SPECTRAL EXTENSION OF THE QUANTUM GROUP
COTANGENT BUNDLE

ALEXEI ISAEV AND PAVEL PYATOV

ABSTRACT. The structure of a cotangent bundle is investigated for quantum linear groups
GL4(n) and SLg(n). Using a g-version of the Cayley-Hamilton theorem we construct an
extension of the algebra of differential operators on SLg(n) (otherwise called the Heisenberg
double) by spectral values of the matrix of right invariant vector fields. We consider two
applications for the spectral extension. First, we describe the extended Heisenberg double in
terms of a new set of generators — the Weyl partners of the spectral variables. Calculating
defining relations in terms of these generators allows us to derive SLq(n) type dynamical
R-matrices in a surprisingly simple way. Second, we calculate an evolution operator for the
model of ¢-deformed isotropic top introduced by A.Alekseev and L.Faddeev. The evolution
operator is not uniquely defined and we present two possible expressions for it. The first
one is a Riemann theta function in the spectral variables. The second one is an almost free
motion evolution operator in terms of logarithms of the spectral variables. Relation between
the two operators is given by a modular functional equation for Riemann theta function.
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2 ALEXEI ISAEV AND PAVEL PYATOV

1. INTRODUCTION

A notion of a Heisenberg double over quantum group has been formulated and attracted
substantial researcher’s interest in the early 90-s [AF.91l [S| SWZ.92, SWZ.93]. From the
algebraic point of view it is a smash product algebra (see [M]) of the quantum group (or, the
quantized universal enveloping algebra) and its dual Hopf algebra (see [D.86, [FRT]). In the
differential geometric interpretation it may be viewed as an algebra of quantized differential
operators over group or, equivalently, as an algebra of quantized functions over cotangent
bundle of the group. Since the group’s cotangent bundle serve a typical phase space for
integrable classical dynamics, it is natural to attach the same role to the Heisenberg double
over quantum group for quantum physical models. As a test example, a model of g-deformed
isotropic top was suggested in [AF.91,[AF.92]. A discrete time evolution in this model is given
by a series of automorphisms of the Heisenberg double. It turns out however that finding an
explicit expression for the model’s evolution operator is not just a technical problernE] The
automorphisms defining the evolution by no means can be treated as inner ones in the original
algebra and so, for a proper realization of the g-top one needs an appropriate extension of
the Heisenberg double.

Also stimulated by the invention of quantum groups were general studies of the algebras
whose generators satisfy quadratic relations (see [PP] and references therein) and investiga-
tions of minor identities for matrices over noncommutative rings [GR.91 [GR.92, [KL]]. These
two lines of research are meeting together in the theory of the so-called quantum matrix
algebras [H, TOP.99] whose structure theory can be developed in a full analogy with the
usual matrix analysis. In particular, one can define quantum versions of the matrix trace
and determinant [FRT], introduce notions of a spectrum and a power of quantum matrix,
and formulate the Cayley-Hamilton theorem (see |[GPS.97, IOP.99, [OP.05] and references
therein).

A remarkable fact about quantum matrix algebras is that their most known examples —
the RTT algebra [FRT] and the reflection equation algebra [KS] — serve the building blocks
for a construction of the quantum group differential geometry in general [SWZ.92] and so, also
for the Heisenberg double. It is the aim of the present paper to apply the structure results
on the quantum matrix algebras for investigation of the dynamics of the isotropic g¢-top.
Following [AF.91l IS, [SWZ.92] we begin with a definition of the Heisenberg double as a smash
product algebra of a pair of quantum matrix algebras. These are the RTT algebra, playing
the role of quantized functions over group, and the reflection equation algebra, interpreted
as quantized right invariant differential operators over group. We then consider a central
extension of the reflection equation algebra by the spectrum of it’s generating matrix of
quantized right invariant vector fields, and define a proper (non central) extension of the
whole Heisenberg double by these spectral variables. Finally, after the spectral extension is
made, the evolution of the isotropic g-top becomes an inner automorphism of the Heisenberg
double] Constructing the evolution operator is then straightforward.

The paper is organized as follows. In the next section we recall some facts about universal
R-matrix and the R-matrix techniques. We are mainly discussing the case of (numeric) R-
matrices of a type GLg4(n). These type R-matrices are later on used for description of the
cotangent bundles (or, the Heisenberg doubles) over quantum linear groups.

In section 3 we introduce the RTT algebra, the reflection equation algebra and define their
smash product algebra — the Heisenberg double. We are describing the algebras of the two

1 This problem was suggested to authors by L.D. Faddeev in summer 1996, during Alushta conference
“Nonlocal, nonrenormalizable field theories”.
2Strictly speaking, one has to extend the algebra by a formal power series in the spectral variables.
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linear types — GLy(n) and SL,(n). For the reflection equation algebra we formulate in these
cases the Cayley-Hamilton theorem and use it for the spectral extension of the Heisenberg
double. This is the first main result of the paper (see theorem .

The Heisenberg double is initially defined in terms of the quantized right invariant vector
fields. In order to demonstrate the left-right symmetry of the Heisenberg double, in subsection
we describe it using quantized left invariant vector fields. We also derive explicit relations
between the spectra of the matrices of left and right generators, see corollaries and
To keep clearness of a presentation some technical lemmas are moved from this subsection to
appendix B.

The spectral extension suggests yet another distinguished generating set for the Heisen-
berg double, namely, the one which satisfy the simplest possible — Weyl algebraic — relations
with the spectral variables. In the subsection [3.5] we derive defining relations for this set,
see theorem |3.36] Quite expectantly, the relations involve dynamical R-matrices whose dy-
namical arguments are the spectral variables (see corollary . Surprising facts are that
the dynamical R-matrices are coming in pairs, and that they are derived by solving a simple
system of (at most three) linear equations.

Section 4 is devoted to solving a dynamical problem for the isotropic g-top. This is our
second main result. Noticing that an evolution operator of the model is not uniquely defined,
we derive two different expressions for it. The first one is given in terms of the Riemann
theta function whose matrix of periods is proportional to Gram matrix of the lattice A} _,,
see relations , . This solution converges for || < 1, or for ¢ a rational root of 1.
The second solution converging for arbitrary values of ¢ is given in terms of logarithms of the
spectral variables, see , . The idea for the logarithmic substitution (that means
passing from Weyl type to Heisenberg type commutation relations) was suggested to authors
by L.D. Faddeev (for argumentation see [F.94] [F.95]). The evolution in the logarithmic
variables reduces to an almost free motion. A relation between the two solutions is given
then by a modular functional equation for Riemann theta function .

Concluding the introduction we would like to mention a number of open problems which,
in our opinion, deserve further investigation. First of all, it is straightforward to formulate
a problem of spectral extension for the Heisenberg doubles over orthogonal and symplectic
quantum groups and over quantum linear supergroups. Technical prerequisites for this were
developed, respectively, in [OP.05] and [GPS.05, [GPS.06].

Another interesting problem is an extension of a modular double construction [EF.95] [F.99]
(see also [KLS| IGKTL]) for the case of Heisenberg double over quantum group. A starting point
for investigation here would be a modular functional relation between the two evolution
operators constructed in section 4. Riemann theta function standing in the denominator in
this relation could be considered as an evolution operator for the modular dual Heisenberg
double.

At last, an observation that a ribbon element serves a g-top evolution operator on the
smash product algebra of a ribbon Hopf algebra with it’s dual Hopf algebra (see example
could open a way for the spectral extension of a quasi-triangular Hopf algebra. A partial step
in this direction is made in appendix A, where pairing of the quasi-triangular Hopf algebra
with its dual Hopf algebra is extended for the set of spectral variables, see corollary

Acknowledgement. We are grateful to Ludwig Dmitrievich Faddeev for acquainting us
with the problem of a dynamics of the isotropic g-top, and for numerous inspiriting discussions
and advises. We would like to thank Alexei Gorodentsev, Sergei Kuleshov, Andrey Levin,
Dmitry Lebedev, Andrey Mudrov, Andrey Marshakov and Vyacheslav Spiridonov for their
useful comments and conversations. We also would like to acknowledge a warm hospitality
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2. R-MATRICES

In this introductory section we collect some necessary information about R-matrices and
an R-matrix technique.

2.1. Universal R-matrix. First, we recall few basic notions from the theory of quasi-
triangular Hopf algebras [D.86l [D.89] and ribbon Hopf algebras [RT] (for review see |[ChP
KSch]).

Let 21 be a Hopf C-algebra supplied with a unit 1 : C — 2, a counit € : 2l — C, a product
m: AR A — A a coproduct A : A — AR A, and an antipode S : A — A mappings subject
to standard axioms.

A Hopf algebra 2 is called almost cocommutative if there exists an invertible element
R € A ® 2 that intertwines the coproduct A and the opposite coproduct A% (in Sweedler’s
notation: A% (x) = x(9) ® z(yy if A(r) =21y ® 2(2))

RA(xz) = A%(z2)R Ve Ag. (2.1.1)

In this case the element R is called a universal R-matriz, and the corresponding almost
cocommutative Hopf algebra is denoted as 20z. The algebra 2z is called quasi-triangular if
additionally R satisfies relations

(A & Zd)R = Ri13Ro3, (Zd X A)R = Ri13R12, (2.1.2)

where Rig =R ®1, Ros =1®R, and Riz3 =) ,a; ®1®b; for R =), a; ® b;. Relations
(2.1.1)), (2.1.2)) together imply an equality

R12R13R23 = RazRi3Raz, (2.1.3)
which is called the Yang-Bazter equation.
In the almost cocommutative case an element v := m(S ® id)(Rg1) € 2Ag is invertible. In
terms of u the square of antipode is expressed as
S%(x) = uzru? Vo edr. (2.1.4)

In the quasi-triangular case one has following formulas
S(u) = m@id® S)(Ri2), u ! = m(id® S?*)(Ra),
Alu) = (RuRi2) tu®u, R@ueu) = ueu)R. (2.1.5)
An element uS(u) = S(u)u (in the almost cocommutative case) belongs to the center of

Ar. A central extension of the quasi-triangular Hopf algebra 20z by a so-called ribbon element
v such that

v? = uS(u), A(U) = (Rgl’ng)*l VR U (2.1.6)
is called a ribbon Hopf algebra. The ribbon element also fulfills relations
e(v) =1, S(w) = v, Rv@v) = (vev)R.

Throughout this paper our basic reference example of the quasi-triangular Hopf algebra

A is the quantized universal enveloping algebra U,(g) of a complex Lie algebra g = sl(n)
ID.86, [1.85, [1.56].
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2.2. Braid groups and their R-matrix representations. In the rest of the section we
introduce standard notation and recall basic results on R-matrix representations of the braid
groups.
The braid group By in Artin’s presentation is given by a set of generators {o; f:_f and
relations
0;0i+10; = 0;+10;0;4+1 Vi= 1,2,...,](?— 1, (2.2.1)
0,0 = 005 Vi, j: |Z—]| >1. (2.2.2)
Let V be a finite dimensional C-linear space. For any operator X € End(V®?) and for all
integer ¢ > 0, j > 0 denote

X; =107 @ X @ 107D € End(V®0H)) | (2.2.3)

where I € Aut(V') is the identity operatorﬁ We also use notation X;; for an operator in
End(V®F), 1 < i # j < k, acting as X in component spaces V with labels i and j and as
identity in the rest. In these notation X;;+1 = X;.

An operator R € Aut(V ® V) satisfying equality

RiRyR; = RoR1Rs, (2.2.4)
is called an R-matriz. Any R-matrix generates representations p, of the braid groups By,
k=23,..

pg: Br— Aut(VEF), prlo) =R, 1<i<k-—1

By a slight abuse of notation we assign the same symbol p, to the R-matrix representations
of the braid groups By for different values of index k. This should not cause problems as the
braid groups admit a series of monomorphisms commuting with p,

Bk‘—MBkJrl : ag; — 0; ViZI,...k—l. (2.2.5)

Definition 2.1. An R-matriz R is called skew invertible if there exists an operator ¥, €
End(V®?) such that

TI'(Q)RH\I/R23 = TI'(Q)\I/RlzRgg = P13 . (226)

Here by Tr(;) we denote trace operation in i-th space, and by P — the permutation operator:
Plu®@v)=v®u Yu,veV.

