve that is the fiber of the rational
map Y o a passing through the point P;.

Let 7 : U — Us be the weighted blow up of P; with weights (1,1,1), F be the exceptional
divisor of 7, D be the proper transform of M on the variety U, and H be the proper transform
of the linear system | — 5Ky,| on the variety U. Then D ~g —kKy by Theorem A.15, but

1
H ~q 7 (=5Ky,) — §F’
and the base locus of H consists of the irreducible curve Z such that as o w(Z) is the unique
curve in the base locus of the linear system | — 5K x|.

Let S be a general surface of the linear system H. Then the equality S-Z = 1/3 holds, which
implies that the divisor 7*(—10K7, ) — F' is nef. Let Dy and D2 be general surfaces of the linear
system D. Then we have

-5 = (77 (—10Kp,) — F) - (7r (—kKp,) — 5F) - (77 (—10Kp,) — F) Dy Dy >0,
which is a contradiction.

The claim of Proposition 30.1 is proved.
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ol. UASE n = 4/, HYPERSURFACE OF DEGREE 21 IN IF(l,1,90,7,95).

We use the notations and assumptions of chapter 1. Let n = 47. Then X is a sufficiently
general hypersurface in P(1,1,5,7,8) of degree 21, the equality —K$ = 3/40 holds, and the
singularities of X consist of the point P; that is a quotient singularity of type %(17 2,3), and the
point P» that is a quotient singularity of type %(17 1,7).

Proposition 31.1. The claim of Proposition 0.7 holds for the hypersurface X.

In the rest of the chapter we prove Proposition 31.1. It follows from Theorem 1.7, Lemma 1.16
and Proposition 1.10 that CS(X, %M) C {Py, P»}. Moreover, to conclude the proof of Proposi-

tion 31.1 we may assume that the singularities of (X, $ M) are canonical (see Remark 1.6).
The hypersurface X can be given by the equation
2 3
'U)2Z + Z wzlgl3—5i (:1:7 Y, t) + Z Zzg21_57;({17, Y, t) =0C Proj (C[.T, Y,z, ta w]) )
i=0 i=0
where wt(z) = 1, wt(y) = 1, wt(z) =5, wt(t) = 7, wt(w) = 8, and g;(x,y,t) is a quasihomoge-
neous polynomial of degree ¢. There is a commutative diagram

U 1% Y

O{l ln
777777777777 >P(1.1.5

X ; (1,1,5),

where « is the weighted blow up of the point P, with weights (1,1,7), 3 is the weighted blow
up with weights (1,1,6) of the singular point of the variety U that is a quotient singularity of
type %(17 1,6), ~ is the weighted blow up with weights (1,1,5) of the singular point W that is
a quotient singularity of type %(1, 1,5), and 7 is and elliptic fibration.

Lemma 31.2. The set CS(X, 1 M) contains the point Ps.

Proof. Suppose that CS(X, $M) does not contains P». Then CS(X, M) = {P;}.

Let m : Z — X be the weighted blow up of P; with weights (1,2,3), E be the exceptional
divisor of w, and B be the proper transform of M on the variety Z. Then F is the weighted
projective space P(1,2,35), and the equivalence B ~g —kKz holds by Theorem A.15.

Let P; and P, be the singular points of the variety Z that are contained in the divisor E such
that P; and Py are quotient singularities of types %(1, 1,1) and %(17 1,2) respectively. Then the
proof of Proposition 22.1 implies that

(CS(Z, %B) N {Pg, P4} =g,
and it follows from Lemma A.16 that the singularities of (Z, %B) are terminal.

The base locus of the pencil | — Kz| consists of the irreducible curves C' and L such that the
curve 7(C') is cut by the equations x = y = 0 on the hypersurface X, the curve L is contained
in the divisor £, and L is contained in |Op(y, 9 3)(1)|. The inequalities

—KZ'C<O, —-Kz-L>0

hold, which imply that the curve C is the only curve on the variety Z that has negative inter-
section with the divisor — K.

It follows from [15] that the antiflip ¢ : Z --» Z in the curve C exists, and —K ; is nef.

Let P be the proper transform of the linear system M on the variety Z. Then the singularities
of the log pair (Z, %P) are terminal, because the singularities of the log pair (Z, %B) are terminal,
and the antiflip ¢ is a log flop with respect to the log pair (Z, %B)

One can easily check that the rational functions y/x, zy/x®, ty/z® and yw/2° are contained
in the linear system | — aKz|, where a = 1, 6, 8 and 9 respectively. Therefore, the complete
linear system | — 72K 7| induces the birational map x : Z --» X such that X is a hypersurface
of degree 24 in P(1,1,6,8,9). Hence, the divisor —K 5 is big, which contradicts Lemma B.5. O
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Let & be the exceptional div_isor oI the morphism «, LV be the proper trans_irorm oI the linear
system M on the variety U, P, be the proper transform of P; on U, and P be the singular
point of the variety U that is contained in G. Then D ~g —kKy by Theorem A.15.

Lemma 31.3. The set CS(U, +D) contains the point Ps.
Proof. Suppose that Py ¢ CS(U, %D) Then it follows from Lemmas B.5 and A.16 that

CS(U, 1D) = {P1},

because the divisor — K is nef and big.

Let 7 : Z — U be the weighted blow up of the point P; with weights (1,2,3), E be the
exceptional divisor of the morphism 7, and G and B be the proper transforms of G and M on
the variety Z respectively. Then B ~g —kKz by Theorem A.15, but the proof of Lemma 31.2
implies that the singularities of the log pair (Z, %B) are terminal.

Let S;, Sy, S., St and S, be the proper transforms on the variety Z of the surfaces that are
cut on X by the equations x =0, y =0, 2 =0, t = 0 and w = 0 respectively. Then
(

1 1_
Sy ~q (aom)" (—Kx) — 5E — §G’
1.
Sy ~q (o m)*(—Kx) — gE - gG,
. 1. 13-
(31.4) S, ~q (vom)*(=5Kx) — 3E — @G’
2 _
Si~g (@0 m) (~TKx) ~ 2B - ge,
Sw ~g (vom)*(—8Kx) — gE

The base locus of the pencil | — Kz| consists of the irreducible curves C' and L such that the
curve awo7(C') is cut by the equation = y = 0 on the hypersurface X, the curve L is contained
in the divisor £, and the curve L is the unique curve of the linear system [Op(;, o 3)(1)|-

It follows from [15] that there is the antiflip ¢ : Z --» Z in C such that —K is nef.

Let P be the proper transform of the linear system M on the variety Z. Then the singularities
of the log pair (Z, %P) are terminal.

The equivalences 31.4 imply that the functions y/z, zy/2%, ty/2® and wzy?/x'® are contained
in the complete linear system |aS;|, where a = 1, 6, 8 and 15 respectively. Hence, the linear
system | — 120K z| induces the birational map x : Z --» X such that X is a hypersurface of
degree 30 in P(1,1,6,8,15), which implies that —K ; is big, which contradicts Lemma B.5. [

Remark 31.5. It follows from the proof of Proposition 13.1 that the set CS(U, %D) does not
contain the subvarieties of the surface G that are different from the point Ps.

Let H be the proper transform of the linear system M on the variety W, F' be the exceptional
divisor of 3, P, be the proper transform of P; on W, and Ps be the singular point of W that
is contained in F'. Then H ~g —kKw by Theorem A.15, and the divisor — Ky is nef and big,
which implies that the set CS(W, %H) is not empty by Lemma B.5.

Lemma 31.6. Suppose that Py € CS(W, %H) Then there is a commutative diagram

(31.7) X-—-————-- =V
|

Pl ly
Al

P(1,1,5) - — — — — > P2,

where ¢ is a birational map.

Proof. Let B be the proper transform of M on Y. Then B ~g —kKy by Theorem A.15, which
implies that the linear system B lies in the fibers of the morphism 7, which implies the existence

of the commutative diagram 31.7. g
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10 conclude the proof ol rFroposition 5l.1, we may assume that the set Lo(W, £/1) does not
contains the point Ps. In particular, the set CS(W, %H) consists of the point P; by Lemma A.16.

In the rest of the chapter we obtain a contradiction.

Let m : Z — W be the weighted blow up of P; with weights (1,2,3), E be the exceptional
divisor of 7, B be the proper transform of M on Z, and G and F be the proper transforms on
the variety Z of the surfaces G and F' respectively. Then it follows from the proof of Lemma 31.2
that the singularities of the log pair (Z, %B) are terminal, but it follows from Theorem A.15 that
the equivalence B ~g —kKz holds.

Let S;, Sy, S., St and S, be proper transforms on the variety Z of the surfaces that are cut
on the variety X by the equations x =0, y =0, z =0, t = 0 and w = 0 respectively. Then

Sy ~@ (aoﬂoﬁ)*(—Kx)—%E—éé—iF,
* 6 1~ 1=
Sy ~q (a0 fBom) (_KX)_EE_EG_ZF’
19 5.~ (@0 fom)(-5kx) - 15 - Lo 25,
N 2 7T~ 3=
St ~q (vo fom) (—7KX)—5E—§G—ZF,
{ Sw ~q (o fom) (—8Kx) — gE

The equivalences 31.8 imply that the functions y/z, zy/x%, tzy?/z'* and wz2y3 /22! are con-
tained in the linear systems |S;|, |65, |14S;| and |215,| respectively. Therefore, the complete
linear system | — 42K 7| induces the birational map x : Z --» X such that the variety X is a
hypersurface in P(1,1, 6,14, 21) of degree 42 having canonical singularities.

The base locus of the linear system | — 42K 7| consists of the irreducible curve C' such that
the curve a o Bom(C) is cut on X by the equations = y = 0. Therefore, the existence of the
antiflip ¢ : Z --» Z in the curve C follows from [15], which implies that —K 5 is nef and big.

The rational map ( is a log flip with respect to the log pair (Z, %B) Therefore, we see that
the singularities of the mobile log pair (Z, %P) are terminal, where P is the proper transform of
the linear system M on the variety Z, which is impossible by Lemma B.5.

The claim of Proposition 31.1 is proved.

Remark 31.9. The proof of Proposition 31.1 gives the birational transformations of X into hy-
persurfaces in P(1,1,6,8,9), P(1,1,6,8,15) and P(1, 1,6, 14, 21) of degrees 24, 30 and 42 respec-
tively. The anticanonical models of the varieties U and W are hypersurfaces in P(1,1,5,7,13)
and P(1,1,5,12,18) of degrees 26 and 36 respectively. It follows from the proof of Proposi-
tion 31.1 that up to to the action of the group Bir(X) there are no other non-trivial birational
transformations of the hypersurface X into Fano varieties with canonical singularities.

32. CASE n = 48, HYPERSURFACE OF DEGREE 21 IN P(1,2,3,7,9).

We use the notations and assumptions of chapter 1. Let n = 48. Then X is a sufficiently
general hypersurface in P(1,2,3,7,9) of degree 21, the equality —K3% = 1/18 holds, and the
singularities of X consist of the point P; that is a quotient singularity of type %(1, 1,1), the
points P, and P53 that are quotient singularity of type %(1,1,2), and the point P, that is a
quotient singularity of type %(17 2,7). There is a commutative diagram

U o W L Y

Oll ln
____________ >P(1.2

X ; (1,2,3),

where 1) is a projection, « is the weighted blow up of Py with weights (1,2,7), 3 is the weighted

blow up with weights (1,2, 5) of the singular point of the variety U that is a quotient singularity

of type %(17 2,5) contained in the exceptional divisor of the morphism «, 7 is the weighted blow
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up with weights (1, 2,) of the singular point or the variety V¥ that 1s a quotient singularity or
type %(17 2,3) contained in the exceptional divisor of 3, and 7 is an elliptic fibration.

Proposition 32.1. The claim of Proposition 0.7 holds for the hypersurface X.

In the rest of the chapter we prove Proposition 32.1. It follows from Theorem 1.7, Lemma 1.16
and Proposition 1.10 that CS(X, M) = {P4}.

Let E be the exceptional divisor of the morphism «, D be the proper transform of the
linear system M on the variety U, and P5; and FPs be the singular points of U that are quotient
singularities of types %(1, 1,1) and %(17 2,5) contained in F respectively. Then E is the weighted
projective space P(1,2,7), and the equivalences

k
D ~Q —kiKU ~Q a*(—ka) — §E

hold by Theorem A.15. It follows from Lemmas B.5 and A.16 that either CS(U, £D) contains
the point P5, or CS(U, %D) consists of the point Pg.

Lemma 32.2. The set CS(U, +D) does not contain the point Ps.

Proof. Suppose that the set CS(U, %D) contains the point P5. Let w : Z — U be the weighted
blow up of P5 with weights (1,1,1), G be the exceptional divisor of 7, and B and P be the
proper transforms of the linear systems M and | — 7K x| on the variety Z respectively. Then

k k
by Theorem A.15, but the base locus of the linear system P does not contain curves. Let H be

a general divisor of the linear system P. Then the divisor H is numerically effective, but

X k kN2 N 7 . 1 1,
H-By-By— ((ao m)* (~kKx) = 57" (E) - 5@) ((a o m)*(~TKx) = 57 (E) - 50) =~k
where By and By are general surfaces of the linear system B, which is a contradiction. ([l

Hence, the set CS(U, D) consists of the point Pg.

Let F be the exceptional divisor of the morphism (3, H be the proper transform of the
linear system M on the variety W, and P; and Ps be the singular points of W that are quotient
singularities of types %(1, 1,1) and %(1, 2,3) contained in F' respectively. Then F' is the weighted
projective space P(1,2,5), but we have the equivalence

. ko k
H g kK ~g (00 B) (—kKx) — £ 0*(B) = 2 F
by Theorem A.15. The divisor — Ky is nef and big, and it follows from Lemmas B.5 and A.16

that the set CS(W, %H) contains either the point Pr, or the point Pg.

Lemma 32.3. Suppose that Py € CS(W, %H) Then there is a commutative diagram

(32.4) X-————-~- =V
|

Pl ly
Al

P(1,2,3) - — — — — > P2,

where ¢ is a birational map.

Proof. Let S be the proper transform on the variety Y of a sufficiently general surface of the
linear system M, and I' be a general fiber of . Then § ~g —kKy by Theorem A.15, which
implies that S-T" = 0. Therefore, the surface S lies in the fibers of the fibration 7, which implies
the existence of the commutative diagram 32.4. [l

To conclude the proof of Proposition 32.1, we may assume that P; € CS(W, %H)
Let m : Z — W be the weighted blow up of the point P; with weights (1,1,1), G be the
exceptional divisor of 7, and B be the proper transform of M on Z. Then

B g —kKy ~g (a0 o) (—kKx) — g(g o (E) — Xry(p) - Ka
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Dy lheorem A.lo.
The hypersurface X can be given by the equation

w2z+wf12(377y727t) + f21($7y72’at) =0C ]P)(]-7273777 9) = Proj(c[$7yvzat7w])a

where wt(z) = 1, wt(y) = 2, wt(z2) = 3, wt(t) = 7, wt(w) = 9, and f;(x,y, 2,t) is a quasihomo-
geneous polynomial of degree 1.

Let P be the proper transform on the variety Z of the pencil of surfaces that are cut on the
hypersurface X by the equations Az3 + puz = 0, where (A, z) € P'. Then the base locus of the
pencil P consists of the irreducible curves C, Lj and Lo such that awo o7 (C) is the curve that
is cut on the hypersurface X by the equations x = z = 0, the curve o w(L;) is contained in
the exceptional divisor F, the curve §om(Lq) is the unique curve in the base locus of the linear
system |Op(1, 2,7)(1)], the curve m(Lz) is contained in F', and the curve 7(Lg) is the unique curve
of the linear system |Op(y,2,5)(1)].

Let D be a general surface of the pencil P, E and F be the proper transforms of the exceptional
divisors E and F' on the variety Z respectively, and S be the proper transform on Z of the surface
that is cut on the hypersurface X by the equation = 0. Then

S-D=C+Li+ Ly, E-D=3Ly, F-D = 3L,

the surface D is normal, and

(F g (F) - 56,
B g (Bom)(E) - 2n*(F) - 3G,
(32.5) ; ; 3
D ~g (o fom)'(=3Kx) = 5(Bom) (E) — =n*(F) - 3G,
| S ~e (@opom"(—Kx) — 5(Bom)(B) - 2n"(F) - 3.

Consider the curves C, Ly and Ly as divisors on D. The equivalences 32.5 imply that
1 2
C-C:Ll-L1:—§, LQ'LQZ—E, C-Li=C-Ly=L1-Ly=0,

which implies that the intersection form of the curves C, L1 and Ly on the normal surface D is
negatively defined. On the other hand, we have

B|D ~Q —k’KZ|D ~Q /-CS|D ~Q kC + kL1 + kLo,

where B is a general surface of the linear system B, which contradicts Lemmas A.21 and A.20.
The claim of Proposition 32.1 is proved.

33. CASE n = 49, HYPERSURFACE OF DEGREE 21 IN P(1,3,5,6,7).

We use the notations and assumptions of chapter 1. Let n = 49. Then X is a sufficiently
general hypersurface in P(1,3,5,6,7) of degree 21, the equality —K3% = 1/30 holds, and the
singularities of the hypersurface X consist of the points P;, P, and P3 that are quotient singu-
larities of type %(1, 1,2), the point P, that is a quotient singularity of type %(1, 2,3), and the
point Py that is a quotient singularity of type %(1, 1,5).

