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LOWER BOUNDS FOR DISCRETE NEGATIVE MOMENTS OF
THE RIEMANN ZETA FUNCTION

WINSTON HEAP, JUNXIAN LI, AND JING ZHAO

ABSTRACT. We prove lower bounds for the discrete negative 2kth moment of the
derivative of the Riemann zeta function for all fractional & > 0. The bounds are
in line with a conjecture of Gonek and Hejhal. Along the way, we prove a general
formula for the discrete twisted second moment of the Riemann zeta function. This
agrees with a conjecture of Conrey and Snaith.

1. INTRODUCTION

We are interested in the discrete negative moments

& Sl = Y

when £k is fractional. These can give information about small values of the derivative
('(p), and in the special case k = 1/2 are related to partial sums of the M&bius
function (e.g. see Theorem 14.27 of [24]). A natural assumption when considering
these moments is that all the non-trivial zeros of the zeta function are simple. We
therefore assume this throughout the paper unless otherwise mentioned.

Gonek [9] and Hejhal [11] independently conjectured that

J_i(T) =< T(log T)*~1*

for all £ > 0. However, the range of k in which this conjecture holds seems to be in
doubt since Gonek (unpublished) has suggested that there exist infinitely many zeros
p for which (’(p)~' > vY/37¢, in which case the conjecture would fail for k& > 3/2.
Hughes, Keating and O’Connell [12] used random matrix theory to predict a precise
constant in this conjecture. Interestingly, their formulas on the random matrix theory
side undergo a phase change at the point & = 3/2 which gives alternative evidence
to suggest that the conjecture fails for k > 3/2.

Aside from these conjectures, little is known about J_x(7"). Assuming the Riemann
hypothesis (RH) Gonek [9] showed that

JA(T)>T
1
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and that by applying Holder’s inequality
J_w(T) > T(log T) %
for all £ > 0. Milinovich and Ng [16] later refined Gonek’s bound by showing that
3
JA(T) > (1+0(1)=—T.
273

The value of the constant here is half the conjectured value [9, 12]. In the special
case k = 1/2, Heath-Brown [24, pg. 386], shows

Jfl/Z(T) >T

via the connection with ) _ u(n) on assuming RH. Our aim in this paper is to
improve these lower bounds.

Theorem 1. Assume RH and that all zeros are simple. Then
(2) J_i(T) > T(log T)*—*
for all fractional k > 0.
In particular, our theorem gives the improved bound
J_1/2(T) > T(log T)"/*.

We recently learned that this lower bound has been obtained independently by Mili-
novich, Ng and Soundararajan using similar methods. In their method however there
is no need to assume that all zeros are simple.

As we detail below, our proof utilises the method of Rudnick and Soundararajan
[22] and shares some similarities with the paper of Chandee and Li [4] who gave lower
bounds for fractional moments of Dirichlet L-functions in the g-aspect. A general
side effect of the method employed by Chandee and Li, which our results also share,
is that the implicit constants depend on the height of the rational number k. We
mention that we give a couple of simplifications to their argument which reduces the
length and in some cases allows for an asymptotic evaluation of the multidimensional
Mellin integrals which commonly feature in this area (see [14] for instance).

Let us outline the method of proof. Here and throughout, let

k=a/b
with a,b € N. To prove Theorem 1 we apply Holder’s inequality in the form

@ Y Per< (X KOPPER) T (Y K,(I)Pk)“b”-

0<y<T 0<y<T o<y<T
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where
(@) P(s) = 3 )y

and z = T%*) with § < 1/2. Here, 7,(n) denotes the Dirichlet series coefficients
of {(s)*, a € C, and 9(n) is a smoothing weight which will be properly defined later
(see formula (10) below). We then have the following two propositions.

Proposition 1. Let P(s) be given by (4) and let
Sii= Y P(p)*P(1—p)"

0T
Then for fived a,b € N,
S1 ~ ¢(a,b)T(log T)%;Jrl
for some positive constant c(a,b) as T — oo.

Proposition 2. Let P(s) be given by (4) and let
Syi= Y (p){'(1=p)P(p)" " P(1 - p)**.
0<y<T
Then for fived a,b € N,
S Lap T(]Og T)%Q—H3

as T — 0.

Note these propositions are unconditional. Assuming RH the sums S; and S,
become those in Holder’s inequality (3) giving
Gh+1 (log T)(k+1)(k2+1)

J_i,(T) > =

_ (k—1)2
Sk (log T)k®>+3) T(logT)

and Theorem 1 follows.

In proving Proposition 1 we apply a result of Ng [19] which deals with sums of the
Si-type when P(s) is a fairly general Dirichlet polynomial. We have not been able to
find such a general formula for sums of the So-type in the literature, however these
sums have been dealt with in specific cases [2, 6, 7, 18]. Following their methods, we
derive the following general result.

Theorem 2. Let o, 5 < 1/log T be sufficiently small shifts. Let Q(s) = >
with y = T% and 6 < 1/2 and denote Q(s) = >
la(m)a(n)| and a(n) < 7,(n)(logn)®. Denote

(5) far(n) =Y plm)ny®ng”,

ninan3=n

n<y a(n)n‘s

a(n)n=*. Suppose that a(mn) <

n<y
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and let

1 C(1+a+B)C(1+B+7) I >0 fan (PR ) pm () |

6 Lo = —
(6) Ptk = s C(1+5) Zm>0 Jan (pm)p=m(+H)

PPk

Furthermore, let

0 T =Y ¥ WL L [z

9<Y h,k<y/g
(h,k)=1

t 70‘75 t 7677
+ (%) Z_8—anhk <%) Za,—%—ﬂ,h,k:| dt
and

9y hk<y/g

v=0

(h,k)=1
(Lta+pB) [t “7¢1-—a-p)
X [W + (%) W] dt.
Then
9 D Clp+a)(d—p+RQ(MAIL - p)
0<yY<T

=Z(a, 3, T) + Z(B.@,T) + J(a, 8, T) + (T (log T)™)
where A is an arbitrary positive constant.

Remarks.

e We note that this result is unconditional. Initially, results of this type required
the assumption of GRH [6] to analyse the error term. By an application of the
large sieve, this condition was later weakened to the Generalised Lindelof hypothesis
by Conrey, Ghosh and Gonek [7] and was finally made unconditional by Bui and
Heath-Brown [2] utilising Heath-Brown’s identity. We follow the latter method when
analysing our error terms.

e If one assumes GRH then one can allow for general complex coefficients satisfying
a(n) < n. In this case the the error term is replaced by O(y*?*<T"/?*€) and so in
this setting one has an asymptotic formula provided 6 < 1/3.

e Our main term takes the form as predicted by the recipe method /ratios conjec-
ture [5, 8]. Indeed, the Z terms can be realised as a diagonal sum (see Lemma 3

below).
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e In terms of applications, the form stated in this theorem is not ideal. The polar
behaviour of the integrand and the arithmetic sums can be a little troublesome.
We have refrained from stating a more ‘applicable’ version of the theorem (as in
Theorem 1.2 of [1]) however all the necessary ingredients for applications can be
found in Section 3 (see formulas (22), (28) and Lemma 3 below).

Before moving on to the proofs we give a brief heuristic justification for the choice
of Dirichlet polynomial P(s) in (4) since we could not find this elswhere in the
literature. In order for Holder’s inequality to be sharp we need the summands to
be approximately equal. Unfortunately, 1/{(s) has no representation in terms of a
Dirichlet series and so there is no obvious choice for a polynomial approximation.
However, we expect that our mean values will not change too much if we shift away
from the half-line slightly. We also expect that in this region (’(s) ~ (logT")((s), at
least on average. Applying these two principles the right hand side of (3) becomes

< Z |C(P+5)|2|P(p+5)|2(a+b)>aa+b< Z m)(f%

0<y<T 0T

and notice that the powers of log T cancel by homogeniety. We may now set our

summands equal:
1

(P

SORZORGRES

and find that we should take P(s) &~ ((s)¢.

The paper is organized as follows. In Section 2 we prove Proposition 1. In section
3 we prove Proposition 2 assuming Theorem 2. The remainder of the paper is then
devoted to proving Theorem 2. In Section 4, we compute the main term and bound
the error term using two propositions: Propositions 7 and 8. Then in Section 5 we
prove Proposition 7, and in Section 6 we prove Proposition 8.