With any skew invertible R-matrix R we associate a pair of operators Dy, G, € End(V)

Dpy = Tr)Whyy s Grg = Tr(yWpyy (2.2.7)
which, by (2.2.6]), satisfy equalities
TI‘(Q)ngDR2 = Il ; Tr(l)CRlRIQ = IQ . (228)

Further properties of the operators D, and C, are summarized below.

Proposition 2.2. [Is.04, O] Let R be a skew-invertible R-matriz. The operators D, and G,
satisfy equalities
Dy I = Tr(3 Dy Ry Po RS, Gy lo = Tr(1)Gy RY' Pos RT,
Rig Dy Dy, = Dy, Dy, Ra2, Ri2CG, G, =C,. G, Ria. (2.2.9)

R1 “R2 R1 “R2

3Strictly speaking a proper notation for the Lh.s. of 1) would be, say, XZ-(iJrj). We use the shortened
notation X; since a dependence on j is not critical for our considerations. All formulas below have sense if
the index j is large enough. A minimal possible value for j in each case is obvious from the context.



6 ALEXEI ISAEV AND PAVEL PYATOV

Let W be a C-linear space. For any skew invertible R-matrix R we define an R-trace map{]
T, : Endw (V) — W
Yo Ty (V) :=Tr (DY), Y €Endw(V).
Following properties of the R-trace are simple consequences of the relations given in the
proposition 2.2}

Corollary 2.3. Let R be skew invertible R-matriz. For any operator Y € Endy (V') the
R-trace associated with R satisfies relations

Tr ) (Rix Vi Riz) = I T, (V). (2.2.10)
where € = +1 and the symbol TrR (i) denotes taking the R-trace in i-th space.
For an element ) € C[By] denote XR(’“) = pr(z®) € End(V®F). Following cyclic
property
Tr q,....0 (XR(’“) Y(k)) =T .k (Y(k) )%(k)) :
is fulfilled for any k> 1 and Y®) € Endyy (V®¥), and for all 2(*) e C[By)].

Example 2.4. Permutation P: P(u®uv) := v®u Yu,v € V, is the skew invertible R-matrix.
Identity operator I®? is the R-matrix which is not skew invertible.

Example 2.5. Assume that the quasi-triangular Hopf algebra 2z admits a representation
py : Ar — End(V).
As follows from the Yang-Baxter equation (2.1.3) an operator
R:=nP (pv ® pv)(R), (2.2.11)

satisfies relation (2.2.4). Here scaling factor n € {C\ 0} is introduced for sake of future
convenience.

The R-matrix (2.2.11)) is skew invertible, its skew inverse matrix is given by formula (see,
e.g., [O], section 4.1.2)

U, = 17 'P(pv @ pv)((id ® S)R)
The matrices D, and G, associated with the R-matrix are:
D, =n 'py(u), G, =n'pv(S(u). (2.2.12)
Both, they are invertible and their properties (2.2.9) are descending from ([2.1.5]).
2.3. Hecke algebras and Hecke type R-matrix. An A-type Hecke algebra Hy(q) is a
quotient algebra of the group algebra C[By] , by relations
(0i—ql)(oi+q ') =0 VI<i<k-1
Under following conditions on the parameter ¢
K] ig=("—q"/(q—q ") #0 Vi=2.3,.. .k (2.3.1)

the algebra Hy(q) is isomorphic to the group algebra of the symmetric group C[Sy] and, hence,
semisimple. It’s irreducible representations as well as its central idempotents are labeled by a
set of partitions A - k. We are particularly interested in a series of idempotents corresponding
to the one dimensional representations A = (1¥), k = 1,2,... . These idempotents — we denote

4This map is often called a quantum trace or, shortly, a g-trace. In our opinion, the name R-trace is better
appropriate to it.
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them as a(¥) — admit a recursive construction (see, e.g., [HIOPT], section 1, or [GPS.97],
section 2.3, or [TW], lemma 7.2)

kE—1) k-1
W1 qwo E= Ve ey (€ Yk 2.3.2
a , a e a ((k o k_1>a (2.3.2)
(k—1)4 (k—1)T1 ¢! (k—1)11 —
_ I Vk=23, ... 2.3.
R a ((k s Ul)a k , 3, , (2.3.3)

where we use symbol z(®)11 € H; 1 (¢) for an image of element z(*) € H;,(¢) under following
algebra monomorphism (c.f. with (2.2.5)):

Hi — Hgr1: oir— o1 Vi=1,...k—1.

The idempotents a¥) obey relations

k)

aWo; = g;a® = —¢~1a® vVi=1,2,....k—1, (2.3.4)

a®) g7 = gk — k) it i4+j5<k. (2.3.5)
An R-matrix R satisfying quadratic minimal characteristic identity is called a Hecke type

R-matrix. By an appropriate rescaling of R one always can turn its characteristic identity to
a form

(R—ql)(R+q'I)=0. (2.3.6)

In this case the corresponding representations pr become representations of the Hecke alge-
bras Hy(q)

P Hilq) — Aut(VEF), prloi) =R;, 1<i<k-1 (2.3.7)
We reserve special notation for the R-matrix images of idempotents a(¥):
AW = p(a®)y, AT = p (aPT) v >1. (2.3.8)
We also put A©) := 1. The elements A®) will be further referred as k-antisymmetrizers.

Remark 2.6. The R-matrix analogues of relations (2.3.2)—(2.3.5) have been described in literature
(see [J.86], [G]) even earlier then their algebraic prototypes.

2.4. GLy(n) type R-matrix.

Definition 2.7. Consider a Hecke type R-matriz R. Assume that parameter q in its charac-
teristic identity satisfies conditions [n] , 50 that antisymmetrizers A®) ... A
are well defined. R is called GLy(n) type R-matrix if two conditions

A(”)<q—l - Rn>A(”) =0 (2.4.1)
Ng
and

rkA™ = 1 (2.4.2)
are fulfilled.

Remark 2.8. Assuming (n + 1), # 0, the condition (2.4.1) is equivalent to A"*Y = 0. For
generic values of ¢, assuming validity of (2.4.1]), the condition (2.4.2) is equivalent to demanding skew
invertibility of R (see [G], propositions 3.6 and 3.10).



8 ALEXEI ISAEV AND PAVEL PYATOV

Proposition 2.9. [Gl Is.04] Let R be a skew invertible R-matriz of the type GL4(n). Then
G, and Dy are invertible and following relations are fulfilled

D,CG, = C,D, =q "I, (2.4.3)
Tr AW = ¢ (4 1= kg ye-1) Vk=1,2,...,n, (2.4.4)
R k;q
AT[(D): = [ AW = ¢ A, (2.4.5)
=1 =1

Example 2.10. Consider the case g is the quantized universal enveloping algebra Uysl(n).
Let V be a vector representation of Uysl(n), dimV' = n. In this case formula with
the scaling factor chosen as n = ¢'/™ gives a standard Drinfeld-Jimbo’s R-matrix R° of the
GL4(n) type (see [KSch], section 8.4.2):

n
R = Z ¢ Ei; ® Eji + (q—q~ Z Eii @ Ejj. (2.4.6)
7,7=1 1<j
Here (Eij)p = 0ixdji, i,j = 1,...,n, is a standard basis of n x n matrix units. Via the

so-called twist procedure (for details see [R.90]) R° gives rise to a multiparametric family of
GLy(n) type R-matrices

R .— FROFY — Z dij 2 f” Eij®E ZEMQQE”, V fij € {C\0}. (2.4.7)
4,j=1 i<j

Here F' := ZZ‘ =1 fij Eii @ Ejj is a twisting R-matriz. In what follows we use these particular
R-matrices for illustration purposes. Their corresponding matrices Dro and Dps are

n
Dpre = Dpgs = ZQQ(Z_H)_lEii-

Remark 2.11. Generally speaking, GL,(n) type R-matrix can be realized in a tensor square of
space V' whose dimension is different from n. Examples of the R-matrices for any dim V' > n are given
in [G], in section 4. In what follows we do not assume any relation between the parameter n in the
definition and the dimension of the space V, unless it is stated explicitly.

3. QUANTIZED FUNCTIONS ON A COTANGENT BUNDLE OVER MATRIX GROUP
In this section we recall definition of a quantum group cotangent bundle and develop in

linear cases — GL4(n) and SLy(n) — a basic techniques for it’s structure investigation.

3.1. Quantized functions over matrix group (RTT algebra).

Definition 3.1. [D.86, [FRT| Let R be a skew invertible R-matriz. An associative unital

algebra gemerated by a set of matriz components ||TZ] dmlv satisfying relations

Rio TV To = T1 Th Rao (3.1.1)

is denoted as F[R] and called an RTT algebra. The RTT algebra is endowed in a standard
way with the coproduct and the counit

TH=> TioTy,  «T) =20 (3.1.2)
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Let further extend the RTT algebra by a set of inverse matriz components ||(T_1);| fhj”;‘l/
ST =Y (T T) = 801 (3.1.3)
k k
The extended algebra can be endowed with the antipode mapping
S(T}) = (T_l);-7 so that (see [R.89]): S*T)D, = D,T. (3.1.4)

The resulting Hopf algebra is further denoted as F&|R).

Example 3.2. Consider the quasi-triangular Hopf algebra 2z together with its representa-
tion py (see example . For any x € 2z denote ||py (x);H a matrix of the operator py (z)
in a certain basis in the space V.

Let 2% be the dual Hopf algebra and let (-, -) denote a non degenerate pairing between 2z

and A%. Consider two matrices of linear functionals on Ar — T]? and (T_l)z- — such that

(T}.x) = pv(@);, ((T71),2)=pv(S(x); VreAr. (3.1.5)
It is easy to see that these functionals satisfy conditions of the definition (for details see,
J

e.g., [B]), the numeric R-matrix R in (3.1.1) in this case is given by (2.2.11)), relation (3.1.4)
for the square of antipode descends from 1) The functionals T} and (T_l);- generate a

Hopf subalgebra in 2.

In case if 2% is a universal enveloping algebra Ug of some Lie algebra g, the dual Hopf
algebra (Ug)* can be treated as Fun(®) = §&, where & is a formal group corresponding to g.
Therefore, heuristically we can treat the RTT algebras §&[R] and §[R] as algebras of quantized
functions over matriz group and matriz semigroup, respectively. Here the term matriz refers
to a matrix form of the coproduct ; the term quantized means that relations in

general define a noncommutative product.

In the rest of the subsection we describe a construction of the inverse matrix 71 for the
RTT algebra associated with the GL4(n) type R-matrix.

Consider an element
det, T :=Tr(y, o (AWTIT, ... T;). (3.1.6)

By the definition of the coproduct (3.1.2]) and due to the rank 1 condition (2.4.2)) the element
det, T' is group-like
A(det, T') = det, T @ det, T,
and it satisfies relations
AT Ty =TT ... T, AT = A det, T
Therefore, it is natural to call detgT a determinant of the matriz T .

