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DISCRETENESS FOR ENERGIES OF YANG-MILLS CONNECTIONS OVER

FOUR-DIMENSIONAL MANIFOLDS

PAUL M. N. FEEHAN

ABSTRACT. We generalize our previous results [29] Theorem 1 and Corollary 2], [30, Theorem
1] on the existence of an L?-energy gap for Yang-Mills connections over closed four-dimensional
manifolds and energies near the ground state (occupied by flat, anti-self-dual, or self-dual con-
nections) to the case of Yang-Mills connections with arbitrary energies. We prove that for any
principal bundle with compact Lie structure group over a closed, four-dimensional, Riemann-
ian manifold, the L? energies of Yang-Mills connections on that principal bundle form a discrete
sequence without accumulation points. Our proof employs a version of our Lojasiewicz-Simon gra-
dient inequality for the Yang-Mills L2-energy functional from our monograph [31] and extensions
of our previous results on the bubble-tree compactification for the moduli space of anti-self-dual
connections [32] to the moduli space of Yang-Mills connections with a uniform L? bound on their
energies.
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1. INTRODUCTION

Suppose that G is a Lie group and A is a connection on a principal G-bundle P over an oriented
manifold, X, endowed with a Riemannian metric, g. The Yang-Mills L?-energy functional is
defined by

(1.1)

Ey(A) == /X |F4|? dvoly,

where Fq € Q?(X;adP) is the curvature of A. We extend the results of our previous two articles
[29, 30] on L?-energy gap results for Yang-Mills connections in several ways, building on the
method of [30] which relies on the Lojasiewicz-Simon gradient inequality [31, 89] and compactness
of the moduli space of flat connections over a closed Riemannian manifold of arbitrary dimension
greater than or equal to two. We specialize here to the case of a base manifold of dimension
four but generalize the results of [29] by removing the constraints described in that article on the
compact Lie structure group, genericity or positivity of the Riemannian metric, topology of the
base four-manifold, or topology of the principal bundle supporting the Yang-Mills connections.
Our approach in [30] relied on the compactness of the moduli space of flat connections to ensure
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that the Lojasiewicz-Simon gradient inequality constants were uniform with respect to the critical
point. More generally, the moduli space of Yang-Mills connections with a uniform L? bound on
their curvatures are non-compact due to the phenomenon of energy bubbling in dimension four,
a property better known in the context of moduli spaces of connections attaining the absolute
minimum value of the L2-energy functional predicted by topology, namely the moduli spaces of
anti-self-dual or self-dual connections [3], 28, [36, 37]. Many examples of non-minimal Yang-Mills
connections are now known to exist, as we discuss in Section but they remain mysterious
even when the base four-manifold is the sphere with its standard round metric of radius one,
and non-compactness makes it difficult to understand their possible energy values, including the
fundamental question as to whether those values are discrete or form continua.

1.1. Main results. We refer the reader to Section [2] for the definitions and notation employed in
the statements of our main results (Theorems |1| and 3| and Corollary [2|) and ensuing discussion.

Theorem 1 (Discreteness of critical values of the Yang-Mills L?-energy functional for connec-
tions over four-dimensional manifolds). Let G be a compact Lie group and P be a smooth prin-
cipal G-bundle over a closed, four-dimensional, oriented, smooth manifold, X, endowed with a
smooth Riemannian metric, g. Then the subset of critical values of the L?-energy functional,
&y + B(P,g) — [0,00), is closed and discrete, depending at most on g, G, and the homotopy
equivalence class, [P]. In particular, if {c;}ien C [0,00) denotes the strictly increasing sequence
of critical values of & and A is a g-Yang-Mills connection on P with

(1.2) ¢ < gg(A) < Cit1,
for some i > 0, then &y(A) = ¢;.

Remark 1.1 (Discreteness of critical values of coupled Yang-Mills L2-energy functionals for pairs
of connections and spinor fields over four-dimensional manifolds). A version of Theorem |l should
hold more generally for solutions to coupled Yang-Mills equations for pairs, (A, ®), consisting of
a connection A on P and a section ® of an associated vector bundle; see the discussion of such
equations by Parker in [65 Section 2]. We shall consider such generalizations elsewhere.

A brief introduction to the main ideas underlying the proof of Theorem [I] is given in Section
[1.9] especially Sections [I.9.2] and Theorem [1] yields the following special case, generalizing
our previous results [29, Theorem 1 and Corollary 2].

Corollary 2 (L%-energy gap for Yang-Mills connections over four-dimensional manifolds with
energies near the ground state). Let G be a compact Lie group and P be a principal G-bundle over
a closed, four-dimensional, oriented, smooth manifold, X, endowed with a smooth Riemannian
metric, g. Then there is a positive constant, € € (0,1] depending at most on g, G, and the
homotopy class, [P] of the principal bundle, with the following significance. If A is a smooth
g-Yang-Mills connection on P and the g-self-dual component, FZ’Q, of its curvature, F4, obeys

(1.3) 1F3 7 2 (x) < e
then A is a g-anti-self-dual connection, that is, FX’g =0.

Remark 1.2 (On the conclusions of Corollary . By reversing orientations on X, the analogous
conclusion in Corollary [2|is true for g-self-dual rather than g-anti-self-dual connections on P: If
(1.3) holds for F, ¥ in place of Fj’g , then A is g-self-dual, that is, F,*9 = 0.

Corollary [2| does not provide a new method of establishing the existence of anti-self-dual con-
nections extending previous existence results due to Donaldson [25], Taubes [92, 04], or Taylor
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[97] since the problem of proving existence of Yang-Mills connections is considerably harder than
that of proving the existence of anti-self-dual connections. For example, see Taubes [95] for the
case of a base manifold of dimension four and Brendle [13] for the case of base manifolds of
dimension greater than four.

Theorem [1] acquires further context from the more familiar setting of Morse theory on finite-
dimensional manifolds. If M is closed, finite-dimensional, smooth manifold, then its Euler char-
acteristic can be computed with the aid of a Morse function, f : M — R, via the identity [55,
Theorem 5.2]

(M) = 3 (< 1)m,,
1
where n; is the number of critical points of f of index 1.

The proof of Theorem [IJon the separation of critical values also yields a result on the separation
of strata of critical points. For p > 1 and integers k > 0, we define a W*P distance function on
the stratified Banach manifold, Z(P, g) = < (P)/ Aut(P), by

. I
(1.4) dlSth’“P([Al]a [Ao]) = 5 u,velzgft(P) <|“(A1) - AO||W§6P(X,g) + [[v(Ao) — Al”Wz’lp(X,g)> )

and, for any non-empty subsets %, %1 C A(P,g),

(15) diStW;,p(%l, 02/0) = [Ai]ei/gfi:(),l diStW;;,p ([Al], [Ao])

and when k = 0, we write disty;0, = distz» in (1.4) and (L.5). We suppress explicit notation for
the Riemannian metric ¢ in (1.4]) and (1.5) when there is no ambiguity.

Theorem 3 (Uniform W!2-distance between Yang-Mills connections over four-dimensional man-
ifolds with distinct critical values). Let G be a compact Lie group and P be a principal G-bundle
over a closed, four-dimensional, oriented, smooth manifold, X, endowed with a smooth Riemann-
ian metric, g, and E > 0 be a constant. Then there is a positive constant, § € (0,1], depending
at most on E, g, G, and [P], with the following significance. If ¢, € [0, E] and

(1.6) distyy1,2 (Crit(P, g; ), Crit(P, g; ¢')) < 6,
then ¢ = c.

1.2. Discreteness of critical values of the Yang-Mills energy functional over closed
Riemannian smooth manifolds of dimension two or three. The energies of Yang-Mills
connections on a principal G-bundle P over a closed Riemann surface are necessarily discrete,
just as in Theorem [1] for the case of a four-dimensional manifold, when X is a closed, Riemannian
smooth manifold of dimension two or three and G is any compact Lie group. Indeed, for X
of dimension two or three, the conclusion of Theorem [I] is a straightforward consequence of the
Lojasiewicz-Simon gradient inequality for the Yang-Mills energy functional [74, Proposition 7.2]
(see Simon [89, Theorem 3] for the original version) and Uhlenbeck compactness for Yang-Mills
connections with an L? bound on curvature [100, [101], as observed by Rade [74, p. 127]. This
observation will be explained in more detail when we discuss the key ideas in the proof of Theorem
in Section This paradigm underlies the proof of our main result [30, Theorem 1] concerning
the gap between the energies of non-flat Yang-Mills connections and zero (the energy of any
flat connection), where we exploit compactness of the moduli space of flat connections over a
closed Riemannian smooth manifold of arbitrary dimension greater than or equal to two and
our version of the Lojasiewicz-Simon gradient inequality for the Yang-Mills energy functional
over such manifolds [31, Theorem 21.8|, quoted here as Theorem However, to extend those
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ideas to prove Theorem [l| one must address the fundamental problem of non-compactness, due
to bubbling, of moduli spaces of Yang-Mills connections with bounded energy.

1.3. Discreteness of critical values of the Yang-Mills energy functional over compact
Kahler manifolds. For a compact Lie group, G C U(n), one can also see that the energies of
Yang-Mills connections on a principal G-bundle P over a closed Riemann surface, ¥, are necessar-
ily discrete, just as in Theorem [I] for the case of a four-dimensional manifold, as a consequence of
the results of Atiyah and Bott [2]. (The author is grateful to George Daskalopoulos and Richard
Wentworth for their explanations of what is known with regard to discreteness of L? energies of
integrable Yang-Mills connections over Kéhler manifolds of complex dimension one and two.)

In the case of a closed Riemann surface, the discreteness follows from results of Atiyah and
Bott [2]. They show that every Yang-Mills connection on Hermitian vector bundle E over ¥ is a
direct sum of Hermitian-Yang-Mills connections, where the key idea is to rewrite the Yang-Mills
equation using the Kahler identities. The L? energy of a Hermitian-Yang-Mills connection is
the square of the slope of E, up to some fixed overall constant depending on the volume of the
Riemann surface. The slope of E is equal to the degree of E divided by its rank. Hence, the
collection of possible slopes that appear in the Harder-Narasimhan decomposition are rational
with a denominator bounded above by the rank of the initial bundle, £. This proves discreteness
in the case of Yang-Mills connections over Riemann surfaces.

A version of this argument applies to compact Kéhler surfaces, Z, but not necessarily in the
generality provided by Theorem [I| as we must restrict to holomorphic vector bundles given the
possibility that there may be Yang-Mills connections that are not sums of Hermitian-Yang-Mills
connections. For Kahler surfaces, there could exist Yang-Mills connections whose curvature is
not of type (1,1).

Bubbling occurs in real dimension four, so one must consider the energies of Yang-Mills con-
nections and ideal Yang-Mills connections arising, for example, as Uhlenbeck limits of Yang-Mills
connections. Here one can rely on work of Daskalopoulos and Wentworth [19, 20], where they show
that the Harder-Narasimhan type of the Uhlenbeck limit is the same as the Harder-Narasimhan
type of the original holomorphic bundle, (E, 5,40). For a bundle F of prescribed topological type,
the possible slopes are again discrete. The denominator is bounded by the rank, and the degrees
are obtained by intersecting elements of a lattice H?(Z;Z) (the first Chern classes) with the
Kahler class.

It is possible that the preceding argument for Kéhler surfaces might extend to the case of
compact Kéhler manifolds of arbitrary complex dimension based on work of Sibley [85], Tian
[98], and others concerning Yang-Mills connections over higher-dimensional manifolds. However,
methods based on generalizations of those of Atiyah and Bott [2] giving discreteness in the case of
Riemann surfaces would not appear to yield the conclusion of Theorem [1|in full generality when
Z is a compact Kéhler surface and G C U(n) or, more generally, when Z is a compact Kéhler
manifold of complex dimension three or higher.

While our [30, Theorem 1] yields a gap between zero and the energy of non-flat Yang-Mills
connections over a base manifold of any dimension, through Uhlenbeck compactness and our
Lojasiewicz-Simon gradient inequality, it would be a challenging problem to generalize Theorem
to the case of dimensions greater than four.

1.4. Discreteness and non-discreteness of critical values of the Yang-Mills energy
functional over complete, non-compact four-dimensional manifolds. Dodziuk and Min-
Oo [23], Gerhardt [38], Shen [84], and Xin [I07] establish L2-energy gap results near the ground
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state (or absolute minimum) energy in the case of four-dimensional, non-compact, smooth man-
ifolds equipped with a complete Riemannian metric that is positive in the sense of . It
is possible that Theorem [I| might extend, perhaps with a suitable weighting at spatial infinity,
to four-dimensional, complete, non-compact manifolds which are not conformally compact and
whose Riemannian metric does not obey the positivity condition ((1.15]).

Our proof of Theorem |[1| makes essential use of the hypotheses that (X,g) is conformally
compact and that G is a compact Lie group. Using the conformal invariance of Yang-Mills
equations over four-dimensional manifolds, Chaohao [14, Theorem 1] has proved that over a
complete, connected, simply-connected manifold of constant negative sectional curvature (namely,
the hyperbolic space H* with sectional curvature —1), there exist Yang-Mills connections with
L?-energy c equal to any non-negative real number; see Chaohao [I5] for further discussion.
As Sadun points out, some condition at spatial infinity should be required in order to achieve
discrete values of the Yang-Mills L?-energy functional in the absence of a positivity condition on
the Riemannian metric.

1.5. Relevance to previous results on Morse theory for the Yang-Mills L?-energy func-
tional over closed four-dimensional manifolds. The primary difficulty one must confront
when analyzing the L?-energy functional on a principal G-bundle over a four-dimensional mani-
fold is non-compactness of the critical sets, Crit(P, g, %) in Definition due to the well-known
phenomenon of energy bubbling [28, [36] and indeed this is the difficulty addressed by Taubes in
[95] in his approach to Morse theory for the Yang-Mills L?-energy functional; see also [93] [96] for
related results.

We recall some of the ideas underlying the proof of his main result [95, Theorem 1.1], essentially
following his description in [95], Section 2], and describe the relationship between the ‘approximate
critical sets’ X (F,d) defined by Taubes in and the traditional critical sets, Crit(P,g,c),
that we specify in Definition Our summary of Taubes’ approach in [95] is highly simplified
and we omit mention of many deep technicalities discussed in detail his article.

1.5.1. Taubes’ framework for Morse theory for the Yang-Mills L?-energy functional over closed
four-dimensional manifolds. The purpose of Taubes’ article is to explain [95, p. 329] how the
Morse theory for the Yang-Mills L2-energy functional can be recovered by examining the re-
striction of the functional to a countable set of finite-dimensional, non-compact subvarieties of
the Banach manifold of connections with base point modulo gauge transformations, %'(P, g) =
(o (P, g) X Plg,)/ Aut(P), for some fixed g € X. (The stratified Banach manifold, #(P, g), is re-
covered as the quotient, Z'(P, g)/G; the open subset B*(P, g) C #(P,g) of points [A] € B(P,g)
with stabilizer (isotropy group) of A in Aut(P) isomorphic to Center(G) is a Banach manifold
28, p. 132].)

Taubes first considers a smooth function, % : 2~ — R, on a smooth Banach manifold, 2",
for which the Palais-Smale Condition C is not assumed to hold. Rather than examine the exact
critical sets of .#, he considers sets of approximate critical points [95, Equation (2.1)],

(1.7) Crit(E,d) :={z € 2 :|#(z) — E| < b and |.F'(z)|| < b},
where F'(z) : T, 2% — Tx % is the gradient of .7 at each x € 27, and also introduces the set
(1.8) Crit(E,0)” :={z € Crit(E,¢) : F(z) < E}.

When ¢ > §’ > 0 are given, there is a natural inclusion of the pairs,

(1.9) v: (Crit(E, &), Crit(E, ")) — (Crit(E, d), Crit(E, §) ).
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It is the effect of the map ¢ on the relative homotopy groups of the pairs in which determines
whether Crit(E, ) contributes to the Morse theory of .# on 2°. Taubes calls the number E a
regular value of F if there exists 6 > 0 and ¢’ € (0, ] such that the map ¢ in induces the zero
map between the relative homotopy groups. If F is not a regular value (in the preceding sense),
then it is called a critical value. When £ is a compact manifold, these definitions coincide with
the usual definitions of regular value and critical value.

We emphasize that in Theorem [1] and throughout our article, we only employ the standard
definitions of regular value and critical value for the Yang-Mills L? energy functional on o7 (P, g)
or #'(P,g), irrespective of the fact that «/(P,g) and %'(P,g) are infinite-dimensional Banach
manifolds.

Taubes constructs certain finite-dimensional subvarieties A4~ C %'(P, g) parameterized by the
following gluing data and a splicing map, where we restrict our attention here to a special case
(one rather than iterated levels of splicing) of his construction outlined in [95, Equations (2.5)
through (2.10)] for the sake of exposition:

(1) Set of Yang-Mills connections, Ay, on a principal G-bundle Py over X;

(2) Sets of Yang-Mills connections, A,, on principal G-bundles P, over S* corresponding to
points z, € X, where 1 < a < ;

3) Set of oriented g-orthonormal frames, f, for (T'X);,, where 1 < o <;

4) Set of points ¢o € Polg,, for 1 <a <1

5) Set of points p, € Pals, for 1 < a <1, where s € §* is the south pole; and

6) Set of scales A, € (0,1], for 1 <a <.

The automorphism groups which act on the gluing data are described in [95, Sections 2 and 4].
In general, as in [95] Sections 2 and 4], the preceding construction must be iterated by prescribing
a tree with root vertex for each point z, € X and a copy of the preceding gluing data for S*
assigned to each vertex in the tree.

The gluing data (which is subject to certain constraints described in [95] Sections 2 and 4]) is
used to build spliced connections, A, that are approximate solutions to the g-Yang-Mills equation
on a principal G-bundle P over X. In the W12 -Sobolev neighborhood of the embedded, finite-
dimensional submanifold, 4 C %'(P, g), of spliced connections corresponding to the gluing data,
the value of the Yang-Mills L? energy functional, &, is approximately E and the W ~1?-norm
of the gradient of & is approximately zero, and so, in this neighborhood, a suitably defined
Hessian of & determines the behavior of &;. The Hessian of & has at most n* small or negative
eigenvalues, and all of the other eigenvalues are bounded from below by a positive constant. It
is shown in [95, Section 7] that the number, nx has an a priori bound, given E. The eigenvalues
of the Hessian are weakly continuous on %'(P, g) with respect to the W12 topology.

Taubes’ splicing construction produces, for each [A] € .47, a vector space of dimension n* or
less which approximates the span of those eigenvectors of the Hessian of &; which have small
or negative eigenvalue, called the obstruction space. At each point [A] € A7, let 114 denote the
projection onto the span of those eigenvectors of the Hessian of &, which have small or negative
eigenvalue. (For the sake of exposition, we shall ignore issues related to approximate reducibility
of connections A defined by the splicing construction.) The open set .4 has two locally finite
covers by open sets {4} and {4/} such that .4 C .4 and such that over .4;, the set of
projections {IlI4 : [A] € A;} is smoothly varying. The set of images of I14, as [A] varies through
A, defines a vector subbundle, V; C T.4;, of rank n* or less, called the obstruction bundle.

At each point in this subset, the Hessian of & is uniformly convex on the complement of V; in
T.#;. This fact, together with the Contraction Mapping Theorem, allows one to construct a ho-
motopy of %'(P, g) which is &j-decreasing, and which deforms .#;" onto the rank(V;)-dimensional

(
(
(
(
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submanifold of .#; consisting of the set of points [A] € .4; where
(1.10) (1 -TMaya)&,(A+a) =0,

for suitable a € Q(X;adP). This submanifold is denoted ¥o(.4;). (We again ignore issues related
to approximate reducibility of connections A defined by the splicing construction.) Equation
(T.10)) is the Yang-Mills equation for A + a composed with an L?-orthogonal projection onto the
L?-orthogonal complement of the finite-dimensional obstruction space.

On A; N A, either V; C Vj or V; = Vj or V; D V. Thus, either ¥g(.4;) N A4 is a smooth
submanifold of ¥¢(.#;), or vice versa. The union of the manifolds {¥¢(.4;)} defines a smooth
variety, Yo N A4 with maximum dimension n*.

Given § > 0, one defines, by analogy with ,

(1.11) Y(E,0) = {[A] €eXgnN A :|6(A) — E| < and Héag’(A)H < 5}.
By analogy with and , one defines
(1.12) Y(E,0)” ={[A] € £(F,9) : §(A) < E},

and for § > ¢ > 0, one has the inclusion of pairs,
(1.13) L (S(E,8),5(E,8)7) — (S(E,6),%(E,6)7) .

By construction, the effect of the inclusion map in on the relative homology and homotopy
groups of the pairs of spaces in can be calculated from the effect of the inclusion map in
on the relative groups for the pairs of spaces in . This is Taubes’ main result in [95] and
the detailed statement is given by [95] Theorem 1.1]. It is in this sense that Morse theory for the
Yang-Mills L?-energy functional is recovered by the addition of the finite-dimensional variational
problems which are implicit in calculating the effect of the map in on the relative homology
groups of the pairs of finite dimensional varieties in ([1.13)).

1.5.2. Relationship with Theorem . As is clear from and Definition the subvariety
Y(E,0) C #'(P,g) serves as a finite-dimensional neighborhood of a piece of the set Crit(P, g, E)
of critical points of the Yang-Mills L?-energy functional, &, : #'(P,g) — R, with critical value
E € [0,00).

It is important to note that the conclusions in Taubes’ [95, Theorem 1.1] concerning Morse
theory for &, : #'(P,g) — [0,00) and the topology of %#'(P,g) follow from the existence of a
countable collection of finite-dimensional varieties, {X;}jen C #'(P, g), as described in Section
However, neither [95, Theorem 1.1] nor the discussion in [95, p. 329] assert that L? energies
of Yang-Mills connections on P form a discrete sequence.

1.6. Relevance to quantum Yang-Mills field theory over four-dimensional manifolds.
While a mathematically rigorous approach to quantum Yang-Mills field theory over conformally
compact four-dimensional manifolds remains a distant vision at present, an analysis of the geom-
etry of the critical sets and discreteness of critical values of the Yang-Mills L? energy functional
values should nonetheless have a role in such endeavours. Research aimed at developing the
mathematical foundation of quantum Yang-Mills field theory over Riemann surfaces serves to
shed light on the corresponding theory in the case of four-dimensional manifolds. There has been
considerable interest in the case of Yang-Mills theory over Riemann surfaces and, rather than
review previous research here, we shall mention only the work of Atiyah and Bott [2] and Witten
[106] together with the references included in their bibliographies and the many articles citing
their work. Witten notes [106 p. 303] that the contributions to the partition function from the
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unstable classical solutions are ‘exponentially small’ and we might expect that the same is true
in the setting of Yang-Mills theory over four-dimensional manifolds.

1.7. Examples of Schrédinger operators with dense point spectrum and examples of
energy functionals with dense critical values. The L? energy gap results in [29] are proved
with the aid of spectral gap results for Laplace operator, dj*?d 7 on QF(X;adP). Thus it is
instructive to compare our gap results for critical values of the Yang-Mills L?-energy functional
with related results for energy functionals defined by linear self-adjoint operators on a Hilbert
space. To explain those results, it is useful to recall some basic terminology from the spectral
theory for linear operators on Banach and Hilbert spaces [47, [72, [75].

Let B(X) be the Banach algebra of all bounded linear operators on a Banach space X'. The
spectrum o(L) of an operator L € B(X) is the set of all A € C such that L — AI is not invertible
[75, Definition 4:17]. Thus A € o(L) if and only if at least one of the following two statements
is true: ¢) The range of L — AI is not all of X. 4) L — Al is not one-to-one. If holds, A is
said to be an eigenvalue of L; the corresponding eigenspace is Ker(L — AI); each £ € Ker(L — \I)
(except £ = 0) is an eigenvector of L; it satisfies the equation

LE = ).

The point spectrum o,(L) of an operator L € B(X) is the set of all eigenvalues of L [75], Definition
10.32]. Thus A € o,(L) if and only if the null space Ker(L —AI) of L — Al has positive dimension.

Naboko [61] constructs self-adjoint one-dimensional Schrédinger and Dirac operators with dense
point spectrum in [0,00) and R, respectively. For the case of the self-adjoint one-dimensional
Schrédinger operator, one has the

Theorem 1.3. [61, Theorem 1 and remark below Theorem 2], [88, Theorem 1] Let {r,}5°, be
a sequence of rationally independent positive real numbers. Let g(x) be a monotone function on
[0,00) with g(0) = 1 and limy_,o g(x) = 00. Then there exists a C* potential V(x) on [0, 00)
such that
(1) For eachn > 1, the equation —d*u/dz*+Vu = k2u on [0, 00) has a solution u, € L*(0,00)
with boundary condition u,(0) = 0;
(2) |V(z)| < g(x)/(x + 1), for all x € [0, 00).

Simon [88] uses a different method to construct Schrodinger operators with dense point spec-
trum in [0, 00).

Theorem 1.4. [88, Theorem 2] Let {r,}5°; be a sequence of arbitrary distinct positive real
numbers. Let g(x) be a monotone function on [0,00) with ¢g(0) = 1 and lim,_,o g(x) = 1. Let
{0035, be a sequence of angles in [0, 7). Then there exists a potential V(x) on [0,00) such that
(1) For eachn > 1, the equation —d*u/dz?+Vu = k2u on [0, 00) has a solution u, € L?(0,00)
with boundary condition,

u'(0)

u(0)

(2) [V(@)] < g(x)/(z +1), for all x € [0,00).

In particular, Schrédinger operators such as those in Theorems (Naboko) or (Simon)
can have dense point spectrum in [0, c0) and thus no spectral gaps anywhere. See also the articles
of Christ, Kiselev, and Remling [17, I8, [73], Deift and Killip [21], Simon [88], as well as the article
by Killip and Simon [48] which extend the results of Naboko [61] and Simon [8§].

= cot 8,
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It is interesting to now contrast Theorems and with Theorem [1. Suppose L is a self-
adjoint operator on a Hilbert space H with domain Z(L) C H, let Sy :={{ € H : ||£]| = 1} be
the unit sphere in H, and define an energy functional, .# : (L) N Sy — R, by setting

ﬁ(f) = (L§,§), VEe .@(L) N Sy.

The tangent space at £ € Sy is given by (T'Sy)e = &+ = {n € H : (£,n) = 0}. In particular, the
expression for the differential map at £ € Z(L) N Sy is

(DF)e(n) = 2(LE,m), Vn e (TSn)e.

Consequently, £ € (L) N Sy is a critical point of % : Z(L) N Sy — R if and only if £ is an
eigenvector of L, that is L{ = A for some A\ € R. Letting 2(L) = W01’2(0, o) C L?(0,00) denote
the domain of L on L?(0, 00) with homogeneous Dirichlet boundary condition at x = 0, the work
of Naboko [61] and Simon [88] allows one to construct energy functionals of the form

Z(u) ;:/ (IVuf? + V) dr, ue P(L) and ||uflg2m) = 1.
0

which do not exhibit gaps between their critical values of the kind asserted by Theorem [If for the
Yang-Mills L?-energy functional.

1.8. Existence of non-minimal Yang-Mills connections. Theorem [I| has significance be-
cause the existence of non-minimal Yang-Mills connections over closed four-dimensional, Rie-
mannian, smooth manifolds has by now long been well-established. We survey some of the
known results.

One of the earliest examples (in 1980) of non-minimal Yang-Mills SU(2)-connections over a
closed four-dimensional manifold, namely St x S3, is due to Chaohao [14, Theorem 2]. Construc-
tions of non-minimal Yang-Mills SU(2)-connections over S x S3 were later given by Urakawa
[103] (in 1988), Wang [104] (in 1991), and Parker [66] (in 1992). Urakawa [103] and Wang [104]
also proved the existence of non-minimal Yang-Mills SU(2)-connections on S? x S2.

For many years the question of existence or otherwise of non-minimal Yang-Mills SU(2)-
connections over S* remained open until their existence on the product bundle on P = $* x SU(2)
was first proved by Sibner, Sibner, and Uhlenbeck [87] (published in 1992) and, more generally
(in a series of articles published between 1990 and 1994), principal SU(2)-bundles, P, over S* for
any ca(P) > 2 by Bor and Montgomery [9, [10] and Sadun and Segert [77, [78|, [79, 80, [§1].

More recently Gritsch [40] (in 2000) has proved existence of non-minimal Yang-Mills connec-
tions over a broader family of four-dimensional manifolds. We recall her construction of those
manifolds. Let Fb, be a Riemann surface of genus 2g with involution given by reflection in the
mid-circle and S? the 2-sphere with the antipodal map. These involutions combine to give an
involution o : Fyy X S2 Fyy x 52 with no fixed points. Then My, := Fyy X, S2 s a closed,
oriented, smooth, spin four-dimensional manifold. The second Chern classes of the 4 spinor
bundles W= over My, are co(W*) = £(2g — 1). Gritsch uses homotopy theory to prove that
there exist non-minimal Yang-Mills connections on the bundles W¥.

Given one isolated non-minimal Yang-Mills connection (where isolated means that the Hessian
of Yang-Mills functional is non-degenerate), Wang [105, Theorem 1] has proved using the min-max
method that there are then infinitely many other non-minimal Yang-Mills connections.

Finally, geometric questions concerning non-minimal Yang-Mills connections have also been
explored by Stern [91].
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1.9. Discussion of the main ideas underlying the proof of Theorem [1} In Sections|1.9.2
and we describe some of the key ideas used in the proof of Theorem [ — where we impose
no conditions on the Riemannian metric g, compact Lie group G, or topologies of the principal
G-bundle P and the closed manifold X — and contrast them in Sections [1.9.1] and [1.9.2] with
earlier results yielding an L2-energy gap near the ground state but only under rather strong
hypotheses on g, G, P, and X.

1.9.1. Spectral gap for a Laplace operator and energy gap near the moduli space of anti-self-dual
or self-dual connections. In our [29, Theorem 1 and Corollary 2], we establish that the L? energies
of non-minimal g-Yang-Mills connections on a principal G-bundle, with compact Lie structure
group G, over a closed, connected, four-dimensional, oriented, Riemannian, smooth manifold
(X, g), are separated from the L? energy of the minimal g-Yang-Mills connections by a uniform
positive constant depending at most on the Riemannian metric g and the homotopy type [P]
of P. In particular, rather than require that g be positive in the sense of , as assumed
by Bourguignon, Lawson, and Simon [I1], 12] in their L*°-energy gap results or by Min-Oo [57,
Theorem 2] and Parker [65, Proposition 2.2] in their L2-energy gap results (see also Donaldson
and Kronheimer [28, Lemma 2.3.24]) — which constrains X to have negative definite intersection
form — we instead assume in [29, Corollary 2] that the Lie structure group is SU(2) or SO(3) and
the Riemannian metric is generic in the sense of [36], and impose mild conditions on the topologies
of P and X inspired by those employed in the most general definitions of the Donaldson invariants
[27, 28, 51, 58] of X.

