INVARIANT METRICS OF POSITIVE RICCI CURVATURE ON PRINCIPAL BUNDLES

Peter B. Gilkey†, JeongHyeong Park‡, and Wilderich Tuschmann^⋆

Abstract. Let Y be a compact connected Riemannian manifold with a metric of positive Ricci curvature. Let π : P → Y be a principal bundle over Y with compact connected structure group G. If the fundamental group of P is finite, we show that P admits a G invariant metric with positive Ricci curvature so that π is a Riemannian submersion.

§0 Introduction

Throughout this paper, let Y be a compact connected Riemannian manifold which admits a metric g_Y with positive Ricci curvature. This implies that the fundamental group of Y is finite. The converse does not hold; the K^3 surface is a simply connected 4 manifold which does not admit a metric of positive scalar curvature and hence which does not admit a metric of positive Ricci curvature. Let P be a principal bundle over Y with compact connected structure group G. If G admits a metric of positive Ricci curvature, then P admits a G invariant metric which has positive Ricci curvature so that the fibers of P are totally geodesic and so that the projection is a Riemannian submersion, see Bérard Bergery [4] for details. For general G, if P admits a metric of positive Ricci curvature, then π_1(P ) is finite. The following converse is the main result of this paper:

0.1 Theorem. Let (Y, g_Y ) be a compact connected Riemannian manifold with positive Ricci curvature. Let P be a principal bundle over Y with compact connected structure group G so that π_1(P ) is finite. Then there exists a G invariant metric g_P on P so that g_P has positive Ricci curvature and so that π : (P, g_P ) → (Y, g_Y ) is a Riemannian submersion.

Bérard Bergery [4] showed that if P is a principal torus bundle over Y with π_1(P ) finite, then P admits a metric with positive Ricci curvature. His argument uses a result of Aubin [3] and does not yield a G invariant metric nor a metric so that π is a Riemannian submersion. The case of a circle bundle is the crucial one and we summarize his argument as follows. Let L be a complex line bundle over Y

1991 Mathematics Subject Classification. 53C20.

Key words and phrases. positive Ricci curvature, principal bundle, O’Neill formulas, Riemannian submersion.

†Research partially supported by the NSF (USA) and MPIM (Germany) ‡Research partially supported by KOSEF-DFG and MPIM (Germany) ⋆ Research partially supported by MPIM (Germany) Gilkey-Park-Tuschmann W05GPTposv17p processed 18 January 1997

Typeset by AMS-TEX

with associated circle bundle S; π_1(S) is finite if and only if 0 ≠ c_1(L) in H^2(Y ; R). Choose a connection on L so the associated curvature 2-form F is harmonic. Use the connection to define a splitting of T (S) = V ⊕H into the vertical and horizontal subspaces of the projection π : S → Y . Let ds^2_H be the pull-back of the metric on Y to the horizontal distribution H. Let e^1 be the 1-form which is dual to the circular flow ∂_t and consider the metric ds^2_S = e^{−2C1} (e^1 ∘ e^1) + ds^2_H. Then for C_1 >> 0, the Ricci tensor of g_S is positive semi-definite. Since π_1(S) is finite, c_1(L) ≠ 0 so there exists y_0 ∈ Y so that F(y_0) ≠ 0. At this point, the Ricci curvature of g_S is positive definite. Aubin [3] has shown that a manifold S which admits a metric with positive semi-definite Ricci tensor which is positive definite at a point admits a metric with positive Ricci curvature everywhere; this result then completes the proof.

Here is a brief historical summary of some related work on what might be called the Kaluza-Klein ansatz. Nash [16], Poor [18], and Bérard-Bergery [4] used Riemannian submersions with totally geodesic fibers to construct metrics of positive Ricci curvature on the total spaces of certain compact fiber bundles and on certain vector bundles of rank at least 2. The same construction was used by D’Atri & Ziller [9], Jensen [13], and by Wang & Ziller [24] to construct left invariant and bi invariant Einstein metrics with positive scalar curvature on certain compact Lie groups G where G was viewed as a principal H bundle H → G → G/H. Several other authors [7, 10, 14, 22] constructed Einstein metrics with positive scalar curvature on the total spaces of principal torus bundles over products of Kaehler Einstein manifolds with positive first Chern class. Cheeger [8], Derdzinski & Rigas [11], and Strake & Walschap [20] used the same method to construct metrics of non negative sectional curvature on certain manifolds. Weinstein [21] studied symplectic structures on fat bundles. A principal ingredient in the constructions used by all these authors involved rescaling the fibers by a constant factor.