2. PROOF OF PROPOSITION 1

We first choose the weight function ¢ (n) in (4). Let B be a positive integer and
let

(10) () = e (MY

log x
We will need to take B sufficiently large in terms of k at several points throughout

the paper, so for the moment we keep it general. To be clear, in the end we will
choose

B =14+ 12k
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but for the purposes of this section we only require B > 1. Note that by the Mellin
inversion formula (or simply by a residue computation) we have

w 0= seaga f, (3) 0

for ¢ > 0 where, here and throughout, f(c) = fcc_j:f;o
We first write

_ proye - N r( )
R(s) = P(s)* = 7;1 >
with
r(n, @) =rap(n,x) = Y Tap(m)d(m) - mam(na)(ng).
Then

Si= Y R(p)R(1—p).
0<y<T
The mean value S; can be computed in a familiar manner; either by writing it as a
contour integral or by, what amounts to the same thing, applying Gonek’s uniform
version Landau’s formula. These details have been carried out by Ng [19] for a fairly
general class of Dirichlet polynomial. By applying Proposition 4, (i) of [19] we find
that

(12) S, =N(T) Z r(n,)* T Z A(O)r(m, x)r(n,z) + o(T)

n T n
n<e? Im=n<x®
where N(T') = L log(T/2me) + O(log T) is the number of zeros of ((s) in the strip
0<o<1,0<tLT
Denote
r(n,x)’
S = ——
n 12; -
and

S, — Z A(ﬁ)r(m,x)r(n,x).

n
Im=n<x®

In this section we will show that
Si1 ~ c1(a, b)(log T)* /Y

and that
Sia ~ ¢a(a,b)(log T)*/¥+1
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for some explicit constants ¢, (a,b), c2(a,b). We then show that 1¢;(a, b)—ca(a,b) > 0
and hence Sy ~ ¢3(a, b)T(log T)* /¥’ +1 for some positive constant cs(a, b). The result
will then follow. We compute Sy; first.

2.1. Computing S;;. Unfolding the sum we have

S = Z Til/b(nl) — .Til/b(n%)iﬁ("l) ++1h(nga)

(nl o '7”L2a)1/2

niNa=
Na+1""N2a
n;<T
By applying the Mellin inversion formula (11) in each n; and interchanging the order
of summation and integration we get

2 2a
S B' a / T—l/b(nl) .. 'Tfl/b(nQG) H(I;se dsﬁ
11 — B+
2a 2aB 1/2+81 1/2+82a B+1>
(2mi)?e(log x) (2 n~ na_ ny cngh TS

Na+41-"N2a

where we have taken ¢ = 1/logz. Here, we use the notation
/<c>2a /(c> /(c> |
—_———

After a short calculation with Euler products we find that the Dirichlet series in the
integrand is given by

a
A(ﬁ) H C(l + s; + 5a+j)1/b2
ij=1
where
" 1 1/6 (™) T (p™)
( ) ];[ jHI 1+5z+5a+y +Z+ pml(%+51)+"‘+m2a(%+52a) ’
(2 mi—+-+mg=

Ma+1++m2q
m; >0

Note that A(s) is holomorphic in the region o; > —1/4, j = 1,...,2a, since it is
absolutely convergent there.

We will reproduce the following argument several times throughout the paper so we
take this opportunity to briefly describe the steps and give some justification. Note
that the integrand has fractional powers of ((s). This coupled with the fact that we
have a multidimensional integral means that shifting contours would be very messy.
However, note that the integrand is largest when we simultaneously have 3(s;) ~ 0.
We can therefore localise our integral around these points, expand the integrand in
Taylor/Laurent series, and then extract the main term via the substitution s; —
s;/logx. The remaining integral then gives a combinatorial constant which we can
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compute as the weighted volume of a polytope using a trick from [3] (see also [10]).
This method can essentially be thought of as a multidimensional version of the saddle
point method, although in our case it is fairly easy to see where the saddle/main
contribution is.

In practice it is simpler if we make the substitutions first, so let s; — s,/log x for
each 7. Then S7; becomes

B! Si + Sat L 2a dsy
S i a+j s¢ 7
H (2m’)2a/ loga: H ¢ ( log x ) ge spt!

Let us localise the integral. For each j we split the integral at the points ¢; =
J(s;) = £4/log x; the main contribution will come from the integral over the region
€ [1 —ivlogz, 1 +ivlogz]. To estimate the tail integrals we use the bound

‘ S; + Sa+q 1/ 2 /32
A(s/log x) H ¢ (1 48 a+j) < (log )™/

log x
ij=1 &

valid for s; = 1 4 it; uniformly in ¢; € R. Then,

/1+ZOO / H C S'L + Sa+j 1/b2 ﬁ eS@ dSé
(1)20-1 logm pi log x L P!

1+iv/log

2 /1,2 1o ds 2 /12
<(log z)* /b / —— < (logz)® /12

1+iy/logz |s|B+
by absolute convergence. Naturally, the tail integrals in the lower half plane satisfy
the same bound as do those with respect to the other integration variables. Note that
the smooth weights ¢)(n) have made the task of estimating these tails significantly
easier compared to the case of the usual Perron’s formula.

Collecting the errors gives

o Bl2a 1+ix/loga.:‘ 1+z\/loga: H C 52 + Sa+3 1/b2 12_(1[ . ng
Uiy f 10 T log = ¢ B
1—iy/logx 1—iv/Togx g g r—1 Sy

+ O((log x)a2/b2_l/2) :

In this region of integration we have the expansions

(1) Al/loga) = Q)+ O S lssl) = AQ) + O(w(%)
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and
1/b 1/b2
Si + Sq4j (log x) 1

15 14+ ——-- =— (1 +0 )
1) ‘ ( log ) (5i + Sa1)/ (vlogx)
Therefore,

B2 (] a?/b?  pltiyloge 1+iyIogz @
St = AD) (02%:6) / / l/b H S0 dBSfl
(2mi) 1—iy/logz 1-iviogz ;) (Sz+5a e

+ O((log z)* 2/62_1/2).

On extending any given integral to oo we acquire a multiplicative error of O((log z)~5/2)
which leads to a total contribution of size O((log 2)**/*=1/2)  Therefore, we acquire
the following asymptotic formula,

(16) S = A(0)B(a, b)(log z)* 2/b? +O((10g :L')a2/b2_1/2)

where
ll

B'Qa dSz
B(a,b) (2ni 2a/ o 1__[ (i + Sarg 1/b2 H€ B+1
We postpone the computation of these constants to subsectlon 2.3.

2.2. Computing Si>. Recall
Z AO)r(m,z)r(n,x

n

Im=n<z?
In order to have multiplicative coefficients we write A(n) = > . _ u(ni)logng =
% ning—n H(11)13]1=0. Then unfolding the coefficients r(n,z) and applying this
gives

A1 p(n1) - o1 p(ni2a)
Sa= 3 T ) )
:na-&-l""g@a
n;j<T

_d ( S T ) ¢<n2a>>

dy 070y - - ngg) /2

l1lom1--ng
=Na+41°""N2a
n;j<T

As before, we apply Mellin inversion (11) to find

d Bl?e T () 1 (No) 2 ds;
5, =4 / Z (1) T—1/6( 1) I/f( Z)Hxs le

dvy (2mi)?*(log x)2eB 1/2 1/2—~  3+s1 3+s2a N
7 & G776 Ing - ng, j=1 Y

l1lom1-ng y=0

=Na+41'"N2q
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Now a short calculation shows that the Dirichlet series in the integrand is given by

IT7 50 S+ 80 4 saa) " TTjmy €1+ say) "’
TG, 1+ 80y — 7)1

B(s,v)
where

a 1 L/ a 1 1/
1T ;- (1 - pl+—++3> [T= (1 - pl+—+]>

. ) 1/b
P [T;= <1 - W)
Z p(P )T (P™) T (P)

p€1+€277+m1(%+81)+---+m2a(%+32a)

X
li+La+mi+-+mg

=Mag+1++M2q
m; >0

is the corresponding holomorphic factor. Again, this is easily seen to be holomorphic
in the region o; > —1/4, j = 1,...,2a. Then, taking the derivative inside the
integral we get

B)?a : 2
Sio =—— / [B/(& 0) H C(1+ s+ Sa+j)1/b
(C)Qa

2a 2aB
(2mi)22(log x) i

2 1 C'(1+ s, > 5, ds
B(s,0) T] €0+ 51+ s0s) ¥+ Z “]Hmfstl.

s
i,5=1 1+ Sat5) =1 ¢

Now, the first integral can be treated as in the previous subsection (the only
difference being the arithmetic factor B'(s,0) which is of no real consequence). In
this way we find it is O((logz)*/*"). In the remaining integral we first note that
B(s,0) = A(s) and then let s; — s;/logx for each j to give

B2 s ‘ s;+ s 51 ,1+fa+]) 2 ds.;
S = — A — 1 7 (l+] l/b Sogz S5 J
2 (2mi)2e /(1)2a <logx)i1__[1<( T Tlogw log Z C(1 + Setay L He B+1

log z S]

J=

+ O((log x)? 2/bQ).
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As before we may trivially bound the integrand, this time by < (log m)a2/ Y+ and
then truncate the integrals at height t; = £+/logx to give

B|2a 1+iv/log x 1+i+/log x s
(271-%)2& 1—iv/logx 1—i+/logx log T
a Sa 2a
Sl+8a+ 21 , 1+10+;) S ds; a2 /b2
T ey S B e+ ofmen1)
1,j=1 0g ¥ C logm)J 1 Sj

since the tail integrals result in an error < (logz)*/?*1=5/2 and B > 1. Then,
applying the Taylor and Laurent expansions given in (14) and (15) along with

C’(l‘i”fggi)__loga: ( 1 >
C(L+3552) Satj Viogz/®

which is valid in the current region of integration, we find

(17)

1.A(0)B!2(log x)®/b* 1 pi+ivioss  pl+iviogs d )
Sig = ————— _ / / s
b (2mi)*e 1—ivIogz 1-iviogz ;= (s; + saﬂ-)l/b2
a 1 2a ds
sj j a2 /b2
<3 o [T ek + Ol(loga)*+17)
j=1 791 j=1 °7j