It is enlightening to recall the main ideas underlying the proofs of [57, Theorem 2|, [65, Propo-
sition 2.2], [29, Theorem 1 and Corollary 2]. Let R4(z) denote the scalar curvature of g at a point
x € X and let V/Qi (z) € End(AY) denote its self-dual and anti-self-dual Weyl curvature tensors
at x, where A2 = AT @ A, . Define

w;t (x) := Largest eigenvalue of V/Qi(:v), Vre X.

We recall the following Bochner-Weitzenbock formula [36, Equation (6.26) and Appendix C, p.
174], [42, Equation (5.2)],

k k 1
(1.14) 203940 = VIV g0 + (SRg — zw;> v+ {F9 v}, VveQM9(X;adP).
We call a Riemannian metric, g, on X positive if
1
(1.15) 3R - 2w >0 on X.

Consequently, if HFZ’QHLQ(X,Q) < g(g) € (0, 1], then the Laplace operator, d;’gd;{’*g on QH9(X;adP)
exhibits a spectral gap in the sense that its least eigenvalue, p4(A), has a positive lower bound
po = po(g) that is uniform with respect to [A] € B(P,g) obeying

IF4 N r2(x.9) < €(9)-
Standard arguments (see the proofs by Min-Oo of [57, Theorem 2] and Parker of [65, Proposition
2.2]) imply that if A is also g-Yang-Mills, then one must have
Fi9=0 onX,

and so A is a g-anti-self-dual connection on P, that is, an absolute minimum of the Yang-Mills
L? energy functional on %(P,g). By reversing orientations of X, one also sees that if A is a
g-Yang-Mills connection A with [|[F || 2(x ) < €(g), then F*Y =0 on X and A is a g-self-dual
connection on P, also an absolute minimum of the Yang-Mills L? energy functional on Z(P, g).
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Results of this kind were first obtained by Bourguignon, Lawson, and Simon [11, 12] but under
the stronger hypotheses that ||FZ7QHLOO(X79) <e(g) or [|Fy | poe(x,q) < €(9)-

The structure of the Bochner-Weitzenbock formula reveals that the method of proof of
[57, Theorem 2] or [65, Proposition 2.2] is unlikely to yield any information concerning energy
gaps near higher critical values of the Yang-Mills L?-energy functional, where ||FX’9 I L2(X,g) OF

| F4 9l 22(x,q) is large and the positivity condition (L.I5) can no longer ensure that pg(A) >

po(g) > 0 for all [A] € B(P,g) with HFXy”LQ(X’g) < e(g).

The main idea in the proof of our [29, Corollary 2] is to show that the positivity hypothesis
for the Riemannian metric g can be replaced by the requirement that g be generic and
G have dimension three, together one of the following combinations of hypotheses on G and the
topologies of P and X:

(1) b+(X) = 0, the fundamental group 71(X) has no non-trivial representations in G, and
G = SU(2) or G =S0O(3); or

(2) b+(X) > 0, the fundamental group 71(X) has no non-trivial representations in G, and
G = SO(3), and the second Stiefel-Whitney class, wo(P) € H?(X;Z/27Z), is non-trivial;
or

(3) bT(X) > 0, and G = SO(3), and no principal SO(3)-bundle P, over X appearing in
the Uhlenbeck compactification of the moduli space of g-anti-self-dual connections on P,
namely M (P,g), admits a flat connection.

Unfortunately, while the preceding combinations of hypotheses on g, G, P, and X again yield an
L?-energy gap result for the ground state,

cyo <,

where g is the L2-energy of a g-anti-self-dual (or g-self-dual) connection on P and c; is the
minimum L2-energy of a non-minimal Yang-Mills connection on P, our proof of [29, Corollary
2] still requires that HFX’QHL%X,g) (or [|[Fy7|lr2(x,q)) be less than e(g,[P]) € (0,1] in order

to establish the existence of a spectral gap for the Laplace operator, dj’gd}*g, in the sense
that pg(A) > po(g, [P]) > 0 for all [A] € A(P,g) with ||FZ’9HL2(X79) < &(g,[P]). Therefore,
this alternative method yields no information either regarding higher-order critical values of the
Yang-Mills L?-energy functional.

1.9.2. Lojasiewicz-Simon gradient inequality and energy gap near the moduli space of flat con-
nections. Our sequel [30] to our article [29] establishes an L%/2-energy gap [30, Theorem 1] for
a g-Yang-Mills connection A on a principal G-bundle, with compact Lie structure group G, over
a closed, connected, smooth manifold, X, of dimension d > 2 and endowed with a Riemannian
metric g. Indeed, if
||FA||Ld/2(X,g) <g,
where ¢ = ¢(d, g, [P]) € (0,1] and A is g-Yang-Mills, then [30, Theorem 1] asserts that F4 = 0 on
X, that is, A is a flat connection. When d = 4, we obtain an L?-energy gap result for the ground
state,
co =0 < cq,

where cg is the L?-energy of a flat connection on P and ¢; is the minimum L?-energy of a
non-minimal Yang-Mills connection on P.

Our proof of [30, Theorem 1] uses our version of the Lojasiewicz-Simon gradient inequality [31],
Theorem 21.8] to remove a positivity constraint on a combination of the Ricci and Riemannian
curvatures in a previous L%2-energy gap result due to Gerhards [38, Theorem 1.2] and a previous
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L*>°-energy gap result due to Bourguignon, Lawson, and Simons [I1, Theorem C], [12, Theorem
5.3]. Our proof of [30, Theorem 1] relies on the fact that the moduli space, M (P, g), of gauge-
equivalence classes of flat connections on P is compact with respect to the Uhlenbeck topology
[100, 102]. We shall explain the roles of the Lojasiewicz-Simon gradient inequality and Uhlenbeck
compactness of M(P,g) — and also how reliance on Uhlenbeck compactness of M (P, g) might
be relaxed — in Section [1.9.3]

1.9.3. Lojasiewicz-Simon gradient inequality for Yang-Mills connections over the sphere and main
ideas underlying the proof of Theorem [l While our proof of Theorem [I] formally mirrors that of
[30, Theorem 1], in so far as that we rely on our Lojasiewicz-Simon gradient inequality (Theorem
and compactness results (developed in this article) for sequences of Yang-Mills connections
with bounded L? energy, it is the non-compactness due to the energy bubbling phenomenon which
makes the proof of Theorem (1| difficult in the present context of bounded but otherwise arbitrary
L? energy as opposed to L? energy near zero.

Our proof of our previous energy gap result, [30, Theorem 1], exploits the fact that the
Lojasiewicz-Simon radius, o[I'], has a uniform positive lower bound as I' varies over the moduli
space, Crit(P, g,0), of flat connections on a principal G-bundle over X. Now, however, [Ayy] varies
over the moduli space of Yang-Mills connections, Crit(P, g, ¢ ), where ¢ € [0, 00) is any compact
subset. Because Crit(P, g, %) is non-compact due to bubbling when ¥ = [0, E] and E > 0 is
sufficiently large (for example, greater than or equal to the energy of a non-flat anti-self-dual or
self-dual connection on a principal G-bundle over S%), it is no longer clear that the Lojasiewicz-
Simon radius, o[Ayy], will have a uniform positive lower bound as [Ayy] varies over Crit(P, g,%).
A direct examination, via the lengthy proof of Theorems or of the dependence of the
Lojasiewicz-Simon triple of constants, (Z,0,0), on [Ayy| would be very difficult. However, one
can gain insight into why there is still a uniform positive lower bound for o[Ayy] when [Ayy]
varies over Crit(P, g, [0, E]), for E large, by examining the case where (X, g) is (5%, ground) and
Ground 1 the standard round metric of radius one over S%.

In our application to the proof of Theorem (1| we shall only need a weaker special case, essen-
tially Corollary [8.4] of the full Lojasiewicz-Simon gradient inequality in dimension four, Theorem
where the WZI’Q norm on d% F4 in is replaced by the L* norm on d F5 to give .
This simplification is too weak for application to the questions of convergence and global exis-
tence of solutions to Yang-Mills gradient flow developed by the author in [3I], but suffices for
our application to the proof of Theorem [} the simplification is attractive because the Yang-Mills
equation, d% F4 = 0, is conformally invariant (since the Yang-Mills L? energy functional is con-
formally invariant) and the L* norm on the one-form, dy F4, is invariant with respect to the
pull-back action on A and elements of Q!(X,adP) by conformal diffeomorphisms of (X,g). If
Ayy is a g-Yang-Mills connection on a principal G-bundle P over X and A is a W22 connection
on P that obeys

HA — AYM”Wz}(? (X) < U[AYNI]a
29
then Corollary [8.4] implies that A obeys the Lojasiewicz-Simon gradient inequality,
A Fall L (x.g) = Z164(A) = Eg(Av)I”.

Now suppose that Ay is centered in the sense of Definition [4.1I] with center at the north pole
and scale one, and let 5 be the conformal transformation of $* C R® induced by a stereographic
projection from the south pole and the rescaling map on R?* given by 6y(z) = /A for z € R*
and A € Ry. Then SKAYM is a one-parameter family of g.oung- Yang-Mills connections on P over
5S4 whose energy density becomes totally concentrated at the north pole when A \, 0 and totally
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concentrated at the south pole when A 7 oo. However, while the standard Sobolev norm on
W}x’2(54; A! ® adP) (see Section for an explanation of the notation for Sobolev norms),

1/2
lallyrzgay = llallyre  (gay = </ (IV4eumdal® + |al?) dVOlgmund> , Vae Q' (5 adP),
A A 54

»9round

is not invariant with respect to the pull-back action on a € Q'(S%, adP) and connections A on P
by elements, h, of the conformal group of transformations of S%, it is quasi-conformally invariant,
with universal constants as one can see from Taubes [95, Lemma 3.1], quoted here as Lemma
In particular, there is a universal constant C € [1,00) such that, for any W2 connection A on
P and any element & of the group Conf(S*) of conformal transformations of (S*, ground), one has

_ X _ 1,2
O sz sty < 1% allyaz, sy < O alyszgsey, Yo € WHH(SY),

Hence, if a W22 connection A on P obeys

(116) ||A - h*AYMHW;;(QA < CilU[AYM],

YM (54)

then h~1*A obeys
||h—17*A — AYMHWI}AQ (S%) < U[AYM]’

and the Lojasiewicz-Simon gradient inequality for Ay, implies that
1 s Fre allLagsny = Z1E (R A) = E(An)|”-

By the invariance of the L* norm on one-forms and L? norm on two-forms with respect to the
pull-back action on forms by conformal diffeomorphisms, the preceding inequality is equivalent
to

4 FallLasty = Z|E(A) — & (h* A’
In other words, we have shown that

o[h*Ayy] > Cto[Ayy], Vh € Conf(S?),
and the following choice of Lojasiewicz-Simon triple of constants for [h* Ayy],
(Z[h*AYM]v U[h*AYM]a e[h*AYMD = (Z[AYM]; C_IU[AYM]7 G[AYM])

depends only on the point [Ayy] € Crit(P, ground, [0, E]) and not on the map h € Conf(S4).
Therefore, if A is a connection that obeys

||A - h>kAYl\d”w;;2A, (S%) < C_lo-[AYM]a

and A is grouna- Yang-Mills, then d’y F)y = 0 on X and the Lojasiewicz-Simon gradient inequality
implies that
E(A) = &R Ayy) = E(Ayn).

The preceding observations are more significant than they might appear at first glance. Although
A is W2 close to h*Ayy in the sense of (L.16)), the space Crit(P, ground, [0, E]) is not bounded
with respect to the distance function defined by the Sobolev W12 norm, and so it is essential
that the Lojasiewicz-Simon radius, o[h* Ayy], be comparable to o[Ayy] with universal constants
that are independent of A € Conf(S*) = R* x R, x SO(4), where R acts on S* by rescaling as
noted above, R* acts on S* = R* U {oco} by translation, and SO(4) acts on S* C R® by rotation.

For the general case, when P is a principal G-bundle over an arbitrary closed, Riemannian,
smooth manifold, (X, g), one has to examine the bubble-tree compactification of Crit(P,g, %) in
great detail, extending previous work of Parker and Wolfson in the context of pseudo-holomorphic
maps [67, [68], Taubes [95] in the context of sequences of Yang-Mills connections, and the author
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[32] in the context of sequences of anti-self-dual connections. By iterating the application of local
dilations and local translations to a sequence of g-Yang-Mills connections on P near points of
curvature concentration in X and then near points of curvature concentration in copies of S4,
one obtains a sequence of ¢#-Yang-Mills connections over a connected sum of X and copies of
S4 associated with vertices of the trees arising in the bubble-tree closure of Crit(P,g, %), where
g™ is a Riemannian metric on the connected sum that is conformally equivalent to g.

We prove that Crit(P, g, %) is covered by finitely many suitably-defined coarse VV&)E bubble-tree
open neighborhoods and hence we prove Theorem [I| by showing that the energies of Yang-Mills
connections must coincide if they belong to any one such small-enough neighborhood.

1.9.4. Bubble-tree closures and Sobolev metric completions of moduli spaces of Yang-Mills con-
nections. The restriction of the W1? distance function on #A(P,g) to the moduli subspace
Crit(P, g, %) of Yang-Mills connections with L? energies in a compact subset ¢ € [0,00) yields
the metric distyy1,2(+,-) on Crit(P, g, % ). The proof of Proposition suggests that Crit(P, g, %)
should have infinite volume and diameter with respect to the infinitesimal W2 Riemannian met-
ric. The fine bubble-tree closure of Crit(P, g, ¢) should be equal to the completion of Crit(P, g, %)
with respect to disty1,2(-,-). See Remark for a discussion of the corresponding results re-
lating the Uhlenbeck closure of Crit(P, g, %) and the completion of Crit(P, g, %) with respect to
distyz2(-,-); our article [32] and those of Groisser and Parker [41], 42] 43] and of Peng [69) [70]
and the references cited therein contain further results concerning the relationship between the
Uhlenbeck closure and L? metric completion of M (P, g).

When P is a principal SU(2) bundle over S* with its standard metric of radius one and
c2(P) = 1 and we restrict our attention to the moduli space M (P, g) of anti-self-dual connections,
the results of Doi and Kobayashi [24], and Matumoto [54] prove that infinitesimal metrics on
M (P, g) — which should be comparable to disty1,2(+, ) — are complete and have infinite volume
and diameter. See also the work of Babadshanjan and Habermann [6]. Matumoto [54] considers
the metrics

(1) (4)(a,b) := (MLadaa,Iadad), Va,be Q' (X;adP),

where 14 : L2(X; A ® adP) denotes L2-orthogonal projection onto (d4Q°(X;adP))*, and
(gr.11)(4) (@, b) := (dallaa,dallad), Va,be Q'(X;adP),

where II4 : L?(X;A! ® adP) denotes L%-orthogonal projection onto Kerd* N QY(X;adP) =
(daQ°(X;adP))t. For X = S and G = SU(2), the metric g has a constant negative sectional
curvature —5/(3272), so this metric is hyperbolic and complete, while the metric gii; has negative
sectional curvature everywhere and is also complete.

1.10. Outline of the article. The content of each of the following sections is accompanied by
its own introduction, so we shall just briefly indicate the overall structure of the remainder of our
article. Section [2| provides definitions of analytical and topological concepts in gauge theory which
we shall need throughout our article. Section[3|develops results concerning Uhlenbeck convergence
for a sequence of Yang-Mills connections with a uniform L? bound on their curvatures. In Section
[4] we discuss the definitions and properties of the mass center and scale maps on the quotient space
of connections over the sphere. Section [j] initiates our development of bubble-tree convergence
properties of a sequence of Yang-Mills connections with a uniform L? bound on their curvatures.
In Section [6] we describe the construction of smooth Riemannian metrics on connected sums of
X and copies of S4, as prescribed by bubble-tree data. In Section [7| we explore the relationship
between VVIEC2 bubble-tree open neighborhoods of the moduli space of Yang-Mills connections
with a uniform L? bound on their curvatures and the global W12 distance between pairs of
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connections, separately analyzing the case of fine and coarse bubble-tree neighborhoods. We
conclude in Section |8 with a discussion of the Lojasiewicz-Simon gradient inequality and show
how a version of this inequality for the Yang-Mills L?-energy functional and the bubble-tree
compactification for the moduli space of Yang-Mills connections with a uniform L? bound on
their curvatures yield the main results of this article.

1.11. Acknowledgments. I would like to thank George Daskalopoulos and Richard Wentworth
for their explanations of results for the Yang-Mills L2-energy functional over Riemann surfaces and
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for the Yang-Mills L?-energy functional over four-dimensional manifolds. I am grateful to the
Department of Mathematics at Rutgers University and the Max Planck Institute for Mathematics,
Bonn, for research support and the Department of Mathematics at Columbia University for their
hospitality during the preparation of this article.

2. PRELIMINARIES

We shall generally adhere to the now standard gauge-theory conventions and notation of Don-
aldson and Kronheimer [28], Freed and Uhlenbeck [36], and Friedman and Morgan [37]; those
references and our monograph [31] also provide the necessary background for our article.

2.1. Sobolev spaces and connections. Throughout our article, G denotes a compact Lie group
and P a smooth principal G-bundle over a smooth manifold, X, of dimension d > 2 and endowed
with Riemannian metric, g. We denote A := AY(T*X) for integers [ > 1 and A = X x R, and
let adP := P X,q g denote the real vector bundle associated to P by the adjoint representation
of G on its Lie algebra, Ad : G 3 u — Ad, € Aut g, with fiber metric defined through the Killing
form on g. Given a C'* reference connection, A, on P, we let

Vaor VY :C®(X;A @adP) — C®(X;T*X @ A' ® ad P),
dg: C®(X;A'®adP) — C®(X; A" @ adP), [leN,

denote the covariant derivative [28, Equation (2.1.1)] and exterior covariant derivative [28, Equa-
tion (2.1.12)], respectively, defined by the connection A on P and Levi-Civita connection for the
Riemannian metric, g, on the tangent bundle, T X, and all associated vector bundles. We write
the set of non-negative integers as N and abbreviate Q/(X;adP) := C=(X; A'®adP), the Fréchet
space of C™ sections of A! ® adP.

More generally, given a Hermitian or Riemannian vector bundle, E, over X and covariant
derivative, V 4, which is compatible with the fiber metric on E, we denote the Banach space of
sections of E of Sobolev class W*P, for any k € N and p € [1, 00], by Wz’p(X; E), with norm,

& 1/p
(2.1) 1ollyy i ) = Z/ VP dvol, |,
i=0"X
when 1 < p < oo and
k .
— N J
(2.2) ||UHW§,OO(X) = Zebstup |V,

J=0
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otherwise, where v € Wﬁ’p(X; E).

2.2. Sobolev embeddings and Kato inequality. Suppose that U C R? is an open subset
obeying an interior cone condition [I, Section 4.6] with cone x and d > 2. We recall from [I,
Theorem 4.12] that there are continuous embeddings,

LYU;R), for kp < dand p> 1 and p < ¢ < p* :=dp/(d — kp),
(2.3)  WFP(U;R) — LY(U;R), for kp =d and p < ¢ < o0,
Cy(U;R), for kp > d and p > 1,

for p > 1 and integers k > 0, where the norm of the embedding depends at most on k, p, and &.
If U obeys the strong local Lipschitz condition [I, Section 4.9], then Cy(U;R) may be replaced
by C(U;R) in (2-3).

If (X, g) is Riemannian smooth manifold that is closed, compact with boundary, or complete,
and having bounded geometry in the sense of injectivity radius having a uniform positive lower
bound, ¢p, and Riemannian curvature tensor with uniform bounds on its covariant derivatives
with respect to the Levi-Civita connection, then the preceding local embeddings take the form

L1(X, g;R), for kp < dand p > 1 and p < ¢ < p*:=dp/(d — kp),
(2.4) ng’p(X;R)<—> L1(X,g;R), for kp =d and p < ¢ < o,
Cy(X, g;R), for kp > d and p > 1,

where the norm of the embedding depends at most on k, p, oo, and HV’; Riemy || ¢, (x) and the

norm on the Banach spaces W; P(X;R) is defined via or , with covariant derivative,
V¥ replaced by V9 (Levi-Civita connection).

The Sobolev Embedding [I, Theorem 4.12] may be usefully combined with the pointwise Kato
Inequality [36, Equation (6.20)],

(2.5) |d|v]| < |Vav| a.e. on X,

for a section v € W'P(X; E) of a Hermitian or Riemannian vector bundle, E, over X and
covariant derivative, V 4, which is compatible with the fiber metric. The embeddings then yield
the estimates,

l<p<dand p<q<p":=dp/(d—p),
26)  olliscxg) < Clollyiogyy, for p=dandp<q< o
7 p>d and ¢ = oo,

for a constant, C' € [1,00), that is independent of the connection, A.

2.3. Gauge transformations and quotient space of connections. We let o/ (P) denote
the affine space of connections on P of Sobolev class WP for p > 2 and integer k > 1 and
Aut P denote the Banach Lie group of automorphisms (or gauge transformations) of Sobolev
class W*+1P of the principal G-bundle, P, for p > 2 and integer k > 1 obeying (k + 1)p > d, so
WkP(X) < C(X) is a continuous Sobolev embedding by (2-4).

We let B(P, g) := </(P)/ Aut P denote the quotient of the affine space of connections, <7 (P),
of class WP modulo the action of the group, Aut P, of automorphisms of P of class W*T1LP_ for
p > 2 and integer k£ > 1 such that (k + 1)p > d. We refer to [28, Section 4.2] or [36, Chapter
3] for constructions of the Banach manifold structures on Aut P and #*(P, g), where we recall
that B*(P,g) C A(P,g) is the open subset gauge-equivalence classes of connections on P whose
isotropy group is the center of G [28, p. 132].
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2.4. Curvature of connections. Many of our calculations require local expressions for con-
nections or curvature, so we shall review the relevant facts here. For further details regarding
connections on principal bundles and curvature, see Bleecker [7, Chapter 2], Donaldson and Kro-
nheimer [28, Section 2.1], Jost [46, Section 4.1], Kobayashi [49, Section 1.1], and Kobayashi and
Nomizu [50, Section 2.5].

Let G be a Lie group with Lie algebra g. Following [7, Chapter 2], given a smooth manifold,
Z,and a,b € QY(Z; g), one defines [a,b] := >0 a” AP [Eq, Eg], where {E,} is a basis for g and
a =a"FE, and b = bBEB. Let P be a smooth principal G-bundle over a smooth manifold, X.
If A€ QY(P;g) is a (global) connection one-form, then its curvature is [7, Theorem 2.2.4], [50]
Theorem 2.5.2]

Fi=dA+ %[A,A] € O%(P;g),

where d : Q'(P,g) — Q1(P;g) is exterior derivative for g-valued forms on P. If G is a matrix
Lie group with matrix Lie algebra g, then [a,b] = a A b+ b A a, where a A b is defined by matrix
multiplication with entries multiplied by wedge product, and then one may alternatively write
[7, Theorem1 2.2.12 and Corollary 2.2.13]

Fia=dA+ ANAcQ*P;yg).

Given a local section o : U — P, where U C X is an open subset, and denoting a = ¢*A €
QL (U; g), we have

1
U*FA:da+§[a,a] or da+ahacQ*U;g),

where the first expression is valid for any Lie group and the second expression is valid when G
is a matrix Lie group. We may regard F4 as an element of Q?(P;g) or Q?(X;adP), due its
transformation property with respect to local gauge transformations [7, Theorem 2.2.14], [49,
Equation (1.1.14)].

With respect to local coordinates on X, say z(-) = ¢! on an open subset U C X, the
local expressions for the curvature o*F4 € Q2(U,g) in terms of the local connection one-form
o*A € QY(U, g) are given by [46, Equation (4.1.27)],

* aa’l/ v
g FA = <8J,‘“ +CLMCLV> dx”/\dx

1 <8au day,

2 \ 9zt Oz

B da,  Oay u y
— l;, (8:}5“ 3 T [a#,a,,}> dat A da,

+ [ay, al,]> dx* A dx”

where the first expression is valid if G is a matrix group. We write (compare [28, Equation
(2.1.17)],

_ Oa, B Oay,
2 ga Qv

+lay,ar], 1< p,v<d.

Of course, the same expressions hold for connections, A, of Sobolev class WP for p > 2 and
integer k > 1, albeit only almost everywhere unless kp > d, where X has dimension d.
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2.5. Yang-Mills energy functional and Yang-Mills connections. The Yang-Mills L2-energy
functional, &, : &7 (P, g) — [0,00), given by is gauge-invariant and thus descends to a func-
tion on the quotient space, &, : (P, g) — [0, 00).

A connection, A on P, is a critical point of & — and by definition a Yang-Mills connection
with respect to the metric ¢ — if and only if it obeys the Yang-Mills equation with respect to
the metric g,

(2.7) d3'Fs =0 ae. on X,

since d;7Fy = &)(A) when the gradient of & = &, is defined by the L? metri(ﬂ [28, Section
6.2.1], [42] and d% = d%? : QY(X;adP) — Q1 X;adP) is the L? adjoint of d4 : Q!(X;adP) —
QH1(X;adP), for integers [ > [.

2.6. Classification of principal G-bundles. In this subsection and in Section we summa-
rize the main points of [31], Section 9], which extends the discussion in Donaldson and Kronheimer
[28, Sections 2.1.3 and 2.1.4] to the case of compact Lie groups, and is based in turn on Atiyah,
Hitchin, and Singer [3], Milnor and Stasheff [56, Section 15 and Appendix C], Sedlacek [83,
Appendix], Steenrod [90], and Taubes [92, Appendix].

We assume in this subsection that X is a closed, four-dimensional, oriented, topological mani-
fold and that G is a compact semisimple Lie group. We recall from [83] Appendix], [92, Proposi-
tions A.1 and A.2] that a topological principal G-bundle, P over X, is classified up to isomorphism
by a cohomology class n(P) € H*(X;m (G)) and its first Pontrjagin classes, p}(P) € HY(X;7Z),
or equivalently, first Pontrjagin degrees, (p}(P),[X]) € Z, where [X] € H4(X;Z) denotes the
fundamental class of X and 1 < j < jg, where the integer j; > 1 is the number of non-
trivial simple ideals comprising the semi-simple Lie algebra g of G. The topological invariant,
n € H?(X;m(Q)), is the obstruction to the existence of a principal G-bundle, P over X, with a
specified Pontrjagin degrees.

2.7. Absolute minima of the Yang-Mills L?-energy functional. In addition to the as-
sumptions of Section [2.6] we require that P and X be smooth and that X be equipped with a
Riemannian metric, g. For any C*° connection, A, we recall that the curvature F4 splits into its
g-self-dual and g-anti-self-dual components [28, Equation (2.1.25)],

(2.8) Fa=F{9aF9 e Q*(X;adP) = QM9(X;adP) @ Q9(X; adP),

corresponding to the positive and negative eigenspaces, A*9, of the Hodge star operator *g
A? — A? defined by the Riemannian metric, g, so [92, Equation (1.3)]

1
(2.9) Fi9 = S(LE#)Fac QH9(X;adP).

Of course, similar observations apply more generally to connections, A, of Sobolev class W for
p > 2 and integer k > 1.

If A is g-self-dual, that is, F,"Y = 0 on X, then the Chern-Weil formula [56, Appendix C], [92,
Appendix] implies that the components of the Pontrjagin vector for P are non-negative; if A is
g-anti-self-dual, that is, F;{’g = 0 on X, then the Chern-Weil formula implies that the components
of the Pontrjagin vector of P are non-positive.

By the Chern-Weil formula, a connection, A on P, attains the absolute minimum value of the
Yang-Mills L?-energy functional &y in if and only if A is g-self-dual when the components of

IWe omit the customary factor of 1/2 in the definition (T.1) of &, for convenience in this article and compensate
by defining the L? metric to be 2(a, b)2(x), for a,b € Q' (X;adP).
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the Pontrjagin vector of P are non-negative or A is g-anti-self-dual when the components of the
Pontrjagin vector of P are non-positive. If A is g-self-dual or g-anti-self-dual, then the Chern-Weil
formula gives an expression for the absolute minimum value of & in terms of the components of
the Pontrjagin vector for P. Consequently, the g-self-dual or g-anti-self-dual connections on P
comprise the absolute minima or ‘ground states’ for &j.

2.8. Miscellaneous notation. In the sequel, constants are generally denoted by C (or C(x)
to indicate explicit dependencies) and may increase from one line to the next in a series of
inequalities. We write € € (0, 1] to emphasize a positive constant that is understood to be small
or K € [1,00) to emphasize a constant that is understood to be positive but finite. An open
ball in R? with center = and radius » may be denoted by B,(z) or B(x,r), depending on the
context. When there is no ambiguity, we suppress explicit mention of the underlying Riemannian
metric, g, from differential operators or Sobolev spaces and write VY = V4, and * = %,4, and
& = d%9, and df = d59, and & = &, and FT = F{9, and WyP(X) = WFP(X), and similarly
elsewhere. Manifolds, principal bundles, and Riemannian metrics are always smooth. For a
Riemannian manifold, (X, g), we denote its injectivity radius at a point € X by Inj, (X, g) and
let Inj(X, g) := infex Inj, (X, g).

3. UHLENBECK CONVERGENCE FOR A SEQUENCE OF YANG-MILLS CONNECTIONS WITH A
UNIFORM L2 BOUND ON CURVATURE

In Section we develop an Uhlenbeck convergence result (Theorem for a sequence of
Yang-Mills connections with a uniform L? bound on their curvatures. Section contains a
definition of the Uhlenbeck topology and provides Uhlenbeck compactness results for the moduli
space of anti-self-dual connections, M (P, g); Section contains the corresponding definitions for

the moduli spaces of Yang-Mills connections, Crit(P, g, ¢), with L?-energies in a compact range
% C [0,00).