Non constant warping has also been used. Nabonnand [15] gave examples of (non-compact) complete manifolds with positive Ricci curvature and infinite fundamental group. Bérard Bergery [5] showed that if M is complete and admits a metric with non-negative Ricci curvature, then M × R^k carries a metric with positive Ricci curvature for k ≥ 3. For example, if M is the K^3 surface, then M × R^3 admits a metric with positive Ricci curvature but not positive sectional curvature. Gromoll & Meyer [12] used warped products to construct metrics of positive Ricci curvature on certain non compact manifolds. Anderson [1, 2] and Sha & Yang [19] used warped products to construct metrics of positive Ricci curvature on the connected sum of certain simply connected manifolds with positive Ricci curvature. Wei [25] showed that if L is a simply connected nilpotent Lie group, then L×R^p admits a complete Riemannian metric with positive Ricci curvature for p sufficiently large.

The proof of the main result of this paper will combine the above mentioned warping techniques. We outline our approach as follows. We first consider the case of a principal circle bundle S. We begin as in the paper [4] and choose a connection on S with harmonic curvature F to split the tangent space of S into horizontal and vertical subspaces. However, we consider a metric on S of the form ds^2_S := e^{2(−C1+ϱϕ)}(e^1)^2 + ds^2_H; i.e. we rescale the volume of the circle fibers by a varying conformal factor. Here ϕ is a smooth function on Y and C_1 and ϱ are parameters. Let O be a non-empty open set so that |F|^2 ≥ ϵ_1 > 0 on O. On O, the Ricci tensor is positive for C_1 >> 0. On O^c, we will choose ϕ to give the positivity of the Ricci tensor for ϱ small. Thus a crucial feature of our construction, in contrast to that given in [4] is that the fibers have non-constant volumes so the fibers are not minimal and hence are not totally geodesic. This proves Theorem 0.1 in the case that G = S^1. The general case will follow by considering first G/H where H is the connected component of the center of G and then by considering a tower of circle bundles; see §1 for details.

§1 is devoted to the proof of Theorem 0.1. In Lemma 1.1, we discuss the geometry of circle bundles, in Lemma 1.2, we discuss the curvature tensor of a circle bundle S, and in Lemma 1.2 we discuss the Ricci curvature of a circle bundle. We then use these Lemmas to give the proof of Theorem 0.1 in the special case of S^1 bundles. We then generalize this argument to torus bundles of higher rank and finally to general compact connected Lie groups to complete the proof of Theorem 0.1. We will postpone the proof of Lemmas 1.1 and 1.2 until §2 to avoid interrupting the flow of our agrument. Both these Lemmas follow easily from the O’Neill formulas [17], see Besse [6] as well. We give a self-contained proof for the convenience of the reader as it is quite straightforward and in any event no more difficult than adapting the O’Neill formulas to the setting at hand. We conclude the paper in §3 by presenting some more specialized results on torus bundles. It is a pleasant task to thank S. Stolz for many helpful conversations relating to this paper.

§1 The geometry of torus bundles

We begin with the rank 1 case. Let L be a complex line bundle over a Riemannian manifold Y . We assume L is equipped with a positive definite pointwise inner product ⟨·, ·⟩ and a unitary connection^L∇. Let s be a local unitary section to L and let^L∇s = √ −1A_ss define the normalized connection 1 form A_s. Let S = S(L) be the associated unit circle bundle and let π : S → Y be the associated projection. The connection^L∇ defines a splitting T S = V ⊕ H. Introduce local coordinates y = (y^1, ..., y^m) on Y . Let (t, y) → e^{√−1t}s(y) give local coordinates (t, y) to S. We refer to §2 for the proof of the following result.