Proposition 3.3. [G] Let R be a skew invertible GLy(n) type R-matriz. The following
relation is satisfied in the corresponding RTT algebra F|R)]

(det, T)T = (O,TO;")det, T,
where Oy, Oy' € Aut(V) are mutually inverse matrices:

O, = anI'(27.”7n+1) (Plpgpn A(n)> ; (317)

R1

O = ng Tr,. . ni1) (A(n)Pn-~-P2P1),

R

(recall that P; are permutation operators acting in components spaces V; ® Vit ).
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Corollary 3.4. In the assumptions of proposition consider an extension of the RTT
algebra F[R] by an element (det, T)~* subject to relations

(det, T) ' T = (O;'TO,)(det, 7)™ ", det, T (det, T)™' = (det,T) ' det, T =1,
In the extended algebra the inverse matriz T~ satisfying relations 1s given by formula
(T = ¢ ng T o ) (T2 N .TnA(”)) (det, T)™",

The resulting Hopf algebra is called GLy(n) type RTT algebra and denoted as FGLy(n)[R].

Assume additionally that for the R-matriz R the corresponding matriz O, s scalar:
Oy < I. In this case R is called the R-matriz of SLy(n) type. In the corresponding RTT
algebra FGLq(n) g the element det, T is central. A quotient of this algebra by relation det, T =
1 is called SLy(n) type RTT algebra and denoted as FSLq(n)[R].

Remark 3.5. For a skew invertible GL4(n) type R-matrix R consider a system of equations
Ri3 Ny Ny = Ny Ny Rio, N™ o O for some N € Aut(V).

Note that a consistency condition for these equations — R120;, Oy, = Og, Op,R12 — is satisfied (see
[OP.05]). By any solution N of these equations one can construct the SL,(n) type R-matrix

Ry := N1RiaN7! = Ny 'RioN, . (3.1.8)
Example 3.6. For the R-matrices described in the example one has

Ope = =1,  Opr = -3, <Hj¢ifji/fij) Ei; .

So, R° is SL,(n) type, while R/ is SL,(n) type only if Vi =1,...,n: 12 (f5i/ fi) = V1.
Taking a diagonal n-th root O}l{/fn of the diagonal matrix Ogs one finds the SL4(n) type
R-matrix associated with RY:

Rl =R/, where fi; = Hk;éi,j(fijfjkfki)l/n, so that Op;=—1I.
3.2. Quantized right invariant vector fields (reflection equation algebra).

Definition 3.7. [KS| Let R be a skew invertible R-matriz. An associative unital algebra
£&([R] generated by a set of matriz components HL;\ 31]“:“1/ satisfying relations
LiRi9sl1Rio = RioL1Ri211 (3.2.1)

is called a reflection equation algebra or, shortly, RE algebra. The RE algebra L&[R] is
naturally endowed with a structure of left coadjoint FB|R]-comodule algebra

So(Li) =Y THT T @ L}, (3.2.2)
k,m

Example 3.8. [FRT] In notations of the examples consider following 2g-valued
matrices
L) = (deTj,R), LU} = (S(T))®id,R) = (Tj@id, R™),

(L) = e T, R, (L) =(Tjeid, R). (3:2:3)

As a consequence of the Yang-Baxter equation (2.1.3)) components of these matrices satisfy
relations

Rio LYY LV = LSY LYY Ria, Ryp LS L7 = LS LY Rya, (3.2.4)
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where R is given by (2.2.11). By (2.1.2)), the elements ((L(i>)i1); generate a Hopf Ap-
subalgebra
. , . , , . o
ML) = L@ IO (L) =5, S = (1))
k

Consider a composite matrix L with components

. 1 . 1 3 i
Ly = ¢ Y (L) LS = ¢ id @ T R Raa) (3.2.5)
k

where our choice of a numeric factor q’“% is argued in appendix By , compo-
nents of L satisfy reflection equation , where R is given by (2.2.11)). Note that an
Ar-subalgebra generated by the elements L; does not carry a natural Hopf algebra
structure. Instead, it obeys a coadjoint comodule algebra structure with respect to
the Hopf 2%, -subalgebra generated by the components of the matrices 7" and T’ -1 .

Let us comment on a geometric interpretation of the RE algebra. In [FRT] the matrices
LF) were used to develop an RTT type description for the quantized universal enveloping
algebra U,g. Consider the case g = sl(n) and let V be its vector representation. The
corresponding GL,(n) type R-matrix R is given in the example Making a linear change
of generators L} — (7:

i St —1\pt

and using the Hecke condition (2.3.6) the reflection equation (3.2.1), for ¢*> # 1, can be
equivalently rewritten as

O Ripl Ry — RigliRigly = Rioly — 1 Rya. (3.2.7)

In a ”classical” limit ¢ — 1 the R-matrix (2.4.6)) tends to the permutation and the equations
(3.2.7) go into commutation relations for the basis of generators of the Lie algebra gl(n)

[El,ﬁg] = Pm(ﬂl — 62) . (3.2.8)

Classically we can treat HK;H? ;j—1 as a basis of right invariant vector fields on GL(n). Trans-
formation of these basic fields under the left transition by a group element ¢t € GL(n) is given

by formula (c.f. with (3.2.2))
de(t) - f; > Z tt ok (t_l);", where t; = pv(t)z.
km=1

Extrapolating this interpretation to a ”quantum” case ¢ # 1 we call ||L;H:‘J:1 a basis of
quantized rTight invariant vector fields over matriz group.

It is technically convenient to introduce notation
Ly:=Ly, Lgg:=RyL;R;", (3.2.9)
Ly:=Ly, Lwy1:=R"LyR, Vk>1

In terms of these R-copies Ly, Ly of the matrix L the reflection equation (3.2.1)) can be
equivalently written in any of the following forms

Ry Ly; Lizy = Ly Lz Rk, Ry L1 Ly = Lgy1 Lg Ry Vk>1. (3.2.10)
Taking into account commutativity relations

RiLE = LERia RiLE = LERi Vi k: k‘;ﬁi,i—{—l, (3.2.11)
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one sees that the R-copies Ly (Ly) of the matrix L in the RE algebra £&[R] formally satisfy
the same relations as the usual copies T}, (T} 1) of the matrix 7' (T~!) in the RTT algebra
58[R).
Matrix monomials in two different series of the R-copies satisfy relations
LiLy..Ly=1Lg...LoLy  Vk>1, (3.2.12)

For k = 2 the equality (3.2.12) is identical to the reflection equation (3.2.1). For k > 2 this
equality follows by induction on k. Note that monomials (3.2.12]) transform covariantly under
the left coadjoint coaction ([3.2.2)

6 (Ly-..Ly) = (... T @ 1)1 @ Ly... L) (S(Th ... T) ® 1) (3.2.13)

Following proposition goes back to theorem 14 from [FRT] (see also [Is.04], proposition 5).
Proposition 3.9. Let R be a skew invertible R-matriz. For an element +'*) € C[By] denote
ch(z™)) :="Tr 1) (XRUf) LiLs... LE) , (3.2.14)

where XR(’“) = pr(z®) € End(V®*). Consider a linear subspace €h[R] C £&[R] spanned
by the unity and by elements ch(z™®) Vk > 1 and Yz®) € C[B.]. The space €h[R] is a
subalgebra of the center of the RE algebra £B[R]. It is called a characteristic subalgebra
of the RE algebra £&[R]. The characteristic subalgebra is invariant with respect to the left

§6([R] coadjoint coaction (3.2.9).

Proof. In a setting of the quasi-triangular Hopf algebras these statements were proved in
[D.89, [R.89] (see there sec.3 and sec.4, respectively). Below we prove the proposition in the
RE algebra setting.

Consider an arbitrary element ch(z(*)) of the characteristic subalgebra. We first prove a
following version of the formula ([3.2.14])

ch(@®) L = Tr o i (XR(’“)T1L§L§...LW>:
= Tr o ke (XékmL,il...L;Lz). (3.2.15)

Here the first equality results from a calculation

k)T1
TrR(27~~~’k+1) (XR( )T LiLm>

k)71 . .
= TI'R(2,,,‘,k+1) <XR( 7 Ry RyLy...Lz R~ Ry )

T o k) (Rl---Rk(Xé’ﬂLT...LE)R,;l---Rfl)

= ... = TTR(L,..,k) ()%(k)LTLﬁ”'LE>’

where in the last line we applied (2.2.10) k£ times. To prove the second equality in (|3.2.15))
we first use the relation (3.2.12)) and then perform similar transformations.
With the use of (3.2.15) and (3.2.12) checking centrality of ch(z*)) is straightforward

k k)11
L1 Ch(l'( )) = TI'R(2 _____ kE+1) (XR( " LTLngLm)
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The invariance of ch(z®)) under the left F&[R] coadjoint coaction follows immediately

from (3.2.13]) together with the relation (3.1.4)) for the square of antipode. [ |
Consider a series of elements of the RE algebra £&[R]
pi = T, (L), i=1,2,.... (3.2.16)

Further on they are called power sums. Following calculation
Lypi = TI"R(Q)LlRlQinszl = TFR(2)Rf21LZiR12L1 = pi L1,

proves centrality of the power sums. Here in the first and the last equalities we use formula
(2.2.10]), and the second equality is a consequence of (3.2.1]). Actually, the power sums belong
to the characteristic subalgebra €h[R]:

pi = Ch(di_l ...02 01) s

which is verified by a following transformation

Ch(O’l;l ...09 0‘1) = TI“R(L“_J) (LT‘ ..LT(Ri,1 .. Rl))

)

= Tr . oLy . Lig (Ricy ... R)Ly(Ry' ... RZ) (Rie1 ... Ry))

— T o (LT...Lﬁ (TYR(Z-)Ri,l) (R,-,Q...Rl)Ll)

= Tr (1,....i-2) (LT- L= (T‘TR(i_l)Ri—2) (Ri—3.. .Rl)L%)

= ... = TrR(Li) = p;i.
Here we repeatedly expand the notation L; = (R;1 .. R)Ly(RyY RN for j=i,...,2,

i
and use ([2.2.8)).

Let R be a skew invertible R-matrix of the Hecke type. Assuming that conditions [k] (2.3.1)
are fulfilled consider a series of elements a; € €h[R], 7 = 0,1, ... k, in the corresponding Hecke
type RE algebra £&|R)

a =1, @ =ch(a?) =T (A(i)LT...LT) Vi<i<k,  (3.2.17)

(2

where notations a, A® were explained in (2.3.2), (2.3.8). The elements a; are called
elementary symmetric functions.

Definition 3.10. Let R be a skew invertible GLy(n) type R-matriz. A central extension of
the corresponding RE algebra £B[R] by an element a,' : ana,' = 1 is called GL4(n) type
RE algebra and denoted as £GL,(n)[R]. A quotient of this algebra by a relation

an = q¢ 1 (3.2.18)
is called SLq(n) type RE algebra and denoted as £5Lq(n)[R].
Remark 3.11. An actual value of a numeric factor in the right hand side of (3.2.18]) is not relevant
i)

for the definition. Our choice allows avoiding numeric factors later in formula (| (see proof of
proposition .

Consider realization of the RE algebra £sr,(n)[R] as a subalgebra in the quasi-triangular Hopf
algebra Az (see example . In this case the condition is consistent with the pairing (-, -)
of the dual Hopf algebras Az and 2% only for the chosen normalizations for L and n = ¢'/"

for R (2.2.11)). This point is explained in appendix [A] see (A.3).
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Remark 3.12. The GL,(n) type R-matrix R and its SL,(n) partner R-matrix R (3.1.8) define
identical RE algebras.

In the theorem below we describe Cayley-Hamilton and Newton identities specific to the
GL4(n) type and Hecke type RE algebras.

