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DESINGULARIZATION OF COMPLEX MULTIPLE ZETA-FUNCTIONS
FUNDAMENTALS OF p-ADIC MULTIPLE L-FUNCTIONS, AND
EVALUATION OF THEIR SPECIAL VALUES

HIDEKAZU FURUSHO, YASUSHI KOMORI, KOHJI MATSUMOTO, AND HIROFUMI TSUMURA

ABSTRACT. This paper deals with a multiple version of zeta- and L-functions both in the
complex case and in the p-adic case:

(I). Our motivation in the complex case is to find suitable rigorous meaning of the values of
multivariable multiple zeta-functions at non-positive integer points.

(a). A desingularization of multiple zeta-functions (of the generalized Euler-Zagier type):
We reveal that multiple zeta-functions (which are known to be meromorphic in the whole
space with whose singularities lying on infinitely many hyperplanes) turn to be entire on
the whole space after taking the desingularization. Further we show that the desingularized
function is given by a suitable finite ‘linear’ combination of multiple zeta-functions with
some arguments shifted. It is also shown that specific combinations of Bernoulli numbers
attain the special values at their non-positive integers of the desingularized ones.

(b). Twisted multiple zeta-functions: Those can be continued to entire functions, and their

special values at non-positive integer points can be explicitly calculated.
(II). Our work in the p-adic case is to develop the study on analytic side of the Kubota-
Leopoldt p-adic L-functions into the multiple setting. We construct p-adic multiple L-
functions, multivariable versions of their p-adic L-functions, by using a specific p-adic mea-
sure. We establish their various fundamental properties:

(a). Evaluation at non-positive integers: We establish their intimate connection with the
above complex multiple zeta-functions by showing that the special values of the p-adic mul-
tiple L-functions at non-positive integers are expressed by the twisted multiple Bernoulli
numbers, the special values of the complex multiple zeta-functions at non-positive integers.

(b). Multiple Kummer congruence: We extend Kummer congruence for Bernoulli numbers
to congruences for the twisted multiple Bernoulli numbers.

(c). Functional relations with a parity condition: We extend the vanishing property of the
Kubota-Leopoldt p-adic L-functions with odd characters to our p-adic multiple L-functions.

(d). Evaluation at positive integers: We establish their close relationship with the p-adic
twisted multiple polylogarithms by showing that the special values of the p-adic multiple
L-functions at positive integers are described by those of the p-adic twisted multiple poly-
logarithms at roots of unity, which generalizes the previous result of Coleman in the single
variable case.

CONTENTS

0. Introduction

1. Complex multiple zeta-functions

1.1. Basic facts

1.2. Twisted multiple Bernoulli numbers

1.3. Multiple zeta-functions

1.4. Desingularization of multiple zeta-functions
2. p-adic multiple L-functions

2.1. Kubota-Leopoldt p-adic L-functions

Date: September 16, 2013.

)

© N NN

12
14
25
25



2 H. FURUSHO, Y. KOMORI, K. MATSUMOTO, AND H. TSUMURA

2.2.  Construction and properties of p-adic multiple L-functions 27
3. Special values of p-adic multiple L-functions at non-positive integers 36
3.1. Evaluation of p-adic multiple L-functions at non-positive integers 37
3.2.  Multiple Kummer congruences 43
3.3. Functional relations for p-adic multiple L-functions 45
4. Special values of p-adic multiple L-functions at positive integers 51
4.1. p-adic rigid twisted multiple polylogarithms 51
4.2. p-adic partial twisted multiple polylogarithms 56
4.3. p-adic twisted multiple polylogarithms 61
References 68

0. INTRODUCTION

The aim of the present paper is to consider multiple zeta- and L-functions both in the
complex case and in the p-adic case, and especially study their special values at integer
points.

Let our story begin with the multiple zeta-function of the generalized Euler-Zagier

type defined by

CT((SJ); (7])) = C’I‘(Sh cey SPiY1, e 777“) = Z e Z H (ml"}/l +-- 4 mjﬁ)’j)_s'j (01)

mi1=1 me=1j=1
for complex variables si,...,s,, where ~1,...,7 are complex parameters whose real parts

are all positive. Series (0.1) converges absolutely in the region
®T = {(817 .. ')ST) eC” ‘ §R(S'r‘—]€+1 + o+ ST’) >k (1 < k < T)} (02)

The first work which established the meromorphic continuation of (0.1) is Essouabri’s thesis
[18]. The third-named author [37, Theorem 1] showed that (0.1) can be continued meromor-
phically to the whole complex space with infinitely many (possible) singular hyperplanes.

A special case of (0.1) is the multiple zeta-function of Euler-Zagier type defined by

G((57) = Gols1, 2, y8) = Y [ ma+---+my) ™, (0.3)

mi,eeymp=1 j=1
which is absolutely convergent in D,..

Note that ¢-((s;)) = ¢-((s5); (1)). Its special value ¢.(n1,...,n,) when ny,...,n, are posi-
tive integers makes sense when n, > 1. It is called the multiple zeta value (abbreviated as
MZV), history of whose study goes back to the work of Euler [19] published in 1776 1. For
a couple of these decades, it has been intensively studied in various fields including number

theory, algebraic geometry, low dimensional topology and mathematical physics.

Lyou can find several literatures which cite the paper saying as if it were published in 1775. But according
to Euler archive http://eulerarchive.maa.org/, it was written in 1771, presented in 1775 and published in
1776.
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On the other hand, after the work of meromorphic continuation of (0.1) mentioned above,
it is natural to ask how is the behavior of (,.(—nq,...,—n,) when ny,...,n, are positive (or
non-negative) integers. However, as we will mention in Section 1.1, in most cases these points
are on singular loci, and hence they are points of indeterminacy. Therefore we can raise the

following fundamental problem.

Problem 0.1. Are there any ‘rigorous’ ways to give a meaning of (.(—nq,...,—n,) for

Niyewey Ny €Z>07

Several approaches to this problem have been done so far. Guo and Zhang [25], and
also Manchon and Paycha [36] discussed a kind of renormalization method. In the present
paper we will develop yet another approach, called the desingularization, in Section 1.4.
The Riemann zeta-function ((s) is a meromorphic function on the complex plane C with a
simple and unique pole at s = 1. Hence (s — 1)((s) is an entire function. This simple fact
may be regarded as a technique to resolve a singularity of {(s) and yield an entire function.
Our desingularization method is motivated by this simple observation. We will show that
a suitable finite sum of multiple zeta-functions turns to be an entire function whose special
values at non-positive integers are described explicitly in terms of Bernoulli numbers.

Another possible approach to the above Problem 0.1 is to consider the twisted multiple
series. Let &;,...,& € C be roots of unity. For vq,...,7, € C with ®y; >0 (1 < j < r),
define the multiple zeta-function of the generalized Euler-Zagier-Lerch type by

G((3): () () == D - > TI&™ tmav + -+ + myvg) ™, (0.4)

mi1=1 myp=1j=1
which is absolutely convergent in the region D, defined by (0.2). We note that the multiple

zeta-function of the generalized Euler-Zagier type (0.1) is its special case, that is,

Grl((s5); (93)) = G ()5 (1) (75)-
Because of the existence of the twisting factor &1, ...,§,, we can see (in Theorem 1.13 below)
that, if all ¢; is not equal to 1, series (0.4) can be continued to an entire function, hence its
values at non-positive integer points have a rigorous meaning. Moreover we will show that
those values can be written explicitly in terms of twisted multiple Bernoulli numbers.

The above second approach naturally leads us to the theory of p-adic multiple L-functions.
Our next main theme in the present paper is to search for a multiple analogue of Kubota-
Leopoldt p-adic L-functions.

In the 1960s, Kubota and Leopoldt [35] gave the first construction of the p-adic analogue
of the Dirichlet L-function L(s, x) associated with the Dirichlet character y, which is called
the p-adic L-function denoted by L,(s;x). This can be regarded as a p-adic interpolation of
values of the Dirichlet L-function at non-positive integers, based on Kummer’s congruences
for Bernoulli numbers.

Iwasawa [28] proposed a different way of constructing p-adic L-functions, based on the
study of the arithmetic of Galois modules associated with certain towers of algebraic number

fields called Z,-extensions (see also [29]). In particular, his method shows that the p-adic
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L-function can be expressed by use of the power series. His study, called the Iwasawa theory,
developed spectacularly with recognition of the importance of p-adic L-functions.

In the 1970s, other constructions of p-adic L-functions were given, for example, by Amice
and Fresnel [3], Coates [13], Koblitz [31] and Serre [42]. More generally p-adic L-functions
over totally real number fields were constructed by Barsky [5], Cassou-Nogues [12], Deligne
and Ribet [17]. These works are based on the p-adic properties of values of abelian L-functions
over totally real number fields at non-positive integers. In fact, the approach of Deligne and
Ribet were built on the theory of p-adic Hilbert modular forms, while those of Barsky and
of Cassou-Nogues were built on the pioneering work of Shintani [43]. Shintani’s work also
inspired the theory of multivariable p-adic L-functions. In fact, motivated by [43], Imai
[27] constructed certain multivariable p-adic L-functions and Hida [26] constructed p-adic
analogues of Shintani’s L-functions.

Recently, the second, the third and the fourth named author [34] introduced a certain
double analogue of the Kubota-Leopoldt p-adic L-function, which could also be seen as a
p-adic analogue of the double (r = 2) zeta function of a specific case. Its evaluation at non-
positive integers and a certain functional relation with the Kubota-Leopoldt p-adic L-function
were shown.

In the present paper we generalize the method in [34] to construct the multivariable p-adic

multiple L-function,

Lpr(81,. oy 8m W o Wby oy 0) (0.5)

It is a p-adic valued function for p-adic variables s1, ..., s, which is attached to each w¥, ..., whr

(w: the Teichmiiller character, k1,..., k. € Z), y1,...,% € Zp and ¢ € N5 with (¢,p) = 1.

It can be seen as a multiple analogue of the Kubota-Leopoldt p-adic L-function and the
above mentioned p-adic double L-function and also regarded as a p-adic analogues of the
complex multivariable multiple zeta-functions (0.4) in a sense. Actually it can be constructed
by a multiple analogue of the p-adic gamma transform of a p-adic measure of Koblitz [31].
We investigate p-adic properties of (0.5), particularly its p-adic analyticity in the parameter
$1,...,Sr and its p-adic continuity in the parameter c.

Evaluation of (0.5) at integral points is one of our main themes of this paper: By explicitly
describing its special values at all non-positive integer points in terms on twisted Bernoulli
numbers, we show that our p-adic multiple L-function (0.5) is closely connected to the complex
multiple zeta function (0.4) of the generalized Euler-Zagier-Lerch type via their special values
at non-positive integers. Our evaluation yields two particular results; multiple Kummer
congruence and functional relations. The multiple Kummer congruence is a certain p-adic
congruence among the special values, which includes an ordinal Kummer congruence for
Bernoulli numbers as a very special case and where we also discover a newly-looked (or not?)
type of congruence for Bernoulli numbers. The functional relations are linear relations among
p-adic multiple L-functions as a function, which reduce (0.5) as a linear sum of (0.5) with
lower r. The relations is attached to a parity of k; + --- + k.. It extends the known fact
in the single variable case that the Kubota-Leopoldt p-adic L-function with odd character
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is identically zero function. As the double variable case, we recover the result of [34] that a
certain p-adic double L-function is equal to the Kubota-Leopoldt p-adic L-function up to a
minor factor.

Whilst, as for evaluation of (0.5) at all positive integers, we show that the special value
of p-adic multiple L-function (0.5) with v = .-+ = +, = 1 at any positive integer points
(ni1,...,m,) is given by the special values of p-adic twisted multiple polylogarithms
(p-adic TMPL’s, in short)

Li®) o (&1he & 2) (0.6)

at unity. The above p-adic TMPL (0.6) is a p-adic valued function for p-adic variable z,
which is attached to each positive integers nq,...,n, and certain p-adic parameters &1,...,&,
(which are occasionally roots of unity.) We construct the function by using Coleman’s p-adic
iterated integration theory [15]. The construction generalizes that of p-adic polylogarithm by
Coleman [15] and that of p-adic multiple polylogarithm and p-adic multiple zeta (L-)values
by the first-named author [22, 23] and Yamashita [47]. Our result here shows that there is a
close connection between the theory of p-adic multiple L-functions of the Kubota-Leopoldt
type initiated in [34], and the theory of p-adic multiple polylogarithms developed by the
first-named author [22, 23] which were introduced under a very different motivation. It also
generalizes the previous result of Coleman [15] which connects the Kubota-Leopoldt p-adic
L-function with his p-adic polylogarithm. In Remark 4.4 of [34] it is written that it is unclear
whether there is some connection between these two theories or not. Our results in the
present paper give an answer to this question.

We remark that our multivariable p-adic multiple L-functions are different from p-adic
multiple zeta functions by Tangedal and Young [44], which are one variable p-adic functions
stemming from the works of Shintani, Cassou-Nogues, Yoshida and Kashio, though pursuing
relationship between our works and theirs might be a significant research. A relationship to
non-commutative Iwasawa theory (Coates, Fukaya, Kato, Sujatha and Venjakob [14], etc)
might be another direction. The theory is a generalization of Iwasawa theory but it looks
lacking its analytic side. It is not clear whether our work in this paper lead any direction
related to this or not, which might be worthy to discuss further.

Here is the plan of this paper: In Section 1, we will introduce the twisted r-ple Bernoulli
numbers {B((n;); (&); (v;))} associated with integers {n;}i<;j<, such that n; > —1, roots of
unity {&;}1<j<r and complex numbers v; (1 < j < r)(Definition 1.6) as generalizations of
ordinary Bernoulli numbers. We will show that ¢,.((s;); (§;);(7;)) is analytically continued
to the whole space as an entire function and interpolates {B((n;); (&;); (7j))} at non-positive
integers when all ; are not 1 (Theorem 1.13). On the other hand, when ; are all equal
to 1, then ¢-((s;); (1); (75)) = ¢+((s5); (74)) is meromorphically continued to the whole space
with whose singularities lying on infinitely many hyperplanes. We will introduce and develop
the method of desingularization, which is to resolve all singularities of ¢,.((s;); (7;)). We will

construct a function ¢4

((5);(74)), called the desingularized multiple zeta-function (Defini-

tion 1.16), which will be shown to be entire (Theorem 1.19). Furthermore we will show that
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des((s4); (7)) can be expressed as a finite ‘linear’ combination of ¢.((s;+m;); (7)), the mul-
tiple zeta-functions of the generalized Euler-Zagier type whose arguments are appropriately
shifted by integers m; (1 < j < ) (Theorem 1.23). It is where we stress that summing up
suitable finite combinations of ¢.((s; +m;);(7;)) causes that a marvelous cancellation of all
of their infinitely many singular hyperplanes occurs and consequently ¢4¢5((s;); (v;)) turns to
be entire. We will also describe the special values of (4% ((s;); (7;)) at non-positive integers
in terms of ordinary Bernoulli numbers (Theorem 1.22).

In Section 2, we will construct the p-adic r-ple L-function L, ((s;); (w¥); (7;); ) associ-
ated with v; € Z,,, kj € Z (1 < j < r) and a positive integer ¢(> 2) with (¢,p) = 1 (Definition
2.9). The case r = 1 essentially coincides with the Kubota-Leopoldt p-adic L-function (Exam-
ple 2.12). Also the case (r,c) = (2,2) coincides with the p-adic double L-function introduced
in [34] as mentioned above (Example 2.13). Our main technique of construction is due to
Koblitz [31]. By using a specific p-adic measure, we will define Ly, ((s;); (w*); (v;);¢) as a
multiple version of the p-adic I'-transform that provides a p-adic analyticity in (s;) (Theorem
2.14). We will further show a non-trivial fact that the map ¢ — L, .((s;); (w*); (v);¢) can
be continuously extended to any p-adic integer ¢ as a p-adic continuous function (Theorem
2.17).

In Section 3, we will describe the values of Ly, ,((s;); (w*i); (7;); ¢) at non-positive integers as
a sum of {B((n;); (&;); (7))} (Theorem 3.1). We will see that our Ly, ((s); (wF); (v;);¢) is a
p-adic interpolation of a certain sum (3.2) of the complex multiple zeta-functions ¢.((s;); (&5); (74))
(Remark 3.2). As an application of the theorem, we will obtain a multiple version of the Kum-
mer congruences (Theorem 3.10). In fact, the case r = 1 coincides with the ordinary Kummer
congruences for Bernoulli numbers. Also we will give some functional relations with a parity
condition among p-adic multiple L-functions (Theorem 3.15). The functional relations can
be regarded as multiple versions of the well-known fact that L,(s;w?**1) is the zero-function
(see Example 3.19). We will see that they also recover the functional relations shown in [34]
as a special case (r,¢) = (2,2) (Example 3.20).

In Section 4, we will describe the special values of Ly, ((s;); (w*);(1);¢c) at positive in-
tegers. In Theorem 4.41 we will establish their close relation to those of p-adic TMPL’s
Lisﬁ),,,_,nr (&1,...,&; 2) (cf. Definition 4.29) at roots of unity, which is an extension of the
previous result of Coleman [15]. For this aim, we will introduce p-adic rigid TMPL’s
eﬁﬁ),...,nr(fl, .oy &—1,2) and p-adic partial TMPL’s ﬂfl(?,%,’ﬁ;’ar)’(p)(fh ...y&—1,2) (Definition
4.4 and 4.16 respectively) as in-between functions. In Subsection 4.1 the above special values
at positive integers will be shown to be connected with the special values of p-adic rigid
TMPL’s at roots unity (Theorem 4.9). Basic properties of these in-between functions will
be presented in Subsection 4.2. We will show an explicit relationship between p-adic rigid
TMPL’s and p-adic TMPL’s (Theorem 4.35) by transmitting through their connections with
p-adic partial TMPL’s to obtain Theorem 4.41 in Subsection 4.3.
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1. COMPLEX MULTIPLE ZETA-FUNCTIONS

In this section, we will first recall the analytic properties of complex multiple zeta-functions
of Euler-Zagier type (0.3) and of the zeta-function of Lerch type (1.10) which interpolates the
twisted Bernoulli numbers (1.4). Next we will introduce multiple twisted Bernoulli numbers
(Definition 1.6) which are connected with multiple zeta-functions of the generalized Euler-
Zagier-Lerch type (0.4). It will be shown that the functions in the non-unity case (1.20) are
analytically continued to the whole space as entire functions and interpolate these numbers at
non-positive integers (Theorem 1.13). In the final subsection, we will develop our method of
desingularization (Definition 1.16) of multiple zeta-functions of the generalized Euler-Zagier
type (0.1). They are meromorphically continued to the whole space with whose singularities
lying on infinitely many hyperplanes. Our desingularization is a method to reduce them
into entire functions (Theorem 1.19). We will further show that the desingularized functions
are given by a suitable finite ‘linear’ combination of multiple zeta-functions (0.1) with some
arguments shifted (Theorem 1.23). It is where we see a miraculous cancellation of all of their
infinitely many singular hyperplanes occurring there by taking a suitable finite combination
of these functions. We will prove that certain combinations of Bernoulli numbers attain
the special values at their non-positive integers of the desingularized functions (Theorem
1.22). Our method might be said as a multiple series analogue of the procedure reducing
the Riemann zeta function ((s) into the entire function (s — 1)((s) (Example 1.18). These
observations lead to the construction of p-adic multiple L-functions which will be discussed

in the next section.

1.1. Basic facts. Let N, Ny, Z, Q, R and C be the set of natural numbers, non-negative
integers, rational integers, rational numbers, real numbers and complex numbers, respectively.
Let Q be the algebraic closure of Q. For s € C, denote by Rs and Js the real and the
imaginary parts of s, respectively.