Extending the integrals back to +ioco incurs an error of size O((log )% /¥ +1/2). Also,

by symmetry the sum Z?:l s;ij results in a-copies of the integral with a factor of

sy, say. Hence, we acquire the asymptotic formula

(18) Sia = —%A(Q)y(a, b)(log )"/ 1 ++ O((log 2)**/P*+1/?)
where
Bl2a 2a—1 . de . dSQa
@, 27rz 2“/ H (8i + Sa+j) l/bz{r[lejsﬁﬂ]e%SzBH.
7=1 J= a

2.3. Computation of the constants. Applying (16) and (18) in Ng’s formula (12)
we find that

1 = A T (log T)0g )" + (a/0) A 0, T (o5 2)*"

+ O(T (log x)“Q/bQH/Q) :

Since z = T%(@+ it remains to show that the constants A(0), 3(a,b) and v(a, b) are
positive.
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From the definition of A(s) given in (13) a short calculation shows that

A(Q)=H<1_l)k2zﬂ

» P >0 p
which is an absolutely convergent product. For the combinatorial constants we follow
[3, Lemma 8|. Recall that

2a

B'Qa s ng
B(a,b) (2 2a/ H (Si + Sat) 1/b H ‘ B+1

(=1

For each term in the double product write

[e.e]
1 T — 1 - / 6—(si+5a+]')$ijxilj/b2 dl‘w
(si + sas)V/?  T(1/0%) T

so that

‘Qa
b 51‘“‘2?:19%)
Bla,b) = T(1/62) (2ri)2 / /[OOO ]

=1
a 2a
X Hesaﬂu St I « VKT
Lij . B+
j=1 ij=1 =1 7]

After interchanging the order of integration and using the formula

BU [ axds _ J(1-X)P X<
210 J (o) sBHL )0 otherwise;
we get
1 a a B a a B a 1/b2 dl’”
fla,b) T/, b,H b ij LI~ 27 H U,
a,b =1 Jj=1 j=1 =1 1,j=1
where

S}
S}

Pap = {(xm) eR”: zi; 2 0, i < 1, Tij < 1}.

A similar formula holds for v(a,b); the only difference being that the factor (1 —
> ia)? is replaced by (1 — >, @)% /(B + 1). From this we easily see that it is
also positive. Proposition 1 then follows.
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3. PROOF OF PROPOSITION 2

In this section we shall prove Proposition 2 assuming Theorem 2. We start from
the formula

S = dadﬂ D o+ a)(1=p+B)QPQ = p)| sy

o<y<T
where
Tp(n)y(n)\ a(n)
Q) = (L ) oy
n<T ny
with
a+b
(19) a(n) =a(n,x) = > [[7-1sn)v(ng)
N1 Ngpp=n j=1
n;<T
and y = 2%** = T? with § < 1/2. Thereom 2 then gives Sy as a sum of three terms,

two of which involve the Z terms. We write this as
Sy = So1 + Sao + Sa3
with

_d d a(gh)a(gk) 1 [T t\[¢C(1+a+p)
(20) 5= G075 D ghk %/1 log (%){ 1Pk

9<y hk<y/g

(hk)=1
—a—8
t —a—
() T—a=n)],
27 h—ak=8 a=B=0
and
d d d y1 T
(21) SQ2 d_%d_z Z 27T Zoz,,@,'y,h,k
f}/g<y hk<y/g 1
(h.k)=

t —a—f3 t —B—
+ (%) Z_8 —a~yhk T (%) Za,—%—ﬁ,h,k:| dt

The formula for S5 has a and S interchanged in the integrand but by symmetry this
is simply equal to Sa. We compute S first.

a=F=y=0
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3.1. Computing S5;. Our aim is to show Sy < T(logT)k2+3. It is helpful to
express the integrand in a form in which the holomorphy is immediately visible, as
in [5]. For this purpose we use the formula

(L+a+p) (i)_a_ﬁC(l—a—ﬁ)
hP ke 27 h=ek=F

_ (L AN s 2) (= )
= <27T> (27‘['7,)2 %% (271’) B2 71 H?Zl(zi _ a)<z7; I ﬁ) ledZQ

where the integrals are over circles of radii < 1/logT that enclose the shifts o and
B. This formula follows from a short residue computation. Interchanging the sum
and integral we get

dd1 [T/t\** t
-2t [ (= 1
521 dadﬁQw/O (271') ©8 (271')

o () N iqf:1<szi)>(<ii n ;1;2 Flna)dndad]

(22)

where

a(h)a(k)(h, k)tT=—=
.I' 21722 Z Z hl 22k1+zl - Z h1—22k1+Z1 ’

g<y h k:<y/g h,k<y
(h,k)=

We now perform the differentiation and estimate the contour integrals. The contour
lengths and the factor of (25 — z1)? contribute < (log7T")~* whilst the zeta function,
negative powers of z; and log(¢/27) term contribute < (logT')®. The differentiation
gives us two extra factors of logT" and thus in total we get

Sy < T(logT)*  max |F(x,z,2)|
|z1],|22|<1/log T

We are therefore required to show that

2
mnax |F(x, 21, 2)| < (logT)w .
|z1],|22]<1/log T

We will show this by the methods of the previous section. Throughout the following
we shall assume that z1, 20 < 1/logT.
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We proceed by first unfolding the sum using the formula for the coefficients a(n)
given in (19). Writing a + b = N for short we find

Flz, 21, 22) = Z |:Hz]\;1 T_l/b(hi)T_l/b<kfi)77/J(hi)¢(k)i)} (hy--- by, by -y )T

hy e < (hy - )72 (ky - - ko )1+
ki kny<z

By the Mellin inversion formula (11) we acquire
2N

BI2N s ds;
Fla,a,2) = (log 2)?NB (2mi QN/ Fara H“T sy SBH

where
N 1 _
L7 a )T | (B o o) 572
le’ZQ (§) - Z h1+81—22 . h1+51\]—z2 k1+3N+1+21 . kl-ﬁ-SQN-f—Zl
hi hy>1 1 N 1 N
ki kny>1

and ¢ = 1/logx. Now, a short computation with Euler products shows that
Hiv;-zl C(L+ 8;+ s54n) "
Hj'vzl C(1+ 55— 20)/2C(1 + 554N + 29) 1/

where C,, .,(s) is an absolutely convergent Euler product in the region o; > —1/4,
j=1,...,N. This gives us the trivial bound

(23) Fo2(8) = Csy 25 (8)

N2 2
(24) Faa(s) < (loga) w5, R(s) < 1
Substituting s; +— s;/log x for each j gives

|2N

F(z, 21, 2) i) v /1 Fy 2(8/ log x) Hesﬂ

By (24), any given tail integral over the line from 1+ z\/logx to 1+ ioco results in a
total contribution of

1+ic0

(logT) o F+2 b / ds+1 < (logT)™ e ;2 -B/2 _ (logT>k2+4k+3 B/2
tiviogz |S|”

since the other integrals are absolutely convergent. Therefore, on taking B > 10+ 8k

this term is < (log T)*~2. Consequently, we may localise the integral:

F(l‘, Z1722) =

B|2N /1+i\/10gm /1+i\/10g:)3
1 1

(27T7:)2N —iy/log x

2N
ds; 5
O s/ o) [T 40 (0BT ),
—iy/logx =1 Sj
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In this new region of integration we have the bounds

- i
(25) (1o £z) ol 18l < sl + 1)
and
log T
2 1 i 1
(26) C(L+ (si +55)/ log x) < (5 + 53]

as well as C,, .,(s/logz) < 1. Applying these bounds in (23) we find that in the
region of integration we have

o T (Isil + DY (Isjen| + DM
Hi,j:l |si + 88 [/Y
By the absolute convergence of the integrals we get
2
F(z, 2, 2) < (log T)%f% = (log T)*~!

and the required bound for Sy, follows.

(27) Fe12a(8/ log z) < (log T)

3.2. Computing Sy. The bound Sy, < T'(log T)k2+3 follows similarly with a few
extra technicalities. We begin with an equivalent version of formula (22) for the sum
of Z terms. This is given by

—a—0 B—y
t t
(28) Zaphk t+ (%) Z_p, a’yhk+(2 > Lo, —~,—Bihk

+6+v
:_l(i> j{?{j{ Z fz2Z3hkA<Zlaz2az3>
2\ 27 (2mi)3 [T (2 — a)(zi + B) (2 — 7)

" 21— z22+ 3
X (—) d21d22d23

2T
where A(21, 22, 23) = [[;;(2; — 2:) is the vandermonde determinant and the integrals
are over circles of radii < 1/logT enclosing the shifts. Again, this formula follows
by a simple (but tedious) residue calculation. As before, we plan to interchange
the order of summation and integration and then compute the resulting sum. The
computations are considerably simplified if we write Z,, _., ., » % in a diagonal form.