Theorem 3.13. Let R be a skew invertible R-matrixz of the Hecke type. Assume that the
conditions [K] are fulfilled. Then in the corresponding RE algebra £B[R] following
Cayley-Hamilton-Newton identities [IOP.98, IOP.99)

7

i—1
iq TrR(Q,m’i)(A(i)Lng. L) = (-1 (g LTV V2<i<k (3.2.19)
7=0
take place. Multiplying by Ly from the left and taking the R-trace TTR(I) of these identities
one obtains Newton relations for the sets of power sums {p;}i>1 and the set of elementary
symmetric functions {a;}i>o |[GPS.97]
igai+ (=1)") (=qYajpij=0 V1<i<k. (3.2.20)
§=0
Both sets {1,p;};>1 and {a;};>0 in this case generate the characteristic subalgebra €h[R).
Assume additionally that R is an R-matriz of the GLq(n) type. Then the finite set {a;}1
generates the characteristic subalgebra of the RE algebra £GL,(n)[R], and following Cayley-
Hamilton identity is fulfilled [GPS.97]:
n
Y (—¢)'a; L™ = 0. (3.2.21)
i=0
This identity leads, in particular, to an invertibility of the matrixz L:

n—1
L =qla,’ Z:(—q)*Z an—i—1 L".
i=0

Remark 3.14. One can introduce generating functions a(z), p(z) for the elementary symmetric
functions and for the power sums
a(z) = Z a; x*, p(z) == Z pi .
i>0 i>1

The Newton relations (3.2.20)) can be written as a finite difference equation for the generating functions

gy = g 'w) — algr)
a(qr) p(—x) = p—— :

For the GL,(n) type RE algebra we now construct its central extension by roots of the
characteristic polynomial (3.2.21]).

Definition 3.15. Denote &,, a C-algebra of polynomials in n pairwise commuting invertible
indeterminates p=' and their differences (pa — uﬂ)il, a,fB=1,...,n, a#f.

Let R be a skew invertible R-matriz of the GLq(n) type, £6Lq(n)[R] be the corresponding RE
algebra, and €H[R] be it’s characteristic subalgebra. Consider a monomorphism €H[R| — &,
defined on generators as

ai = (b1, y flp) i= Z gy Py - - - fh, Vi=0,1,...,n, (3.2.22)
1<ji<-<gi<n

5 When defining the map (3.2.22) we implicitly assume an algebraic independence of the elements a;,
i =1,...,n. Otherwise, we should impose the same algebraic conditions on functions e;(p1, ..., tin)-
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where e; are the elementary symmetric functions of their arguments. The map
defines naturally a structure of, say, left €h[R]-module on &,. A central extension of the
algebra £GLq(n)|[R]

£6L,(n)[R] := £6L,m)[R] ® &, :

Chr
g = eo(1y- -y fin), L;-ua = uaLé- Vi,j=1,...,dimV, Va=1,...,n, (3.2.23)
is called a (semisimple) spectral completion of £GLy(n)[R]. A quotient of this algebra by

relations .
Ay = H Uo = qil.
a=1

is called a (semisimple) spectral completion of £5L,(n)[R] and denoted as £5L,(n)|R]. Variables
le are called spectral variables.

Remark 3.16. Assuming that the spectral variables pu, are invariants of the coadjoint coaction,
the algebra £6L,(n)[R] (£5L,(n)[R]) inherits the structure of left coadjoint FGL,(n)[R]- (§SLy(n)[R]-)
comodule algebra.

Corollary 3.17. In the spectrally completed algebra £GLqy(n)[R] the characteristic identity

3.2.21)) assumes a factorized form

n

[T - apal) = 0. (3.2.24)

a=1

One can construct a resolution of the matriz unity

“ (L= qugl) -
P = o) PoPP = 5,3P%, Y P =1, (3.2.25)
—; A\Ha — 1
B#a
so that LP* = P°L = quaP®. (3.2.26)

Remark 3.18. In papers [GS.99, [DM.01] DM.02] [GS.04] the factorized form of the Cayley-Hamilton
identity and the projectors P where used to construct explicitly quantized semisimple coadjoint orbits
of GL(n) and line bundles over them.

3.3. Quantized differential operators over matrix group (Heisenberg double).

Definition 3.19. [AE.91| S| Let R, T and L be as described in the definitions and
[3.7. A Heisenberg double (HD) algebra ®&[R,v| of the two algebras B[R] and £&[R] is
an associative unital algebra generated by the components of the matrices T and L subject
additionally to a permutation relation

¥2TiLy = RioLiR1xTy, wherey € {C\0}. (3.3.1)

The HD algebra carries structures of left and right §& [R]—comodule algebra, respectively,
Se(T7) Z Ti @ TF, Se(LY) Z (T Y™ e Lk, (3.3.2)
T) =Y TieT), S(Li) =Li®1. (3.3.3)

Example 3.20. The Heisenberg double is closely related to a smash product of two mutually
dual Hopf algebras (see, e.g., [M]). Namely, given a pair g and A} their smash product
algebra A A% is a linear space 2Ar ® AR supplied with a multiplication

(zgu)(yiv) == (uay,ye) (Tya) fuez)v) (3.3.4)
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where x,y € Ar, u,v € A%, and symbols (z§u), (yfv) denote elements of A A%, .
Let us calculate in the settings of the examples the smash product of the elements
(T7#1) = Tj and (14 L®}) = L&)

T LYY = LS, LSYTy = 0 ' LSY PiaRin T,
TLY = LY, LS)Th = nLy PRy T,

wherefrom it follows that the smash product of T} and Ly o (L")_IL(“)Q is given by
with v = n. However, we stress that in general one can keep « independent of the normaliza-
tion 7 of the R-matrix at a price of loosing universality of formulas. Indeed, the multiplication
in the smash product algebra is given by universally for any pair of its elements, while
the relation in the HD algebra is written for the generators L and T only.

Now we consider a geometric interpretation of the HD algebra. Applying the substitution
L;- — Z;- and taking the ”classical” limit ¢ — 1 in relation we find

[T, 6] = (P2 —~'1h2) 11, (3.3.5)

where we used the Hecke condition inaform R2 =1+ (¢ —q!

additionally R “—lp (which is true for the Drinfeld-Jimbo R-matrix

v(g) =1+ (q— qfl)% +o0(q — ¢ '). The commutation relations |D 3.2.8)) are realized
by operators

R and assumed

n
. ) . . . 4 .
=" 9278 = Tj = |gI™"g;, where gj:=pv(9);, g€ GL(n), |g|:=det|gj].
k=1 Ik

These are, respectively, right invariant vector fields and properly normalized coordinate func-
tions on GL(n). Together they generate an algebra of differential operators over G’L(n)ﬁ

Extrapolating the classical picture we can treat DB[R,~] as an algebra of quantized dif-
ferential operators over matrix group or, equivalently, as quantized functions over cotangent
bundle of a matriz group (see [AF.91) [AF.92] SWZ.92, [P]). The form of the substitution
suggests that the quantized vector fields L; possess properties of finite difference op-
erators rather then of the differential operators. In particular, they do not satisfy classical
Leibniz rule when acting on functions (see (3.3.1)).

The next proposition describes an action of the characteristic subalgebra on quantized
functions in the Hecke case.

Proposition 3.21. Let R be a skew invertible Hecke type R-matriz. Assume that the con-
ditions [K] (2.3.1) are satisfied, so that the elementary symmetric functions a; € €h[R] C
D6[R,v], 0<i <k, (3.2.17) are well defined. Then relations
i
VTai = a;T — (¢ = 1)) () i (T)  VO<i<k (3.3.6)
j=1
are fulfilled for the Hecke type HD algebra D6[R,~].

Proof: For any operator Y € Endy (V®%), where W is an arbitrary C-linear space, we
denote

Y .= (PP,...P)Y(PP>...P)7 . (3.3.7)

6 Imposing conditions v’ = 1/n, det T' = 1, Tr £ = 0 one can make a reduction to a subalgebra of differential
operators over SL(n).
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For any R-matrix R we define series of operators J;, Z;
A
Jy=1, Ji1:=R; ;R  Vi>1, Zi=[]7- (3.3.8)
j=1
Remark 3.22. Elements J;, 1 < j < i, are R-matrix realizations of a remarkable set of Jucys-
Murphy elements in the braid group B;:
jlizl, jj-‘rl::O'jjjo-j ijl,,z—l

These elements generate a commutative subgroup in B; and their product z; := H;Zl Jjj is a central
element in B;. For their applications and for historical references see, e.g., [OP.01].

With these notations permutation relations (3.2.1), (3.3.1) can be suitably written for
arbitrary R-copies of the matrix L:

(L Ji)(L7J5) = (L3J5)(L i), (3.3.9)
VT = (Lggdi) Ty = Ri (L) BTy Vi, j>1. (3.3.10)

Here the second equality follows from the recursive definitions of L;75 and J;11, while the
first equality can be easily proved by induction on .
Next, we prepare a suitable expression for a; (3.2.17)):

a = TrR(LMZ-)(LT...L;A(”) - qi@*l)TrR(l,wi)(LT...LEZZ-AU))

= @I (L) (L0) AD) (3.3.11)

Here we substituted Z; A = ¢~ =D A® in the first line and used a commutativity relation
L:J; = J; L; Vi,j:1>7 (3.3.12)

in the second line. By relabelling the subscript indices of the R-traces we then recast (3.3.11))
in a following fornﬂ

11

Lag = DTy i) ((Lle) (L) A@) (3.3.13)

Now we are ready to permute 77 and a;. Substituting expression (3.3.13)) for a; and using
relations (3.3.10) and (3.3.12]) we calculate

VT a; = A2 Ty (Lai) = ql(l_l)ylerR(gwwH1)T1<(LTJ1)...(LZ—.Ji)A(Z))
= qi(i_l)TTR(z, i) ((L§J2) o (Lgg i) Aﬁ)“) Ty

= DT i ((Lg. Ly) Zina A(ml> .
To continue the calculation we need following formula

Zipg ADTL — AO1 7 AOTL — =ii=1) <q2A(i)T1 — (P~ 1)+ 1), A(i+1)> ’

7 Notice a similarity of the formula (3.3.13)) with the relation (2.2.10). The role of the R-matrices R*® is
now played by the permutation matrix P (see (3.3.7)).
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which follows by a combination of the definitions ([2.3.3)), (2.3.8)), (3.3.8)), and relations (2.3.4),
(2.3.5)), (2.3.6). So we finish the calculation

VPTa = Tooign|(Bge Do) (BAOT = (@ = 1)+ 1), AT | 1y

i
= Ty + (=) (= 1) ) (~) 7 a; (L7 T),
§=0
= oD — (" -1 Y (-9)7ai;(L'T);. (3.3.14)
j=1
Here we calculate the first summand in the second line taking into account equality
(Ly... L) AT = (Ry .. R)(Ly... L) AD(Ry ... R;) ™!

and using ¢ times formula (2.2.10)). For calculation of the second summand we use the Cayley-
3.2.19

Hamilton-Newton identity (3.2.19)). Thus (3.3.6)) is proved. ]
Remark 3.23. For the set of power sums (3.2.16) the permutation relations with T' ]’ in the Hecke
case read
i—1 .. .
i - 2j j —1y (2 i
VTp, = piT + (a—q 1)22(2—)%4 (T) + (4 —q 1)(Q)q(fl T).
j=1 71 1

One can derive this formula applying the R-trace TrR(z) to an equality 72Ty (L2)* = (RL1R)*Ty and

taking into account relations

i—1
(RLiR)" = R(L1)'R + (q— qil)Zsz(Ll)iin(Ll)ja
j=1
R¥ = 27 (¢ '+ ¢TI+ (¢¥ —q¢¥)R) ,

These relations, in turn, follow inductively from the Hecke condition (2.3.6: and the reflection equation
(3-2.1). Note that in this case there is no need to impose restrictions (2.3.1)) on g.

Proposition 3.24. Let R be a skew invertible GLy(n) type R-matriz. An extension of the
corresponding HD algebra D&[R,~] by the elements (det,, T)~ ! and (a,) ™", satisfying relations

Y L(det, T)™" = ¢*(det, )" (O,LO; "), (3.3.15)
V' (an) ' T = T (an)™", (3.3.16)

in addition to those, given in deﬁnitions and is called GLy(n) type HD algebra and
denoted as DGLy(n)|R,7].