Let x be a primitive Dirichlet character and denote the conductor of x by f,. The Dirichlet
L-function associated with y is defined by

L(s,x) = Z X(m)_

In the case x = xo, namely the trivial character with f,, =1, L(s, xo) is equal to ((s).
It is well-known that L(s, x) is an entire function when y # xo, and {(s) is a meromorphic

function on C with a simple pole at s = 1, and satisfies

—Br (ke Ny)
k) = k
ey {—5 (k=1), (11)

By,
L(l_k7X):_T’X (keNv X#XO)?
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where {B,} and {B,,,} are the Bernoulli numbers ? and the generalized Bernoulli numbers

associated with x defined by

o0

et
et—l_z "l

n=0

eﬁ — ZBnr (f = £,

a=1

respectively (see [46, Theorem 4.2]). Note that B, ,, = B, (n € Ny) except for Bi,, =
B, =1

The multiple zeta-function of Euler-Zagier type is defined by (0.3). As was mentioned in the
Introduction, the research of (0.3) goes back to a paper of Euler. In the late 1990s, several
authors investigated its analytic properties, though their results have not been published
(for the details, see the survey article [38]). In the early 2000s, Zhao [48] and Akiyama,
Egami and Tanigawa [1] independently showed that the multiple zeta-function (0.3) can be
meromorphically continued to C". Furthermore, the exact locations of singularities of (0.3)

were explicitly determined as follows.

Theorem 1.1 ([1, Theorem 1]). The multiple zeta-function (0.3) can be meromorphically

continued to C" with infinitely many singular hyperplanes
sp=1, Sp—1+s=2,1,0,—-2,—4,—6,...,
Sp—kt1+ Sr—ki2t+ -+ S, =k—n B<k<r, neNy). (1.2)

Multiple zeta values, namely the special values of (0.3) at positive integers, are equal to
the special values of multiple polylogarithm
Zkl P ZkJT‘

Li, (z1 2p) = g t S
1ye-e5T0 yrrcy T/ n n
" R

0<ky<--<ky L
(which is an r-variable complex analytic function converging on polyunit disk) at unity,
namely
Gr(ni,...,ny) = Lin,,  n.(1,...,1) (1.3)

for ny,...,n, € N with n, > 1.

In the last section of this paper a p-adic analogue of the equality (1.3) will be attained.

As stated above, the multiple zeta-function (0.3) but for the single variable case (r = 1) has
infinitely many singular hyperplanes and almost all non-positive integer points lie there. It

causes an indeterminacy of its special values at non-positive integers. For example, according
o [1, 2],

1
lim lim (a(e1,62) = 3,
e1—>0e2—0 3
5
i Tim Go(e1€2) = 75

2or better to be called Seki-Bernoulli numbers, because K. Seki published the work on these numbers,
independently, before J. Bernoulli.
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3

li =—.

lim Go(e.) = §

There are some other explicit formulas for the values at those non-positive integer points

as limit values when the way of approaching those points are fixed ([1], [33], [41] et al.)

1.2. Twisted multiple Bernoulli numbers. We will review Koblitz’” definition of twisted
Bernoulli numbers. Then we will introduce twisted multiple Bernoulli numbers, their mul-
tiple analogue, in Definition 1.6 and investigate their expression as combinations of twisted

Bernoulli numbers in Proposition 1.7.

Definition 1.2 ([31, p.456]). For any root of unity £, we define the twisted Bernoulli
numbers {B,({)} by

[e.9]

P8 = =g = Y BalO) . (14)

Remark 1.3. Koblitz [31] generally defined the twisted Bernoulli numbers associated with
primitive Dirichlet characters. The above {$5,(£)} correspond to xo.

In the case £ = 1, we have

B_y(1)=—1, B,(l) = _ffi (n € No). (1.5)

In the case £ # 1, we have B_1(£) = 0and B,,(§) = 1—i5Hn (&71) (n € Ny), where {Hp,(A) }n0
are what is called the Frobenius-Euler numbers associated with A defined by

o0

1-—X "
(see Frobenius [21]). We obtain from (1.4) that %8,,(¢) € Q(&). For example,
1 § £E+1)
% - Y % = ) % = ’
E(E2+4E+1) E(E3 +1162+ 116+ 1) '
B3(§) = LY B4(§) = 5 R
(1-¢) (1-¢)
Let py be the group of kth roots of unity. Using the relation
1 k 1
_ = 1.
X-1 XxXF-1 Z1—§X (k € N>1) (17)
£epy
g1
for an indeterminate X, we obtain the following.
Proposition 1.4. Let ¢ € Ny;. Forn € Ny,
B
_n+1y Pntl _
e ;%n(g). (1.8)
€£1

Remark 1.5. Let & be a root of unity. As an analogue of (1.1), it holds that

P(—k:; &) = Br(§) (k€ No), (1.9)
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where ¢(s;€) is the zeta-function of Lerch type defined by the meromorphic continuation

of the series

=) &"m™ (s> 1) (1.10)
m>1

(cf. [32, Chapter 2, Section 1]).

We see that (1.8) can also be given from the relation

(' =1)¢ls) = Y (s:9). (1.11)

ge=1
£#41

Now we define certain multiple analogues of twisted Bernoulli numbers.

Definition 1.6. Let r € N, vq,...,7 € C and let &1, ...,& € C be roots of unity. Set

1
H-((t5); (€ ( te); &) (1.12)
H VJZk J ql_gje)q)(%z:k] )

and define twisted multiple Bernoulli numbers ? {B(n1,...,n,; (&); (7))} by

() (&) () = D Y Bl mes (§); (%))

ni=-—1 Np=—

In the case 7 = 1, we have B,(&) = B(n;&1;1). Note that if & # 1 (1 < j < r) then
$9r((t5); (&5); (74)) is holomorphic around the origin with respect to the parameters ¢y,...,t,,

tnl t’nr

e (1.13)

hence the singular part does not appear on the right-hand side of (1.13).
We immediately obtain the following from (1.4), (1.12) and (1.13).

Proposition 1.7. Letyi,...,v € Cand&y,. .., & € C beroots of unity. Then B(ny,...,ne;5(&); (75))
can be expressed as a polynomial in {B,(&;)|1 < j < r, n>0} and {m,...,%} with Q-
coefficients, that is, a rational function in {&;} and {v;} with Q-coefficients.

Example 1.8. We consider the case r = 2 and & # 1 (j = 1,2). Substituting (1.4) into
(1.12) in the case r = 2, we have
1 1

—&rexp (it +12)) 1 — L2 exp (12t2)

<Z% €) 71 (t1+t2 )(Z‘B (&) 72 )
m=0

co 00 t’fté tg
m=0n=0 klg;o - !
j=m

Ha(t1,t2:&1, €571, 72) =

Putting | :=n + j, we have

co oo 1
th ¢l
92(t1,t2; 81, &2571,72) = ZZZ ( )’Bkﬂ E)Bi-j(E)n ™ ]kl' ﬁ’

k=0 1=0 j=

3We are not sure which is better, “twisted multiple”, or “multiple twisted”. But we will skip this problem
because it looks that these two adjectives are “commutative” here.
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which gives

l

Bk, ;1. 85m,72) = Z< >53k+y E)B1 (&) e (k1€ Ny). (1.14)

7=0
For example, we can obtain from (1.6) that

1 ) ) _ &1
( — £I)< _§ )7 sB(LOa 51762771)72) - (1 — €1)2<1 — 62),
§171 + &av2 — &1&2(71 + 12)
(1-&)2(1-&)2 7
. G =L +72) F&amnn — Ln —12)
(1,161,827, 72) = 0= &P -6 .

The following series will be treated in our desingularization method in subsection 1.4.

B(0,0;&1, 82371, 72) =

B(0,1;61,82;71,72) =

Definition 1.9. For ¢ € R and 71,...,7 € C with Rvy; > 0 (1 < j <), define

= . ):c) = 1 - :
B ¥ Py iy v

. i (1—c™ B (5320 tk)m_l (1.15)
> . = . .

In particular when ¢ € N5, by use of (1.7), we have

8.((t)) IS !

j=1¢5=1 1—¢&jexp (’YJ' ZZ:j tk)

&1
=33 m ) () () (1.16)
b ot

Remark 1.10. We note that 5T((tj); (74); ¢) is holomorphic around the origin with respect
to the parameters (¢;), and tends to 0 as ¢ — 1. We also note that the Bernoulli numbers

appear in the Maclaurin expansion of the limit

lim ——— &, ((t); (1) 0).

c—1 (C — 1)

These are important points in our arguments on desingularization methods developed in
Subsection 1.4.

Example 1.11. Similarly to Example 1.8, we obtain from (1.15) with any ¢ € R that

Da(t1, to; V1, 72; €)

; i Biyj+1 Biojyi gej g |ttt
_ 1— l<:+]+1> (1_ l ]+1) +i+ J +in =i\t 1.17
2 Z(;)( ¢ ¢ Fritiiojcit 2 (g (10
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Therefore it follows from (1.13) and (1.16) that

Z Z B(k,l;81,2;71,72)

§1€ue Ea€ue
§1#1 &2#1

: ! Bk ; Bl .
= 1- ’“”“) <1 — HH) titl Bioin kii-i ey
Jg()(j)( ¢ ¢ k‘i‘]-i‘ll—j—i—lpyl Y2 (a 0)

(1.18)

for c € Ny;.

Remark 1.12. Kaneko [30] defined the poly-Bernoulli numbers {Bflk)}neNo (k € Z) by use of
the polylogarithm of order k. Explicit relations between twisted multiple Bernoulli numbers

and poly-Bernoulli numbers are not clearly known. It is noted that, for example,
l
I\ Bi_;B;
B(2) — ( > # l € Np),
; Z:; J)5aT e

which resembles (1.14) and (1.18).

1.3. Multiple zeta-functions. Corresponding to the twisted multiple Bernoulli numbers
{B((n;);(&); (7))} is the multiple zeta-function of the generalized Euler-Zagier-Lerch type
(0.4) defined in the Introduction, which is a multiple analogue of ¢(s;&). This function can be
continued analytically to the whole space and interpolates B((n;); (;); (7;)) at non-positive
integers (Theorem 1.13).

Assume §; # 1 (1 < j < r). Using the well-known relation

u S = L /oo efuttsfldt
I'(s) Jo ,

we obtain

Gr((55); (&5)s (07)
SRS (Hf?”)(

mi1=1 mr=1 j=1

)/[0 Hexp —t Zm]% Hts" Lat,,

i<k

_ 11[ 1 Lo Gexp(—y; (X ]tk Htsk L,

k=1 j=1 fj eXp 7 (Ek ]

r
& exp(—7 (X th) sie1
= (H e2misy 1 Sk ) /r H Htkk dt

1*£]exp 7 Zk ]tk

”
1
= (-1 : (), (6, (v ekt 1.19
(1) (;_T (i m(sk)) R (ORGRNCH) k]_I v (1.19)
where € is the Hankel contour, that is, the path consisting of the positive real axis (top side),
a circle around the origin of radius ¢ (sufficiently small), and the positive real axis (bottom
side) (see Figure 1). Note that the third equality holds because we can let € — 0 on the
fourth member of (1.19). In fact, the integrand of the fourth member is holomorphic around

the origin with respect to the parameters (t;) because of {; # 1 (1 < j < r). Here we can
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.
o—

FIGURE 1. The Hankel contour €

easily show that the integral on the last member of (1.19) is absolutely convergent in a usual

manner with respect to the Hankel contour. Hence we obtain the following.

Theorem 1.13. Let &1,...,& € C be roots of unity and v1,...,v € C with y; > 0 (1 <
j <r). Assume that

& #1  forallj (1<j<r). (1.20)

Then, with the above notation, (-((s;);(&;); (7)) can be analytically continued to C" as an
entire function in (sj). Forny,...,n, € Ny,

Gr((=n5); (&); (1) = (=14 B (ny); (6715 (7)) (1.21)

Proof. Since the contour integral on the right-hand side of (1.19) is holomorphic for all (s;) €
C", we see that (,((s;);(&;);(4)) can be meromorphically continued to C" and its possible
singularities are located on hyperplanes s = Il € N (1 < k < r) outside of the region
of convergence because (e?™* — 1)I'(s;) does not vanish at s; € Z<o. Furthermore, for
sk = I € N, the integrand of the contour integral with respect to t; on the last member of
(1.19) is holomorphic around t; = 0. Therefore, for I € N, we see that

i [ 50((6). (6 (it = [ 5,06, ()t =0,

Sp—lk

because of the residue theorem, where C. = {ee?? |0 < 0 < 27} for any sufficiently small
e. Consequently this implies that (-((s;); (&5); (7j)) has no singularity on s = lj, namely
Gr((s5); (&5); (v4)) is entire. Finally, substituting (1.13) into (1.19), setting (s;) = (—n;) and

using

) 1 (=1)"n!
1 . = N
s (e2ris — 1)[(s) omi (M €M)
we obtain (1.21). Thus we complete the proof of Theorem 1.13. O

The partial cases of Theorem 1.13 can be recovered by the special cases of the results in
Matsumoto-Tanigawa [39], Matsumoto-Tsumura [40], and de Crisenoy [16].

In [37, Theorem 1], it is shown that the multiple zeta-function (.((s;); (&;); (7)) of the
generalized Euler-Zagier-Lerch type (0.4) with all £; = 1 is meromorphically continued to
the whole space C" with possible singularities. A more general type of multiple zeta-function
is treated in [33], where equation (1.21) without the assertion of being an entire function is
shown in the case of £; # 1 for all j and the meromorphic continuation of (.((s;); (&5); (75))

is also given.
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Remark 1.14. Without the assumption (1.20), it should be noted that (1.19) does not hold
generally, more strictly the third equality on the right-hand side does not hold because the

Hankel contours necessarily cross the singularities of the integrand.

In the forthcoming paper [24], we will show the necessary and sufficient condition that
Gr((s5); (&5); (v4)) is entire, and will determine the exact locations of singularities when it is

not entire:

Theorem 1.15. Let &1,...,& € C be roots of unity and v1,...,v € C with Ry; > 0 (1 <
Jj <r). Then (-((s5); (&); (75)) can be entire if and only if the condition (1.20) holds. When
it is not entire, one the following cases occurs:
(i) The function G.((s4); (&5); (v4)) has infinitely many simple singular hyperplanes when
& =1 for somej (1<j<r—1).
(ii) The function -((s;); (&5); (v5)) has a unique simple singular hyperplane s, = 1 when
& #Lforallj (1<j<r—1)and& =1.

1.4. Desingularization of multiple zeta-functions. In this subsection we introduce and
develop our method of desingularization. In our previous subsection we saw that the mul-
tiple zeta-function (-((s;); (7vj)) of the generalized Euler-Zagier type (0.1) is meromorphi-
cally continued to the whole space with ‘true’ singularities whilst the multiple zeta function
Gr((55);(&5); (5)) of the generalized Euler-Zagier-Lerch type (0.4) under the non-unity as-
sumption (1.20) is analytically continued to C" as an entire function. Our desingularization
is a technique to resolve all singularities of ¢, ((s;); (7;)) by making use of the holomorphicity
of ¢-((s5); (¢5); (7;)) and to produce an entire function (3°((s;); (v;)). Consider the following
expression:

(s () o= B e 3 3 Gl (€ () (122

c—1
£5=1 ee=1
£1#1 Er#l

This is surely nonsense, because ¢ € N5 on the right-hand side. However our fundamental
idea is symbolized in this primitive expression. Our idea is motivated from a very simple

observation

(1 —s)¢(s) = lim ! 1 (c'* = 1) ((s).

c—1 ¢ —
Here on the left-hand side we find an entire function (1 — s){(s), which is merely a product
of (1 —s) and the meromorphic function {(s) with a simple pole at s = 1. While on the right
hand-side, when ¢ € N5, we may associate a decomposition
]. 1—s 1 .
1 (" =1)¢(s) = 1 EE: P(s;€)

c—
go=1
£#1

into a sum of entire functions ¢(s;&) = (1(s;&;1).

Our desingularization method, a rigorous mathematical formulation to give a meaning
of (1.22) will be settled in Definition 1.16. An application of desingularization to the Rie-
mann zeta function ((s) is given in Example 1.18. We will see in Theorem 1.19 that our

des((s4); (7)) is entire on the whole space C". We stress that (3°((s;); (v;)) is worthy of
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an important object from the viewpoint of the analytic theory of multiple zeta-functions. In
fact, its values at not only all positive or all non-positive integer points but also arbitrary
integer points are fully determined (see Example 1.33).

Theorem 1.22 will prove that suitable combinations of Bernoulli numbers attain the special
values at non-positive integers of (3°((s;); (7;)). Theorem 1.23, which is the most impor-
tant theorem in this subsection, will reveal that our desingularized multiple zeta-function

des((s4); (7)) is actually given by a finite ‘linear’ combination of the multiple zeta-function
Gr((sj+m;j); (4)) with some arguments appropriately shifted by m; € Z (1 < j < ). We will
see there that infinitely many singular hyperplanes of {,((s;); (7;)) are miraculously canceled
by taking only the finite ‘linear’ combination of appropriately shifted ones. Example 1.26

and Remark 1.27 are our specific observations for double variable case.

Definition 1.16. For vq,...,7, € C with =y > 0 (1 < j < r), the desingularized
multiple zeta-function, which we also call the desingularization of (.((s;);(v;)), i
defined by

E(CHECH)

L . (_1)T - 1 sp—1
= I ooy gy o o) Ht’“ e
ceR\{1} k=1

for (s;) € C", where C is the Hankel contour used in (1.19). Note that (1.23) is well-defined

because the convergence of the contour integral and of the limit with respect to ¢ — 1 can

be justified from Theorem 1.19 (see below).

Remark 1.17. By (1.19) and (1.16), we may say that equation (1.23) is a rigorous way to
make sense of the nonsense equation (1.22). We will discuss equation (1.22) again in the
p-adic case (Subsection 2.2).

Example 1.18. In the case r = 1, set (r,71) = (1,1) in (1.23). Similarly to [46, Theorem

4.2], we can easily see that

des _ (_1) 1 / 1 _ ¢ s—1
G5 1) = £1—>Hic—1 (e2mis — DI'(s) Jo \et =1 et —1 £t

(=D |
N E—% c—1 <C<S> a cmz (cm)5>

=1
— e ¢(s) = (1— 8)C() (1.24)
Hence ¢{¢5(s; 1) can be analytically continued to C.
More generally we can prove the following theorem.
Theorem 1.19. For yi,...,7 € C with Ry; >0 (1 <j<r),
fes((s‘)’(ﬁﬁ))

H 627”5’“ — 1) (sp) /@r l;rri (i__li;r‘%r((tj); (75); ¢) gtzkldtk
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1
(7 = 1) (s0)

- (—1) 1 c .
% / lim ~— — 11 to: dty,, (1.25)
TiE1T e \exp (’Yj D hej tk) -1 exp (C’Yj D ki tk:) -1/ 5

which can be analytically continued to C" as an entire function in (s;).

For the proof of (1.25), it is enough to prove that if |c — 1] is sufficiently small, then there
exists a function F': C" — R+ independent of ¢ such that

(e = 1)7"He((t); (1);0)l S F(())  ((t) € €, (1.26)
/,« F((t;) [T 1t dta] < oo. (1.27)
k=1

Now we aim to construct F'((¢;)) which satisfies these conditions. Let N(e) = {z € C | |z| < ¢}
and 8(0) = {z € C | |argz| < 0}.
Let v1,...,7 € C with y; >0 (1 < j <r). Then the following lemma is obvious.

Lemma 1.20. There exist e >0 and 0 < § < 7/2 such that
T
¥ Ytk € N(1) US(6) (1.28)
k=j
for any (t;) € C", where C is the Hankel contour involving a circle around the origin of radius
e (see (1.19)).
Further we prove the following lemma.