1.1 Lemma.

(1) ∂_t is an invariantly defined tangent vector spanning V. (2) If s̃ = e^{√−1Φ}s, then ∂_t = ∂_{t̃}, ∂^y_a = ∂^ỹ_a − ∂^y_a Φ∂_t, and Ã_s = A_s + d_Y Φ. (3) The horizontal lift of a vector field Ψ on Y is given by HΨ := Ψ − A_s(Ψ)∂_t. (4) We have e^1 := dt + π^∗A_s is dual to ∂_t and spans V^∗.

(5) The normalized curvature F := d_Y A_s is invariantly defined and de^1 = π^∗F.

Let f ∈ C^∞(Y ) and let ∇ be a unitary connection on L. We define a metric ds^2_S = ds^2_S (f, A) on S(L) by requiring that π_∗ : H → T Y is an isometry, that V ⊥ H, and that |∂_t|^2 = e^{2f} . Denote the metric on Y by ds^2_Y = g_{ab}dy^a ∘ dy^b. Let {F_a} be an orthonormal frame for the horizontal space.

Lemma 1.2.

(1) R^S(∂_t, F_a, F_a, ∂_t) = e^{2f} {−f_{;aa} − f_{;a}f_{;a} + ∑ b e^{2f} F_{ab}F_{ab}/4}.

(2) R^S(F_a, F_b, F_b, ∂_t) = e^{2f} {F_{ab;b} + 3f_{;b}F_{ab}}/2. (3) R^S(F_a, F_b, F_b, F_a) = R^Y (∂_a, ∂_b, ∂_b, ∂_a) − 3e^{2f} F_{ab}F_{ab}/4.

Let ext denote exterior multiplication and int the dual, interior multiplication. Let Δ = δd be the scalar Laplacian on functions. Let ρ_S and ρ_Y be the Ricci tensors of S and Y . We use the metric to identify vectors and covectors. The next Lemma follows directly from Lemma 1.2.

1.3 Lemma. Let F be a unit horizontal tangent vector. Let T := e^{−f} ∂_t.

(1) ρ_S(T , T ) = Δf − |df|^2 + e^{2f} |F|^2/4. (2) ρ_S(T , F ) = e^f {−δF(F ) + 3F(F, df)}/2. (3) ρ_S(F, F ) = ρ_Y (F, F ) − e^{2f} | int(F )F|^2/2 − f_{;F F} − F (f)^2. (4) The metric g_S has positive Ricci curvature if and only if

∀F , 4ρ_S(T , T )ρ_S(F, F ) > ρ_S(T , F )^2.

Proof of Theorem 0.1 if r = 1. Choose a unitary connection on the complex line bundle L so the curvature F is harmonic. Since c_1(L) does not vanish in H^2(Y ; R), F does not vanish identically. Since F is harmonic, δF = 0.

(1) Choose ϵ > 0 so ρ_S(F, F ) ≥ ϵ ∀F .

(2) Choose a non-empty open set O and ϵ_1 > 0 so that |F(y)|^2 ≥ ϵ_1 ∀y ∈ O. (3) Choose a smooth function ϕ so that Δϕ(y) ≥ 1 for y ∉ O. (4) Let f := −C_1 + ϱϕ. Choose C_1 so e^{2f} | int(F )F|^2 < ϵ/3 ∀ ϱ ∈ (0, 1). (5) Choose ϵ_2 > 0 so e^{2f} /4 ≥ ϵ_2 ∀ ϱ ∈ (0, 1).

(6) Choose ϱ_0 > 0 so |ϱϕ_{;F F} | + |ϱ^2F (ϕ)^2| ≤ ϵ/3 ∀F if ϱ ∈ (0, ϱ_0). Then ρ_S(F, F ) ≥ ϵ/3. (7) Choose K so that ρ_S(T , T ) ≥ ϵ_1ϵ_2 − Kϱ on O, ρ_S (T , T ) ≥ ϱ − Kϱ^2 on O^c, and so that ρ_S(T , F )^2 ≤ Kϱ^2.