Let R be a skew invertible SLy(n) type R-matriz. In the corresponding HD algebra DGR, 7]
let us restrict the parameters by condition ¥ = q and take a quotient by relations det, T' =1
and a, = q 1. The quotient algebra is called SL,(n) type HD algebra and denoted as
DSLq(n)[R].

Remark 3.25. Notice consistency of the SL,(n) reduction condition v = ¢ with the parameter
restrictions 7 = ¢'/” in the example and v = 7 in the example

Proof: Relations (3.3.15) and (3.3.16) should be consistent with permutation relations for
det, T" and a, in the algebra ©&[R,v]. Permutation relation for a, with T were in fact
derived in the first line of the calculation (put ¢ = n and take into account that
A = 0 in the GLy(n) case). Permutation relation for det, T with L can be derived by
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the same method as for det,, T with T" (see [Gl, sec.5, or [Is.04], calculation (3.5.39)). Given
these results the consistency is obvious.

In the SLy(n) case (O oc I, " = q) the elements det,T" and a, are central. Hence,
DSLe(n)|R] is consistently defined. [ |

Corollary 3.26. In the GLy(n) type HD algebra elements of the characteristic subalgebra
satisfy following commutation relations with det, T'

Ak detRTch(x(k)) = ¢* ch(a:(k))detRT vz e Hy(q), k=1,2,....

Proof: A proof is a direct calculation of permutation of ch(z®) (3.2.14) and det, T ex-
ploiting relations (3.3.15) and properties of the matrix O, (3.1.7)

Ry ORl OR2 = ORl OR2 Ryo, OR Dy = Dy OR
The latter relations are proved in [OP.05], section 5.3. [ |

Theorem 3.27. Let R be a skew invertible GLy(n) (SLy(n)) type R-matriz. An extension of
the corresponding HD algebra DGL4(n)[R,] (DSLy(n)[R]) by the algebra &, of polynomials in
mutually commuting indeterminates ptt, (po — ,u/g)il satisfying relations together
with

Y (PPT) pro, = 4% (P°T)  Va,B=1,...,n, (3.3.17)

or, equivalently,

VT po = pia T + (¢* = Vo (POT),

is called a (semisimple) spectral completion of the GLy(n) (SLy(n)) type HD algebra and
denoted as DGLy(n)[R, 7] (DSLy(n)[R]).

Remark 3.28. To avoid problems with permutations of (pa —p5)~* with P?T one could assume in-
vertibility of all elements (o —q?*113) ¥V # 3, k € Z. Further on we will not make such permutations
and so we don’t impose the corresponding restrictions.

Remark 3.29. Assuming that the spectral variables p, are invariants of both left and right coac-
tions, the algebra £6L,(n)[R,v] (£sL,(n)[R]) inherits the structures of left and right FcL,(n)[R]-
(§5L,(n)[R]-) comodule algebra (see definition [3.19).

Remark 3.30. Note that relation (3.3.17)) is typical for Weyl algebra generators. In fact there are
many ways to combine from the elements (PBT)ij a set of n generators satisfying Weyl relations with
the spectral variables u,. One such possibility is used later in section

Proof: We have to check consistency of relations (3.3.17)), (3.3.6) with the conditions a; =
ei(fi1y - pin) = ei(p) for 1 <i < n. Denote e;(/®) := e;(p1)| o0 - We have

ei(p) = ei(n'™) + paeia(p’®) = e(n’*) =D (—pa) eij(n). (3.3.18)
=0
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Using relations (3.3.17), (3.3.18), (3.2.25) and (3.2.26]) we calculate

VT ei(p) = %3 (POT) (e(n/®) + pra i (/™)

a=1

(caln/™) + @Ppaeia (0/)) (P°T)

i—1
(ei(n) + (@ = 1) tta Y (—aV eimgr (1) ) (POT)
7=0
eil) = (@ = 1) Y (~LfaVeii(n) Y- (P°T)

j=1 a=1

I
WE

Q
Il
—_

I
NE

i
I

I
/N

= ()T - (@ =1 (—a)eij(p) (LT),

j=1
which coincides with (3.3.6)) under identification e;(u) = a;. [ |

Corollary 3.31. In the completed GLq(n) type HD algebra DGLy(n)[R,~] following permu-
tation relations hold

72"detRT,ua = q2,uadetRT Va=1,2,...,n. (3.3.19)
Proof: Using formulas (3.1.6)), (3.2.25), (3.3.17) we can permute det, 7" and p:

yrdety Tia =" Y Tr, o (AD(PAT) . (PPT),) pa
617---7577,:1

n

o Y FEENT, L (AD(PAT), L (PPT),). (3.3.20)

Assuming that
Tri,. .. n) (A(”) (PAT), ... (PﬁnT)n) = 0, if there exists a pair4,j: §; = 3;, (3.3.21)

we conclude that for any nonzero summand in (3.3.20)) the coefficient q2 21 %ap; equals ¢2,
and therefore we can complete the calculation

n
Vet T o = e Y, Tra,.. o (AMPIT), . (PT),) = ¢° podet, T
ﬂl’“wﬁn:l

It lasts to prove the assumption. First, we note that conditions on §; in (3.3.21)) stand that
there exists integer o: 1 < 0 < n, and 0 # ; Vi. Therefore, any projector P% in (3.3.21)
contains factor (L — qusI). Using relations (3.3.10]), (3.3.17)) we can move all such factors to
the left side of the expression. Thus we obtain

left hand side of x Trr,. (A<"> {Hyzl(L;Jj - q,uUI)} N ) . (3.3.22)
Next, we note that the expression in braces is a symmetric function in a commuting set of
matrices L;J; (see ) which by relations
Ri(L;Ji)(LizgJiv1) = (Lidi)(LiggJi1) Ri, - Ri(LiJi + LizgJiva) = (Lidi + LiggJiv1) Ris
and by together with the same formulas for Jy commutes with R;, i =1,...,n — 1,
and so with A . Hence, using relations A™ = (A(™)2 and rkA™ = 1 we can separate a
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left factor k :=Tr(y, .. ») (A(") H?:1 (L;Jj — q,ugl)) in (3.3.22)). This factor we now calculate

explicitly.

Taking into account relations (2.4.5)), (3.3.9), (3.3.12) and A J; = ¢~ 20-D AM) we trans-

form the expression for k:

f= T (AT (25— 62 o)) (3.3.23)

Expanding this expression in powers of L and noticing that
—n) (K)g!(n—k)q! _ -1
qn(k n) ( )q((? : )a = qn(k n) (Z)

n)q!

Tr (1. (A(")LE. L—k) =T (1,....n) (AWLT

)

2.4.4

... L

k

assumes TrR(k 1, n)A(”) =

we find that k-th order monomials

) = G, W

q

are equal to each other for any choice of indices 1 < i1 < ... < n. Their corresponding

coeflicients in (3.3.23) sum up to

(—q_l,uo)n_k Z q2 Zf:_lk i qn(n—k) (Z)q(_,ua)n—k ’

1<61 < ip_k<n

and so we obtain
n

n
k=q" Y ar(—po)" " = ¢" [[(ta —p0) = 0,
k=0

a=1

where we took (]3.2.23)) into account.

3.4. Quantized left invariant vector fields. In a classical differential geometry of the Lie
groups one uses two global bases on tangent bundles — the bases of right and left invariant
vector fields. In previous sections we discussed quantization of the right invariant vector
fields only and defined the HD algebra ®&[R,~] in their terms. To demonstrate a left-right
symmetry of the whole construction we now describe the HD algebra using a set of left
invariant generators. We also find explicit relations between the spectra of left and right
invariant vector fields in both, the GL4(n) and the SL,(n) cases.

In the assumptions of the definition [3.19| consider a matrix M whose components belong

to DB[R,):

Mj= Y (T, L, T

k,m

(3.4.1)

Taking into account transformation properties of the matrix elements M ; with respect to the

left and right F&[R]-coactions (3.3.2)) and (3.3.3))

So(M}) = 1@ M, 6(M) => (IO, T/ ® M}, (3.4.2)

k,m

we shall call them a basis of quantized left invariant vector fields over matriz group.
One can give presentation of the HD algebra D®[R, | in terms of generators T} and

M ;, and relations

Ri2T2Ty = TyTiRia,

* * * *
Ri2 M1 Ri2 My = My Ri2 My Rz,

* *
Y 2MyTy = Ty Ri2 M Riz,

where we denote

Ri2 := (PR7'P)12 = (Ra1)™'.
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*
Necessary technical data about R are collected in lemma in appendix

By (3.4.3)), the entries of matrix M generate yet another RE subalgebra 26[]*%] in the

HD algebra ®&[R,~]. By (3.4.2), the subalgebra £(‘5[1*%] is a right coadjoint §&[R]-comodule
algebra. We also notice a nontrivial but quite expected property of the quantized left and
right invariant vector fields — their mutual commutativity

My Ly = Lo M.

In the rest of this section we investigate the characteristic subalgebra €h[ ;%] C Lo ;2] In
particular, we shall see that €h[R] = €h[R] for the DE[R, v|-subalgebras £&[R] and LS[R).

It is suitable to introduce ]%—copz’es of the matrix M (c.f. with (3.2.9))

]\4—1 = Mla M* = Rk%(Rk)_la (346)
1 k+1 k
and R-matrix realizations of the Jucys-Murphy elements (c.f. with (3.3.8) and remark (3.22
Jvi=1,  Jiy = RiJrRe  Vk>1. (3.4.7)
In their terms the relations (3.4.3)), (3.4.4) can be written as (c.f. with (3.2.10)), (3.3.10]))
RM,M. = MM. R,
k k+1 k  k+1
9 * 0\ T1 *
- (M* Jk) ™ o= T (M* Jk+1> . (3.4.8)
k k+1

We now assume that the R- matmx R is skew 1nvert1bll and mtroduce two generating sets

in the characteristic subalgebra €h[R ] C £¢] R] the power sums pk
Py = Trﬁ(Mk), k=1,2,...,

and, assuming additionally that conditions [k] (2.3.1]) are fulfilled, the elementary symmetric
functions a

— e i (3) .
Goi=1,  a;i= Try i)<A MTM§M) V1<i<k. (3.4.9)

et

Proposition 3.32. Let R be a skew invertible Hecke type R-matriz and Dy, be invertible.

Assume that conditions [k] ( are satisfied. Then for two sets of elements in €h[R] C
DS[R,y] — a4 and a; — following relations are satisfied

EZ: g YO<i<k.