3.1. Uhlenbeck convergence for a sequence of Yang-Mills connections with a uniform
L? bound on curvature. In [83, Theorem 3.1 and Lemma 3.4], Sedlacek extends Uhlenbeck’s
Weak Compactness Theorem [100, Theorem 1.5 = Theorem 3.6] from the case of a sequence of
connections, with a uniform LP(X)-bound on curvature, on a principal G-bundle over a closed,
four-dimensional, Riemannian, smooth manifold, X, from the case of p > 2 to p = 2. Moreover,
in [83] Proposition 4.2 and Theorem 4.3], Sedlacek applies his Weak Compactness Theorem to the
case of an L2-energy minimizing sequence of W*? connections, {4, }men on P, where k > 1 and
p > 2 obey (k4 1)p > 4. Our purpose in this section is to describe a simple refinement (Theorem
of Sedlacek’s Weak Compactness Theorem for the case where {A,,}men is a sequence of
Yang-Mills connections, thus obtaining an analogue of [28, Theorem 4.4.4], which provides weak
compactness for sequences of anti-self-dual connections on P. A result similar to Theorem [3.1] was
proved by Taubes as [95], Proposition 5.1], [93, Proposition 4.4] and the main ideas involved in their
proofs are essentially equivalent. One may also view Theorem below as a sequential analogue
of [31, Theorems 29.3 and 29.4], an Uhlenbeck compactness result for Yang-Mills gradient flow.
Analogues of Theorem for closed Riemannian manifolds, X, of dimension d > 5 are given by
Nakajima [63], Tian [98], and Zhang [109].

Theorem 3.1 (Uhlenbeck convergence for a sequence of Yang-Mills connections with a uniform
L? bound on curvature ). Let G be a compact Lie group and P be a principal G-bundle over
a closed, connected, four-dimensional, smooth manifold, X, and endowed with a Riemannian
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metric, g. If {A™}men is a sequence of g- Yang-Mills connections on P of class WP, with k > 1
and p > 2 obeying (k + 1)p > 4, with bounded L?-energy,
sup || Fam||p2(x) < oo,
meN
then there exist
(1) A sequence of gauge transformations, {tm, ymen C Aut(P), of class Wk+1»;
(2) An integer, | > 1, and, if | > 1, a finite set of points, x = {x1,..., 51} C X;
(3) A g-Yang-Mills connection, A of class W5P, on a principal G-bundle, Ps, over X \ x;
(4) A gauge transformation, us, € Aut(Ps | X \ X) of class WFHIP | such that us(A>)
extends to a g-Yang-Mills connection, A> of class W*P, on a principal G-bundle, Ps,
over X with n(Px) = n(P),
such that the following hold:

(1) The sequence {tum(A™)}men converges as m — oo in the sense of I/VIIZ’p(X \ x) to A>;
(2) If 1 > 1, the points, x; € X, are characterized by positivity of the limit

r—0 m—00

& = limlimsup/ |FAm|2dvolg>O, 1<i<,
BT(ZEZ)

and the sequence of measures, |Fam|? dvoly, converges asm — oo in the weak-star topology
to the measure, |Fas|? dvol, + 22:1 &; Og,, that is,
!
|Fgm|? dvol, — |Fas|?dvol, + Zé@ bz, n (C(X;R)) asm — oo,
i=1
where 0, is the Dirac delta measure centered at x € X.
(3) If in addition the sequence {A™}men is absolutely minimizing in the sense that

(3.1) I3 L2x) = 0 as m — oo,
then A% is a g-anti-self-dual connection.

Remark 3.2 (Comparison with previous results of Taubes). Theorem has antecedents in [95]
Proposition 5.1], [93], Proposition 4.4] where, rather than assume that {A™},,cn is a sequence of
Yang-Mills connections (with bounded L?-energy) on P, Taubes instead assumes that {A™},en
is a sequence of arbitrary (W"P) connections on P such that

&y(A™) - E  and ||d*AmFAm||W;n11,2(X) — 0, asm — oo,

where E is a finite constant and we recall that &"(A) = d;9F4 is the gradient of the Yang-Mills
energy functional at a connection, A, on P. (See the statement of [95, Proposition 5.1] and
the discussion in [95 pp. 340-341].) The stronger conclusions in Theorem are, naturally, a
consequence of its stronger hypotheses relative to [95, Proposition 5.1].

We shall just indicate the changes required to the proof of [28, Theorem 4.4.4], namely, the en-
hancements required to strengthen the notion of convergence in [83], Proposition 4.2 and Theorem
4.3] to that described in the conclusions of Theorem We first summarize the main technical
ingredients that we shall require from Uhlenbeck [100, [101], specialized from the setting of a base
manifold of arbitrary dimension to one of dimension four.

2For the sake of convenience, we omit from the expression for the energy constants, &, the factors of 1/2
employed in the related expression (1.1]) for the Yang-Mills energy function, &



DISCRETENESS FOR ENERGIES OF YANG-MILLS CONNECTIONS 23

Theorem 3.3 (Existence of a local Coulomb gauge and a priori estimate for a Sobolev connection
with L%2-small curvature). [I00, Theorem 1.3 or Theorem 2.1 and Corollary 2.2] Let d > 2 be an
integer, G be a compact Lie group, and p € [d/2,d). Then there are constants, C = C(d,G,p) €
[1,00) and ¢ = &(d, G, p) € (0, 1], with the following significance. Let A be a connection of class
WP on B x G such that

(3.2) | Fall posas) < <.

where B C R? is the unit ball with center at the origin. Then there is a gauge transformation,
u: B — G, of class W?P such that the following holds. If A = © + a, where © is the product

connection on B x G, and u(A) = © + v tau + u~tdgu, then
dg(u(A) —©) =0 a.e. on B,
(u(A) —O)(7) =0 on IB,

where 7 is the outward-pointing unit normal vector field on 0B, and

(3.3) [u(A) = Ollwirpy < Cl|FallLe(B)-

Remark 3.4 (Dependencies of the constants in Theorem [3.3). The statements of [100, Theorem
1.3 or Theorem 2.1 and Corollary 2.2] imply that the constants, e and C, in estimate only
depend the dimension, d, of the ball, B. However, their proofs suggest that these constants may
also depend on G and p through the appeal to an elliptic estimate for dg + dg, in the verification
of [100, Lemma 2.4] and arguments immediately following.

Remark 3.5 (Construction of a W**1P transformation to Coulomb gauge). We note that if A is
of class W*P | for an integer k > 1 and p > 2, then the gauge transformation, u, in Theorem
is of class WH*tLP: see [100, page 32|, the proof of [I00, Lemma 2.7] via the Implicit Function
Theorem for smooth functions on Banach spaces, and our proof of [33, Theorem 1.1] — a global
version of Theorem [3.3]

An examination of the proof of Theorem [3.3|in [I00] yields the

Corollary 3.6 (Existence of a local Coulomb gauge and a priori estimate for a Sobolev connec-
tion with L%2-small curvature). [30, Corollary 4.4] Assume the hypotheses of Theorem but
allow p in the range d/2 < p < co. Then the conclusions of Theorem continue to hold.

Proof. We need only consider the case d < p < co. Writing u(A) = © + a, we have F,(4) =
Fo +ded+aNaand Fg =0 and so, because dga = 0 by Theorem [3.3]

[(de + dg)allLr () = deall Lr(B) = | Fua) — a A dllLr(s)
< | Fuyllzesy + lla A dllep)
< ||Fallzr(B) + QH&H%%(B)
< ||Fallzr(m) + Co||d”$/vlm(3),

for Cy = Cy(d, p), noting that we have a continuous Sobolev embedding, W' (B) < L" (B) for
r* =dr/(d —r) and any r € [1,d), by (2.3]); we set r* = 2p to determine r = 2pd/(d + 2p) and
thus r € [2d/3,d) when p € [d,00). But Theorem implies that
lallwrrs) < CillFallLr(s)s
for C1 = C1(d,G,p), since HFAHLd/Q(B) < e by (3.2). From the interpolation inequality [39,
Equation (7.9)] we have
1Eallzrs) < NEalasgs 1l
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noting that d/2 <r <d <pand 1/r = \/(d/2) 4+ (1 — \)/p for suitable A € (0,1). Thus A obeys
1 1 1 22 1-2A

r 2p + d d + p
and we see that A = 1/2. By combining the preceding inequalities, we obtain
I(de + d&)all o) < 1Fallos) + CoCEllFalltr (s
< |\Falles) + CoCF | Fall parz(py | Fall o)
<(1+ COC%{':)HFAHLP(B)'
Combining the preceding inequality with the elliptic estimate, for Cy = Ca(d, p, G),
Jally2o0s) < Coll(do + d5)all o )
employed by Uhlenbeck in her proof of Theorem [3.3|now completes the proof of Corollary 3.6, O

When p > d/2 in Corollary we have a continuous Sobolev embedding W??(B) — C(B) by
(2.3), and hence a useful analogue for an annulus instead of a ball, albeit at the cost of a stronger
hypothesis on the curvature. Let Q(r, R) := Br — B, C R? denote the open annulus with center

at the origin and radii r < R. The following result is a special case of [102), Corollary 4.3] due to
Uhlenbeck.

Theorem 3.7 (Existence of a local Coulomb-gauge trivialization and a priori estimate for a
Sobolev connection with LP-small curvature over an annulus). Let d > 2 be an integer, G be a
compact Lie group, p € (d/2,00), and p € (0,1). Then there are constants, C = C(d,G,p,p) €
[1,00) and e = (d, G, p, p) € (0,1], with the following significance. Let A be a connection of class
WP on Q(p/2,2) x G such that

(3.4) IEallLe@(p/2,2)) < e

Then there is a gauge transformation, u : Q(p/2,2) — G, of class Mi’f(Q(p/2,2)) such that
the following holds. If A = © + a, where © is the product connection on Q(p/2,2) x G, and
u(A) =0 +utau +utdou, then

dg(u(A) —0)=0 a.e onQp,1),

and

(3.5a) [u(A) = Ollwrrep1)) < CllFallLr(p/2.2))

(3.5b) [u(A) = Ollwr.aqep1)) < ClFallLarz@p/2,2))-

Proof. See the proof of [30, Theorem 5.1] for a detailed justification. O

Theorem 3.8 (A priori interior estimate for the curvature of a Yang-Mills connection). [101]
Theorem 3.5] If d > 2 is an integer, then there are constants, Ky = Ko(d) € [1,00) and g9 =
eo(d) € (0,1], with the following significance. Let G be a compact Lie group, p > 0 be a constant,
and A be a C* Yang-Mills connection with respect to the standard Euclidean metric on Bo,(0)xG,
where By(xy) C R? is the open ball with center at o € R% and radius r > 0. If

(3.6) I Fall arz(B,,(0)) < €0
then, for all B.(xo) C B,(0),
(3.7) 1Fall oo (B, (zo)) < Kor™ 2| Fall 28, (xo))-
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As Uhlenbeck notes in [I01, Section 3, first paragraph], Theorem continues to hold for
geodesic balls in a manifold X endowed a non-flat Riemannian metric, g. The only difference in
this more general situation is that the constants K and ¢ will depend on bounds on the Riemann
curvature tensor, R, over Ba,(xo) and the injectivity radius at zg € X; see Remark and Aubin
[4, Chapter 1]. We can use Theorem to obtain the following stronger version of Theorem

Corollary 3.9 (Existence of a local Coulomb-gauge trivialization and a priori estimate for a
Yang-Mills connection with L2-small curvature over an annulus). Let d > 2 be an integer, G be
a compact Lie group, p € (d/2,00), and p € (0,1). Then there are constants, C = C(d,G,p,p) €
[1,00) and ¢ = (d,G,p,p) € (0,1], with the following significance. Let A be a Yang-Mills
connection of class WP on Q(p/2,2) x G such that

(3.8) IEall2(0(0/2,2)) < €

Then the conclusions of Theorem [3.7 continue to hold.

We shall need an interior a priori estimate and regularity result for a Yang-Mills connection in
Coulomb gauge with respect to the product connection, analogous to [28, Theorem 2.3.8] for the
case of an anti-self-dual connection. Although we apply Theorem to simplify and shorten an
otherwise longer proof, it is possible (as in [28]) to avoid appealing to Theorem and instead
rely more on Sobolev Embedding and Multiplication Theorems [36l, pp. 95-96].

Proposition 3.10 (Interior a priori estimate and regularity result for a Yang-Mills connection
in Coulomb gauge). Let d > 2 be an integer, G be a compact Lie group, k > 1 be an integer, and
p € [1,00) be a constant. Then there are constants, C = C(d, G, k,p) € [1,00) and ¢ = £(d,G) €
(0,e0], for eg as in , with the following significance. Let p be a positive constant and A be a
Yang-Mills connection of class VVI(?)CQ on By, xG C R? x G whose curvature, Fy, obeys and s
in Coulomb gauge over B, with respect to the product connection, © on R x G, so d5(A-0)=0
a.e. on B,, and RY has its standard Buclidean metric. Then A is of class I/Vlzo’CQ(ng) N T/Vl]Zf(ng)
and

(3.9) IVE(A = O)llzos, ) < oMY By

Proof. We denote a := A — © for brevity. We first reduce to the case p = 1 and then apply
rescaling, y = x/p, for x € B, and y € By, to obtain the responding result for a ball of arbitrary
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radius p > 0, writing a(z) = a(y) and Fa(x) = F4;(y). Thus,

VEa = /
IVéalle(s,,,) < 5
1p 1/p
_ <pd7(k+1)p> (/ |V’éd|p(y) dy)
By

dfp—k—1| ok ~
= pr 1||v®a||LP(Bl/2)

< CpP N Fallragp,y  (by B9) with p=1)
1/2
= Cpr </ P4l () dy)
B1

— Cplrhl (p—d+4)1/2 </
By

_ de(l/p—l/2)—k+l HFA HL2(B,,) )

For the remainder of the proof, we may therefore assume that p = 1.

Moreover, we may restrict our attention to the case d/2 < p < d without loss of generality, since
the estimate with values of p > d can be obtained with the Sobolev Embedding [1, Theorem
4.12] and the estimate with values of p € [1,d/2] follows from the Holder Inequality.

We first observe that a € Wé’2(Bg;A1 ® g) is a strong solution to the quasi-linear elliptic
system,

1/p
|VEal|P(x) d:r)

1/2
|Fal*(2) dw)

doioFora =0 and dedga =0 a.e. on By,
where the first equation asserts that A = © + a is a Yang-Mills connection and the second
equation follows from the fact that A is in Coulomb gauge with respect to © over B. Expanding
Foiq = doa+ a A a, we see that a € Wé’2(B2; A!' ® g) is a strong solution to

(3.10) Aga+axVea+axaxa=0 ae. on By,
where Ag = dide + dedy, and we use ‘x’ to denote a bilinear operation with universal constant
coefficients. Theorem [3.8] (with 7 = 1/2 and p = 1 and z¢ = 0 € R?) yields
[FallLe(B) < KollFall2(s),
while Theorem [3.3| (for small enough ¢ € (0, 1] in (3.2])) implies that, for d/2 < p < d,
lallyso(a < CIFalo)
for C = C(d,G,p), noting that W'P(B) — L4(B) by the Sobolev Embedding (2.3) when ¢ =

dp/(d —p), for 1 <p < d,and 1 < g < oo when p = d, and ¢ = oo when p > d. The interior a
priori estimate for b € WET*P(B; A' @ g),

(3'11) ‘|bHW(_I§+2’p(Bl/2) <C <||f||W(I_§7P(B) + ”bHLp(B)) >

for C = C(d,G,k,p) and regularity theory [59] for a solution, b € I/Vlif(B, A ® g), to a linear
elliptic system,

Agb=f e WEP(B; A @ g),
and the Sobolev Multiplication Theorems [36, pp. 95-96] then yield the conclusions by adapt-
ing mutatis mutandis the proof of [28, Theorem 2.3.8]. For example, [31, Theorems 13.29 and
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13.33] provides a global version of the estimate (with a homogeneous Dirichlet boundary
condition) for a second-order elliptic system on a bounded open subset Q@ C R? when k& = 0
and that estimate may be converted to an a prior: interior estimate like using the Krylov
localization technique [52], Section 2.4, Lemma 4] or [52, Theorem 8.11.1]. The a priori estimate
for k > 1 follows from the case with & = 0 by induction (see, for example, the derivation
of [39, Theorem 8.10] from [39, Theorem 8.8]). O

Lastly, we shall need the

Theorem 3.11 (Removability of singularities for finite-energy Yang-Mills connections). [101]
Theorem 4.1] Let G be a compact Lie group, k > 1 be an integer and p € [2,00) be a constant
such that (k+1)p > 4, and A be a Yang-Mills connection, of class WP, on a principal G-bundle
over B\ {0}, where B C R* is the unit ball centered at the origin, such that

I Fall 2By < oo.

Then there is a W*tLP gauge transformation, u € Aut(P | B\ {0}), such that the gauge-
transformed connection, u(A), extends to a WP Yang-Mills connection, A, on a principal G-
bundle P over B.

Remark 3.12 (On the regularity of the connections in Uhlenbeck’s Removable Singularities The-
orem for Yang-Mills connections). Uhlenbeck assumes that the given connection, A, in [I0T]
Theorem 4.1] is C*°. This assumption implies no loss of generality and reduces notational clutter
in the statement and proof of her theorem. Nevertheless, as we wish to keep track of the regu-
larity of all connections and gauge transformations, we provide the minimal regularity assertions
in Theorem [3.111

Remark 3.13 (Uhlenbeck’s Removable Singularities Theorem for finite-energy Sobolev connec-
tions). Uhlenbeck provides a generalization [102, Theorems 2.1 and 4.5 and Corollary 4.6] of
Theorem which removes the requirement that A be Yang-Mills.

We can now quickly dispose of the

Proof of Theorem[3.1] The argument follows mutatis mutandis that of |28, Theorem 4.4.4], with
the roles of @) [28, Theorem 2.3.7] replaced by Theorem b) [28, Theorem 2.3.8] replaced
by Proposition and c¢) [28, Theorem 4.4.12] replaced by Theorem The inequalities,
Pt (adP)[X] < p!(adPx)[X] < 0 for all i, are consequences of the Chern-Weil formula [31, Section
9]. (The detailed arguments required in the proof of Theorem [3.1]are very similar, indeed simpler,
than those required in the proofs of [31, Theorems 29.3 and 29.4].) O

3.2. Uhlenbeck compactification for the moduli space of anti-self-dual connections.
In this section, we provide a few simple extensions of the concepts of ideal connection, Uhlenbeck
convergence, and Uhlenbeck topology from the setting of anti-self-dual unitary connections on a
complex Hermitian vector bundle over X described in [28] Section 4.4.1].

Definition 3.14 (Moduli space of g-anti-self-dual connections). Let G be a compact Lie group
and P be a principal G-bundle over a closed, connected, four-dimensional, smooth manifold, X,
and endowed with a Riemannian metric, g. Let & > 1 be a integer and p > 2 obey (k+ 1)p > 4
and .27(P, g) denote the affine space of W*? connections on P. Then

M(P,g) := {A €/ (Pg): F?=0 ae. on X} / Aut(P),

is the moduli space of gauge-equivalence classes of g-anti-self-dual connections on P, where Aut(P)
denotes the group of W*+1P gauge transformations of P.
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We extend the description [28], Definition 4.1.1 and Condition 4.1.2] of Uhlenbeck convergence
for a sequence of anti-self-dual unitary connections on a complex Hermitian vector bundle.

Definition 3.15 (VVIIZf Uhlenbeck convergence of a sequence of Sobolev connections). Let G be
a compact Lie group and P be a principal G-bundle over a closed, connected, four-dimensional,
smooth manifold, X, and endowed with a Riemannian metric, g. Let {A™},,en be a sequence of

connections on P of class W’E’ﬁ, with p > 2 and integer k > 1 obeying (k + 1)p > 4 and

E :=limsup &;(A™) < oo.
m—r0o0

Let A% be a WF? connection on a principal G-bundle Ps, over X with 5(Ps) = 1(P). Let £ > 0
be an integer and, if £ > 1, let (x,E) € Sym*(X x [0, E]). For 2 < p < p and integer 0 < k < k,
we say that {A™},,en converges in the VVIIZ’CP Uhlenbeck topology to an ideal wkp connection,
(A*,x,E), on P if there exists a sequence, {um }men, of principal G-bundle isomorphisms of
class Wh+1LP,

Um : P T X\x X Py | X\x,
such that the following hold:

(1) The sequence {u,(A™)}men converges as m — oo in the sense of VVIIZf(X \ x) to A%
(2) The sequence of measures, |Fam|? dvoly, converges as m — o0 in the weak-star topology
to the measure, |Fae|?>dvol,+ > . & 6, that is,

rTEX

|Fam|? dvol, — |Fae|? dvol, +Zga; 5 in (C(X;R)) asm — oo,

rEX

where 0, is the Dirac delta measure centered at a point z € X and (z, &) € (x,E).

Remark 3.16 (Uhlenbeck convergence of a sequence of pairs of connections and Riemannian
metrics). The Definition of Uhlenbeck convergence of a sequence of connections, { A" },en
on P, extends mutatis mutandis to Uhlenbeck convergence of a sequence of pairs of connections
and Riemannian metrics, {A™, g };nen, where g™ — ¢ in CJ' . on X \ x for an integer n > 0.

It is often convenient to represent (x, E) € Sym‘(X x [0, F]) using distinct unordered points
in X rather than repeating them according to their multiplicity and, depending on the con-
text, we indicate the choice as {x1,81,...,2¢, &} (points z; € X counted with multiplicity) or
{«4,6],..., 2}, &'} (distinct unordered points 2, € X) with I < ¢ and &/ = ) &}, where the sum
is over all j such that x; = 2. When there can be no confusion, we omit the primes.

As in [28, p. 158], the definition of VVIIZCp Uhlenbeck convergence for a sequence of Sobolev con-
nections in Definition [3.15|extends in an obvious way to a sequence of ideal Sobolev connections.

Definition 3.17 (T/Vl]f)f Uhlenbeck open neighborhood of an ideal Sobolev connection). Continue

the notation of Definition let (Ag,x,E) be an ideal WF? connection on P, and p be a
positive constant obeying

8p < 1 AInj(X, g) A mindisty(x;, x;),
17]

with (x, E) represented by {x1,61,..., 2, &} (distinct unordered points x; € X), and € € (0, 1].
Let o7 (P) denote the affine space of W*? connections on P. We say that a WP connection A on

P belongs to a VVIIZCp Uhlenbeck (e, p) open neighborhood ¥ C </ (P) of (Ag,x, E) if the following
hold:
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(1) There is a Wk+LP jsomorphism of principal G-bundles,
u: P X\x=2Fh|X\x,
such that, for some epackground € (0, €],
(312) ||U(A) - AOHW}X’OP(X\BP/2(X)) < Ebackground s

where B, /5(x) 1= U,lL'::pr/Q(xi>; and
(2) One has, for some ep,y € (0, €],

(3.13) max
1<l

/ |FA]2dvolg —&;| < €pall-
B2p(93i)

We say that [A] € Z(P, g) belongs to a VVIIZf Uhlenbeck (g, p) open neighborhood ¥V C B(P) if A
belongs to a VV{Zf bubble-tree (g, p) open neighborhood 7=(%) C &/ (P). Here, B(P,g) =
o/ (P)/ Aut(P), where Aut(P) is the group of W*TLP gauge transformations of P, and 7 :
o/ (P) — AB(P,g) is the projection map.

If we need to emphasize the individual values of epackground OF €panl, then we write & =
(Ebackground; €ball) and refer to a WIIZ’CP Uhlenbeck (&, p) open neighborhood.

Observe that it is not necessary to approximate the implied characteristic functions of the balls
with center z; and radii 2p by continuous functions on X in (3.13)) because the condition ((3.12))
eliminates the possibility of the curvature density, |Fa|?, concentrating on X — Uélep(a?i).

As with Definition the definition of a VVIIZf Uhlenbeck open neighborhood of a Sobolev

connection in Definition extends in an obvious way to a VVIIZCP Uhlenbeck open neighborhood
of an ideal Sobolev connection. We define

(3.14) &(P) :=inf {&(A): Ais a W12 connection on P — X}

to be the minimum valueﬂ of the L2-energy &,(A) of a W12 connection A on P predicted by the
Chern-Weil formula [31, Section 9.

By analogy with [28, p. 158] (where it is assumed that G = U(n) for n > 2), we define the
moduli space of Uhlenbeck ideal g-anti-self-dual connections on P,

(3.15) UM(P, g) :=J (M(Ps, 9) x Sym (X x [0,6,(P)]))

where the union on the right-hand side is all over integers £ > 0 and isomorphism classes of
principal G-bundles, P, over X, such that the following hold,
¢
(3.16) n(P) =n(P) and &(P) = &(P)+ Y &
i=1

where &; = &,(P;) for some principal G-bundle, P; over S4,

We observe that the collection of Uhlenbeck open neighborhoods given by Definition form
a basis for a topology on UM (P, g), called the Uhlenbeck topology. One may check that UM (P, g)
is then a Hausdorff, regular, second-countable topological space [60, Sections 17, 30, 31, and
Theorem 17.8] and thus metrizable by the Urysohn Metrization Theorem [60, Theorem 34.1].

By analogy with [28, p. 158] (where it is assumed that G = U(n) for n > 2), we define the

Uhlenbeck closure, M (P, g), to be the closure of M (P, g) in UM (P, g).

3This topological lower bound is attained by a g-anti-self-dual or g-self-dual connection on P, irrespective of
whether such a connection actually exists for (X, P, g).
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Elliptic regularity for solutions to the anti-self-dual and local Coulomb-gauge equations ensure
that the definition of Uhlenbeck topology on M (P, g) is independent of the choice of (k, p) obeying
k>1and p>2and (k+1)p >4 or (k,p) obeying 0 <k <kand2<p<p. Theoremyields

Corollary 3.18 (Sequential Uhlenbeck compactness for the moduli space of anti-self-dual connec-
tions on a principal G-bundle). (Compare [28, Theorem 4.4.4]) Let G be a compact Lie group and
P be a principal G-bundle over a closed, connected, four-dimensional, oriented, smooth manifold,
X, and endowed with a Riemannian metric, g. Then M(P,g) is sequentially compact.

Because the Uhlenbeck topology on M (P, g) is metrizable, sequential compactness and com-
pactness coincide for this topology by [60, Theorem 28.2], and thus we have the

Corollary 3.19 (Uhlenbeck compactness for the moduli space of anti-self-dual connections on
a principal G-bundle). (Compare [28, Theorem 4.4.3]) Assume the hypotheses of Corollary .
Then M (P, g) is compact.

Remark 3.20 (Uhlenbeck compactification and L?-metric completion of the moduli space of an-
ti-self-dual connections). We recall [32, Theorem 1.2] that the Uhlenbeck compactification and
L2-metric completion of the moduli space M (P, g) of anti-self-dual connections coincide, con-
jecturally always but at least under mild hypotheses, including when the Riemannian metric
g is generic and a) G = SU(2) or SO(3) and b (X) = 0, or b) G = SO(3) and the second
Stiefel-Whitney class is non-zero, that is, wa(P) # 0.

3.3. Uhlenbeck compactification for the moduli space of Yang-Mills connections with
a uniform L? bound on curvature. In this section, we extend the definitions and results
of Section to the more general setting of the moduli space of Yang-Mills connections with
L? energies in a compact range, ¢ C [0,00). We begin with a generalization of Definition
(compare [95, Equation (2.1))]).

Definition 3.21 (Moduli space of g-Yang-Mills connections with L?-energy c). Let G be a
compact Lie group and P be a principal G-bundle over a closed, connected, smooth manifold, X,
of dimension d > 2 and endowed with a Riemannian metric, g. Let k > 1 be a integer and p > 2

obey (k+1)p > d, and <7 (P, g) denote the affine space of W*? connections on P, and ¢ € [0, 00).
Then

Crit(P,g,c) :== {A € &(P,g): &,(A) =0 ae. on X and &(A) = ¢} / Aut(P),
is the moduli space of gauge-equivalence classes of ¢g-Yang-Mills connections on P with L?-energy

equal to ¢, where Aut(P) denotes the group of W**LP gauge transformations of P, and &y -
(P, g) — [0,00) is the L?-energy functional ((T.1]).

Recall from ([2.7)) that (fg’ (A) = dzg Fy. If d = 4 and ¢ is the minimum value of & predicted
by topology via the Chern-Weil formula [31], Section 9], [56, Appendix C], [92, Appendix], then
Crit(P, g,c0) = M(P, g),

that is, Crit(P, g, cg) is the moduli space of g-(anti-)self-dual connections on P.

By analogy with (3.15]), we define the moduli space of Uhlenbeck ideal g- Yang-Mills connections
on P with L?-energy c,

(3.17) UCtit(P, g,¢) := | J (Crit(Pg, g,¢0) x Sym’ (X x [o,c})) ,

where the union on the right-hand side is over all %) integers ¢ > 0, i) isomorphism classes of
principal G-bundles, P, over X, obeying the topological sum rule (3.16)), and i) L? energies
ce € [0, cl.
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The collection of Uhlenbeck open neighborhoods given by Definition form a basis for the
Uhlenbeck topology on UCrit(P, g,c). We define the Uhlenbeck closure, Crit(P,g,c), to be the
closure of Crit(P, g,c) in UCrit(P, g,c). Theorem yields the

Corollary 3.22 (Sequential Uhlenbeck compactness for the moduli space of Yang-Mills con-
nections on a principal G-bundle with L2-energy c). Let G be a compact Lie group and P be a
principal G-bundle over a closed, connected, four-dimensional, smooth manifold, X, and endowed
with a Riemannian metric, g, and c € [0,00). Then Crit(P, g, c) is sequentially compact.

Because the Uhlenbeck topology on Crit(P, g, c) is metrizable, sequential compactness and
compactness coincide for this topology, and thus we have the

Corollary 3.23 (Uhlenbeck compactness for the moduli space of Yang-Mills connections on a
principal G-bundle with L2-energy c). Assume the hypotheses of Corollary . Then Crit(P, g, c)
18 compact.

Lastly, we note that in the context of Yang-Mills connections, it is natural to consider an
extension of Definition to the case of a compact range of L? energy values from that of one
single energy value.

Definition 3.24 (Moduli space of g-Yang-Mills connections with L? energy in a compact range).
Assume the set-up of Definition and let € C [0,00) be a compact subset. Then

Crit(P,g,%) := {A € o/ (P,g) : 6;,(A) =0 a.e. on X and &(A) € €} / Aut(P),

is the moduli space of gauge-equivalence classes of g-Yang-Mills connections on P with L? energy
in ¢.

The definition (3.17)) of UCrit(P, g, c) extends almost without change to
(3.18) UCrit(P, g,%) = | (Crit(Pg, g, ¢e) x Sym’ (X x [o,a])) :

where ¢ € [0, 00) is any constant such that ¢ C [0, ¢) and the union on the right-hand side is again
over all i) integers ¢ > 0, i1) isomorphism classes of principal G-bundles, Py over X, obeying the
topological sum rule (3.16), and #ii) L? energies ¢, € [0, .

We again define the Uhlenbeck closure, Crit(P,g,%), to be the closure of Crit(P,g,%) in
UCrit(P, g,%¢) and observe that the proof of Corollary extends without change to give the

Corollary 3.25 (Uhlenbeck compactness for the moduli space of Yang-Mills connections on a
principal G-bundle with L2-energy in a compact range). Let G' be a compact Lie group and P
be a principal G-bundle over a closed, connected, four-dimensional, smooth manifold, X, and
endowed with a Riemannian metric, g, and € C [0,00) be a compact subset. Then Crit(P, g, %)
18 compact.