It now follows that ρ_S(T , T )ρ_S(F, F ) dominates ρ_S(T , F )^2 for small values of ϱ and thus ρ_S is positive definite. □

Proof of Theorem 0.1 for toroidal fibers. To deal with the higher rank case, we use induction on r and proceed inductively. Let L_1, ..., L_r be the complex line bundles defined by the torus bundle P . Let T^r := S^1 × ... × S^1. Assume π_1(P ) is finite. Let P_{r−1} be the torus bundle of rank r − 1 defined by the complex line bundles L_1, ..., L_{r−1}. We use the long exact sequence of the fibration S^1 → P → P_{r−1} to see π_1(P_{r−1}) is finite. By induction, we may find a metric g_{r−1} on P_{r−1} so π_{r−1} : P_{r−1} → Y is a Riemannian submersion, so g_{r−1} has positive Ricci tensor, and so that g_{r−1} is invariant under the action of T^{r−1}.

We work equivariantly. Let L̃ := π^∗_{r−1}L_r; this complex line bundle admits a natural T^{r−1} action. Let ~∇_0 be an arbitrary unitary connection on L̃. We average ~∇_0 over the action of T r−1 to construct a T r−1 invariant connection ~∇_1. Let F_1 be the curvature of ~∇_1; this is invariant under the T^{r−1} action. Let F be the harmonic representative of c_1(L̃). Since T^{r−1} is a connected Lie group, it acts trivially on the cohomology of P_{r−1}. Since T^{r−1} acts by isometries, it preserves the harmonic forms and thus F is T^{r−1} invariant. We decompose F = F_1 + dω; by averaging ω over T^{r−1}, we may assume ω is T^{r−1} invariant. Let ~∇ := ~∇_1 +ω. Then ~∇ is a T^{r−1} invariant connection with harmonic curvature F. Choose O so that |F|^2 ≥ ϵ_1 > 0 on O. Since F is T^{r−1} invariant, we can choose O to be T^{r−1} invariant and hence O^c is T^{r−1} invariant. Choose ϕ so Δϕ ≥ 1 on O^c; by averaging ϕ over the action of T^{r−1}, we can assume ϕ is T^{r−1} invariant. Thus the metric constructed in the case r = 1 yields a metric on P which is both S^1 and T^{r−1} invariant and hence T^r invariant. Since the composition of Riemannian submersions is a Riemannian submersion, the remaining assertions of Theorem 0.1 now follow if G is a torus. □

Proof of Theorem 0.1 for general G. Let C be the connected component of the center of a compact connected Lie group G. Since C is a compact connected Abelian Lie group, C = T^r is a torus of rank r for some r. Let P → Y be a principal G bundle with π_1(P ) finite. Let G̃ := G/C and let Ỹ := P/C. Then the natural projection from Ỹ to Y defines a principal G̃ bundle. Since G is reductive, G̃ is semisimple so G̃ admits a metric of positive Ricci curvature. The argument in Bérard Bergery [4] shows that Ỹ admits a G̃ invariant metric with positive Ricci curvature so that π : (Ỹ , g_Ỹ ) → (Y, g_Y ) is a Riemannian submersion with totally geodesic fibers. The natural projection from P to Ỹ defines a principal T^r bundle. The structure group G acts on this principal bundle since C is central. We average over the group G at each stage in applying the construction used to prove Theorem 0.1 in the case r > 1 and the remainder of the argument is the same. □

§2 Proof of Technical Lemmas

Proof of Lemma 1.1. The flow v → e^{√−1t}v for v ∈ S(L) and t ∈ R is invariantly defined; ∂_t is the associated vertical vector field. Assertion (1) now follows. Since L∇ is unitary, A_s is a real 1-form. If s̃ = e^{√−1Φ(y)}s, then (ỹ, t̃) = (y, t − Φ); assertion (2) now follows. We show that H is invariantly defined by computing:

∂^y_a − A_s(∂^y_a )∂_t = ∂^ỹ_a − ∂^y_a Φ∂_t − A_s(∂^y_a )∂_t = ∂^ỹ_a − A_{s̃}(∂^y_a )∂_t.