There is a commutative diagram

where 1) is a projection, « is the weighted blow up of P5 with weights (1, 1,5), and 7 is an elliptic
fibration.
The hypersurface X can be given equation of degree 21

Pt+ g, y,t,w) + zh(z,y,t,w) + q(,y,t,w) = 0 C Proj(Cla, y, 2, t,w]),
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where wt(r) = 1, wt(y) = o, wt(z) = o and wt(t) = 0, wt(w) = ¢, and j, g, [ and q are
quasihomogeneous polynomials. Let ¢ : X --» P2 be the rational map that is given by the linear
subsystem of the linear system | — 6K x| consisting of the divisors

Mot + Az + Aozdy + \gy? =0,

where (Mg, A1, A2, A3) € P2, Then the closure of the image of the rational map ¢ is the quadric
cone @ C P3, and there is a commutative diagram

U
"
Xo-mpm=7@Q

where 3 is the weighted blow up of P4 with weights (1,2,3), and w is an elliptic fibration.

Proposition 33.1. Fither there is a commutative diagram

(33.2) X-——" sy
|
Pl ly
y
P(1,3,5) - — — — — > P2,
or there is a commutative diagram
(33.3) X---"-—>v
|
&l lu
v
Q _____ > ]P)27

where ¢ and o are birational maps.

Proof. The singularities of (X, %M) are canonical by Corollary B.2, because X is birationally
superrigid, but it follows from Theorem 1.7, Proposition 1.10 and Lemma 1.16 that

1
CS(X, EM) C {Py, Ps}.

Suppose that the set CS(X, %M) contains point P;. Let D be the proper transform of the
linear system M on the variety U. Then D ~g —kKy by Theorem A.15. Intersecting a general
surface of the linear system D with a general fiber of w, we see that D lies in the fibers of the
elliptic w, which implies the existence of the commutative diagram 33.3.

Similarly, the commutative diagram 33.2 exists when Py € CS(X, zM). O

34. CASE n =51, HYPERSURFACE OF DEGREE 22 IN P(1,1,4,6,11).

We use the notations and assumptions of chapter 1. Let n = 51. Then X is a hypersurface of
degree 22 in P(1,1,4,6,11), the equality —K3% = 1/12 holds, and the singularities of X consist
of the point P; that is a quotient singularity of type %(1, 1,1), the point P, that is a quotient
singularity of type %(17 1,4), and the point Ps that is a quotient singularity of type %(1, 1,5).

There is a commutative diagram

U o Y

l ln
77777 ~P(1,1,4

X w (7 9 )7

where 9 is a projection, « is the weighted blow up of Ps with weights (1,1,5), § is the weighted
blow up with weights (1,1,4) of the singular point of the variety U that is contained in the
exceptional divisor of the birational morphism «, and 7 is an elliptic fibration.
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1ne hypersurtace X can be given equation oI degree zz
24 22g(x,y,t,w) + zh(z,y,t,w) + q(x, y,t,w) = 0 C Proj (Clz,y, 2, t,w]),

where wt(z) = wt(y) = 1, wt(z) = 4 and wt(t) = 6, wt(w) = 11, and f, g, h and ¢ are
quasihomogeneous polynomials. Let & : X --» P7 be the rational map that is induced by the
linear systems of surfaces that are cut on the hypersurface X by the equations

7
Aot + Z Aixiyﬁ_i =0,
=1

where (Mg, A1, A2, A3, A4, As, A6, A7) € P7. Then the closure of the image of the rational map ¢ is
the surface P(1,1,6), and the normalization of a general fiber of ¢ is an elliptic curve.
There is a commutative diagram

where v is the weighted blow up of P, with weights (1,1, 3), and w is an elliptic fibration.
It should be pointed out that the hypersurface X is birationally superrigid.

Proposition 34.1. Fither there is a commutative diagram

(34.2) X---"——sy
|
Pl lu
y
P(1,1,4) - - — - - > P2,
or there is a commutative diagram
(34.3) X---"-—svy
|
£l ll/
y
P(1,1,6) - — - — — > P2,

where ¢ and o are birational maps.

Proof. 1t follows from Theorem 1.7, Proposition 1.10 and Lemma 1.16 that
1

Suppose that P» is contained in CS(X, %M) Let D be the proper transform of the linear
system M on the variety W. Then the equivalence D ~g —kKyw holds by Theorem A.15, which
implies that the linear system D lies in the fibers of the fibration w, which implies the existence
of the commutative diagram 34.3.

We may assume that the set CS(X, %M) consists of the point Pj.

Let B be the proper transform of M on U. Then B ~g —kKy by Theorem A.15, but the
divisor — Ky is nef and big. Therefore, it follows from Lemmas B.5 and A.16 that the set of
centers of canonical singularities CS(U, %B) contains the singular point of the variety U that is
contained in the exceptional divisor of the birational morphism «.

Let H be the proper transform of M on Y. Then ‘H ~g —kKy by Theorem A.15.

Intersecting a general surface of the linear system H with a general fiber of the fibration 7,
we see that the linear system H lies in the fibers of the elliptic fibration n, which implies the
existence of the commutative diagram 34.2. (]
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29. UASE n = 00, HYPERSURFACE OF DEGREE 24 IN IF(1,24,0,05,11).

We use the notations and assumptions of chapter 1. Let n = 56. Then X is a sufficiently
general hypersurface in P(1,2,3,8,11) of degree 24, the equality — K3 = 1/22 holds, and the sin-
gularities of the hypersurface X consist of the points P;, P» and P; that are quotient singularities
of type %(17 1,1), and the point P4 that is a quotient singularity of type 1—11(17 3,8).

There is a commutative diagram

U W Y
X— - —— - 1;————>]P’(1,2,3),

where 1 is a projection, « is the weighted blow up of P4 with weights (1, 3,8), [ is the weighted
blow up with weights (1,3,5) of the point of U that is a quotient singularity of type %(17 3,5)
contained in the exceptional divisor of «, 7y is the weighted blow up with weights (1,2, 3) of the
point of W that is a quotient singularity of type %(1, 2,3) contained in the exceptional divisor
of the morphism (3, and 7 is an elliptic fibration.

In the rest of the chapter we prove the following result.

Proposition 35.1. The claim of Proposition 0.7 holds for the hypersurface X.

It follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10 that
1
CS(X7 EM) = {P4}7

and we may assume that the singularities of (X, %M) are canonical (see Remark 1.6).

Let E be the exceptional divisor of the morphism «, D be the proper transform of the linear
system M on the variety U, and P; and Pgs be the singular point of the variety U that are
quotient singularities of types %(1, 1,2) and %(1, 3,5) contained in F respectively. Then E is the
weighted projective space P(1,3,8), the equivalence D ~g —kKy holds by Theorem A.15, and
the divisor — Ky is nef and big.

It follows from Lemmas B.5 and A.16 that we have the following possibilities:

e the set CS(U, £D) contains the point Ps;
e the set CS(U, +D) consists of of the point Pg.

Lemma 35.2. The set CS(U, D) does not contain the point Ps.

Proof. Suppose that the set CS(U, %D) contains the point P5. Let m : Z — U be the weighted
blow up of P; with weights (1,1,2), G be the exceptional divisor of 7, and B and P be the
proper transforms of M and | — 8K x| on the variety Z respectively. Then B ~g —kKz, but the
base locus of the linear system P does not contain curves.

Let H be a general surface in P. Then the divisor H is nef and big. In particular, we have

H-By-By— ((a o m) (~kkKx) = 777 (E) - ga) ((a o m)*(~8Kx) = 7x7"(E) - ga) —0,
where By and By are general surfaces in B, which contradicts Corollary A.19. O

Hence, the set CS(U, D) consists of the singular point Ps.

Let F be the exceptional divisor of the morphism (3, H be the proper transform of the
linear system M on the variety W, and P; and Ps be the singular points of W that are quotient
singularities of types %(1, 1,2) and %(1, 2,3) contained in F' respectively. Then F' is the weighted
projective space P(1,3,5), the claim of Theorem A.15 implies that
k

=F
8 )

and it follows from Lemmas B.5 and A.16 that either CS(W, 1H) = {Pr}, or Py € CS(W, tH).
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1nhe proot or Lemma o2z.9 1mplies the existence o1 the commutative diagram

X------- -V
I
P lu
Y
P(1,2,3) - - -~ - > F?

in the case when the set CS(WV, %H) contains the point Pg, where ( is a birational map.

To conclude the proof of Proposition 35.1, we may assume that CS(W, 1H) = {Pr}.

Let m : Z — W be the weighted blow up of P; with weights (1,1,2), G be the exceptional
divisor of m, and B be the proper transform of M on Z. Then B ~g —kKz by Theorem A.15.

Lemma 35.3. The singularities of the log pair (Z, %B) are terminal.

Proof. Suppose that CS(Z, %B) # &. Let Py be the singular point of G. Then Py is a quotient
singularity of type %(1, 1,1) on Z, the set CS(Z, %B) contains Py by Lemma A.16, and G is the
weighted projective space P(1,1,2).

It follows from the local computations that there is a Weil divisor D on Z, such that

D ~g (aofBom)"(—21Kx) — %(ﬂ om)"(E) — gﬂ'*(F) — %G,
the base locus of |D| does not contain curves, and divisors of the linear system |D| cut on the
surface G' the complete linear system |Op(q,1,2)(2)]-

Let 7 : Z — Z be the weighted blow up of the point Py with weights (1,1,1), and G be the
exceptional divisor of 7. Then it follows from the properties of the linear system |D| that there
is a Weil divisor D on the variety Z such that

D ~Q 7 (2D) — G,

but the base locus of the linear system |DL does not contain curves. Hence, the divisor D is nef
and big. On the other hand, the equality D - H; - Hy = 0 holds, where Hy and Hy are the proper
transforms on Z of general surfaces in M, which is impossible by Corollary A.19. O

The hypersurface X can be given by the equation
U)2y + wfl?)(xv Y, =, t) + f24(:1:7 Y, %, t) =0C ]P)(]-v 2,3,8, 11) = PI‘Oj ((C[:IZ, Y, 2,1, w])a

where wt(z) = 1, wt(y) = 2, wt(z) = 3, wt(t) = 8, wt(w) = 11, and f;(x,y, 2,t) is a sufficiently
general quasihomogeneous polynomial of degree i.

Let £ and F be the proper transforms on the variety Z of the divisors E and F respectively,
and Sy, S, S3 and Sg be the proper transforms on the variety Z of the surfaces that are cut on
the hypersurface X by the equations z =0, y = 0, z = 0 and t = 0 respectively. Then

F g (F)- 36,

3 * 5 2

B g (Bom)(B) - 2n(F) - 26,

Si g (o Bom)' (~Kx) - (B m) () - v (F) - 50,
(35.4) L i )

Sy ~qg (@0 fBom)*(—2Kx) — ﬁ(ﬂow)*(E) — gﬂ'*(F) — §G’

53 ~q (a0 fom) (=3Kx) — (B om)*(B) — ox*(F) - 3,

i ~q (a0 Fom) (-8Kx) — (3 om)*(B).

The base locus of | — 2K | consists of the irreducible curves C, L1, Lo and L3 such that the
curve o B o7(C) is cut on X by the equations x = y = 0, the curve 5o w(L1) is contained
in the divisor E, the curve §om(L1) is contained in |Op(, 3 8)(1)], the curve (L) is contained
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In the divisor [+, the curve m(Lz) 1s contained m |Up(q, 3 5)(1)|, the curve L3 1s contained In the
divisor G, the curve L3 is contained in [Op(y,1,2)(1)|[. Moreover, we have

S, -D=C+2L +2Ly+ L3, E-D=2Ly, F-D=2Ly, G-D = 2L,

where D is a general surface of the pencil | — 2K z|. In particular, it follows from the equiva-
lences 35.4 that
1 1 1 1
—KZ'C—l—O, —-Kz-Ly =—3 —KZ'L2——E, —KZ'L3—§,

which implies that the curves L; and Ls are the only curves on the variety Z that have negative
intersection with the divisor —K 7.

The singularities of the log pair (Z, A\| —2K z|) are log-terminal for some rational A > 1/2, but
the divisor Kz + A| — 2K z| has nonnegative intersection with all curves on the variety Z except
the curves Ly and Ls. It follows from [15] that there is a composition of antiflips ( : Z --+ Z
such that the divisor —K 7 is numerically effective.

Let P be the proper transform of the linear system M on the variety Z. Then the singularities
of the log pair (Z, %P) are terminal, because the singularities of the log pair (Z, %B) are terminal,
and the rational map ( is a log flop with respect to the log pair (Z, %B)

It follows from the equivalences 35.4 that —Kz ~g S1 and

x 1 - 2_- 5
SlNQ(aoﬂoTr)(_KX)—ﬁE—ﬁF—ﬁG7
52NQ(aoﬁoﬂ)*(—QKx)—EE—gﬁ‘_éG

TE R R F
(35.5) S
~ “(—3Ky)— —F — —F — —

S3 Q(aoﬁow)( 3Kx) 11 1 11G,

S (q%)W%K)—EE—EF—lG

(8 ~Q @ T oottt T

The equivalences 35.5 implies that the rational functions y/x2, zy/x® and ty3/z'* are con-
tained in the linear systems |2S5;|, [551| and |14S;| respectively. In particular, the complete
linear system | — 70K z| induces the dominant rational map Z --+» P(1,2,5,14), which implies
that the anticanonical divisor —K 7 is nef and big.

Remark 35.6. The rational function wy®/z?! is contained in the linear system [21S1|, which
implies that | — 210K ;| induces the birational morphism Z — X', where X’ is a hypersurface
of degree 42 in P(1,2,5,14,21) that has canonical singularities.

Hence, the singularities of the log pair (Z, %P) are terminal, but the divisor —K; is nef and
big, which contradicts Lemma B.5. The claim of Proposition 35.1 is proved.

36. CASE n = 58, HYPERSURFACE OF DEGREE 24 IN P(1,3,4,7,10).

We use the notations and assumptions of chapter 1. Let n = 58. Then X is a hypersurface of

degree 24 in P(1,3,4,7,10), the equality —K35 = 1/35 holds, and the singularities of X consist

of the point P; that is a quotient singularity of type %(1, 1,1), the point P, that is a quotient

singularity of type %(1, 3,4), and the point P53 that is a quotient singularity of type %(1, 3,7).

There is a commutative diagram

Y
T

U23 U34 P(17374)a

B3 B2 ////7
Ba ///’/
U Us ///;/

R 01/3/////

X//
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where 1 1S a projection, ag 1S the weighted blow up or I with weights (1, 9, 4), a3 1s the weighted
blow up of P3 with weights (1, 3,7), (3 is the weighted blow up with weights (1, 3,7) of the proper
transform of P53 on Uy, 32 is the weighted blow up with weights (1, 3,4) of the proper transform
of the point P, on Us, f34 is the weighted blow up with weights (1,3,4) of the singular point of
the variety Us that is a quotient singularity of type %(1, 3,4) contained in the exceptional divisor
of the morphism s, 7, is the weighted blow up with weights (1, 3,4) of the proper transform of
the point P, on Usy, 74 is the weighted blow up with weights (1, 3,4) of the singular point of the
variety Uss that is a quotient singularity of type %(1, 3,4) contained in the exceptional divisor
of the morphism (3, and 7 is an elliptic fibration.
In the rest of the chapter we prove the following result.

Proposition 36.1. The claim of Proposition 0.7 holds for the hypersurface X.
It follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10 that CS(X, M) C {P,, Ps}.
Lemma 36.2. The set CS(X, 1 M) contains the point Ps.

Proof. Suppose that the set CS(X, %M) does not contain the point P3. Let Dy be the proper
transform of the linear system M on the variety Us. Then the equivalence Dy ~g —kKy, holds
by Theorem A.15, and the set CS(Us, %Dg) is not empty by Lemma B.5.

Let O and @ be the singular points of the variety Uy that are contained in the exceptional
divisor of the morphism a9 such that the singular points O and () are quotient singularities
of types %(17 1,2) and %(17 1,3) respectively. Then it follows from Lemma A.16 that the set of
centers of canonical singularities CS(Us, %Dg) contains either the point O, or the point Q).

Suppose that the set CS(Us, %DQ) contains the point O. Let m : W — Uy be the weighted
blow up of the point O with weights (1,1,2), B and P be the proper transforms of the linear
system M and | — 4K x| on the variety W respectively, and S be a general surface of the linear
system P. Then the base locus of the linear system P consists of the irreducible curve C' such
that the curve a2(C) is the base curve of the linear system | — 4K x|.

One can easily check that S is normal, the inequality C? < 0 holds on the surface S, and the
equivalence B|g ~qg kC holds. Therefore, it follows from Lemma A.21 that

Supp(5) N Supp(B) = Supp(C),
where B is a general surface in B, which is impossible by Lemma A.20.

Thus, the set CS(Us, %Dg) contains the point Q.