Proof: We transform the expression 1} for a; in a following way

a; = Tlré(1

PR

o (MM AD) = O (L) (L) AD)

Here we used formulas
T AD=2EDi0 w1 <k<i, and MJy=J,MV1<k<i, (3.4.10)
which, in turn, follow from (B.3)), (3.4.6), (3.4.7). Z Z

8This is indeed the case if R is skew invertible and Dy, is invertible (see lemma in appendix .
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Then we apply lemma from the appendix [B| and use the relations to move ,Zi(i)

leftwards

b= q—i(i—l) ,yi(i—i-l) Tré(l

v T 41, 20) (Tg)Tgi)(LT)i oo (LT)ngi)A(i)Ti X
x(Ty.. 1) TR,
Here matrices Tﬁ*) are defined in 1)
Next, we permute AT with T(EZ) and cancel terms Tgﬁ)ng) on the left and TgZ)Tg) on
R
the right. The latter cancellation exchange the R-traces Tr, and Tréz

*

_—i(i—1) i %(7) o (20) 1
a;= ¢ 't )’Y(+)TYR(L---J)T%(H1,...,2i)<(LT)i---(LT)IA()Té (Ti...Th) )

In the resulting expression all the R-traces Tré can be evaluated with the help of

lemma [B.3] So, we continue
ai= gD T (LT (BT AD (T ) )

(G+1,...,2i)

= ¢f(=D yii+D) Te (L) (LT)i(Th - . Tz’)_lA(i))
Here in the first line we used formula (B.14]) and (3.4.10); in the second line we applied
formula l) and then, moved the two terms Tg), respectively, to the left and to the right
and cancelled them under the R-traces TTR(I,...,%')' Finally, using repeatedly permutation

relations (3.3.10) and then formula (3.3.11)) we complete the transformation
. R L
a; = qz(lfl) ,.Yl(lJrl) TrR(l"”’i) ((LT)l (LT)Z_1<<LTJ1)T1T1 1) (Tl .. 'E—Q) 1A( ))

o= gl 2 TrR(L_“,i)<(LTJ1) . (L;Ji)A(i)) — g, m

Remark 3.33. For the sets of power sums p; and ]*)1 one can prove following recurrent relations

*

1—1
P =i — (= a ) Y epiy -
k=1

Corollary 3.34. Let R be a skew invertible R-matriz of the GLq(n) type (in which case D,
is inwvertible, see proposition . Then for the matriz M generating the RE algebra

*

£G6L,(n)[R] C DGLy(n)[R, 7] following Cayley-Hamilton identity is valid:
S (=1/g) a; M =Y (=4 /g) e MM = 0.
=0 i=0

*

In the spectrally completed algebra £GLy(n)[R] C DGLy(n)|[R,~] this identity assumes a com-
pletely factorized form

a Vo
[T - p I) =0. (3.4.11)

a=1
With the factorized characteristic identity (3.4.11)) one can construct yet another resolution
of matrix unity (c.f. with (3.2.25))

o (M —~%q gl -

S = . 8988 = 5,557, SY =7, 3.4.12
g V24 (e — i) B O; ( )
B#a
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so that MS* = SM = v o S*.
Relation between the two sets of projectors P* and S¢ is explained in the following propo-
sition.
Proposition 3.35. In the spectrally completed algebra DGLy(n)[R,7] (DSLe(n)[R]) one has
porsh = 0ap PT or, equivalently, PYT =T8¢, (3.4.13)
Proof: Taking into account relations TM = LT, and one finds
P°TM = P°LT = qua(P°T) = (P*T)7*q  jra -
Hence, in view of

pors? = por I V0 (e = o)
g 124 (Mg — Ho)

In case a # 3 the factor with o = « in the product vanishes. In case a = 8 (and so, 0 # «)
all the terms in the product are equal to 1. So, the relation above reduces to the first equality

in (3.4.13). n

3.5. Derivation of dynamical R-matrix. In [AF.91] A.Alekseev and L.Faddeev used dy-
namical R-matrix in their construction of the Heisenberg double algebra. Namely, they
observed an appearance of the classical dynamical r-matrix in the Poisson relations for cer-
tain classical variables and then, by postulating a quantum counterpart of those relations,
they derived defining formulas (as in the definition for the algebra D[R, ~].

In this section we are aimed to explain an origin of the dynamical R-matrix in the context
of the HD algebras. We show that the dynamical R-matrix — R(u).s — appears in the
permutation relations for matrix components of the matrices

We := P°T = TS“, (3.5.1)

and the arguments of the dynamical R-matrix are just the spectral variables p,. In a sense,
we solve an inverse problem to that considered in [AF.91].

Recall the definition of two projectors associated with the Hecke type R-matrix (see (2.3.6))
-1
TG Ll W N B et 1 (3.5.2)
q+q! q+q!
These projectors, called the antisymmetrizer and the symmetrizer, serve for suitable separa-
tion of the different eigenspaces of R.

Theorem 3.36. In the completed HD algebra DGLy(n)[R,v] (DSLy(n)[R]) the matrices W
satisfy relations

S@){waf + wag}A@) - A(Q){Wf”Wf + wag}s@) — 0 Va8, (35.3)
SO (g = Ppa)WEWE + (1o = Pug)WPWS S = 0 Va# B, (354)

A(Q){(ua — Pug)WEWE + (g — P a) Wi WS

~ (0" = 1) ta s WEWS = (¢ = 1) g 05 WWE AP = 0 Va £ 8, (355)

where pag = 1,105 “;;f;’;o‘. Relations (3.5.5)—(3.5.4) and (3.53.17) (together with the ap-

propriate conditions on the spectral variables i) define the algebra DGL,(n)[R, 7] (DSLy(n)[R])
in terms of generators W, po, a=1,...,n.
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Proof: Consider the product Wf‘Wzﬁ, where a # 3. With the help of (3.3.17) and ((3.3.10))
we can reorder terms of the product in a following way

(L1 — qug)(LaJ2 — ¢*pia)

Ly — o) (LyJz — qiio
¢ (pa — 18) (18 — Pha) w, W= ] By~ ane g ~be) g,

wewy =
P odaB P (po — o) (5 — Ho)

Here factor Wloéﬁ commutes with the R-matrix Ri5, which follows by the same arguments as in

the proof of corollary see below (3.3.22)). We now extract symmetric and antisymmetric
3.5.2)

parts of the product using projectors (|

2 2
L+ L= 4 I — q (l‘6+#&) L L= Hp—q" Ha L1 — L=
5(2)[/[/10‘[/[/2[3 — 52 1Ly fs + 4 pratts q+q T (L1 + LgJ) + g+q~! (L1 2) Wle;ﬁ?

(o — 1p) (15 — ¢*fia) (35.6)

4 2 9

(2) 3 @) L1 LyJa + ¢*puaps] — ”iijff“ (L1 + LgJs) + %(Ll ~Ly) .

AW = 4 2 2 Wiy
¢ (o = p15) (15 — 4*pta)

(3.5.7)
Here we separated linear in L terms with the opposite symmetry properties
Ry (L1 + LQJQ) = (L1 + LQJQ)Rl , Ry (L1 - Lg) = —(Ll — Lg)Rfl R (358)
which was done by the use of relation
I+ Ry?
@ raly +applsts = M{(NﬁR% + @pal) (L + Lga) + (¢Pa = 1) (L1 — Lg) }

The symmetry properties imply, in particular, that the only term contributing to

expressions A2 Wf‘Wf S@ and S (Z)Wlan A®@ is the one proportional to (L1 — L3), while

the terms (L1 LgJ2), I and (L1 + LgJa) contribute to SOWEWES@ and AQWew) A®@).
It is now straightforward to check that formulas and follow from relations

(13.5.6), (3.5.7). To check formula (3.5.5) one needs also similar expression for the product
WWws:
L1 LsJs + ¢? 3T — qug(Ly + LyJ
wews — 1 22 2 Hp MQﬁ( 1 3)2) ngﬁa
P Pap(ba = 1) (@ Ha — 13)

and analogous formula for Wlﬁ WQ/B . Here factor ¢,3 was defined in the proposition.
It lasts checking that defining relations for the algebras DGrL,(n)[R, ] and DSLy(n)[R] can be

derived from (3.5.3)—(3.5.5) and (3.3.17)). It is convenient to check relations for the matrices
T and LT:

RiT\Ty = T'ToRy, Ri(LT)1(LT)s = (LT)1(LT)2Ry, ~+*T1(LT)2 = Ri(LT)1ToR;. (3.5.9)

For GL4(n) and SLg(n) types HD algebras, where T is invertible, these formulas imply (3.2.1))
and (3.3.1). Substituting expressions

T = ZZ:1WQ’ LT =q 23:1 fa W

one can easily prove that the first two relations (3.5.9) follow from (3.5.3) and (3.3.17).
Checking the last formula in (3.5.9) is also straightforward, although more lengthy. To this

end one has to use the whole set of relations for W’s and to take into account the identity
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Corollary 3.37. Relations — can be equivalently written as

n
e [Wf‘Wle - 3 R(gpi) W{"'WZB/] — 0, (3.5.10)
o, B=1
n /
A® [Wf‘Wle — 3 RMgu)op Wi Wf] _— (3.5.11)
o,f'=1
where n? x n? matriz R%(q; u) has following nonzero components
-1 -1
9—q )ps saB _ 4 " fa — qpg
RS =g, RS = o Ry = TR vagp,
o o0 fo — 11 g Ha — 11
and n? x n? matriz RA(q;,u) has nonzero components at the same places as R° with values

RA(q;p) = R5(—q ' 1), and the additional nonzero components

aa (q4 — 1) phar Pap

RAGe = —RACY = Va# 3.
’ 7 qta — pp) 7
Both matrices RS/ (q; 1) = RS/4(p) satisfy dynamical Yang-Baxter equation:
12 23 12 23 12 23
R(p) "R(V'(w)"R(p) = = R(V'(w)"R(p) "R(V'(n)™. (3.5.12)

Here superscript labels denote endomorphism spaces for the spectral indices, e.g., R(M)gllg; =

R(p)'2, and V' is a diagonal finite shift operator
V! = diag{V?},_T : V*ug) := ¢®Py2us. (3.5.13)

Proof: Apply the symmetrizer S and the antisymmetrizer A®) from the right to both
sides of the equalities (3.5.10)), (3.5.11]). The resulting projections is easy to compare with
(13.5.3)—(3.5.5]).

To prove the dynamical Yang-Baxter equation for the matrices R*(q; 1) and RS (q; u) we
consider, respectively, the following cubic terms:

ACWeWwPwWg  and  SOwpwlwy .

Here 3-antisymmetrizer A®) = pR(a(3)) is the R-matrix realization of the idempotent a(3)
(see (2.3.2)), (2.3.3)), and 3-symmetrizer S®) is a similar projector which differs from A®) by

substitution g «» —¢~! in the formulas (2.3.2)), (2.3.3). Now applying two equal operators
R1RyRy and RyRj Ry from the right side to these terms and using relations (3.5.10)), (3.5.11])

and (3.3.17) one eventually proves (3.5.12) for R4/(q; ). ]

Remark 3.38. The dynamical R-matrix R(q; 1) was constructed in [F.90, [AF.91 [s.95]. A review
on the dynamical Yang-Baxter equation and the dynamical R-matrices is given in [ES]. It is surprising

that in our approach the dynamical R-matrices R4/ (¢; i), being the solutions of the nonlinear finite
difference equation (3.5.12)), are calculated by solving a system of (at most three) linear equations.

In conclusion of the section we comment how relations ([3.5.10]) can be reduced to dynamical
quadratic relations considered in [F.90, [AF.91]. Recall that a (Hecke type) quantum plane
V[R] is an algebra generated by components of vector {x; }&™V subject to relations

T(1|T (2 A(2) =0 = T(1|T(2| 5(2) = X(1)T(2| - (3.5.14)
In the tensor product algebra V[R] ® DGLy(n)[R, | consider a rectangular matrix

AY = Z?i:rrivxj@JWjO{, a=1,...n, i=1,...,dimV .
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As a consequence of (3.5.10)), (3.5.14]) the matrix components of A fulfill relations
1) 42 1) 42
AT AT Riz = R  ATy AT

Assume additionally that ¢) dimV = n, and i) the quantum plane admits a one dimen-
sional representation x : V[R] — C (note that both these conditions are satisfied for the
R-matrices from the example .

It is the square matrix x(A) € DGLy(n)[R,~] whose dynamical quadratic relations (3.5.15])
were introduced in [F.90, [AF.91] and also investigated in [HIOPT| [FHIOPT].

(3.5.15)

4. DISCRETE TIME EVOLUTION ON QUANTUM GROUP COTANGENT BUNDLE

4.1. Automorphisms of the Heisenberg double algebra. In this section we investi-
gate a sequence of automorphisms on the HD algebra D®[R,~]. These automorphisms
were introduced by A.Alekseev and L.Faddeev [AF.91) [AF.92], who interpreted them as
a discrete time evolution of a g-deformed quantum isotropic Euler top. The automorphisms
0% : DB[R, ] — DB[R, ] are given on generators

(r, Ly 25 [Tk, Lk)Y, YEk=0,1,2,...,
TO):=T, T(k+1):=LT(k)=L'T, Lk):=L. (4.1.1)

It is easy to see (c.f. (3.5.9))) that the map € agrees with the defining relations (3.1.1)), (3.2.1)),
(3.3.1)) of the algebra D®[R,~]. Less obvious is its consistency with the SL,(n) type reduction

conditions.
Proposition 4.1. The map 0 defines an automorphism of the algebra DSLq(n)[R].