Lemma 1.21. Let ¢ € R\ {1} satisfying that |c — 1| is sufficiently small. Then there exists
a constant A > 0 independent of ¢ such that

1
ey —1

_ 111 __ ¢ —Ry/2
lc— 1 ‘ ecy_l‘ < Ae (1.29)
for any y € N(1) U 8(0).
Proof. Tt is noted that there exists a constant C' > 0 such that
1 c
— C N(1
S~ <€ eNQ),

where we interpret this inequality for y = 0 as that for y — 0. Also, for any y € 8(0) \ N(1),

o= 11|

we have
1 Y — ce¥ -1
\c—l]_l‘ _ c ‘:’6_1‘_16 ce? + ¢ ‘
ey —1 e¥—1 (e —1)(e® — 1)
T ecy—ey-i-(l—c)(ey—l)‘
= |C —
(e —1)(eww — 1)
< Je—11 e — €] !
h lev —1flecv — 1] e — 1|
Hence it is necessary to estimate
ey — Y|

e -1~

e — 1[]ew — 1]
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We note that

(ly_l

J—1,J
HZ“ Ele w5 < e

Since |y| < Ry/ cos b, we have

eV — eY| 1 lelc=Dy — 1|
=1 -
Tl —1] [T e oo —1] Je—1]
< L (e 1)yl
T e vljem -
’y‘eﬁ)‘iy |c—1|/ cos )

S = ve - 17

|Iyl6

Therefore, if |c — 1] is sufficiently small, then there exists a constant A > 0 such that

il B 3

— 117! <
= e e -1

This completes the proof. ]

Proof of Theorem 1.19. With the notation provided in Lemmas 1.20 and 1.21, we set

=A" H exp | —R(v; Z tr/2) | = A"exp | — Z R(v; Z tr/2)
j=1 k=j j=1 k=j
T k
A exp Z R(t( Z %/2)) | = A" [[exp [ Rt _7i/2)
k=1 j=1

Then it is clear that F'((¢;)) satisfies (1.26) and (1.27). Hence, by Lebesgue’s convergence
theorem we see that (1.25) holds.

Similarly to the proof of Theorem 1.13, since the contour integral on the right-hand side
of (1.25) is holomorphic for all (sx) € C”, we see that (4°((s;); (7;)) can be meromorphically
continued to C" and its possible singularities are located on hyperplanes sy =, € N (1 < k <
r) outside of the region of convergence because (€27 —1)I'(s;) does not vanish at s;, € Z<o.
Furthermore, for s = I € N, the integrand of the contour integral with respect to t; on the
right-hand side of (1.25) is holomorphic around t; = 0. Therefore, for I, € N, we see that

-1 1
lim lim (=1) - : tzk_ldtk
sp—l, Jee=lce—1 exp (w > tl,> —1 exp <67] > tu) -1
1 1
= _/ lim - ‘ téfkildtk
c.erle—1\ exp (7] 3 ty> -1 exp (C’Vy do—jt ) -1

because of the residue theorem, where C. = {ee?? |0 < § < 27} for any sufficiently small

e. Consequently this implies that (°5((s;); (7)) has no singularity on s, = I, namely

des((s4); () is entire. Thus we complete the proof of Theorem 1.19. O
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Theorem 1.22. For vyy,...,v € C with Ry; >0 (1<j<r),
r (1 =Y 2ok=j tk) exp (%‘ k=i tk) -1
2
=t (eXp (W 2 k=i t’“) - 1) (1.30)
00 T tmﬂ
= Y o ) [
mi,...,mr=0 j=1 7"
Hence, for (k;) € Ng,
'
(k) () = T -1k
=1
; B T L 1.31
v11>0 j=1 d=1"dj*
V12,2220
Vlrr-'-rl’ﬂ“>0
i1 vai=k;
(1<i<r)
Proof. By (1.15), we have
tim D8 (4505 ()i
cﬁl(c—l)r 7)j=1\"13)5=1>

17 (1) 1 ¢
= lim —

N 1;[ c—1 \exp (fyj D k=i tk) —1 exp (nyj D k= tk> -1
’ (1 = 2ok=j tk) exp (%' k= tk) -1
- H - 2 :

j=1 (exp (%’ py— tk) - 1)

Hence we obtain (1.30) from (1.25). Also, by (1.15), we have
(="

llﬁ\n% = 1)r5r((tj)§:1; (7)j=1;¢)

r mj—1
r My 1 ('Yj Zl:j tl)

= lim g B,,.
c—1 c—1 M m]!
j=1 \ m;=1
. m;—1
Iy » (2L
N . i (mj — 1)!
j=1 \ m;=1
r 00 t’{jj Vjr
_ Uz J r
_H ZB"ﬁ”j Z BT
j=1 | n;=0 i s0 Vi Vir:
J ggoroirZ
Z{:j vii=n;
T r tzfizl Vdj
- Y I Bus o S—
4305 vit 7 Hj Uil
v1120 j=1 d=1"dj*
v12, 2220

Vlgps UQpyenes vpr 20
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Hence, substituting the above relation into (1.25) and using the residue theorem with

, . 2mi)(—1)*
1 2mis T —_ (7 ke N
Jim, (e ) T(s) o (keNo),
we have
r K
des Ne () <_1) k!
r ((_kj)a (PYJ)) - ll:[l o
2 AT 4 B Zz‘:j le 1
<@mi)” Y [T Biesr, w7 Mol
v1120 Jj=1 d=1"dj-
v12, v2220
Vips oo vpr 20
S vdj=F;
(1<5<r)
Thus we obtain the assertion. O

Now we give a certain expression of (3°((s;); (7;)) in terms of ¢,((s

7); (1); (75)) (Theorem

1.23), which can be regarded as multiple versions of ({*(s;1) = (1 — 5)((s) in the case r = 1
(see Examples 1.18 and 1.25).

For s; € Cwith ®s; >1 (1 <j<r)and yi,...,7 € Cwith Ry; >0 (1 <j<r), we set

1 r r -
I,(sl,...,s;'yl,...,'y)::/ dt; || ¢
ol ) = G o 1L

r ) )
’ Jl_[1 <eXP(’Yj > k=i tk> -1 - exp(c*yj S he tk) _ 1)' (1.32)

From Definition 1.16, we see that

()5 ) = B o (59 )

c—1

For indeterminates u;,v; (1 < j <r), we set

r

§(uy), (03)) = TT (1= (s -+ + w07 =) (1.33)

Jj=1

with the convention v, ' =0, and also define the set of integers {ai.m} by

-
l . .
S((ug), () = Y. am [Juv)”, (1.34)

1=(1;)EN} j=1

m:(mj)GZT

Z’]r':l m ;=0
where the sum on the right-hand side is obviously a finite sum. Note that the condition
> j=1m; = 0 for the summation indices m = (m;) can be deduced from the fact that the
right-hand side of (1.33) is a homogeneous polynomial of degree 0 in (v;), namely so is that

of (1.34).
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Theorem 1.23. For vyy,...,v € C with Ry; >0 (1 <j<r),

() = 3 am (L0 G+ mu s ms (0: () (135)
1=(1;)eNg =1
S

holds for all (s;) € C", where (s)g =1 and (s)p = s(s+1)---(s+k —1) (k € N) are the

Pochhammer symbols.

We emphasize here that each term of the right-hand side of (1.35) is meromorphic with
infinitely many singularities but taking the above finite sum of the shifted functions causes
‘miraculous’ cancellations all of the infinitely many singularities to conclude an entire func-

tion.

Remark 1.24. In (1.35), the condition >°%_; m; = 0 implies that all zeta-functions appearing
on the both sides have the same weight s1 + -+ + s,

Proof of Theorem 1.23. First we assume that s; is sufficiently large for 1 < j < r. From
(1.19) with (¢;) = (1), we have

r S]'—l
1 £

0100 =1 oo I iy o

(1.36)

Using the relation

lim(_1)< L« )

c—le—1\ey —1 ey —1
—14¢e¥—yeY 1 yeY
= = — = E
(ey _ 1)2 ey —1 (ey _ 1)2 (y) (Say)7
we have

2o ((53); (1)) = tim ~ D1 (575 (37)
r I c—1 (c—l)T erinIa Rl

=lim ——— / dt tsj

c—1 H Sj Ooo)r H jjl_Il

(1) ( 1 c >
X H - (1.37)
=167 Mexp <’Yj >k tk) -1 eXP(C'Vj k= tk) -1

1 . r T
er/ Hdt Hw HE(ijtk>.
We calculate the last product of (1 37). Us1ng the relatlons

6y71_Z*ny ey,1 Zn@n’

we have, for J C {1,...,7},

55 1 (w 2 k=i tk) exp (%‘ k= tk)
/[000 H “ Jl_Ilt : glgl eXP(’Yj ZZ:J» tk) -1 ]1}7 <exp(’yj Z};Zj tk) — 1)2
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:/[OOO Hdt Ht57 H iexp(nj'yjkz;:tk)

Jj=1 jgJ nj=1
X H Z nj exp (—nj'yj Ztk) H(vj Ztk>
jegn;=1 k=j = jed  k=j
r r r J T
= % (o) [, TasTTe Tes(-t Smeon) T w)
N>l jeJ 0,00)" j=1 k=1 jeJ k=j
= Z (H (Z NEYk — me))
N yeeny nr>1 jeJ k=1
i r
/ H i T ] exp(—1; Y mw ) TT (X 1)
[0,00)" j=1 j=1 k=1 jeJ k=j
= b Y, (H(Z NEYk — ank))
leNg ni,...,np>1 jeJ k=1
/ Hdt] Htsﬁl -1 Hexp( tJan*yk)
[0,00)" j=1
= ZbJ,l Z (H(anVk—an7k>)HF Sj+l ) ) ! s+l
IENS  nione>1 jeJ k=1 (Eiﬁ nkfyk)
1
= Z bJ,l H F(Sj + l]) Z Z ‘K‘ H sjt+li—djenk—0j+1ek
leN;  j=1 n1,esne>1 KCJ\{1} j=1 <Zk lnk’yk)

=> b Y, (—pF (H ['(s; + lj))Cr((Sj +1j = djeni — j+1ex); (1); (7)), (1.38)

leNr  KcJ\{1} j=1
where | K| implies the number of elements of K,
S = 1 (el
T Gen
for I C J, and
s s L
H(Ztk> =S o I (1.39)
jed k=j leny  j=1
Hence, by (1.37) we have

G((5); (7))

=Y Y Y 'K'(H )G+ = B = Bysaer: (1: ()

JcA{1,...,r} leNg KcJ\{1}
= > X« 'J\K'Zsz(H )6 (85 + 15 = e = Srere); (13 (3)):
JCA{1,...,r} KCJ\{1} leN] j=1

(1.40)



22 H. FURUSHO, Y. KOMORI, K. MATSUMOTO, AND H. TSUMURA

Finally we set
H((u), ()= > > (=) by, H il ek ke
JcA{1,...,r} KCJ\{1} leNg j=1
and aim to prove that
5((uj), (vj)) = H((uz), (vj))- (1.41)
It follows from (1.39) that

H(w), o) = Y 3« \J\K\(qukvk) e e

JcA{1,...,r} KCJ\{1} jeJ k=j
= > (IXws) > TI oIt
Jc{1,..,r} JjE€J k=j KcJ\{1}jeJ\K jEK

Since vo_l = 0, we have
-1 —1 -1 -1
> I o [T o =TT + o)
KcJ\{1} jeJ\K JEK JjeJ
Hence we obtain

B = 5 1S mo) o+

Jc{1,...,r} j€J k=j

= H((Z Ukvk) —I—Uj_ll) + 1) (1.42)
=TI (1 (w05~ ) = 9((m) o).
J=1 k=j

Combining (1.34), (1.40) and (1.42), and regarding (s;);; and ¢, ((s;+1j—0ek—0j+1ex); (1); (75))
as indeterminates ué?' and v;j, we see that (1.35) holds when Rs; is sufficiently large for
1 < j < r. It is known that each function on the right-hand side can be continued meromor-
phically to C" (see [37, Theorem 1]). Since (°5((s;); (7;)) is entire, we see that (1.35) holds
for all (s;) € C". Thus we complete the proof of Theorem 1.23. O

Example 1.25. In the case » =1 and v; = 1, we have
S(ur,v) =1 —wvivy ' =1 — uy,

namely, ago(1) =1 and a;1,0(1) = —1. Hence we have

9o5(5;1) = lim D1 (5) = (800G (53 11 1) — (shialss 15 1) = (1 — 8)C(s),

c—lec—1

which coincides with (1.24). Note that ({(—k;1) = (=1)*By,1 (k € Np).

Example 1.26. In the case » = 2, we can easily check that

S5((uy), (v5)) = (1 = (uyv1 + ugva)vy ) (1 — ugva(vy " — v™h))

=1 —up)(l—ug)+ (u% - uluQ)vflvg - u%vf%g.
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Then (1.35) implies that

(5% (51,5257, 72) = (51— 1)(s2 — 1)Ca(s1, 523 (1); 71,72)
+ s2(s2 +1—s1)C(s1 — 1,82 + 15 (1);71,72)
— s2(s2 + 1)Ca(s1 — 2,82 + 2; (1);71,72)- (1.43)
Let k,l € Ny. By (1.31), we obtain

!
l _
5§ (=k, —Ly1,72) = (—1)FY <V> Bitys1 By g (1.44)
v=0

Remark 1.27. Setting (v1,72) = (1,1) in (1.43), we obtain

§%(s1,82;1,1) = (51— 1)(s2 — 1)¢a(s1, 52)
+ s2(s2+1—51)C2(s1 — 1,89+ 1) — sa(s2 + 1)Ca(s1 — 2,820+ 2). (1.45)
From Theorem 1.19, we see that ({®(s1,s9;1,1) on the left-hand side of (1.45) is entire,
though each double zeta-function (defined by (0.3)) on the right-hand side of (1.45) has infin-
itely many singularities (see Theorem 1.1). In fact, we can explicitly write ¢3°(—m, —n;1,1)
in terms of Bernoulli numbers by (1.44), though the values of (2(s1, s2) at non-positive in-

tegers (except for regular points) cannot be determined uniquely because they are irregular
singularities (see [1]).

Example 1.28. In the case r = 3, we can see that

G((ug), (v5)) = (1 = (urv1 + ugva + ugvs)vy " )(1 — (ugva + ugvs)(vy " — vy "))
x (1 —ugv(vg' —v3"))
=—(up — 1)(ug — 1)(ug — 1) + (ug — 1)(ug — U3)U3v2_1113
+ (ug — 1)u§v2_2v§ + (u1 — ug)ua(ug — 1)v1_1v2
+ uz(—uy + 2ug — urug + u% + uqug — 2U2U3)U1_1U3
1.-23
U3

-1 -1 3 1 —
—ud(—1 +ug — 2ug + uz)vy vy o3 + udvy g

2 3,—2,—1,3

(

2 —2 2 -2

+ uj(usz — 1)vy “v5 — ua(2 + ug — 2usz)uzvy “vavs3
+u3 (=1 — 2ug + uz)vy 203 — ujv; 2vy 1.

Therefore we obtain

des .
3 (817 82, 83371, 72, 73)

= —(s1 —1)(s2 — 1)(s3 — 1)C3(s1, 52, 535 (1);71,72,73)
+ (81 - 1)(_1 + 52 — 83)8343(81782 - 17 S3 + 17 (1);717’}/2773)
+ (s1 — 1)s3(s3 + 1)C3(s1,52 — 2,53 + 25 (1);71,72,73)

+ (=14 51— s2)s2(s3 — 1)G3(s1 — L, s2 + 1, 835 (1); 71,72, 73)

+ s3(52 — 5152 + 55 + 5153 — 25253)C3(s1 — 1, 52,83 + 1; (1);71,72,73)
—s3(s3 + 1)(1 + 51 — 282 + 83)C3(s1 — 1,82 — 1,83 + 25 (1);71,72,73)
+s3(s3 +1)(s3 +2)¢3(s1 — 1,82 — 2,83 + 3; (1);71,72,73)



24 H. FURUSHO, Y. KOMORI, K. MATSUMOTO, AND H. TSUMURA

+ s2(s2 + 1)(s3 — 1)C3(51 — 2, 82 + 2, 835 (1); 71,72, 73)
— s2(1 + 89 — 253)53C3(s1 — 2,82 + 1,83 + 15 (1); 71,72, 73)
+ s3(s3 + 1)(1 — 252 + 83)C3(s1 — 2, 82,53 + 2 (1);71,72,73)
— s3(s3 + 1)(s3 +2)C3(s1 — 2,82 — L, s34+ 35 (1); 71,72, 73)-
Let k,l,m € Ng. By (1.31), we have

m m—v |
§(=k, =1, —m;y1,72,73) = (—1)FFH™ Z Z Z < ) < >
—0 0—0 K—

k+v+k+1 _l—k+p+1 m—v—p+1
X Bk+u+n+1Bl n+p+1Bm v—p+171 v Vo V3 )

m!

where (I/mp) = m

Remark 1.29. Our desingularization method in this paper is for multiple zeta-functions of
the generalized Euler-Zagier type (0.1). In our forthcoming paper [24], we will extend our

desingularization method into more general multiple series.

Remark 1.30. Arakawa and Kaneko [4] defined an entire function £(s) associated with poly-

Bernoulli numbers {BT(Lk)} mentioned in Remark 1.12. It is known that, for example,

&1(s) = s¢(s+ 1),
52(8) = _C2(27 8) + 3(2(17 5+ 1) + C(Q)C(S)
Hence, from the fact &(s) = —¢{®5(s + 1;1) (see (1.24)), it seems quite interesting if we

acquire explicit relations between & (s) and ¢3°((s;); (1)).

Related to Connes-Kreimer’s renormalization procedure in quantum field theory, Guo and
Zhang [25] and Manchon and Paycha [36] introduced methods using certain Hopf algebras to

give well-defined special values of the multiple zeta-functions at non-positive integers.

Example 1.31. According to their computation table (in loc.cit.), Guo-Zhang’s renormalized
value ¢§7(0, —2) of (2(s1, s2) at its singularity (s1,s2) = (0, —2) is

1
GZ
) =
2 (0’ ) 1207
while Manchon-Paycha’s value ¢} (0, —2) is

7
0,-2 .
( )= 720

On the other hand, our desingularized method gives

des
0,-2)=—.
2 ( ) ) 18
Several methods yield several different values.
Question 1.32. Are there any relationships between our desingularization method and their

renormalization methods?

We emphasize that since our ¢3((s;); (1)) is entire, their special values at integers points
which are neither all positive nor all non-positive are well-determined. These values might

be also worthy to study.
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Example 1.33. As explicit examples which we mentioned above, we can give

g=-1,1 = 5,
(5(=1,4) = ¢(3) — ¢(4),
des _ 3 1
<2 (37 _3) - Z - T5 (3)7
1 1 1
§2(4,-3) = 5 + 5¢(2) — 7=C(4),

Also we can give the following examples for non-admissible indices:
5°(2,1) = —((2) + 2¢(3),
es 5
5°(3,1) = 2¢(3) — 7C(4)-

For the details, see our forthcoming paper [24].

2. p-ADIC MULTIPLE L-FUNCTIONS

In this section, based on the consideration in the previous section, we will construct certain
p-adic multiple L-functions in Definition 2.9 which can be regarded as multiple analogues of
the Kubota-Leopoldt p-adic L-functions and also p-adic analogues of complex multiple L-
(zeta-)functions. We will investigate several p-adic properties of them, in particular, a p-adic
analyticity on certain variables in Theorem 2.14 and a p-adic continuity on other variables in
Theorem 2.17.

2.1. Kubota-Leopoldt p-adic L-functions. Here we will review of the Kubota-Leopoldt
p-adic L-functions.

First we prepare ordinary notation. For a prime number p, let Z,, Q,, @p, Cp, Oc, and
Mc, be the set of p-adic integers, p-adic numbers, the algebraic closure of Q,, the p-adic
completion of @p, the ring of integers of C, and its maximal ideal. Fixing embeddings
Q — C, Q = C,, we identify Q simultaneously as a subset of C and C,. Denote by |- |,
the p-adic absolute value, and by u. the group of cth roots of unity in C, for ¢ € N. Let
P!(C,) = C, U {co} with |ocl, = oo.

Let Z) be the unit group in Z, and

{£1} (it p = 2)
{ezy|et =1} (ifp=>3),

4 (fp=2)
q = {p (tp>3) (2.1)

Then it is well-known that W forms a set of complete representatives of (Z,/qZ,)”, and

Zy =W x (1+qZy),
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where we denote this correspondence by = w(x) - (z) for z € Z; (see [29, Section 3]). Noting

w(m) =m (mod ¢Z,) for (m,q) =1, we see that
w: (2/q2)" =W (2.2)

is the primitive Dirichlet character of conductor ¢, which is called the Teichmiiller character.