Lemma 3. Let H(s) be an analytic function which satisifes H(0) = 1 and is zero at
2s = z9— 21 and 2s = zy — z3. Furthermore, suppose that H(u+iv) <, (log T)2 —ev?
for fixed u and large v. For ¢ > 0 let

= 1 cHioe H(S), 96 far (M)
Zz1,z2yz3,h,k(T) - 2_7'[‘2 /C TT Z (hk.)l/Q(mn)l/QJrsds

10 hm=kn
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where f,, .,(n) is given by (5). Then for h,k < T with (h,k) =1 and z; < 1/logT
we have

(29)

Doy or e = Wk 2y gy i (T) + O<T(7€)(Z]z> logST(log T)*(log )> + O((logfl;)) )

where A > 0 is an arbitrary constant.

Proof. This is similar to the proof of Theorem 1.2 in [1] Since (h, k) = 1 we have
i 11 e (s) For ng (k0)
ZZ17Z2’Z37h7k(T) - hz2 %\/; S 1+s Z £1+232+25

—100

Now, a short computation shows that

Zfz125 ke (1+21+Z2+23)€(1+22+23+23)
£1+zz+2s - C(l + 29 + 28)

m+kp )p—m(l—l-zg +2s)

m>0 le Z3
X
gk Zm>0 le 33( m) m(1+22+28)
This is holomorphic for ¢ > 0 so we may freely shift to the line %(s) = 1/logT. We
then truncate the integral at height t = +v/Aloglog T incurring an error of size
1 k ;
(30) < %e_CAloglogT(log T)°r(k) < _lik) (log T)~4;

the factor of 7(k) owing to the fact that uniformly for o > —1/4, say, the product
over primes dividing k is

<II (1 + O(p*1/2)> < 7(k).
plk
Then, shifting the contour to R(s) = —1/logs T" we remain in the zero-free region of
¢(1+ s) and hence find only a simple pole at s = 0 (since the zeros of H(s) cancel
the other poles). Since ((s)*! < logT on the contour, the integral over the left edge
is
< T—2/ logg T(hl{?)_1+1/10g3 TT(/{J) (lOg T)5(10g3 T)

whilst the horizontal integrals give a lower order contribution plus a contribution of
size (30). Therefore,

1
hk

7(k)

Zey o+ O[T (L) ™5 105 7510, 7))
(k)

hk

221722,23,h7k(T>

+ o( (log T)—A’>
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and the result follows. O

Remark. The function H(s) in the lemma is typical and can be prescribed a more
precise form. For example, one can take H(s) = Q,(s)exp(s?) where Q,(s) is a
polynomial which is 1 at s = 0 and zero at 2s = 29 — z; and 2s = 25 — 23.

The first error term of (29) gives a total contribution to Sag of

T?\ ~toasT (gh)||a(gk T 1
<< ( 2) Togg T 83 (IOgT 10g3 Z Z g ||CL g )lT( ) / dt << Tl log3T(10g T)C
) 1

ghk
g<y h k<y/g
(hok)=1

since y < T2 and our Coefﬁ(:lents satisfy divisor function bounds. The second error
term contributes < T'/(log T')*". As noted earlier, when estimating these error terms
we can perform the differentiation via Cauchy’s formula over circles of radii 1/log T'.
This adds three extra factors of log T which is tolerable.

Applying Lemma 3 and (28) in (21) we find that

g, _Ldddit / j[j[]{ v, 2)
2 A dadp dy \ 2w 1 2m

z1— 22+3

A('Zl?ZZazS) ( t >
MGt -] Gl

+ o(T)
a=F=y=0
where

Z Z ~z1 —zg,zg,h,k(T>-

g<y h k;<y/g
(hk)=

Performing the differentiation and then trivially estimating the z; integrals gives

Sy < T(log T)?372373  max  |G(x, 2)).
|zj|<1/log T

Thus, we are required to show that

31 G(r,2)| < (log T)*
(31) |zj|<r?f}’iigT| (z,2)] < (logT)

Unfolding the integral we have

1 oo f (w foy 2 (MM
- T2w 21,23
G2 =5 | Sy M 5 e

—100 9<y h k<y/g hm=kn
(hk)=
:L e H( >T2w Z a(h)a(k)le’% (m)nZ2
20 Joioo W (i (hk)V2(mn)t 2
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Applying the definitions of the coefficients a(n) in (19) and f., ,,(n) in (5) along with
the Mellin inversion formula (11) for the weights ¢ (n) gives

UL E I oy Hff g
(hk)Y2(mn)t/2+w (log )N (2mi)*N ] (py2w 55

hm=kn

where
G(w,s,z) = Z (H]'VlTfl/b<hi>7—fl/b(ki))u(m1)

L4si) stsiN ) stw  dtzitw  dztw 1
hl-..th1m2m3 (Hl lhl2 kQ ! >m12 m22 m32 n2 Z2+w
=ki---knn

and N = a + b, as before. By considering its Euler product we find
(32)

L+ 21 — 2+ 2w)((1 — 22 + 23 + 2w)
=D

G2 =Dl 22) (T — 2 + 2w)

[TV O+ s+ s50n) 0TIV, €1+ s + )

X
[T, C(1 + 85 — 2 +w)/? Hj.vzl C(1+ sjen + 21 + W)Y+ sj4n + 23 + w)1/°

where D(w, s,z) is an absolutely convergent Euler product provided o; > —1/4,
j=1,...2N, w > —1/4.

The integral over w has now done its job and we can shift to the left picking up the
pole at w = 0. We first set k = 1/4 and note this implies ijl r% < 2N = T2,
Shifting the w contour to the line with ®(w) = —1/4 + € and assuming RH we only
encounter a simple pole at w = 0. By (32), G(w, s,z) < (wT) and hence the integral
over the new line gives a total contribution of

< T71/2+9/2+6 — 0<1)

Thus we acquire

BI2N ,, ds;
Glo2) = (log z)2NB(27i) 2N [ )2w G(0,5,2) Hm B“ +oll).

7=1
We now shift « to 1/logz and substitute s; — s;/logx for each j to give

|2N 2N

ds.
G(z,z) = i 2N/ G(0, s/ logz, z)H SBSle +o(1).

7j=1 J

By (32) we have the trivial estimate

2
(33) G(0,s/log,z),< (logT) w75 1, R(s;) = 1
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whilst for |s;| = o(log x) we have

N

2
(34) G(0,8/logz, 2) K (logT)IbVTJTJrl
N N
X [Ty (1 + [si)*” ILo (1 + s en YO (L 4 |84 ])'?
N N
Hi,j:l |si + 854 [1/¥ Hj:l |54 |/

where we have used the bounds for ((s) given in (25) and (26). As before, truncating
any of the s; integrals at height ¢; = y/log « leads to an error of

1+i0c0
(logT)]bV;#éV“/ ||d? < (logT)k2+6k+67B/2
1iviogs 1817
and thus choosing
B>12k+ 14

this is < (log T)**~1. Performing this truncation in each variable gives

B;QN 1+4i+/log x 1+iv/1og x
o= 20 [
( ) (27TZ)2N 1—ivlogzx 1

ds;
G(0,s/logz, z Hesﬂ B+1 —i—O((logT)"C )
—iy/logx j=1 j

2
and by (34) this is < (logT)# 5 ™! = (log T)¥*. The bound Sy < (log T)¥*+3
then follows.

4. PROOF OF THEOREM 2
Let
(35) S5 =S3(a, B, T) = Y C(p+a)C(1—p+BQPAL - p)
0<y<T

where «, § are small (< 1/logT), complex shifts. These types of mean values have
been considered before by several authors [6, 7, 18]. Accordingly, we shall only briefly
describe the initial steps using [6] as our main reference.

We write S3 as the integral over the positively oriented rectangular contour I with
vertices a+i,a+iT l—a+iT,1—a+i,a=1+1/logT:

¢(s) . o s
57 | <l + (L = s+ B)Q(IQ(L — 5)ds

Since Q(s) < y'777, ((s) < ti(lf")“ and T can be chosen such that (¢'/{)(s) <
(log T)? on the contour, we find that the horizontal sections contribute O(y!+<T1/2+€).
For the contour on the left hand side we apply the functional equation

¢(s) _ X(s) C(1—s)
s) ~ x(s) -9

3=
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where x(s) = ) ['((1 — s)/2)/T(s/2) is the factor appearing in the functional
equation ((s) = x(s){(1 — s). The integral involving —('(1 — s)/{(1 — s) is given by
(- s) _
o /1 T C( ) (s +a)((1 =5+ B)Q(s)Q(1 — s)ds
- % C(( Z;)) (1 —a+it+a)(a—it+ F)Q(1 —a+it)Q(a — it)dt
N % C((Zi;t)) (A —a—it+a)(atit+PQ(l—a—it)Q(a+it)dt

B 1 a+iT CI(S)
N 2mi a+i C(S)
This integral can therefore be expressed in terms of the integral over the right edge

of the contour. For the integral involving x'(s)/x(s) we shift to the half-line and
apply Stirling’s formula in the form

(L= s+@)¢(s + B)QL — 5)Q(s)ds.

X' (3 +it)
x(5 +it)

In this way, we find that

I
[— _ >
log (2 ) + O(1/]t)), t>1.

Sy =10, B,7) + 1(3,3,T) + J(a, B, T) + O(yT"/*+)

where

@) s = g [ S ) = s+ HQIT0 — s)ds

and
(37) J(e8,T) :%/1 [log(t/2m)+O(1/D]C( +a+it)C(1+B—it) QL +it) 2dt.