Fix y_0 ∈ Y and choose Φ so (A_s + d_Y Φ)(y_0) = 0. Since A_{s̃}(y_0) = 0, the ∂^ỹ_a are horizontal. Thus at y_0, H∂^y_a = ∂^ỹ_a is horizontal. Since HΨ is invariantly defined, HΨ is the horizontal lift. Since e^1(HΨ) = 0 for all Ψ and since e^1(dt) = 1, e^1 is the vertical projection of dt and is invariantly defined. By (2), d_Y A_{s̃} = d_Y A_s so the curvature F is invariantly defined. Clearly de^1 = π^∗F. □

To prove Lemma 1.2, we shall need a number of technical Lemmas. We begin by computing the Christoffel symbols. Let Γ_{ttt} = g_S(∇_{∂t} ∂_t, ∂_t), Γ_{tta} = g_S(∇_{∂t} ∂_t, ∂_a) etc. Let A_a := A_s(∂_a); we suppress the role of s for notational convenience.

Lemma 2.1.

(1) g_S(∂_t, ∂_t) = e^{2f} , g_S(∂_t, ∂_a) = e^{2f} A_a, and g_S(∂_a, ∂_b) = g^Y_{ab} + e^{2f} A_aA_b. (2) Γ_{ttt} = 0, Γ_{tta} = −e^{2f} ∂_af, Γ_{att} = Γ_{tat} = e^{2f} ∂_af,

Γ_{atb} = Γ_{tab} = {∂_a(e^{2f} A_b) − ∂_b(e^{2f} A_a)}/2, and Γ_{abt} = {∂_a(e^{2f} A_b) + ∂_b(e^{2f} A_a)}/2.

Proof of Lemma 2.1. We prove the first assertion by computing: g_S(∂_t, ∂_t) =e^{2f} , g_S(∂_t, ∂_a) =g_S(∂_t, ∂_a − A_a∂_t) + g_S (∂_t, A_a∂_t) = e^{2f} A_a, and g_S(∂_a, ∂_b) =g_S(∂_a − A_a∂_t, ∂_b − A_b∂_t) + g_S(∂_a − A_a∂_t, A_b∂_t) + g_S(A_a∂_t, ∂_b − A_b∂_t) + A_aA_bg_S(∂_t, ∂_t) =g^Y_{ab} + e^{2f} A_aA_b.

The Christoffel symbols are given by 2Γ_{ijk} = g_{ik/j} + g_{jk/i} − g_{ij/k}. The second assertion now follows. □

We fix y_0 ∈ Y and choose a coordinate system y centered at y_0. We further normalize the coordinate system by assuming that g_{ab} = δ_{ab} + O(|y|^2); for example, we could take geodesic normal coordinates centered at y_0. We choose s so that (^L∇s)(y_0) = 0 or equivalently so A = O(|y|). Lemma 2.2.

(1) g^{tt}_S = e^{−2f} + O(|y|^2), g^{tb}_S = −A_b + O(|y|^2), and g^{ab}_S = δ_{ab} + O(|y|^2). (2) Γ_{tt}^t(y_0) = 0, ∂_tΓ ≡ 0, Γ_{ab}^c(y_0) = 0, Γ_{ab}^t(y_0) = (∂_bA_a + ∂_aA_b)(y_0)/2, and Γ_{at}^b(y_0) = e^{2f} (∂_aA_b − ∂_bA_a)(y_0)/2.

(3) Γ_{ta}^t = ∂_a(f) − e^{2f} A_b(∂_aA_b − ∂_bA_a)/2 + O(|y|^2). (4) ∂_aΓ_{ta}^t(y_0) = {∂_a∂_a(f) − e^{2f} (∂_aA_b)F_{ab})/2}(y_0).

(5) ∂_aΓ_{bb}^t(y_0)−∂_bΓ_{ab}^t(y_0) = {F_{ab;b}/2+2∂_bf ·∂_aA_b −∂_af ·∂_bA_b −∂_bf ·∂_bA_a}(y_0). (6) ∂_a(Γ_{bb}^a − Γ^Y_{bb}^a)(y_0) = −(e^{2f} F_{ab}∂_aA_b)(y_0). (7) ∂_b(Γ_{ab}^a − Γ^Y_{ab}^a)(y_0) = −(e^{2f} F_{ab}∂_bA_a)(y_0)/2.