Now we recall the Kubota-Leopoldt p-adic L-function which is defined by use of p-adic
integral with respect to p-adic measure (for the details, see [32, Chapter 2|; also [31], [46,
Chapter 5]). Following Koblitz [32, Chapter 2] we consider a p-adic measure m, on Z, for
z € PYC,) with |z — 1|, > 1 by

i
1— 2P
Corresponding to this measure we can define the p-adic integral

m, (j +pV7Zp) = €0c, (0<j<pV-1). (2.3)

pN-1

d = i Nz,) ecC
%me)ﬁ$§ﬂmMHﬁﬁ .
for any continuous function f : Z, — C,. The p-adic integral over a compact open subset U

of Zj, is defined by
/ @) dma(z) = / f@)yo(@)dm,(z) €C,
U Zp

where xy(x) is the characteristic function of U.

For an arbitrary t € C, with [t|, < p~/®~1  we see that ¢® is a continuous function in
x € Zy. We obtain the following proposition by regarding (1.4) as the Maclaurin expansion
of H(t;€) in C, and using Koblitz’ result [32, Chapter 2, Equations (1.4), (2.4) and (2.5)].

Proposition 2.1. For any primitive root of unity £ # 1 € C,, of order prime to p,

p(t6) = [ edme(a) € ] (24)
Therefore )
/Z atime(s) = Bale) (0 € No) (2.5)
For any ¢ € Ny with (¢,p) = 1, we consider
me (j+pV2) = Y me(j+pVZp), (2.6)
e\ (1)

which is a p-adic measure on Z, introduced by Mazur (see [32, Chapter 2]). Considering the

Galois action of Gal(@p /Q,), we see that m, is a Qp,-valued measure, therefore a Z,-valued

measure.
Note that
. ' N gpj
m. (pj +p"Zp) = Z T~
eCp\(1)
c—1
; (2.7)
= Y =m0V,
PECH\{1}

pe=1



COMPLEX MULTIPLE ZETA-FUNCTIONS AND p-ADIC MULTIPLE L-FUNCTIONS 27
because (¢,p) = 1. From (1.8) and (2.5), we have the following.
Lemma 2.2 (cf. [32, Chapter 2, (2.6)]). For any ¢ € N5y with (¢,p) =1,

/ 2"dm.(z) = (c”+1 —1)¢(-n) = (1- c”+1) Buit €Q (neN), (2.8)
Zy n+1

and )
/ Ldin(z) = = €7, (2.9)
. 2

P

Note that c is odd when p = 2.
Here we define the Kubota-Leopoldt p-adic L-function.

Definition 2.3 ([32, Chapter 2, (4.5)]). For k € Z and ¢ € N5 with (¢,p) =1,

Ly(s;w") = (c)l—swl’ﬂ(c) — /ZX (z) "Wk (z)dm.(z) €C,

for s € C, with |s|, < gp~ /=1,

Remark 2.4. We note that (z)~° can be defined as an Oc,-valued rigid-analytic function (cf.
Notation 4.1 below) in s € C, with |s|, < gp~/®~1) (see [46, p. 54]).

Proposition 2.5 ([32, Chapter 2, Theorem], [46, Theorem 5.11 and Corollary 12.5]). For
keZ, Lp(s;wk) is rigid-analytic in the sense of Notation 4.1 below (except for a pole at
s=1 when k=0 mod p—1) and satisfies that

Ly(1 —m;wh) = (1 - wk_m(p)pm_1> L (1 - m,wk_m)
B k—m

—— (1= k—m m71> m,w

(1-* " -

m =0 (m € N) when k is odd. Hence we obtain the following.

(m e N). (2.10)

We know that B

m,wk—

Proposition 2.6 ([46, p.57, Remark]). When k is any odd integer, L,(s;w") is the zero-

function.

Remark 2.7. The above fact will be generalized to the multiple case as functional relations
between the p-adic multiple L-functions defined in the following section (see Theorem 3.15
and Example 3.19).

2.2. Construction and properties of p-adic multiple L-functions. We defined a certain
p-adic double L-function associated with the Teichmiiller character for any odd prime p
in [34]. In this section, as its generalization with slight modification, we will introduce
a p-adic multiple L-functions L, ,(s1,... LS wF Wk, L s c) in Definition 2.9 and
investigate their basic properties: the p-adic rigid analyticity with respect to the parameter
S1,...,8 (Theorem 2.14) and the p-adic continuity with respect to the parameter ¢ (Theorem
2.17) which yields a non-trivial p-adic property of their special values (Corollary 2.23). At the
end of this subsection we will give a discussion toward a construction of a p-adic analogue of

the entire zeta-function ¢3°(sy,..., s7;71,...,7r) previously constructed in Subsection 1.4.
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Let r € N and v1,...,7 € Zp. Let &,...,& € C, be roots of unity other than 1 whose
orders are prime to p.
Then, combining (2.4) and (1.12), we have

N (£ ) = - e k=i B3 e (s
8 (1), (&), (7)) 121 /Z y dme, ()

r k r
= /T exp Z Z v | tk H dmg, (z;)
j=1 j=1

P k=1
k n
tll * tnT
- > [T (e Hdmsg o)
n,...,np=0 p k=1 \ j=1 ! T
Hence as a multiple analogue of Proposition 2.1 we have the following.

Proposition 2.8. For ny,...,n, € No, 71,...,% € Zp and roots &1,...,& € CX\ {1} of

unity whose orders are pm’me to p,

/ H Zﬂfﬂa Hdmfj j) = B((n;); (&); (77))- (2.11)

pk 1 j=1
We set
(Zr){{%} {( i) € Zy|ptx1y1, pI (2171 4+ 3272), - - pTZﬂUﬂJ } (2.12)
and
%,(d) = {(31, c8e) €ECh sl < dp VD (1< < 7")} (2.13)
for d € Ryyp.

Definition 2.9. For r € N, ky,.... k., € Z, 71,...,7 € Zy and ¢ € N5 with (¢,p) = 1, the
p-adic multiple L-function of depth r is the Cp,-valued function on (s;) € X, (q_l) defined
by

Lp,T<317-'-73T7w 17"'7w "IV Y C )

- / (o) o + aam) me —ur
%),y (2.14)

X wk (x171) ijfy] H dm(z;).
Remark 2.10. In the case y1 € pZ,, we see that (ZZ)/{T} is an empty set, hence we regard
J
Ly ((s5); (w*); (v;); ¢) as the zero-function.

Remark 2.11. Note that we can define, more generally,

Lp,r(81,~--,Sr;(wkj);(%');(cj)) 3:/( ), (T171) " (w171 + 272) 7 § z)
Zr
{75}
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T T
k kr ~
X W' (z1m) - w (Z xjv4) H dme; ()

for ¢; € Noy with (¢j,p) =1 (1 < j < r). Then we can naturally generalize the following

arguments in the remaining sections.

In the next section, we will see that the above p-adic multiple L-function can be seen as
a p-adic interpolation of a certain finite sum (3.2) of complex multiple zeta functions (cf.
Theorem 3.1 and Remark 3.2).

The following example shows that the Kubota-Leopoldt p-adic L-function is essentially a

special case of our p-adic multiple L-function with » = 1.

Example 2.12. For s € C, with [s], < gp V=D~ Zy, k € Z and ¢ € N>y with

(¢,p) =1, we have
Lya(sse Timse) = [ )T ) o)
= (1) W () () Wk (e) — 1) - Lp(s;wh).

The next example shows that when r = 2, we recover the notion of the p-adic double

L-function which has been studied by the second-, the third- and the fourth-named authors.

Example 2.13. Let p be an odd prime, r = 2, ¢ = 2 and n € pZ,. Then, for si,s2 € C,
with |s;], < p!=/®=1) (j = 1,2) and k1, kg € Z, our p-adic L-function is given by

k k
Lp,2(81782;w law 2; 177]72)

~ ~ 2.16
= / <£L'1>_Sl <$1 + {L‘277>_82wk1 (xl)wl’” (:rl + .’Bgn)dmg(l‘l)de (.rg), ( )
Ly XLy

which is the p-adic double L-function introduced in [34].

The next theorem claims that our p-adic multiple L-function is rigid-analytic (cf. Notation

4.1 below) with respect to the parameters sy, ..., S;:

Theorem 2.14. Let ki,.... k. € Z, y1,...,v € Zy and ¢ € Nsy with (¢,p) = 1. Then
Ly ((57); (w); (v4); ¢) has the following expansion

Lpr(s1,.., 8w, oo, w91, .., Y5 €)

o0
= Z C <n1, s (W) (fyj);c) syt s
N1 ,...,p=0

for (s;) € %, (¢71), where C ((ny); (W*); (v);¢) € Zy satisfies

‘C (m, ey (W) (’Yj)§0>‘p < (qp*l/(p*”)_m_m : (2.17)

In order to prove this theorem, we prepare the following two lemmas which are generaliza-

tions of [46, Proposition 5.8 and its associated lemma].
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Lemma 2.15. Let f be a continuous function from Z,, to Q, defined by

F(X1,.. X)) = i a(nl,...,nr)ﬁ <fjj>

ny,...,npr=0 j=1

where a(ny,...,n,) € Zy. Suppose there exist d, M € Ry with d < p~ V=Y <1 such that
la(ni,...,n)lp < Md=i=1" for any (nj) € Ny. Then f(Xi,...,X;) may be expressed as
oo
fXa, X)) = Y Clng,..n) X X € QX .., X0

ni,...,ny=0

which converges absolutely in X,(d), where

Clnr,.. . mp)l, < M(d /=Dy =m=rnr,
Lemma 2.16. Let

,
P(Xy,...,X)= Y aln,...,ns ) [[ X (1€Ny)
N1 yeeytir 20 j=1
be a sequence of power series with Cp-coefficients which converges in a fized subset D of C;
and suppose
(i) when l — oo, a(ni,...,n;l) — a(ni,...,n.;0) for each (n;j) € Nj,
(ii) for each (X;) € D and any € > 0, there exists an Ny = No((Xj),€) such that

Z a(nl,...,nr;l)ﬁX;lj <e
j=1

(nj)GNE

> ni>N
Jj~ 0 P

uniformly in | € N.
Then Pi((X;)) = Po((X;)) asl — oo for any (X;) € D.

Proof of Lemma 2.16. For any € and (X;), we can choose Ny as above. Then

|P((X;)) — Po((Xj))]p < Zm.a<xN0 g, la(ni,...,ny;0) —a(na, ..., nps )|, H |Xj’Zj <e
n; < jale

for any sufficiently large I. O

Proof of Lemma 2.15. We can write
X 1 & .
(n) = _Ob(n,m)X (n € Ny),
where b(n,m) € Z. For any | € N, let

PrX, ., X)) = Z a(m,...,nr)r(Xj)

; n;
N seees ny =0 j=1
ny+-+np<l
r
. m;
= E C(ml,...,mr,l)HXj )
o<my,..., mp<l 7j=1

my 4 me<l
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say. We aim to show that P;(X1, ..., X, ) satisfies the conditions (i) and (ii) for P;(X1,..., X;)

in Lemma 2.16. In fact, using the notation

0 (m>n),
we have
’/Ll, ce
MKt X)= Y Z S T by x

ni4-+ne<l mr<nr j=1

o rn/]_7 c e 7 mJ

= > 'y oy anj,m] JAn, () X;
ni4-4n,<l mi <l my<l

my+-- +m'r§l

aini,...,Ny m;
= § E o,y )”b(nj,mj) ||X,J.
... | J
ni. Ny ; !
MY yeney mpr<l m1<ny,..., mp<nr ]:1 ]:1
mi+--+mp< ny+-+np<l
Hence we have

C(my,...,mpl) = Z Mnb(nj,mj).

ny!---npl -
MmNy, .., me<ny ]:1
ny+-+np<l

Therefore, noting b(n;,m;) € Z and using |n!|, > p~™/ =1 we obtain

Md2=mi
|IC(ma,...,my;1)], < max e TIR
MIsNy,...,mp <Ny |n1 nr.\p
ny+-+np<l
1p-1)) =" ~1p1/(p-1)) T
< m1<n11rn§)r(n <n M (dp g ) < M (d p g )
S
(2.18)
Furthermore, we have
|IC(ma,...,mp;l+ k) —C(my,...,mpl)|p
a(n n) 1-
Lyooy Ny
< X S )
1heeeny! !
my<ny,..., mp<ny ]:1
I<ny+-+npi+k P
Md>-mi
< m1<n11ryl~%}'f(nr<nr |7’Ll' e M '|
I<nq+tnp<ltk TP
>onj —i-1
g m <nma)'r(n <n M (dpl/(pil)) g M <d71p71/(p71)>
l<1n\1 +1- i ne<itk
for any [ € N. Hence {C'(m1,...,my;1)} is a Cauchy sequence in . Therefore there exists

C(mi,...,mp;0) = ll_i)rélOC(ml,...,mr;l) €Q, ((my) € Ny)

with [C'(my, ..., my;0)], < M(d~tp~V/=D)y=m—=m: For (X;) € X,(d) defined by (2.13),
let
Po(X1,.... X)) = > Cln,...,ns0) Xt X7

N1 ,e.,p 20
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Then Po(X1,...,X,) converges absolutely in X,(d). Moreover, by (2.18), we have

. n n
S C(ny, ... np )X X0
MY yeeey nyr >0

ni+--+nr>=Ng p

<, max MH(— 1= 1>) X0 S50 (g, me = 00)

uniformly in I, for (X;) € X,(d). Therefore, by Lemma 2.16, we obtain
f(Xl, cee 7X7‘) = llif& ?I(le ce 7X7") = ?O(Xla ce 7X7‘)
for (X;) € X,(d). Thus we complete the proof of Lemma 2.15. O

Proof of Theorem 2.14. Considering the binomial expansion in (2.14), we have, for (s;) €
X, =X (q71)7

LP7T(817"'78T7W 17"'7w Ta’ylv"w’}/’r‘ac)

{/ IT (e~

{v}l’l J=1

o s}
= i a(nl,...,nr)ﬁ<_7;j),

N1,...,Np=0 j=1

Ny

ni,...,nr=0

say. Since <Z?:1 xjvj) = 1 mod ¢, we have |a(ni,...,n,)|, < ¢~ 2", Applying Lemma 2.15
with d = ¢~ and M = 1, we obtain the proof of Theorem 2.14. O

Next, we discuss a p-adic continuity of our p-adic multiple L-function (2.14) with respect
to the parameter c.

Theorem 2.17. Let s1,...,5, € Zyp, k1,...,k € Z, y1,...,% € Z, and ¢ € N5y with
(¢,p) = 1. Then the map

e Lpp(S1,.. 0,8 w™, o, w ™y, Y €)

is continuously extended to ¢ € Z; as a p-adic continuous function.
Moreover the extension is uniformly continuous with respect to both parameters ¢ and (sj).
Namely, for any given € > 0, there always exists § > 0 such that

.k kr. . / k1 k_ L
\me(sl,...,sr,w1,...,w’",fyl,...,%,c)—Lp,r(sl,...,sr,w , W T,71,...,7T,c)|p<6

holds for any c,c’ € Z, with |c —c'|, <0 and sj, s} € Zp with [s; — 8|, <0 (1 <j<7r)

By [46, Subsection 12.2], the space Measg, (%) of Z,-valued measures on Z, is identified
with the completed group algebra Z,[[Z,)];

Measz,, (Zy) ~ Zyp|[Zp]]. (2.19)
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Again by loc. cit. Theorem 7.1, it is identified with the one parameter formal power series
ring Z,[[T]] by sending 1 € Z,[[Zy]] to 1 + T € Z,[[T]];
Zp|[Zyp]] ~ Zy[[T1). (2.20)
By loc. cit. Subsection 12.2, we obtain the following.

Lemma 2.18. Let ¢ € Ny with (¢,p) = 1. By the above correspondences, m. € Measg, (Zy)

corresponds to
1 c

1+7)—1 (147)

9e(T) = ¢ — € LT]) (2.21)

Lemma 2.19. The map ¢ — g.(T) is uniquely extended into a p-adic continuous function
g: Z;; — Zp[[T]].

Proof. The series (1 4 T')¢ makes sense in Zy[[T]] for ¢ € Z, and moreover continuous with

respect to ¢ € Z, because we have
. N
Zp[[T)]) ~ lim Z,[T]/((1+ T)" — 1)

(cf. [46, Theorem 7.1]). When c € Z,, W belongs to 7 + Z,[[T]]. Hence g.(T) belongs

to Z,[[T]]. 0

For ¢ € Z,; we denote m. to be the Z,-valued measure on Z, which corresponds to g.(7')
by (2.19) and (2.20). We note that it coincides with (2.6) when ¢ € N5 with (¢,p) = 1.

Remark 2.20. For the parameters sq,...,s, € C, with [sj], < gp~ V=1 (1 <j<r),
ki,....kr € Z, y1,...,% € Zyp and c € Z;, the p-adic multiple L-function

Lpr(st,. o s8pw™, o W™y, .0, Y5 €)

is defined by (2.14) with the above measure m,.

Let C(Zy,, Cp) be the Cp-Banach space of continuous Cp-valued functions on Zj, with || f|| :=
SUD,ezr |f(z)|, and Step(Z;) be the set of Cp-valued locally constant functions on Zj. The
subspace Step(Zy) is dense in C(Zy,, Cp) (cf. [46, Section 12.1]).

Proposition 2.21. For each function f € C(Zy,,C,), the map
(IDf : Z;; — (Cp
sending c — pr f(z)dm.(2) is p-adically continuous.

Proof. First assume that f = x;n where x;n (0 < j < pY, N € N) is the characteristic
function of the set j + pVZ,. Then ®¢(c) is calculated to be a;j(g.) (cf. [46, Section 12.2])
which is defined by

pN -1

9e(1)= Y ai(ge) 1+ 1) (mod (1+T)" —1).
=0

Since the map ¢ — g, is continuous, ¢ — ®;(c) = a;(g.) is continuous in this case. This

implies the continuity of ®¢ in ¢ when f € Step(Z,).
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Next assume f € C(Z,,Cp) and ¢ € Z;;. Then for any g € C(Z,,C,) and ¢’ € Z,, we have
(I)f( / f dmc - ; f(Z)dﬁc/(Z)
P

=/ (f(2) = 9(2)) - d(me(2) — mer(2)) +/ 9(2) - d(me(2) — me(2))
Zp Zyp
= (Rs—g(c) = By_g(c) + (Dg(c) = Ty(c)).
Since Step(Zy) is dense in C(Z,,C,), there exists gy € Step(Z,) with ||f — go|| < € for any

given £ > 0. So for any ¢ € Z; we have
2@l = | | ()=o) - dmeia)] <1 ol <

because m, is a Zy,-valued measure.
On the other hand, since gy € Step(Z,), there exists a 6 > 0 such that

@ (c) — Py ()] < €
holds for any ¢’ € Z, with |c — |, < 4.
Therefore for f € C(Zy,Cp), c € Z; and any € > 0, there always exists a § > 0 such that

@ 1(c) = Dp(c)]p < max @ gy () lps [P r—go ()]s [Pyo(€) = Pyo ()]} <€
holds for any ¢’ € Z) with |c — /|, < 4. O
By generalizing our arguments above, we obtain the following.
Proposition 2.22. For each function f € C(Z;,,Cyp), the map
o} :Z, = C,
sending ¢ — [, f(x1,...,2y) [[j=1 dmc(z;) is p-adically continuous.
P

A proof of Theorem 2.17 is attained by the above proposition. This is the reason why we

restrict Theorem 2.17 to the case for s1,...,s, € Zp.