We are thus required to show that I(a, B, T)
is given by (7), and that J(«, 8,T) = J(«

by (8).

=Z(a, 5, T)+O(T (logT) 4) where T
a,3,T) + O(T(logT)~4) where J is given

4.1. Computing J. The integral J can be computed by integrating by parts and
using well known formulas for the twisted second moment of the zeta function. In
our case (with the shifts «, §) these mean values have been considered by Pratt and
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Rubles [21]. After a slight rephrasing, their Theorem 1.1 states that
T
/ C(5+a+it)C(5 + 8 —it)|Q(5 +it)|dt
1

B a(gh)a(gh) [T T¢CU+a+8) [ t\ “"¢C1—a-p)
_ZZ/W/ [W+ <%) “ e |

(h,k)=1
+ O<T3/20y33/20) + O(y1/2T1/2+6).

Thus, after integrating by parts we see that J is indeed given by J plus an acceptable
error.

4.2. Computing /: Initial manipulations. Instead of working directly with I(«, 5,T)
we work with the integral

1 /a—i-iT C(S + 7)

(38) K= ’COZ,,B(’Y> = % " g(S)

C(s+a)(1—s54+B)Q(s)Q(1 — s)ds

so that

d

](a7/87T) = EIC(/V)

v=0
As with the other shifts we will assume throughout that v < 1/logT" and derive our
formula for K, 5(7) with error terms uniform in . The differentiation can then be
performed by applying Cauchy’s formula over a circle of radius < 1/log T

In (38) we apply the functional equation ((1 — s+ 5) = x(s — )((s — ) and then
expand each term as a Dirichlet series to give

o=y L [T g (et

Y oy Xy — B ) .

m1,ma,m3,mq,h.k

— 3 p(my)a(h)a(k) 1 /a_ﬁﬂT x(5) <m1m2m3m4h) 7Sd8

mPmS Y myt Pk -8 210 J, g k

m1,mz,m3,ma,h.k

—B+i
k<y

where

(39) bom) = S plma)my g mia(h).
mimomsmah=m
h<y
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Note that we have
b(m) < 74 * a(m) < Trya(m)(logm)©.
This integral can be evaluated by the following lemma.

Lemma 4. Suppose that B(s) =Y., b(n)n™* for ¢ > 1 where a(n) < 74, (n)(logn)"
for some non-negative integers ki and ly. Let A(s) = 3, . a(n)n™, where a(n) <

Tk, (logn)2 for some non-negative integers ko, ly and T* < y < T for some € > 0.
Then

1 c+iT
- X(1 —s)A(1 — s)B(s)ds
—H
_ Z Z TTL/]C) + O( T1/2<10g T)k1+k2+ll+lg>
k<y m<nT/2m

where ¢ =141/logT.
Proof. See [7, Lemma 2]. O

Applying Lemma 4 we get that

Z:ZZEI_C% Z b(m)e(=m/k) + O(yT2+),

mpB
k<y m<Tk/2m

Following [7], we now express the additive character e(—m/k) in terms of multiplica-
tive characters. We write m' = m/(m, k) and k¥’ = k/(m, k) and then

e(—m/k) = e(—m'fK) = —— 3 r(x)x(=m)
o)
x (mod k)

K)o 1 N
=25 3 Xm%;dk/) (X)x(—m)

where 7(x) denotes the Gauss sum. The first term here will lead to the main term
whilst the second term will give rise to the error. When computing the error term
we wish to apply the large sieve and hence it is necessary to express the sum over
characters in terms of primitive characters. To this end we write

s X e = S S w (M) o (B) s

Xx#Xo (mod k') Q\k’ g>1 1 (mod q)
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where the * denotes that the sum is over primitive characters. After an application
of M6bius inversion as in [7], formula (5.10), we have

LS @ x(—m)

(k) X#X0 (mod k)
] d/e k - m
- Y g X (i) () e ()
di(m ) ket v (moda) “d ¢
- Z Z 0> v () ek d.v),
qlk,q>1 1 (mod q) d|(m,k)
where
u k d k
okt = 32 55750 (5 ) v () ()
elk/q
Therefore, we can write
(40) T =M+E+O0yTY*),
where
a(k) b(m) p(k/(m, k))
M = )
é k-5 mg,;/% mP ¢(k/(m, k))
_k:
k<y m<Tk/27r qq|>k11j1(modq) d|(m lc)

4.3. Computing the main term M. We compute M essentially by applying
Perron’s formula to the inner sum although there are some arithmetic complications
to deal with. We first unfold the definition of b(m)

a(h)a(k) c(n) u(k/(nh, k
M:Z}(Lﬂ)l() 3 (n) p(k/(nh, k))

-8 B ’
hk<y & n<Tk/27h n? ¢(k/(nh, k))

where
(41) )= S plnnynyonl.
n1NaN3nNL=n

We then group the terms h, k according to their greatest common divisor g = (h, k)
and acquire the formula
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e(n) u(k/(n, )
M ZZ/ ghﬂkl 5 Z/ n? ok /(n, k)
(h,k)=1

On grouping together terms for which (n, k) = d we get

(gh) (gdk) u c(dn
) MY YU s s diliny s Al

9<y h<y/g d<y/g k<y/dg n<Tk/27Th
(h,dk)= (n,k)=1

To encode the dependence of d in the innermost sum, we use the following lemma.

Lemma 5. Let j,D € N and let fi,..., f; be arithmetic functions. Given a decom-
position of integers D = dy - - - d;, define D; = [[7_" d, for1 <i<j—1and D; = 1.
The following identities hold:

o (fixfarexf)mD)y= > > filmady) fa(mad;y) -+ f(mydy),

m<z dy---dj=D my--m;<x
(m.k)=1 (mi kD;)=1
(fl*f2 *f] mD f(mz JMiGjy1—4) Z)
> — = . H Z s
(mk)=1 dyd;=D i=1 (my kD;)

Proof. The second identity is Lemma 3 of [7]. The first identity follows from the
same method of proof. O

From Lemma 5 we see that the corresponding Dirichlet series may be written as

c(nd
>

(n,k)=1
= D> D> pmd) Y (mady) T Y (mady)™
didadsds=d (ml,kd1 d2d3):1 (mg,k‘dldz)il (m3,kd1):1
X Z (m4d1)5(m1m2m3m4)_(s+5)
(43) (ma,k)=1
= Y u(d4)d*7d*°‘dﬁ > uml)m;*ﬁ > m;“ﬁ
didodsds= (m1,kd)= (ma,kd1d2)=
CT et 3w
(mg kdl) 1 (m4k;

_G(s )C(s+v+ﬁ)€<s+a+ﬁ>G<S’k’d)

(s +5)
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where
(44) G<S7 k? d) — Z M(d4)d3_’yd2_adf H(l _ p—s—ﬁ)—l
didad3zds=d plkd
I )| (e ()
plkd1dz plkdy plk

Note that G(s,k,d) is holomorphic in the region o > 0 and that for o > 1/2, say,
we have the bound

(45) G(s,k,d) < () [ ] (1 + 1op—”> < ma(d)7(kd)
plkd

since the shifts are all < 1/logT and d,k < T. Also, note by changing the role of
ds, ds, dy, we can write

(46) G(s,kd)= Y pld)ds"dydy [J(1=p—)7!

d1d2d3d4:d p|k’d
X H (1 _p—S—’Y—IB> H (1 . p—8> H(l . p—s—a—ﬁ)'
plkdida plkdy .
as well as
(47) G(s,k,d) = Z pu(dy)dsdyed;” H(1 Ay
didad3ds=d plkd
< [T a=p) JJa=p =] -p77).
plkdids plkdq plk

These alternative formulations will be useful when recovering the second and third
Z terms of (7).

4.3.1. Perron’s formula. We employ the following version of Perron’s formula to eval-
uate the innermost sum in M.

Lemma 6. [Theorem 2.1 [15]] Let f(s) = >~ a,n"° be a Dirichlet series with
abscissa of absolute convergence o,. Let

|ay]
48 B(o) =
(15) =2
for o > o0,. Then for k > 04, x > 2, U > 2, and H > 2, we have

k41U

(49) Zan:% | f(s)%sderO( 3 |an|> +0(%B(“)).

K—ilJ z—z/H<n<z+z/H
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Applying Lemma 6 with U = exp(cy/IogT), H = /U and x = 1+1/log T we find
that

g o :L/W )+t B)Cls +B+7) ¢ m( k) ds

n<Tk/2rh n’ 2mi J v (s +P) 2rh ) s
(n,k)=1
c(dn) Tk (log T)“
+O(w kT<Z< n’ )+O<h NG

27h 27hNU — —27rh+27rhxf

From (41), we have |c(n)| < 74(n) for n < T°M | and thus by Shiu’s bound for short
divisor sums [23, Theorem 2] we have

cldn
Z )| « Z mi(d)ma(n)
kT kT + n kT kT +
27h 27rh\/U7 - 27rh 27rh\/7 2rh 27rh\/U7 - 27Th 27\'h\/7
kT B
<Ty(d) (logT)*.