Let ( : U — Uy be the weighted blow up of the singular point @ with weights (1,1,3), H
be the proper transform of the linear system M on the variety U, H be a sufficiently general
surface of the linear system H, and D be a general surface in | — 3Ky|. Then D is normal, and
the base locus of the pencil | — 3Ky| consists of the irreducible curve Z such that as(Z) is the
unique base curve of the pencil | — 3K x]|.

The equivalence H|p ~qg kZ holds by Theorem A.15, and the inequality Z 2 < 0 holds on the
surface D. Therefore, it follows from Lemma A.21 that the support of the cycle D - H consists
of the curve Z, which contradicts Lemma A.20. O

Let Dy and Dy3 be the proper transforms of M on Us and Usg respectively. Then the
arguments of the proof of Lemma 36.2 implies the following corollaries.

Corollary 36.3. Suppose that Dy ~g —kKy,. Then the set CS(UQ,%DQ) does not contain
subvarieties of the variety Us that are contained in the exceptional divisor of the morphism as.

Corollary 36.4. Suppose that Doz ~qg —kKy,,. Then the set CS(Uas, %Dgg) does not contain
subvarieties of the variety Uss that are contained in the exceptional divisor of the morphism .

Let D3 and Dy3 be the proper transforms of M on Us and Usy4 respectively. Then we have
the equivalence D3 ~gp —kKy, by Theorem A.15.

Lemma 36.5. The set CS(X, 1 M) contains the point Ps.

Proof. Suppose that P, ¢ CS(X, %M) Then D3 ~g —kKy, by Theorem A.15, which implies

that the set CS(Us, £D3) is not empty by Lemma B.5.
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Let Iy and 5 be the singular points or the variety Us that are contalned 1n the exceptional
divisor of the birational morphism a3 such that the points P, and P5 are quotient singularities of
types %(1, 3,4) and %(17 1,2) respectively. Then the set CS(Us, %Dg) contains either the singular
point Py, or the singular point Ps by Lemma A.16.

It follows from Lemma 36.2 that the set CS(Us, %Dg) does not contain the point Ps, which
implies that CS(Us, %Dg) contains P4. Hence, the equivalence D3y ~q —kKy,, holds by Theo-
rem A.15, and the set CS(Usy, %D34) is not empty by Lemma B.5.

Let Ps and Pr; be the singular points of the variety Us4 that are contained in the exceptional
divisor of the birational morphism (4 such that the points Ps and P are quotient singularities
of types %(17 1,2) and i(l,l,S) respectively. Then the set CS(Usy, %D34) contains either the
singular point Py, or the singular point P; by Lemma A.16.

Suppose that the set CS(Usyq, %D34) contains the point P;. Let ( : U — Usq be the weighted
blow up of P; with weights (1,1,3), H be the proper transform of M on U, H be a general
surface of H, and D be a general surface of the pencil | — 3K7|. Then D is normal, and the
base locus of the pencil | — 3Ky| consists of the irreducible curve Z such that aso 64(Z) is the
unique base curve of the pencil | — 3K x|. Moreover, the equivalence H|p ~q kZ holds, and the
inequality Z2 < 0 holds on the surface D, which is impossible by Lemmas A.20 and A.21.

Therefore, the set CS(Usy, %D34) contains the point Pg.

The hypersurface X can be given by the quasihomogeneous equation

w2z + wf14(a:,y,z,t) + f24($7y727t) =0C Proj(@[:r,y,z,t,w]),

where wt(z) = 1, wt(y) = 3, wt(z) = 4, wt(t) = 7, wt(w) = 10, and f;(z,y, z,w) is a quasiho-
mogeneous polynomial of degree i. Let P be a pencil consisting of the surfaces that are cut on
the hypersurface X by the equations Az? + puz = 0, where (A, z) € P'. Then the base locus of
the pencil P consists of the irreducible curve that are cut on X by the equations z = z = 0.
Let m : W — Usyq be the weighted blow up of Ps with weights (1,1,2), B be the proper
transform of M on W, H be the proper transform of P on W, H be a general surface of the
pencil H, and E, F' and G be the exceptional divisors of a3, 84 and 7 respectively. Then

1 4 1
= g (Brom)(E) — = (m)"(F) - 3G,
the surface H normal, and the base locus of the pencil H consists of the curves C' and L such
that ago By om(C') is the unique base curve of the pencil P, and the curve 3407 (L) is the unique
curve on the surface £ = IP(1,3,7) that is contained in the linear system |Op1 3 7)(1)].

Let S be the surface of the linear system | — Ky |, and E be the proper transform of the
surface E on the variety W. Then S-H = C + L and E - H = 4L, but
4

B g (Biom)'(B) — 5(n)(F) - 36,

which implies that the intersection form of the curves L and C on the surface H is negatively
defined. The equivalence B|g ~q kC + kL holds, which contradicts Lemmas A.21 and A.20. O

H ~q (azofByom) (—4Kx)

Hence, we have CS(X, M) = {P, P3}, and Do ~g —kKyy,, by Theorem A.15.

It easily follows from Lemmas B.5 and A.16, the proof of Lemma 36.5 and Corollary 36.4
that the set CS(Uas, %Dgg) contains the singular point of the variety Uss that is a quotient
singularity of type %(17 3,4) contained in the exceptional divisor of (3, which implies that the
proper transform of the linear system M on the variety Y lies in the fibers of the fibration 7.

The claim of Proposition 36.1 is proved.

37. CASE n = 64, HYPERSURFACE OF DEGREE 26 IN P(1,2,5,6,13).

We use the notations and assumptions of chapter 1. Let n = 64. Then X is a sufficiently
general hypersurface in P(1,2,5,6,13) of degree 26, the equality —K$% = 1/30 holds, and the
singularities of the hypersurface X consist of the points P, P», P3; and P, that are quotient
singularities of type %(17 1,1), the point P5 that is a quotient singularity of type %(1, 2,3), and
the point Py that is a quotient singularity of type %(1, 1,5).
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1hnere 1s a commutative dlagram

where 1) is a projection, « is the weighted blow up of Pg with weights (1, 1,5), and 7 is an elliptic
fibration.
The hypersurface X can be given by the equation of degree 26

t+ 2Pg(x,y,t,w) + zh(z,y,t,w) + q(x,y, t,w) = 0 C Proj(Clz, y, 2,t,w)),

where wt(z) = 1, wt(y) = 2, wt(z) = 5 and wt(t) = 6, wt(w) = 13, and f, g, h and ¢ are general
quasihomogeneous polynomials. Let & : X --» P3 be the rational map that is induced by the
linear subsystem of the linear system | — 6K x| consisting of the divisors

Aot + Mz8 + Nozty + Ag® = 0,

where (Ao, A1, A2, A3) € P3. Then ¢ is not defined in the point Ps, the closure of the image of
the rational map ¢ is the quadric cone Q C P3, and the normalization of a general fiber of the
rational map £ is an elliptic curve. There is a commutative diagram

where [ is the weighted blow up of P5; with weights (1,2, 3), and w is an elliptic fibration.

Proposition 37.1. FEither there is a commutative diagram

(37.2) X---"-—svy
I

Pl lu
Y

P(1,2,5) — — — — - ~ P2,

or there is a commutative diagram

(37.3) X---"-- -V

where ¢ and o are birational maps.

Proof. See the proof of Proposition 33.1. ([

38. CASE n = 65, HYPERSURFACE OF DEGREE 27 IN P(1,2,5,9,11).

We use the notations and assumptions of chapter 1. Let n = 65. Then X is a hypersurface of
degree 27 in P(1,2,5,9,11), the equality —K3% = 3/110 holds, and the singularities of X consist
of the point P; that is a quotient singularity of type %(17 1,1), the point P, that is a quotient
singularity of type %(1, 1,4), and the point P3 that is a quotient singularity of type ﬁ(l, 2,9).

There is a commutative diagram

U 1% Y

Oll ln
777777777777 >P(1.2.5

X ; (1,2,5),



where ¥ 18 a projection, « 18 the weighted blow up or -3 with weights (1, 2,9), D 1S the weighted
blow up with weights (1,2, 7) of the singular point of the variety U that is a quotient singularity
of type %(1, 2,7) contained in the exceptional divisor of the morphism «, 7 is the weighted blow
up with weights (1,2,5) of the singular point of the variety W that is a quotient singularity of
type %(1, 2,5) contained in the exceptional divisor of 3, and 7 is an elliptic fibration.

Proposition 38.1. The claim of Proposition 0.7 holds for the hypersurface X.

Let us prove Proposition 38.1. It follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10
that CS(X, 1 M) = {Ps}.

Let E be the exceptional divisor of the morphism «, D be the proper transform of the
linear system M on the variety U, and P, and P5 be the singular points of U that are quotient
singularities of types %(1, 1,1) and %(17 2,7) contained in FE respectively. Then E is the weighted
projective space P(1,2,9), and the equivalences

D ~Q —kiKU ~Q a*(—ka) — 1—k1E
hold by Theorem A.15.
It follows from Lemmas B.5 and A.16 and the proof of Lemma 32.2 that CS(U, %D) ={Ps}.
Let F' be the exceptional divisor of the morphism (, H be the proper transform of the
linear system M on the variety W, and Ps and P7 be the singular points of W that are quotient
singularities of types %(17 1,1) and %(1, 2,5) contained in F' respectively. Then F' is the weighted
projective space P(1,2,7), it follows from Theorem A.15 that

k k

and it follows from Lemmas B.5 and A.16 that the set CS(U, %D) contains either the singular
point P, or the singular point P;, because the divisor — Ky is nef and big.

Remark 38.2. In the case when the set CS(W, %H) contains the point Pr, it follows from Theo-
rem A.15 that there is a commutative diagram

X————=-- =V
|
P lu
A
MLZ@——;——>W,

where ( is a birational map.

To conclude the proof of Proposition 38.1, we may assume that Ps € CS(W, %H)

Let w : Z — W be the weighted blow up of Pg with weights (1,1,1), G be the exceptional
divisor of m, and B be the proper transform of M on the variety Z. Then G = P2, and the
equivalence B ~g —kKz holds by Theorem A.15.

The hypersurface X can be given by equation

’11)22 + wflG(':vavZ’t) + f27(33’,y,2,t) =0C P(172a5797 11) = Proj((C[a:,y,z,t,w]),

where wt(z) = 1, wt(y) = 2, wt(z) = 5, wt(t) = 9, wt(w) = 11, and fi(z,y, 2,t) is a quasiho-
mogeneous polynomial of degree i. Let E and F be the proper transforms of the exceptional
divisors E' and F' on the variety Z respectively, and P be the proper transform on Z of the
pencil of surfaces that are cut on the hypersurface X by the equations

A5+ pz =0,

where (\, i) € PL. Then one can easily check that the base locus of the pencil P consists of
the irreducible curves C, L1, Lo, Ay, As and A such that the curve a o 3o w(C) is cut on the
hypersurface X by the equations z = z = 0, the curve 3o m(L1) is contained in the exceptional
divisor F, the curve 3o m(Lj) is the unique curve in [Op(;, 2, 9)(1)|, the curve m(L1) is contained
in the divisor F, the curve 7(L1) is contained in |Op(; 9 7y(1)[, the curves A; and Ay are the
lines on G that are cut by E and F respectively, and the curve A is a line on G, which is different

from the lines Ay and As.
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Let LV be a general surface or the pencil /~, and o5 be the proper transiorm on 4 oI the surrace
that is cut on the hypersurface X by the equation = 0. Then

S-D=C+ L1+ Lo, E-D:5L1—|—A1, F'D:5L2—|—A2,

the surface D is normal, and D is smooth in the neighborhood of GG. In particular, it follows
from the local computations and the adjunction formula that the equalities

(38.3) A Do =A1-Lo=Ny - L1=1A; - C=0y-C=0, AI=A2= 4
hold on the surface D. However, we have

_ 1

F ~Q W*(F) - §G,

n * 7 * 1

B g (Bom)(E) - 57°(F) - 3G,
(38.4) 5 5 3

D ~g (@0 fom)*(—5Kx) — (B0 m)(E) - 57 (F) - 3G,

* 1 . 1, 1

It follows from the equalities 38.3 and equivalences 38.4 that the equalities

1 3
C-C=LiIi=-5 LyLlo=—3 C-Li=C-Ly=Li 1y =0

hold on the surface D. Therefore, the intersection form of the curves C', L1 and Lo on the
surface D is negatively defined. On the other hand, we have

B|D ~Q —k‘Kz|D ~Q k‘S|D ~Q kC + kL1 + kLo,
which contradicts Lemmas A.21 and A.20. The claim of Proposition 38.1 is proved.

39. CASE n = 68, HYPERSURFACE OF DEGREE 28 IN P(1,3,4,7,14).

We use the notations and assumptions of chapter 1. Let n = 68. Then X is a hypersurface of
degree 28 in P(1,3,4,7,14), the singularities of the X consist of the point P; that is a quotient
singularity of type %(1, 1,1), the point P, that is a quotient singularity of type %(1, 1,2), the
points P53 and P, that are quotient singularities of type %(1, 3,4), and —Kg’{ = 1/42.

Proposition 39.1. The claim of Proposition 0.7 holds for the hypersurface X.
Proof. 1t follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10 that

1
CS(X, EM) c {P5)P6}7

but there is a commutative diagram

N

)
w
B -

e

where 1) is a projection, « is the weighted blow up of Ps with weights (1,3,4), 3 is the weighted
blow up of the point Py with weights (1,3,4), v is the weighted blow up with weights (1, 3,4) of
the proper transform of the singular point P, on the variety U, § is the weighted blow up with
weights (1,3,4) of the proper transform of P3 on W, and 7 is an elliptic fibration.

The required claim is implied by Theorem A.15 if {Ps, P4} C CS(X, %M) Hence, we may
assume that the set CS(X, %M) contains the point P3 and does not contain the point Pj.

Let B be the proper transform of M on U, and Ps and Py be the singular points of U that
are quotient singularities of types %(17 1,2) and %(17 1,3) contained in the exceptional divisor of
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the morphism « respectively. Lhen 1t ollows Irom Lemma A.16 that the set LS(U, £05) contains
either the point Ps, or the point Fg.

Suppose that Py € CS(U, %B) Let m: W — U be the weighted blow up of the point Pg with
weights (1,1,3), and B and P be the proper transforms of M and the pencil | — 3K x| on the
variety W respectively. Then B ~g —kKw by Theorem A.15, and the base locus of P consists
of the irreducible curve Z such that oo w(Z) is the base curve of the pencil | — 3K x|.

Let S be a general surface in P, and B be a general surface in B. Then the surface S is
normal, the inequality Z2 < 0 holds on the surface S, but B|g ~q kZ. Therefore, the support
of the cycle B - S is contained in Z by Lemma A.21, which is impossible by Lemma A.20.

Hence, the set CS(U, +B) contains the point Ps.

Let ¢ : Z — U be the weighted blow up of P5 with weights (1,1,2), and D and H be the
proper transforms of M and | — 4K x| on Z respectively. Then D ~g —kKz by Theorem A.15,
and the base locus of H consists of the irreducible curve C such that a0 ((C') is the unique base
curve of the linear system | — 4K x|.

Let H be a general surface in H. Then H - C = 0 and H? > 0. Thus, the divisor H is nef
and big. On the other hand, the equality H - Dy - Dy = 0 holds, where D1 and D5 are general
surfaces of the linear system D, which is impossible by Corollary A.19. O

40. CASE n = 74, HYPERSURFACE OF DEGREE 30 IN P(1, 3,4, 10, 13).

We use the notations and assumptions of chapter 1. Let n = 74. Then X is a hypersurface of
degree 30 in P(1,3,4,10,13) , the equality —K% = 1/52 holds, and the singularities of X consist
of the point P; that is a quotient singularity of type %(1, 1,1), the point P, that is a quotient
singularity of type %(1, 1,3), and the point Ps that is a quotient singularity of type %(17 3,10).

There is a commutative diagram

U A %74 il Y

Oél ln
____________ >P(1,3,4

X ; (1,3,4),

where 1) is a projection, « is the weighted blow up of Ps with weights (1, 3,10), [ is the weighted
blow up with weights (1,3, 7) of the singular point of the variety U that is a quotient singularity
of type %(1, 3,7) contained in the exceptional divisor of the morphism «, 7 is the weighted blow
up with weights (1,3,4) of the singular point of the variety W that is a quotient singularity of
type %(1, 3,4) contained in the exceptional divisor of 3, and 7 is an elliptic fibration.

In the rest of the chapter we prove the following result.

Proposition 40.1. The claim of Proposition 0.7 holds for the hypersurface X.

It follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10 CS(X, t M) = {Ps}.

Let E be the exceptional divisor of the morphism «, D be the proper transform of the linear
system M on the variety U, and P, and Ps5 be the singular points of U that are quotient
singularities of types %(1, 1,2) and 1—10(1, 3,7) contained in the divisor F respectively. Then the
equivalence D ~g —kKy holds by Theorem A.15.

Lemma 40.2. The set CS(U, +D) does not contain the point Pj.

Proof. Suppose that the set CS(U, %D) contains the point Py. Let w : Z — U be the weighted
blow up of P, with weights (1,1,2), G be the exceptional divisor of 7, and B and P be the
proper transforms of M and | — 10K x| on Z respectively. Then B ~g —kKz by Theorem A.15.