Proof of Theorem 2.17. Let us fix notation: Put

W(s1y.. 8pi&1yeney Ty)
= (x171) "1 + x272) 7 Zl’ﬂg W (@1m) Zﬂiﬂg X(ZT (961, cees )
where Xopy: (x1,...,x,) is the characteristic function of (Z;) ) (cf. Definition 2.9). Then
P/ {v;} 7

we have ’

Lyr(s1,..., SRR, e c) = W(S1yeeeySpi@l, e, Xy) H dme(z;).

z o
(2.22)
Below we will prove that the map
W81, 8m,0) € Ly X Ly Lpr(81,. . y8m Wby, v 0) €2,

is continuous:
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First, by Proposition 2.22 we see that the function is continuous with respect to ¢ € Zj

for each fixed (s1,...,s,) € Zy,. Namely, for each fixed (s1,...,s,) € Zj, and ¢ € Z, and for
any given ¢ > 0, there always exists § > 0 such that
|Lpr(s1,--., Sr;wkl, .. ,wkr;’yl, oo Yrsc) — Lp (st ..., sr;wkl, . ,wkr;’yl, .. ,’yr;c')]p <e,
equivalently

[T (s1,...y8r;¢) —W(81,...,8:50)|p <e (2.23)

for all ¢ € Z)° with |c — /[, < 6.
Next, take M € N such that € > p~™ > 0. Since it is easy to see that there exists &' > 0
such that
(1+u)?=1 (mod pM)

for any u € pZ, and d € Z,, with |d|, < ¢’ (actually you may take &' for &' < p~M), we have

2° =2 (mod pM)

for all z € (1+ pZ,) and s, s’ € Z, with |s — s'| < ¢’ for such ¢’. Therefore

W(Sll,... s"acl,...,xr) (modpM)

W(S1yeey STy, Xy) ) S

holds for all (z1,...,2,) € Z, when |s; —si|, < ¢’ (1 <i < 7). So, in that case, the inequality

Lk kr. . / 1.k k. .
|Lpr(S1,--sSpw™, oo w5y, o, i) — Lp (87,5 8w o w0591, e ©)p
<pM<e

holds for any ¢ € Z; because m, is a Z,-valued measure. Therefore, for any given £ > 0,
there always exists ¢’ > 0 such that when |s; — s}[, < ¢ (1 <i<7r),

| (s1,...,8:3¢) —W(s),...,sm0)|p <€ (2.24)
holds for all ¢ € Z;.

By (2.23) and (2.24), we see that for each fixed (s1,...,s,) € Zj, and ¢ € Z), and for any
given £ > 0, there always exist §, > 0 such that

W (s1,...,805¢) —W(s],...,5] c’)‘p

)

U(s1,.y805¢) —W(81,...,85¢) +¥(s1,...,8;¢) — Ll—/(s'l,...,s;n;c’)‘

p

< max{@(sl, ey 8mC) —W(s1, .., 8m0)] | (51, 80 c) —W(sY, .. .,s;;c/)|p} <e

p’
for |s; — si|, < 0" (1 < i < r)and |c— |, < d. Thus we get the desired continuity of
U(S1,...,5r;C).

The uniform continuity of ¥(sy, ..., s,;c) is almost obvious because now we know that the

function is continuous and the source set Zj, x Z, is compact. O

As a corollary of Theorem 2.17, the following non-trivial property of special values of p-adic

multiple L-functions at non-positive integer points is obtained.

Corollary 2.23. The right-hand side of equation (3.1) of Theorem 3.1 (in the next section)

1s p-adically continuous with respect to c.
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Our final discussion here is towards a construction of a p-adic analogue of the entire
function Z(s1,...,87;71,--.,7r) which was constructed as a multiple analogue of the entire
function (1 — s)((s) by equation (1.23): As was explained in Remark 1.17, an idea of the
equation is conceptually (but not mathematically) expressed as in (1.22). By Theorem 3.1
and Remark 3.2 (both in the next section), our Ly (s1,...,8;w™, ..., w™ ;71,...,7%;¢) is a
p-adic interpolation of (3.2), which also has appeared on the right-hand side of (1.22).

By lime—1 g.(T') = 0, we have, for s1,...,8, € Zp, k1,...,kr €Z, y1,..., % € Lp,

lim L, ,(s1, .. .,sr;wkl, .. ,wk”;vl, oo yre) = 0.
c—1
cE€Zy
While, by
. ge(T)
tim %) € @, [T\ 2, [T,

we can not say that the limit lim._,; C%lt?tc converges to a measure. Thus the following is

unclear.

Problem 2.24. For s1,...,s, € Zyp, k1,..., k. € Z and 71, ..., € Zy, does

. 1
}jl_I)I% ml)pw(sl,...,s,«;wkl,...,wk”";'yl,...,%;c) (2.25)
c€Zy \{1}

converge?

If the limit (2.25) exists and happens to be a rigid analytic function, we may call it a p-adic
analogue of the desingularized zeta function (4°(s1,...,s,;71,...,% ). We remind that the
problem is affirmative in the case when r = 1 and v = 1. Actually we have

lin% (c— 1) Lp(s;0% 15¢) = (1 —s) - Ly(s; ),
c—
which was already mentioned in Example 2.12. We also note that the limit converges when

(s1,-.-,8) = (—n1,...,—n,) for ny,...,n, € Ny by Theorem 3.7 in the next section.

3. SPECIAL VALUES OF p-ADIC MULTIPLE L-FUNCTIONS AT NON-POSITIVE INTEGERS

We will consider the special values of our p-adic multiple L-functions (Definition 2.9) at
non-positive integers. We will express them in terms of twisted multiple Bernoulli numbers
(Definition 1.6) in Theorems 3.1 and 3.7. We will see that our p-adic multiple L-function is
a p-adic interpolation of a certain sum (3.2) of the entire complex multiple zeta-functions of
generalized Euler-Zagier-Lerch type in Remark 3.2. Based on the evaluations, we will gen-
eralize the well-known Kummer congruence for ordinary Bernoulli numbers to the multiple
Kummer congruence for twisted multiple Bernoulli numbers in Theorem 3.10. We will show
certain functional relations with a parity condition among p-adic multiple L-functions in The-
orem 3.15. These functional relations will be seen as multiple generalizations of the vanishing
property of the Kubota-Leopoldt p-adic L-function with odd characters (cf. Proposition 2.6)

in the single variable case and of the functional relations for the p-adic double L-function
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(shown in [34]) in the double variable case under the special condition ¢ = 2. Many examples

will be investigated in this section.

3.1. Evaluation of p-adic multiple L-functions at non-positive integers. Based on
the consideration in the previous sections, we determine values of p-adic multiple L-functions

at non-positive integers as follows.

Theorem 3.1. Forny,...,n, € No, v1,...,% € Zy,, and ¢ € N5y with (¢,p) = 1.

Ly, (=1, ..., =npw™, 00" 571, .0, Y5 €)
=3 > B((ny); (6); ()

£§=1 £r=1

, d

1 _

S CINED VD RS O RS SLCHNN ) (ERTI RIS

e A B I = B R s

i1 Y g £ &r#l

where the empty product is interpreted as 1.

In Definition 1.6, the twisted multiple Bernoulli number B((n;); (&;); (v;)) was defined
for v1,...,7 € C and roots of unity &;,...,& € C. Here we define B((n;); (&;); (v;)) for
Y, --sYr € Zy and roots of unity &,...,& € C, by (1.12) and (1.13).

Remark 3.2. When ~1,...,7, € Z, N Q satisfy R®y; > 0 (1 < j < ), we obtain from the
above theorem and Theorem 1.13 that

Lpr(—n1,...,—npw™, o 0"y, e 0) = (—1)T+n1+"'+nr{ Z e Z Gr((=ny)5 (§5); (7))
L
r 1 d
s <—p) )SED DR Db SIS SYAEENI(Y § PRI
d=1 1<i1<"'<7jd<7"pp =1 pp =1 5(13:1 f=1 J<9
1 A g1 Er#l

We may say that the p-adic multiple L-function L, ,((s;); (w*); (vj);¢) is a p-adic inter-
polation of the following finite sum of multiple zeta-functions (.((s;); (&;); (v;)) which are

entire

S DT G (€5 (). (3.2)

£§=1 £r=1
€1#1 Er#l

Proof of Theorem 3.1. We see that for any p € u, and € € p. \ {1},

M (i +9VZ,) = 1_<’22)N im0z, (N> 1),
Hence, using
n_ )0 (pfn)
ppzlp - {p (v | n),

we have

.41 Nr. .
Lp,r(_nla-"a_nT7w yeee, W r;'}/l,---,')/r,c)
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= [y (T IL 1= 30 2 | TLY dme(a)
pp 1

b j=1 i=1 j=1ee=1
§;#1
T T
= [ @ (a3 3 [Lame (e
P 7=1 £¢=1 £e=1 j=1
€1#1 Er#l
r 1 d

() X Yy yey
d=1 1<i1 <+ <ig<r pP =1 pf =1 &7=1 £i=1
‘1 tdo g1 Er#l

r l d Zil r

—1 TvYv
[ TE T g )
Zp =1 j=1 = j=1
T
:/ )™ Zwm > o 2 [l dme (@)
Zy g=1 =1 j=1
&1#1 Er#l
T 1 d
() ¥ Yy yey
d=1 I < <ig<r pP =1 pP =1 €f= gr=1
‘1 td 51¢1 Er#l
r l r
x / Q@)™ [Ldmqqy,c,, 096 (@)
Ly =1 j=1 j=1
Thus, by Proposition 2.8, we complete the proof. g

Remark 3.3. 1t is worthy to restate Corollary 2.23 saying that the right-hand side of the
above equation (3.1) is p-adically continuous not only with respect to ni,...,n, but also
with respect to c.

Considering the Galois action of Gal(Q,,/Q,), we obtain the following result from Theorems
2.14 and 2.17.

Corollary 3.4. Forny,...,n. € No, 71,...,% € Zy and c € Z),

ni

Lpr(—ni,...,—npw™, o0y, e €) € Ly,

d
hence the right-hand side of (3.1) is in Zy,, though it includes the terms like <—%> . In
particular when y1,..., v € L) = {3 € Qla,b € Z, (b,p) =1} =Z,NQ,

Lp,r(_nh R _nT;wal’ s 7wnr; YiseesVrs C) € Z(p)
The following examples are special cases (r = 1 and r = 2) of Theorem 3.1.
Example 3.5. For n € Ny and ¢ € N5 with (¢,p) =1,
Lpi(—n;w™;l;c) = Z B, ( (3.3)

£e=1
§#1
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which recovers the known fact

B
Lp(_n;wnJrl) — _(1 _pn)n:‘l‘:ll

thanks to (1.8) and (2.10).

Example 3.6. For ni,n2 € Ny, 71,72 € Zp, and ¢ € N5 with (¢,p) =1,
Lyo(—n1, —ng;w™, w";v1,792; ¢)

- Z Z B(n1,m2;§1,82;71,72)

e5=1 e5=1
§1#1 Eo#1
S5 3D 30 )LURE IS
pz]? 1 €C 1 €C
141 52#1
- Z S > B, na; p3E, pFE3 )
ph=1 £5=1 €5=1
51751 52751
2 Z Z Z Z B(n1,n2; (p1p2)"" €1, pa €23 71, 72)-
1p2 1 &7=1 &5=
51751 527&1
More generally, we consider the generating function of {Lp r((—n ) (w"); (v5);
T n~
Fpr(ti, ...t L Yo
ottt i) = D o 3 Ll (- roll

ni= =0 nr—O

Then we have the following.

Theorem 3.7. Let c € Z). For vyi,..., v € Zp,

Fp,r(th P (f)/j); C)

<

r 1 d
O LELE S
=1 1<z‘1<~~-<id<rp§’1: pifd:

1 c

X

m;
— ﬁ i (1- ¢mit) Bin;+1 (% 2k tk)
21\ m; + 1 m;!

+(-1) :(i)d DI

1< < <ig<r pf1:1 pfd:1

<

o0 Vi ket "
(3 - a2 E

j=1 \im;=0 j<ii

=t \ (<, pi) " exp (%’ 2k tk) =1 (< pi) exp (C%' k=i tk) -1

39

(3.4)

c)}, that is,
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In particular when v1 € Z) and v; € pZy (2 < j < 1),

1 c
exp (Y1) pertr) =1 exp(en D poqte) — 1

Fp,r(th P (’Yj); C) = <

1 c
— +
exp (py1 D peq te) — 1 exp (epyr Dojoq th) — 1)
" 1 c

j=2 \ exp (’yj D ke tk> -1 exp (ij D ki tk) -1

_ (fj (1= ) (1 — ety Bt 0 i twm)

X

0 ni+1 nq!
n.
r [e%S) . _— anJrl (7]' Zzzj tk) J .
X — J . .
H Z ( ¢ ) n; +1 n;! (3.5)
j=2 \n;=0

We stress here that Theorem 3.1 holds for ¢ € N5 with (¢,p) = 1, in contrast, Theorem
3.7 holds, more generally, for ¢ € Z,,

Proof. For the moment assume that ¢ € N5 with (¢,p) = 1. Combining (1.13) and (3.1), we

have

For((t); (v5):¢) = Z Z H 1

o1 g1 =1 1 —§jexp (73' 2 k= tk)

E1#1 Er#l
T
1 d
+ E - E E E E E
d=1 p 1<in < <ig<r pP =1 pP =1 &7=1 &r=1
‘1 Ao g4 Er#l
s
1

=11 = (I pi) 7€ exp (’Yj D k=i tk)

Q103 :
j=1ee=1 1 —&jexp (’Yj k= tk)
§;#1

DT VS DS »

1<i1<"‘<l’dg’f’pf1:]_ pfdzl

T
1
<1 |2 . .
i=1 | = 1= (I1j<;, pi) 7€  exp (%’ > k—j tk)
£;#1

Hence, by (1.7), we obtain the first assertion. Next we assume 1 € Z; and v; € pZ,
(2<j<r). Then

([T pi)v =1 @<i<n).

J<i
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Hence we have

r 1 d
() ¥ ¥y
1 p 1<y < <ig<r pPlzl pF =
1 Zd

1 c
- <(Hz~l pir)exp (71 py te) — 1 (IT;, pir)e exp (ev1 Doy tr) — 1>

r

1 c
j=2 \ exp (’yj > k= tk> -1 exp (C’}/j D k= tk) -1

Using (1.7), we can rewrite the second term on the right-hand side as

X

T

H 1 _ &
=2 \exp (3 Sy te) =1 exp (e Sy t) — 1

T d
1 d ( 1 c )
X E —= g P — .
= ( p> o exp (P11 Doy tk) =1 exp (epy Dojoy te) — 1

1<) < <ig<r

Noting

i(_;y DD <Z>(—1)d—(1—1)7“—1——1,

d=1 16 < <ig<r d=1
we obtain the second assertion.

Whence we get the formulas in the theorem for ¢ € N~ with (¢, p) = 1. It should be noted
that each coefficient of the left-hand sides of the formulas is expressed as polynomials on c.
On the other hand each coefficient of the right-hand sides of the formulas is continuous on ¢
by Theorem 2.17. Therefore the validity of the formulas is extended into c € Z. O

We consider the case r = 2 with (y1,72) = (1,7) for n € Z, and ¢ € N5 with (¢,p) = 1.
From (1.14) and Example 3.6, we have

Lpa(—k1, —ko; w0t w21 m; ¢)

k2 kz ko—v
SO0 DD () L MIAT TS

£§=1 ¢5=1 v=0
§1#1 €9#1

LYYy z( )% (p161) By (E2)

117 1 £§=1 &5=1 v=0
&1#152731

LYYy z( )93 (921) By (P

pb=1 &§=1 &5=1 v=0
E1#1 E9#1
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S 55 35 35 30 3 () WA NA TN

=1 ph=1 &{=1 ¢5=1 v=0

§1#1 527’51
for ki, ko € Ny. Similarly to (1.8), we have
1 _ n+1 Bn+l — 1
2 Ba(ad) = {(n+1 o) e (e=1) (3.6)
et "B, (af) = Bp(a) (aF#1)
&1

for n € Ny. Also, using (1.7) with k£ = p, we have

B
D0 D Balpe) = D (IBa(0) — Bulp) =p" (1) (37
pP= 1 ¢¢=1 pP:l n
e£1
for n € Ng. Hence, by the continuity with respect to ¢, we have the following.

Example 3.8. For ki, ke € No, n € Zp and c € Z,;,
<_k17 _kQ;wk17wk2; 1777;0)

_ Z k2 ( k1+u) (1 _ Ck1+u+1> Bl 441 (1 _ ck2—u+1) By —v11 pk2=v
kl +v+1 k‘g —v+1

_ Z Z <k2> <ck1+"+l%k1+y(p§) - %liru(PQ)) <Ck2—u+1%k27y(pg77) _ %szz/(Pg)> nkQ_,,

k By 1, - )
+ - Z Z ( 2> k1+v (1 - ck1+u+1) ﬁ (ckQ u+1%k2_y(p§77) _ %kg—y(/)g)) nkg v

(3.8)
In particular when n € pZ,,

L (_klv_kQ;wklaka;lvn; C)

B ) o) ) g e o

given from (1.5) and (3.7), where the case ¢ = 2 was already obtained in our previous paper
[34, Section 4]. In the special case when k1 € N, ko € Ny and ky + ko is odd,

1 B
Lpo(—ki, —ko;w® w1, n;¢) = CT <1 - ck1+k2+1> (1 —p"”1+’“2> % (3.10)

Furthermore, computing the coefficient of ¢7*¢5%¢5* in (3.5) with » = 3, we obtain the
following.

Example 3.9. For ki, ko, k3 € No, 1,72 € pZp and c € Z,,,

(*kh*k *ki’nw 17(*} 2aw 3717771’77270)
ks ks—uv1 ko

= Z Z Z < > (u1 V2) (1 _pk1+UQ+H) (1 _ Ck1+1/2+n+1> <1 _ Ckz—l—le—n—i-l)

v1=0 v2=0 k=0

% (1 i Ckg—ul—ug—i-l) Bk1+l/2+ﬁ+1 Bk2+l/1—l-€+1 Bks—l/1—l/2+1
ki+vs+rk+1lko+v1i —k+1ks—1v1 —1n+1
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« 7]1192+V1—H7712<:3—V1—V2, (3.11)
N _ N!
where (1/1 l/2) 1! ol (N*lllfllg)!‘

3.2. Multiple Kummer congruences. We will formulate multiple Kummer congruences
for twisted multiple Bernoulli numbers, certain generalization of the Kummer congruences for
Bernoulli numbers (see (3.14) below), from the viewpoint of p-adic multiple L-functions (The-
orem 3.10). Then we will extract specific congruences for only ordinary Bernoulli numbers
in depth 2 case (Example 3.13).
First we recall the ordinary Kummer congruences. By (2.15), we know from [32, p.31]
that
Lp1(1—m;w™ 5 15e) = Lypi(1—n;w™ 5 1¢)  (mod ph) (3.12)
for m,n € Ny and I € N with m = n (mod (p — 1)p'~1) and ¢ € Ns;. Therefore, from (3.3),
we see that
m m—1yBm _ n n—1yBn !
(1= M=) = (1= (1 - )2 (mod ). (313)
Note that ¢ € N5 can be chosen arbitrarily under the condition (¢,p) = 1. In particular
when p > 2, for even positive integers m and n satisfying m = n (mod (p — 1)p!~!) and
n # 0 (mod p — 1), we can choose ¢ satisfying 1 — ¢™ = 1 — ¢" (mod p!) and (1 — ¢™,p) =
(1 =", p) =1, and consequently obtain the ordinary Kummer congruences (see [32, p. 32]):
B B
(1—p™ I)Wm =({1-p" 1)7” (mod p'). (3.14)
As a multiple analogue of (3.13), we have the following.
Theorem 3.10 (Multiple Kummer congruence). Let my,...,m;,ni,...,n, € Ng with
mj = n; mod (p— 1)pti=t forl; € N (1 < j <r). Then, for v1,...,% € Zp and ¢ € Nx4
with (¢,p) =1,
Lpr(—ma,...,—mp;0™ 0™y, Y €)
=Lpr(—n1,...,—npw™, o Wy, e 0) (mod prindls | 1<j@}) . (3.15)

In other words,

D > B((my); ()5 ()

g€=1  ee=1
£1#1 Er#l
r 1 d
+Z(—p) S Y S w(my): ([ o) 6): ()
d=1 ISh<<iaSrf =1 =1 6= g i<y
1 1 I8

=) ) B((ny): (&) ()

£§=1 r=1
&1#1 Er#l
[8 1 d
'y (—) S S S ST () ([ o)) ()
d=1 p 1< < <ig<r p’? =1 p’? =1 €f=1 =1 I<y
‘1 td £1#1 Er#l

(mod prindl | 1<j<r}> _ (3.16)
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Proof. The proof works in the same way to the case of L(s;x) stated above (for the details,
see [32, Chapter 2, Section 3]). As for the integrand of (2.22), we have

(Z xl,%,> = <Z xl,%,> | <m0d plf> (1<j<r) (3.17)
v=1 v=1

for (z;) € (Z;’)i{w}' Hence (3.17) directly yields (3.15). It follows from Theorem 3.1 that
. olds.
(3.16) hold O

Remark 3.11. In the case p = 2, since
(2/212) C L7027 x 722 (1 € Nao),
(3.17) holds under the condition
m; = n; mod 2li=2 (l; €Nsg; 1<j <), (3.18)

so does (3.15) under (3.18). Hence the following examples also hold under (3.18) in the case
p=2.