U

Therefore the error terms contribute to M at most

k1- B
9<y h<y/g d<y/g k<y/d9 ¢ ) \/_
Ia la(h |a(d)|74(d) la(k)| T c
<y b h Ly = 2 gl
9<y h<y d<y/g k<y/dg

T /!
< —=(logT)*

VU

where we have used that a(n) < 7,(n)(log n) and a(mn) < |a(m)a(n)|.
Moving the contour to the line o = 1 — 55, we encounter three poles. By (45)

and since ((s)*' < logU in the zero free reglon the integral over the left edge of
the contour leads to a contribution

a(gh) (9dk)| T4(d)T(kd) f Th\1~ w0
IOgUZZ‘g’ZZ 9\ )()(_)

9<y h<y/g d<y/g k<y/dg ¢(k) h

< Texp(—cy/logT).
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The integral over the horizontal lines contribute at most
logU |a gh ] gdk | 74(d)7(kd) Tk
Sy Ml 5~ 5 ettt 2

9<y h<y/g d<y/g k<y/dg
< Texp(—cy/logT).

Therefore, we arrive at the following:

k) p(k)
dkl o) ress—,(F(s))

9=y h<y/g d<y/g k<y/dg vy

(hdk)=1 i

+ O(T exp(—cy/logT)),
where
_ s)C(s+a+B)C(s+B+17) Tk

7o) = (s + B) ok (1)

4.3.2. Computing the residues. Let us first analyse the contribution from the residue
at s = 1. This is given by

a(gdk) p(k) (1 +a+ B)((1 + B +7)
271'2 Z gh”ﬁ Z Z dk—5 qﬁ(k:) c1+5) G(1,k,d)

9y h<y/g d<y/g k<y/dg
(h,dk)=
_y oy a(gh)a(gk’) /T/Q”i<(1+a+6><(1+6+v)
B
9<y h.k'<y/g ghk’ h «1+5)
(h,k")=1
x ) k;5 YG(1, k, d)dt.
kd=k'

We will show that the integrand is given by Z, g4k From the definition of Z we
are required to show that

m—i—k’ )p—m(1+ﬂ)

m>= fOé
Gy D K g Gkd = ]] zmioflw P

/
kd=k PPH

where we recall that

fan(n) = Z p(ni)ng “ng” .

ninanz=n
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To prove this identity we first manipulate the right hand side of (51). Note that

pmY — premiEy _gy=(mel)y gy—amity

faﬁ(p ) = 1 _ p»y_a

and hence

— p—(+p)
Z my, —m(1+8) _ (1-p )
H faﬁ(p )p o H (1 _ p—(1+a+ﬁ))<1 _ p—(1+v+ﬁ))

plk’ m>0 plk

and

H Z fa,'y (perk;, )pfm(1+ﬁ)

PPk =0

patAHrHL ((p”—l)p% _ (pa—l)p“klp)

pPHy+HI_1 potB+l_1

-1l

Y
P |k by
- 11 ( p (1 —p7) - p (1 —p?) )
e T p ) (pme —p7) (1 —p Ures®)(p=e —p)
p

Therefore, the right hand side of (51) is given by
G2 [ (p_ak;, (1—p D)1 —p=) Lk (1 —p et (1 — p”))‘

(—p N —po) A= p D) pa—p)

Pk’
For the left hand side, inputting the definition of G given in (44) we find

S Kk =TI =) S ) Sl )’

kd=k' p|k’ kd=k' didadzds=d

x [T a-p ) [Ta=p 7).

plkdids plkds

We first combine the two sums and write them as a single sum over the condition
kdidydsd, = K. We then write kd; as ¢ and acquire

[Ta-p"H" > pd)ds " d e TTA—p 7 ) TJA=p7 7)) Y (k)

p|k’ Cdadzds=k' pléds plt kd1=¢

S (R Ra RS DRPTATrE) | ()

plk! dodsds=k’ p|d2
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For the sum over d; we have

> ulda)dgdy JJ(1 —p )

dodsds=k’' p|d2

T (X e

phi  1Sm<k,

— Y prtketemyam(q _ (o))

1<m<k),—1

bk p—v(k;—l))

- 11 (o (1—p (1 —p) L (1 —p~AFat®)(1 — p”))
(P —p™) (p=@ —p~)

PPk

and thus after multiplying by [, (1 —p~"~7)~" this is equal to (52). Equation (51)
then follows.
When computing the residue at s =1 —«a — f in (50), we get a factor of

1 7\ 18 T/2m /oy \ B
msle) L &)
l—a—pg\2r 0 2

In the arithmetic sums we see that the effect of changing s from 1 to 1 —a — ( is to
interchange o with —f and  with —« after using the expression for G(s, k, d) given
in (46). This is precisely the behaviour of the second Z term in (9) and hence we
acquire this term. Likewise, for the residue at s = 1 — § — =, the effect of changing
s from 1 to 1 — 8 — v is to interchange ~ with —3 and § with —~ after using the
expression (47) for G(s, k, d). This gives the third and final Z term.

4.4. Bounding the error term £. In this section we give unconditional bounds
for £ when a(n) satisfies the following properties

(53) a(mn) < la(m)a(n)|, a(n) < 7.(n)(logn)c.
The error term £ in (40) can be rewritten as

. ~ alk b(md m
SPIPIRTD TS PRI

2<q<y) (mod q k<y/q dlkq m<Tkq/2nd

= 81 +52
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where
b(md
5 &= ¥ Y stk Y 0O
2<g<n 1 (mod q) kq<y dlkq m<Tkq/2nd
k b(md
(55) &= > 7 Z(Z;)f_)ﬁzé(q,kq,d,w) > %
N<q<y ¢ (mod q) kq<y dlkq m<Tkq/2nrd

We use Siegel’s theorem to bound & and the large sieve inequalities to bound &s.

Proposition 7 (Small moduli). If a(nm) < |a(m)a(n)| and a(n) < 7.(n)(logn)°.
Then for n < (logT)?, we have

(56) & < T exp(—cy/log T)n®/?*e

Proposition 8 (Large moduli). If a(nm) < |a(m)a(n)| and a(n) < 7.(n)(logn)%,
then for some C' = C'(r, A), we have

(57) 52 < (IOgT)C/Tn_1/2+€ +yT1/2+e +y4/3T1/3+5 +y1/3+6T5/6+6.

Proof of Theorem 2. Combining Proposition 7 and Proposition 8, with 1 = (log T")"
for C' large enough, we find that & < T'(logT)~* provided y = T? for some fixed
0 < 1/2. Theorem 2 then follows. O

5. PROOF OF PROPOSITION 7

To prove Proposition 7, we use the following lemma.

Lemma 9. Let ¢ (modq) be a non-principal character with ¢ < (logT)”. Then for
T<a<<T? andd < T, we have

5 D) expl—ev/log ) (7 la (d) (),

where

(59) jtd) = T +10p2).

pld

Proof. After an application of Lemma 6 with x = 1 + O(1/logz), H = v/U with U
to be determined later, we have

b(md)(m 1 s b(md)y(m) .ds
3 (md)y( )__/ (md)y(m) ,ds

- +FE
mP 27 mpP+s 5

m<x w—iU
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where

E < D b(md)yp(m)| + —= 3 [b(md)e(m)|m ™.
zfx/\/ﬁgmgx+z/\/ﬁ

From (39), we have
b(md) < (md)? (74 * |a|)(md).

Therefore, the second term above is < (x/vU) (74 * |a])(d)(log )¢ and in fact, the
same bound holds for the first term. To see this we use Lemma 6.4 of [20] which
states that

Y (mexa)(n) < ulogt)* " [la(n)/n]

t—u<n<t

f0r$/2§t—uﬁt§$,T<<l’§T2,u:a:/UWitheXp(C\/@)SUS( slog )’

loglog x
and a(n) supported on integers < y < v/T. Therefore,

(59) E < %(u % a|)(d)(log )C.

Now it remains to compute

roHiU b(md)iy(m) _.ds

iU mpB+s

We shall move the contour to the line R(s) = 1 —¢/log(qU) for some absolute c¢. To
do this we first express the function Y, b(md)y(m)m=2=¢ in terms of L-functions.
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Applying Lemma 5, we have

b(md)y(m
Z( )Y (m)

ms+b8
m

_ Z Z p(mads)p(my) Z (mads)™"9(my)

dydadsdyds=d (my,dydadsds)=1 mi* (ma,dydads)=1 my "
(mads)~*b(ms) (mads)Pe(my) a(msdy ) (ms)
X
(mS;dg):l mgﬂf (m% Loom %s: m3
Y(p) ¥(p)
Zd: L 8 + 5 w) H (1 ps-i-ﬁ) d4 ’YL(S + 5 + 77w) p|d11_d[2d3 <1 o ps—i-ﬁ-l-’)’)
d
<dtlo+ 5 +an) T (1 0 )i T (1= 527 ) S ot
pldida pld1 ms
Lis+ B+ 0)Lls+ B+ )L ¥ 17 (1 _ w<p>>1
L(s+8,¢) oid p*o
X Z pu(ds)dy Yz ds |d1:l[d ( s+,8+v) |1d_[d (1 — pﬂ§2a> rd[ (1 - @) A(s+ f,dy),
5 di=d pldidads pldida plda
where

Als,r) = ZW _y a(m%(m).

