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ON THE VERLINDE FORMULA FOR TWISTED CONFORMAL

BLOCKS: I

TANMAY DESHPANDE AND SWARNAVA MUKHOPADHYAY

ABSTRACT. In this paper we give a conjectural Verlinde formula for computing the ranks
of the bundles of twisted conformal blocks associated with a simple Lie algebra equipped
with an action of a finite group I' and a positive integral level {. As a motivation for this
conjectural Verlinde formula, we prove a categorical Verlinde formula which computes the
fusion coefficients for any I'-crossed modular fusion category as defined by Turaev. To
relate these two versions of the Verlinde formula, we formulate the notion of a I'-crossed
modular functor and conjecture that it is very closely related to the notion of a I'-crossed
modular fusion category. We conjecture that the bundles of I'-twisted conformal blocks
associated with a twisted affine Lie algebra define a I'-crossed modular functor. Along
the way, we give a coordinate free description of the space of twisted conformal blocks
and show that it satisfies the some of the axioms of a I'-crossed modular functor. We also
explicitly describe the crossed S-matrices that appear in the conjectural Verlinde formula
for twisted conformal blocks. Finally we apply these results to derive the conjectural
Verlinde formula from the conjectures about I'-crossed modular functors.

CONTENTS
1. Introduction
Acknowledgements
2. A Verlinde formula for braided crossed categories
2.1. Rigidity in weakly fusion categories
2.2. Braided crossed categories
3. Twisted Kac-Moody Lie algebras and their representations
3.1. Twisted affine Lie algebras
3.2. Twisted affine Kac-Moody Lie algebras
3.3. Twisted affine Lie algebras as Kac-Moody Lie algebras
3.4. Modules for twisted affine Lie algebras
4. Sheaf of Twisted conformal blocks
4.1. Family of pointed I'-curves
4.2. Coordinate free highest weight integrable modules
4.3. Properties of twisted Vacua .
5. Atiyah algebra of the twisted WZW connection on ﬂg,n
5.1.  Atiyah Algebras

2010 Mathematics Subject Classification. Primary 14H60, Secondary 17B67, 32G34, 81T40.

1

10
10
10
14
20
21
22
24
24
25
25
25
26

29
29



5.2.
5.3.
5.4.
9.5.
5.6.

5.7.

TANMAY DESHPANDE AND SWARNAVA MUKHOPADHYAY

Atiyah Algebras with Logarithmic singularities
Localization of twisted D-modules

Coordinate Torsors

Equivariant Virasoro uniformization

Twisted log-D module

Atiyah algebra for the twisted WZW connection on M;n(m)

6. TI'-crossed modular functors

6.1.
6.2.
6.3.
6.4.
6.5.
6.6.
6.7.

I"-crossed abelian categories
Factorization functors

Propagation of vacua functors

The category XU

C-extended I'-crossed modular functors
The neutral modular functor

Some conjectures

7. T'-crossed modular functors from twisted conformal blocks

7.1
7.2.
7.3.

I'-crossed abelian category
Twisted conformal blocks
Some consequences of the conjectures

8. Crossed S-matrices for Diagram automorphisms

8.1.
8.2.
8.3.
8.4.
8.5.
8.6.
8.7.
8.8.
8.9.

8.10.
8.11.

Orbit Lie algebras
(2)

Integrable Highest weight representations of As - |
2)
n+1

Integrable Highest weight representations of Df’)

Integrable Highest weight representations of D

Integrable Highest weight representations of Eé2)

S-matrix for Agl)_l

(2)
n+1

S-matrix for Df’)
S-matrix for EéQ)
S-matrix for Agi)
Relation with untwisted S-matrices

S-matrix for D

9. Twisted Fusion Rings

9.1.

Fusion rules associated to diagram automorphism

10. Character table and the S-matrix

10.1.
10.2.
11.

11.1.
11.2.

11.3.