One can explicitly check that the base locus of the linear system P does not contain curves,
but the equalities

k k N2 10 1
H-Bi- By = ((a o m)* (~kkx) = 757 (E) - gG) ((a o m)*(~10Kx) = 57" (E) - gG) —0
hold, where H is a general surface of the linear system P, and B; and By are general surfaces
of the linear system . The latter is impossible by Corollary A.19. (]
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Corollary 40.o. 1ne set LS(U, V) consists of the pownt 5 0y Lemmas b.o and A.10.

Let F' be the exceptional divisor of the morphism (3, H be the proper transform of the linear
system M on the variety W, and P and P; be the singular points of W that are quotient
singularities of types %(1, 1,2) and %(1,3,4) contained in F respectively. Then H ~q —kKyy .

Suppose that the set CS(WV, %H) contains the point P;. Then it easily follows from the proof
of Lemma 32.3 that the claim of Proposition 0.7 holds for the hypersurface X. Hence, we may
assume that the set CS(W, 1) does not contain the point P;. Thus, the set CS(W, 1'H) consists
of the singular point Ps by Lemmas B.5 and A.16

Let m : Z — W be the weighted blow up of the point Pg with weights (1,1,2), G be the
exceptional divisor of the birational morphism 7, and B be the proper transform of the linear
system M on the variety Z. Then the equivalence B ~g —kKz holds by Theorem A.15.

The hypersurface X can be given by the equation

w2z + wf17(33,y,z,t) + f30($7y727t) =0C P(17273a87 11) = PI‘Oj((C[.ZU,y,Z,t,’UJ]),

where wt(z) = 1, wt(y) = 3, wt(z) = 4, wt(t) = 10, wt(w) = 13, and f;(x,y, 2,t) is a quasi-
homogeneous polynomial of degree 7. Let P be the linear system on the hypersurface X that
are generated by the monomials 224, y®, 26, ty*2? and t?z. Then the base locus of P does not
contain curves.

Let R be the proper transform of the linear system P on the variety Z, and R be a general
surface of the linear system R. Then it follows from the local computations that the base locus
of the linear system R does not contain curves, and the equivalence

24 14 2
~ (—24Kx) — — “(B) — —=n"(F) — =
R~g (a0 flom)* (~24Kx) — 15 (Bom)"(B) - 1on' (F) - 3G
holds. However, the equality R - By - Bo = 0 holds, where B and By are general surfaces of the
linear system B, which is impossible by Corollary A.19.

The claim of the Proposition 40.1 is proved.

41. CASE n = 79, HYPERSURFACE OF DEGREE 33 IN P(1,3,5,11,14).

We use the notations and assumptions of chapter 1. Let n = 79. Then X is a hypersurface of
degree 33 in P(1, 3,5, 11, 14), the equality —K3 = 1/70 holds, and the singularities of X consist
of the point P; that is a quotient singularity of type %(1, 1,4), and the point P, that is a quotient
singularity of type ﬁ(l, 3,11).

Proposition 41.1. The claim of Proposition 0.7 holds for the hypersurface X.

Proof. There is a commutative diagram

U & W - Y
l |
N 5 - - -P(L35),

where 1) is a projection, « is the weighted blow up of Py with weights (1,3,11), [ is the weighted
blow up with weights (1,3, 8) of the singular point the variety U that is a quotient singularity
of type 1—11(1,3,8) contained in the exceptional divisor of «, v is the weighted blow up with
weights (1,3,5) of the point of W that is a quotient singularity of type %(1,37 5) contained in
the exceptional divisor of the morphism 3, and 7 is an elliptic fibration.

It follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10 that CS(X, M) = {P»}.

Let E be the exceptional divisor of the morphism «, D be the proper transform of the linear
system M on U, and Ps and Py be the singular points of U that are quotient singularities of
types %(1,1,2) and ﬁ(l,S,S) contained in F respectively. Then D ~g —kKy, and it follows
from Lemmas B.5 and A.16 and the proof of Lemma 40.2 that CS(U, : D) = {P4}.

Let F' be the exceptional divisor of the morphism 3, H be the proper transform of the linear
system M on the variety W, and Ps and FPs be the singular points of W that are quotient
singularities of types %(1, 1,2) and %(1,3,4) contained in F' . Then H ~q —kKyy.
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1n the case when the set Lo(W, £/1) contains the point £g, 1t easily 1ollows irom 1heorem A.1o
that the claim of Proposition 0.7 holds for the hypersurface X. Therefore, we may assume that
the set CS(W, +H) consists of the point P5 by Lemmas B.5 and A.16.

Let m : Z — W be the weighted blow up of the point P5; with weights (1,1,2), G be the
exceptional divisor of the birational morphism 7, and B be the proper transform of the linear
system M on the variety Z. Then the equivalence B ~g —kKz holds by Theorem A.15.

The hypersurface X can be given by the equation

’11)22 + ’UJflg(.iU,y,Z,t) + f33(a:,y,z,t) =0C P(172a3787 11) = Proj((C[a:,y,z,t,w]),

where wt(z) = 1, wt(y) = 3, wt(z) = 5, wt(t) = 11, wt(w) = 14, and f;(x,y, 2,t) is a quasiho-
mogeneous polynomial of degree ¢. Let P be the linear system on the hypersurface X that is
generated by the monomials 230, 19, 25, t228, t2y2?22, ty%z and wtz. Then the base locus of the
linear system P does not contain curves.

Let R be the proper transform of the linear system P on the variety Z, and R be a general
surface of the linear system R. Then it follows from the local computations that the base locus
of the linear system R does not contains curves and

30 8 2
R~g (@ fom) (=30Kx) = 2 (Fom)*(E) - 1n'(F) - 3G,
which implies that the equality R - By - Bs = 0 holds, where B; and By are general surfaces of
the linear system B. The latter contradicts Corollary A.19. O

42. CASE n = 80, HYPERSURFACE OF DEGREE 34 IN P(1,3,4,10,17).

We use the notations and assumptions of chapter 1. Let n = 80. Then X is a hypersurface of
degree 34 in P(1,3,4,10,17), the equality —K% = 1/60 holds, and the singularities of X consist
of the point P; that is a quotient singularity of type %(1, 1,1), the point P, that is a quotient
singularity of type %(1, 1,2), the point Ps that is a quotient singularity of type %(17 1,3), and
the point P, that is a quotient singularity of type lio(l7 3,7).

Proposition 42.1. The claim of Proposition 0.7 holds for the hypersurface X.

Proof. The singularities of the log pair (X, %M) are canonical by Corollary B.2, because the
hypersurface X is birationally superrigid. Moreover, it follows from Theorem 1.7, Lemma 1.16
and Proposition 1.10 that the set CS(X, %M) consists of of the point Pj.

There is a commutative diagram

U Y

ozl/ lﬁ
77777 ~P(1,3,4

X w (7 ) )7

where 1 is a projection, « is the weighted blow up of Py with weights (1,3,7), § is the weighted
blow up with weights (1,3,4) of the singular point the variety U that is a quotient singularity
of type %(1, 3,4) contained in the exceptional divisor of «, and 7 is an elliptic fibration.

Let D be the proper transform of the linear system M on the variety U, and P5 and Pg be the
singular points of the variety U that are quotient singularities of types %(1, 1,2) and %(1, 1,3)
contained in the exceptional divisor of o respectively. Then the equivalence D ~qg —kKy.

It follows from Lemmas B.5 and A.16 that either the set CS(U, %D) contains the point Ps, or
the set CS(U, %D) contains the point Ps. In the latter case it follows from Theorem A.15 that
the claim of Proposition 0.7 holds for the hypersurface X. Therefore, we may assume that the
set of centers of canonical singularities CS(U, %D) contains the point Ps.

The hypersurface X can be given by the quasihomogeneous equation

tgz + t2f14($7y,2',w) + tf24($7y72aw) + f34($7y72aw) =0C Proj(C[w,y,z,t,w]),

where wt(z) = 1, wt(y) = 3, wt(z) = 4, wt(t) = 10, wt(w) = 17, and f;(z,y, z,w) is a general
quasihomogeneous polynomial of degree i. Let P be a pencil consisting of the surfaces that are
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cut on X Dy the equations Ax™ + puz = U, where (A, 1) € 7. Lhen the base locus o /~ consists
of the irreducible curve that is cut on X by the equations x = z = 0.

Let v : W — U be the weighted blow up of P5 with weights (1,1, 2), BB be the proper transform
of the linear system M on the variety W, H be the proper transform of the pencil P on the
variety W, D be a sufficiently general surface of the pencil H, and E and F' be the exceptional
divisors of the morphisms « and « respectively. Then the surface D is normal, the equivalences

D g Ky ~g (07)" (~4Kx) = 27°(E) - 5 F
hold, and the base locus of the pencil H consists of the curves C and L such that aov(C) is the
base curve of the pencil P, and (L) is the curve on the surface £ = P(1,3,7) that is contained
in the linear system |Op(y, 3 7)(1)]-
Let S be the surface of the linear system | — Ky/|, and E be the proper transform of the
surface F on the variety W. Then S- D = C + L and E - D = 4L, but

_ N 2

which implies that the equalities

1 2

Cc-C=—-—-,C-L=0,L-L=—2

3 7
hold on D. Therefore, the intersection form of the curves C' and L on the surface D is negatively
defined, but B|p ~qg kC + kL, which contradicts Lemmas A.21 and A.20. O

43. CASE n = 82, HYPERSURFACE OF DEGREE 36 IN P(1,1,5,12,18).

We use the notations and assumptions of chapter 1. Let n = 82. Then X is a hypersurface of
degree 36 in P(1,1,5,12,18), the equality —K% = 1/30 holds, and the singularities of X consist
of the point P; that is a quotient singularity of type %(1, 2,3), and the point P, that is a quotient
singularity of type %(1, 1,5). The hypersurface X is birationally superrigid.

There is a commutative diagram

where 1) is a projection, « is the weighted blow up of P, with weights (1, 1,6), and 7 is an elliptic
fibration. Let D be the proper transform of the linear system M on the variety U.

Proposition 43.1. The claim of Proposition 0.7 holds for the hypersurface X.
Proof. Tt follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10 that

1
CS(X, EM) ={P, P}.

Suppose that P, € CS(X, %M) Then D ~g —kKy by Theorem A.15. Intersecting a general
surface of the linear system D with a general fiber of the elliptic fibration 7, we see that the
linear system B lies in the fibers of the fibration 7. Therefore, there is a commutative diagram

X---"---5vy
|
Pl ll/
Y

P(1,1,5) - — - — — - P2,

where o is a birational map.
We may assume that the set CS(X, 1.M) consists of the point P;.
Let m : W — X be the weighted blow up of P; with weights (1,2,3), and B be the proper
transform of M on W. Then B ~g —kKyw by Theorem A.15, and the singularities of the
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exceptional d1visor OI the morpnism 7 Consist or the points (¢ and ¢J that are quotient singularities
of types %(17 1,1) and %(17 1,2) on the variety W respectively.

Suppose that the set CS(W, %B) is not empty. Then the set CS(W, %B) contains either the
point O, or the point ). On the other hand, it easily follows from the proof of Proposition 22.1
that the set CS(W, %B) does not contain neither the point O, nor the point (), because the linear
system B is not composed from the pencil.

Therefore, the singularities of the log pair (W, %B) are terminal.

It follows from the proof of Proposition 29.1 that there is a birational map v : W --+ Y such
that + is an antiflip, the divisor — Ky is nef and big, and the linear system | — rKy| induced
a birational map Y --» X’ such that X’ is a hypersurface in P(1, 1,6, 14,21) of degree 42 with
canonical singularities (see the proof of Theorem 5.5.1 in [6]), where 7 is a sufficiently big and
divisible natural number.

Let H be the proper transform of M on the variety Y. Then H ~g —kKy, because v is an
isomorphism in codimension one. On the other hand, the birational map v is a log flip with
respect to the log pair (W, AB), which has terminal singularities, where A is a rational number
such that A\ > 1/k. Therefore, the singularities of the mobile log pair (Y, %H) are terminal,
which contradicts Lemma B.5. O

44. CASE n € {21,24,33,35,41,42,46, 50, 54, 55, 61,62, 63,67,69,71,76,77,83,85,91}.
Now we conclude the proof of Proposition 0.7. We use the notations and assumptions of chap-
ter 1 assuming that n € {21, 24, 33, 35, 41,42, 46, 50, 54, 55, 61, 62, 63,67, 69, 71,76, 77,83, 85,91}.
Proposition 44.1. The claim of Proposition 0.7 holds for the hypersurface X.

In the rest of the chapter we prove Proposition 44.1. We may assume that the singularities
of the mobile log pair (X, +.M) are canonical (see Remark 1.6). The set CS(X, M) consists of
the finite number of singular points of the hypersurface X by Theorem 1.7 and Lemma 1.16.

We must show that there is a commutative diagram

(44.2) X----"--- -V
|

P ly
Al

P(l,al,ag) ***** >P2,

where 1) is the natural projection, and o is a birational map.

Case n =21.

The variety X is a hypersurface in P(1,1,2,4,7) of degree 14, the equality —Kg} = 1/4 holds,
and the singularities of the hypersurface X consist of the points O; and Os that are quotient
singularities of type %(1, 1,1), and the point P that is a quotient singularity of type %(1, 1,3).

There is a commutative diagram

U 7 w

ozl/ lﬁ
77777 ~P(1,1,2

X w (7 ) )7

where 9 is a projection, « is the weighted blow up of P with weights (1,1, 3), 5 is the weighted
blow up with weights (1,1,2) of the singular point the variety U that is a quotient singularity
of type %(17 1,2), and 7 is an elliptic fibration.

It follows from Proposition 1.10 that CS(X, $ M) = {P}.

Let D be the proper transform of M on U. Then D ~g —kKy by Theorem A.15, and it
follows from Lemmas B.5 and A.16 that the set CS(U, %D) contains the singular point of the
variety U that is contained in the exceptional divisor of the morphism «.

Let B be the proper transform of M on Y. Then B ~g —kKy by Theorem A.15, which
implies that the linear system B lies in the fibers of the elliptic fibration 7, which implies the
existence of the the commutative diagram 44.2.
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Case n = z4.

The variety X is a hypersurface in P(1,1,2,5,7) of degree 15, the equality — K3 = 3/14 holds,
and the singularities of the hypersurface X consist of the point P; that is a quotient singularity
of type %(1, 1,1), and the point P, that is a quotient singularity of type %(17 2,5).

It follows from Proposition 1.10 that CS(X, M) = {P}.

There is a commutative diagram

U 2 w : Y

! |
777777777777 >=P(1,1,2

X " (77)7

where « is the weighted blow up of the point P with weights (1,2,5), § is the weighted blow up
with weights (1,2, 3) of the singular point of U that is a quotient singularity of type %(17 2,3),
~v is the weighted blow up with weights (1,1,2) of the singular point of the variety W that is a
quotient singularity of type %(1, 1,2), and 7 is an elliptic fibration.

The proof of Proposition 22.1 implies that D ~g —kKyy, where D is the proper transform of
the linear system M on the variety W, and the set CS(W, %D) does not contain subvarieties of
the variety W that are not contained in the exceptional divisor of the morphism (.

We can apply arguments of the proof of Proposition 22.1 to the log pair (W, %D) to prove that
the set CS(W, D) contains the singular point of the variety W that is a quotient singularity of
type (1 1,2).The existence of the commutative diagram 44.2 follows from Theorem A.15.

Case n = 33.

The variety X is a hypersurface in P(1,2,3,5,7) of degree 17, the singularities of X consist
of the point P; that is a quotient singularity of type %(17 1,1), the point P, that is a quotient
singularity of type %(1, 1,2), the point P that is a quotient singularity of type %(1, 2,3), and
the point P4 that is a quotient singularity of type (1 2,5). The equality —K §’( = 17/210 holds.

There is a commutative diagram
N

\/\
\

/
\

where a3 is the weighted blow up of the point Ps with weights (1,2, 3), a4 is the weighted blow
up of the point Py with weights (1,2,5), (4 is the weighted blow up with weights (1,2,5) of the
proper transform of P, on Us, (33 is the weighted blow up with weights (1,2,3) of the proper
transform of P3 on Uy, G5 is the weighted blow up With weights (1,2, 3) of the singular point of
the variety Uy that is a quotient singularity of type (1 2,3) contained in the exceptional divisor
of the morphism a4, 73 is the weighted blow up w1th weights (1,2, 3) of the proper transform of
the point Ps on the variety Uys, 75 is the weighted blow up with weights (1,2, 3) of the singular
point of Us4 that is a quotient singularity of type %(17 2,3) contained in the exceptional divisor
of the morphism (4, and 7 is an elliptic fibration.

It follows from Proposition 1.10 and the proof of Proposition 18.1 that CS(X, %M) = {Ps, P,}.

Let D34 be the proper transform of M on Usy, and Ps and Ps be the singular points of
the variety Usy that are quotient singularities of types %(17 2,3) and %(1, 1,1) contained in the
exceptional divisor of the morphism 3,4 respectively. Then D3y ~g —kKy,, by Theorem A.15.