4. MASS CENTER AND SCALE MAPS ON THE QUOTIENT SPACE OF CONNECTIONS OVER THE
SPHERE

In order to describe the rescaling mechanism employed in the definition of bubble-tree conver-
gence provided in Section we shall first discuss the concept of a centered connection over S* and
the action of the subgroup of translations and dilations of the group of conformal transformations
of S* namely R* x R, C Conf(S%), on the quotient space of connections over S*.
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4.1. Mass center and scale maps. A choice of frame, f, in the principal SO(4)-frame bundle,
Fr(T'S%), for T'S*, over the north pole n € S$* = R* U {co} (identified with the origin in R%),
defines a conformal diffeomorphism,

(4.1) o RY = 5%\ {s},

that is inverse to a stereographic projection from the south pole s € S* C R® (identified with
the point at infinity in R* U {co}). We let y(-) : S*\ {s} — R?* be the corresponding coordinate
chart.

Definition 4.1 (Center and scale of a connection on a principal G-bundle over S*). (Compare
[32, Equation (3.10)] and Taubes [93, Equation (4.15)], [95, pp. 343-344].) Let G be a compact
Lie group and P be a principal G-bundle over the four-dimensional sphere, S4, with its standard
round Riemannian metric of radius one. The center, z = z[A] € R%, and the scale, A = \[A] €
Ry = (0,00) of a non-flat W22 connection, A, on P are defined by

-1
az)  caaldl= ([ lnmwEay) [ ek

-1
(4.2b) Scatel? = ( [ larawB ) [ lv- 4Pl Eawl '

where § denotes the standard Euclidean metric on R%. The connection, A, is centered if Center[A] =
0 and Scale[A] = 1. If A is flat, one defines Center[A] := 0 and Scale[A] := 0.

Remark 4.2 (Normalization constants in the definition of mass center and scale). The choice of
normalization constant in Definition [4.1]is consistent with [31, Equations (29.44) and (29.45)] and
Definition [4.8 and Taubes [93, Equation (4.15)], but differs in general from those of [32, Equation
(3.10)] or Taubes [95 pp. 343-344].

Remark 4.3 (Round versus Euclidean metrics in the definition of mass center and scale). It is
possible, as in Taubes [03, Equation (4.15)], to use the pullback to R* of the standard round
metric of radius one on S* when defining the integrals in . However, is then more difficult to
show that it is possible to center a non-centered connection A on P and the relationship between
the connection A and the required conformal diffeomorphism of R?* is not explicit as it is in
Lemma which may be compared with Taubes [93, Lemma 4.11].

For any (z,\) € R* x Ry, we define a conformal diffeomorphism of R* by
(4.3) hoy:RY = RY y—(y—2)/A\

It is convenient to view this as a composition of translation, 7,(y) = y — z, and dilation, 0, (y) :=
y/A, that is, h, y = dx(7:(y)). The group R* x R acts on <7 (p} P) and «7(P) by pullback and
composition with ¢, : R* — %\ {s}, that is,

A (95 P) x R x Ry 3 (954, 2,0) = b\ A € o (94 P),
A (P) xR* xRy 3 (A,2,)\) = hi A€ (P),
where
WA = 0, RS e A,

The group R* x R, also acts on Aut(¢*P) and Aut(P) by pullback and descends to an action
on A(p; P) and #A(P). We have the following simpler analogue of Taubes [93, Lemma 4.11].
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Lemma 4.4 (Centering a connection over S*). Let A be a non-flat W22 connection on a principal
G-bundle over S* with its standard round metric of radius one. If (z,\) € R* x Ry, then

Center[ﬁ;)\A] = ACenter[A] +z and Scale[fzz,AA] = AScale[A].
In particular, if z = z[A] and X\ = A[A], then Bz_i*A = (izz_}\)*A is a centered connection on P.

Proof. Using the scaling behavior of two-forms and the volume form, the fact that F(fzz \A) =
h* 1AF(A), and writing @ = h,\(y) = 0A(72(y)) = (y — 2)/X and y = Az + z, we have

—1
Center[h , A] = (/ on F (R )(y)\§d4y> /y!sO*F(h* A) ()5 d'y

-1
= ([ msimaiBaty) [ nseiEaB
-1
~([ema@Bdc) [ oot alera@iae

= X Center[A] + z,

as desired. For the scale,

Scaleh* (/ |2 xenFaly )2 d y> /|y Center[h /\A]\ |hZ enFaly )3 dty,
= ([ lesmwB ) / [y — X Center{A] — =2 ot Fal) 3 ',

= \2 (/ | oy Fa(z |5 d*z ) / |x — Center[A]]2|<p,’;FA(m)|§d4:U
R4
= \? Scale[A]?,

again as desired. Finally, observe that hz_}\ = h_,/n1/x, since y = h,\(x) = (v — 2)/A and
x = hz_}\(y) = Ay +z= Ay + z/A). Therefore,
Center[ﬁz_’i’*A] Center[h* oAl = A1 Center[A4] — A7tz =0,
and . )
Scale[h_ " A] = Scale[h* , , ; ,A] = A™" Scale[A] =
This completes the proof. O
4.2. Continuity of the mass center and scale maps with respect to Sobolev variations

of the connections. According to Taubes [95, p. 342], the integrals in (4.2]) are well-defined
and define a smooth map,

#/(P)\[0] 3 [A,p] > (2[4],\[A]) € R x R.,

where © is the product connection on P = S* x G and %#'(P) := («/(P) x P|s)/G (compare [95)
p. 328]). However, we shall only need to know that the map

B22(P)\ [6] 3 [A] = (2[A], A[4]) € R* x Ry,

is well-defined and continuous, where % 2(P) = b 2(P)/ Autz2(P) and o7, ,(P) is the affine
space of WFP connections on P and Autyq ,(P) is the group of Wk+LP automorphisms of P, for
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p > 1 and integers k > 1 obeying (k + 1)p > 4. We shall establish this property, together with a
slightly stronger version of continuity in the following

Proposition 4.5 (W12 continuity of the mass center and scale maps). There is a universal
constant C' € [1,00) with the following significance. Let k > 2 be an integer and A be a WH?
connection on a principal G-bundle over S* with its standard round metric of radius one, g =
Ground- Suppose k =2 and a € WAg(S4 A' ® adP). For the mass center function, Center[A] =
z[A], we have

(4.4) |z[A + a] — z][A]|
< Ol soy (Tl sy + 100 o ) + Ol oo alze oy

and z[A + a] — z[A] uniformly as ||| 2.2 (s1y = 0. Moreover, z[A + a] — z[A] uniformly as
A9
HCLHW,};:i(S‘l) — 0 while ||aHW/2‘,‘29(S4) remains uniformly bounded; in particular, z[A] is a uniformly

continuous function of [A] € %B(P) endowed with the W2 distance function disty1.2 given by
(T.4) upon restriction to subsets of ZB(P) that are bounded with respect to the W2 distance
function distyy22. For the scale function, Scale[A] = A\[A], we have

(4.5) |NA+a)* — A4

< O] = o+ all {FasalBy g g + (141 + 204 + ) I F ol
+ Al sn (lahwza s + lalas oy ) + Clalas oy

and A\[A+a)? — MA)? uniformly as Ha”Wi’Z(S‘l) — 0; in particular, \[A)? is a uniformly continu-
9

ous function of [A] € B(P) endowed with the W22 metric. If k =3 and a € Wi”;(S‘l; Al ®adP),

then

(4.6) |A[A+a]* — A[A]|

sc|z[A]—z[A+a1|{uFA+a|| s <|z[A]|+|z[A+a1|>||FA+a||%z(s4)}

1/2 1/2
+OFalgacsn (100300 I3 on + lalhug sn s on

3/2 3/2
+ Cllallyia gl sy

2 2 0 - ; : .
and A[A+a]* — A[A]* uniformly as ||a||W£1‘,§(S4) — 0 while HaHWi’Z(S“) remains uniformly bounded,

in particular, N[A]? is a uniformly continuous function of [A] € %(P) endowed with the W12
distance function upon restriction to subsets of %(P) that are bounded with respect to the W32
distance function.

Before proceeding to the proof of Proposition we first need to relate Sobolev norms for
adP-valued one-forms over R* and S? with their standard Riemannian metrics, respectively.
Recall that the standard round metric, groung, of radius one on S¢ (for d > 2) takes the form (see,
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for example, [46], p. 26])

4
; roun = ——5(d 2 v Rd
$nd d(x) (1 + |.CC’2)2( x) ) x € )
(4.7) 4
. roun = ————(d 27 Vy € Rd7
where geuelid(7) = (dz)? = (dz')? + -+ + (dz*)?. Define ¢(r) := 2/(1 + 72) for r € [0,0),
so that ¢ ground(z) = ¢ (]w\)(dm) and dvolround( ) = ¢*(|z|) dz, where dvoleuchd( ) = dx =

dzt A - A dat

Lemma 4.6 (Relating integral norms over R* and S*). For w € Q(S*adP) and i > 0 and
denoting g = Ground and 6 = Geuclia for brevity, we have

(4.80) Il < 2 2wllsig, fori>?2,
(4:8D) lehwlzsgs s < 2 wlpuseg, fori>1.

Proof. We observe that
el = [ lerulo)do
R4
o R G A ORI BIEE
= [ ¥ algtl3(a) dvoly(a)
< g2 / i w|2(x) dvoly(z) for i > 2,
]R4
since ¢(r) = 2/(1 +r?) < 2 for all r > 0, and thus we obtain (4.8a). Similarly, we have
el = [ lenulio)do
R4
= [ ¢ e~ (el holb(e)s e o
= [ < Hablgtul}(a) dvoly(a)
< 241’—4/ |@;w’3($) dvolg(xz) fori>1,
R4
and therefore (4.8b)) follows. O

We can now proceed to the

Proof of Proposition[{.5 If a € Wi’2(5’4; A' ® adP), then Fyq = Fg+daa+aAa over S, and
thus over R?,

(4.9) lenFatali = lonFali = 2005 Fa, ondaa)s + 2(05Fa, o (a A a))s + 2(e,daa, @7, (a A a))s.
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We first consider W}"2(S4) continuity of the mass center (4.2al) for Wi’Q(S‘L) bounded families of
connections A +a on P — S%. We have

1/2
(4.10a) / [y(nFa, ppdaa)s| dy < </ ly*lo5 Fals dy> lpndaallrz(ra s)s

1/2
(4.10b) [ eiragienapslay <2 ([ WPIGEAR ) Ietallses,

Applying Lemma yields

1/2
* 1 *
([ weiralan) " < SVl Falslieees

< ,||v s aPnFallz2res)  (by the Kato Inequality (2.5))
< C(IVAFallra(sig) + 1Fallre(sag)  (by ([@.8a)),

to give

1/2
(4.11) </R4 IyIQIsOZFAI?dy) < CllFallwy2 (ss)s

which is finite since A is a W22 connection on P — S*, and C € [1,00) is a universal constant.

In the derivation of , we have used the fact that if V9 and V? are respectively the Levi-
Civita covariant derivatives with respect to the Riemannian metrics g on 7.S* and § on TR,
together with their dual and associated bundles, then

PnVIn = Vo +T @, Ve Cx(TSsY),
that is (see [16, Equation (1.25)]), for any & € C°(TS%),

ont 0
g B
can =¢ ( ﬁ—i—l“ >8“

where @!n = n"0/0z" and @& = £#0/0x* and [16, Equation (1.23)]

0 0
g =17 =
va%ﬁ <8xa > Voo gan

and the FZ,B are the Christoffel symbols [16, Equation (1.31)] for the metric g with respect to the
coordinates x#(-) defined by ¢, : 4\ {n} — R?*. Similarly,

iV = Voypiv+T @ i, Vo€ C®(TS*® adP),

and the analogous identities hold for v € C“(Ai(T*S4) ® adP) = Q(S*;adP) when i > 1.

Consequently, from . -, and (4.11} , we obtain
(4.122) | e eidaadsldy < ClIlFallyye oo IVl ogst

(4.12b) /R enFa @ A @)sldy < Ol oo lall3agse
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Furthermore, we have

| teidaagita na)sldy

1/2
< dlgidaalimes ([ WPleialiay )
< |lgndaallp2a s I VIenalillrzges)  (by Lemma [AT)
< ll¢hdaall 2 (s ) I VAPRallF e 5y (by the Kato Inequality (2.5))
2
< 2||daallz2(s1g) (IVallLa(sa gy + lallzagsag)™  (by (@8)).

Applying the Sobolev Embedding (2.4) in the form ng ’2(5’4) < L*(S%,g) and Kato Inequality
(2.5) we obtain

* * 2
(4.13) [ wtidanseitan sl dy < IVl plloly s

Combining the definition (4.2a) of Center[A], the identity (4.9)), and the inequalities (4.12)) and

[LT3) yields (d).
Second, we consider Wj"i(S‘l) continuity of the scale (4.2b)) and write

ly — 2[A+ d]|’|¢} Favali — |y — 2[Al1* |0} Fal}
(4.14) = {ly — 2[A+a]|* — |y — 2[A]1”} &} Farali + |y — 2[ Al {|0} Farals — |5 Fals}
=: Term 1+ Term 2.

For Term 1 in the identity , we observe that
ly —2[A+al” =y — 2[A]]* = ly” = 2{y, 2[A + a]) + |z[A + a]|* = {[y]* — 2(y, 2[A]) + |2[A]*}
= 2(y, 2[A] — 2[A + a]) + [2[A + a]|? — |2[A])?,
and so
ly = 2[A +a]” = |y — 2[A]*] < |2[A] = 2[A + d]| (2ly| + [2[A]] + |2[A + a]]).

We calculate, just as in the case of WQ’Z(S‘l) continuity of the mass center,
| WlieiPasalidy < [ 0+ P)leiFaralidy

gc(/ |FA+a|§dvolg+/ |ngA+a|§dvolg>
54 54

= C||Fgsal? .
C” A+a‘|Wi,’2g(S4)

Thus, for Term 1 in (4.14]), we have
@1s) [ {ly==l4+al ~ly = LR} e Pl dy

< Cl2[4] - 2[4 + d] {HFAwHiVﬁ(SQ + (|2l A]] + 2[4 + a]]) HFA+a||%z(s4,g)}.
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For Term 2 in the identity (4.14) and arguing just as in the case of WA (5’4) continuity of the
mass center, we see that

/R ly — 2[ ANl Fa, @ aabs] dy

1/2 1/2
([ = saieimzan) ([ o= 4Pl )
. 1/2 1/2
s ([ovterlan) ([ 9idiian)

R4

IN

<
so that
(4.16) /]R4 |y — 2[AlP (¢} Fa, ¢rdaa)s| dy < CliFallwy2 6y Cllallwz2(s g)-
Also,

[l = AR Fas it sl dy

1/2 1/2
<2([ - claPieiraan) ([ o= laPigialia)
1/2 1/2
< ([, wleirasPay) ([ 19ietaRay)
1/2 1/2
< (Lvsaeiraian) " ([ 195 aptalia)

< ClEalyy oo llalyns ooy

applying (4.8)), the Sobolev Embeddmg in the form W,?(8%) < L*(5%,g), and Kato In-
equality (2.5 to obtain the last two 1nequahties, and

2 * * 2
@in) [y AP g sl dy < ClEAlyya oo ol oy

Furthermore, we have

/ ly— 2[A)2l{gdaa, o (a A )| dy

1/2 1/2
<2</ ly — 2[A]?| ¢k daal; dy) </ ly — 2[A]]%|¢hals dy)

< |IVIhdaalll 2@ 5 | VIehalill 2@ss  (by LemmalAT)
< |IVagndaall 2@ s) | Vaenaljagss (by the Kato Inequality (23)).

Applying (4.8]), the Sobolev Embedding (2.4)) in the form W;’Q(S‘l) — L*(S%,g), and Kato
Inequality (2.5 yields

(4.18) / v~ 2[AIP{ghdan, ghla A a))sl dy < Clallyaz g
R4 Ag

Integration by parts gives
(V) 2allfa(sa gy = (Viha, VG (V) all 2(51.) < 1V%all2(51.9) V5 (V) all 12(51,9).
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and hence the interpolation inequality,

1/2 1/2
(7% allzast o) < Cllallfia oo lallze g
and thus,
1/2 1/2
(4.19) lallws2 sry < Clallyta g lollya gy

Consequently, applying the interpolation inequahty - ) to the inequalities (4.16)), (4.17), and
(4.18) gives

1/2 1/2
|, o= AP P, Gidaadal dy < ClFallyyaso lelliha o lallhe s

2 * *
| = =4It Pas eifa A asldy < CHFAHWL;W)Hauwﬁ(sﬂHa||Wg,;;<s4),

/ 1y = 21PN dac, @7 (0 N ))sl dy < Clallifta o lalfie g

Combining the inequality (4.15)) corresponding to Term 1 in the 1dent1ty 4.14)) with the preceding
inequalities corresponding to Term 2 yields (4.5) and (4.6) and this completes the proof of the
proposition. [l

The method of proof of Proposition also yields boundedness results for the mass center and
scale maps.

Lemma 4.7 (Boundedness of the mass center and scale maps). There is a universal constant
C € [1,00) with the following significance. If A is a W*2 connection on a principal G-bundle
over S* with its standard round metric of radius one, then

(4.20a) |2[A]| < C||Fall? Wi (s4)

(4.20D) NAP < CIFAR 12 g0

Proof. The proof of Proposition [£.5] shows that

|</ I Falddy < CIEAR 10 g0,

ANAP = | |y —z[A]]Plgs Fali dy < CHFAH?;VIQ 51)-
R4 45(5h)
This completes the proof. OJ

Finally, we recall the

Definition 4.8 (Center and scale of a positive Borel measure over R%). (Compare [32, Equation
(4.11)]) Let p be a positive Borel measure over R* with the property that

0< /R () dy) < oo,

The center, z = z[u] € R*, and the scale, A = A[u] of y are defined by

1
(4.21) z[u] = M(R‘l)/ﬁ@ydu(y)’
1
(1.22) AP = s [ o= <1l ).
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The measure, p, is centered if z[u] = 0 and A[u] =

4.3. Sobolev bounded derivatives and continuity of a family of connections with re-
spect to mass centers and scales. Thus far we have considered continuity of the mass cen-
ter z[A] and scale A[A] with respect to Sobolev variations of the connection A. We consider
the opposite question of Sobolev continuity of the family Bz \A with respect to the parameters

(z,\) € R* x Ry, given a fixed W??2 connection A on P. Specifically, we prove the

Proposition 4.9 (W2 boundedness of derivatives and continuity of a family of connections
with respect to mass centers and scales). Let A be a W22 connection on a principal G-bundle
over S* with its standard round metric of radius one, § = Grounda- The family of connections,

VA€ (R, P) = o/(P), has bounded derivatives with respect to the mass centers, z € R, in
the sense of and , and bounded derivatives with respect to the scales, A € Ry, in the
sense of and . The family of connections, h;AA € o/(P), is uniformly continuous
with respect to the mass centers, z € R*, in the sense of (£.30) and ([4.31)), and continuous
with respect to the scales, A € Ry, in the sense of (4.29) and (4.32) and hence the family of
connections, h? \ A € o/(P), is uniformly continuous in the ij2(54 A ®adP) norm with respect
to (z,\) € R* xRy. The family of points, [ \Al € B(h; \P) = B(P), is uniformly continuous,
for the distance function disty1,2 given by on B(P), with respect to (z,\) € R* x R,

Proof. Recall from [32, Equation (3.9)] (taking ¢ = 0 € R* on the left-hand side and ¢ = z € R*
and 0/0p = 0/0z" and thus p = 0/0z* on the right-hand side) thaﬂ

(4.23) 88)\6AA - )\5A ( . *gTFA) ,
(4.24) ;ZM;*A = - (awazu FA) :

where t¢ @ QX)) — QY(X) for i > 0 denotes interior product with respect to a vector field
¢ € C®(TX) over a smooth manifold X, and {z"} are the standard coordinates on R*. These
correspond to the expressions over R,

88u T on A= —T1] (L%%@;FA>.
0

3 (bi ©n FA) ‘
8)\ L4(R475) or n
and hence, by the invariance of the L* norm on one-forms with respect to conformal changes of
the metric and with respect to rescaling,

Thus,
5)\@* A

LA(R4 )

1
4.25 034 Z*HL F‘ :
(4.25) H Mllpasrg — A sy
Similarly,
Ha W7o LiRes) 2 (1,0 >‘L4<R4,a):HL%%FA‘L%R%&)’

4Thelre is a typographical error (a factor of 1/ that should be removed) in the expression [32, Equation (3.9)]
for the directional derivative 97, c3 A/Jp which we correct here.
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and thus

(4.26)

Hau 4

LA(84,9)

Turning to the covariant derivatives,

Ve, ot = | Vepnas (1,0, 05F4) |
H T‘PnAaZ,uTZSO” L(®40) Trpr ATz LMLHSOTL A L2(R4.6)
_ * 0 *
|7 (V%ALB%%FA> ‘ L2(R45)
_ 8 *
- VSOZAL%SO”FA)L?(R&@
é
- F ‘
VAL‘P”*afu A L2(S4,9)
<C <HVAL<Pn*afu FA’ (54 ) + e @n* FA||L2 g4 g)>
< C‘ F :
- L@n*miu A Wif}(szl)
where C' € [1,00) is a universal constant. On the other hand,
0 s O
v — V"’* — 7
H TS Aa o z‘pn L2(R40) ’ TZAa u'z ’ L2(5h.g)
0 0
> ‘Vi*A~§A’ —C" jA‘ )
o L2(S%,9) Ozt L2(S%.9)
and so
SO e g
R PR M X P T P
<O o P o * oot Pa sy
CH Pnxgom - A 5‘4)+ ‘p"*a%‘ A L4(S%,9)

L s F ‘ .
H pne g A L4(S4,9)

41

and applying the Sobolev Embedding (2.4]) in the form Wa2(54) — L4 5S4, g) and Kato Inequality
g

23).

(4.27) HV"*A;M%;A prsi < CH - FAHW;,’%;(SAI)'
Finally,

HVW A38A5 A L2(R%,9) :% V493 (‘%“’:F A>’L2<R4,é>
= % 03 (veo 5 A (L 2 %FA» ‘ L2(R4,5)
= % Vina (L%%FA) ‘ L2(R4,6)
< % ‘Lwn*gFAHijg(S‘l)'
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On the other hand,

0 0 ~
Vo, 0xpr A L —0tA
H e groAn L2(R4,5) H AN 291
9 -
. -C ’ 5§A‘ ,
H ’ A‘” 12(5%.g) O 7 la(se g)
and so
0 = 0 0 -~
Ve =0 A < ||V e A== 05 r A +C ‘5’&4
H FEAON A 12(St9) H PehAg) AP L2(R4,5) oA LA(5%,9)
C 1
< -
A HL%*QFAHW};(SAL) + A HL%*%FA‘ LA(S4,9)
and hence,
0 = C
4.28 A < = F .
( ) H 5*"48)\ A L2(S4,g) - )\ Hblpn*% AHW;”Qg(S‘l)

This completes the W12(S*) bounds for the tangent vectors to the family h; ZA.
Now let Ay := (1 —t)A\g + tA1 for Ao, A1 € Ry, and observe that

1
Tk Tk 0 NG
||5)\1A75>\0A||L4(S4,g) S / a(s/\tA dt
0 L1(S,9)
and so
. ~ o -
(4.29) 155, A — 53, All pagsig) < |t — 5 A dt.
O 7 s

Similarly, for z; = (1 — t)zg + tz1 = 20 + t(21 — 20) and zg, 21 € R*, we observe that

4
9 ..
thtA Zzl—zo auztA

and thus
. - o .
754 Alsig < [ | 5754 dt
0 L4(S%,9)
1 4 a
S/o Z z1 — 2p)" e “%Z*tA dt,
p=1 4(ga
LA(S%,9)
and therefore,
4.30 L A—TLA <z T A dt.
( ) HTzl HL4 S4.9) ‘ 1 azﬂ T2 Li(sh.g)
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For the covariant derivatives, we have

198, 4(75A =72, A) 25
1
< [ v AQ;*A at
0 0t ™ lLo(s,g)
! 0 . ! 0
< VT A dt+/ (TLA—-TLA)N 72, A dt
/0 A0 g o o s
1 4 o
S/ Z Z1 —ZU) V~ A@zﬂ ~Z*tA dt
0 p=1 L2(S4,g)
Mo
2 TPA—TFA —7r A dt
+ tlél[g,)l(} Hth T2 HL4(S4,g)/O atht Li(54 ) ,
and therefore,
(431) V% 4724~ 75, )l 2(s0)
0
< — TFA
=1 ZO|Zt6[O 1] ZtAaz'“ Tz L2(S4,g)
+2|21 — Zo’ max HT A 7‘ AHL“ S4 H~Z*A .
Z 0z ™l L (s g)
A similar calculation yields,
(132) IV (5,4 =5, Al
< |A1 — Ap| max V 0 — 05 A
= 71740 t€[0,1] A(‘?)\t At L2(S%,g)
~ ~ 0
2|A1 — A 0y A—06% A — 5 A .
+2[\ o\tren[% 163, NoAllLasa,g) ZPA s

We thus obtain VVl’2 (54' A! ® adP) continuity with respect to (z,A) € R* x R, of the family of

connections h* \A on the principal G-bundle P — 5% when A is a fixed W22 connection on P
and this completes the proof of Proposition [ O

5. BUBBLE-TREE CONVERGENCE FOR A SEQUENCE OF YANG-MILLS CONNECTIONS WITH A
UNIFORM L? BOUND ON CURVATURE

In Section we develop a bubble-tree convergence result in the same setting as Section
(namely, Theorem and Remark . Section contains a review and some extensions and
modifications from our article [32] of the bubble-tree topology and bubble-tree compactification
for the moduli space of anti-self-dual connections, M (P, g). In Section we provide a definition
of the bubble-tree topology and establish bubble-tree compactness results for the moduli space of
Yang-Mills connection, Crit(P, g, %), with L? energies belonging to a compact range ¢ € [0, 00).
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5.1. Bubble-tree convergence for a sequence of Yang-Mills connections with a uniform
L? bound on curvature. The bubble-tree convergence possibility for sequences of harmonic
maps from S? was first noted by Sacks and Uhlenbeck [76, p. 3], even before further development
by Taubes in the context of sequences of Yang-Mills connections in dimension four [95] Section 5],
Parker and Wolfson in the context of sequences of harmonic maps from Riemann surfaces [67, [68],
and the author in the context of sequences of anti-self-dual connections [32, Section 4] and Yang-
Mills gradient flow [31, Section 29]. In [32] Section 4], we allowed the Riemannian metric, g, on
X to vary within its conformal equivalence class, [¢g] (by analogy with the treatment by Parker
and Wolfson [67, [68]) but we could equally well have worked with a fixed Riemannian metric, g
on X, as in Taubes [05 Section 5] and [31) Section 29]. We shall develop the fixed Riemannian
metric scheme in this section while in Sections [6]and [7} we discuss the varying Riemannian metric
scheme.

While the basic concept underlying bubble-tree compactifications is well understood, the detail
required for a complete and thorough description can become quite involved in the setting of
Yang-Mills or anti-self-dual connections, as one see from [32, 05]. Iterated rescaling is required
to ensure that the rescaled connections over S* converge to smooth anti-self-dual connections
over S* with no energy loss at point singularities. We shall describe the effect of one level of
rescaling carefully. The description of second or higher levels of rescaling does not involve any
new technical difficulties, but is cumbersome. We refer the reader to Parker [67] for a very
informative description in the context of harmonic maps, with many useful illustrations and
careful analysis of the ‘neck’ regions.

The proof of Theorem below can be obtained mutatis mutandis from that of [31, Theo-
rem 29.6] (Yang-Mills gradient flow), by now drawing on Theorem (sequence of Yang-Mills
connections). Alternatively, one can observe that the ideas involved in the proof of Theorem [5.1
originate with those of Taubes in his proofs of [93, Proposition 4.4], [95, Propositions 5.1 and
5.3] and which were further developed by the author in our proof of [32, Theorem 4.15], which
asserts the existence of a bubble-tree convergent subsequence, given a sequence of anti-self-dual
connections on P.

To obtain the full bubble-tree convergence for a sequence of Yang-Mills connections with a
uniform L? bound on curvature, one must repeatedly apply Theorem to each copy of S* until
there no more points of curvature concentration where sequences of connections remain to be
rescaled, just as in the proof of our [32, Theorem 4.15]. See Remark

One may view Theorem below as a sequential analogue of [31, Theorem 29.6], a single-level
bubble-tree convergence result for Yang-Mills gradient flow.

Theorem 5.1 (Uhlenbeck convergence over S for a rescaled sequence of Yang-Mills connections).
Assume the hypotheses of Theorem and, in addition, that 1 > 1 with x == {z; € X : 1 <1i <
[} € X. Let g denote the smooth Riemannian metric on X and p = p(g, R,x,[A>]) € (0,1] and
R =R(&,...,8)) € [1,00) be constants obeying the conditions (5.9) and in the sequel. For
1 <i <, choose oriented g-orthonormal frames, f;, for the tangent spaces, (TX),,, and points
pi € Py,. Ifi € {1,...,1} then, after passing to a subsequence {m’} C {m} C N and relabeling as
{m}, there exist

e A geodesic normal coordinate chart, ¢; : R* D By,(0) = By,(z;) C X with p;(0) = x,
defined by the frame, f;;

o A sequence of relative mass centers, {z;m}men C X, such that x; , — x; as m — 0o;

e A sequence of relative scales, {\im}tmen C (0, p), such that X;m N\ 0 as m — o0o;
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o A sequence of geodesic normal coordinate charts, @;m : R* D By,(0) = Bay(zim) C X
with ©;m(0) = Zjm, defined by the g-orthonormal frame f;m for (TX) obtained by
parallel translation of f; along the geodesic joining x; to T m;

o A sequence of local sections, 0;m @ Bop(xim) — P [ Bop(xim), constructed via parallel
translation with respect to the connections A™ on P, of the point p; € Py, to a point
Pim € Py, ,, along the geodesic joining x; to T;im, followed by parallel translation along
radial geodesics emanating from x;,, € X;

e Sequences of WFTLP isomorphisms of principal G-bundles, w;m : P | S*\ {c0} = G x R*.