In the case r = 1, Theorem 3.10 is nothing but (3.12), a reformulation of (3.13).
In the case 7 = 2, we obtain the following.

Example 3.12. For mi,ma,n1,n2 € Ng with m; = n; mod (p — Dpli=t (I3, € N), n € Ly
and ¢ € Z,,

f <m2> (1 _pm1+u) (1 - cm1+u+1) Bm1+V+1 (1 o Cmgfqul) Bm271/+1 mo—v
—\v m1+v+1 mo —v—+1

. Z Z ( > m1+y+1“Bm1+IJ(p§) - sBm1+z/(,02)) (Cm2_y+1§3m2ﬂ/(f’§n) - %msz(Pg)) n"e

p11/0

B _ _
+ - Z Z( > e 1 _leerrl) it (Cm2 V+1’Bm2—u(P§n) - %mz—V(pg)) n"Y

jraprt mi+v—+1
= Z na n1+1/) (1 o cn1+u+1) Bn1+l/+1 (1 - Cng—y+1) BnQ—V+1 nng—u
ni+v+1 no—v—+1

- Z Z <TL2> m+y+1%n1+u(f7§) - %nl-&-u(PZ)) (CnQiqul‘an—u(Pgn) - %nz—u(Pg)) n"r

p11/0

n2 v B +v+1 — —v
s ZZ( Yo (1 ety et et ) B, () 1

pE1 =0 nt+rv+1
(o vt 319
Proof. We obtain the claim by setting (y1,v2) = (1,n) for n € Z,, in (3.15) and using Example
3.8. O

Next we consider certain congruences between ordinary Bernoulli numbers.
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Example 3.13. We set n = p and ¢ € N5 with (¢,p) = 1 in (3.19). Note that this case
was already calculated in (3.9) with n = p. Hence we similarly obtain the following double

Kummer congruence for ordinary Bernoulli numbers:

% m2 (1 _pm1+1/) (1 o Cm1+1/+1) (1 . cmg—l/—‘rl) By +v+1Bmy—v+1 pTY
o\ (mi+v+1)(me—v+1)

= — n2 (1 _pnl—H/) (1 - Cn1+1/+1) (1 - Cng—u+1) Bn1+l/+1Bn2*1/+1 no—v
v (nm4+v+1)(ng—v+1)

(Inod pmin{ll’l2}> (3.20)

for mq, ma,n1,n2 € Ng with m; = nj; mod (p — 1)phi—t (I; € N; j=1,2). In particular when

my and mgy are of different parity, we have from (3.10) that

c—1 B 1
1— mi+mo+1 1— mi1-+mo mi+ma+
(¢ ) e + 1
_ C; 1 (1 B Cn1+n2+1) (1 o pn1+n2) BT—L;+TL2:_11 <1’I10d pmin{ll,lg}) , (321)
ni no

which is equivalent to (3.13) in the case (c,p) = 1 with p? { (¢ — 1). Therefore, choosing c
suitably, we obtain the ordinary Kummer congruence (3.14). From this observation, we can
regard (3.20) as a certain general form of the Kummer congruence including (3.14). We do
not know whether our (3.20) is a kind of new congruence of Bernoulli numbers or it follows

from the ordinary Kummer congruence (3.13).
In the case r = 3, we obtain the following.

Example 3.14. Using (3.11) with (y1,72,73) = (1, p, p), we can similarly obtain the following

triple Kummer congruence for ordinary Bernoulli numbers:

ig: m3z_:”1 f mo ms3 (1 —pm1+1/2+n> (1 - Cm1+zx2+n+1) (1 o cm2+y175+1)
R V1 V2

v1=0 v2=0 k=0

% (1 . Cm3—1/1—1/2+1) Bm1+V2+f€+1 Bm2+V1—f€+1 Bm3—l/1—V2+1 ma+ms—Kk—us
mi+rvrot+k+1lmet+rvi—k+1mg—uv1 —1s+1

_ i nill i N9 ns (1 _pn1+V2+"€) (1 _ Cn1+1/2+1€+1) (1 _ CTL2+V1—I€+1)
- K V1 g

V1 =0 v =0 k=0

> (1 . cn37V17y2+1) BTL1+V2+I€+1 Bn2+l/1—f€+1 an—l/l—llz-i-l no+n3—kKk—ro
mtvo+r+1ln+vi—rk+1lng—v1—1+1

(mod pmi“{ll’12’13}> (3.22)

for mq, ma, m3,n1,n2,n3 € Ng with m; = n; mod (p — 1)pli—t (l; €N; j=1,2,3). It is also

unclear whether this is new or follows from (3.13).

3.3. Functional relations for p-adic multiple L-functions. In this subsection, we will

prove certain functional relations with a parity condition among p-adic multiple L-functions
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(Theorem 3.15). They extend the vanishing property of the Kubota-Leopoldt p-adic L-
function with odd characters in the single variable case (cf. Proposition 2.6 and Example
3.19) and the functional relations among p-adic double L-functions proved by [34] in the
double variable case under the condition ¢ = 2 (cf. Example 3.20). Also this can be regarded
as a certain p-adic analogue of the parity result for MZVs (see Remark 3.18). It should be
noted that the following functional relations are peculiar to the p-adic case, which are derived
from a relation (3.31) among Bernoulli numbers.
Let r > 2. For each J C {1,...,7} with 1 € J, we write

J={i1(J),52(J), .., gi (D)} A =5) < <g(J])),

where |J| implies the number of elements of J. In addition, we formally let j|,1(J) = r+1.

Theorem 3.15. Forr € Ny, let ky,...,k, € Z with ki +---+ k, 1 (mod 2), 7 € Z,,
Y2,V € PLyp and ¢ € Z;. Then, for si,..., s, € Ly,

Ly,(s1,... LS WL ,wkr;’yl,’yg, Ce Y €)

B Z <1 — C>7’_|J‘
N 2

JC{1,...,m}

leJ
7] v . kiy|J
« Lp7|J| (( Z Sl)“zl; (WZJH(J)<1<JM+1(J) l)L:|1; (’Yj)jEJ? c). (3.23)
ju(J)<l<jM+l(J)

For the proof of this theorem, we prepare some notation. Similarly to Definition 1.9, we

consider gl(t; v;¢) in Cp, that is,

~ 1 c
M= 7~ ey
— 1— m+1 Bm (’7
mzo( ") B (m + 1) (3.24)
_¢— 1 - m+1 (’Yt)m
e MGRED IR
for c € Z,; and ~y € Z;,. For simplicity, we set
B
e ) n+1 n+l n
B(n;v;c) == (1 — ") et (n € N). (3.25)
It follows from (2.8) and (2.9) that
P = ~ (y)™ t g~
91(t;v;¢) = / x"dm.(x = e Mdm.(z), 3.26
0= 3 [ i) = [ e (3.26)
Fo(ty:c) s = 99 (L~ C_l_mB..tm
1(t7’7a0) '_51@’776)_ 9 Z (m,’y,c)m
m=1 (3.27)

_ /Z p(ew — )dio(z).

We know that Bg,,+1 = 0, namely B(2m;~;c) = 0 for m € N. Hence we have
Hi(=t;vi0) = —Hi(t;v;0). (3.28)
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Now we define certain multiple analogues of Bernoulli numbers as follows. For r € N and

Y1y v oy Ve € Ly, We set

T T
Ho(tr, ot v, es0) = [ [ 30O trs i)

1] mztk o)~ o (3.29)

j=1
o o ni n
t thr
:Z---ZB(nl,...,nr;yl,...,’yr;c)l—'--- T'.
nim1 o1 ni. ny:
By (3.28), we have
Ho(=t1, .oy =trsvy ooy yesc) = (=) Hp(t1, ooyt Y1y ooy ©). (3.30)

Hence, when ny + -+ +n, Zr (mod 2), we obtain
B(niyeeeyNp; Y1y -5y ¢) = 0. (3.31)

Remark 3.16. From (1.15), we have

Hr((t;);: ()i e) = [ 1 Ztmj, (3.32)
Jj=1 k=j

Comparing (3.29) with (3.32), we see that J,.((¢;); (7;);c) is defined as a slight modification
of ﬁr((t]) (74); ¢) so that (3.30) holds.

It follows from (3.25), (3.27) and (3.29) that B(ni,...,n;91,...,7%;c¢) can be expressed
as a polynomial in {B),},>1 and {71, ...,7,} with Q-coefficients.

Lemma 3.17. Forny,...,n, €N, v1,...,% € Zy and c € Z;,

BNy, Wi V1 Wi €)= Y l_crlJ/ZJHZf”ﬂJ T dme(ay). (3.33)

JC{1,...,r} P =1 jeJ jed
1eJ J<l

where the empty product is interpreted as 1.
Proof. From (3.27) and (3.29), we have

f}f (tl,... tr;’yl,...,’}/T; )

- | [t 1) f[d@(acj)

P j=1

/ Z ) Mlexp (3 S ) ) Hdmc (z;)
PJC{l, T jeJ =35

/T Z 7" |J|exp<ztl Z.%']’)/J )Hdmc x])
P JC{1,...,r} JjeJ

i<l
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_ i i S (1 /TH <tl Zﬁ;ﬂj)> ﬁdﬁc(:cj)

n1=0  n,=0Jc{1,..r} P =1

o) o) n
)t thr

DI Z;NM/HzmmHm%?ma

n1=0 nr=0 JC{1,..., Zy =1 JjEJ
J<li
. . tr1 o
Here we consider each coefficient of iR for ny,...,n, € N. If 1 € J then
! o
>z
JjeJ

J<s1

is an empty sum which implies 0. Hence we obtain from (2.9) that

B(na, ..oy i Y1, Yri €)

= ) J/ H foy] ) Hdmc ;)

Jc{l, ,} Iy =1 jeg
J<l
- ”VHZMJHM%
JC{l ,,,,, Zy 1=1 jed
leJ j<l
1 — c r—|J|
_ nl
= > L T1 ) [T et
JC{1,...,r} Ly =1 jeJ Jj€J
leJ ]<l
for ny,...,n, € N. Thus we complete the proof. O

Proof of Theorem 3.15. If v1 € pZy, then it follows from Remark 2.10 that all functions on
the both sides of (3.23) are zero-functions. Hence (3.23) holds trivially. Therefore we only
consider the case y1 € Z)\, Ya,...,% € pZp in (3.33).

First we consider the case y; = 1. Setting 71 = 1 and 2, ..., v, € pZ, in (3.33), we have

B(ni, .- s Y1,925- -, ¥ €)

1 — I
+ > (%) /ZJHZ%% T dfe(z))

chlaé}w P [=1 ]]6<{ jedJ
for ni,...,n, € N. From the condition 7 = 1 and 7, ...,7, € pZ,, we can see that
|| — 77X |71 _ 7| J| |J]—1
(2 posy0s = 25 ¥ 2 = 2N (02 x 217

for any J C {1,...,r} with 1 € J. Therefore we have

Z (1 ; C)T*|J|

JC{1,...,r}
1eJ

7] 7
X Ly g ((7 Z nl) : (WZJM(J)<I<JM+1(J) nl)L | ¥ (vi)ies; c)

) ‘ p=1
Ju()<LI<Gu+1(J)
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T

- 2 ) e e Tty

Jc{1,...,r} =1 jeJ jeJ
e’ J<
1—c\rIJl - ~
- > (597 TS e T ey
JC{1,r} Iy =1 jeJ jeJ
leJ i<l
>—1m 1 —eyr=lI - T am
—pEEm Yy (5 ” [+ Z ;7%;/p) H me ()
JC{1,...,r} P [=1 jeJ jeJ
1eJ 1<yl
= B(nlv sy Ny 17727 sy s C) - leT:1 nl‘B(nla sy s 1772/p7 R 777’/]9; C)a (334)

which is equal to 0 when n; + -+ + n, # r (mod 2) because of (3.31). Let ki,...,kr € Z
with k1 + -+ + kr Zr (mod 2). Then the above consideration gives that

Z <1 ; c>T*\J|

JC{1,...r}
1€
[J] S . ki ||
<Lya((- X ”l>u:15 (w5 e e)
In()<I<Gpt1(J)
k kr. . —
+Lpr(—n1,. ., 0w w T YL, Y2, s e) =0 (3.35)

holds on
Sty ={(n1,...,n;) EN" [y €kj+(p—1DZ (1 <j <)}
Since S{y,} is dense in Zj,, we obtain (3.23) in the case 1 = 1.
Next we consider the case 71 € Z;. We can easily check that if v € Z7,

Ly ((s7); (@™); (73); )
= () TR R () L o ((55); (w); (4 /70)5 ),
/] 3. . kiy ||
Lp,|J|<<' Z Sl)H:1§ (WSS () P (’Yj)jeJ;C>
Ju(N<LI<Gut1(J)
= (yp) T TSR ()
[J] 3. . NV
<L X0 s) s @0 T gy m)esie)
Ju(N<<jpt1(J)
for J C {1,...,r} with 1 € J. Since we already proved (3.23) corresponding to the case
{7j/m}j=1 in the above argument, we consequently obtain (3.23) in the case 1 € Z; by
multiplying
<71>—81—-~~—srwk1+~~-+kr(,yl)

on the both sides. Thus we obtain the proof of Theorem 3.15. O

Remark 3.18. Note that each p-adic multiple L-function appearing on the right-hand side
of (3.23) is of lower depth than r. The relation (3.23) reminds us of the parity result for
MZVs which implies that the MZV whose depth and weight are of different parity can be
expressed as a polynomial in MZVs of lower depth with Q-coefficients. In fact, (3.35) shows
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that L, ((—n;); (w*); (;);¢) can be expressed as a polynomial in p-adic multiple L-values
of lower depth than r at non-positive integers with Q-coefficients, when ny + --- 4+ n, #Z r
(mod 2). This can be regarded as a p-adic version of the parity result for p-adic multiple
L-values. By the density property, we obtain its continuous version, that is, the functional
relation (3.23).

The following result corresponds to the case r = 1 in Theorem 3.15.
Example 3.19. Setting r =1 in (3.34), we obtain from Definition 2.3 that
1— r—1 " 1— r—1
( - C) / x’fldmc(m) <:( . C) (cn1+1 _ 1) Lp(_nl;wm-i-l))
Zy

= B(n1;1;5¢) — p"B(ny;15¢) =0

for ny € N satisfying n; # 1 (mod 2) namely n; + 1 is odd, because of (3.31). Hence, if k is
odd then L,(—n1;w*) =0 for ny € N satisfying n; + 1 = k (mod p — 1). This implies

Ly(s,w*) =0

when £ is odd, the statement of Proposition 2.6. Thus we can regard Theorem 3.15 as a

multiple version of Proposition 2.6.
Next we consider the case r = 2.

Example 3.20. Let k,l € Ng with 2 { (k+1), 1 € Z), 72 € pZy and ¢ € Z). Then, for
s1, 82 € Zy, we obtain from (3.23) and (2.15) that

Lpa(s1, sa30", whiy1, 725 0)
-1
= S )T o) () T T () = 1) Ly(sy + sy, (3.36)

Note that this functional relation in the case p > 2, ¢ = 2 and ~; = 1 was already proved in
[34] by a different method.

Remark 3.21. As we noted above, when k + 1 is even, L,(s; wkFH1) is the zero-function, so is
the right-hand of (3.36). On the other hand, even if k + [ is even, the left-hand of (3.36) is

not necessarily the zero-function. In fact, it follows from (3.9) that

1—c?)?(1—
Lpa(—1,—1w,w;1,725¢) = ( )4( p)BSW

for 49 € pZ,, which does not vanish if o # 0. Therefore this case implies that Ly 2(s1, s2; w, w; 1,725 ¢)

is not the zero-function. Therefore L, 2(s1, s2; Wk whi 1, y9; ¢) seems to have more information

beyond the Kubota-Leopoldt p-adic L-function.
Further we consider the case r = 3.

Example 3.22. Let ki, k2, k3 € Z with 2 | (k1 + k2 + k3), 1 € Z,5, Y2,73 € pZp and ¢ € Z,; .
Then, for s1, s2, 53 € Z;,, we obtain from (3.23) that

k1

Lp,3(817$2a33aw , W ij 37717’727’7&0)

1—-c c
ki kotk
=5 Lpo(s1, 82 + sg;w™, w 3;71#2;0)4‘72 Ly 2(s1 + s2,s3;w

— k1+k k
L 27(*) 3;71773;0)



COMPLEX MULTIPLE ZETA-FUNCTIONS AND p-ADIC MULTIPLE L-FUNCTIONS 51

2
B (1 — c) () P15 R heths ()
2

« <<C>1731732753wk1+k2+k3+1(C) N 1) Lp(sl + 89+ Sg;wk1+k2+k3+1).

Note that from (2.15) the third term on the right-hand side vanishes because L,(s;w") is the

zero function when k is odd.

Using Theorem 3.15 and Examples 3.20 and 3.22, we can immediately obtain the following

result by induction on r > 2.

Corollary 3.23. Let r € Nxo, ki,... .,k € Z with ky + --- + k, # r (mod 2), 1 € Zy,
Y25y Y € PLyp and ¢ € Ly . Then

.k kr. .
Lpyr(s1,-. 58w 0 w591, .0, Vi €)

can be expressed as a polynomial in p-adic j-ple L-functions for j € {1,2,...,r—1} satisfying
j #r (mod 2), with Q-coefficients.

4. SPECIAL VALUES OF p-ADIC MULTIPLE L-FUNCTIONS AT POSITIVE INTEGERS

In our previous section, particularly in Theorem 3.1, we saw that the special values of
our p-adic multiple L-functions at non-positive integers are expressed in terms of the twisted
multiple Bernoulli numbers (Definition 1.6), which are the special values of the complex
multiple zeta-functions of generalized Euler-Zagier-Lerch type at non-positive integers (cf.
Theorem 1.13). In contrast, in this section we will discuss their special values at positive
integers. For this purpose, we will introduce a specific p-adic function in each subsection. In
the complex case, the special values of multiple zeta function (cf. (0.3)) at positive integers
are given by the special values of multiple polylogarithms at unity (see (1.3)). Our main
result is Theorem 4.41 where we will show a p-adic analogue of the equality (1.3): We will
establish a close relationship of our p-adic multiple L-functions with the p-adic TMPL’s 4,
generalizations of p-adic multiple polylogarithm introduced by the first-named author [22, 23]
and Yamashita [47] for a study of the p-adic realization of certain motivic fundamental group.
It is achieved by showing that the special values of p-adic multiple L-function at positive
integers are described by p-adic twisted multiple L-values; the special values at unity of the
p-adic TMPL’s. (Definition 4.29, see also [22, 47]). It generalizes a previous work of Coleman
[15]. To connect p-adic multiple L-functions with p-adic TMPL’s, we will introduce p-adic
rigid TMPL’s (Definition 4.4) and their partial versions (Definition 4.16) as intermediate

objects and investigate their several basic properties mainly in Subsections 4.1 and 4.2.

4.1. p-adic rigid twisted multiple polylogarithms. This subsection is to introduce p-adic
rigid TMPL’s (Definition 4.4) and to give a description of special values of p-adic multiple L-
functions at positive integers by special values of p-adic rigid TMPL’s at roots unity (Theorem
4.9) which extends Coleman’s result (4.7).

4In this paper, TMPL stands for twisted multiple polylogarithm.
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First, we briefly review the minimum basics of rigid analysis in our specific case.