It follows from Lemma A.16 and the proof of Proposition 18.1 that Ps € CS(Usg, %D34), and

the existence of the commutative diagram 44.2 follows from Theorem A.15.
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Case n = o9.

The variety X is a hypersurface in P(1,1, 3,5,9) of degree 18, the equality —K3 = 2/15 holds,
and the singularities of the hypersurface X consist of the points P; and P, that are quotient
singularities of type %(17 1,2), and the point Ps that is a quotient singularity of type %(1, 1,4).

There is a commutative diagram

U ’ W
l |7
X - P(1,1,3),

where « is the weighted blow up of Ps3 with weights (1,1,4), [ is the weighted blow up with
weights (1,1,3) of the point of U that is a quotient singularity of type %(17 1,3), and 7 is an
elliptic fibration.

It follows from Theorem 1.7, Lemma 1.16 and Proposition 1.10 that CS(X, + M) = {Ps}.

Let D is the proper transform M on U. Then D ~g —kKy by Theorem A.15, and it follows
from Lemma B.5 that the set CS(U, +D) is not empty.

It follows from Lemma A.16 that CS(U, %D) contains the singular point of U that is contained
in the exceptional divisor of the morphism a. Now the existence of the commutative diagram 44.2
follows from Theorem A.15.

Case n =41.

The variety X is a hypersurface in P(1,1,4,5,10) of degree 20, the singularities of X consist
of the point O that is a quotient singularity of type %(17 1,1), the points P, and P, that are
quotient singularities of type %(1, 1,4). The equality — K §’< = 1/10 holds.

There is a commutative diagram

ST

where « is the weighted blow up of the point P; with weights (1,1,4), 3 is the weighted blow
up of the point P, with weights (1,1,4), v is the weighted blow up with weights (1, 1,4) of the
proper transform of P, on U, ¢ is the weighted blow up with weights (1,1,4) of the proper
transform of the point P; on the variety W, and n is an elliptic fibration.

It follows from Proposition 1.10 that CS(X, M) C {P;, P,}, and the existence of the com-
mutative diagram 44.2 follows from the proof of Proposition 12.1.

]PJ(]‘7 174)’

Case n = 42.

The variety X is a hypersurface in P(1,2,3,5,10) of degree 20, the singularities of X consist
of the points Py, P, and P5 that are quotient singularities of type %(17 1,1), the point P4 that is
a quotient singularity of type %(1, 1,2), the points P5 and Fg, that are quotient singularities of
types %(17 2,3). The equality —K% = 1/15 holds. There is a commutative diagram

U/Y\\éw\>

where « is the weighted blow up of the point Ps with weights (1,2,3), (3 is the weighted blow
up of the point Py with weights (1,2,3), v is the weighted blow up of the proper transform of
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the pomt rg on the variety U with weignts (1,2,9), 0 18 the weighted blow up Ol the proper
transform of the point P5 on the variety W with weights (1,2, 3), and 7 is an elliptic fibration.

It follows from Proposition 1.10 that CS(X, $ M) C {P5, Ps}.

The existence of the commutative diagram 44.2 is obvious, if CS(X, 1. M) = {Ps, Ps}. There-
fore, we may assume that CS(X, %M) contains P5 and does not contain Fg.

Let B be the proper transform of M on U, and O and @ be the singular points of U that are
quotient singularities of types %(17 1,2) and %(17 1,1) contained in the exceptional divisor of the
morphism « respectively. Then it follows from Lemma A.16 and the proof of Lemma 21.3 that
the set CS(U, %B) consists of of the point Q.

Let ¢ : Z — U be the weighted blow up of the point @) with weights (1,1, 1), D be the proper
transform of the linear system M on the variety Z, and H be the proper transform of the linear
system | — 3K x| on the variety Z. Then D ~g —kKz by Theorem A.15, and the base locus of
the linear system H consists of the irreducible curve C' such that a o ¢(C) is the unique curve
in the base locus of the linear system | — 3K x|.

Let S be a general surface in H. Then S is normal, and the inequality C2? < 0 holds on the
surface S, but the equivalence D|g ~g kC holds, which contradicts Lemmas A.20 and A.21.

Case n =45.

The variety X is a hypersurface in P(1, 3,4, 5,8) of degree 20, the equality —K 3% = 1/24 holds,
and the singularities of X consist of the point P; that is a quotient singularity of type %(17 1,2),
the points P» and P; that are quotient singularities of type %(1, 1,3), and the point P, that is
a quotient singularity of type %(17 3,5). Moreover, there is a commutative diagram

U o Y
l ln
X == - =P(1,3,4),

where « is the weighted blow up of the point P, with weights (1,3,5), 3 is the weighted blow up
with weights (1,2,3) of the singular point of U that is a quotient singularity of type %(1, 2,3)
contained in the exceptional divisor of the morphism «, and 7 is an elliptic fibration.

It follows from Proposition 1.10 that CS(X, M) = {P4}.

Let B be the proper transform of the linear system M on the variety U, Ps be the singular
point of the variety U that is a quotient singularity of type %(1, 2, 3) contained in the exceptional
divisor of the morphism «, and Ps be the singular point of the the variety U that is a quotient
singularity of type %(1, 1,1) contained in the exceptional divisor of the morphism «.

It follows from Lemma A.16 that

1 _ _
(CS(U7 EB) N {P57P6} ?é g,

but the proof of Proposition 30.1 easily implies that Ps; € CS(U, %B) Hence, the existence of
the commutative diagram 44.2 follows from Theorem A.15.

Case n = 46.

The variety X is a hypersurface in P(1,1,3,7,10) of degree 21, the singularities of X consist
of the point P that is a quotient singularity of type %(1, 3,7). The equality —K §’( = 1/10 holds.

There is a commutative diagram

U B w il Y

Oll ln
777777777777 >P(1.1.3

X ; (1,1,3),

where « is the weighted blow up of the point P with weights (1,3,7), § is the weighted blow up
with weights (1,3,4) of the singular point of U that is a quotient singularity of type %(17 3,4),
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7 18 the weighted blow up with weights (1, 1,5) oI the singular point ot the variety V¥ that 1S a
quotient singularity of type %(1, 1,3), and 7 is an elliptic fibration.

It follows from Proposition 1.10 that CS(X, $ M) = {P}.

Let D be the proper transform of the linear system M on the variety W. Then it follows
from the proof of Proposition 22.1 that D ~g —kKyy, and the set CS(WV, %D) does not contain
subvarieties of the variety W that are not contained in the exceptional divisor of 5.

The set CS(W, %D) is not empty, because the divisor —Kyy is nef and big. Therefore, we can
apply the arguments of the proof of Proposition 22.1 the the log pair (W, %D), which implies that
the set CS(WV, %D) contains the singular point of the variety W that is a quotient singularity of
type %(17 1,3). Now the existence of the commutative diagram 44.2 is implies by Theorem A.15.

Case n = 50.

The variety X is a hypersurface in P(1,1,3,7,11) of degree 22, the singularities of X consist
of the point P; that is a quotient singularity of type %(17 1,2), and the point P, that is a quotient
singularity of type %(17 3,4). The equality —K% = 2/21 holds.

There is a commutative diagram

U ’ W
l |7
X - P(1,1,3),

where « is the weighted blow up of the point P, with weights (1,3,7), (3 is the weighted blow
up with weights (1,1,3) of the singular point of the variety U that is a quotient singularity of
type %(1, 1,3), and 7 is an elliptic fibration.

It follows from Proposition 1.10 that CS(X, M) = {P,}, and the proof of Proposition 22.1
implies the existence of the commutative diagram 44.2.

Case n = 54.

The variety X is a hypersurface in P(1, 1,6, 8,9) of degree 24, the equality —K3 = 1/18 holds,
and the singularities of X consist of the point P; that is a quotient singularity of type %(1, 1,1),
the point P, that is a quotient singularity of type %(1, 1,2), and the point P that is a quotient
singularity of type %(17 1,8).

There is a commutative diagram

U~—"w : Y

al iv
____________ >P(1,1

X " ( ) 76)7

where « is the weighted blow up of the point P; with weights (1, 1,8), [ is the weighted blow up
with weights (1,1,7) of the singular point of U that is a quotient singularity of type %(1, 1,7),
v is the weighted blow up with weights (1,1,3) of the singular point of W that is a quotient
singularity of type %(17 1,6), and 7 is an elliptic fibration.

It follows from Proposition 1.10 that CS(X, 1M) = {P3}, and the existence of the commuta-
tive diagram 44.2 follows from the proof of Proposition 13.1.

Case n = 55.

The variety X is a hypersurface in P(1,2,3,7,12) of degree 24, the singularities of the hy-
persurface X consist of the points P; and P» that are quotient singularities of type %(1, 1,1),
the points P3 and P, that are quotient singularities of type %(17 1,2), and the point P that is
a quotient singularity of type %(1, 2,5). The equality —K3% = 1/21 holds.
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1hnere 1s a commutative dlagram

U 7 w

al lﬁ
77777 ~P(1,2,3

X w ( Y ? )’

where « is the weighted blow up of the point P; with weights (1,2,5), 3 is the weighted blow
up with weights (1,2,3) of the singular point of the variety U that is a quotient singularity of
type %(1, 2,3), and 7 is an elliptic fibration.

It follows from Proposition 1.10 that CS(X, M) = {Ps}.

Let B be the proper transform of the linear system M on the variety U, and Pg and Pr be
the singular points of U that are quotient singularities of types %(1, 1,1) and %(1, 2, 3) contained
in the exceptional divisor of « respectively. Then it follows from Lemmas B.5 and A.16 that
either the set CS(U, £B) contains Pg, or the set CS(U, +B) contains P;. In the latter case the
existence of the commutative diagram 44.2 follows from Theorem A.15. Hence, we may assume
that the set CS(U, 1B) contains the point Ps.

The hypersurface X can be given by the equation

tSZ + t2f10(337y727w) +tfl7(x7y7zaw) + f24(337y727w) =0C PI‘Oj ((C[x7yvzat7w])a

where wt(z) = 1, wt(y) = 2, wt(z) = 3, wt(t) = 7, wt(w) = 12, and f;(z,y, z,w) is a sufficiently
general quasihomogeneous polynomial of degree i. Let v: W — U be the weighted blow up of
the point Ps with weights (1,1,1), H be the proper transform of the linear system M on the
variety W, P be the proper transform on the variety W of the pencil of surfaces that are cut on
the hypersurface X by the equations A\z® + pz = 0, where (\,p) € P!, and D be a sufficiently
general surface of the pencil P. Then the base locus of the pencil P consists of the irreducible
curves C, L and A such that ao~(C) is the base curve of | — 3K x|, the curve (L) is contained
in the exceptional divisor of the morphism «, and the curve A is contained in the exceptional
divisor of the morphism +.

The surface D is normal, the surface D is smooth in the neighborhood of the exceptional
divisor of the morphism ~, and the equalities

1 11 1
C=—-, L- L=——, A-A=-2 L=-, A-L=1A.-C=
c-C 3 5’ , C 3 A-C=0

on D. Therefore, the intersection form of the curves L and C on the surface D is negatively
defined, but H|p ~q kC + kL, which is impossible by Lemmas A.21 and A.20.

Case n =61.

The variety X is a hypersurface in P(1,4,5,7,9) of degree 25, the singularities of X consist
of the point P; that is a quotient singularity of type %(17 1,3), the point P, that is a quotient
singularity of type %(1, 2,5), and the point P3 that is a quotient singularity of type %(1, 4.5).

The equality —K §’< = 5/252 holds, and there is a commutative diagram

Y
U2 U3 — >
:2\ A ///,/’/'iz'/
L

where a3 is the weighted blow up of the point Py with weights (1,2,5), ag is the weighted blow
up of the point P3 with weights (1,4, 5), (2 is the weighted blow up with weights (1,2,5) of the
proper transform of the point Ps on Us, 3 is the weighted blow up with weights (1,4, 5) of the
proper transform of P3 on Us, and 7 is an elliptic fibration.
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1t Iollows Irom Froposition 1.1U that La(A, zM) & 1172, I35, the prool oI Lemma 50.2 1mplies
that CS(X, 1 M) = {P», P3}, and the existence of the commutative diagram 44.2 immediately
follows from Theorem A.15.

Case n = 62.

The variety X is a hypersurface in P(1,1,5,7,13) of degree 26, the singularities of X consist
of the point P that is a quotient singularity of type %(17 2,3), and the point P» that is a quotient
singularity of type %(17 1,6). The equality —K% = 2/35 holds.

There is a commutative diagram

U Y

l ln
————— ~P(1,1

X » ( 9 75)7

where « is the weighted blow up of the point P, with weights (1,1,6), 3 is the weighted blow
up with weights (1,1,5) of the singular point of the variety U that is a quotient singularity of
type %(1, 1,5), and 7 is an elliptic fibration.

It follows from Proposition 1.10 that CS(X, %M) C {Py, P,}. Therefore, the existence of the
commutative diagram 44.2 follows from the proof of Proposition 31.1.

Case n = 63.

The variety X is a hypersurface in P(1,2, 3,8, 13) of degree 26, the singularities of the hyper-
surface X consist of the points P;, P, and Ps that are quotient singularities of type %(1, 1,1),
the point P, that is a quotient singularity of type %(1, 1,2), and the point P; that is a quotient
singularity of type %(17 3,5). The equality —K% = 1/24 holds.

There is a commutative diagram

U ? Y

ai |7
————— >P(1,2

X ’[Z} ( ? 73)7

where « is the weighted blow up of the point P5; with weights (1,3,5), and 3 is the weighted
blow up with weights (1,2, 3) of the singular point of the variety U that is a quotient singularity
of type %(1, 2,3) contained in the exceptional divisor of the birational morphism «, and 7 is an
elliptic fibration.

It follows from Proposition 1.10 that CS(X, M) = {P5}.

Let B be the proper transform of M on U, and Ps and P; be the singular points of U that
are quotient singularities of types %(1, 2,3) and %(1, 1,1) contained in the exceptional divisor of
the morphism « respectively. Then it follows from Lemma A.16 that the set CS(U, %B) contains
either the point Py, or the point P;.

Suppose that the set CS(U, %B) contains the point P;. Let v: W — U be the weighted blow
up of the point P; with weights (1,1,1), and H and P be the proper transforms of the linear
system M and the pencil | — 2K x| on the variety W respectively. Then the base locus of the
pencil P consists of the irreducible curves C' and L such that the curve o o y(C) is the unique
curve in the base locus of the pencil | —2K x|, and the curve (L) is contained in the exceptional
divisor of the birational morphism «. Moreover, the surface D is normal, and the equalities

5 7 1
C-C= 12’ L-L= 50’ C-L= 1
hold on D. Hence, the intersection form of the curves L and C' on the surface D is negatively
defined. On the other hand, the equivalence H|p ~q kC + kL holds on the surface D, which
contradicts Lemmas A.21 and A.20.
Therefore, the set CS(U, %B) contains the point P;. Now the claim of Theorem A.15 easily
implies the existence of the commutative diagram 44.2.
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Case N =0/.

The variety X is a hypersurface in P(1,1,4,9,14) of degree 28, and the singularities of the
hypersurface X consist of the point P; that is a quotient singularity of type %(1, 1,1), and the
point P» that is a quotient singularity of type %(17 4,5). The equality —K% = 1/18 holds.

It follows from Proposition 1.10 that CS(X, + M) = {P}.

There is a commutative diagram

U 7 w

al lﬁ
77777 ~P(1,1,4

X = BLLY)

where « is the weighted blow up of the point P, with weights (1,4,5), [ is the weighted blow
up with weights (1,1, 4) of the singular point of U that is quotient singularity of type %(1, 1,4),
and 7 is an elliptic fibration.

The existence of the commutative diagram 44.2 follows from the proof of Proposition 22.1.

Case n =69.

The variety X is a hypersurface in P(1,4,6,7,11) of degree 28, and the singularities of the
hypersurface X consist of the points P; and P, that are quotient singularities of type %(1, 1,1),
and the points P3 and Py that are quotient singularities of types %(17 1,5) 1—11(17 4,7) respectively.

The equality —K §’( = 1/66 holds, and there is a commutative diagram

U w
al lﬁ
X————- >P(17374)a

where « is the weighted blow up of the point P, with weights (1,4,7), 3 is the weighted blow
up with weights (1,3,4) of the singular point of the variety U that is a quotient singularity of
type %(1, 3,4), and 7 is an elliptic fibration.

It follows from Proposition 1.10 that CS(X, +M) = {P4}.

Let B be the proper transform of M on U, and P5; and Py be the singular points of U that are
quotient singularities of types %(1, 3,4) and %(1, 1,3) contained in the exceptional divisor of the
morphism « respectively. Then it follows from Lemmas B.5 and A.16 that CS(U, +B) contains
either the point Ps, or the point Fj.

It follows from the proof of Proposition 15.1 that the set CS(U, %B) does not contain the
singular point Ps. Thus, the set CS(U, %B) contains the point Ps. Hence, the existence of the
commutative diagram 44.2 follows from Theorem A.15.

Case n="171.

The variety X is a hypersurface in P(1,1,6,8,15) of degree 30, the singularities of X consist
of the point P; that is a quotient singularity of type %(17 1,1), the point P, that is a quotient
singularity of type %(1, 1,2), and the point P3 that is a quotient singularity of type %(1, 1,7).