For each i € {1,...,l}, define a sequence of rescaled connections, {A" }men, on a sequence of
product G-bundles, By, . (0) x G C R* x G, by settinﬂ

A" =0+a;, and
ai,m(y) = Spf,mJZmAm(ALmy)v Vy € Bp/)xi,m (O)a m € N,

where © denotes the product connection on R* x G, and define a sequence of smooth Riemannian
metrics, {gim}men on By, . (0), by setting

(5.2) Gim(Y) == A 20k mgNimy), Yy € By, (0).
Then the following hold for each i € {1,...,1}:
(1) If 6 denotes the standard Euclidean metric on R*, then g;m — 6 in C22(R*) as m — oo;

loc

(2) The sequence of connections, A", obeys the Yang-Mills equation over By, (0) C R4

7 7
with respect to the metric g; m;
(3) There is a smooth Yang-Mills connection, A$°, on a principal G-bundle, P;, over S* with
its standard round metric of radius one, an integer l; > 0 and, if l; > 1, a set of points,

X 1= {yi,j}zizl C R* such that

Ti,m

(5.1)

5.3 wim (AY) — ASC strongly in WEP (R x;; A" @ g), asm — oo.
s 7 ) ©

loc
The ideal limit, (AS°,%;), is non-trivial in the sense that either l; > 1 or, if l; = 0, then
A% is not flat (that is, gauge-equivalent to the product connection, ©).
(4) If l; > 1, there are constants, 0 < &;; < &; for 1 < j <;, given by

(5.4) & = lim lim |Fam |2 dYy, 1<j <1,
’ r—0 m—oo By (i, g
such that
l;
|FA;n\2 dvol — |FA;_><>|2 dvol+Zéai,j Oy, ; In (Co(R:R)) as m — oo.
j=1

(5) The measure, p; := |FA;?0|2dV01+Zé~i:1 &5 Oyy s 18 centerec@ in the sense of Definition
[4.8 and, if x; = @, then the connection, A5°, is centered in the sense of Definition[{.1]

(6) The positive constant, &, in Theorem can be computed by the alternative formula,

(5.5) &; = lim lim |[Fam (y) > d*y.

5Compare B2, p. 516]; if g is flat, then ¢],,,07 A" (Aim¥) = @707 A" (Ti,m + Ai;my) and @ g(Aimy) =
©i9(Tim + Ai.my).-

6This centering condition reflects the simplest choice and one could alternatively redefine the sequence,
{A7" }imen, in such a way that the connection, A§°, is centered, as in [32] Lemma 4.7].
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(7) If in addition the sequence {A™}men is absolutely minimizing in the sense of (3.1]), then
A is an anti-self-dual connection with respect to the standard round metric of radius one
on S*.

Remark 5.2 (On the choice of points in the fibers of P and local sections of P). While Theorem
[5.1]is most easily stated and proved with the aid of local sections of P near the points of curvature
concentration defined by a choice of points p; € P|,, for 1 < ¢ <[, that choice is not necessary
for a description of bubble-tree convergence.

Remark 5.3 (Bubble-tree convergence for a sequence of Yang-Mills connections with a uniform L?
bound on curvature). As we noted earlier, the full bubble-tree convergence is obtained by repeat-
edly applying Theorem (with X replaced by S%) until all curvature concentration singularities
have been resolved, in the sense that the sequences of connections on copies of S* at terminal
nodes of the tree converge to smooth connections over S* without further curvature concentra-
tion, as described in [32, [05]. The required number of applications of Theorem is bounded
above by a constant that depends at most on sup,, ey |[Fam [|12(x), the Pontrjagin numbers of P,
and the Lie group, GG. For the sake of exposition and notational simplicity, however, we shall give
most detail in the case where the application of Theorem gives x; = @ for 1 <+¢ <[ and thus
one level of rescaling suffices to resolve all curvature concentration singularities. The general case
follows by an induction and presents no new difficulties.

Proof. We shall just briefly indicate the sources of the proofs of the conclusions of Theorem 5.1
whose statement is modeled on that of [31, Theorem 29.6] for Yang-Mills gradient flow, rather
than a sequence of Yang-Mills connections and it is the latter hypothesis that is responsible for
the stronger notion of convergence in Item (3)), as in our statement and proof of Theorem

The statement and proof of Theorem are implicit in [95 Section 5] but, in the form
presented here, essentially translate those of [32 Theorem 4.15] to the more general setting of
Yang-Mills rather than anti-self-dual connections. It will be important in the sequel to have
precise definitions of the sequences of mass centers and scales, {2 m }men and {A;, }men for each
i €{1,...,1}, and whose existence is asserted by Theorem ﬂ For this purpose, we recall our
definitions from [31, Theorem 29.6] (compare [32], Section 4.2]).

Item ([1) is a consequence (compare [32, Lemma 3.12]) of the definition and more refined C°
and C! convergence rate estimates follow from standard properties of geodesic normal coordinates
[4, Definition 1.24, Proposition 1.25, and Corollary 1.32].

We recall that a singular point z; € X for the sequence {A™},,en may be characterized by

(5.6) lim lim sup/ |Egm|? dvol, > e,

r—=0 m—oo By (z;)
where ¢g € (0, 1] is a universal positive constant. (Our proof of Theorem [5.1]and proofs of similar
results show that this constant is determined by the minimum energy of a non-flat connection
on a non-trivial principal G-bundle over S* with its standard round metric of radius one, namely
that of a non-flat anti-self-dual or self-dual connection.) Of course, for each i € {1,...,[}, since

/ \FAm|2dvolg < \FAm|2dvolg < sup/ ]FAm\deolg <oo, VmeN,
By (z;) X meN J X

the limit in (5.6)) is finite. By virtue of (5.6)), there is a subsequence, {m'} C {m}, such that
(compare [32, Equation (4.3)] and [31, Equation (29.37)]) after relabeling,

5.7 &; = lim lim Fam 2 dvol, > go, 1<i<I.
g
r—0m—oo Br(ﬂh‘)
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For a sufficiently large positive constant,
(5.8) R=R(&,...,4) €[l,0)

to be determined in the sequel (see (5.19) and note that ¢ is a universal constant), we choose
p = p(g, R,x,[A>®]) € (0,1] small enough that (compare [32, Equation (4.4)] and [31, Equation
(29.39)])

(5.9) 8Rp < 1 AInj(X,g) A rgél;ﬂ disty(xs, ),
and (compare [31, Equation (29.40)])
(5.10) / | Fgee|? dvol, < o,

Bgrp (i) 16

We now define sequences of relative mass centers and scales by adapting our construction in [32,
Section 4.2]. Theorem implies that, for each i € {1,...,1},

(5.11) Fam — Fas  strongly in LY (B,(x;) \ {z;}), asm — oo,
and thus we also have (compare [32, Equation (4.5)] and [31, Equation (29.42)])

(5.12) & = lim (|Fam|? — [Fa|?) dvol,

m—00 Bp (xz

= lim lim (|Fam|* — |Fa|?) dvol,

r—0 m—o0 B, (Iz)

= lim lim |Egm | dvoly .
r—0 m—oo B, (xz)
By virtue of (5.12]) we may also assume, by restricting to large enough m and then relabeling the
sequence if needed, that (compare [32, Equations (4.9) and (4.10)] and [31, Equation (29.43)])

7 9
(5.13) gé% < / |[Fam > — | Faoo |?| dvoly < gé‘;, Vm e N.
P xi)
For each i € {1,...,l}, the data ({[A™]|}men, [A™], 9,%;, p) determine a sequence of relative
local mass centers, {T;m}tmen C Byyg(wi), with coordinates =y, = (¢; ' (zim))” (compare [32
Equation (4.6)] and [31, Equation (29.44)])
1
(5.14) Ty = — x¥ (|FAm|2 - |FAoo]2) dvoly,, 1<v<4, VmeN,
’ Cgﬂ’ Bp(mi)
and relative local scales, {\i m }men C (0,3p/(2v/2)) (compare [32, Equation (4.7)] and [31, Equa-
tion (29.45)]),
1
(5.15) A= — disty (-, Zim)? |[Fam > — [Face |*| dvolg, Vm €N.
T G By

The upper bound, 3p/(2v/2), for the scales, \; , is due to the upper bound 9¢;/8 in (5.13).

Equation ((5.15)) leads to the following Chebychev-type inequality (compare [32, Equation (4.8)]
and [31, Equation (29.46)]) for all R > 1,

(5.16) |[|[Fam|? — |Fas|?| dvoly < R72&;, Vm € N.

/Bp(zi)\BAi’mR(xi,M)
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For a verification of (5.16)), we refer to [31]. Our definitions (5.14) and (5.15)) of the relative

mass centers and scales ensure that they have the properties described in Claim [5.4] whose proof
follows mutatis mutandis that of [31, Claim 29.7] with the aid of (5.16)).

Claim 5.4 (Convergence of relative mass centers and scales and absence of bubbling over
By(z:) \ B, ,.r(Tim))- For eachi € {1,...,l}, one has

(517 R
(5.18) Xim — 0, asm — oo.

If in addition the constant R > 1 s large enough that

(5.19) R26 < %0 Vi € x,

then no bubbling can occur for the sequence A™ over B,(x;) \ By, ,,r(Zim) as m — o0o.

We can now dispose of the proofs of the remaining assertions of Theorem Item is a
consequence of the fact that the Yang-Mills equation is invariant with respect to rescaling of the
Riemannian metric. (Indeed, the equation is invariant with respect to conformal transformations
of the Riemannian metric.) Items and are proved by adapting mutatis mutandis the
method of proof of the corresponding items in the proof of [31, Theorem 29.6], with the role of
[31, Theorems 29.3 and 29.4] replaced by that of Theorem

The proof of Item follows from the expressions for &;, the definitions and
of the relative local mass centers, x;,,, and relative local scales, A;,,; the Definition
of the global mass center and scale of a positive Borel measure on R*; the definition for
the sequences of Riemannian metrics, g, and their convergence described in Item ; and the
definition for the sequences of connections, A7", and their convergence described in Item
[@). (Compare the proof of [32, Lemma 4.7].)

Item (@ follows just as in the proof of the corresponding item in [31, Theorem 29.6]. Item
is an immediate consequence of the definitions. O

Remark 5.5 (On the definitions of the local centers and scales in Theorem . In the defini-
tions (5.14) and (5.15)) of the local centers and scales, we could just as easily have replaced the
normalization factors &; by

/ (|FAm|2 — |FA00’2) dVOlg,
Bp(xi)

as one can see from (5.12)). This redefinition would have the advantage that it is notationally
more consistent with our definitions of the centers and scales for connections over S* in Section

A1l

5.2. Bubble-tree compactification for the moduli space of anti-self-dual connections.
In this section, we provide bubble-tree analogues of the Definition [3.15| of Uhlenbeck convergence
of Sobolev connections, Uhlenbeck compactification of the moduli space of anti-self-dual connec-
tions, and Definition of an open Uhlenbeck neighborhood of a Sobolev connection (more
generally, an ideal Sobolev connection). While we essentially follow our previous development
[32, Section 4.3], we simplify and streamline that description.

Definition 5.6 (I/Vllf)cp convergence with one level of rescaling for a sequence of Sobolev connec-
tions). Let G be a compact Lie group and P be a principal G-bundle over a closed, connected,
four-dimensional, smooth manifold, X, and endowed with a Riemannian metric, g. Let {A™},en
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be a sequence of connections on P of class WP, with p > 2 and integer k > 1 obeying (k+1)p > 4,
and
E := limsup &;(A™) < oo.
m—r0o0
Let Ag be a W*P connection on a principal G-bundle Py over X with n(Py) = n(P). Let £ >0
be an integer and, if £ > 1, let x € Sym‘(X) be represented by the set {z1,...,2;} € X of
distinct unordered points with [ < ¢ and let f; be an oriented g-orthonormal frame for (7°X),,,
for 1 < i < 1. Let A; be a W*P connection on a principal G-bundle P; over S%, let I; > 0 be
an integer and, if {; > 1, let y; = {yi1,..., %1} € S*\ {s} be a collection of distinct unordered
points, for 1 <7 <.
Let R and p be positive constants obeying andm

1
(5.20) RE < 5%(G),
where we define
(5.21) &4(G) == ngiggXG {Epromna(A) : Ais a W2 connection on P — 54} ,

to be the minimum Valueﬁ7 over all non-trivial principal G-bundles P over S* with its standard
round metric of radius one, of the L?-energy Egronna(A) Of a W12 connection A on P predicted
by the Chern-Weil formula [31, Section 9], [56, Appendix C], [92, Appendix].

Suppose that £ > 1 and [; > 1 for 1 <i <. For 2 < p < p and integer 0 < k < E‘, we say that
{A™}en converges in W{Z’Cp with one level of rescaling to a level one limit,

(A07 (A17 YI), ey (Al7 YZ))7
if, as in Theorem there exist sequences,

{um}mENa {$i,m}m€Na {)\i,m}mENv {A;”n}mENa {ui,m}mENa

and sequences {fi m }men defined by the choice {f;} such that, for 1 <7 <[ and as m — oo, one
has the convergence specified by Theorems [3.1] and

Tim = Ti,  fim — fis Aim — 0,

U (A™) = Ay in WP (X \ x),
|Egm |* dvoly, — |Fa,|?* dvol, + zl: &0y, in (C(X;R)),
=1
wim (A7) = A;in WP (S*\ {yi, s}),
|Farn|? dvoliouna = |Fa,|* d voliound + i &6y, in(C(SHR)Y,

j=1

where dvol,oung is the volume form for the standard round metric gyounq of radius one on S%. If
[ = 0, the preceding convergence simplifies to

um(A™) = Ap in WQBP(X), for m — oo.

"This condition implies the hypothesis (5.19) in Theorem
8This topological lower bound is attained by a grounda-anti-self-dual or grouna-self-dual connection on P, irrespec-
tive of whether such a connection actually exists for (S47 P, ground)-
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If [; = 0 for some i then the preceding convergence simplifies to

Ui (AT — A; in WEP (S*\ {s}),

i,loc

|FAZm]2dvolround — |Fa,?dvoliguna  in (C(S*;R)), for m — oc.

The definition of the full bubble-tree convergence of a sequence of Sobolev connections is
obtained from Definition [5.6] modeled on the observation that one may repeatedly apply Theorem
until the sequences of rescaled connections over S*\ {s} converge in VV{Z’f(S‘l \ {s}) without
points of curvature concentration in S*\ {s}.

Definition 5.7 (I/Vllfj’cp convergence with L levels of rescaling and VVllZf bubble-tree convergence
of a sequence of Sobolev connections). Continue the notation of Definition We say that the
sequence {A™},en on P — X converges in Wlﬁf with zero levels of rescaling if {A™},en has
the standard Uhlenbeck convergence specified in Definition [3.15

Suppose that {A™},,en converges in VVIIZf with one level of rescaling and that I; > 1 for at
least one ¢ € {1,...,l}. We say that {A™},,en converges in W/llf)f with two levels of rescaling to
a level-two limit,

(A07 (A17 (Al,ly Y1,1))7 ceey (Ala (Al,llayl,h)))a
(A07 (A27 (AQ,I, y2,1))7 ceey (A27 (AQ,lza y2,l2)))7

(A07 (Al7 (Al,h YI,I))v ey (Al) (Al,llvyl,ll)))u

if the Sequenceﬁ {A™}en on Py — S\ {s} converges in Wllf)f with one level of rescaling for each
i € {1,...,1} such that [; > 1 and hence the set y; C S*\ {s} of points of curvature concentration
is non-empty.

Continuing in this way, if {A™},,en converges in VVIIZCP with L levels of rescaling (for an integer
L > 0) and at least one non-empty set of points of curvature concentration in S%\ {s}, we apply
Definition to define convergence in VVIIZ’CP with L 4+ 1 levels of rescaling.

Finally, we say that {A™},,en converges in VVIIZ’f in the sense of bubble trees to a bubble-tree

limit if {A™},,en converges in VV{Z’? with L levels of rescaling and no remaining points of curvature
concentration in $%\ {s}.

As Definition the definitions of VV{ZCP bubble-tree convergence for a sequence of Sobolev
connections in Definition extends in an obvious way to a sequence of bubble-tree Sobolev
connections.

Again, is often convenient to work with a base for the bubble-tree topology on M7 (P, g)
corresponding to the Definition of sequential bubble-tree convergence. Before proceeding to
do this, we first extract definitions of local mass centers and scales modeled on the definitions
(5.14) and (5.15) and Remark arising in the proof of Theorem and the corresponding
global definitions for connections over S* in Definition

Definition 5.8 (Local mass center and scale of a connection on a principal G-bundle over a
four-dimensional Riemannian manifold). Let G be a compact Lie group, P be a principal G-
bundle over a four-dimensional, Riemannian, smooth manifold, (X, g), and p € (0,Inj(X, g)], and

9We abuse notation since this sequence of connections is only defined on a sequence of balls with increasing
radii that provide an exhaustion of S*\ {s}.
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Ao be a W22 connection on P | B(zg, p), and fp be an oriented orthonormal frame for (TX),,,
given a point g € X. Then the local relative mass center, zy = Center 4, fo,p[A} € R%, and the
local relative scale, A = Scalea, f,,,[A] € Ry = (0,00) of W?? connection A on P | B(zg,p) with
positive mass relative to Ag are defined by

G:220)  Massaggold)i= [ (AP [Fa ) dvoly >0
B(zo,p)
1
(5.22b) Center 4, f, »[A] := / z(-) (|Fal* = |Fa,|?) dvolg,
0-Jorp MaSSAo,fo,P[A} B(zo,p) ( ’ ) !
1
(5.22¢) Scaleay o o[ AP i= / dist, (-, 70)2 || Fal? — | Fa, [2] dvol,,
0-fo-p MaSSAo,fo,P[A} B(zo,p) ! ‘ ’ ’ !
where Zg := ¢y (%) € X, and z(-) = 90;01 denotes the local geodesic normal coordinate chart

on B(xo,0), and ¢y, = expy, : R* O B(0, 0) = B(wg,0) C X is the exponential map defined by
the frame fy, and o := Inj(X,g). If Massa, s, ,[A] = 0, one defines Center 4, r, ,[A] := 0 and
Scaley,, f,,0[A4] := 0.

In the inequality (5.25|) appearing in Deﬁnition the points Z; and scales A; may be regarded
as being determined by Definition [5.8] although this is not required even if the typical case. We
have the

Definition 5.9 (W{Z’f bubble-tree open neighborhood of a bubble-tree connection). Continue
the notation of Definition Let € € (0,1], and p € (0,Inj(X,g)), and R € [1,00). Let [ > 1
be an integer and x := {z1,...,2;} C X be a subset of distinct points. Let fy be an oriented

orthonormal frame for (7'S*),,. We say that a WHP connection A on P belongs to a VVIIZCp bubble-
tree (e, p, R) open neighborhood of a level-one bubble-tree connection, (Ag, (A1, x1),..., (A}, 7)),
if the following hold:

(1) There is a Wk+1P isomorphism of principal G-bundles,
u: P X\x2 R |X\x,
such that, for some epackground € (0, €],
(5.23) [u(A) — AOHWEGP(X\BPM(X)) < Ebackground
where B, (x) := U._, B,.(x;) for any r € (0,Inj(X, g)]; and
(2) There are a set of scales, {\;}\_; C (0, 1], which obeys the following analogue of (5.9),
(5.24) 0< RN <p and 4p<1AInj(X,g)A 121;1? distg(xs, ),
a set of points, {@-E:l C X with z; € B(x;,p/4), and, for 1 < ¢ < [, an oriented

orthonormal frame f; for (7'X)z, obtained by parallel translation, using the Levi-Civita

connection for g, of a choice of oriented orthonormal frame f; for (7'X),,, and Wktlp
isomorphisms of principal G-bundles,

ui s 6T (P 1 B(320)) = P | on(B(0,20/)),
where ¢, (B(0,2p/\;)) = S*\ ¢s(B(0, Ai/2p)), such that, for some egphere € (0, €],

—1xc—1,% % ) .
(5.25) [|wi(r, 5)\i Qpa':lA) - Al||W§‘ip(54\<ps(B(0,1/2R)) < Esphere; for 1 <7 <,
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where (pa—_:il is the geodesic normal coordinate chart on the open ball B,(z;) defined by the
oriented orthonormal frame f; for (TX)z, and o := Inj(X,g), and ¢! : S*\ {s} = R*
is the stereographic projection from the south pole s € S* C R® defined by fy, and
o371 S*\ {n} = R* is the corresponding stereographic projection from the north pole
ne€S*CR’ and 6y :R* > 2 — x/)\ € R* for A > 0; and

(3) One has, for some €,pnuus € (0, €],

(5.26) HFAHLZ(Q(@;RM/ZL,Q/J)) < Eannulus, for 1 <i <.

We define mutatis mutandis a W¥P connection A on P to be in a WIIZ’CP bubble-tree (e, p, R) open
neighborhood of a level-two bubble-tree connection,

(Ao, (Al, Ty, (Al,l, $1,1)), S (AL Ty, (Al,ll,ﬂfl,ll))),
(Ao, (A2, 2, (A21,221)), - -+, (A2, (A215,21,)))s

(Ao, (A, (A1, 201))s -5 (A (Argys 2yy)))-

Finally, for any number L > 0 of iterated rescalings, we define mutatis mutandis a W*?P connection
Aon Ptobeina VVIIZf bubble-tree (¢, p, R) open neighborhood % C o (P) of a level L bubble-tree
connection, where o7 (P) denotes the affine space of W*? connections on P.

We say that [A] € A(P,g) belongs to a VVIIZf bubble-tree (g, p, R) open neighborhood % C
A(P) if A belongs to a I/Vllch bubble-tree (&, p, R) open neighborhood Y %) C &/ (P). Here,
B(P,g) = o/ (P)/ Aut(P), where Aut(P) is the group of W*+1? gauge transformations of P, and
79/ (P) — AB(P,g) is the projection map.

If we need to emphasize the individual values of epackgrounds Espheres OF Eannulus it the preceding

definitions, then we write € = (€packground Esphere; Eannulus) and refer to VVIIZCp bubble-tree (e, p, R)
open neighborhoods.

Definition 5.10 (Fine WIIZ’CP bubble-tree open neighborhoods in <7 (P) and %(P,g)). Let % C
o/ (P) and % C AB(P,g) be as in Definition We call % (respectively, %) fine if there
are constants Ecenter,€scale € (0,€] such that the following holds for every pair of connections
A, A" € U (respectively, points [A],[A] € %).

If L = 1, then the pairs of local mass centers, {ii}ﬁ-zl, {j;}izl C X, and pairs of local scales,
N I, € (0, pl, defined by A and A, respectively, and p € (0,Inj(X, g)] and {z;}}_, C X,
obey

(5.27) A} = Al < Escale min{ Aj, A},
(5.28) disty(Zi, Z}) < €center min{ A\, \j},  for 1 <i <I.

If L > 2, then the analogous relations should hold for pairs of local mass centers in $*\ {s} and
pairs of local scales in (0, p].

Definition 5.11 (Coarse W’p bubble-tree open neighborhoods in &7 (P) and Z£(P, g)). Assume
the notation of Definition We call % (respectively, %) coarse if there is a constant ecepter €

(0, ] such that the following holds for every pair of connections A, A’ € U (respectively, points
[A],[A] € %).
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If L = 1, then the pairs of local mass centers, {Z;}!_,, {Z/}}_; C X, and pairs of local scales,
N {3, € (0, p] obey (5.28). If L > 2, then the analogous relations should hold for pairs
of local mass centers in S%\ {s} and pairs of local scales in (0, p].

Briefly, 7 C #(P,g) is a fine neighborhood if for each pair of points, [A], [A'] € %, their local
scales and local mass centers are close to one another relative to the smaller of each pair of local
scales, while % C %B(P,g) is a coarse neighborhood if for each pair of points, [A],[A"] € %, we
only require that their local mass centers are close to one another relative to the smaller of each
pair of local scales.

As with Definition the definition of a VVIIZCp bubble-tree open neighborhood of a Sobolev

connection in Definition extends in an obvious way to a VVIIZf bubble-tree open neighborhood
of a bubble-tree Sobolev connection.

Suppose in addition that X is oriented. We let BM (P, g) denote the set of gauge-equivalence
classes of bubble-tree g-anti-self-dual connections on P, where each point in BM (P, g) consists of a
labeled tree .7 (see Diestel [22] for definitions of terms relating to trees), with a gauge-equivalence
class of a g-anti-self-dual connection on a principal G-bundle Py over X associated to the root of
the tree and a gauge-equivalence class of g,oung-anti-self-dual connections on principal G-bundles
over S* associated to each other vertex of the tree. Each point in BM (P, g) obeys the constraint
that n(Py) = n(P) and &,(P) is equal to the sum of the L? energies of all connections attached
to vertices of the tree.

For example, ([Ao], [A1],...,[Ai]) € BM(P,g) if Ay is a g-anti-self-dual connection on a prin-
cipal G-bundle Py over X obeying n(FPy) = n(P) and each A; is a grounq-anti-self-dual connection
on a principal G-bundle P; over S4, for 1 < i < I, such that

We observe that the collection of VVIIZCP bubble-tree open neighborhoods given by Definition
form a basis for a topology on BM (P, g), called the bubble-tree topology. One may check that
BM (P, g) is then a Hausdorff, regular, second-countable topological space and thus metrizable.

We define the bubble-tree closure, M™ (P, g) (compare [32, Definition 4.3]), to be the closure of
M(P, g) in BM(P,g), with respect to the bubble-tree topology.

Again, elliptic regularity for solutions to the anti-self-dual and local Coulomb-gauge equations
ensure that the definition of bubble-tree topology on M7(P,g) is independent of the choice of
(k,p) obeying k > 1 and p > 2 and (k4 1)p > 4 or (k,p) obeying 0 < k < kand 2 < p < p.
Theorems and [5.1] yield the

Corollary 5.12 (Sequential bubble-tree compactness for the moduli space of anti-self-dual con-
nections on a principal G-bundle). (Compare [32, Theorem 4.15]) Let G be a compact Lie group
and P be a principal G-bundle over a closed, connected, four-dimensional, oriented, smooth man-
ifold, X, and endowed with a Riemannian metric, g. Then M™ (P, g) is sequentially compact.

Sequential compactness and compactness coincide for the bubble-tree topology on M7 (P, g)
since this topology is metrizable and thus we obtain the

Corollary 5.13 (Bubble-tree compactness for the moduli space of anti-self-dual connections on
a principal G-bundle). (Compare [32, Theorem 4.14]) Assume the hypotheses of Corollary [5.19
Then MT (P, g) is compact.
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5.3. Bubble-tree compactification for the moduli space of Yang-Mills connections. Fi-
nally, given in addition a compact subset € C [0, c0), we define the bubble-tree compactification,
Crit” (P, g, %), of the moduli space of Yang-Mills connections on P with L? energies belonging to
% by exact analogy with the definition of M7 (P, g) in Section

We let BCrit(P, g, %) denote the set of gauge-equivalence classes of bubble-tree g-Yang-Mills
connections on P with L? energy in €, where each point in BCrit(P, g, %) consists of a labeled
tree [22], with a gauge-equivalence class of a g-Yang-Mills connection on a principal G-bundle
P,y over X associated to the root of the tree and a gauge-equivalence class of groung- Yang-Mills
connections on principal G-bundles over S* associated to each other vertex of the tree. Each
point in BCrit(P, g, ¢’) obeys the constraint that 7(Fy) = n(P) and &(P) is equal to the sum of
the L? energies of all connections attached to vertices of the tree.

One may check that BCrit(P, g, ¢) is a Hausdorff, regular, second-countable topological space
and thus metrizable. We define the bubble-tree closure, Crit (P, g,%), to be the closure of
Crit(P, g,%) in BCrit(P, g, %), with respect to the bubble-tree topology.

Once again, elliptic regularity for solutions to the Yang-Mills and local Coulomb-gauge equa-
tions ensure that the definition of bubble-tree topology on Crit (P, g, %) is independent of the
choice of (k,p) obeying & > 1 and p > 2 and (k4 1)p > 4 or (k,p) obeying 0 < k < k and
2 < p < p. Theorems [3.1] and [5.1] yield the

Corollary 5.14 (Sequential bubble-tree compactness for the moduli space of Yang-Mills connec-
tions on a principal G-bundle). Let G' be a compact Lie group, P be a principal G-bundle over
a closed, connected, four-dimensional, smooth manifold, X, and endowed with a Riemannian
metric, g, and € C [0,00) be a compact subset. Then Crit (P, g,€) is sequentially compact.

Sequential compactness and compactness coincide for the bubble-tree topology on Crit T(P, 9,%)
since this topology is metrizable and thus we obtain the

Corollary 5.15 (Bubble-tree compactness for the moduli space of anti-self-dual connections on
a principal G-bundle). Assume the hypotheses of Corollarym. Then CritT(P,g7 €) is compact.

6. BUBBLE TREES AND SMOOTH RIEMANNIAN METRICS ON CONNECTED SUMS

Section provides an overview of our construction of Riemannian metrics on connected sums
of a given four-dimensional manifold, X, and copies of S* , as prescribed by a tree, .7, where
X labels the root vertex. In Section [6.2] we describe in detail the construction of a Riemannian
metric, g%, on a connected sum, X# 7S*, defined by bubble-tree data. Section contains our
analysis of how the metric, g%, converges as the neck or annulus widths shrink to zero. Lastly, in
Section We review results due to Taubes [93] [95] on the quasi-conformal invariance property
of the WA: gmund(S‘l) Sobolev norm for sections of T*S* ® adP, where P is a principal G-bundle

over S, endowed with its standard round metric, ground, of radius one.

6.1. Introduction and motivation. In our discussion of bubble-tree convergence in Section
bl we have focused on rescaling a g-Yang-Mills connection A belonging to a bubble-tree open
neighborhood (Definition near points of curvature concentration x; € X using the local
scales \; € (0, 1] and oriented g-orthonormal frames f; for (TX),,. However, taking the example
of one level of rescaling, we have not yet indicated how one might construct a smooth Riemannian
metric, g%, on a connected sum, X #2:1S4, that is conformally equivalent to ¢ on X and has
the following properties: a) the metric on each copy of S* is C?-close to the standard round
metric, ggs, of radius one on the complement of small balls, ¢,(B(0,4v/;)) € S*\ {s}; b) the
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metric is equal to g on X \ B(x;,4v/);); and ¢) each neck joining a copy of S*\ ¢s(B(0,v/A;/2)) to
X \U_, B(wi,v/Xi/2) has a metric that is approximately cylindrical and is conformally equivalent
to g on the annulus, Q(z;; vV Ai/2,2vV/ ;) C X.