Proof of Lemma 2.2. Let C(y) := C_0(y) + C_1(y) where C_i(y) are matrix valued functions with C_1(y_0) = 0. Then C^{−1}(y) ={C_0(y)(I + C_0(y)^{−1}C_1(y))}^{−1}

={I − C_0(y)^{−1}C_1(y) + O(|y|^2)}C_0(y)^{−1} =C_0(y)^{−1} − C_0(y)^{−1}C_1(y)C_0(y)^{−1} + O(|y|^2).

Applying this to C_0 = diag(e^{2f} , 1, ..., 1) and to C_1 = ds^2_S − C_0 yields assertion (1). The first two assertions of (2) are immediate. We use (1) to raise indices and derive (2) from Lemma 2.1; note that Γ_{abc}(y_0) = 0. To prove (3), we compute Γ_{ta}^t = Γ_{tat}g^{tt}_S + Γ_{tab}g^{tb}_S = ∂_a(f) − e^{2f} A_b(∂_aA_b − ∂_bA_a)/2 + O(|y|^2).

We differentiate this expression with respect to a and evaluate at y_0 to prove (4). The proof of (5) is similar: Γ_{ab}^t = Γ_{abt}g^{tt}_S + Γ_{abc}g^{ct}_S = e^{−2f} {∂_a(e^{2f} A_b) + ∂_b(e^{2f} A_a)}/2 + O(|y|^2) = (∂_aA_b + ∂_bA_a + 2∂_a(f)A_b + 2∂_b(f)A_a)/2 + O(|y|^2), and ∂_aΓ_{bb}^t(y_0) − ∂_bΓ_{ab}^t(y_0) = {2∂_a∂_bA_b − ∂_b∂_aA_b − ∂_b∂_bA_a + 4∂_bf · ∂_aA_b − 2∂_af · ∂_bA_b − 2∂_bf · ∂_bA_a)}(y_0)/2.

We prove assertions (6) and (7) by computing:

Γ_{bb}^a =g^{ad}Γ_{bbd} + g^{at}Γ_{bbt} = Γ_{bba} − A_aΓ_{bbt} + O(|y|^2) =Γ^Y_{bb}^a + e^{2f} {2∂_b(A_bA_a) − ∂_a(A^2_b ) − 2A_a∂_bA_b)}/2 + O(|y|^2), and Γ_{ab}^a =g^{ad}Γ_{abd} + g^{at}Γ_{abt} = Γ_{aba} − A_aΓ_{abt} + O(|y|^2) =Γ^Y_{ab}^a + e^{2f} {∂_b(A^2_a) − A_a(∂_aA_b + ∂_bA_a)}/2. □

Proof of Lemma 1.2. Fix y_0. Adopt the normalizations of Lemma 2.2 where the coordinates on Y are chosen so that F = ∂_a at y_0 for some a. We use Lemma 2.2 to compute at y_0: R^S(∂_t,F_a, F_a, ∂_t) =g_S(∂_tΓ_{aa}^b∂_b + ∂_tΓ_{aa}^t∂_t − ∂_aΓ_{ta}^b∂_b − ∂_aΓ_{ta}^t∂_t, ∂_t) + g_S(Γ_{tb}^cΓ_{aa}^b∂_c + Γ_{tb}^tΓ_{aa}^b∂_t + Γ_{tt}^cΓ_{aa}^t∂_c + Γ_{tt}^tΓ_{aa}^t∂_t, ∂_t) − g_S(Γ_{ab}^cΓ_{ta}^b∂_c + Γ_{ab}^tΓ_{ta}^b∂_t + Γ_{at}^cΓ_{ta}^t∂_c + Γ_{at}^tΓ_{ta}^t∂_t, ∂_t) ={e^{2f} (−∂_aΓ_{ta}^t − Γ_{ab}^tΓ_{ta}^b − Γ_{at}^tΓ_{ta}^t)}(y_0) ={e^{2f} (−∂_a∂_af + e^{2f} (∂_aA_b)(∂_aA_b − ∂_bA_a)/2 − e^{2f} (∂_aA_b + ∂_bA_a)(∂_aA_b − ∂_bA_a)/4 − (∂_af)^2)}(y_0) ={e^{2f} (−∂_a∂_af − (∂_af)^2 + e^{2f} (∂_aA_b − ∂_bA_a)^2/4)}(y_0).