Proof: It is necessary to check that det, (LT) = 1 in the SLy(n) case. To this end, we use
formula

(LT)(LT)y...(LT), = ~y "Dz (LiLy... L) (T Ts... Ty)

to separate matrices L and T in the expression for det, (LT). This formula follows from
(3.3.1), (3.2.10), (3.2.11)) and (3.3.8)) by induction on k.
The calculation of det, (LT') proceeds as follows

77777

= (’yq)in(nil) TI‘(L ..m) (A(n)LT . Lﬁ) TT(L ..n) (A(n)T1 e Tn)
=¢"y "V (o (AT Ly L) det, T = (v™™)" " qan det, T, (4.1.2)

and so, under conditions det, T' =1, a,, = g '1, 4" = ¢ we have det, (LT) = 1. Here in the
second line we substituted A Z, = ¢~ A and used the condition rkA™ = 1; in the
last line we applied and the definitions of det, T" and ay,. [ |

In what follows we will investigate the automorphisms for HD algebras of the types
DGL(n)[R, ] and DSLy(n)[R]. A key point for their dynamical interpretation is a possibility
to write down following ansatz

T(k+1) = LT(k) = (qan)/" ©T(k)©"", where © € Th[R]. (4.1.3)

Here the dynamical process — evolution — is thought as an inner HD algebra automorphism,
and © plays a role of the evolution operator. As the evolution keeps L unchanged, it is natural
to assume that © belongs to the center of the RE algebra generated by the matrix L. More
specifically, we will look for © as a formal power series in spectral variables pqo, a =1,...,n,
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which we denote as €h[R]. We also note that the condition © € €h[R] makes the ansatz
manifestly covariant with respect to both left and right coactions , (13.3.3]).

Factor (ga,)'/™ in the ansatz becomes trivial for the SL,(n) type HD algebra. In
the GL4(n) case one adds this scaling factor to make the ansatz consistent with the evolution

of det,, T', see 1’ One assumes following relation for the newly introduced element a}@/ "

(c.f. with (3.3.16))

Tal™ = (q'y_”)Q/n al/" T, (4.1.4)
Then, consistency of (4.1.3) and (4.1.2) results in a commutativity of det, T' with ©:
det,T© = ©det, T, (4.1.5)

which again trivializes in the SL,(n) case.

Remark 4.2. The action of the automorphisms #* on T can be equally treated as write multiplica-
tions by powers of the left invariant matrix M:

T(k+1) =TMk)M =TM", Mk) = M.

The relation (3.4.1) between L and M would no more be valid if one would treat them as quantized
right and left invariant Lie derivatives acting on quantized external algebra of differential forms over
matriz group. In this case one would have a two-parametric series of automorphisms:

(k,m)
(T, L, M} - {L*TM™, L, M}, Yk>0,m>0.

Example 4.3. Let us show that in the ribbon Hopf algebra setting the ribbon element
v € Ar generates the evolution (4.1.3) in the smash product algebra Ar#2%. For this we
first have to specify pairing for the ribbon element. Using the definition (2.1.6) and relations

(12.2.12)), 1| and setting n = ¢'/™ as in the example we calculate
1
(T, v*) = (T, uS(v)) = py(u) py(S(u)) = 772DRC’R = g£Er.
Therefore, taking into account centrality of the ribbon element v in 2, it is natural to define
(T, v) = ¢'a~™ 1.

Using this formula and relations (2.1.6), (3.2.5)), (3.3.4) we now calculate conjugation of
matrix 7" with the ribbon element

vTv !t = (vid) ([dOT, A(v™'NT = (vRid) (IdT, (v @V )RaR12) T
= (T,v N (id®T, RuRi2) T = LT.
Note that defining relations for the evolution operator © (as a function of the spectral vari-
ables ji,,) and for the ribbon element v, both admit multiple solutionsﬂ Therefore, a problem

of finding explicit expression of the ribbon element v in terms of spectral variables p, demands
further investigations.

4.2. Equations for the evolution operator ©. Using the results of section [3]it is straight-
forward to derive equations for ©. We consider in details, the evolution in the SL4(n) type
HD algebra. In this case we assume

O =0(u1y..\pn), where a, =[['_ipa=¢ ' and 7= g (4.2.1)
Applying from the left the projector P* to both sides of (4.1.3)) we obtain
Qo (P°T) = O(P°T)O', Va=1,...,n.

9 The ribbon element is defined modulo central factor z € Ar: 22 =1, S(z) =z, €e(z) =1, A(z) =2®z.
For the evolution operator O(u) different solutions are constructed in the next sections.
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Multiplying this equality by © from the right and permuting © with P*T in the left hand
side with the help of (3.3.17]) we finally get

e O(q ", P ey 7 ) (POT) = O, ) (POT).
We state the result in a following proposition

Proposition 4.4. For the Heisenberg double algebra DSL,(n)[R] the evolution operator ©(pu,)
in (4.1.9), is a solution of equations
01 O(T* (1)) = Ouz) Va=1,....n, (122)

where V* are finite shift operators introduced in . In the SLqy(n) case their actions
are

1
V¥ ug) = g?Xes L, Xop :=06ap — — Va,B=1,...,n. (4.2.3)
n
The n x n matrix X is a Gram matriz for the set of vectors €, € Q", a=1,...,n:
o 1 .
e;::n( —1,...,—-1,n—-1,-1,...,—-1), Xop = (€q,€5) -

(a—1) times
X is positive semi-definite of the rank n—1 (Y o _,€F=0).
For the Heisenberg double algebra DGL,(n)[R, 7] the evolution operator © is suitably param-

eterized by variables z := (qa,)"/" and v,
Vo 1= ,ua(qan)_l/”, such that [ Ve = v det,T' = det, T'vy Va.
The evolution equations for O(vi, ..., vy; z) read
e OV (vp); (g7 ™)™ 2) = O(va;2) Ya=1,...,n, (4.2.4)

where shift operators V< are deﬁned as in (“) Since T[_ = 1, this system is
consistent provided that ©(vg; ¢y~ 2" 2) = O(vg; 2) (c.f. with (14 3)) Demandmg that ©
does not actually depend on z one reduces (4.2.4) to (4.2.2).

Proof: The SLy(n) case is already considered. Taking into account relations (4.1.4) and
(3.3.19) a derivation of the evolution equations in the GLy(n) case is the same. [ |

In the next two subsections we will construct particular solutions of the S L-type evolution
equations (4.2.2)).

4.3. Solution in case \q| < 1. Let us look for solution of (4.2.2)) as a series in p,. Taking
into account condition (4 we exclude one dependent Varlable say fin , from the expansion

Olpa) = Y (k) b7yt (4.3.1)
kez™ !
where Z" Y = {(k1, ... ,kn_1) : ki € Z}, and the coefficients ¢(k) are C-valued functions on
Z"1. Substitution of (4.3.1)) into (4.2.2) gives conditions on the coefficients:
ck+&) = q(H%ZZ;} Asgha) k) Ya=1,....n—1. (4.3.2)
Here €, := (0,...,0,1,0,...,0), and Atg =nXesis a (n — 1) x (n — 1) positive-definite
——
matrix. (a—1) times

The general solution to (4.3.2) is
o(F) = g VEAB+AR ] (4.3.3)
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where we choose normalization ¢(0) = 1 and use notation (k, A* k) = Za 5=1kaAlgks, and
T=(1,...,1), s0 that (T, k) = "2 ka.

Remark 4.5. The matrix A ; is a Gram matrix of a lattice A;,_; dual to the root lattice A,

(see [CS], chapter 4, section 6.6). The corresponding quadratic form (k, A* k) is often referred to as
Voronoi’s principal form of the first type.

The ansatz (4.3.1)) gives a particular solution (4.3.3]) of the evolution equations, we denote
it ©1), Introducing a parameterization
1

S
|

1
q = exp(2miT), ql/"ua = exp(2miz,) : 20 =0, Q= —TAgﬁ = 27 (0ag — —),
n n
a=1
(4.3.4)
we can write ©1) as a Riemann theta function 6(Z, Q) (see [Mum, )
OW(1) = 0(ZQ) = Y exp {m (k, QF) + 27 (, z)}. (4.3.5)

Eeznfl
Here 7 is a modular parameter and ) is a matriz of periods. Expression (4.3.5) converges
either if |¢| < 1, or if ¢ is a rational root of unity, in which case the series can be truncated.

Remark 4.6. One can present formula (4.3.5)) in a manifestly covariant form:

o =eW(z 4x |, 1) = Z eXp{27T1 <E E) +27ri<§,‘z')}.
. kear_,
Here vectors k = E k e} label Vertlceb of the lattice AY_,, and Z = Eg;i Za€o, Where e, = €4 —
€n, a=1,...,n—1, (see line below ([4.3.2))) are basic vectors of the root lattice Ap_1: (€}, €g) = daz.

In the simplest SL,(2) case the evolution operator O becomes the Jacobi theta function:
oW (1) Zq2k(k+l pk = Zexp(ﬂi E*m 4 2mikz1) = 03(215 q),
kEZ kCZ

or, in a multiplicative form
oo

OM(m) = JJ0-¢"A+q"n)A+q" " /).

n=1

4.4. Solution for arbitrary ¢. In this section we derive yet another particular solution of
the evolution equations , the one which is well defined for arbitrary values of q. The
idea of such solution was proposed in L.D. Faddeev’s lectures on two-dimensional integrable
quantum field theory [F.94] (see also [F.95]). We use heuristic arguments inspired by consid-
erations in [AF.91]. For the moment we assume dim V' = n, so that the range of the indices

« and i, j in the projectors P73, S7; is the same. Consider following n x n matrices

n
= Zuzk P, Vi = ) S5 oy,
k=1 k=1
where the only restriction for the auxiliary parameters u;; and v;; is their commutativity
with the spectral variables pi,,
[uij7 IU’OC] = [Uija :uoc] =0 Viajaa
As a result of the Cayley-Hamilton identities (3.2.24), (3.4.11]) we have matrix relations
UL = ¢qDU, MV = ~* VD, where D :=diag{p1,...,pun}-
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Moreover, by (3.4.13)), matrix @ := UTV is diagonal

Q = diag{wi, ..., w,}, where w; = (uPiTv) ,

[

and, by (3.3.17), w; satisfy following permutation relations with p; and z;:
W; hj = qzéij’y_Q P w; = Wiz = (Zj + 27’(52‘3' — 1/71))’11)2' , (4.4.1)

where in the latter formula we used the SL,(n) type condition v = gt/
Assuming invertibility of the matrices U and V we can write diagonal decompositions for
the matrices L, M and T

L =qUDU !, M =~ 'vDvt, T=U'Qv,

which after substitution into the ansatz (4.1.3)) reduce the evolution equations to a following
form

g¢DQ = 0Q6e! & quiw; = Ow; O,
Taking into account (4.4.1) these equations clearly have following solution

70 Q.
0@ (z,) 1= exp (—Zzﬁzl z%) . (4.4.2)

Now, it is easy to check that the function ©2) fulfills the evolution equations (4.2.2)) without
additional assumptions we made for the derivation. Written in the independent variables
Z={z1,...,2p—1} it reads

0@ (z) = exp(—ﬂ?i Z za%) = exp{—ﬂi (7, Qflé’)}, (4.4.3)

1<a<p<n—1
where the inverse matrix of periods is

1 1
—1 _
Q5= o (dap +1) = o Aag

and A,g = (eq,ep) is the Gram matrix for the root lattice A,_; (see remark . Let us
stress that the logarithmic change of variables p, — 2z (4.3.4) which was rather superficial
in case of ®() is inevitable for the derivation of 2.