Our motivation for the construction is to show that rather than rescale a g-Yang-Mills connec-
tion, A, near points of curvature concentration x; € X by the local scales \;, one may equivalently
rescale the Riemannian metric, ¢, on X to a conformally equivalent metric, g%, on X #22154,
with respect to which A is Yang-Mills by conformal invariance of the Yang-Mills equation, in
turn a consequence of the conformal invariance of the L?-energy functional, &, : & (P) — [0, 00).
This construction goes back to Donaldson [26] Section IV (ii)] and Donaldson and Kronheimer
[28, Sections 7.2 and 7.3], but we provide more detail here that is used in our analysis in Section
[7 and especially, Sections [7.4] and

A construction of a smooth Riemannian metric on X #ézls 4 of this type was given by the author
in [32], Section 3.5], but our development was notationally complex as we treated the general case
of a connected sum of X and trees .7 of arbitrary height with copies of S* at each vertex other
than the root, which is labeled by X. In this section, we clarify and simplify our description
in [32, Section 3.5] by restricting our attention to trees of height one (thus .7 = {1,...,l}) and
provide additional detail for this special case to better explain how it may be iterated in order
to accommodate trees of arbitrary height. The description of the general case differs only in
notational complexity from the special case we describe in Section [6.2]

6.2. Construction of a Riemannian metric on a connected sum defined by bubble-
tree data. Our construction of a Riemannian metric is not specific to dimension four, so we now
allow the manifold X to have an arbitrary dimension d > 2. To define the smooth Riemannian
metrics over the neck regions, we use geodesic polar coordinates on each ball, B(x;, 0) C X, where
0:=Inj(X,g) and z; € X for 1 <i <. Recall from [5, Propositions 1.33 and 1.53 and p. 12]
that the expression for the components of a Riemannian metric g with respect to geodesic polar
coordinates centered at a point z; in a Riemannian manifold X of dimension d is

g(z) = (dr)* 4+ r2hay(r0) d9* d6°, r € (0,0) and 0 € S971,

where 2 = 70 € B(0,0) with r := ((z")? + --- + (29)?)/2 € (0,0); the z# (for 1 < p < d)
are geodesic normal coordinates centered at x; and obtained by composing the inverse of the
exponential map, exp]?i1 : X D B(zy,0) — B(0,0) C (TX),, = RY, with the standard coordinates

on RY; the f; is an oriented g-orthonormal frame for (T'X )z;; and the 6 (for 1 <a < d—1) are
the induced spherical coordinates on S?~! C (T'X),, = R%.

6.2.1. Construction of neck metrics emanating from annuli centered at points in X. Setting ¢ :=
logr and z = €6, the expression for the Riemannian metric g with respect to the resulting
geodesic cylindrical coordinates near x; becomes,

glz) =e* ((dt)2 + hap(€'0) dﬁad9b> , te(—o0,logp) and § € S,
and this is conformally equivalent to a metric corresponding to x;,
ds? = (dt)? + hap(e'0) d6°d6°, t € (—oo,log o) and 0 € S41,
which is C?-close to the standard cylindrical metric corresponding to ;,

dsgyl = (dt)> 4 (d6)* on (—oo0,log o) x S97L.
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Therefore, we can form a neck metric extending from X near z; by choosing a smooth function,
ki € C*(R), such that

i(t) =
ki(t) r; = el =2\ for —Oo<t§log(2\/)\7)_

For example, we may choose r;(t) := (1 — B;(t))eti + B;(t)e!, where 3; € C*°(R) obeys 0 < 3; < 1
on R and

{r = ¢t for log(4v/ ;) <t < log o,

(6.1) Bz(t) _ {1 for log4 + (1Og)\z-)/2 <t < oo,

0 for —oo<t<log2+ (log\)/2.
We can define such a function, 5;, by setting
Bi(t) := a(t — (log i) /2),
where o € C*°(R) obeys 0 < a <1 on R and
L bt

We thus form a metric that conformally bends upward into a tube emanating from a small
(d — 1)-dimensional sphere centered at each z; € X,

‘ AN; ((dt)? + hap(€'8) do*d6") for x = €'0 € Q(zi; vV Ni/2,2v/N),
(6.2) g (@) == { Ri(6)2 ((d)2 + hap(e'0) d92d6P) for = = €0 € Q(ai; 2v/ i, 4v/N),
2 ((dt)? + hap(e'0) d0°d®) = g(z) for x = e'0 € Q(z;;4v/N;, 0).

This is a smooth metric on the neck that is conformally equivalent to g on Q(x;;v/Ai/2,0),
approximately cylindrical on Q(z;;v/A;/2,2v/A;), and equal to g on Q(z;;4v/\;, 0).

6.2.2. Construction of a neck metric emanating from an annulus centered at the south pole in S?.
Now let us consider the corresponding definition of an approximately round, radius-one, smooth
metric gg};be’z on S\ ¢s(B(0,2v/);)) that is conformally equivalent to g on the ball B(z;,2v/);)
and, in particular, that obeys the smooth matching condition,

gg;be’i = g;lbe’i on ) (xi; V)2, 2\/)\7> CcX, for1<i<lI.
We now consider the effect of the orientation-reversing inversion map,
RIN{0} sz =r0—z2=1u(z) =2~ =r10 e R?\ {0},
or more precisely its pull back via the geodesic normal coordinate chart, go{l = exp]?i1 : X D
B(z;,0) — B(0,0) C R, where 27! := (x1, —29, ..., —24)/|z|?. Thus,

B <0,2\/>\Z~) \ {0} 2RI\ B <0, 1/2\/)\,) 0.
We now compose the preceding inversion with the rescaling map, R? 3 z — y = 5;1_1 (2) = Nz €

R,
R\ B (0, 1/2\/2-) ~R?\ B <0, \/)\7/2) 2 iz,

to give the rescaled inversion map,

B (0, 2\/2-) \ {0} 2RI\ B (0, \/)\7/2) e A\l
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The rescaled inversion map restricts to an orientation-reversing diffeomorphism of the annulus,
R? 5 Q (0; \/)\Z-/2,2\/)\Z») ~ Q) (0; \/)\i/2,2\//\i) CRY,

and hence of
X550 (x \/Ai/2,2\/)\i> ~Q (q; \/)\i/2,2\/)\i> C X,

after composition with the restriction of the geodesic normal coordinate chart,
el X o0 (:c Vhi/2, 2\/)\Z~> o) (o; \/)\Z-/Q,Q\/)\i) CRY,

and its inverse.
We now pull back the metric g on the ball B(z;,2v/\;) by the composition of the inverse of
the geodesic normal coordinate chart and the inversion map,

Coig(z) = gu(z)dz!dz",  for |z] > 1/2¢/ A
Now pulling back by the rescaling map as well,

S k() = Mg (i) dytdy”, for [y| > v/ Ni/2,

we define

ha(y) = A7203 0 0ig(y),  for Jyl > V/Ai/2,
and therefore,

Tha(y) = guw(Niy) dy"dy”,  for [y] > /Xi/2.
Just as in the construction of the metric g;?be’i, over the annulus X D Q(x;; v/ \i/2,2V ;) =
Q(0;v/Xi/2,2v/A;) € R?, the metric
Gha(y) = €2 ((dt)2 + hap(€6) deadob) on (—log2 + (log Ai)/2, log 2 + (log A;)/2) x 9,
for y = €' is again conformally equivalent to a metric on the cylinder,
ds? = (dt)? + hap(e'0) d6°d6®  on (—log2 + (log \;)/2, log2 + (log A;)/2) x S4 1,

that approximates the standard metric on the cylinder,

dsgyl = (dt)? + (d6)* on (—log2+ (log Ai)/2, log2 + (log \;)/2) x S9~1,

Therefore, by analogy with the definition (6.2)) of the metric g;lbe’i, we conformally bend the
metric gﬁéd (y) downwards into a tube emanating from a small (d — 1)-dimensional sphere centered
at the south pole s € S,

et ((dt)2 + hap(e'0) dGade) = ngd(y) for 4v/\; < |y| < oo,

(6.3) G () = { k()2 ((dE)? + hap(e'0) d6dBP) for 2v/X; < |y| < 4v/N;,
4 ((d)? + hap(e'0) do*deP) for vA;/2 < |y < 2v/ .

On the other hand, we can construct an approximation to the round metric of radius one on
S\ gpS(B (0,4/Ai/2)) by replacing the standard Euclidean metric, §, in the expression (4.7) for
gsa by gpa, that is

i 4 i
gsa(y) == Wng(y)v for |y > \/X/Q
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Over the annulus Q(0;2v/A;/, 4v/A;) C R%, we may interpolate between the square of the confor-
mal factor, 2/(1 + |y|?), and the constant, 1, via the function

2/(1+ €2) for log4 + (log\;)/2 <t < o0,
Gi(t) == 2Bi(t) /(1 + %) + (1 — Bi(t)) for log2+ (log\;)/2 <t <log4 + (log\;)/2,
1 for —log2+ (log\;)/2 <t <log2+ (log\;)/2,

where y = e'0 and 3; is as in (6.1). By combining these conformal factors, we obtain a smooth
metric for y = ef € R? obeying |y| > v/A;/2 such that

(4 /(1 + €2)?) ((dt)* + hap(€'0) d9?d6®)  for 4v/A; < |y| < oo,

(6.4) ggudbe’i(y) = < Ri(t)2G(6)? ((db)? + hap(e'0) do*de’) for 2v/\; < Jy| < 4/,
4AN; ((dt)? + hap(e'0) d°d6®) for VA /2 < |y| < 2v/\i.

This is a smooth metric that is approximately equal to the round metric of radius one on S¢\
©s(B(0,4+/X;)), approximately cylindrical on Q(0;v/A;/2,2v/A;), and conformally equivalent to g
on the ball X D B(z;;2v/\;) = 5%\ 4(B(0,v/X;/2)) C S°.

By construction, the smooth metrics ggudbe’z on each copy of S\ ¢4(B(0,/A;/2)) match gggbe’l
on the cylinder,

Q(0; v/ A\i/2,2v/Ni) = (—log 2 + (log A;) /2, log 2 + (log A;)/2) x S971,
d

and so we have constructed the desired smooth Riemannian metric, g%, on X #5:15 .

6.2.3. Iterated conformal blow up of a Riemannian metric. The construction in Sections[6.2.1] and
may be iterated as often as required to give smooth Riemannian metrics, g7, on connected
sums, X# 7S¢, corresponding to trees, .7, of arbitrary height arising in bubble-tree data provided
by Definition [5.9

6.3. Equivalence of iterated conformal blow-ups of Sobolev connections and iterated
conformal blow-ups of Riemannian metrics. As we noted in Section the process of
locally rescaling a sequence of connections, { A™},,en on P, as in our Definition of bubble-tree
convergence, is equivalent to the process of constructing a sequence of locally rescaled Riemannian
metrics, {g™}meny on X =2 X# 7S5 from the bubble-tree data for {A™},,cn, just as in Section
[6.2l This alternative view of bubbling via the sequence of pairs of Riemannian metrics and
connections, {(A™, g™)}men on (P, X# 7S%), is convenient since each metric g™ is smooth on
X# 78% by virtue of the explicit tube construction joining copies of S* to one another and to X
as specified by the tree, 7. In particular, each metric g™ is conformally equivalent to g on X via
a smooth diffeomorphism, h™ : X =2 X# 754 so g™ = h™*g. Away from the neck regions in the
connected sum, X# #S5%, each metric ¢” coincides with ¢ on X and is C?-close to the standard
round metric, ground, of radius one on each copy of S%.

We can thus use the bubble-tree data to rescale a sequence of smooth connections, {A™},en,
via a sequence of conformal diffeomorphisms, {h"},,en C Conf(X, g), and produce a sequence of
smooth connections, {h™*A™}, . cn, on (R™* P, X# 75%) = (P, X). For the purpose of keeping
track of the data used to rescale {A™},,en and define {¢™ },en, it is convenient to make the

Definition 6.1 (Iterated conformal blow-up of a Sobolev connection and a Riemannian metric
defined by bubble-tree neighborhood data). Let G be a compact Lie group and P be a principal
G-bundle over a closed, connected, four-dimensional, smooth manifold, X, and endowed with
a smooth Riemannian metric, g. Suppose ¢,p € (0,1] and R € [1,00). Let A be a Sobolev
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connection on P of class W’E’ﬁ, with p > 2 and integer k > 1 obeying (k + 1)p > 4. If A belongs
to a Wi)f bubble-tree (e, p, R) open neighborhood (Definition , let

Z = (217227 ce ey 2l 2115 2125 - - '))

A= (A, A, AL A, A, L),

denote the finite sequences of mass centers and scales associated with A, corresponding to all
vertices in the finite tree, 7, defined by the bubble-tree neighborhood, %. This data and the
construction in Section define a conformal diffeomorphism, h, » € Conf(X,g), and

hy'A on h 3P and h,y'g on X#5S

the iterated conformal blow-up of the connection, A on P, and Riemannian metric, g on X,
respectively.

When L = 1, the construction of the Riemannian metric, ﬁ; ;* g, can be obtained from Section
using the reference points, {z;}_;, {z;}\_; C X, local mass centers, {z;}_;,{z:}}_, C X,
oriented orthonormal frames, f; for (T'X),,, and local scales, {\;}!_; C (0, 1], supplied by Defi-
nition [5.9] For 1 <4 <[, parallel translation of f; along the geodesic joining x; to Z; defines an
oriented orthonormal frames f; for (T'X)z, and an exponential map, oz, = exp o R* D B(0, 0) =

B(z;,0) C X, where o = Inj(X, g). The definition of fzz_i*g when L > 2 follows by iterating the

preceding construction over copies of S* in place of X, corresponding to each vertex in the tree
7 and using the data supplied by Definition [5.9

When L = 1, the connection B; ;’*A is defined by the data used to construct fL; ;’*g and, in
addition, parameters p € (0,Inj(X,g)] and R € [1,00) supplied by Definition If we omit
the explicit diffeomorphisms identifying the small annuli Q(Z;; v/A;/2,2v/A;) C X with the necks
joining S* to X near each point Z; € X, then the expression for the connection, ﬁ;;’*A, simplifies

to

71 A P | X\ B(z;, R\i/2),
(6.5) hz}A’A:{ on P[ X\ B(@i, RAi/2)

on 0y, R A on 00 MTE P TSt (B0, /2R)), 1< <1,
Note that, for 1 <17 </,
en(B(0,2p/Xi)) = S*\ 0s(B(0,Xi/2p)) and @, 176, " pr A= 5 pron A

The definition of fz; ;’*A when L > 2 follows by iterating the preceding construction over copies

of S* in place of X, corresponding to each vertex in the tree .7 and using the data supplied by

Definition i
When there can be no confusion as to meaning, we write P for the pulled-back bundle, h; ;’*P

on X# 5%, and abbreviate ibz_i*A and ﬁ;;*g by A# and g7, respectively.

6.4. Convergence of the Riemannian metric on the connected sum. When restricted to
pre-compact open subsets, U € S?\ {s}, of the spheres, S¢, in the connected sum X#._, 59,
the Riemannian metric, g%, will be approximately but not exactly equal to the standard round
metric, ground = gga, of radius one on S9. Indeed, that is a key feature of the construction as we
want the metric g% to remain within the conformal equivalence class of ¢ in order to preserve the
Yang-Mills property of A, even when ¢ is not locally flat. However, it is not difficult to see that
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the metric g% converges in C§°(S*\ {s}) to gga for each copy of S¢ as \; \, 0, as we now review
from [32, Lemma 3.12HE|

With respect to a geodesic local normal coordinate chart, ¢! : X D B(xg, 0) = B(0, 0) C R?,
defined by a g-orthonormal oriented frame f for (7°X),,, we have

0 g(z) = g (x) dat @ dz¥, |z| < o.
Applying the inverse of the rescaling map, dy : R? > 2+ y = 2/\ € R?, so x = \y, we have
050 g(y) = Mg () dy* @ dy”, [yl < o/,
and thus we define the rescaled Riemannian metric on B(0, o/\) by
M) =220 () = g O dy* @ dy”, [y] < o/ X
We recall from Aubin [5, Definition 1.24, Proposition 1.25, and Corollary 1.32] that
(6.6) I‘Z,j(xo) =0, FZV(J}) =0(r), and gu(x)=0u + O(r2),
where r := disty(z, z¢) and I’} are the Christoffel symbols for g with respect to the local coor-
dinates, x*. Therefore,
09w
oz

02 — 8] < Colaf?, \ <y>]scn:c|,

0" gy
o @
for any integer k > 2, where Cy = Cx(g) € [1,00). Thus,

6(g>‘),ﬂ,
oy~

< Cka ’1" < 0,

and

() (9) — S| < CoN?Iy \

3k(9)\)uv
ayal e ayak

<y>\ < N2y,

| ] <aX <o
and for any integer k > 3. Therefore, g* converges in C§°(R%) to the standard Euclidean metric, 4,
on R? as A \, 0 and hence the approximately round metric, ggd, of radius one on S*\s(B(0,\/0)),

@Zgéd(y) = Wf]uu()\y) dyt @ dy”, |yl <o/A,

converges 11 S O € standard round metric, ggd, OI radius one on , asS desired.
in C3°(94 to the standard round metric, gga, of radi S as desired

6.5. Quasi-conformally invariant Sobolev norms. From Taubes [93, Section 2], [95, Section
3, Part 3], we recall the definition of certain Sobolev norms for sections of the vector bundle
T*S* @ adP over S* that are equivalent to the usual norm on W},’2 (8% A' @ adP) but whose

»Ground

behavior under the action of the group Conf(S5*) of conformal diffeomorphisms of S* can be more
easily described. Such properties were employed by the author in [32] Sections 3 and 4].

We first digress to recall the description of Conf(S?) for d > 3. Let RP4 = (RPt9, g79), for
p,q € N, where gP? is the bilinear form [82), Section 1.1]

p pt+q
gUE) =Y = Y ', Ve e R
i=1 i=p+1

10We correct a typographical error in the statement of [32] Lemma 3.12], where the multiplicative factors of \;
appearing on the right-hand side of the two inequalities should be adjusted.
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The d-dimensional sphere, S¢ C R0, obtains its standard round metric of radius one by the
inclusion in R0 and is the conformal compactification of R%°. Recall from [82], Definition 2.1]
that the conformal group Conf(RP?) is the connected component containing the identity in the
group of conformal diffeomorphisms of the conformal compactification of RP4. According to [82,
Theorem 2.9], when p + ¢ > 2 we have

Conf(R”?) =2 SO(p+ 1,9 + 1),

and thus Conf(S%) = Conf(R%%) = SO(d + 1,1).

For any A € Ry = (0,00), let A(-) be the dilation of R? given by x + Az and for any » € R%,
let z(-) be the translation of R? defined by x ++ z — 2. If A(-) and z(-) again denote the conformal
diffeomorphisms of S¢ induced by the chart ¢, : S\ {s} = R?, then the group SO(d) x R x R? of
rotations, dilations, and translations of R is identified with the subgroup Conf,(S%) C Conf(S?)
of diffeomorphisms which fix the south pole s € S [93, p. 346]. Indeed, the finite generators
of Conf(S%) are dilations, translations, rotations and special conformal transformations, where
the latter can be understood as an inversion, followed by a translation, and followed again by an
inversion [8, Section 2.1 and Table 2.1], [82] Theorem 1.9].

Let P be a principal G-bundle over S¢ with its standard round metric ¢ = gyoung of radius one.
The group Conf(S9) acts on .«7(P) and Aut(P) by pullback (compare [95, p. 342]),

o/ (P) x Conf(5%) 3 (A, h) — h*A € o/ (P),
Aut(P) x Conf(5%) > (u,h) — h*u € Aut(P),
and thus descends to an action on A(P,g),
B(P,g) x Conf(S*) 3 ([A],h) — [h*A] € B(P,g).
We now specialize to the case d = 4 and consider the definition of Sobolev norms for sections of

T*5*®adP that are equivalent to the standard norm, ||-[|;;1.2 (s4y» but have more easily described
A9

conformal invariance properties.

Let A be a W12 connection on a principal G-bundle P over S* with its standard round metric
g = Ground Of Tadius one. Let § = goueniq be the flat metric on S4\ {s} = R* obtained by pullback
of the standard Euclidean metric on R* via the conformal diffeomorphism ¢! : §*\ {s} — R*.
Let VY denote the covariant derivative on T*S* ® adP defined by the connection A and metric
g, while Vi denotes the covariant derivative on T*S* ® adP | S*\ {s} defined by A and §. We
define the usual W12 norm on C* sections a of T*S* ® adP by

lalls sty = IV50l2qsng) + lallsng)
Similarly, if a is a C* section of T*S* ® adP and has compact support in S* \ {s}, define
lala == [|Vall 12516,
|’a”W;:§(s4) = || VallL2(s1.6) + llall L2(s1.5)-

The properties of | - |4 and || - are described by two lemmata of Taubes [03, [95].

HW,}{%(%)
Lemma 6.2. [93, Proposition 2.4] There is a universal constant z € [1,00) with the following
significance. If A is a W12 connection on a principal G-bundle P over S* with its standard round
metric of radius one, then the following hold:

(1) |- |4 extends to a continuous norm on Q'(S%; adP) = C*°(S*; T*S* @ adP).
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(2) The norm |- |4 is Confs(S*)-invariant:
|h*alpea = |ala, Vh e Confy(S?) and a € Q'(S*;adP).
(3) If a € Q1(S*; adP), then

Z_lHQHWk,Qg(szL) <lala < ZH“”W}"@(S‘*)’

2_1]\Q\|Wi,72(54) < ”aHWi’j(S‘l) < Z||“HW/1;;(S4)~
Lemma 6.3. [95, Lemma 3.1] Assume the hypotheses and notation of Lemma . If h €
Conf(S*) and a € Q'(S*;adP), then

Ml oo < Ielhz, s < el sey

Remark 6.4 (Variant of the W12 norm on sections of 7*5* ® adP). A combination of the Kato
Inequality (2.5)) in the sequel and the Sobolev embedding W12(S%; R) < L*(S*; R) given by (2.4)
yields a universal constant zg € [1, 00) such that

lallz(s1,g) < 20llallyrz (sa)

and thus, since ||al|f2(g4 ) < VOI(S4)1/4HaHL4(S4 g)» the norm |[|alf ;1.2 (s4) may be replaced by the
?, ), A,
equivalent norm, !
HGHWX;A(SAL) = HV,gWHL?(S‘l,g) + HGHL4(S4,9)7

in the statements of Lemmas [6.2] and [6.3]

7. GLOBAL W12 DISTANCE FUNCTIONS AND BUBBLE-TREE NEIGHBORHOODS

We begin in Section by reviewing the well-known pointwise estimates for local connection
one-forms in radial gauge in terms of their curvatures. In Section we derive pointwise decay
estimates for the curvature of a Yang-Mills connection with L%2-small energy over an annulus
in Euclidean space and hence obtain pointwise estimates for local connection one-forms in radial
gauge. The construction of suitable bubble-tree open neighborhoods in Crit(P, g,%) requires
a good understanding of the behavior of center and scale maps and certain key properties are
discussed in Section We estimate the global W12 distance between pairs of Yang-Mills
connections according to whether their gauge-equivalence classes belong to a fine or coarse VVI})(?
bubble-tree open neighborhood. In Section[7.4] we discuss the simpler case where the pair belongs
to a fine I/VJJCQ bubble-tree neighborhood and obtain a global le’Z(X ) bound between wu(A’)
and A, when A and A’ are g-Yang-Mills connections on a principal G-bundle P over X and
u € Aut(P). In Section we analyze the more difficult case where the pair belongs to a
coarse T/Vlloc2 bubble-tree neighborhood. We now obtain a global Wé}%g(X # 758%) bound between
local conformal blow-ups of u(A’) and A, where a modification of the standard Wj{j(X ) norm
defined in this section takes into account the fact that each local scale defined by A’ is simply
bounded between zero and the corresponding local scale of A (and vice versa) rather than being
comparable. Finally, in Section [7.6| we apply the main result of Section to show that one can
build a finite collection of coarse V[/I})f bubble-tree open neighborhoods based on the existence of
suitable conformal blow-up diffeomorphisms for a closed, connected, four-dimensional, oriented
Riemannian, smooth manifold, (X, g).
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7.1. Pointwise estimates for local connection one-forms in radial gauge. Suppose A is
a connection on a principal G-bundle P over a convex open neighborhood, U C R¢, of the origin
and that o : U — P is a section. If the connection one-form, o*A4 € Q(U; g), is in radial gauge
with respect to the origin, so 0*A(0) = 0 and z#(c*A),(x) = 0 for € U, then [101], p. 14]

(7.1) (0" A), () = / i (Fa)w(tr) dt, 1<v<dandzeU
0

The Mean Value Theorem for integrals implies that, for each x € U, there is a t(z) € (0, 1) such
that

(0" A)y(2) = t()a" (Fa)u (t(2)z),
and consequently,

(7.2) 0% A(z)| < |2||Fa|(t(z)z), Yz eU.

Alternatively, we can apply Jensen’s Inequality to give

1
(7.3) (0" A), (2)) < /0 o (12 (Fa)u(i2) dt, Ya €U,

where ¢ : R — R is any convex function, such as ¢(s) = asP with constants p > 1 and a > 0.

7.2. Pointwise decay estimates for the curvature of Yang-Mills connections with L%/2-
small energy over an annulus. We begin by observing that Theorem leads to a pointwise
decay estimate for the curvature of a Yang-Mills connection over an open annulus, Q(zg; 7o, R) :=
Br(zo) \ By (z0) € RY where 0 < 79 < R. As usual, if zg is the origin, we may abbreviate
Q(ro, R) = Q(0;rp, R). The estimate may be compared with those provided by Taubes [95,
Lemmas 9.1 and 9.2] or Uhlenbeck [I01, Lemma 4.5] when d = 4, but the difference here is that
we do not assume that the Yang-Mills connection is defined and smooth over R? or a punctured
ball, Bag \ {0}, but rather over an annulus, Q(ro/2,2R) C R, with 0 < rp < R < oo.

Corollary 7.1 (Pointwise decay estimate for the curvature of a Yang-Mills connection with
L%2-small energy over an annulus). If d > 2 is an integer, then there are constants, Ko =
Ky(d) € [1,00) and g9 = go(d) € (0,1], with the following significance. Let G be a compact Lie
group, ro < R be positive constants, and A be a Yang-Mills connection with respect to the standard
Euclidean metric on P = Q(ro/2,2R) x G, where Q(ro/2,2R) C Re. If

(7.4) 1Eall a2 roy2,2m)) < €05
then
(7.5) [Fal(2) < Kola|™ || Fall par (oo 22ry): V& € RY with ro < |a| < R.

Proof. Suppose x € R? with rg < r = |z| < R. Observe that if 7 = 7, then any y € B,y /2(x)
obeys 79/2 < |y| < 3rg/2 and if » = R, then any y € Bp/y(x) obeys R/2 < |y| < 3R/2. In
particular, we have

B, ja(x) CQro/2,2R), Vwe R? with ro < r = |z| < R.
Hence, (7.4) gives ||[Fallz2(B, ,(x)) < €0 and Theorem (with p = r/4) implies that
[Fal(x) < ||FAHL°°(BT/4(x)) < Kor_dﬂHFA||L2(BT/4(QE)), Vo e R withrg <r = |z| < R,

and this is the desired inequality (|7.5)). O
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The pointwise decay estimate in is not optimal when d = 4 and Q(r/2,2R) is replaced
by Bar \ {0}, since any potential singularity of F4 at the origin is then necessarily removable by
Theorem and so |F4] is uniformly bounded over Bp \ {0}.

It is possible to improve Corollary in two ways that we briefly describe here for the sake
of completeness, although we shall not need such improvements in this article. To describe these
improvements, we need to restrict to the case ro = 0 (and R = 1/2), so Q(r¢/2,2R) = B\ {0},
the punctured unit ball in R¢. Nakajima [62, Lemma 3.4] applies a version of the monotonicity
formula [62, Lemma 3.1], due originally to Price [71, Theorems 1 and 1] (see also Tian [99,
Theorems 2.1.20 and Remark 3], quoted by Yang as [108, Proposition 1]) to show that the factor
|z|~%? in inequality may be improved to |z|~2; this result is also proved by Sibner as [S6,
Theorem 1.1] when the Yang-Mills connection has small L2_energy over the punctured unit ball.

Lemma 7.2 (Improved pointwise decay estimate for the curvature of a Yang-Mills connection
with L2-small energy over the punctured unit ball). [62, Lemma 3.4], [86, Theorem 1.1] If d > 4
is an integer and G is a compact Lie group, then there are constants, K = K(d,G) € [1,00) and
a=ad,G) >0 and e = e(d,G) € (0,1], with the following significance. Let A be a Yang-Mills
connection with respect to the standard Euclidean metric on P = B\ {0} x G, where B C R? is
the unit ball centered at the origin. If

(7.6) [ Fallrz2s) <&,
then
(7.7) |Fal(z) < Klz|?||Fallr2p)y, Vo € R with 0 < |z| < 1/2.

Nakajima and Sibner establish a further improvement of Lemma Indeed, Nakajima uses
the monotonicity formula [62, Lemma 3.1] and Uhlenbeck’s broken Hodge gauge [101], Definition,
page 25, and Theorem 4.6] to show that the factor |z|~? in Lemma may be improved to
|z|~27%, for some o > 0. A result similar to Lemma for 3 < d <7, is proved by Sibner as
[86, Proposition 3.1]. See also the discussion in Uhlenbeck [I01} first paragraph of page 25| for
the case d = 4. Of course, Theorem [3.11|implies that a = 2 in Lemma [7.3| when d = 4.

Lemma 7.3 (Improved pointwise decay estimate for the curvature of a Yang-Mills connection
with L?-small energy over the punctured unit ball). [62, Lemma 3.13], [86, Proposition 3.1] If
d > 4 is an integer and G is a compact Lie group, then there are constants, K = K(d,G) € [1,00)
and o = a(d,G) > 0 and € = ¢(d, G) € (0, 1], with the following significance. Let A be a Yang-
Mills connection with respect to the standard Euclidean metric on P = B\ {0} x G, where B C R?
is the unit ball centered at the origin. If

(7.8) [ Fallz25) < e,
then
(7.9) |Fal(x) < K]:c|_2+°‘HFA||L2(B), Vz e R with 0 < |z < 1/2.

For our application in this article, the simpler Corollary [7.1] and immediate consequence below
in Corollary [7.4] will be more than sufficient.

Corollary 7.4 (Pointwise decay estimate for a local connection one-form in radial gauge for
a Yang-Mills connection with small L%2-energy over an annulus). Assume the hypotheses of
Corollary . If 0* A is in radial gauge with respect to the origin, that is x*(0*A),(x) = 0 for
all z € Q(ro/2,2R) and c*A(0) = 0, for a section o : Q(ro/2,2R) — P, then

(7.10) lo*A|(z) < Kg|x|17d/2HFAHLd/z(Q(TO/ZQR)), Vaz € RY with 7 < |z| < R.
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Proof. The conclusion follows by combining the inequalities ([7.2]) and ( . O

Remark 7.5 (Adjustments to pointwise decay estimates for the curvature of connections that
are Yang-Mills with respect to arbitrary Riemannian metrics). Following [62], we note that the
estimates in Corollaries and and Lemmas and may be extended to allow for
connections that are Yang-Mills with respect to arbitrary Riemannian metrics on open subsets
of R?. Indeed, given 0 < rg < R < 00, let A > 0 be a constant such that

329@‘
OxtdxI

sup <A.

ro/2<|x|<2R

Then the above-referenced estimates continue to hold as stated, the only change being that all
constants (e, o, o, and K, Ky) now depend in addition on A.