This proves the first assertion. Next we compute at y_0

R^S(F_a,F_b, F_b, ∂_t) = e^{2f} {∂_aΓ_{bb}^t − ∂_bΓ_{ab}^t + Γ_{at}^tΓ_{bb}^t − Γ_{bt}^tΓ_{ab}^t} =e^{2f} {F_{ab;b}/2 + 2∂_bf · ∂_aA_b − ∂_af · ∂_bA_b − ∂_bf · ∂_bA_a) + ∂_af · ∂_bA_b − ∂_bf(∂_aA_b + ∂_bA_a)/2} =e^{2f} {F_{ab;b} + 3f_{;b}F_{ab}}/2. This proves the second assertion. We prove assertion (3) by computing at y_0: R^S(F_a, F_b, F_b, F_a) =∂_aΓ_{bb}^a − ∂_bΓ_{ab}^a + Γ_{at}^aΓ_{bb}^t − Γ_{bt}^aΓ_{ab}^t =R^Y (∂_a, ∂_b, ∂_b, ∂_a) + e^{2f} {−∂_aA_bF_{ab} + ∂_bA_aF_{ab}/2 + (∂_bA_a + ∂_aA_b)F_{ab}/4}. The final assertion of Lemma 1.2 follows from the first three and from the quadratic formula. □

§3 Torus bundles In this section, we present a few additional results on torus bundles. We begin with the following Lemma which characterizes those bundles with finite fundamental groups in terms of first Chern classes.

3.1 Lemma. Let (Y, g_Y ) be a compact connected Riemannian manifold with positive Ricci curvature. Let P be a principal torus bundle over Y with associated complex line bundles L_1, ..., L_r. Then π_1(P ) is finite if and only if the first Chern classes c_1(L_i) are linearly independent in H^2(Y ; R).

Proof. The fundamental group of Y is finite. By passing to a finite cover, we may assume that π_1(Y ) = 0. The long exact sequence of a fibration yields:

...π_2(Y ) → π_1(T^r) → π_1(P ) → 0.

Thus π_1(P ) is Abelian and π_1(P ) is finite if and only if the map δ : π_2(Y ) → π_1(T^r) is a rational surjection. We dualize this map and apply the Hurewicz isomorphism to construct δ^∗ : H^1(T^r; R) → H^2(Y ; R); δ is a rational surjection if and only if δ^∗ is injective. Let BT^r be the classifying space of the r dimensional torus. We identify H^1(T^r; R) with H^2(BT^r; R) to regard δ^∗ : H^2(BT^r; R) → H^2(Y ; R). We use naturality to see then that δ^∗ is given by the first Chern class. More precisely, if x_1, ..., x_r are the canonical generators of H^2(BT^r; R), then δ^∗(Σ_ia_ix_i) = Σ_ia_ic_1(L_i). Consequently π_1(P ) is finite if and only if {c_1(L_1), ..., c_1(L_r)} are linearly independent in H^2(Y ; R). □

Let Y denote the connected sum of k copies of S^2 × S^2. Then Y admits a metric of positive Ricci curvature, see Anderson [1] or Sha and Yang [19] for details. Then dim H^2(Y ; Z) = 2k and H^2(Y ; Z) embeds in H^2(Y ; R). For r ≤ 2k, we can choose line bundles L_1,..., L_r so that {c_1(L_i)} are linearly independent in H^2(Y ; R). Let P be the corresponding torus bundle; this implies that π_1(P ) is finite.

This example is interesting in at least one respect. Instead of proceeding by induction on r, it is natural to try to perform the construction of §1 on the torus bundle all at once. One easily sees that a necessary condition for this to work is that there exist a point y_0 so that the forms F_i(y_0) are linearly independent for 1 ≤ i ≤ r. Let k ≥ 4 so r = 2k ≥ 8. Choose the c_1(L_i) linearly independent as cohomology classes. Since dim Λ^2Y = 6, there is no point of Y where the F_i are linearly independent.