The equality —K §’< = 1/24 holds, and there is a commutative diagram

U & W
l ln
X == - =P(1,1,6),

where « is the weighted blow up of the point P3 with weights (1,1,7), 3 is the weighted blow up
with weights (1,1,6) of the singular point of the variety U that is contained in the exceptional
divisor of the morphism «, and 7 is an elliptic fibration.
It follows from Proposition 1.10 that CS(X, M) = {Ps}.
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Let LV be the proper transtorm of M on U. lhen IV ~qg —rfAy Dy lheorem A.lo, and 1t
follows from Lemmas B.5 and A.16 that the set CS(U, %D) contains the singular point of the
variety U that is contained in the exceptional divisor of the morphism «. Thus, the existence
of the commutative diagram 44.2 is implied by Theorem A.15.

Case n =176.

The variety X is a hypersurface in P(1,5,6,8,11) of degree 25, the singularities of X consist
of the point P; that is a quotient singularity of type %(1, 1,1), the point P, that is a quotient
singularity of type %(17 3,5), and the point P3 that is a quotient singularity of type 1—11(17 5,6).

The equality —K g’{ = 1/88 holds, and there is a commutative diagram

Y
Us Us .
% A /'//"'/;///
P

where oy is the weighted blow up of the point P, with weights (1,3,5), as is the weighted blow
up of the point P3 with weights (1,5,6), O3 is the weighted blow up of the proper transform of
the point Py on the variety Us with weights (1,3,5), 83 is the weighted blow up of the proper
transform of the point P3 on the variety U, with weights (1,5,6), and 7 is an elliptic fibration.

It follows from Proposition 1.10 that CS(X, 1. M) C {P,, P3}. Moreover, it follows from the
proof of Lemmas 29.3 and 36.2 that CS(X, %M) = {P», P3}, which implies that the existence of
the commutative diagram 44.2 follows from Theorem A.15.

]PJ(]‘7 57 6)’

Case n=177.

The variety X is a hypersurface in P(1,2,5,9,16) of degree 32, the singularities of X consist
of the points P; and P, that are quotient singularities of type %(1, 1,1), the point Ps that is a
quotient singularity of type %(1, 1,4), the point Py that is a quotient singularity of type %(1, 2,7).

The equality —K g’{ = 1/45 holds, and there is a commutative diagram

U w
ai l"
X----- ~P(1,2,5),

where « is the weighted blow up of the point P, with weights (1,2,7), (3 is the weighted blow
up with weights (1,2,5) of the singular point of the variety U that is a quotient singularity of
type %(17 2,5), and 7 is an elliptic fibration.

It follows from Proposition 1.10 that CS(X, M) = {P4}.

Let B be the proper transform the linear system M on the vareity U, and Ps and Py be the
singular points of U that are quotient singularities of types %(17 2,5) and %(17 1,1) contained in
the exceptional divisor of « respectively. Then it follows from Lemmas B.5 and A.16 that

CS(, %B) NP, P} £ 2.

Suppose that the set CS(U, %B) contains the point Pg. Let v : W — U be the weighted
blow up of the singular point Ps; with weights (1,1,1), H and D be the proper transforms of
the linear systems M and | — 16K x| on the variety W respectively, D be a general surface of
the linear system D, and H; and Hy be general surfaces of the linear system H. Then the base
locus of the linear system D does not contain curves. In particular, the divisor D is nef, which
implies that the inequality D - H1 - Hy > 0 holds. On the other hand, it follows from the explicit
computations that the inequality D - Hy - H; < 0 holds.

Therefore, the set CS(U, %B) contains the point P;. Now the claim of Theorem A.15 implies
the existence of the commutative diagram 44.2.

88



Case N = do.

The variety X is a general hypersurface in P(1,3,4,11, 18) of degree 36, and the singularities
of the hypersurface X consist of the point P; that is a quotient singularity of type %(17 1,1), the
points P, and P that are quotient singularities of type %(17 1,2), the point Py that is a quotient
singularity of type 1—11(1, 4,7).

The equality —K §’( = 1/66 holds, and there is a commutative diagram

U g w
al lﬁ
X-—=---- >P(17374)a

where « is the weighted blow up of the point P, with weights (1,4,7), [ is the weighted blow up
with weights (1,3,4) of the singular point of U that is a quotient singularity of type %(17 3,4),
and 7 is an elliptic fibration.

It follows from Proposition 1.10 that CS(X, M) = {P4}.

Let B be the proper transform of M on U, and Ps and Ps be the singular points of U that are
quotient singularities of types %(17 3,4) and %(17 1,3) contained in the exceptional divisor of the
morphism « respectively. Then it follows from Lemmas B.5 and A.16 that CS(U, %B) contains
either the point Ps, or the point Pj.

The proof of Proposition 25.1 easily implies that the set CS(U, %B) does not contain the
singular point Ps. Thus, the set CS(U, %B) contains the singular point Ps5, and the existence of
the commutative diagram 44.2 follows from Theorem A.15.

Case n = 85.

The variety X is a hypersurface in P(1,3,5,11,19) of degree 38, the singularities of X consist
of the point P; that is a quotient singularity of type %(17 1,2), the point P, that is a quotient
singularity of type %(1, 1,4), and the point P3 that is a quotient singularity of type ﬁ(l, 3,8).

The equality —K §’< = 2/165 holds, and there is a commutative diagram

U w
al lﬁ
X-————- >P(17375)a

where « is the weighted blow up of the point P35 with weights (1,3,8), [ is the weighted blow
up with weights (1,3,5) of the singular point of the variety U that is a quotient singularity of
type %(17 3,5), and 7 is an elliptic fibration.

It follows from Proposition 1.10 that CS(X, M) = {Ps}.

Let B be the proper transform of M on U, and P, and P; be the singular points of U that
are quotient singularities of types %(17 3,5) and %(17 1,2) contained in the exceptional divisor of
the morphism « respectively. Then it follows from Lemmas B.5 and A.16 that

CS(U, %B) N{Py, Ps} # 2.

Suppose that the set CS(U, %B) contains the point P5. Let v: W — U be the weighted blow
up of the singular point P5 with weights (1, 1,2), H and D be the proper transforms of the linear
systems M and | — 19K x| on the variety W respectively, D be a general surface of the linear
system D, and Hy, and Hs be general surfaces of the linear system . Then the base locus of
the linear system D does not contain curves.

The divisor D is nef. In particular, the inequality D - H; - H; > 0 holds, but it follows from
the simple explicit computations that the equality D - Hy - H; = —2k?/15 holds, which is a
contradiction.

Hence, the set CS(U, %B) contains the singular point P4. Thus, the existence of the commu-
tative diagram 44.2 follows from Theorem A.15.
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Case n =9Y1.

The variety X is a hypersurface in P(1,4, 5, 13,22) of degree 44, the singularities of X consist
of the point P; that is a quotient singularity of type %(1, 1,1), the point P, that is a quotient
singularity of type %(17 2,3), the point Ps that is a quotient singularity of type %(1, 4,9).

The equality —K g’{ = 1/130 holds, and there is a commutative diagram

U W
l ln
X-———- ~P(1,4,5),

where « is the weighted blow up of the point Ps with weights (1,4,9), [ is the weighted blow
up with weights (1,4,5) of the singular point of the variety U that is a quotient singularity of
type %(17 4,5), and 7 is an elliptic fibration.

It follows from Proposition 1.10 that CS(X, M) = {P3}.

Let B be the proper transform of M on U, and P, and P5 be the singular points of U that are
quotient singularities of types %(1, 4,5) and %(1, 1,3) contained in the exceptional divisor of the
morphism « respectively. Then it follows from Lemmas B.5 and A.16 that CS(U, %B) contains
either the point Py, or the point Ps.

It follows from the proof of Proposition 25.1 that the set CS(U, %B) does not contain the
singular point Ps. Thus, the set CS(U, %B) contains the singular point P,, and the existence of
the commutative diagram 44.2 follows from Theorem A.15.

The claim of Proposition 44.1 is proved, which concludes the proof of Proposition 0.7.
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APPENDIX A. MOBILE LOG PAIRS.

Many problems of birational algebraic geometry are related to the global and local properties
of pairs consisting of a variety and a divisor®. Depending on the context, the variety and the
divisor must satisfy certain restrictions. For example, the singularities of the variety are usually
assumed to be Q-factorial, and the divisor is assumed to be effective. However, sometimes it is
convenient and useful to consider pairs consisting of a variety and a linear system that does not
have fixed components. In the given chapter we consider properties of such pairs (see [4]).

Definition A.1. A mobile log pair (X, AM) consists of a variety X, linear system M on the
variety X such that M does not have fixed components, and a rational number A > 0.

Every mobile log pair can always be consider as a usual log pair. In particular, for a mobile
log pair (X, AM) the boundary AM can be considered as an effective divisor. Hence, the inter-
section of the boundary AM with curves on the variety X is well defined if the singularities
of the variety X are Q-factorial. Therefore, the formal sum Kx + AM can be considered as a
divisor on the variety X, which we call the log canonical divisor of the log pair (X, A\M). In the
rest of the chapter we assume that log-canonical divisors of all log pairs are Q-Cartier divisors.

Remark A.2. For a log pair (X, A\M) the self-intersection M? can be considered as an effective
one-dimensional cycle if the variety X has Q-factorial singularities. Namely, take sufficiently
general divisors S and S in the linear system M and put M2 =5-5.

We say that mobile log pairs (X, AM) and (Y, AD) are birationally equivalent if there is a
birational map p : X --+ Y such that the linear system D is a proper transform of the linear
system M with respect to the birational map p.

Definition A.3. The singularities of the mobile log pair (X, AM) are canonical (terminal re-
spectively) if for every birational morphism 7 : W — X every rational number a(X,AM, E;),
defined through the equivalence
k
Ky +AD ~g 7 (Kx + AM) + Y a(X, M, E;)E;,

i=1
is not negative (positive respectively), where D is a proper transform of the linear system M on
the variety W, and E; is a m-exceptional divisor”.

Example A.4. Let X be a variety, M be a linear system on the variety X, and S be a general
divisor of the linear system M. Suppose that the dualizing sheaf wx is locally free, and the
linear system M does not have fixed components. Then S has canonical singularities if and only
if the singularities of (X, M) are canonical (see Theorems 4.5.1 and 7.9 in [11]).

It should be pointed out that every mobile log pair is birationally equivalent to a log pair
with terminal singularities.

Remark A.5. Let (X,A\M) be a mobile log pair with terminal singularities. Then there is a
rational number € > X such that the singularities of the log pair (X, eM) are terminal.

Definition A.6. Let (X, AM) be a log pair, and Y be a proper irreducible subvariety of the
variety X. Then Y is called a center of canonical singularities of the log pair (X, AM) if there
is a birational morphism 7 : W — X and m-exceptional divisor £y C W such that
k
Kw +AD ~g 7 (Kx +AM) + Y a(X, AM, E)E;,
i=1

6We assume that every divisor is a Q-divisor, namely, a formal linear combination of irreducible reduced
subvarieties of codimension one with rational coefficients.

"The number a(X, AM, E;) is called the discrepancy of (X, AM) in the divisor E;. The number a(X,AM, E;)
depends on the properties of the log pair (X, AM) and the discrete valuation that is related to the exceptional
divisor F;. Moreover, in order to check the canonicity (terminality respectively) of the log pair (X, AM) one can
consider a single birational morphism 7 : W — X such that the variety W is smooth, and the proper transform
of the linear system M on the variety W does not have base points.
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where a( A, AV, L) 1S a rational number, L) 1S a proper transiorm ol the linear system /vl on
the variety W, E; is a m-exceptional divisor, m(F;) =Y and a(X,AM, E;) < 0. The set of all
centers of canonical singularities of the log pair (X, AM) is denoted as CS(X, AM).

Remark A.7. Let (X, AM) be a mobile log pair, H be a sufficiently general hyperplane section
of the variety X, and Z be an element of CS(X, AM). Then every component of Z N H is a
center of canonical singularities of the log pair (H, AM|x).

Remark A.8. Let (X,AM) be a mobile log pair, and Z be a proper irreducible subvariety of
the variety X such that X is smooth in the general point of Z. Then multz(M) > 1/X if the
subvariety Z is a center of canonical singularities of the log pair (X, AM). Moreover, in the case
codim(Z C X) = 2 the inequality multz(M) > 1/X implies that Z € CS(X, AM).

Definition A.9. Let (X, A\M) be a mobile log pair, and (W, AD) be a log pair with canonical
singularities that is birationally equivalent to (X, AM). Choose a natural number m such that
the divisor m(Kw + AM) is a Cartier divisor. The Kodaira dimension (X, AM) of the mobile
log pair (X, AM) as a maximal dimension of the variety @, i, +ap)(W) for n > 0 if at least
one linear system |nm(Kyw + AD)| is not empty, otherwise we put (X, \M) = —oc.

The Kodaira dimension of a mobile log pair is a birational invariant and a nondecreasing
function of the coefficients of the boundary. In the case of empty boundary, classical definition
of the Kodaira dimension of a variety is coincide with Definition A.9.

Lemma A.10. The Kodaira dimension of a mobile log pair is well defined.

Proof. Let (X, AM) be a mobile log pair, and p : Y --» X be a birational map such that the
singularities of (Y, AB) are canonical, where B is a proper transform of the linear system M on
the vareity Y. Take a natural m such that m(Kx + AM) and m(Ky + AB) are Cartier divisors.
We must show that either linear systems [nm(Kx + AM)| and |nm(Ky + AB)| are empty for
all natural numbers 7, o @jpm(x x+aM)| (X) = Ppm iy +25)(Y) for all n > 0.
Consider a commutative diagram

where W is a smooth variety, and o and 3 are birational morphisms. Then

k !
Kw +AD ~g o (Kx + AM) + > a;Gi ~q B*(Ky + AB) + > _ biF,
i=1 =1
where D is a proper transform of M on W, a; and b; are rational numbers, and G; and F; are
exceptional divisors of the birational morphisms « and ( respectively. Moreover, the canonicity
of the log pairs (X, AM) and (Y, AB) implies that a; > 0 and b; > 0. Therefore, it follows from
the negativity properties of an exceptional locus (see chapter 1.1 in [15]) that the complete linear
systems |o*(nm(Kx + AM))| and |5*(nm(Ky + AB))| have the same dimension, and

Plrm(Kw+AD)| = Pla* (mm(K x+AM))| = P|3* (nm(Ky +AB))|»
which concludes the claim. O

Remark A.11. Let (X, AM) be a mobile log pair, where K x + AM ~g 0. Then x(X, M) <0,
and the equality (X, AM) = 0 holds if and only if the singularities of (X, AM) are canonical.

Example A.12. Let X be a smooth quartic hypersurface in P4, and ¢ : W — X be a blow
up of a line in X. Then the linear system | — Ky| does not have base points and induces the
elliptic fibration ¢ : W — P2. Let M be a proper transform of the linear system | — Ky| on the
hypersurface X, and A be a rational number. Then

—oo for A < 1,
K(X,IM) =< 0 for A =1,
2 for A > 1.
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Dellnition A.lo. Let (X, AM) and (V,AL)) be mobile log pairs. lhen (V,AL)) 1s a canonical
model® of the mobile log pair (X, AM) if the log pairs (X, AM) and (V,\D) are birationally
equivalent, the divisor Ky + A\D is ample, and the singularities of (V, AD) are canonical.

The proof of lemma A.10 implies the following result.
Theorem A.14. A canonical model is unique if it exists.
The following result is due to [9].

Theorem A.15. Let (X, AM) be a mobile log pair such that dim(X) = 3, and O be a singular
point of the variety X such that O is a quotient singularity of type %(1, a,r —a), where a and r
are coprime natural numbers such that r > a. Then

D ~q (M) — multp(M)G,

where m: U — X is a weighted blow up of the point O with weights (1,a,7 — a), G is the ex-
ceptional divisor of the weighted blow up 7, D is a proper transform of the linear system M on
the variety U, and multo(M) is a rational number. Suppose that the set CS(X, AM) contains
either the point O, or a curve passing through the point O. Then multo(M) > 1/(r\).

Proof. We consider only the case r = 2. Then D|g ~g —multo(M)G|g and G|g ~g Op2(—2),
where G = P2, Suppose that multo(M) < 1/(2)). Let P be a point of G. Intersecting the
divisor D|g with a general line on G that passes through P, we see that the inequalities

1
multp(D) < 2multp (M) < X
hold. Suppose that CS(X, AM) contains a curve C' that passes through O. Then
1 1
1 multg(D) > multz (D) > multe(M) > v

where Z is a proper transform of the curve C on the variety U, and @ is a point of the intersection
of the curve Z and the exceptional divisor G. Therefore, the set CS(X, AM) does not contain
a curve passing through the point O. Hence, the set CS(X, AM) contains the point O. Then

1
Ku + AD ~g 7 (Kx + AM) + (; - Amulto(M))G,

which implies that the set CS(U, AD) contains a proper subvariety A C G. In particular, the
inequality multa (D) > 1/A holds, which is a contradiction. O

The claim of Theorem A.15 implies the following result.