To bound the horizontal integrals when moving the contour, we need some bounds

for the Y b(md)y(m)m="=5 for R(s) = 1 — O(1/log ¢S's) with Is > 1. Assuming
that

a(mn) < [a(m)|la(n)],

we have

(s,7) < a(r |Z | << la(r)|la(n)/n]1y* ) < |a(r)|(log z)Cy' .

m<y

We also have for 1 — R(s) < and Ss > 1

log q|\rs|

—— K L(s,v) < (log q|s|)¢,
logq@alyy < T ) < ogalS)
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Therefore, when 1 — R(s) < —1== and Ss > 1, we have

log q|Ss]

60) 30 MDY o (1og gIs))(d) (¢ al) (@)l )y .

There is at most one simple pole for Y, b(md)i(m)m=*=" for all non principal
characters 1 (mod ¢) with ¢ < T in the region {s = o + itloc > o1(t) = 1 —
¢/ logq(|t| +2)}, where ¢ is some absolute constant. By Siegel’s theorem, if this pole
exists, then it is a real number g such that 1 — > ¢=¢. Thus,

5 Umdvts) /“ o) s g, 5 ondm)

g . s+ s+8 o
m<zx m 1(U)—iU m ™ m S

T T
61 = d)(log(qUx))° + —=
(61) + g (rax Jal)(d)(log(qUx))™ + Vi
where the third term is the contribution from the horizontal integrals using (60).
Using (60) again for the first integral we have

o1 (U)+iU b(md d
/ o 5 WD) B o)) d) (s ¢ al) (@27

(2 % |a])(d)(log ),

m

log

(62) < J(d)(7a  |a])(d)x exp(—c )-

log qU
For the residue at 3, we have

—e log z log
63) <2< xexp(—q;i) < xexp(—%) < zexp(—cd'+/logz)

(log x)
by choosing € < ﬁ. Combining (61), (62) (63) and choosing U = exp(cy/log ), we
have for ¢ < (logz)4,

(64) Z b(mcz—;ﬂ(m) <4 j(d) (74 * |a])(d)x exp(—c'y/log z).

m

Proof of Proposition 7. From Lemma 6.6 in [20], we have
(d, k)loglogT
¢(k)o(q)

for primitive characters 1) and kg < T. From Lemma 6.7 in [20], we also have

(65) 10(g, kg, d, ¥)| <

(66) S I (1ol

dlkq
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for positive multiplicative functions h. Using (65), (66) and properties of a(n), we
have

b(md)y(m
=PI SRID SRCLTR STTNRATID S Ll

2<q<n ¢ (mod q) kq<y dlkq m<Tkq/2nd
(kq) (d, k loglog T Tk
<Y olava Y 14 ' Z Og (@) Jal) (@)= exp(—c'log T)
q<n kq<y dlkq
<<Zq3/2z |a( kq \Z (d,k)j T4*|a\)( )Texp(—c”\/@)
q<n kq<y dlkq
1/2 |a | d k 7_4 * |a|)( ) "
< Z la(q) Z Z T exp(—c"+/logT)
q<n kq<y d\kq
1/2 | 7_5 * |CL|)( ) _m
<3 lafa)lra)e? 3 |74 % lal)(m) /s exp(~¢”/log T)
q<n k<y
< T exp(—c""\/log T)
where we have used j(d) < 7(d) < 7(k)7(q). O

6. PROOF OF PROPOSITION 8

6.1. Initial cleaning. The proof of Proposition 8 is similar to [2], and we give
the exposition by considering Type I/II terms. One main difference is that our
coefficients a(n) are not supported on square-free integers. This affects the treatment
of 6(q, kq,d, ) in the initial cleaning stage to get rid of the ¢ dependence on d in the
sum d | kg. In our case, a(n) is not supported on square-free integers, but we can
still remove the condition d | ¢ by exploiting the fact that ¢» has conductor g.

We write k = k'k,, where (k',q) = 1 and k, is such that p|k, = p|g. Then we

have
d T d Kk
5(¢, ka, d, ) = Z a /e (— eq)@b(g)ﬂ( )

Since v is a character modulo ¢, we have that only the terms e = k,e’ with (¢/,q) =1
contribute to §(q, kq, d, ). Thus, only the terms with d = k,d’ such that (d',q) =1
contribute to d(q, kq,d, 1)), in which case

kg dw)y= Y L~ o0k udje) g (—k—,) ¥ ((Z) u(k'/e) = 6(q, K'q, d’,1)).

el (d' k") oka/e) ¢
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We see that
b(md)y(m)
= Z Z 25 kg diw) Y (md)?
1N<q<y 1 (mod q) kq<y dlkq m<Tkq/2nd
k; k’ b(mdk
-y Yy z D LRGN D)
n<q<y v (mod q) ke<y quq<y d|k m<Tkq/2rd a
kqlg™ (k,q)=
Note that
1
(67)  0(q, kg, d, ) < Z o(eg)e) < Z ra (loglogT) < (loglog T)*dk~tq™*
eld

since ¢(n) > n(loglogn)™! and o(n) < nloglogn. Applying this along with the
bounds |a(mn)| < |a(m)||a(n)| and |7(¢)| = ¢'/? we have

<y Ml Yy oy ”(zd) >, Hmtetn)

(mdk,)?
n<q<y ¥ (mod q) kq<y k<y/qkq dlk m<Tkq/2nd
kq‘q (k,q)=1
la(q)| |a(k)| b(mdkq)(m)
< Z 3/2 k, Z k2 Z (mqu)ﬁ )
n<q<y ¥ (mod q) kq<y d<y/qkq k<y/qkqd m<Tkq/2m
kqlg> (d,q)= (k,q)=1

After grouping k, and d together and removing the condition (k,q) = 1, we may
upper bound this by

s ol sy el s el

n<qg<y v (mod q) d<y/q k<y/qd

(md)?

b(md)y(m
Zk:/ (md)y( )'.

We divide the summation over k, ¢, d into dyadic intervals K < k < 2K,0Q < g <
2Q, D < d < 2D where

(68) n<@Q<y, KQD<y
to obtain

/ / a a a * bmd@bm
ZEIIDIIHIL DI L DINIDIE ]

Q K q¢~Q k~K ¥ (mod q) |m<kqT /27

Here Z'N is used to indicate the summation of the dyadic partition, so that Z;v 1K
log T, and ), means )y, oy- Upon bounding by the maximal dyadic sums we
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find that there exists a K, @, D satisfying (68) such that

a a a(q * b(md)p(m
5<mTz||Zquum§: > %ﬁ%ﬁ

d=D k=K ~Q ¥ (mod q) |m<kqT /27

Applying a(n) < 7.(n)(logn)® and the more brutal bound a(q) < ¢¢ we arrive at
the following

(log T)¢ la(d)]
(69) & <<KQ3/2 e Z Z Z mEQ%T

q~Q v (mod q)

b(md)y(m)
L]

where b(n) is defined in (39).

6.2. Combinatorial decomposition. To evaluate the sum over m, we apply Heath-
Brown’s identity to u to decompose b(n) into O((logT)%) linear combinations of
functions of the form (f % g)(n) where g is supported on integers of short lengths
and g(n) = n(n) (Type I) or both f and g are supported on integers of short
lengths (Type II). For Type I terms, we obtain cancellation from the sum over
using Pdlya-Vinogradov inequality. For Type II terms, we obtain cancellation using
the large sieve inequality on short Dirichlet polynomials.
Let M(s) =Y, .10 p(n)n~*. From Heath-Brown’s identity

1 j—1 J Sj—l Sj L — S S 7
Ol S (-1 (j)g() M(s) +—C@>(1 M(s)((s))

1<5<J
we have for n < z,

(70) ) = 3 (a0 g

1<j<J J

Since md < KQT < yT < T%?, we take z = T3/%2. On splitting each range of
summation into dyadic intervals, we see b(n) can be written as a linear combination
of O((log T')?>/*3) expressions of the form f, * - -+ x fo;,3(n), where f; are supported
on dyadic intervals [F;/2, Fj]. For terms in which f; is absent, we set F; = 1, and
take f;(1) =1, fi(n) = 0,n > 2. For F; > 1, we have

filn) = M%%N()i:L”J
fitn)=1, j=J+1,---,2J -1,

for(n) =0, fagi(n) =077 fayya = 0", foyis = a(n).
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Note that Fyyy3 <y and F; < T%?/ for i =1,--- ,.J. By Lemma 5, we write

b(md)  fi*---* fayis(md) _ Z

gr x -k 92J+3(m)

(md)ﬁ (md)ﬁ dy-daji3=d
with
' o ) N fz(mdz)(mdz)’ﬁ, if (m, Dz) =1, where D; = d; - -- di—la
gi(m) = gi(midy, ..., di) = { 0, otherwise.
Therefore,
(log T)¢ la(d)|
& < KQ3/2 e Z Z d Z
F; d=<D dydayy3=d
<S5 Jax 1> (o *---*92J+3)(m)@/)(m)"
q~Q ¢ (mod q) m<x

If + < (yT)Y/2, then we can bound trivially

S DU LD I DM

Z gr k- X gzj+3(m)w(m)‘

F; d<y dy1-daj43=d q~Q 1 (mod q) Im<x

Q2L /2T /2 Lare
(71) < W < yT .
Thus, we arrive at the bound

(log T)¢ la(d)|

(72) &2 < oo Z S(Q,T.d)
where
(73)

SQIO=3 3 3 3 g [ sl

Fi d1 d2]+3 d qNQ ¢ mod q) mSI

and where each g; is supported on [G;/2, G;] with G; = F;/d; and [, G; < .