Notation 4.1 (cf. [10] etc.). Let a1,...,a, € C, and 01,...,0, € Qso and d9 € Q=p. The

space
X={z¢ PY(C,) ‘ z—ailp 26 (i=1,...,n),[zlp <1/} (4.1)

is equipped with a structure of affinoid, a special type of rigid analytic space. A rigid analytic

function on X is a functions f(z) on X which admits the convergent expansion

n
am(0v; f)
f(2) =Y am(oo; 2"+ G —ogn
m=0 i=1 m>0 v
with C,-coefficients. The expressions are actually unique (the Mittag-Leffler decompositions),

which can be shown from, for example [20, 1.1.3]. We denote the algebra of rigid analytic
functions on X by A™8(X).

Notation 4.2. For a in P'(C,), @ means the image red(a) by the reduction map
red : P1(C,) — P!(F,) (=F, U {x}),

where F, is the algebraic closure of F,. For a finite subset D C P!(C,), we define D =
red(D) C P'(F,). For ap € P(F,), its tubular neighborhood Jao[ means the inverse image
red ' (ag) of the reduction map. Namely, |a[= {z € P'(C,) ||z —a|, < 1} for a € C,,
J0[= M, and Joo[= P*(C,)\Oc,. For a finite subset S C P'(F,), we define |S[:= red ™ (S) C
P!(C,). By abuse of notation, we denote A"8(P1(C,)—]S[) by A¢(P!\ S).

We remind two fundamental properties of rigid analytic functions:

Proposition 4.3 ([10, Chapter 6], etc.). Let X be as in (4.1) Then the following holds.

(i) Coincidence principle: If two rigid analytic functions f(z) and g(z) coincide in a sub-
affinoid of X, then they coincide on the whole of X.

(ii) The algebra A™(X) forms a Banach algebra with the supremum norm.

The following function plays a main role in this subsection.

Definition 4.4. Let ny,...,n, € Nand &1,...,&-1 € C, with [§], <1 (1< j <r—1). The
p-adic rigid TMPL 67(11’1)7,,,7nr (&1,...,&—1,2) is defined by the following p-adic power series:

k1 . ’fkr71 k-

. r— Z
Eq(—bpl) 77777 nr(gla"' 7§T*17Z) = Z W (42)
0<ky<--<ky, 1 "
(k1,p)="=(kr,p)=1

which converges for z €]0[= {z € C, | ||, <1} by ||, <1for 1 <j<r—1.
It will be proved that it is rigid analytic in Proposition 4.7 and is furthermore overconver-

gent in Theorem 4.22. We remark that when r = 1, /w (z) is equal to the p-adic polylogarithm

i )(z) in [15, p.196]. The following integral expressions are generalization of [15, Lemma 7.2].



COMPLEX MULTIPLE ZETA-FUNCTIONS AND p-ADIC MULTIPLE L-FUNCTIONS 53

Theorem 4.5. Let ny,...,n, € Nand &,...,&-1 € Cp with ||, <1 (1<j<r—1). Set
a finite subset S of P'(F,) by

S={L&h @ &) (43)
Then the p-adic rigid TMPL ﬁnl, (&1, ... &1, 2) is extended into P'(C,)—]S[ as a func-

tion on z by the following p-adic integral expression:
ggzpl), N (‘517 o &, Z) =

/ (1) ™" (xy + @) ™+ ) w(r) Mw(er ) w(e 4 )T
(Zp)1y
dmgl...gr_lz(.’ﬂl) s dmgr_lz(mr_l)dmz(xr), (4.4)

where (Z ){1} = {(ml,...,ajr) €Zy | pta,pt (1 +22),...,p1 (11 ‘|"~-+$r)} (cf. (2.12)).
Proof. Since () - w(z) =z # 0 for x € Z), the right-hand side of (4.4) is

/ oy "M (w1 )T (A ) A Mg g, o (21) - dmg, (@) dm ()
(Z5) 1y
é-i]_é-é]_+lg . €ZI+ Al l1+ 41,

= lim > 1
M—o0 O<ll,§<pM lll(ll +l2) (ll —+ .. +l7~) ”
(ll’p)::(llJFJrlT,p):l
1 1 1
: DY . ) 4.5
1- (51 a 'nglz)pM 1-— (frflz)pM 1 — oM ( )
= I ooy (€1, &1 2) (say).

M—o00
By a direct calculation it can be shown that it is equal to the right-hand side of (4.2) when
|z|p < 1. O

As for g%7._.7nr (&1,...,&—1; 2) defined in the above proof , we have

Lemma 4.6. Fiz ny,...,n,,M € N and &,...,&—1 € C, with |, =1 (1 <j<r—1).
Then, for zo € PYC,) 1,674, ..., (&1 &—1) L[, we have

gt (&, 613 20) € O,
and

gyt (En b 20) = g (61, &—1520)  (mod pM).

Proof. When 29 € PY(C,)—]1,&! 1,...,(51 e &pop) T ],
namely when zg € Oc,—]1, {T Lo (&1 & 1)1, it is clear that 971:/1[,...7717"(51’ &1 20) €

Oc,. In the definition of g)!*1 (&,...,&-152), [; (1 < j < r) is running in the interval
(0, pM+1). Writing I; = I + kEpM (0 < I < pM and 1 <k <p—1), we have

/A ll+ Uy l+ +l

9n (617'-'757‘—1;250) = >
TRD 0<[17Z;T I +z/2) (I + ---+l;)

(1y,p)==(ly++15p)=1

SHere we ignore the multiplicity.
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M M

AL+ (& &1zl (e Ee120) e (€1 Err20) PP

AL+ G120l + (G120 4 (Goaz0) PP

_ M
A T T
1 1 1

} e . mod »M
1— (& - é‘r_lz)pMH 1 (fr—lz)pMH 1 _ Ml ( p)
= g%,...,nT (517 N Z)-
When zy €]so], put ¢ = = €]0[. By a direct calculation, gi! . (&1,...,&—-1;20) € Oc,.
We have
(5152"'&71 ) (62'"&71 )e .. (&71 )ZT—I(l)lr
NN STOS U o : e =)

17111([1 + 52)112 . ([1 4+ 4 lT)nT

0<ly,..lp<pM
(l1,p)="=(l14++lr,p)=1

1 1 1
S AR TG L O
e M_| e M_j e \pM—lr_1 pM—L,
_(C1) 3 (gae) gg)” P (g e
o n na... . nr
0<ly ... Ly <pM W+ 1) (oo tly)
(lu,p)==(1++lr,p)=1
1 1 1
o A v
€ l € l e Nlp—1-1lr
=(-1) > (e :) (Ger)” (g7) '
octs T P )MEPY =l =l (rpM =l = =)
(ll7p ::(l1++l7“7p):1
1 1 1
1 o (El"'Z'rfl )pM 1 o (gril )plw 1 - Ep]\/[
€ l € la ., € N\lp—1lr
— (—1)T+n1++nr Z (§1£2"'§7‘71) 1(52"'67‘71) ? (gr 1) 15
- n1 nz ... Ny
Ol T L™ (1 + 12) (lh+--+1)
(l17p)::(l1++l7‘7p):1
1 1 1
. . (mod p™)
1 - (61""27“—1 )p]\/[ 1 - (g'rs—l )pM 1 - 8pM
= (-prtmtetn gl o G G )
Therefore by our previous argument and by |{;|, = |§j_1|p = 1, it follows that
Iy (E1y e Ermas 20) = (1) gL (66 e)
= () g G658 = gy, (61 G1i20) (mod p™).
]
Theorem 4.5 and Lemma 4.6 imply the following:
Proposition 4.7. Fizni,...,n. € Nand&i,..., &1 € C, with €, =1 (1< j<r—1). By

our integral formula (4.4), the p-adic rigid TMPL Egzl,...,nr (&1, .8 —1,2) is a ngzd analytic
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function on P1(C,)—]S[. Namely,
egzpl),...,nr (517 s 751"*1) Z) € Arig(Pl \ S)
Proof. Since the space P1(C,)—]S] is an affinoid and the algebra A"&(P1\ S) forms a Banach

algebra by the supremum norm (cf. Notation 4.1), by Lemma 4.6, the rational functions

g%,...,nr (517 ooy &1 Z) € Arig(Pl \ S)

uniformly converge to a rigid analytic function £(z) € A"8(P!\ S) when M goes to oo
thanks to Proposition 4.3. It is easy to see that the restriction of ¢(z) into P'(C,)—]S]

coincides with (4.5), hence with Engl)w”m (&1,...,&—1,2). Therefore the analytic continuation
of ﬁ,(zpl),__,,nr (&1,...,&—1,2) is given by £(z). 0

From now on we will employ the same symbol ﬁ%ﬁ{...,nr (&1,...,&—1, 2) to denote its analytic
continuation.

We note that, by (4.5),

Lemma 4.8. Forny,...,n, € N and &,...,&-1 € C, with |&|, =1 (1< j<r—1), we

have

Egﬁ),...,nr (517 s )'Sr—lv OO) =0.
Proof. By a direct computation, 9%,...,nr (&1,...,&—-1;00) = 0. Then the claim is obtained
because fﬁ{’l{,,,,m (&1,...,&—1,2) is defined to be the limit of 9%,...,nr (&1, &3 2). O

The special values of the p-adic multiple L-function at positive integer points are described

in terms of the special values of p-adic rigid TMPL at roots of unity:

Theorem 4.9. For ny,...,n, € N and ¢ € Noj with (¢,p) =1,
Lyr(ni,...,npw™ ™o w "1, Le) = Z 5511)1)7,,_,nr(§1,-~-,fr)-

£f==ti=1
61“'&7'#17 sy fr—lfv'#la fr?él
(4.6)

Proof. By definition,

! —n,, L) —
Lyr(ni,...npw ™, o w1000 i) =

/ (1) " @1+ @) (w4 )
(Z5) 11y
cw(zy) Mw(z F ) w(T - ) T dme(z) - - dmg(y)

where m, = ) mg. By (4.4) and

g=1
41
() = { Dome o { Domg foxx { ome |
ge=1 &= ge=1
€1#1 £57#1 §#1
= Z Mg, ...g, X Me,..g, X oo X Mme, ¢, X me,
gg=-=ts=1

G r AL b1 6 A LE £
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we get our formula. O

Remark 4.10. It is worthy to note that the right-hand side of (4.6) is p-adically continuous

not only with respect to ny,...,n, but also with respect to ¢ by Theorem 2.17.

As a special case when r = 1 of Theorem 4.9, we recover Coleman’s formula in [15, p.203]

below by Example 2.12.

Example 4.11. For n € N5 and ¢ € Ny with (¢,p) =1,

(7 = 1) Ly(nsw' ™) = Y 4P(E). (4.7)

go=1
£#1

When r = 2, we have

Example 4.12. For n1,ne € N and ¢ € N5 with (¢,p) =1,

Lpa(ni,ngiw ™™ w1 Lie) = > 4P (£,&).
£i=¢&=1
§162#1, &2#1

4.2. p-adic partial twisted multiple polylogarithms. We will prove that p-adic rigid
TMPL’s (Definition 4.4) are overconvergent in Theorem 4.21. In order to do that, p-adic
partial TMPL’s will be introduced in Definition 4.16 and their properties will be investigated.

First,we recall overconvergent functions and rigid cohomologies in our particular case (con-

sult [6] for a general theory)

Notation 4.13. Let S = {so,...,s4} (all s;’s are distinct) be a finite subset of P!(F,). An
overconvergent function of P\ S is a function belonging to the C,-algebra

AT(PY\ §) := ind-lim A"&(Uy)
A—1—

where U, is the affinoid “obtained by removing all closed discs of radius A around §; (: a lift
of s;) from PY(C,)”, i.e.

Un=PC)\ |J 2 ({aeCyllaly < A}) (4.8)

0<i<d

and z; is a local parameter

~

Zi Z]Si [—)]0[ (4.9)

(Tt is noted that the above §; is equal to z; 1(0).) An overconvergent function of P* — S is,
in short, a function which can be analytically extended into an affinoid which is bigger than
PY(C,)—]s0, 81, -,54[- We note that the definition of the space of overconvergent functions

does not depend on the choice of local parameter z;.

The following lemmas are quite useful.
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Lemma 4.14. Assume sg = 0 and take Sy = co. Then we have a description:

@9 = { 0= Sty +3- 3 2l e e

>0 I=1 m>0 (4.10)
W%O(m%oo) for some 0 <A <1 (0<1<d)
While we have
. L a3 f) 1
A™(P\ S) ~ {f(z) = Z am(30; f)2™ + Z Z (:_78;)7” € Gyll, o s}“ ‘
lam (513 f)lp = 0 (m — 00) for 0 <1< d}.
Proof. They follow from the definitions (cf. Notation 4.1). O

We note that
AT(PI\ S) C ATs(P1\ 9).

The following is one of the most important properties of overconvergent functions.

Lemma 4.15. Let f(z) € AT(P'\ S). Under the above assumption, there exists a (unique
up to constant) solution F(z) € AT(PY\ S) of the differential equation

dF(z) = f(z)dz
if and only if the residues of the differential 1-form f(z)dz, i.e. a1(5;;f) (1 <1< d) are all
0.

Proof. When a;(8;; f) (1 <1 < d) are all 0, integrations of f(z) in (4.10) are formally given

by the following power series

ar—1(80; f am+1(51; f 1
Z T4+ Z Z . (z — gl)m + constant.

r>1 =1 m>0

Then by replacing the A by X' such that A < X' < 1 and using ord,(n) = O(logn/log p), we
get
m+1 (815 1
|CL +1(Sl f)| 50 (m—)oo)
Im|p Am

Whence F(z) belongs to Af(P1\ S). The ‘if’-part is obtained. The ‘only if’-part is easy. [

The lemma actually is a consequence of the fact that dim HTI(P1 \S)=d.

The following function is a main object in this subsection.

Definition 4.16. Let ny,...,n, € N and &,...,&-1 € C, with [§], <1 (1 < j <7 —
1). Let 041,.. ,ar, € Nwith 0 < a; < p (1 <j < r). The p-adic partial TMPL
Enl(,al” »or), (51, ...&—1,2) is defined by the following p-adic power series:

kl kr 1 k,.

— . f z
oo @ ey, 6, 2) = ) S (4.12)
0<ky < <ky 1 r
ki=aq,....,kr=a, mod p
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which converges for z €]0].

Similarly to (4.5), we have a limit expression of them.

Proposition 4.17. Let ny,...,n, €N, &,...,&—1 € Cp with [§|, <1 (1< j<r—1) and
at,...,ar € Nwith0 < a; < p (1 < j<r). Whenz €]0], the function Enl(al’n T)’(p) (&1, 61, 2)
18 expressed as

P I

a ) fr
g”l(, 1: st (515'”567“71,2): 1111'1 Z 152 1

nl RIS r
. 0<l1,eelr<pM B+ (L4 -+ )"

h=a,l1+Hl=as,...,l1++l=a, mod p
1 1 1

T e T (S A T
Proof. 1t can be proved by a direct calculation. O

. (4.13)

It is worthy to note that here the condition a; # 0 (1 < j < r) is necessary to make the

limit convergent.

Proposition 4.18. Let ny,...,n, € N, &,...,§-1 € C, with |§;|, =1 1< j<r—-1)
and aq,. .. 047« E N with0 < aj <p (1 <j<r) SetsS asin (4.3). Then the func-
tion Enl(?“j o), (§1, ooy &1, 2) is analytically extended into P1(C,)—]S[ as a rigid analytic
function. Namely,

= (m, ar),(p) (&1,...,&-1,2) € Aw'g(Pl\S).

ni,...,n

Proof. The relation

1 _ _
enl(,al,7 wor)i( (517"'757‘—172”) = ]T Z P1 “ T Pr arg7(11)7 LN (p1§17"'7p7’—1§7’—17p7’2)

p:f: =pr=1

(4.14)
holds on ]0[. Since fﬁﬁ{,,,}m (p1&1, -y pr—1&r—1, prz)’s are all rigid analytic on the above space
by Proposition 4.7, the function Bfl(f‘l,jﬁ;’a’”)’(p) (&1,...,&—1, 2) can be extended there as a rigid

analytic function to keep the equation. O

From now on we will employ the same symbol Em(,al,’ sen)( (51, ...,&—1,2) to denote its

analytic continuation.

The following formulas are necessary to prove our Theorem 4.21.

Lemma 4.19. Let nq,...,n, € N, 51,...,&_1 € Cpwith [&l, =1 (1< j<r—1)and
at,...,ap ENwith0<a; <p (1<j<r).
(i) Forn, > 1,
d (a1,....ar),(p) L =(ai,.ar)
£€n17 : " (517"'757"—172:): €n1, T hnr—l(élw")gr—hz)'

(ii) Forn, =1 and r # 1,

ar—op_1—1 =

P, 6, 612)
p if > apq
76;(0417 ryes 7 (517 o 7§T—17 Z) = ar—ap_1+p—1 = 9
dz ™Mo %Eﬁ(ﬁljnraf v (517 s 757"—2’ 57"—1’2)

if o < ap_q.
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(iii) For n, =1 and r =1 with o, = «,

i =i (P)( ) _ Za_l
dz 1 1—2p°
Proof. They can be proved by a direct computation. O

By Lemma 4.8 and (4.14),

Remark 4.20. For ny,...,n, € N, &,...,&§-1 € C, with [§], =1 (1 < j <r—1) and
at,...,ap €N with 0 <o <p(1<j<r), the following hold:

() GO D 6, 0) = 0P a1, 00) =0

(i) e%?,.‘.,n,ﬂ(&,...,sH,z> S S e IR )

Next we discuss a new property of our functions.

Theorem 4.21. Let ny,...,n, € N, &,...,6 -1 € C, with |§], =1 1 < j<r—1)
and 041,.. ar € Nwith0 < a;j <p (1<j<r) SetS asin (4.3). The function

Enl(fllj som),( (51, ..., &1, 2) is an overconvergent function of P*\ S. Namely,

(e D (g 6y, 2) € AT(PT ).

ni,...,n

Proof. 1t is achieved by induction on weight ny + -+ - + n,.
(i). Assume that the weight is equal to 1, i.e. 7 = 1 and n; = 1. By changing variable

w(z) = L5, we see that P!\ {1} is identified with P!\ {co}. By a direct calculation, it

can be checked that f:; gfu as a function on w belongs to AT(P\ {50}). (We note that it

also follows from the fact that that it is a rational function on w whose poles are all of the

form w = ?1_1 with ¢, € pp.) So by Lemma 4.15 with d = 0, there exists a unique (modulo
constant) function F(w) in Af(P1\ {s0}) such that
ar_ =t d
do 1—2° dw’
Therefore, there exists a unique function F(z) in AT(P'\ {1}) such that
dF(z) = =271
dz 1 —2zP

F(0)=0 and

By Proposition 4.18 and Lemma 4.19 (iii), Elza’(p)( ) is also a unique function in A"8(P1\
{1}) satisfying the above properties and F(2)|p1(c,)-ji; belongs to Atig(PL\ {1}). Thus we
have

F(2)pr(c,)—1 = P ().
So by the coincidence principle of rigid analytic functions we can say that Elza’(p ) (z) can be
uniquely extended into a rigid analytic space bigger than P1(C,)—]1[ by F(z) € AT(P'\ {1}).
(ii). Assume that n, > 1. We put

Seo = S U {0} and Seo0 =S U{co}U{0}
and take a lift {so, 51,..., 4} of Sec o With

Sp = o0 and s1=0.
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By our assumption

o) g 2) € AP 9)

N1yeeesNp— 17”7'_1

and by £ € QI (P! \ {z5,0}), we have

@ ar dZ
At (SO Gro1,2)— € QPP S ).

Here Q1 (P1\ S) (S: a finite subset of P1(F,)) denotes the space of rigid differential 1-forms
there, i.e. QF1(P1\ S) = AN (P S)dz.
Put
fle) = LW (61, 6, 2) € ATRT S (4.15)
Since Enl(,aljnr’af,m (€1,...,&—1,2) belongs to AM8(P1\ 9) <C Arig(pl\ Sm7o)) by Propo-
sition 4.18 and it satisfies the differential equation in Lemma 4.19.(i), i.e. its differential is

equal to f(z), we have particularly
am(31:f) =0 (m>0) (4.16)
(recall 1 =0) and
ar($; /) =0 (2<1<d) (4.17)
by (4.10) and (4.11).
By (4.15) and (4.16),
f(z) € AT(P\ ).
By (4.17) and Lemma 4.15, there exists a unique function F(z) in AT(P!\ S), i.e. a

function F'(z) which is rigid analytic on an affinoid V' of
PY(C,)—]Sx] = PYCp)—]x,S]
such that
F(0)=0 and dF(z)= f(z)dz. (4.18)

Un, (al’ Hor). () (&1,...,&—1,2) 18 also a unique function in A"8(P1\S) satisfying (4.18),

Since £y, o1 0
the restrictions of both F'(z) and fnl( P 17717“ ({1, ...,&—1, 2) into the subspace P}(C,)—]Sx|
must coincide, i.e.