7.3. Centers and scales in bubble-tree open neighborhoods. Our definitions of bubble-
tree open neighborhoods in Section [ are motivated by Proposmon 5l which gives continuity of
center and scale maps, Center[A] and Scale[A], with respect to W (S ; Al ® adP) variations of

a connection A on a principal G-bundle P over S*, with its standard round metric ¢ = ground Of
radius one, and by Proposition which gives continuity in the WA (54 A! ® adP) norm of a

family of connections, h% , A, with respect to center and scale parameters, (z,\) € R* x R,.

Suppose that A and A’ are connections on P that are close in the WQ’Q(S‘l; A ® adP) norm
and A is centered in the sense that (Center[A], Scale[A]) = (0,1) € R* x R,.. Proposition via
Inequality (4.4)), indicates that

| Center[A'] — Center[A]| = | Center[A']| < Ck,
for a constant C' = C'(K) € [1,00), with K € [1,00) and
HA, A”W12 <€ and ||A AHW22 < K,

for a given ¢ € (0, 1]. Similarly, Proposmon via Inequality -, indicates that
| Scale[A’] — Scale[A]| = | Scale[A] — 1| < C+/e,
for a constant C' = C'(K) € [1,00), provided

HA,—AHWQ,Z(S4)<€2 and ||A’ — AHW3254 < K.

)

We next consider the more general case of the preceding inequalities when A is not centered.
Suppose that (Center[A], Scale[A]) = (z,\) € R* x Ry and (2[A], \[A]) = (2/,\) € R* x Ry.
Recall from Lemma [£.4] that

Center[h} yA'] = A Center[A'] + z = A2’ + z,
Scale[h} yA'] = XScale[A] = AN,
and
(Center[h;i’*A], scale[hzj;*A]) = (0,1),

For the mass centers, noting that Center[h_i’*A] = 0, we ask that

| Center[h_ ;" A'l| = A™!| Center[A'] - 2| < Ct,

that is, using z = Center[A4],
(7.11) | Center[A'] — Center[A]]| < C)e,
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for a constant C' = C(K) € [1,00), when

IR XA = b3 Allgrz, (g < and JARTA =Ry Allyaz, g S K
pLox g RTb*a g
Z,A 7 2\ 5
where the first inequality is equivalent to
HA/ — A”ij,Qg(SAl) < €/C0,
where Cj is the universal constant in Lemma [6.3] For the scales, we ask that
| Scale[h, " A'] — Scale[h, y* A]| = [A\~! Scale[A’] — A\~! Scale[A]|
= |\ Scale[A'] — 1] < CVE,
that is, using A\ = Scale[A],
(7.12) | Scale[A’] — Scale[A]| < CAV/E,
for a constant C'= C(K) € [1, ), provided
—1,% —1,% —1,% —1,%
th)\’ A — R\ AHWLf“ (51) < e2 and th,X A — h,y A”W?’fl* (54) <K,
hz,/\’ A,g hz,)\’ A,g

where again the first inequality is equivalent to
! 2
HA - A”Wi’;(s‘l) <eg /007

where Cj is the universal constant in Lemma [6.3] We employ these observations on centers and
scales as a guide to the construction of suitable bubble-tree open neighborhoods in Section [f

7.4. Estimate for the W!? distance between conformal blow-ups of a pair of Yang-
Mills connections in a ﬁlr;e VV&)C2 bubble-tree open neighborhood. In Sectionsand
we gave a definition of W)~ bubble-tree convergence of a sequence of connections to a bubble-
tree limit. In this section, we prove that local W12 bubble-tree convergence implies global W2

bubble-tree convergence. Our main result (Proposition is related to a pair of results due to
Taubes [95], Propositions 5.3. and 5.4].

Proposition 7.6 (Global W2 distance between a pair of Yang-Mills connections in a fine I/Vlif
bubble-tree open neighborhood). Let G be a compact Lie group and P be a principal G-bundle
over a closed, connected, four-dimensional, smooth manifold, X, and endowed with a Riemannian
metric, g. Then there are constants €,p € (0,1] and R € [1,00) with the following significance.
Let A and A’ be g-Yang-Mills connections on P of class W*P, with p > 2 and integer k > 1
obeying (k+1)p > 4. If the gauge-equivalence classes, [A] and [A’], belong to a fine I/Vlicz bubble-
tree (g, p, R) open neighborhood % , then there is a gauge transformation, u € Aut(P), of class

WkEHLP such that

(7.13) (') = Allyaa ) < Oz (1 + Y HFAaHW;i’gmd(Sﬂ) :

aceT
where C = C(g,G) and the multi-indices, o« = {i},{ij},..., appearing in the right-hand side of
(7.46)) label the vertices of the finite tree T defining % , and |e| < e, with
2 2 2 2 2 2
|E‘ = 8background + €annulus + 8sphere + €center T Escales
and the small parameters on the right-hand side define the vector € in Definition [5.10
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Proof. For the sake of exposition in the proof of Proposition [7.6] we shall assume that the tree
7 defining the bubble-tree open neighborhood % has height one and that [ > 1 in the Definition
but I; = 0 for 1 < ¢ < [; the conclusion for the general case of a tree of height greater than
one is obtained by induction.

Step 1 (Local W2 estimates for A relative to the bubble-tree limit). To estimate the following
differences,
. HU(A/) - Aij{Q(X)a
for a suitable W**+1? gauge transformation, u € Aut(P), to be determined, we shall separately
consider the following subsets of X:
(1) Complement of balls, X — UélepM(xi) DX — Uélep/g(ﬂ_fi), where we denote B, (x) :=
Ut_, By(z;) for r € (0,Inj(X, g)), and
|uo(A) — AO”W}"()Q(X—BP/AL()()) < Ebackground;
so that

(7.14) Juo(A) — AUHW}{(?(X—BP/Q(R)) < Ebackground

and the Wk+1.p gauge transformation, ug over X — Uélep /4(a:i), is supplied by Definition
B9l

(2) Annuli, Q(z;; R\;/4,2p), where for a fixed p € (0, 1] and R € [1,00) and scales A; obeying
the constraint (5.24)), namely

0<RMN <p and 4p <1AInj(X,g)A n;éindistg(a;i,xj),
i#]

we have

(7.15) ||FA||L2(Q(9_01';R>\¢/472P)) < Eannulus, for 1 <4 <[
(3) Balls, B(Z;,2R\;) for 1 <1i <, where

—1,%
‘ ui(A) — @z, 703, onAi

L4 (B(f1 ,QR)\i))

(7.16) 1
g i _ - sk ok * i
Voresg ena, () = 035,004

l

< Esphere
L2 (B(ifl ,QR)\Z‘))

noting that ¢3! : X O B(Z;,2R\;) = B(0,2R);) C R, where
¢z, = expf, : R* D B,(0) = By(z;) C X

is the inverse geodesic normal coordinate chart defined by a frame f; for (TX )z, obtained
by parallel translation via the g-Levi-Civita connection of the frame f; for (T'X),,, and
0 :=Inj(X, g), and ¢, : R* = §%\ {s} is given by (I, and recalling from that Jy, €
Conf(R*) and dy, = @, 08y, 0 ¢, ' € Confy(S*), and the W 1P gauge transformations,
u; for 1 <4 <[, are supplied by Deﬁnition In writing , we have applied Lemma
to relate the W2 norms for adP-valued one-forms over B(Z;,2R);) C X in (7.16)
and their conformal blow-ups over S*\ (B(0,1/2R)), as described by Definition &

The crux of the proof is therefore to derive Sobolev estimates for A (and A’) over the thick
annuli, Q(Z;; R\, p) C X, for 1 < i <. Corollary provides the pointwise decay estimate, for
1 <i <, over those annuli,

|05, Fal(x) < Kolz| || FallL2@mr 2200, Vo € RY with RX; < [a] < p.
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This is the where we use the assumption that A is Yang-Mills.

By (7.2) and Corollary noting that (7.15)) holds, we have
¢z, 0%, Al(T) < K0‘$|_1HFA||L2(Q(:’ci;R)\i/4,2R)\¢))
1 1 .
S §KQR 1)\2- 1HFA||L2(Q(ii;R)\i/4,2R)\i))’ Vax € R4 with R>\1/2 S |1E| S R)\ly

where we require that the local connection one-form, o3 A, be in radial gauge with respect to the
point z; € X. Hence,

(7.17) |03, All L2 @i rn2,m00)) < CllIFAll L2 RA /4,2RM))
for a universal positive constant, C € [1, 00).

Given a point, xg € X, and a constant, r € (0,Inj(X, g)], we define a smooth cut-off function,
Xao,r : X — [0,1], by setting
(7.18) Xao,r(z) = x(disty(z,z0)/7), VzeX,
where x : R — [0,1] is a smooth function such that x(¢) =1 for ¢ > 1 and x(¢) =0 for t < 1/2.
Thus, we have

1 for x € X — By(xo),
Xao,r (%) =
0 for x € B, /5(o).

An elementary calculation yields (see [34, Lemma 5.8] for example),
(7.19) ldXzorllax) < C,

where the constant C' = C(g) € [1, 00) is independent of g € X and r € (0, g), but rather depends
only on the fixed universal choice of y via |dx| < 4, and the injectivity radius, ¢ = Inj(X, g).
We denote x; = xz,.rx, as in (7.18) and define a cut-off connection on P by

A, over X — UL_, B(Zi, R\:),
(7.20) Ay =490+ x05, A, over Q(z;; RN /2, RN;), for 1 <i <,
o, over B(Z;, R)\i/2), for 1 <i <[,

where © is the product connection on B(Z;, o) x G. Over the thin annuli, Q(z;; RA;/2, R\;), we
have

FAX = x; Fa+dx; A O';l.A + Xi(Xi — 1)0';%14 A O';Z_A.
Therefore,

1 Fa 2 @srai2.80)) < 1 FallL2@@irag2,80))
+lldxillLax)lloz, All Lai ra 2,m0) + 2HU%-A\\%4(9(@-;3,\2-/2,&1.)),
and thus by (7.17)) and (7.19)),
(7.21) 1 Fa 22 r i 2,80)) < ClFAll L2080 /2.80))
where C € [1,00) is a universal constant, noting that
I Fall L2z rx2,m0)) < 1FAll L2 RA /2,20) < Eannutus € (0,1]  (by (7.15)).

Since Fa, = 0 on B(Z;, R\;/2), for 1 <14 <, then (7.21) implies that

1 Fa |2 (B(zi.20)) < ClFAllL2(B(@:,20)) < CEannulus-
Hence, for small enough €anpuius = Eannulus(G) € (0,1], we can apply Theorem and Remark
to find a W*+1P gauge transformation, uou! = uSoulomb of B(z;,2p) x G taking oz, Ay to

%
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Coulomb gauge with respect to the product connection, so d*@uZQOUI(J;iAX) = 0 over B(Z;,2p),
and obeying
[u$™ (0%, Ax) | L4 (B 20)) + I Vous™ (0%, A | L2 (Bz:.20) < ClFA L2 (B .20))
< Cl|FallL2(i:r0 /2,20))
< Céeannuus  (by (7.15)),

where the second inequality follows from (7.21) and the fact that Fa, = 0 on B(Z;, RA;/2). In
particular, over the annuli, Q(Z;; R\, p), where A, = A, we have

(7.22) [[ui® (03, Dl Ls@zsmrng) + Vo (05, D 2@ mrp) < Ceannuus, for 1< <1
This completes Step
Step 2 (Local Wh? estimates for A’ relative to the bubble-tree limit). Naturally, for suitable

gauge transformations, we also obtain the analogous estimates for the connection A’, with its
mass centers T, € X and scales A, obeying 0 < R\, < p as in (5.24).
First, over the complement of balls, X — Uélep/4(mi) DX — Uélep/g(i';), we have
”UO(A/) - AOHW;‘OZ(XprM(x)) < €packground;
so that

(7'23) ||UO(A/) - AOHW[}XE.Q(X—BP/Z()‘(’)) < Ebackground;

where the Wk+1.p gauge transformation, vy over X — Uﬁlep /4 («), is supplied by Definition
Second, over the annuli Q(z}; R\, p), we have

(7.24) [lof*" (o3, A Laorago) + IVeUE* (05 Al L2 (@ rr p) < Clannuis,  for 1 <i <1,

coul

(2

respect to the point Z, € X, the Coulomb gauge condition, d*@v?OUI(U%A’ ) = 0, holds, and

with W*+1P gauge transformations v over Q(z; R\i/2,2p), and o}, A’ is in radial gauge with

(2
C € [1,00) is a universal constant.
Third, over the small balls, B(z},2R\;) for 1 < i <, we have

/ —1,% ox *
vi(A) — P! X, nAi LA(B(&,2R\,))

’ =Lk ok %
i val’*‘sigww (”i(A )= s MSO”A")

z!
1

(7.25)

< Esphere
L2(B(z,2R\}))

noting that ¢! : X D B(z},2R\;) = B(0,2R\;) C R* and
Pzl = expjr R* D B,(0) = B,(7}) ¢ X

is the geodesic normal coordinate chart defined by a frame fZ’ for (TX )j; obtained by parallel

translation via the g-Levi-Civita connection of the frame f; for (I'X),,. The Whkt1p gauge
transformations v; over B(Z,, 2R\}) are supplied by Definition This completes Step

Step 3 (Local W2 estimates for A and A’ relative to the bubble-tree limit over common open
subsets). According to Definition we have

(7.26a) disty(Z}, Z;) < Ecenter i
(7.26b) |/\; — )\Z‘ < EgcaleNi for i = 1,...,1,
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where €center; Escale € (0, 1]. For example, choosing ecenter = Escale = 1/16 will suffice. Therefore,
we can slightly shrink the open subsets used in Steps [I] and [2| to obtain estimates for both A an
A’ and gauge transformations defined over common open subsets.

When g is locally flat near the points z; € X and we may isometrically identify ; : X D
B(x;,0) = B(0, 0) C R* via the choice of frame f; for (T'X),, and inverse geodesic normal local
coordinate chart ¢;, then the inverse geodesic normal local coordinate charts, ¢z, centered at z;
and ¢z centered at 7}, are related by (compare [32, Equation (3.18)])

(727)  a (@) =il + 4 (7)) and gy (@) = Yulw +9, (7)), Vo € B(0,0/2) CRY,
and thus, setting z; := ¢; '(z;) € R* and 2/ := ¢; }(z]) € R*, we have
pn(@) = tio7s(2) and py(r) =wior_u(x), VaeB(0,o/2) C R

When g is not locally flat near z;, we may either take the preceding relations as definitions of

the inverse coordinate charts, ¢z, and ¢/, or note that these relations hold approximately with

!
7

a small error depending on disty(Z;, Z;). We shall take the first approach and use the coordinate

charts (7.27) in Definition
First, over the complement of balls, X — UéleP/g(iﬁi), from the inequalities from ([7.14) and

(7.23]) (which also holds over a larger subset), we obtain
(728&) HU()(A) - AOHWXOQ(X_BP/Q(,—()) < €background s

(728b) HUO (A/) - AOHW}"OZ(Xpr/Q(i()) < Ebackground-

Second, over the annuli Q(Z;; 3R\;/2,3p/4), from (7.22)), (7.24)), and (7.26)), we obtain

(7.292)  [[u§®" (0%, A) || L4 (uzs:3RA: /2,30/4))

+ ||v@u§OUI(U;¢A)HLQ(Q(ii;BR/\i/Q,?;p/Zl)) < Ceannulus, for 1 <i <,

(7.29b) ||U§OUI(O-;;A,)”L4(Q(:f¢;3R)\i/2,3p/4))

+ Hv(avgoul(U;;A/)HL2(Q(51-;3R>\1-/2,3p/4)) < Ceannulus, for 1 <i <1

Third, over the small balls, B(Z;, TRA;/4) for 1 < i <, from ([7.16), (7.25), and (7.26)), we obtain

7.30 ‘ (A) — o2 V6% o A
( a) Uz( ) Pz, O Pnlli LA(B(z:,7RA /4))
+ Hvap__l’*éj‘\ prA; (ul(A) - 905_1-17*5;,-90;"42') < Esphere;
AT L2(B(%:,7R)\; /4))
7.30b (A" — o8 ok Ay
( ) || Pa, 0N ol LA(B(2;,7TRX; /4))
+ “vpll,*é*,¢*Ai <’U1(A/) _ 90;/17*6;,@:‘142) < Esphere-
BONTT : ‘ L2(B(%;,7RA;/4))

The estimate ([7.30b|) can be improved using ((7.26)), our redefinition ([7.27)) of the local coordinate
charts, and Proposition which provides W"* estimates caused by variations in the scale and
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mass center parameters in a family of W?2? connections, h; )\iAi = (0, 0 T2,)" A, over 5S4 to give

=Lk ok x =Lk ok %
Hv@;-L*&;.W;Ai ((pii 5)\1- SOnAi — Py 5)\/. ‘pnAi)
(3 i T g

<y (5center + 8sv:aule)a

—1,% —1,x
TS Pk A — 02,k R A
Pz, A Pl 90361- )\igOn ¢ L*(B(z;,7TRA; /4))

< 02 (5center + 5scale)7
L2 (B(QTJI',7R>\1'/4))

for 1 <4 <, where

Ci = C||FA1'HL4(S4 and Cp = C”FAiHWJ{Q (54>

i>9round
for a universal constant C' € [1,00), using Inequalities (4.25]), (4.26)), (4.27), (4.28)), (4.29)), (4.30),

[E31), and (@E32).
Therefore, we may replace ([7.30b)) by

,9ground)

(7.31)  [[oi(a') = 563 A

L*(B(Z4,TRX; /4))

—1,% o
+ vaa;?’*a;,cp;;A,- (”i(A/) 2 5,\1-4%92141')

L2(B(Z:,TRAi /4))
< C(ecenter + escale) HFAZ ||le,2 (54) + Csspherea

i>9round

for 1 <i <. By combining (7.28)), , and ([7.31)), we obtain

(7.32) HUO(A) - UO(A/)|’W1}"02(X—BP/2(2)) < 2€background;
and
(7.33)  Nlui(A) = vi( A) | 2Bz, 7RA 1))

+ HV%?,*(;L%AZ_ (ui(A) — vi(A'))

(3

L2(B(z;,7RX; /4))

< C(ecenter + 5sca1e) HFjAZ HW}x’Qg (S4) + C'&‘sphereu
(a und

TO

while the local connection one-forms ufoul(U;iA) and v{°U!(g%, A’) over the annuli Q(Z;; 3RA; /2, 3p/4)
are each small individually by (7.29). This completes Step

This completes our derivation of the norm bounds of the differences.

Step 4 (Construction of the global gauge transformation ). It remains to patch the local gauge
transformations employed in the local estimates , , and and construct the
Wk+1P global gauge transformation, u € Aut(P), as the global estimate then follows
almost immediately.

Indeed, we may use (7.14) to replace the covariant derivative, V 4,, by the nearby covariant
derivative V(4 in give

(7.34) [uo(A) — UO(A/)Hwi(’)Q(A) (X—B, /(%)) < Cébackgrounds
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for a universal constant C' € [1,00). Second, we may use ([7.16)) to replace the covariant derivative,

Vgag;,* 55, on AL by the nearby covariant derivative V,,(4) in (7.33) to give

(7.35)  [ui(A) = vi(A)| LBz, 7RN 1)
+ || Vs (ay (ui(A) = vi(4)) HLz(B(@,mAiM))

< C(Ecenter + Escale) HFjAZ ||Wi’2 (S4) + C'gsphere-
d

i*9roun

Third, we may replace the covariant derivative, Vg, by the nearby covariant derivative, Vugoul(o.f‘ A
in ([7.29) to give

(7.36a)  [[uf®" (0%, A) |l L4 (uzs:3RA: /2,30/4))

1 ‘
F [1Vyeou (o ayui™ (07, A)ll 12037 /2,30/4)) < Cannuius,  for 1 < i <1,

(7.36b) Hvz'COUI(U;;;A/)HL4(Q(:Z*1-;3R>\1-/2,3/)/4))
+ HvugOUI(U;iA)Ugoul(U;;A/)HLQ(Q(@;Z’)R/\i/Z,i’)p/Zl)) < Csannulu& for 1 <1< l.

Observe that all covariant derivatives in the preceding estimates are defined by the connection A,
as desired for the estimate ([7.13]) to give, modulo the construction of global gauge transformation,
u € Aut(P),

IVA(A) = Dllr2(x,g) + [W(A) = Allpacx,g) < Ce <1 + D [Faallye , d(54)> :
acTd < Iroun

As usual, replacement of the L*(X,g) norm in the preceding bound by the Wi’z(X ) norm is

obtained via the standard Sobolev embedding, Wy*(X) < L*(X, g) given by and the Kato
Inequality , and thus we obtain the desired estimate .

The global gauge transformation, u over X, is obtained by splicing the following local gauge
transformations over the indicated overlapping open subsets of X:

(1) ual owg over X \ Uélep/2(jZ‘);

(2) T{Z_l o (ugeu) =1 o ygoul o Tz over (Z;3RA;/2,3p/4), for 1 < i < I, where 75, : P |
B(Z;,0) = B(Z, 0) x G is the local trivialization corresponding to the radial-gauge local
section, oz, : B(Z;, 0) — P and Tz o P | B(z},0) = B(Z}, 0) x G is the local trivialization
corresponding to the radial-gauge local section, Oz B(z},0) — P.

(3) u; ! ow; over B(Z;, TRA;/4), for 1 <i <.

This splicing is possible, just as in the construction of gauge transformations of P over X \
{z1,...,2;} in the proof of Theorem because over the annuli Q(Z;; 7TR\;/4,3p/4), the L?
norms of the curvatures, Fq4 and Fys, of the Yang-Mills connections, A and A’, are bounded
by a small constant, €annuius, by virtue of , and hence each of the preceding local gauge
transformations are close to the identity map over the overlaps. Replacement of the above local
gauge transformations by the spliced gauge transformation, u, introduces small error in the
estimates on overlaps but those are controlled by a universal multiple (say C) of the constants
Ebackground, Eannulus, OT Esphere (for example, see [30, Lemma 6.5] and its proof). This completes

Step [
This completes the proof of Proposition O
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7.5. Estimate for the W!? distance between conformal blow-ups of a pair of Yang-
Mills connections in a coarse I/Vli)c2 bubble-tree open neighborhood. In Proposition
we consider the case where the gauge-equivalence classes of g-Yang-Mills connections, [A] and
[A], belong to a fine bubble-tree open neighborhood % (Definition . Thus, if the tree .7
defining that neighborhood has height one then, for each i € {1,...,[}, the local mass centers, Z;
and z;, and local scales, \; and X}, are close relative to min{\;, A} (as discussed in Section .
We now turn to the case where [A] and [A’] belong to a coarse bubble-tree open neighborhood
(Deﬁnition, and so the local mass centers, Z; and Z;, are close relative to min{\;, \;} for each
i€ {1,...,1}, but the local scales A\; and A} are not assumed to be close relative to min{\;, A} }.
We begin by recording estimates for the g-Yang-Mills connections A and A’ in Proposition
after rescaling with respect to their local scales to give connections over the complement in S* of
small balls around the south pole. The proofs of these estimates are consequences of the proof of

Proposition [7.6]

Lemma 7.7 (W2 estimates for rescaled Yang-Mills connections over S*). There is a universal
constant C € [1,00) with the following significance. Continue the hypotheses and notation of the
proof of Proposition except that we instead allow A and A’ to represent points [A] and [A’]
belonging to a coarse VVlif bubble-tree (e, p, R) neighborhood % . Denote B, = B(0,r) C R*. If
the tree 7 defining % has height one, then over S* — ¢s(B1/2r) we have,

—1.% —1,* *
(7.37) Nlon 8, "0 ui(A) = Aill La(5t - pu(By o)

[ (ot 4) - 4)

< C'55 here
L2(S4—ps(B1/2n)) pherer

with WP gauge transformations u; over the balls X O B(z;,2R\;) = S* — ¢s(B1/2r), and
—1.% 71, *
(7.38) lon " Oy "3 0i(A) = Aill (51— (B, ar))

+ HV“X;’“M (9051’*5;41’*90%%(14/) - Ai)

< Cgsphere
L2(S4—ps(B1/2r)) ’

with WP gauge transformations v; over the balls X O B(z!,2R\}) = §% — ¢s(Bij2r). The
analogous estimates hold over each copy of S* corresponding to a vertex in a tree T of height
greater than one.

Proof. We apply (7.16) to give estimates over large balls in 54,
X D B(Z;,2R\;) = B(0,2R\;) = B(0,2R)
>~ 0,(B(0,2R)) = S* — ¢4(B(0,1/2R)) C 5%,

given by the diffeomorphisms gogil, d»,, and ¢y, respectively. We observe that (7.16) is equivalent,
for 1 <i <, to the inequality,

(7.39)

(740) lpn 03, 05,ui(4) = AillLa(s1—u (81 o)
v5_( ;1’*(5__1’* = ui(A —Ai> < Esphere;
A4, \ ¥ N P (4) L2(S*—¢s(B1/2Rr)) oh

where we exploit the conformal invariance of the L* norm on sections of 7%*X and L? norm
on sections of 7"X ® T™X and the behavior of the Levi-Civita connections with respect to the
standard Euclidean metric § = ¢®*id on R?. Replacing Vii in ([7.40) by Vi{f“nd, defined by

the Levi-Civita connection for the standard round metric gyoung Of radius one on S, we obtain

_l’_
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(7.37) where C' € [1,00) is a universal constant. By applying (7.25)), a similar argument yields
the estimate ([7.38)). O

By combining the argument of Step [3| of the proof of Proposition and the proof of Lemma
and remembering that we now drop the assumption that |[A,/\; — 1| < egcale (because this
property does not hold for local scales defined by points [A] and [A] in a coarse bubble-tree
neighborhood), we can adjust for the fact that the local centers Z; of A and z} of A" do not
coincide but their distance is bounded by €center. We thus obtain

Lemma 7.8 (W12 estimates for the difference between a pair of rescaled Yang-Mills connections
over S*). There is a universal constant C € [1,00) with the following significance. Continue the
hypotheses and notation of the proof of Lemma [7.7. If the tree T defining % has height one,

then over S* — ¢s(Basrr) we have
—1,xc—1x x —1xc—1% x
(7.41) |l 6, "ok ui(A) — @, Oy " 03 vi(A) | La(51— pu (B4 rm))
\Y ( SO0 wi(A) — o B ok v (A )‘
+H Ai\Pn O %“ul( )= ¢n Ai %“”UZ( ) L2(S%—ps(Bajrr))

< CgcenterHFAi HW;’Z (S4) + C'igsphemv

i>9round

with WP gauge transformations u; over the balls X > B(Z;, TR\ /4) = S* — ¢s(By/rr) and
v; over the balls X D B(Z;, TR\./4) = S* — ¢s(Byj7r), for 1. < i < 1. The analogous estimates
hold over each copy of S* corresponding to a vertex in a tree 7 of height greater than one.

We now establish the definitions we shall need to state and prove a version of Proposition [7.6]
for coarse bubble-tree neighborhoods. In our development of a generalization of Proposition [7.6]
for a pair of gauge-equivalence classes of g-Yang-Mills connections, [A] and [A’], belonging to
a coarse I/Vli)c2 bubble-tree neighborhood, there are different possible choices for a suitable 112
Sobolev norm to measure the W12 distance between the locally conformally blown-up Yang-Mills

3 ~717* ~717* /.
connections, hz’A A and hz,’)\,A :

(1) The standard W12 Sobolev norm defined by the connection A% = }NL; ;’*A and Riemannian

metric g% = h;;’*g on X# 75* and its Levi-Civita connection V9" . The metric g* is

conformally equivalent to g via the diffeomorphism h, » : X = X # 284, as described in
Section [6.2]

(2) An ad hoc W2 Sobolev norm defined by the connection Ag on Py over X and its metric
¢ and the connections A; on P; over S* and its metric gyoung for 1 < i < [ in the case of
height-one tree, .7 = {1,...,1}, with similar comments in the case of trees, 7, of height
greater than one underlying a bubble-tree neighborhood % .

The standard W12 norm for elements of Q'(X;adP) defined by (A%, g*) is more elegant, but the
ad hoc W2 norm defined by the bubble-tree data underlying % is more convenient for certain
calculations and estimates. For example, the standard W2 norm,

—1,% 1 ]
||hz,)\ aHij,;,g#(X)’ for a € (X, adP),

depends on the choices of diffeomorphisms in Section that conformally identify the small
annuli in X centered at points Z; € X with the thin necks joining copies of S* to X, for 1 < i < I,
with similar remarks applying to trees, .7, of height greater than one; the ad hoc Sobolev W2
norm does not depend on such choices.
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More seriously, we shall need to compare A over the annulus Q(Z;; R\;/2,2p) with A" over the
annulus Q(Z;; R\ /2,2p), for 1 < ¢ < [; although concentric, these annuli are not conformally
equivalent (even when g is flat). When 0 < X, < A; for 1 <14 <, as is the case when A and A’
belong to a coarse bubble-tree neighborhood, the required comparison becomes more complicated
than in the much simpler case where |\, — \;| < egcale min{A;, \;} for 1 <4 <[, when A and A’
belong to a fine bubble-tree neighborhood and which we explored in Section Fortunately,
because the L? energies of A and A’ over the necks Q(z;; R\;/2,2p) and Q(z;; R\;/2,2p) are both
small for each 1 < i < I, the different possible choices of ad hoc W2 norm used to compare A
and A’ will be equivalent and will lead to the same conclusions.

Definition 7.9 (An ad hoc Sobolev W12 norm for ad P-valued one-forms defined by bubble-tree
neighborhood data and conformal blow-ups). Continue the notation of Definition Suppose
first that the tree, 7, specified by the bubble-tree neighborhood data has height one, so 7 =
{1,...,1} and \; € (0,1] and 2 = ¢; '(z;) € R* for 1 <4 < I. We suppress explicit notational
dependence of the maps iLZi, »; on the oriented, orthonormal frames, f; for (T'X),, for 1 <i <]
and fo for (T'S*),, and parameters R € [1,00) and p € (0,1] prescribed by the data for the
bubble-tree neighborhood, %, and define

l
4 4
Xty S' = X # 1,0, 5"
1=

which we may abbreviate by X #2215’4 or even X# 254 We continue to denote by P the pull
back of the bundle, P, from X to X #hz,,\54 via the diffeomorphisms between those manifolds.
For a € Q(X;adP) and p € (0,Inj(X, g)), we define

(7.42) (|7, X al?1

X\Ul_, B(zi,p/2))

(X#l S4) . HG/H 102‘ (

l
—1,% 2
+Z”h% Al (st BoA20)

2*9round

More generally, the definition of the norm ||hZ b aH Wl corresponding to connected

o (X#75%)
sums X# 75 = X H#n, ,\54 defined by trees, .7, of helght greater than one, is obtained inductively
from the definition - for the case of a tree of height one.