Lemma A.16. Under the assumptions and notations of Theorem A.15, suppose that the singu-
larities of (X, AM) are canonical and CS(X,\M) = {0}, but CS(U, \D) # &. Then

e the set CS(U,\D) does not contain smooth points of the surface G = P(1,a,r — a),
e if the set CS(U, \D) contains a curve L, then L € |Op(1, 4, r—q)(1)], and every singular
point of the surface G is contained in the set CS(U, \D).

Proof. We consider only the case when r = 5 and a = 2, because the proof in general case is
very similar. Thus, we have G = P(1,2, 3).

Let P and @ be different singular points of the surfaces GG, and L be the unique curve of the
linear system |Op(; 2 3)(1)|. Then the curve L passes through the points P and @, but it follow
from the claim of Theorem A.15 that multpo(M) = 1/(5)), which implies D|g ~g AL.

Suppose that the set CS(U, AD) contains a subvariety Z of subvariety U that is different from
the curve L and the points P and (). Then Z C G.

Suppose that Z is a point. Then the point Z is smooth on the variety U, which implies the
inequality multz(D) > 1/A. Let C be a general curve in the linear system [Op(;, 2 3)(6)| that
passes through the point Z. Then the curve C' is not contained in the base locus of the linear
system D. Hence, we have

% — €D > multz(C)mult(D) > %

8The given definition coincides with the classical definition of a canonical model for A = 0.
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whnich 18 a contradiction.

Therefore, the subvariety Z is a curve. Then multz(D) > 1/A. Let C be a sufficiently general
curve in the linear system [Op(y,2 3)(6)|. Then the curve C' is not contained in the base locus of
the linear system D. Hence, we have

1 -z
L cpsmuyme .z CEZ

A A
which implies that C' - Z = 1. The equality C - Z = 1 implies that the curve Z is contained in
the linear system |Op(y, 2,3)(1)|, which is impossible due to our assumption. d

Consider the following simple result.

Lemma A.17. Let X be a variety, and M be a linear system on the variety X such that the
linear system M does not have fixed components and is not composed from a pencil. Then there
is no proper Zariski closed subvariety ¥ C X such that

Supp(S1) N Supp(S2) C X C X,
where S1 and So are sufficiently general divisors in the linear system M.
Proof. Suppose that there is a proper Zariski closed subvariety ¥ C X such that the set-theoretic
intersection of the sufficiently general divisors S; and So of the linear system M is contained

in 3. Let p: X --» P" be a rational map induced by the linear system M, where n is the
dimension of the linear system M. Then there is a commutative diagram

7 N
S ~ P,

where W is a smooth variety, « is a birational morphism, and § is a morphism. Let Y be the
image of the morphism 3. Then dim(Y’) > 2, because M is not composed from a pencil.
Let A be a Zariski closed subvariety of the variety W such that the morphism

ol s WA — X\ a(A)

is an isomorphism, and A be a union of the subset A C W and the closure of the proper

transform of the set 3\ a(A) on the variety W. Then A is a Zariski closed proper subset of W.
Let By and By be general hyperplane sections of the variety Y, and Dy and Dy be proper

transforms of the divisors By and By on the variety W respectively. Then a(D;) and «(Ds) are
general divisors of the linear system M. Hence, in the set-theoretic sense we have

(A.18) o#57 (Supp(B1) a Supp(Bz)) = Supp(D1) N Supp(D2) € A C W,
because dim(Y) > 2. However, the set-theoretic identity A.18 is an absurd. O
The following result is implied by Lemma 0.3.3 in [10] and Lemma A.20.

Corollary A.19. Let X be a three-dimensional variety with canonical singularities, D be divisor
on the variety X that is big and nef, M be a linear system on the variety X that does not have
fized components and is not composed from a pencil, and S1 and Sy be sufficiently general
surfaces of the linear system D. Then the inequality D - S1 - So > 0 holds.

The proof of Lemma A.17 implies the following result.

Lemma A.20. Let X be a variety, M be a linear system on the variety X that does not have
fixed components and is not composed from a pencil, and D be a linear system on X that does
not have fixed components. Then there is no Zariski closed subvariety ¥ C X such that

Supp(S) NSupp(D) C ¥ ¢ X,
where S and D are sufficiently general divisors of the linear system M and D respectively.

Many applications of Lemma A.20 are related to the following simple result.
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Lemma A.zl. Let O be a projective normai. surjace, ana L) 0e an efjective aiviSor on O Such
that the equivalence D = Y., a;C; holds, where a; is a rational number, and Ci,...,C, are
irreducible curves on the surface S such that the intersection form of the curves Cy,...,C, on
the surface S is negatively defined. Then D = >\, a;C;.

Proof. Let D = %7 | ¢;B;, where B; is an irreducible curve on S, and ¢; is a nonnegative rational

number. Suppose that
k r
Z c;iBi # Z a;C;,
i=1 i=1

and the curve B; is not one of the curves among C',...,C, for every i. We have
k
0> (Z aici) . (Z aici) = (ZCiBi) : (Z aici) - ( Z aici) : ( Z aici) > 0,
a; >0 a; >0 =1 a; > a; < a; >0

which implies the numerical equivalence

Z ¢B; = Z a; C;,

¢; 20 a; <0

which implies that ¢; = 0 and a; = 0 for every 4, which is a contradiction. O
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APPENDIX b. NOETHER—FANO—1SKOVSKIKH INEQUALITIES.

Let X be a Fano variety such that the singularities of the variety X are terminal and Q-fac-
torial, and the equality rk Pic(X) = 1 holds. The following result is due to [4].

Theorem B.1. Suppose that the singularities of every mobile log pair (X, \M) are canonical,
where X is a rational number such that Kx + AM ~qg 0. Then X is birationally superrigid.

Proof. Let p: X --+ Y be a birational map such that either Y is a Fano variety having terminal
and Q-factorial singularities such that the equality rk Pic(Y) = 1 holds, or there is a dominant
morphism 7 : Y — Z such that a general fiber of the morphism 7 is a variety of negative Kodaira
dimension, where dim(Y") # dim(Z) # 0. To conclude the proof we must show that the latter
case is impossible, but in the former case the map p is an isomorphism.

Suppose that there is a morphism 7 : Y — Z such that a general fiber of 7 is a variety of
negative Kodaira dimension. Let D be a linear system |7*(H)|, where H is a very ample divisor
on the variety Z, and p be a positive rational number. Then

'%(X7 IUM) = ’%(Y’ :U’D) = =09,

where M is the proper transform of the linear system D on the variety X. Now choose p such
that Kx + pM ~q 0. Then x(X, uM) = 0, because the singularities of (X, uM) are canonical.

Therefore, the variety Y is a Fano variety with terminal Q-factorial singularities such that
the equality rkPic(Y) = 1 holds. Let D be a linear system | — nKy|, and M be the proper
transform of the linear system D on the variety X. Now choose rational number p such that the
equivalence K x + uM ~gq 0 holds. Then the singularities of the log pair (X, uM) are canonical,
which implies that the equality x(Y, uD) = 0 holds. Therefore, we have = 1/n.

Consider commutative diagram

where W is a smooth variety, and o and 3 are birational morphisms. Then

k l
> a(X, uM, Fj)Fj ~q Y a(Y,uD,Gi)Gi,
j=1

i=1

where G; and F); are exceptional divisors of the morphism 3 and o respectively. On the other
hand, the singularities of the log pairs (X, uM) and (Y, uD) are canonical and terminal respec-
tively. Therefore, the equality a(X,uM, E) = a(Y,uD, E) holds for every divisor F on the
variety W (see chapter 1.1 in [15]). In particular, we have

k l
Za X, pM, Fy) Za(Y,MD,Gi)Gu
7=1

=1

where k = [, because rtk C1(Y) = rk C1(X) = 1. Thus, the singularities of (X, uM) are terminal.

Let ¢ be a positive rational number such that ¢ > pu, but the log pair (X, (M) has terminal
singularities (see Remark A.5). Then (X,(M) and (Y, (D) are canonical models, which implies
that p is biregular by Theorem A.14. O

It is easy to see that the claim of Theorem B.1 is a criterion of the birational superrigidity of
the variety X up to the existence of extremal blow ups (see Proposition 2.10 in [4]).

Corollary B.2. Suppose that dim(X) = 3. Then X is birationally superrigid if and only if the
singularities of every mobile log pair (X, AM) has canonical singularities, where X\ is a positive
rational number such that Kx + AM ~q 0.

The proof of Theorem B.1 implies the following result.
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Corollary b.o. ouppose that Aim(A ) = o. Lhen A 18 01rationatly 1igia 1f ana onwy ij jor every
linear system M on the variety X that does not have fized components there is a birational
automorphism x € Bir(X) such that the singularity of (X, Ax(M)) are canonical, where X is a
positive rational number such that Kx + Ax(M) ~q 0.

The following generalization of Theorem B.1 is due to [1].

Theorem B.4. Let ( : X --» Z be a rational map such that the normalization of a general fiber
of the rational map C is an elliptic curve, and p : V — X be a birational morphism such that
the variety V' is a smooth, and there is a commutative diagram

where T is a morphism. Take a very ample divisor D on the variety Z. Let M be a proper
transform of the linear system |7*(D)| on the variety X. Then the set CS(X,~yM) is not empty,
where v is a positive rational number such that Kx 4+ yM ~q 0.

Proof. Suppose that CS(X,yM) = @. Then the log pair (X, eM) is a canonical model for some
rational number € > 7, which implies x(V, D) = dim(X), but x(V,€eD) < dim(X) — 1. O

The proof of Theorem B.4 implies the following result.

Lemma B.5. Let Y be a variety with terminal Q-factorial singularities such that —Ky is nef
and big. Suppose that there is a rational map ¢ : 'Y --+ Z such that the normalization of a
general fiber of the rational map C is an elliptic curve. Let p: V — Y be a birational morphism
such that the variety V is a smooth, and there is a commutative diagram

where T is a morphism. Take a very ample divisor D on the variety Z. Let M be a proper
transform of the linear system |7*(D)| on the variety Y. Suppose that there is a positive rational
number v such that Ky +~yM ~qg 0. Then CS(Y,yM) # @.

The proof of Theorem B.4 implies the following generalization of Theorem B.4.

Theorem B.6. Let p: X --» V be a birational map such that V' is a smooth variety, and there
18 a dominant morphism 7 : V. — Z, whose general fiber is a variety of Kodaira dimension zero,
where dim(X) # dim(Z) # 0. Take a very ample divisor D on the variety Z. Let M be a proper
transform of the linear system |7*(D)| on the variety X, and v be a positive rational number
such that Kx +~yM ~q 0. Then the set CS(X,yM) is not empty.

Theorem B.7. Let p: X --» V be a birational map such that V is a Fano variety with canonical
singularities, and p is not bireqular. Toke a sufficiently big natural number n. Let M be a proper
transform of the linear system | — nKy | on the variety X, and v be a positive rational number
such that Kx +~yM ~q 0. Then the set CS(X,yM) is not empty.

Proof. Suppose that CS(X,vyM) = &. Then the singularities of (X,yM) are terminal, which
implies that x(X,yM) = 0. Therefore, the equality v = 1/n holds. Thus, for some rational
number € > v the mobile log pairs (X,eM) and (V,e| — nKy|) are canonical models, which
implies that the rational map p is biregular by Theorem A.14. O

The claim of Theorem B.1 is called Noether—Fano—Iskovskikh inequality. Therefore, the claims
of Theorems B.4, B.6 and B.7 can be considered as strengthened Noether—Fano-Iskovskikh in-
equalities.
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APPENDIX U. LOG ADJUNCTION AND CONNECTEDNESS.

Properties of mobile log pairs (see Definition A.1) reflects birational geometry of algebraic
varieties (see Theorem A.14). Canonical and terminal singularities are the most appropriate
classes of singularities for mobile log pairs. Many geometrical problems can be easily translated
into the language of mobile log pairs (see Theorem B.1).

We can consider log pairs with both mobile and fixed components, which is similar to the fact
that linear systems can have both mobile and fixed parts. Moreover, we can consider log pairs
with negative coefficients. Such generalizations are important because of the following reasons:

e log pull backs of mobile log pairs with respect to birational morphisms reflect the prop-
erty of original log pairs (see Definition C.1), but log pull backs can have fixed compo-
nents and negative boundary coefficients;

e centers of canonical singularities (see Definition A.6) do not have good biregular prop-
erties in contrast to centers of log canonical singularities (see Definition C.2, [15], [11]).

In the given chapter we do not assume any restrictions on the boundary coefficients, namely,
boundaries may not be effective. We assume that log canonical divisors are Q-Cartier divisors.

Definition C.1. A log pair (V, BY) is called a log pull back of a log pair (X, Bx) with respect
to a birational morphism f:V — X if we have
n
BY = f"(Bx) - > _a(X,Bx, E))E;
i=1
such that the equivalence Ky +BY ~q f*(Kx + Bx) holds, where E; is an f-exceptional divisor
and a(X, Bx, E;) is a rational number.

Definition C.2. A proper irreducible subvariety ¥ C X is called a center of log canonical
singularities of the log pair (X, Bx) if there are a birational morphism f : V — X and a not
necessary f-exceptional divisor E C V such that F is contained in the effective part of the
support of the divisor [BY| and f(E) =Y. The set of all centers of log canonical singularities
of the log pair (X, Bx) is denoted as LCS(X, Bx). The set-theoretic union of all elements of
the set LCS(X, Bx) considered as a subset of the variety X is called a locus of log canonical
singularities of the log pair (X, Bx) and is denoted as LC'S(X, Bx).

Remark C.3. Let (X, Bx) be a log pair, H be a general hyperplane section of X, and Z be an
element of the set (X, Bx). Then every component of Z N H is contained in LCS(H, Bx |x)-

Let X be a variety and By = Y. ; a; B; be a boundary on X, where q; is a rational number,
and B; is either a prime divisor on the variety X, or a linear system on the variety X that does
not have fixed components. We say that the boundary By is effective if a; > 0 for every possible
value of 7. We say that the boundary By is mobile if B; is a linear system on X that does not
have fixed components for every index 1.

Example C.4. Let O be a smooth point of the variety X. Suppose that the point O is contained
in the set LCS(X, Bx). Let f: V — X be a blow up of the point O, and E be an exceptional
divisor of the birational morphism f. Then either E € LCS(V, BY), or there is an irreducible
proper subvariety Z C E such that Z € LCS(V, B"). Moreover, the exceptional divisor E is
contained in the set LCS(V, BY) if and only if the inequality multo(Bx) > dim(X) holds.

Let f:Y — X be a birational morphism such that the variety ¥ is smooth, and the union of
all f-exceptional divisors and U} B; is a divisor with simple normal crossing, where B; is the
proper transform of B; on Y if B; is a divisor, or a proper transform of a general element of the

linear system B; otherwise. Then f is called a log resolution of the log pair (X, Bx), and
Ky + BY ~g f*(Kx + Bx),
where (Y, BY) is a log pull back of the log pair (X, Bx).

Definition C.5. Let Z(X, Bx) = f.(Oy([-B"Y7)). Then the subscheme £(X, Bx) associated
to the ideal sheaf Z(X, Bx) is called a log canonical singularity subscheme of (X, Bx).
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1t should be pomnted out, that Supp(L(A,bx)) = LOUOS(A,Dx) C A. Lhe lollowing result 1s
the Shokurov vanishing theorem (see [15]).

Theorem C.6. Suppose that Bx is effective. Let H be a nef and big divisor on X such that
the divisor D = Kx + Bx + H is a Cartier divisor. Then H'(X,Z(X,Bx) ® D) =0 fori > 0.

Proof. It follows from the the Kawamata-Viehweg vanishing that

Rf.(f(Kx+Bx +H)+[-B"]) =0
for all i > 0 (see [10]). The degeneration of the local-to—global spectral sequence and

RUf(f*(Kx +Bx + H)+[-B"]) =Z(X,Bx)® D
imply that ' '
H'(X,I(X,Bx) ® D) = H (W, f*(Kx + Bx + H) + [-B")

for ¢ > 0, but '

H (W, f*(Kx +Bx +H)+[-B"]) =0
for ¢ > 0 by the Kawamata-Viehweg vanishing. O

Let us consider the following elementary application of Theorem C.6.

Lemma C.7. Let V = P! x P!, and By be an effective boundary on V of bi-degree (a,b) such
that a and b € QN [0,1). Then LCS(V, By) = 0.

Proof. Let By = Ele a;B;, where a; is a positive rational number, and B; is an irreducible
reduced curve on the surface V. Intersecting the boundary By with the rulings of V' we get the
inequality a; < 1. Thus the set LCS(V, By/) does not contains curves on V.

Suppose that the set LCS(V, By ) contains a point O. Take a divisor H € Pic(V) ® Q having
bi-degree (1 —a,1 —b). Then the divisor H is ample. Moreover, there is a divisor

D~qg Ky +By+H
such that D is a Cartier divisor and H°(Oy (D)) = 0. On the other hand, the map
H(Oy (D)) — H*(Orv,5,(D))

is surjective by Theorem C.6, which is a contradiction. g

The idea of the proof of Lemma C.7 can be used to get a more general result. Namely, for an
arbitrary Cartier divisor D on the variety X consider the exact sequence of sheafs

0 —IZ(X,Bx) ® D — Ox(D) — Or(x,Bx)(D) — 0
and the corresponding exact sequence
H°(Ox(D)) — H(O(x, By)(D)) = H'(Z(X, Bx) ® D)
of cohomology groups. Then Theorem C.6 implies the following result (see [15]).