FO) |y g = i G &02) oo

Hence by the coincidence principle of rigid analytic functions, there is a rigid analytic

function G(2) on the union of V and P*(C,)—]S[ whose restriction to V is equal to F(z) and

whose restriction to P1(C,)—]S[ is equal to Enl(,al,’m’af,nr (&1,...,&—1,2). So we can say that

p=(01,.00), P)(gl’ o bl1,2) € Arlg(Pl \ S)

N1y —1,Np

can be rigid analytically extended into a bigger rigid analytic space by G(z). Namely,
Crlarman) (e g, 2) € ATPL 9).

ni,...,n

(iii). Assume that n, =1 (r > 2). Put

ar—ap_1—1 .
ZliTp if a, > a1,
B(2) =4 ala i
- Lar—ap_1+p-1
I v it o <ap_1.
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By our assumption

gEeror- )W) (e 6y 6 qz) € ANPIA\ (L, (& 61) 1))

-----

and by (z)dz € QFL(PL\ {@ 1}), we have

gﬁl(,al:n;af v (51 . 7€r—27 fr—lz) : B(Z)dz S QT’I(:P1 \ Soo)
Put
f( ) = £n1(,al:nr’af ) (§17 ooy &, Er—lz) : 5(2) € AT(Pl \ Soo)

Then it follows from the same arguments as the ones in (ii) that
(

Ceorman) (g g g, 2) € AT(PY S).

ni,...,n

g

We saw in Proposition 4.7 that ES’R,,,,,HT (&1,...,&—-1, 2) is a rigid analytic function, namely

eﬁﬁ, (&1, 6021, 2) € ATB(PL\ S). But actually we can say more:

Theorem 4.22. Let ny,...,n. € N, &,...,§-1 € C, with |§j|, =1 (1 <j<r—1). Set
S as in (4.3). The function E,(ﬁ),,,,,nr (€1,...,&_1,2) is an overconvergent function of P\ S.
Namely,

G0 (Er Grory2) € AP S).
Proof. By our previous proposition, we have
Gt oW (g, 6, 2) € ATPM 9).
Then by Remark 4.20 (ii), we have zﬁﬁ (€1, &1, 2) € AT(PY\ S) because AT(P!\ 9)

forms an algebra. 0

Example 4.23. Especially when » = 1 we have

(P (z) € AP\ {T)).
Actually in [15, Proposition 6.2], Coleman showed that
1P () € A8(X)

n

with X = {z e PHCy) | |z =1, >p1;f11}.

Remark 4.24. In [23, Definition 2.13], the first named author introduced the overconver-
gent p-adic MPL Llenr(z) Asking a relationship between this Lil;h,,_,nr(z) and our

&(lpl, e (&1,...,&—1,2) would be one of the questions which we are interested in.

4.3. p-adic twisted multiple polylogarithms. In [22, 47] p-adic TMPL’s (see Definition
4.29) were introduced as a multiple generalization of Coleman’s p-adic polylogarithm [15] and
p-adic multiple L-value is introduced as its special value at 1. The aim of this subsection is
to clarify a relationship between p-adic rigid TMPL’s (see Definition 4.4) and p-adic TMPL’s
in Theorem 4.35 and to establish a relationship between special values at positive integers of
our p-adic multiple L-functions (see Definition 2.9) and the p-adic twisted multiple L-values,
the special values of p-adic TMPL’s at 1, in Theorem 4.40. The theorem extends the previous
result (4.30) of Coleman in depth 1 case shown in [15].
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First we recall Coleman’s p-adic iterated integration theory [15] in our particular case.
For other nice expositions of his theory, see [8, Section 5], [11, Subsection 2.2.1] and [22
Subsection 2.1]. The integration here is different from the integration using a certain p-adic

measure which is explained in Subsection 2.1.

Notation 4.25. Fix w € C,. The p-adic logarithm log™ associated to the branch w means
the locally rigid analytic group homomorphism C; — C, with the usual Taylor expansion
for log on |I[= 1 + Mc,. It is uniquely characterized by log™(p) = w because C)\ ~ pQ x
poo X (1 4+Mc,). We call this @ € C, the branch parameter of the p-adic logarithm.

Let S = {s0,...,5q4} (all s;’s are distinct) be a finite subset of P!(F,). Define

loc(:P1 \ S) H Alog loc(]':,1 \ S) H Qlog

z€P1(Fp) z€P!(Fp)
where
) AT8(]z]) z ¢S,
log x . rig w i — .. <i<
)\ligl*A (]:1:[ ﬁUA) [log (zz)} r=s; (0<i<d),

= (U,) = {ﬂﬂg@aazb v S,

log AT (Un)dz w=s; (0<i<d).

Here U) is the affinoid in (4.8) and z; is a local parameter (4.9). We note that log®(z;) is a lo-

dzl

cally analytic function defined on |s;[—z; *(0) whose differential is %% and it is transcendental

over A"8 (] si[ NU. ,\) and

A—1—

n=—oo

(see [7]). We remark that these definitions of Af (U) and Qf

log(Ux) are independent of

any choice of local parameters z; modulo standard isomorphisms. By taking a component-
(P1\ S). We may regard
(P\S)

wise derivative, we obtain a C,-linear map d : AT (P! \ S) — QF,

AT(PT\ S) and QFH(P1\ S) in Notation 4.13 to be a subspace of AT (P1\S) and QF

loc

respectively.
By the work of Coleman [15], we have an Af(P!\ S)-subalgebra

Ea(P1\ S)

of AT (P'\ S), which we call the ring of Coleman functions attached to a branch parameter

loc
w € Cp, and a C,-linear map

[ AEPIS) @ @MEIS) 5 TP S) /e
(=) AT(P1\S)

satisfying d ‘Agol(Pl\S) of(w idaz (P1\s)eqti(PL\s), Which we call the p-adic (Coleman,)
integration attached to a branch parameter @ € C,. We often drop the subscript ().

lim A"8 (]SZ‘[QU)\> = {f(zi) = Z anz; (an € Cp) converging on A < |z;|, < 1 for some 0 < A < 1}
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Since AZ_(P!\ 9) is a subspace of AT (P!\ S), each element f of AZ (P'\ S) can be

loc
w

seen as amap f: U — Cp, by flun.[ € Af,

(Uy) for each residue |z[, where U is an affinoid
bigger than P1(C,)—]S[. This is how we regard f as a function.

Here we recall two important properties of Coleman functions below.

Proposition 4.26 (Branch Independency Principle [22, Proposition 2.3]). For w,wy € C,

define the isomorphisms

bon,ms  ARL(PI\S) 5 AT2(PI\S)  and Ty, QTL(PT\ S) S Q2(PH\ S)
which is obtained by replacing each log™' (zs,) by log™?(zs;) for 1 < i< d. Then
b s (AGH (P S)) = AT (P 5),

Tarn, e (AT (P1\ ) @ QP 9)) = AT (P 8) @ QM (P )

leoy w0 © / = / OTwy e mod C, - 1.
(w1) (w2)

Namely the following diagram is commutative:

AP\ S)  ®  QFL(PL\S) L ATH(PI\S) @ QM(PL\S)
AT (PT\S) AT(P1\S)

Jien | e

AZHPINS) [Cp1 R AZPIS) /Gyl

and

Proposition 4.27 (Coincidence Principle [15, Chapter IV]). Put w € Cp. Let f € A% (P
S). Suppose that fly =0 for an admissible open subset U (cf.[8, 15]) of P1(Cp), (that is, U is
of the form {z € PHCp) | [z — aulp > 6; (i=1,...,n),|2l, < 1/80} for some oy, ..., an € C)
and 01, ...,0n € Qo and dg € Q=p). Then f =0.

It follows from this proposition that a locally constant Coleman function is globally con-
stant.
Notation 4.28. Fix a branch @w € C, and let w € AZ (P1\S) ® QFY(P!\S). Then by

AT(P1\S)
Coleman’s integration theory, there exists (uniquely modulo constant) a Coleman function

F, € AZ (P'\ S) such that [w = F,, (modulo constant). For z,y €]P'\ S|, we define

[ wi=Puo) - Ruto).

It is clear that f;’w does not depend on any choice of F,, (although it may depend on the
choice of a branch w € C,). If both F,(z) and F,(y) make sense when z or y belongs to
]So[, we also denote Fy,(y) — Fu(z) by [ w. By letting z fixed and y vary, we regard [Yw as
the Coleman function which is characterized by dF,, = w and F,(x) = 0. We note that

Y Y
wWQ/ u)=/ ——) (4.19)
(wl ) T (WQ),:E

We will apply Coleman’s theory to the function defined below, which is a main object in
this subsection.
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Definition 4.29. Let ny,...,n,. € N, &,...,& € C, with |§], <1 (1 <j <r). The p-adic
TMPL Li,(ﬁ),m,m (&1,...,&; 2) is defined by the following p-adic power series:

(p) E : P ghr gk

. (s

LGpl,...,nT (517 s 751”; Z) = Lo (420)
0<ki<--<kp 1 "

which converges for z €]0[ by |¢], <1 for 1 <j <.

Remark 4.30.
(i) We note that when r = 1 and & = 1, Liglp)(l; z) is equal to Coleman’s p-adic poly-
logarithm ¢, (z) in [15, p. 195].
(ii) The special case when & = --- = &, = 1 is investigated by the first-named author in
[23] where Lz’%pl),,_,,nr(l, ..., 1;2) is introduced as p-adic multiple polylogarithm.
(iii) Yamashita [47] treats the case when all &; are roots of unity whose orders are prime
to p.
The following can be proved by a direct computation.

Lemma 4.31. Let ny,...,n, €N, &1,...,& € Cp with |§], <1 (1< j<r).
nod o
() Lt (Eis2) =

1—512'

(») . -
i L (@ MZ{ LLAE 1 (610 632) g o>,
dz ™~ e IR AN &

1_§TZL17(1P1),---,W—1(§17 co&r2,61632) if ne =1
The definition below is suggested by the differential equations above.

Theorem-Definition 4.32. Fiz a branch of the p-adic logarithm by w € C,. Letnq,...,n, €
N, &,....& € Cp with |&], <1 (1<j<r) Put

Sy = {07 o0, (ér)_ ) (57"—167")_17 ) (61 e 57”)_1} - Pl(Fp)'
Then we have the Coleman function attached to w € C,
LiP)=, (&1, 16 2) € AGy(PM\ S,)

which is constructed by the following iterated integrals:

&1

P11 2) = —log®(1 — &12) = /0 T &tdt, (4.21)
LiP)@ (&,..., & 2) = fO fzpl), 77’741*71,”7‘—1(&.17 o & t)% if ne>1, (4.22)
M5t fO L npl;w,nr 1(515 s >§T727 57"7157’; t)% Zf Ny = L.

Proof. 1t is achieved by the induction on weight w :=nj +--- + n,.

When w = 1, the integration starting from 0 makes sense because the differential form

(4.21).
When w > 1 and n, > 1, by our induction assumption, Lz(p) m_l(fl, ..., &5 0) is equal to
0 because it is an integration from 0 to 0. So Lz( p),® nr_l(&, ...,&r;t) has a zero of order at

least 1. So the integrand of the right-hand side of (4.22) has no pole at ¢ = 0. The integration
(4.22) starting from 0 makes sense. The case when n, = 1 can be proved in a same (or an

easier) way. O
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Remark 4.33. Tt is easy to see that Lz’%{ﬁnr(fl,...,gr;z) = Lzm, (€1, .., & 2) when
|z|p, < 1 for all branch @ € C,. Thus the Coleman function Lz,(11)7._,,n,. (&1, ... &3 2) € AZ (P
S,) is defined on an affinoid bigger than P1(C,)—]S, \ {0}].

Proposition 4.34. Fiz a branch w € C,. Let ny,...,n, €N, &,...,& € C, with |§], < 1
(1 < j < r). Then the restriction of the p-adic TMPL Ligﬁﬁnr(&,...,§T,1,§T;z) into
PY(C,)—]S, \ {0}] does not depend on any choice of the branch w € C,.

Proof. 1t is achieved by the induction on Welght w = ny+---+n,. Take z € PY(C,)—]S5,\{0}].

When w = 1, it is easy to see that Lzl “(&152) = —log®(1 — & 2) is free from any choice
of the branch w € C,,.

Consider the case when w > 1 and n, > 1. Due to the existence of a pole of % at t =0,
the integration (4.22) might have a ‘log-term’ on its restriction into |0[. However it is easy to
see that the restriction of LGl “nr (&1, ..., & t) into O] has no log-term because it is given
by the series expansion (4.20) by Remark 4.33. By our induction assumption, the restriction
of Lz(”);_.,m_l(gl, . ,fr, t) into P}(C,)—]S, \ {0}] is independent of any choice of the branch
w € Cp. Therefore Lzm, “ne(€1,...,&;t) has no log-term and does not depend on any choice
of the branch.

The above proof also works for the case when w > 1 and n,, = 1. It is noted that the branch

&r ¢.7 are outside of the region PY(C,)—]S-\{0}]. O

independency follows since two poles of

The p-adic rigid TMPL Enl, e (&1s -, &—1,&r2) in Subsection 4.1 is described by our
p-adic TMPL ngn,...,nr (&1, ..., &—1,&; 2) as follows:

Theorem 4.35. Fiz a branch w € C,. Let ny,...,n, € N, &,...,& € Cp with |, =1
(1<j< r). The equality

..... (517 s 76?‘*17 fy«Z)
1
== 2 Yoo g LR (s prri 2) (4.23)

0<a1,“.,ar<pp11’:..‘:p1:_1 77777

holds for = € P1(C,)—]S, \ {0}].

Proof. By the power series expansion (4.12) and (4.20) and Remark 4.20.(ii), it is easy to see
that the equality holds on ]0[. By Theorem 4.22, the left-hand side belongs to AT(P'\ S,)
(C AZ (P'\S,)) and by Theorem-Definition 4.32, the right-hand side belongs AZ | (P*\ S,).

Therefore by the coincidence principle (Proposition 4.27), the equality actually holds on the
whole space of P1(C,)—]S, \ {0}, actually on an affinoid bigger than the space. O

The following is a reformulation of the equation in Theorem 4.35.

Theorem 4.36. Fiz a branch w € C,. Let ny,...,n, € N, &,...,& € Cp with |§], =1
(1 < j<r). The equality

eglpl), T (51) s 751‘*1» ng)
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r 1 d d
= L=, <fh...,5r;z>+2(—p) > X Y e, ((Tee)s=)
d=1

IS <<ig<rpf =1 pb = I=1
(4.24)
holds for z € P1(C,)—]S, \ {0}[, where d;; is the Kronecker delta.
Proof. 1t is a consequence of the following direct computation:
( [ gt (i
r s
gnph on (&17-'-757"—1757’2/): Z L = Z H 1_5 P
0<ky<-<kp 1 " 0<ky<-<ky |i=1 pP=1

(kl ,p)=---=(k’7~,p)=1

r d d
L @h”.@hzy+§:<_;> Y- §31%% ()2
d=1

11 <<ig<r g =1 P = I=1
O
Example 4.37. In the case when r = 1, (4.24) gives
(P (2) = LiP(1;2) — = Z LiP
p” 1

But by the distribution relation (cf.[15])

1 1

- Li® (n: 2) = — Li®) (1. 57 4.2

S L) = L (1) (4.25)

neEr
for r > 1, we recover Coleman’s formula

09(2) = L (13 2) — — L (1; 27)
p
shown in [15, Section VIJ.

We define the p-adic twisted multiple L-values by the special values of the p-adic TMPL’s

at unity under a certain condition below.

Theorem-Definition 4.38. Fiz a branch w € C,. Let ny,...,n, € N, p1,...,pr € pp and
&1,y & € e with (¢,p) = 1. Assume that

G- 6 #1, & &A1, ., &b A1, & AL (4.26)
Then the special value of
Li®)®  (p1&1, ... pr&ri 2) (4.27)

at z = 1 is well-defined. Furthermore it is free from any choice of the branch @ € C, and it

belongs to Qp(pep). We call the value by p-adic twisted multiple L-value and denote it
by
Ligz,pl),...,nr (0151, e >pr§r)' (428)

Proof. By our assumption (4.26),

1€ PH(Cy)-]S,\ {0}

Hence the special value of (4.27) at z = 1 makes sense by Remark 4.33.
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The branch independency of the special value follows from Proposition 4.34.

The points 0 and 1 and all the differential 1-forms f:g:t’ 1(_&@:_5:%?;” cees 1(5&17% are

defined over Qp(ftep). Then by the Galois equivalency stated in [9] Remark 2.3, the special

value of (4.27) for z € Qp(fcp) is invariant under the action of the absolute Galois group
Gal(Q,/Qp(pep)) if we take @w € Qp(pep). Since we have shown that the special values at
z =1 is free from the choice of w, the value (4.28) must belong to Q,(ucp)- O

Remark 4.39.

(i) The p-adic multiple zeta values are introduced as the special values at z = 1 of p-adic
MPL Li%{’,ﬁnr(l, ..., 1;2), the function (4.27) with all p; = 1 and & = 1, and their
basic properties are investigated by the first-named author in [22].

(ii) The p-adic multiple L-values introduced by Yamashita [47] are special values at z = 1
of the function (4.27) with all p; = 1 and (&-,n,) # (1,1). Unver’s [45] cyclotomic

p-adic multi-zeta values might be closely related to his values.

By Theorems 4.9 and Theorem 4.35, we have the following. A very nice point here is that

our assumption (4.26) appeared as the condition of the summation in equation (4.6).

Theorem 4.40. For ny,...,n, € N and ¢ € Ny with (¢,p) =1,

Lyy(ny,...,npw™ ™, o, w1000 o) =
1 a
—ay o .
]? Z Z Z P1 P ngzzi),...,nr (plgla ) Prfr)-
0<a1,...,aT<pp11’:.~.:p‘,?:1 §i==¢0=1

fl"'67"7&17---7§r—lfr7élvfr7él

The above theorem is reformulated to the following, which is comparable to Theorem 3.1.

Theorem 4.41. For ny,...,n, € N and ¢ € Ny with (¢,p) =1,

Lpr(ny,...,new™ ™o, w "5 1000 o)
-y L (5152 & )
gle ge=1 bt 52 53 67’—&-1
51751 57“751
(1 [T, o
. =1Pi Sj
DIC D VI SEED DD DR B A (o e
a=1 N Pl T g Tigm gm I
&1#1 &rFl
where we put &1 = 1.
Proof. Tt follows from Theorem 4.9 and Theorem 4.36. O

Thus the positive integer values of the p-adic multiple L-function are described as linear
combinations of the special values of the p-adic TMPL (4.27) at roots of unity. This might
be regarded as a p-adic analogue of the equality (1.3).

As a special case of Theorem 4.40 we have the following. When r = 1, we have
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Example 4.42. For n € N and ¢ € N5 with (c p) = 1, we have

(" = 1) Ly(n;w! Z >N LiP (p6)

0<a<p pP=1¢¢=1
41

by Example 2.12. This formula and (4.25) recover Coleman’s equation [15, (4)]

Ly(ns ™) = (1 — ;)Liﬁf’)(l). (4.30)

When r = 2, we have

Example 4.43. For a,b € N and ¢ € N5y with (¢,p) =1,

Lp 2(0’ b;wia)wib; ]-7 17 C)

% 3 > > PP Liap(pr&r, pako)

<a,B<p P1,p2€Hp  &£1,€2€pC

§182#1,62#1
- ¥ Y (fe) i X X e (fhe) v (Gee))
=1 gg= pP=1 &=1 €5— 2
617’51 €2¢1 §17#1 &a#1
1 p1&1
PP IPS S if) (Pt
ﬁ7 1 §C_1 £C_
§1#1 &2#1
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