Definition 7.10 (An ad hoc Sobolev W12 distance between conformal blow-ups of a pair of
connections in a coarse VVl on ? bubble-tree neighborhood). Continue the notation of Definition
Suppose first that the tree, .7, specified by the bubble-tree neighborhood data has height one and

= {1,...,1}. For a pair of W"P connections A and A’ on a principal G-bundle over X that
represent pomts in a coarse bubble-tree nelghborhood w C %(P g), we define a corresponding
pair of locally conformally blown-up connections, h A and h ,1;;/1’ over X #§:154, via in
Definition [6.1]

We define a W12 distance between the pair of locally conformally blown-up connections over

X#_, 8% by

(7.43) [|h, 54 — hzi*Anflg = |4 - AH212

g (X#L_ %) o (X\UL_, B(%i,0/2))

1k 47 1,%
+Z|]h,A,A o SEALR I

Ajs ground
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where the pulled-back connections, h A and h_, 7 A’, are defined, respectively, on open subsets

/ )\/
of §*\ {s} that are conformally equivalent to B (acz, 2p), namely when X\, < \;,

B(0,2p/Xi) = @n(B(0,2p/Ai)) = 5* \ s(B(0, \i/2p))
C S\ 9s(B(0,A7/20)) = ¢a(B(0,2p/X))) = B(0,2p/X}),

and with the reverse inclusion when X, > ;. Over the complement of the ball,

R\ B(0,2p/Ai) = (R \ B(0,2p/Ai)) = ¢s(B(0,Xi/2p)) \ {s},
where at most one of the two pulled-back connections is defined when X, < \;, they may be
compared by one of three methods described in Definition [7.11
More generally, the definition of the norm
oy oA = 5 Al

z/ N o (X# 754)

corresponding to connected sums X# 5% defined by trees, .7, of height greater than one, is
obtained inductively from the definition ([7.43)) for the case of a tree of height one.

To complete Deﬁnition we need to explain the meaning of the last term in (7.43)), as neither
connection is defined over all of S*\ {s}. There are several equivalent methods, as we explain in
the

Definition 7.11 (Comparing conformal blow-ups of a pair of connections near the southern
poles of S* in the ad hoc Sobolev W12 norm). Continue the notation of Definition Suppose
first that the tree, 7, specified by the bubble-tree neighborhood data has height one and so
T =A{1,...,1}.

Method 1 (Cutting off). Choose fiber points p; € P|g,, for 1 < ¢ < [. Over the annulus

Q(0; \/N/2,2,/X])) c S* \ {s} apply a cutting-off construction similar to ) to replace

the pulled back connection h, y )\, 7A’, by a cut-off connection that is equal to iL A A’ on S*\

B(0; 2\/7 and equal to the product connection, ©, on 4(B(0; \/7 /2))

Similarly, over the annulus ¢ (Q(0; vV i/2,2v/\;)) C 54\{3} apply - ) to replace the pulled-
back connection, h LA, by a cut-off connection that is equal to h LA on S\ ps(B(0;2v/\))
and equal to the product connection, O, on ¢s(B(0;v/X;/2)).

The norm is now well-defined since the difference of the two cut-off connections is defined
on R* = 5%\ {s}

Method 2 (Coning off). We adapt a construction employed by Parker [67, Equation (1.12)] in
the context of harmonic maps of a Riemann surface into a target Riemannian manifold.

Let g € X, choose pg € P,,, and use the connection, A, to parallel translate pg to a fiber
point po € Pz,. Let 0z, : B(Zo, 0) — P be the corresponding local section of P defined by parallel
translation via A of points in the fiber, Py, along radial geodesics emanating from zg.

We apply rescaling to ¢} o, A(x) for |z| < o, s0 . = 6;1(:?3) = A7 for # € R* and we rescale
OroTno A on B(0, 0) as

O3 g Tay AlE ), |#| < o/ A
W(Z) = 371 = A7 = Ay, where y 1= (z) := 27! for x € R*\ {0}. Therefore,
= L( ) and the rescaled local connection one—forrn oA on B(0, ), is equivalent to

O pn ok A(G) = St ok AW, [Tl > M,

Let

IS
Qﬁz <
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using the fact that ¢(0y(z)) = A\z! = 6, 1(1(2)), for z € R%.
Given a € Q'(R*\ B(0,7g);g) for some ry > 0 and employing polar coordinates, y = rf with
r € Ry and 0 € S3, we define

rrg ta(rod), <o
7.44 a(y) =4 " T
(7.44) a(y) {a(r@), r>T1y.

It follows from [39, Theorem 7.8] that if a € I/Vﬁ)’f(]R‘1 \ B(0,79); A' ® g) for p > 1, then a €
WP (RY: AL @ g).

We now apply the preceding coning off procedure to the local connection one-forms, a; :=
L0y, L* % 105 A on R\ B(0,2)\i/0), and af := 1*§,, L* % 5.0k A’ on R*\ B(0,2)\!/p) to define

a; € I/Vlicz(]R4 A ®g) and @, € VV&)E(R“;AI 9), respectlvely. (Note that we use the same

’L
inverse geodesic normal coordinate chart, ¢z, to pull back each local connection one-form from

B(z;,0/2) C X to B(0,0/2) C R%) The norm (7.43)) is now well-defined since the two coned-off
local connection one-forms are defined on R* = §%\ {s}.

Method 3 (Non-conformal stretching). For a given index, i € {1,...,[l}, we may suppose without
loss of generality that A} < );. Choose constants «; € [1,00) such that (RA;/4p)* = RX,/4p,
where 0 < RM/4p < R);/4p < 1, and define local stretching maps on R*\ {0} by Si(z) :=
2p(r/2p)%0, where r = |z| and 8 = r~'z € S3 for x € R*\ {0}. Then S; is a diffeomorphism
from Q(0; R\;/2,2p) onto Q(0; RX,/2,2p). Transfer these local diffecomorphisms to X via the
local coordinate charts, ¢z, and denote the resulting maps by S, for 1 < i < I. Replace
by

(7.45) [Ih 'S A — h;;*A\HZ

LN o (X#L_ 5%

!

._ / 2 I S—Lx g2

= [|AT = Ally, o (X\UL_, B(Zi,0/2)) +ZHA -5 AHWj‘fg(Q(fi;RA;/ZM))
i=1 ’

l
F IR KA = AR,

Ajs9round

(S\es(B(0,1/2R)))"

The preceding constructions extend mutatis mutandis to the case of trees, .7, of height greater
than one.

In practice, the three methods described in Definition for completing Definition are
equivalent in our application since the connections A and A’ will be g-Yang-Mills and have small
L? energies, respectively, over the annuli Q(;; R\;/2,2p) and Q(&}; R)\./4, 4p) and therefore over
the concentric annuli, Q(Z;; R\i/2,2p) C Q(Z;; RN, /2,2p). This follows because disty(z}, Z;) <
Ecenter N, and |Z, — Z;| < €center\; by definition of the coarse VVI})’E bubble-tree open neighborhood
when 0 < A, < A;. Recall that 2 = ¢, (%) and z; = ¢, !(Z;), where the local geodesic normal
coordinate chart, go;il = exp]?i1 : X D B(zi,0) = B(0,0) C R, is defined by the frame, f;, for
(T'X)s,, and its exponential map.

Proposition 7.12 (Estimate for the Sobolev W12 distance between conformal blow-ups of a pair
of connections in a coarse W % bubble-tree neighborhood). Let G be a compact Lie group and
X be a closed, connected, four dimensional, oriented, smooth manifold endowed with a smooth
Riemannian metric, g. Then there is a constant, C = C(g,G) € [1,00), with the following
significance. Let P be a principal G-bundle over X. Then there are constants ,p € (0,1] and
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R € [1,00) with the following significance. Let A and A’ be g-Yang-Mills connections on P of class
WHEP with p > 2 and z'nteger k > 1 obeying (k+1)p > 4. If the gauge-equivalence classes, [A] and
[A'], belong to a coarse W 2 bubble-tree (e, p, R) open neighborhood, % C PB(P,g), then there are
a gauge transformation, u E Aut(P), of class WhHLP gnd conformal blow-up diffeomorphisms,
hax and hy, s of (X, g) such that

(7.46) 1B (A7) = Ry X Al s < Ce <1+ > I Faa 2 (54)>,

AasIround
acT

where the norm on the left-hand side of (7.46) is defined by (7.43)) in Definition and the
multi-indices, o = {i},{ij},..., appearing in the right-hand szde of - ) label the vertices of

the finite tree J defined by % . The pulled-back connection, Bz *A, on the pull-back of P over
X#yS4 by hy, A X = X# 75% is Yang-Mills with respect to the pulled-back Rzem(mm(m metric,

h )\ *g, that is conformally equivalent to g and the analogous comments apply to h'%A and

h,

/ }\/
z/ )\lg
Proof. The argument is the same as that for Proposition except that we apply Lemma

to estimate the norms of the differences between the pairs of connections over each copy of S*
rather than each ball in X and appeal to the Definition of the norm on the left-hand-side of

the inequality ((7.46)). O

7.6. Conformal blow-up diffeomorphisms and coarse Wlif bubble-tree neighborhoods.
Given Proposition we can build a finite collection of coarse I/Vl})f bubble-tree open neigh-
borhoods based on the existence of suitable conformal blow-up diffeomorphisms for a closed,
connected, four-dimensional, oriented Riemannian, smooth manifold, (X, g).

Corollary 7.13 (Conformal blow-up diffeomorphisms and coarse l/Vlloc2 bubble-tree open neigh-
borhoods). Let G be a compact Lie group and P be a principal G-bundle over a closed, connected,
four-dimensional, oriented, smooth manifold, X, endowed with a smooth Riemannian metric, g.
Let % C B(P,g) be a coarse M/lif bubble-tree (g, p, R) open neighborhood of [A] in B(P,g), with
finite tree T defined by % . Then the open subset %' C U of points [A’l € B(P,g) such that

(7.47) At u(AT) — b 1*A|| (Xt 51 <

for conformal blow-up diffeomorphisms, h,h’ € Conf(X,g), and C'*° gauge transformations, u €

Aut(P), is a coarse Wi)f bubble-tree open neighborhood of [A] in B(P,g). Moreover, if € €
[0,00) is a compact subset, then Crit(P,g,%) has a finite cover by neighborhoods of the form

' N Crit(P, g,€) defined by (7.47)).

Proof. The fact that %' as specified by is a coarse VV&)C2 bubble-tree open neighbor-
hood follows from Definitions and Proposition ensures that every pair of points
[A], [A] € Crit(P,g,%) belonging to a coarse W % bubble-tree (¢/, p, R) open neighborhood obey
an inequality of the form with ¢ = C¢'. Corollary - ensures that Crit (P g,%), and
thus Crit(P, g, %), has a ﬁn1te cover by coarse W.-? bubble-tree open neighborhoods. ]

loc
8. LOJASIEWICZ-SIMON GRADIENT INEQUALITY AND THE BUBBLE-TREE COMPACTIFICATION

We begin in Section by reviewing the abstract Lojasiewicz-Simon gradient inequality [44],
Theorem 2.4.5] for an analytic potential function on an open subset of a Banach space. In Section
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m, we review the Lojasiewicz-Simon gradient inequality from our monograph [31] for the Yang-
Mills L2-energy functional over closed, Riemannian, smooth manifolds of arbitrary dimension.
We discuss in Section the specialization of the Lojasiewicz-Simon gradient inequality for the
Yang-Mills L?-energy functional to the case of four-dimensional manifolds and the weaker, quasi-
conformally invariant version that will suffice for our proof of the main results of this article.
In Section we examine the variation of the Lojasiewicz-Simon constants with respect to a
W12 variation of the Yang-Mills connection over a four-dimensional manifold. Finally, in Section
we complete the proofs of the main results of this article by applying our Lojasiewicz-
Simon gradient inequality and our conclusion that one can choose a single Lojasiewicz-Simon
triple of constants, (Z, 0, 0), that is valid for all points [A] € Crit(P, g,%), using the bubble-tree
compactification of Crit(P, g, %) discussed in Sections and

8.1. Lojasiewicz-Simon gradient inequality for an analytic potential function on an
open subset of a Banach space. We recall the following generalization of Simon’s infinite-
dimensional version [89, Theorem 3] of the Lojasiewicz gradient inequality [53].

Theorem 8.1 (Abstract Lojasiewicz-Simon gradient inequality with dual Banach space gradient
norm). [45, Proposition 3.3] [44, Theorem 2.4.5] Let 2 be a Banach space and F a Hilbert
space such that the embeddings 2 — H — 2 are continuous. Let & : 2 — R be an analytic
function and let ¢ be a critical point of &, that is, &' (p) = 0. Assume that & (p): X — 2" is a
linear, Fredholm operator of index zero. Then there are positive constants, ¢, o, and 6 € [1/2,1)
such that

(8.1) 16 (w)]| 20 > c|&(u) — E(P)|?, Yu e X such that |u — | o < 0.

We next recall our application of Theoremto the case of the Yang-Mills L?-energy functional
and generalization of Rade’s [74, Proposition 7.2], where a Lojasiewicz-Simon gradient inequality
is proved for the Yang-Mills L?-energy functional over closed Riemannian manifolds of dimensions
two or three.

8.2. Lojasiewicz-Simon gradient inequality for the Yang-Mills L’-energy functional
over closed manifolds of arbitrary dimension. Our Lojasiewicz-Simon gradient inequality
for the Yang-Mills L2-energy functional is one of the key technical ingredients underlying the
proof of Theorem [I| We begin by recalling its statement from our monograph [31].

Theorem 8.2 (Lojasiewicz-Simon gradient inequality for the Yang-Mills L2-energy functional).
[31, Theorem 21.8] Let (X, g) be a closed, Riemannian, smooth manifold of dimension d, and G
be a compact Lie group, Argr a connection of class C*°, and Ayy a g-Yang-Mills connection of
class WP with integer k > 1 and p > 1 obeying (l_f + 1)p > d, on a principal G-bundle, P, over
X. Ifd>2 and p € (1,00) obey one of the following conditions,

(1) d<2<4 andp=2, or

(2) d>5 and p > max{d/3,4d/(d +4)},
then there are positive constants Z € [1,00), o € (0,1], and 0 € [1/2,1), depending on the gauge-
equivalence classes [Agrgr] and [Ayy|, g, G, p, P, and X with the following significance. If A is a
WP Sobolev connection on P and

then
(8'3) ||dj<4’gFA||W;1?{>’(X) > Z|£g(A) - gg(AYM)W,
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where p' € (1,00) is the dual exponent defined by 1/p+1/p' =1 and &;(A) is given by (1.1)).

8.3. The Lojasiewicz-Simon gradient inequality for the Yang-Mills L?-energy func-
tional over closed four-dimensional manifolds and conformal invariance. We now spe-
cialize Theorem [8:2] to the case of four-dimensional manifolds and make observations concerning
the quasi-invariance property of the Lojasiewicz-Simon triple of constants with respect to confor-
mal diffeomorphisms of the manifold or conformal changes in the Riemannian metric. We first
take d = 4 and p = 2 and thus p’ = 2 in Theorem to give

Theorem 8.3 (Lojasiewicz-Simon gradient inequality for the Yang-Mills L2-energy functional in
dimension four). Let (X, g) be a closed, four-dimensional, Riemannian, smooth manifold, and G
be a compact Lie group, Arpr a connection of class C*°, and Ayy a g-Yang-Mills connection of
class WP, with integer k > 1 and p > 2 obeying (k + 1)p > 4, on a principal G-bundle, P, over
X. Then there are positive constants Z € [1,00), o € (0,1], and 0 € [1/2,1), depending on the
gauge-equivalence classes, [Apgr] and [Ayy], and g, G, P, and X with the following significance.
If A is a WP Sobolev connection on P and

(84) HA - AYMHWA’ifEFyg(X) < g,
then
(8.5) I3 Fally o2 () > Z16,(A) = Ey(Av)|’.

The norm on the left-hand side of the inequality is mot invariant (or quasi-invariant)
with respect to conformal diffeomorphisms of (X, g), but it is bounded above by a norm that is
conformally invariant. To see this and keep track of the constants depending on the Riemannian
metric, g, we recall that W, *(X) < L*(X,g) is a continuous embedding by and thus
(LY(X,9)) = LY3(X,g) — Wy (X)) = W 2(X, g) and

1 12y < 2l llzasaxg) < 21 (v0lg(O)2) fllacx ).
where 21 = 2z1(g) € [1,00) is the Sobolev embedding constant for ng’Q(X) — L*(X,g), namely

(8-6) “f‘|W;a2(x) < ZleHL‘l(X,g)-
Consequently, for the same constants, we have

(8.7) ”CLHW;}Q‘Q(X) < ZlHGHL4/3(X,g) < Zl(VOlg(X>)1/2HG/HLAL(XVQ), Vae WA_,L}]Q(X;Al X adP).
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Taking the supremum below over all b € W}l’;(X ;A ®adP) \ {0},

a,b
”aHWfLZ(X) = sup()l’ﬂ
b b#0 HbHWié(X)
Ha||L4/3(X,g)||bHL4(X7g)

b#0 HbHW;ﬁ](X)

a1llall pass g Il 2

(by (8.6))

< sup
b#0 Hb”Wé’i(X)

2ulall o g bl oy

< sup

(by the Kato Inequality ([2.5))
b#£0 ||bHW1}‘v2g(X)

= ZlHaHL4/3(X,g)
< 21 (volg(X))¥* "4 all pax ) (by [39 Equation (7.8))),

and this proves (8.7). The latter inequality immediately yields the following special case of
Theorem [8.3]

Corollary 8.4 (Lojasiewicz-Simon gradient inequality for the Yang-Mills L?-energy functional
in dimension four). Assume the hypotheses of Theorem let (Z,0,0) denote the corresponding
Lojasiewicz-Simon triple of constants, and let

Zo = Zzy H(voly(X))~Y/?
If Ais a WP Sobolev connection on P that obeys (8.4)), then
(8.8) dengAHL‘l(X,g) > ZO|£9(A) - gg(AYM)‘Q-

This is also a convenient point at which to record the following consequence of the Kato
Inequality (2.5) and Sobolev Embedding (2.3 in the form W12(U) — L*(U), where U C R* is
an open subset obeying the interior cone condition.

Lemma 8.5 (Embedding into L* for the Sobolev W12 norm for ad P-valued one-forms defined by
bubble-tree neighborhood data and conformal blow-ups). Let (X, g) be a closed, four-dimensional,
Riemannian, smooth manifold. Then there is a constant, C = C(g) € [1,00) with the following
significance. Assume the notation of Definition . If a € Wj";(X;AI ® adP), then

1, 1,
(8.9) lalziceg = e X allacx gy senstmg) < ClhaX allptz (g 5

8.4. Variation of the Lojasiewicz-Simon constants for the Yang-Mills L?-energy func-
tional with respect to a W'? variation of the Yang-Mills connection. Though not
required for the proof of Theorem [T} it is interesting to examine the behavior of the Lojasiewicz-
Simon triple of constants with respect to a small W2 variation of the Yang-Mills connection
Ay on a principal G-bundle over a closed four-dimensional manifold, such as hold within fine
VVI})E bubble-tree open neighborhoods in Crit(P, g,%).

Lemma 8.6 (Lojasiewicz-Simon constants and W2 variations of Yang-Mills connections). As-
sume the hypotheses of Corollary and let (Z,0,0) be the corresponding Lojasiewicz-Simon
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triple of constants. If A, is another g-Yang-Mills connection of class WEP on P such that
1

(X) < Tﬂ(l N O'),

then &,(Ayy) = &(Avw) and (Z,0/(2v/2),0) is a Lojasiewicz-Simon triple for Al,,.

”A;M — Ayu ”Wfllfw .

Proof. Let A be a connection of class WkP on P. Suppressing explicit dependence on the Rie-
mannian metric, g, for brevity, we have

A= AYMH‘Q/VL? (X) IV A (A = AYM)H%?()() + A - AYMH%?(}()

< (1Y A (A = A2 0x0) + 1V e (A = Al 223))?
+ (14 = Ayyllzz ey + 1A% — Avillz2x))?

< 2|V (A = An)llZ2(x) + 204 — AyllF2 )
+ 2||VAREF(A€(1\'I - AYM)H%?(X) + ||A<(M - AYMH%Q(X)

=24 - A{YMH%/VA’Z (X) + 2||A{YM - AYMH?/VL?

REF AREF (X) '
Suppose that

”A;M - AYMHW};}im(X) <g,
for some € € (0,1] to be determined. The previous inequality then gives

14 - AYI‘"”?/V{}\%ZEF()Q <2[|A- Agfm||12/vl,2 x T 2e2,

ARrgr

and thus, taking square roots,

14— Anilhsz oo < V2IA = Al ) + V22

Hence, choosing ¢ := (1 A 0)/(2v2) and supposing that [|A — AL, |12 x) < o/(2v/2) yields,
AREF
o
HA — AYI\/IHWA;EF(X) S \/iHA — A/YMHW}‘,RQEF(X) + 5 < 0.
Applying Corollary for Ayy and the Lojasiewicz-Simon radius o[Ayy] gives

”ngFAHL‘i(X) > Z|(§g(A) - gg(AYM”e,

with constants Z = Z[Ayy] and 6 = 0[Ayy]. If A = A{, then d';/ F4, =0 and so the preceding

inequality implies that &,(A%,) = &;(Ayu). Consequently, for a general Sobolev connection, A,
the preceding inequality gives

|45 Fallagx)y 2 Z165(A) = E5(A)I°,
and thus (Z,0/(2v2),0) is a Lojasiewicz-Simon triple for [AL,]. O

8.5. Lojasiewicz-Simon gradient inequality for the Yang-Mills L?-energy functional
and coarse VV&)C2 bubble-tree neighborhoods. We have the following version of the Lojasiewicz-
Simon gradient inequality for the Yang-Mills L?-energy functional in Corollary with norm

1 4.
[ - [y (X5 on Q' (X# 7S5% adP) replaced by the norm || - ”quf,g(x#gé"l)'

ARrgr,9
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Proposition 8.7 (Lojasiewicz-Simon gradient inequality adapted to a coarse Wlif bubble-tree
neighborhood). Let G be a compact Lie group and P be a principal G-bundle over a closed,
connected, four-dimensional, oriented, smooth manifold, X, endowed with a smooth Riemannian
metric, g. Let Ayy be a g-Yang-Mills connection of class W*P | with integer k > 1 and p > 2
obeying (k +1)p > 4, on a principal G-bundle, P, over X, let € € [0,00) be a compact subset,
and let % C Crit(P, g,€) be a coarse Wﬁ)f bubble-tree open neighborhood of [Ayy] provided by
Corollary [7.13,  Then there are positive constants Z € [1,00), o € (0,1], and 6 € [1/2,1),
depending on %, the gauge-equivalence class, [Ayn], and g, G, P, and X with the following
significance. Suppose A is a WFP Sobolev connection on P and that [A] and [Ayy] belong to
a coarse VVIOC bubble-tree open neighborhood % C PB(P,g) such that there are conformal blow-
up diffeomorphisms, f,h € Conf(X,g), and a C* gauge transformation, v € Aut(P) with the
property that

(8.10) If~ Y u(A) — h_l*AYMH L2 (X4 54) <o,
where T is the finite tree defined by % . Then A obeys
(8.11) 1539 Fallpacx.g) = Z164(A) = E(An)|”.

Proof. The gradient inequality,

”df—l* S Frtraallaccs 2 50, 10g) 2 216109 (F 7V u(A)) = Eporeg (B Av)

follows from the proof of Theorem |8.2} n in [31] using Theorem 8.1] . Theorem [8.3] E and Corollary
8.4 together with Lemma The invariance of the L* norm on one-forms and L? norm on
two-forms with respect to Conformal diffeomorphisms of a four-dimensional Riemannian manifold

then yield (8.11)). O

8.6. Completion of the proofs of Theorems [1] and [3] As a consequence of Corollary
and Proposition [8.7] we can conclude the

Proof of Theorem [l Corollary E ensures that Crit(P, g, %) has a finite cover by coarse VVIO’C
bubble-tree open neighborhoods, %’ N Crit(P, g,¢) defined by the inequality , of points
[Ayy] € Crit(P,g,%). If [A] € %' N Crit(P, g,%), then A satisfies (8.10) and hence Proposition
implies that A obeys the Lojasiewicz-Simon gradient inequality (8.11f). But A also obeys the
Yang-Mills equation, d;? F4 = 0, and hence the inequality implies that &;(A) = &;(Aywm).
This proves the main result of this article, Theorem O

Proof of Theorem[3. From inequality (1.6)), there exist [A] € Crit(P,g,c) and [A'] € Crit(P, g,c)
such that

[u(A") - AHWI}‘!,QQ(X) <9,

for some v € Aut(P). If § = o[A,g], then the Lojasiewicz-Simon gradient inequality given by
Corollary implies that ¢ = &,(A’) = &,(A) = c¢. Hence, the conclusion would follow if
there were a positive constant, oy, with the stated dependencies such that o[A,g] > o¢ for all
[A] € Crit(P,g,%).

To reach the desired conclusion, we shall instead apply the Lojasiewicz-Simon gradient inequal-
ity given by Proposition where the dependencies of its Lojasiewicz-Simon triple of constants
can be tracked more easily. For e[Ayy] > 0, Corollary [7.13] implies that Crit(P, g,¢) has a finite
cover by coarse W % bubble-tree open neighborhoods, %' N Crit(P, g, %) defined by the inequal-
ity (7.47), of pomts Ayy] € Crit(P,g,%). If [A] € %' N Crit(P, g, %), then there are conformal



84 PAUL M. N. FEEHAN

blow-up diffeomorphisms, f,h € Conf(X,g), and a C* gauge transformation, v € Aut(P) with
the property that

1F = u(A) = B Ay <e,

o (X# 7 5%)
where 7 is the finite tree defined by %’. Applymg the proof of Lemma it follows mutatis
mutandis that if (Z[Ayw, g], o[Avm, g], 0]Ava, g]) is a Lojasiewicz-Simon triple for [Ayy] in Propo-
sition then (Z[Ayw, g, 0[Avu, 9]/4,0[Avy, g]) serves as a Lojasiewicz-Simon triple for [A] in
Proposition [8.7| when [Ayy, g] = (1 A 0[Ayy, g])/4 in the preceding inequality. Consequently,

oA, g] > iJ[AYM,g], V[A] € %' O Crit(P, g, %).

From Definitions [7.10] and [7.11] we find that

lu(4') = Al < Clu(d) - Aljysa

} (X7 5%) (Xx)

where C' = C(g) € [1,00) and the 1dent1ty map on X in place of the pair of conformal blow-up
diffeomorphisms in those definitions. If we choose § = (1 A o[Ayy, g])/(4C), then

1
HU(A/) A” < O-[AYMag]a

o (X# 7 5%)

and Proposition [8.7| (with f and h replaced by the identity map on X) implies that ¢/ = &,(4’) =
Ey(A) = (. The conclusmn in Theorem |3 I now follows by finiteness of the open cover for

CritT(P, g, %) by coarse W 2 bubble-tree open neighborhoods of the form provided by Corollary
[C13l O

APPENDIX A. A WEIGHTED SOBOLEV EMBEDDING ON EUCLIDEAN SPACE

The following Sobolev embedding result generalizes that of [33] Lemma 5.2], which assumes
p =2 and d = 4; similar embeddings appear as [96, Equation (3.4)] for p = 2 and d = 4 and [64,
Definition 4.2 and Lemma 5.4 (a)] for d = 3. Our proof of [33, Lemma 5.2] contained a small
typographical erroﬂ and so we include the details here for the sake of completeness.

Lemma A.1 (Weighted Sobolev embedding on Euclidean space). Let d > 3 be an integer and
R? have its standard Buclidean metric. If f € WH4=2(R%; C), then
d 2

sup |l[zo — - |7 fll pa—2ray < —— IV F |l pa-2(ra)-
zoERY

Proof. Suppose first that f € C5°(R%) and d > 3 and f > 0 on RY. Let x = (r,6) denote polar
coordinates centered at a point zg9 € R%, so r = |x — 20| and dz = 7?1 drdf. Then

/ P dy = / / rf*?drdf = / / fd > drdf
R4 Sd—1 J0 Sd—1

__(d=2 = 2pa-39f

= < 5 )/Sd—l/o rf o drd®,

via integration by parts and hence,

/ p2d pd=2 go (d— 2> / Tg_dfd—zaﬁ da
R4 2 Rd or

Hpe integrals over R should be replaced by integrals over the half-line, [0, c0).



DISCRETENESS FOR ENERGIES OF YANG-MILLS CONNECTIONS 85

If d = 3, then the preceding identity simplifies to

_ L[ of
1 e — _—
/Rgr fdx = 5 Raard:U’

and the conclusion follows since r = |x — x|, for this class of function, f, by taking the supremum
over all zy € R3.

We now consider the case d > 4. By applying the Hélder Inequality with exponent p € (1,2]
such that (d — 3)u = d — 2, thus u = (d — 2)/(d — 3), and dual exponent p’ € [2,00) defined by
1/p+1/p/ =1, thus 1/p/ =1—(d—3)/(d—2) =1/(d —2) and ¢/ = d — 2, we see that

/ TQ—dfd—Q dr = — d—2 / 7,,3—dfd—3g dr
Rd 2 Rd or
d—2 1/p , 1/w
<4-2 < / 3=yt p3=d)p dx) < / v dx)
2 R4 R4
g (4-3)/(d-2) 1/(d-2)
= — (/ rd=2pi? dx) (/ iles dx) :
2 R4 R4

Therefore, provided f # 0 on R?, we have

1/(@d-2) 4 _o 1/(d—2)
(/ r2_dfd_2 dx> < — (/ \Vf|d_2 d:):) .
]Rd 2 Rd

Again for this class of function, f, the conclusion follows by taking the supremum over all zy € R%.
For the general case of f € WH4=2(R%;R), one splits f = f* — f~, where f* = max{f,0} and
f~ =max{—f,0}, and proceeds as in the proof of [39, Theorem 7.8], using [39, Lemmas 7.5, 7.6,
and 7.8]. The extension to the case of f € Wh4=2(R9; C) is trivial. O
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