Finally, we comment on relation between the two evolution operators @) = g(Z, Q) and
O©®@) . The relation is based on a functional equation for Riemann theta function

91z, Y = (det(Q/i))éexp{ﬂi(Z, Q*lz)}e(z, Q),

which is the special case of a more general modular functional equation (for derivation and
generalization see [Mum)], chapter 2, section 5). With our particular matrix of periods

[E33) we find

1 /2m\"%  6(%, Q)
0@ (7 — 7(7) ’ : 4.4.4

@) =7\T) oz o (44.4)
Note that theta function in the denominator — 6(271z, —Q~1) — commutes with the elements
of DSL,(n)[R] and can be thought as an evolution operator on a ‘modular dual’ quantum
cotangent bundle [F.99].
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APPENDIX A. PAIRING BETWEEN SPECTRAL VARIABLES AND QUANTIZED FUNCTIONS

Here we calculate pairing of the elementary symmetric functions a; with the gen-
erators of quantized functions T; We assume that T and a; are realized respectively, as
elements of dual quasi-triangular Hopf algebras 23, and 2r. We further extend this pairing
also for the spectral variables pq,.

For the calculation we use formula

(T1, Ly) = n 2" )R, (A.1)

which follows from the definitions (2.2.11)), (3.1.5)), (3.2.3)), (3.2.5).

Proposition A.1. Let a; , and T be elements of the dual quasi-
triangular Hopf algebras, respectively, Ur and Ay Assume that the R-matriz R (2.2.11

is GLq(n) type with scaling parameter n = /™ as in the example . Then

—3t/n — n n n—21
(T, ai) = q~%/ ”ql(z’) {”ﬁq“_q 2“}1- (A2)
q

Proof: The calculation proceeds as follows
(Ty, a;) = (T, TTR(2,...,z‘+1)(A(i)L1 . --L{)Tl>
= g3 T 2. i+1) (AT J) (I T
= GO (R RAYE R
— gD {q—n (nt+1—i)giy" T o o(Ru.. Rioy ACDR, LRy
+la—g g D (1), 1}
= ¢ (), {q‘m H =g gD (12 q2(i‘1))}11.

Here in the first line we substituted expression for a; similar to (3.3.13). In the second
line we evaluated pairing using formulas (T}, (L7)™!) = nfzq(”_%)JiH(Ji_l)“ following from
. In the third line we first, used the cyclic property of the R-trace to evaluate the term
(Jf1 .. J;l)Tl on (A(i))Tl and then, rearranged the product Jo...Jiy1 = Zj11 = Jg .. JiT+1’
where JI =1, Jli+1 = Ri,kHJ]IRi,kH, and evaluated the term Jg...JiT on (A(i))“.
After that we recollected terms in the product: (141(21))“:];+1 =Ry...R,AYR;...Ry. In the

forth line we substituted R; = R, Ly (¢ —q 1) for one of R;s and used formulas 1} and
(2.2.10) to evaluate TrR (i+1)- Then, in the summand which is proportional to (¢ — g 1) all

the R-traces can be evaluated with the help of (2.4.4]). Omission points in the fifth line stand
for similar evaluations of TrR (i) - TrR(Q), the resulting expression coincides with 1) [ ]

For a, relation ({A.2) simplifies to
(T, an) = q_1]7 (A.3)

which obviously agrees with (3.2.18)). So, we checked a consistency of the normalizations

q"fi in |D and 77 = ¢'/" for the Drinfeld-Jimbo R-matrices with the SL,(n) reduction
condition (3.2.18]).
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Corollary A.2. In the conditions ofproposition the pairing (-,-) can be extended for the
spectral variables :
3

(T, pg) = q2etPan—n=3-17 a=1,...,n. (A.4)

2

Proof: Let us rescale spectral variables fi,, := qgf San lte- For rescaled variables (A.4)) reads

(T, fia) = ¢** " VI (A.5)

Using g-binomial identity ¢* (”;1)(1 + ¢ (?__ll)q = (’Z)q it is straightforward to derive from
(A.5) pairings of the elementary symmetric functions e;(f1) by induction on n: (T, e;(ft)) =

h " Using ((3.3.18)) it is then straightforward to derive pairings for elementary symmetric

functions in original spectral variables — (T, e;(x)) — which under identification a; — e;(u)

coincide with (A.2]). [ ]

APPENDIX B. THREE LEMMAS FOR SUBSECTION [3.4]

Here we collect some technical results which are used for establishing relation between the
spectra of the left and right invariant vector fields.

Lemma B.1. a) If the R-matriz R is skew invertible then the following four statements are
equivalent: i) the matriz D, is invertible; ii) the matriz G, is invertible; iii) the R-matriz R!
is skew invertible; iv) the R-matriz R = PR™LP is skew invertible. One has
Dy =Gy = (Dy)7 ', Co = Dy = (Gy)7 ' (B.1)
b) Let R be the Hecke type R-matriz generating representations p, of the algebras
Hi(q). Then the R-matriz R is Hecke type as well, and py are representations of the algebras
Hy(qY). If additionally the parameter q satisfies conditions [K] so that the idempotent
a®|, g1 € Hi(g™h), (see ) is well defined, then
* k k
AB = (@]l ) = T AP TR (B.2)
Ri AW = g A® | vi=1,.. k1. (B.3)

Here Tg) = (Tgf))*l is a particular R = P case of an operator T%) € Aut(V®F), defined
inductively for any R-matriz R

YO =1, Y = (RiRy. R YW = YW (R, ReR) VE=12,3,.... (B4)
This operator performs reflection of the indices of the R-matrices
RYW =W R, Vik: 1<i<k. (B.5)
The particular element Tgf) enjoys also relations
RYW = YW (PRP),_; Vik:1<i<k, VR-matrizR, (B.6)
YW = YW Vik:1<i<k, VM €Endy(V), (B.7)

where W is an arbitrary C-linear space.
Proof: The first equality in both formulas (B.1) is proved in a more general setting in
[OP.05], lemma 3.6 c¢). The second equality is proved in [[s.04], section 3.1, proposition

2. Relations li and for matrices Tg), Tgf) follow directly from ([2.2.4)) and from
equalities

R1PoP) = PobPIRy, RoPIPy» = PIPoR,. (B.8)



34 ALEXEI ISAEV AND PAVEL PYATOV

Equalities (B.7) are obvious. Relations (B.3) are byproducts of (B.2) and (2.3.4). The
second equality in (B.2) follows from (2.3.2), (2.3.3]), (B.6), and the Hecke relation for ;g;

R=PRP—(q—q Y. n

Lemma B.2. Let M be a matrix of left invariant vector fields for the Hecke type HD algebra
DB[R,7]. For any i >1 and j > 0 one has

(ij1> (MEjz) . (Mﬂ) Liva, ivj (B.9)

_ ,yi(i—l-l) r:[\rR(Z 2t ) <TS§+])T(P31+J) (LT)l o (LT)lTI(;Z) (7—‘1 o Tl)—lfr(’?%"r])"r(;‘f'])) ,

where I, i+; 18 the identity operator acting in the component spaces V with labels i +
1...,i+7.
Proof: Consider following sequence of transformations

MJ, = M = (T7'LT), = Tr (2) (TflRlLlTl) =2 Tr (2) <L2Tf1R_1T1)
3 41 fuly 4 N

= ")/2 TrR(2) ((LT)2 Rl_l TQ_I) = ")/2 TI‘R 2) <P1 (LT)1 R Tl_lpl). (BlO)

Here in the first line we transform underlined expressions using (3.3.1)) and (3.1.1]), and in the
last line we apply the definition (3.4.5)). Relation (B.10|) reproduces formula (B.9) for i = 1

and j = 0. By a repeated application of formula (c.f. with (2.2.10))
Tr 4 ny(PXP) = I; Tr h(X) VX € Endyy (V®7). (B.11)

we can rewrite it as with ¢ = 1 and arbitrary j > 0

(M%Jl> L1 = 72TrR(j+2)<(Pj+1...Pl)(LT)1R1T1_1(P1...Pj+1)>. (B.12)

In a similar way, for any value of ¢ relations with j > 0 follow from that with j = 0 by
a repeated application of (B.11f). Therefore, it is enough considering the case j = 0.

Using relations (B.12) and (B.8]) we can rewrite an expression Mj ; in a following way
M, J; = (Ri—1 —H1) M1 (R~ . Ri—1)

_ 2 TrR(Z-+1)<(Pi .. P P)(LT)1 (Ri ... RaRiR2... Ri) (T1) " (PP, . -.B-)). (B.13)

Now we are ready to prove formula by induction on 7. Assuming that with
j = 1is valid for the product of (i — 1) factors we transform the product of i factors

(M%jl) (]W%jg) o (MJ) =0T i (Tg)Tgi’l)(LT)i,l . (LT)1 x

T )RR (M)
R . i
Next, we apply formulas , B.7) to move the last factor (M,.J;) in this expression left-

wards. The result is

= ’Y(i_l)i TTR(z‘+ 1,...2i—1) (Tg)rgiil)(LT)ifl e (LT)lAfI(;id) (Tiz- .. Tl)_l x

<(rtoandym) ),
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where we have used identities (T;— 1)_1 = (T, D) 16=2) and (MJ )T(Z D= ((MJ) b 10-2) ¢4

arrange the terms (T;_1)~" and (M, J; )16~ in a suitable way. Next, we use formula 3.4.8

[

for their permutation and then, in a similar way we move term (M, J ) to the left of attthe

terms (T,)~':

_ ,y(i—l)i+2(i—1) TTR(H L%—1) (T(z)T(m 1)(LT) _ (LTMTI;FQ) v

X(M « j2i—1)(ﬂ_1 .. 'Tl)_ngi_l)’rg)).
21

Now we substitute the expression (B.13|) for (Mijk 2i—1)

= ’yi(iﬂ) TrR (i+1,...20) (Tg)Tgiil)(LT)i—l e (LT)lﬁr](;iiQ)(PZi—l - PO (LT ) %

X(R2i—1---RaR1R2 ... R2i—1)(T1) Y (P1... Pyy—1)(Tj—1 .. .Tl)‘ngi_l)Tﬁ?)

(2e—1)

and move the term (Py;_1 ... Pp) leftwards and the term (P; ... Py;_1) rightwards close to the
terms Y, .)

. Finally, using (B.4]) we complete the calculation

PO T g (TP D) D)0 (@) T,
Here we transformed terms containing ]*% in a following way

Tgiﬁ)Tl(Rzi—l.--R2R1R2---R2i—1) = TI(;FQ)“(Rl-~R2i—2R2i—1R2i—2-.-R1)

= (Ri- R )Y (Roio.. . R1) = (R Roio)Y Y = x®)
R R R
Lemma B.3. The operators Jy and Y% associated with a skew invertible
R-matriz R satisfy relations

-----

i )\4 2
T = (YF) = (A i) (B.14)
Proof: Calculation proceeds as follows:

2i 2i-1
TI“R(z'+1,...,2i)T§g ) = T i1, ,2i-) <T§q ) (Tr_ (20) Rai—1) (Rai-2 - -R1)>
= TI‘R(i+ 1,...,2i— 1) <(R1 e Rifl) Tgiil) (Ri,1 e Rl))

= (R Ri)' TV (Riy...R)(Riza...Ry)...(RaR1)R

_ (JJZWJ@,) (Tg)z _ (’rﬁ?)‘*'

Here in passmg to the second line we calculated the R-trace Tr - (2i) with the help of (2 and

then used to move (i — 1) R-matrices to the left of the term T( -, Express1on in the
third line results from a similar calculations of the R-traces TrR(QZ Sy s TrR (i + 1), consecu-

tively. Equalities in the last line result from rearranging factors of the product (Ry ... R;_1)".
|
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