References

[1] M. T. Anderson, Short geodesics and gravitational instantons, J. Diff. Geom. 31 (1990), 265–275.

[2] , Metrics of positive Ricci curvature with large diameters, Man. Math. 68 (1990), 405–415.

[3] T. Aubin, Métriques riemanniennes et courbure, J. Diff. Geom. 4 (1970), 383–424. [4] L. Bérard Bergery, Certains fibrés à courbure de Ricci positive, C. R. Acad. Sc. Paris 286 (1978), 929–931.

[5] , Quelques exemples des variétés riemanniennes complètes non compactes à courbure de Ricci positive, C. R. Acad. Sc. Paris 302 (1986), 159–161.

[6] A. L. Besse,, Einstein manifolds,, Ergebnisse der Mathematik und ihrer Grenzgebiete; 3.

Folge, Bd. 10., Springer-Verlag, Berlin, New York, (1987).

[7] L. Castellani, R. D’Auria, and P. Fré, SU(3) × SU(2) × U(1) from D = 11 supergravity, Nuclear Phys. B 239 (1984), 610–652.

[8] J. Cheeger, Some examples of manifolds of non-negative curvature, J. Diff. Geom. 8 (1973), 623–628.

[9] J. D’Atri and W. Ziller, Naturally reductive metrics and Einstein metrics on compact Lie groups, Mem. Amer. Math. Soc. 215 (1979).

[10] R. D’Auria, P. Fré, and P. van Nieuwenhuizen, n = 2 matter coupled supergravity from compactification on a coset G/H possessing an additional killing vector, Phys. Lett. B. 136 (1984), 347–353.

[11] A. Derdzinski and A. Rigas, Unflat connections in 3 sphere bundles over S^4, Trans. A. M.

S. 265 (1981), 485–493.

[12] D. Gromoll and W. Meyer, Examples of complete manifolds with positive Ricci curvature, J.

Diff. Geom. 21 (1985), 195–211.

[13] G. Jensen, Einstein metrics on principal fiber bundles, J. Diff. Geom. 8 (1973), 599–614. [14] S. Kobyashi, Topology of positively pinched Kaehler manifolds, Tohôku Math. J. 15 (1963), 121–139.

[15] P. Nabonnand, Sur les variétés riemanniennes complètes à courbure de Ricci positive, C. R.

Acad. Sci. 291A (1980), 591–593.

[16] J. C. Nash, Positive Ricci curvature on fiber bundles, J. Diff. Geom. 14 (1979), 241–265. [17] B. O’Neill, The fundamental equations of a submersion, Mich. Math. J. 13 (1966), 459–469. [18] W. A. Poor, Some exotic spheres with positive Ricci curvature, Math. Annalen 216 (1975), 245–252.

[19] Ji-Ping Sha and Da-Gang Yang, Positive Ricci curvature on the connected sums of S^n × S^m, J. Diff. Geom. 33 (1991), 127–137.

[20] M. Strake and G. Walschap, Connection metrics of nonnegative curvature on vector bundles, Manuscripta Math. 66 (1990), 309–318.

[21] A. Weinstein, Fat bundles and symplectic manifolds, Adv. in Math. 37 (1980), 239–250. [22] M. Y. Wang and W. Ziller, On normal homogeneous Einstein manifolds, Ann. Sci. Ecole Norm. Sup. 18 (1985), 563–633.

[23] , Existence and non existence of homogeneous Einstein metrics, Invent Math 84 (1986), 177–194.

[24] , Einstein metrics on principal torus bundles, J. Diff. Geom. 31 (1990), 215–248. [25] G. Wei, Examples of complete manifolds of positive Ricci curvature with nilpotent isometry groups, Bull. A. M. S. 19 (1988), 311–313.

Mathematics Department, University of Oregon, Eugene Or 97403 USA E-mail address: gilkey@math.uoregon.edu

Department of Mathematics, Honam University, Seobongdong 59, Kwangsanku, Kwangju, 506-090 South Korea

E-mail address: jhpark@honam.honam.ac.kr

Max-Planck-Institut für Mathematik, Gottfried-Claren-Strasse 26, 53225 Bonn Germany

E-mail address: tuschman@mpim-bonn.mpg.de