Let 2 > W > 2%/3 be a parameter to be chosen later. We see that there exists
an i such that G; > W (Type I) or there exists a subset S C {1,...2J + 3} such
that /W < [[,cg Gi < W (Type II). Indeed, if there is an ¢ such that G; > W
or x/W <« G; < W then we are done. Otherwise we may suppose G; < z/W for
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all i. Since [[7° G; > x> W, there exists an iy such that [[2, G; > x/W and
[1%,' G; < /W, and thus

6.3. Type I terms. When z > (yT)l/2 > 132, we have y < 22/* < W. By taking
J large enough, we also have 2"/ <« T%/?) <« T3 <« 2%/ < W. Thus if there exists
an ¢ such that G; > W, we must have i € {J +1,...,2J 4 2}.

By an application of Mobius inversion, the Pélya—Vinogradov inequality and par-
tial summation, we see

> nfv(n) < 7(Di)g*logg
n;~G;
(ni,Di)=1

uniformly for ¢ < 1/logT. By grouping the rest of the functions in the 2.J + 3
convolution to a function g, we see the sum over m in (73) becomes

Z g(m)y(m) Z (rad;) e (nq)

mn; <x ni~F;/d;

(ni,Di)=1
L ~1/2e
— Tc.
< WQ
Therefore, the contribution from Type I terms to & is bounded by
(logT)” , KQT 1/2me _ Q2T1+6
(74) KQ3/2*€Q QT = 7

6.4. Type II terms. For Type II terms, we use the large sieve inequality to obtain
cancellations. To start with, we have from Perron’s formula

1 k+iU d
7;:(91 ok gagys)(m)(m) = i /nw B(s, ¥, d)a* —S + T,

where d = (dy, - ,dysys), U = T and x =< 1/log(KQT) and
B(s, v, CZ) = Z(gl ek gagys) (m)(m)m™.

m

The error from 7 can be bounded by

(log T)“

(75) KOy

Q2T€ < Ql/?-‘reTs < y1+
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and thus
(76)

log(KQT) .
sera<yY Y Y Y / B+ it | dt + y'+,
F; dy...daj13=d q~Q 9 (modq)

Let H;(¢,t) = ZnNGj g;(n)Y(n)n=""" and write
2743

Bk +it, ¢, d) HH ), 1) = AW, )B(1, 1)

where A(Y,t) = [[,cq Hi(¥, 1), B(z/z,t) = [Ligs Hi(¥, 1) are Dirichlet polynomials of
lengths A, B respectively Wlth A, B < W from the definition of S.
It is enough to bound uniformly for 1 <V <T%,

(77) — Z Z / O, t)|dt.

q~Q % (mod q)
After an application of the Cauchy—Schwarz inequality and the large sieve inequality

S5 [ b

q~Q P modq m<H

we see that (77) is bounded by

dt < (QV+H)Y  |hal”,

1/2 1/2
vl Z / t)|dt > Z / £)|dt
9~Q 1 (mod q) q~Q 9 (mod q)
< 1r(d)(log T)SVH(Q?V + A)A(Q?V + B)B)!/?
< 7r(d)(log T)*(AB)*(QV™2(A+ B)"* + Q%) + (log T)“ABV ™

for some positive integer R since g;(m) < 7.(md)(logmd)®" < 7,.(m)7.(d)(log )"
Applying this in (76) and then (72) we see these terms contribute to & at most

l T
[;gsm G(Z \a ’72J+3 TR( ))

X sup ((AB)l/Q(QV Y2(A+ B)Y?* + Q% + ABVY)
1<V T?0
AB<KQT

< (log T)C’Qe sup <T1/2W1/2v—1/2K—1/2 QTR 4 TQ_1/2V_1>

1<V <T20

(78) < (logT)“ Q@ (TV2W 2K Y2 L QTY2 4+ TQ 2.
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Let W = (KQT)*3. Combining (71), (74), (75) and (78) we have
& < y4/3T1/3+e + (log T)C’ (yT1/2+e + T?fl/ﬂe + y1/3T5/6+6)

and the result follows.

REFERENCES

[1] S. Bettin, H. M. Bui, X. Li, M. Radziwilt, 4 quadratic divisor problem and moments of the
Riemann zeta-function, preprint, available at arXiv.1609.02539.

[2] H. M. Bui and D. R. Heath-Brown, On simple zeros of the Riemann zeta-function, Bull. London
Math. Soc. 45, no. 5 (2013), 953-961.

[3] O. F. Brevig, W. Heap, High pseudomoments of the Riemann zeta function, J. Number Theory
197 (2019), 383-410.

[4] V. Chandee, X. Li, Lower bounds for small fractional moments of Dirichlet L-functions, Int.
Math. Res. Not. IMRN, 2013, no. 19, 4349-4381.

[5] J. B. Conrey, D. W. Farmer, J. P. Keating, M. O. Rubinstein, N. C. Snaith, Integral moments
of L-functions, Proc. London Math. Soc. 91 no. 3 (2005), 33-104

[6] J.B. Conrey, A. Ghosh, and S.M. Gonek, Large gaps between zeros of the zeta-function, Mathe-
matika, 33 (1986), 216-238.

[7] J.B. Conrey, A. Ghosh, and S.M. Gonek Simple zeros of the Riemann zeta-function, Proceedings
of the London Mathematical Society,76 no. 3 (1998), 497-522.

[8] J.B. Conrey and N.C. Snaith, Application of the L-functions ratios conjectures, Proc. London.
Math. Soc., 94 no. 3 (2007), 594-646.

[9] S. M. Gonek, On negative moments of the Riemann zeta-function, Mathematika 36 (1989),
71-88.

[10] W. Heap, S. Lindqvist, Moments of random multiplicative functions and truncated character-
istic polynomials, Q. J. Math. 67 no. 4 (2016), 683-714.

[11] D. A. Hejhal, On the distribution of log|¢’'(1/2 + it)|, Number theory, trace formulas and
discrete groups (Oslo, 1987), 343-70, Academic Press, Boston, MA, 1989.

[12] C.P. Hughes, J.P. Keating and N. O Connell, Random matriz theory and the derivative of the
Riemann zeta function, Proc. R. Soc. Lond. A 456 (2000) 2611-2627

[13] H. Iwaniec, E. Kowalski, Analytic number theory, American Math. Soc., Colloquium Publica-
tions, vol. 53

[14] E. Kowalski, P. Michel, J. VanderKam, Mollification of the fourth moment of automorphic
L-functions and arithmetic applications, Invent. Math. 142 no. 1 (2000), 95-151.

[15] J. Liu and Y. Ye, Perrons formula and the prime number theorem for automorphic L-functions,
Pure and Applied Mathematics Quarterly 3no. 2, (2007) 481-497.

[16] M. B. Milinovich, N. Ng, A note on a conjecture of Gonek, Funct. Approx. Comment. Math.
46 no. 2 (2012), 177-187.

[17] Y. Motohashi, Spectral theory of the Riemann zeta-function, Cambridge Tracts in Mathematics,
127. Cambridge University Press, Cambridge, 1997.

[18] N. Ng, Large gaps between the zeros of the Riemann zeta function, J. Number Theory 128
(2008), 509-556

[19] N. Ng, On extreme values of ('(p), J. London Math. Soc. 78 no. 2 (2008), 273-289.

[20] N. Ng, A discrete mean value of the derivative of the Riemann zeta function, Mathematika
54 1-2 (2007), 113-155.


http://arxiv.org/abs/1609.02539

DISCRETE NEGATIVE MOMENTS 42

[21] K. Pratt, N. Robles, Perturbed moments and a longer mollifier for critical zeros of ¢ Res.
Number Theory 4, no. 9 (2018).

[22] Z. Rudnick and K. Soundararajan, Lower bounds for moments of L-functions, Proc. Natl. Sci.
Acad. USA 102 (2005), 6837-6838.

[23] P. Shiu, A Brun-Titchmarsh theorem for multiplicative functions, J. Reine Angew. Math. 313
(1980), 161-170.

[24] E.C. Titchmarsh, The theory of the Riemann zeta function, second edition revised by D. R.
Heath-Brown (Clarendon Press, Oxford, 1986).

[25] M. Young, The fourth moment of Dirichlet L-functions, Ann. of Math. 173 no.2 (2011), 1-50.

MAX PLANCK INSTITUTE FOR MATHEMATICS, VIVATSGASSE 7, 53111 BONN.
E-mail address: winstonheap@gmail.com

MAX PLANCK INSTITUTE FOR MATHEMATICS, VIVATSGASSE 7, 53111 BONN.
E-mail address: j111350mpim-bonn.mpg.de

MAX PLANCK INSTITUTE FOR MATHEMATICS, VIVATSGASSE 7, 53111 BONN.
E-mail address: jingzh950@gmail.com



	20_Heap_cover