Theorem C.8. Suppose that the boundary Bx is effective, but the divisor —(Kx + Bx) is nef
and big. Then the set LCS(X, Bx) is connected.

Similar arguments implies the following result (see Lemma 5.7 in [15].

Theorem C.9. Let g: X — Z be a surjective morphism such that the fibers of the morphism g
are connected, the divisor —(Kx + Bx) is g-nef and g-big, and codim(g(B;) C Z) > 2 whenever
the inequality b; < 0 holds. Then the set LC'S(Y, BY) is connected in the neighborhood of every
fiber of the morphism go f :Y — Z.

The main application of Theorem C.9 is the following inductive result®.

Theorem C.10. Suppose that Bx is effective. Let Z be an element of CS(X, Bx), and H be
an effective and reduced Cartier divisor on the variety X such that H is not a component of the
boundary Bx, the subvariety Z is contained in the divisor H, but the divisor H is smooth in the
general point of the subvariety Z. Then LCS(H, Bx|g) # <.

9We define centers of canonical singularities and set of centers of canonical singularities only for mobile log
pairs (see Definition A.6), but the same definition is valid for any log pair.
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rrooj. Lonsider the log pair (A, Dx + i1). 1hen

{Z,H} C LCS(X,Bx + H).

Let f: W — X be a log resolution of the log pair (X, Bx + H). Then
Kw +H ~q f*(Kx + Bx + H)+ Y _ a(X,Bx + H,E)E,
E+H
where where H is the proper transform of H on W. Applying Theorem C.9 to the log pull back
of the log pair (X, Bx + H) on the variety W, we see that H N E # & for some f-exceptional
divisor E on the variety W such that f(F) = Z and a(X, Bx, E) < —1. Now the equivalence
Ky~ (BEw + H)|g ~q f5(Ku + Bx|g) + > a(X,Bx + H,E)E|g
E+H

concludes the proof. O

The proof of Theorem C.10 implies the following result.

Corollary C.11. Let O be a smooth point of the variety X such that the singularities of the log
pair (X, Bx) are log terminal in a punctured neighborhood of O, the point O is contained in the
set CS(X, Bx), where Bx is effective. Then O € LCS(H, By), where H is a reduced irreducible
effective Cartier divisor on the variety X that passes through the point O, and By = Bx|g-

The natural generalization of Theorem C.10 is the following result (see Theorem 7.5 in [11]).

Theorem C.12. Suppose that the boundary Bx is effective and | Bx | = @. Let S be an effective
reduced and irreducible Cartier divisor on the variety X such that Kx + S + Bx s a Q-Cartier
divisor. Then the singularities of the log pair (X,S + Bx) are purely log terminal if and only if
the singularities of the log pair (S, Diff s(Bx)) are Kawamata log terminal'®.

The following result is Theorem 3.1 in [5].

Theorem C.13. Let H be a surface, O be a smooth point of the surface H, and My be an
effective mobile boundary on the surface H such that

ORS LCS(H, (1 — al)Al + (1 — ag)AQ + MH),

where A1 and Ay are irreducible and reduced curves on the surface H that intersects normally
at point O, and a1 and as are positive rational numbers. Then

multo (M%) > {

Proof. Let D = (1 —a1)A1 + (1 —ag)Ay + My, and f: S — H be a birational morphism such
that the surface S is smooth and

daras a1 <1 ag <1,
4(a1+a2—1) a1 >1 as > 1.

k
Kg+ f7Y(D) ~q f*(Kg + D)+ > a(H,D,E,)E
=1

where E; is an exceptional divisor of the birational morphism f, a(H, D, E;) is a rational number,
the inequality a(H, D, E1) < —1 holds, and f is a composition of k£ blow ups of smooth points.

In the case k = 1 the proof of the claim is obvious. Suppose that the claim is already proved
for all cases when either a; < 1, or as < 1. Thus, we may assume that a; > 1 and ag > 1. Then

O € LCS(H, (2 — a1 — a2)Ay + M),

which implies that multo(M%) > 4(a; + as — 1). Hence, to conclude the proof we may assume
that a; < 1. Now we can obtain the required claim by induction on k. O

Corollary C.14. Let O be a smooth point of X such that O € LCS(X, Bx), where dim(X) = 2,
and the boundary Bx is effective and mobile. Then the inequality multo(B ) = 4 holds, and
the inequality multo(Bx) # 2 implies that the inequality multo(B%) > 4 holds.

10The definition of purely log terminal and Kawamata log terminal singularities can be found in [11].
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1ne claims or Corollaries U.11 ana C.14 1mply the rollowing result (see rroposition L m |l1z|.

Theorem C.15. Let O be a smooth point of X such that O € CS(X, Bx), where dim(X) = 3,
and the boundary Bx is effective and mobile. Then the inequality multo(Bg() > 4 holds, and
the equality multo(B%) = 4 implies the equality multo(Bx) = 2.

The following result is Theorem 3.10 in [5].

Theorem C.16. Let O be an isolated ordinary double point of the variety X such that O is
contained in the set CS(X, Bx ), where dim(X) = 3, and By is effective. Then multo(Bx) > 1.
Proof. Let f: W — X be a blow up of the point O. Then

Bw ~Q f*(Bx) — multo(Bx)E,

where By is a proper transform of the boundary Bx on the variety W, and F is an exceptional
divisor of the morphism f. Suppose that multp(Bx) < 1. Then the equivalence

Kw + Bw ~Q f*(KX + Bx) + (1 — multo(Bx))E

implies the existence of a proper subvariety Z C E such that Z is a center of canonical singu-
larities of the log pair (W, By ). Hence, the set LCS(E, By |g) is not empty by Theorem C.10,
which contradicts Lemma C.7, because E = P! x P!, ]

The geometrical meaning of Theorems C.15 and C.16 can be explained in the framework
of extremal birational contractions to smooth point of three-dimensional variety and isolated
ordinary double point of three-dimensional variety respectively.
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Let X be a general quasismooth hypersurface in P(1,a1,as,as,as) of degree d = Z?:l a;,
where a1 < ag < az < a4 such that X has terminal singularities.
explicitly constructed the set = consisting of dominant rational maps £ : X --+ S such that the

APPENDIX D. FLETCHER—REID HYPERSURFACES.

normalization of a general fiber of the rational map £ is an elliptic curve.

Then in the given paper we

n|dlal|as|as|as| —K% Sing(X) |=]
1|41 ]1]1|1] 4 @ 00
2|5 |1 1]1]2]| 5/2 1(1,1,1) 15
3161 |1|1]3] 2 @ 0
4161122/ 3/2 3x 5(1,1,2) 1
5071123 7/6 3(1,1,1), 3(1,1,2) 1
68|11 |2]4] 1 2 x 5(1,1,1) 1
7181223 2/3 4% 3(1,1,1),4(1,1,2) 5
819 |1 |1]|3]|4] 3/4 1(1,1,3) 1
919 (1]2|3]3] 1/2 $(1,1,1),3 x 1(1,1,2) 2
1010/ 1|1]3]5]| 2/3 1(1,1,2) 1
1mjwl1|2(2]5]| 1/2 5x 5(1,1,1) 5
12010123 |4]5/12 2% 3(1,1,1),3(1,1,2), 1(1,1,3) 1
1311 1]2]3|5]11/30 3(1,1,1),5(1,1,2), £(1,2,3) 1
40121146/ 1/2 $(1,1,1) 1
5|12/ 12(3]6]| 1/3 2 x £(1,1,1),2 x 1(1,1,2) 1
16|12 12415/ 3/10 3% 2(1,1,1),£(1,1,4) 1
171213 |4]4]| 1/4 3% 1(1,1,3) 4
1811212235 1/5 6 x $(1,1,1), £(1,2,3) 1
191212334 1/6 3% 5(1,1,1),4 x £(1,1,2) 4
20131 |3 |45 |13/60 l(1,1 2),4(1,1,3), £(1,1,4) 2
21 (14| 1|2 |4 | 7| 1/4 x 3(1,1,1),3(1,1,3) 1
22 (14223 |7]| 1/6 x%(1,1,1),§(1,1,2) 1
23142 |3 |4 |5 | 7/60 3x3(1,1,1),5(1,1,2),1(1,1,3), (1,2,3) | 2
24|15 1|2 |5 | 7] 3/14 $(1,1,1), 2(1,2,5) 1
25 (15| 1|3 |4 ] 7] 5/28 1(1,1,3),4(1,3,4) 2
2615|1356 1/6 2% 3(1,1,2), 5(1,1,5) 3
271151235 |5 ]| 1/10 $(1,1,1),3 x £(1,2,3) 1
28 (15|33 |45 1/12 5x 3(1,1,2), $(1,1,3) 1
2016 1|2 |5 |8 1/5 2 x 3(1,1,1), £(1,2,3) 1
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n|dla |ag|as|as| —K% Sing(X) =
30161 |3 |4]|8] 1/6 3(1,1,2),2 x (1,1,3) 2
311161 4|56/ 2/15 1(1,1,1),4(1,1,4), £(1,1,5) 1
321162 |3 4| 7] 2/21 4% $(1,1,1), 1(1,1,2), 1(1,3,4) 1
331172 |3 |5 |7 [17/210| 3$(1,1,1),%(1,1,2),2(1,2,3), 3(1,2,5) 1
341181 |2]6|9] 1/6 3% £(1,1,1),£(1,1,2) 1
35|18 1|3 |5]9]| 2/15 2 x +(1,1,2), £(1,1,4) 1
36 18| 1 |46 | 7| 3/28 1(1,1,3),3(1,1,1), 2(1,1,6) 2
371182 3|49 1/12 4% 3(1,1,1),2 x $(1,1,2), 2(1,1,3) 1
38182 |3 |5 |8 | 3/40 2% 3(1,1,1), £(1,2,3), 2(1,3,5) 1
391183 |4 |5 |6 | 1/20 |3x3(1,1,2),5(1,1,3), 5(1,1,1), £(1,1,4) | 1
40193 | 4 |5 | 7 [19/420| £(1,1,2),7(1,1,3),2(1,2,3), 3(1,3,4) 1
411201 [ 4 |5(10] 1/10 $(1,1,1),2 x £(1,1,4) 1
4212002 3|5 |10 1/15 2x 2(1,1,1),1(1,1,2),2 x 1(1,2,3) 1
4312024 |5| 9] 1/18 5x 5(1,1,1), 5(1,4,5) 1
441202 |56 | 7| 1/21 3x £(1,1,1), 5(1,1,5), £(1,2,5) 2
45120 3 | 4| 5| 8| 1/24 2(1,1,2),2 x 1(1,1,3), 3(1,3,5) 1
46 (211 |3 |7 (10| 1/10 L(1,3,7) 1
4702101 |5 | 7|8 | 3/40 £(1,2,3), 5(1,1,7) 1
48 1212 (3|79 1/18 $(1,1,1),2 x £(1,1,2), 3(1,2,7) 1
491213 |5 |6| 7] 1/30 3x 3(1,1,2), £(1,2,3), £(1,1,5) 2
50022 1|3 |7 /[11| 2/21 $(1,1,2), 2(1,3,4) 1
51 (22|14 |6|11] 1/12 1(1,1,3),5(1,1,1), £(1,1,5) 2
521222 | 4|5 11| 1/20 5x 3(1,1,1), 5(1,1,3), £(1,1,4) 1
53|24 1|3 |8 12| 1/12 2 x +(1,1,2), £(1,1,3) 1
541241116 |8|9] 1/18 1(1,1,1),4(1,1,2), $(1,1,8) 1
55241 2|3 |7 [12]| 1/21 2x £(1,1,1),2 x $(1,1,2), 3(1,2,5) 1
56 (242 |38 |11] 1/22 3x 3(1,1,1), £(1,3,8) 1
5712413 | 4|5 |12 1/30 2 x £(1,1,2),2 x (1,1,3), £(1,2,3) 1
581243 | 4| 7/]10| 1/35 $(1,1,1), 2(1,3,4), £(1,3,7) 1
59124136 | 78| 1/42 4% £(1,1,2), 5(1,1,1), 1(1,1,6) 1
60244 |5|6|9]| 1/45 |2x3(1,1,1),£(1,1,4),1(1,1,2), 4(1,4,5) | 0
61254 |5 |7]9]|5/252 1(1,1,3), 2(1,2,5), $(1,4,5) 1
62261 |5 |7 |13 2/35 £(1,2,3), 2(1,1,6) 1
63262 |3 |8 |13| 1/24 3% £(1,1,1), 3(1,1,2), £(1,3,5) 1
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n|d|a |ag|as|as| —K% Sing(X) =
6426 2|56 |13]|1/30 4% 3(1,1,1), £(1,2,3), §(1,1,5) 2
65272 | 5|9 |11]3/110 $(1,1,1), £(1,1,4), £(1,2,9) 1
66275 |6|7|9] 1/7 $(1,1,4), £(1,1,5), 3(1,1,2), 4(1,2,5) 1
67281 [ 4|9 |14 1/18 $(1,1,1), 4(1,4,5) 1
68283 | 4|7 |14 1/42 $(1,1,2), 5(1,1,1),2 x 1(1,3,4) 1
69284 |6 |7 |11]| 1/66 2% 3(1,1,1), 2(1,1,5), £(1,4,7) 1
7030 1|4 |10]15]| 1/20 1(1,1,3),5(1,1,1), £(1,1,4) 1
71030 1|6 |8 |15 1/24 $(1,1,1),4(1,1,2), 2(1,1,7) 1
721302 |3|10]15]| 1/30 3% £(1,1,1),2 x $(1,1,2), £(1,2,3) 1
731302 |6 |7 |15]| 1/42 5x 3(1,1,1),5(1,1,2), +(1,1,6) 1
741303 | 4 |10]|13]| 1/52 1(1,1,3),3(1,1,1), (1,3, 10) 1
75130 4 | 5|6 |15] 1/60 | 1(1,1,3),2 x £(1,1,1),2 x £(1,1,4),3(1,1,2) | 0
76130 5|6 |8 11| 1/88 $(1,1,1), £(1,3,5), £ (1,5,6) 1
7703202 5|9|16]| 1/45 2% 3$(1,1,1), £(1,1,4), $(1,2,7) 1
781324 | 5| 7|16 1/70 2% 1(1,1,3), £(1,1,4), +(1,5,2) 1
7901333 | 5 |11|14 ]| 1/70 1(1,1,4), £(1,3,11) 1
80343 |4 [10|17]| 1/60 $(1,1,2), 1(1,1,3), 5(1,1,1), (1,3,7) 1
81344 |6 |7 [17]1/84 | $(1,1,3),2x 3(1,1,1), £(1,1,5), 3(1,4,3) 1
8236 1 |5 [12|18] 1/30 $(1,2,3), £(1,1,5) 1
83(36| 3 |4 |11|18]| 1/66 2% 3(1,1,2),3(1,1,1), 15(1,4,7) 1
8436|789 [12]1/168 1(1,2,5), 2(1,1,7), 1(1,1,3), 3(1,1,2) 0
8538 |3 |5 |[11|19]2/165 $(1,1,2), £(1,1,4), £(1,3,8) 1
86 (38| 5|6 |8 |19|1/120 $(1,1,4), £(1,1,5), 3(1,1,1), £(1,3,5) 1
87140 | 5 | 7 | 8 |20|1/140 2 x £(1,2,3), 2(1,1,6), 1(1,1,3) 0
8842 | 1 |6 14|21 | 1/42 $(1,1,1), 5(1,1,2), 2(1,1,6) 1
89|42 2 |5 |14 |21 1/70 3x £(1,1,1), £(1,1,4), £(1,2,5) 1
90 (42| 3 | 4 |14 21| 1/84 | 2x £(1,1,2),1(1,1,3),5(1,1,1), (1, 3,4) 1
91|44 | 4 | 5 |13]22]1/130 $(1,1,1), £(1,2,3), $5(1,4,9) 1
9248 |3 | 5 |16|24|1/120 2 x $(1,1,2), £(1,1,4), 2(1,3,5) 1
93|50 7|8 |10]25]1/280 $(1,3,4), 5(1,1,7), 3(1,1,1), £(1,2,3) 0
94 (54| 4 | 5 |18 |27 |1/180 1(1,1,3), 2(1,1,1), £(1,2,3), (1,4,5) 1
95166 | 5| 6 |22|33]1/330 1(1,2,3),4(1,1,1), (1,1,2), £(1,5,6) 1
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40. Case n = 74, hypersurface of degree 30 in P(1,3, 4,10, 13).
41. Case n =79, hypersurface of degree 33 in P(1,3,5,11, 14).
42. Case n = 80, hypersurface of degree 34 in IP(1,3,4,10,17).
43. Case n = 82, hypersurface of degree 36 in P(1,1,5,12,18).
44. Case n € {21,24,33,35,41, 42, 46,50, 54, 55, 61, 62,
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