The case A = A;i)

The case A is either Agi)_l, Dfﬁl, Df’), ((52)

Dimensions of the conformal blocks using the Verlinde formula

Etale Cases
Ramified Cases with diagram automorphisms of order two

The twisted affine Lie algebra Df)

Appendix A. Moduli stacks of admissible I'-covers

31
31
32
35
37

38
39
39
40
41
42
43
44
45
46
46
47
47
48
48

49
49
49
50
50
o1
o1
52

93
54
56
o6
o8
o8

99
60
60
62
63
64



ON THE VERLINDE FORMULA FOR TWISTED CONFORMAL BLOCKS 3

A.1. Moduli stacks of pointed admissible covers with local coordinates 65
A.2. A stratification in terms of dual graphs of stable pointed curves 66
A.3. Stratifications for stacks of pointed admissible covers 67
Appendix B. Clutching maps for the moduli stacks 68
B.1. The category of weighted legged graphs 68
B.2. Clutching with respect to morphisms between weighted legged graph 68
B.3. Clutchings for pointed admissible covers 71
B.4. Twisted D-modules and specialization along clutching maps 73
References 75

1. INTRODUCTION

The Wess-Zumino-Witten (WZW) model is a two dimensional rational conformal theory
and conformal blocks associated to these models were explicitly constructed in the phenom-
enal works of Tsuchiya, Ueno and Yamada [76]. To a simple Lie algebra g, a positive integer
¢, an n-tuple X of dominant integral weights of level ¢ (see Section 3.3) of the untwisted
affine Kac-Moody Lie algebra, the WZW model in [76] associates a vector bundle V}(g, ?)

of finite rank on the Deligne-Mumford-Knudsen moduli stack ﬂg,n of stable n-pointed
curves of genus g. These vector bundles VTX(g,E) are known as the bundles of conformal

blocks and their duals Vs(g, /) are referred to as the sheaf of covacua. Moreover these
bundles are endowed with a flat projective connection with logarithmic singularities along
the boundary divisor of M, and satisfy [76] all the key axioms of conformal field theory
like factorization and propagation of vacua (see Section 4). Now we briefly point out some
major interactions between algebraic geometry, representation theory and mathematical
physics via conformal blocks.

Let G be the simply connected Lie group with Lie algebra g and let Bung(C') be the mod-
uli stack of principal G-bundles on a smooth, projective curve C' of genus g. It is well known
[57, 59] that the Picard group of Bung(C') is Z£L, where £ is the ample generator. The stack
Bung(C) generalizes the Jacobian of a curve and hence the spaces H°(Bung(C), £LZ¢) are
known as the spaces of non abelian theta functions. It is well known that the space of theta
functions at level £ on the Jacobian of a curve is #9-dimensional. Hence it is natural to ask
for a formula for the dimension of H°(Bung(C), £#*). Uniformization theorems of [27, 42]
and the works of [10, 32, 57] produce canonical isomorphisms between H°(Bung, £#¢) and
the fiber of the vector bundle Vg(g,é) at a smooth curve C. Several extensions of these
results to the parabolic case [59] and to nodal curves [15] are also known. Hence the
questions on Bung can be approached using conformal blocks and representation theory.

From the representation theoretic viewpoint, we get that the fibers of the conformal
blocks fo(g, O BLprpn

the space of invariants of g-representations Homg(Vy, ® --- ® V)

) over n-pointed genus zero curves embed naturally [31, 76] in
C). Moreover if ¢ is
large enough, then the vector spaces VTX(g,Z)‘Pl;(pL._%) and Homgy(Vy, ® --- ® Vj3,,C)

n?
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are isomorphic. In particular, one can study the space of invariants of tensor product of
representations using conformal blocks. Motivated by various formulas for the Littlewood-
Richardson coefficients, it is again natural to ask for a formula for the rank of the conformal
block bundles.

Dualities in coset conformal field theory associated to a conformal pair (g1, ge) predict
that conformal blocks for a Lie algebra g; at level ¢; are often dual to conformal blocks
for another Lie algebra go at level £5. These questions/conjectures are known as rank-level
duality /strange duality conjectures. As a first step to check validity of these conjectures,
one needs to check that the dimensions of the two conformal blocks arising in rank level
duality have same dimensions. We refer the reader [1, 14, 63, 64, 65, 82| to for more details.

In 1987, E. Verlinde conjectured [78] an explicit formula for computing the rank of these
conformal blocks bundles which became well known as the Verlinde formula. More precisely,
he conjectured that the S-matriz given by the rules of the modular transformations 7 — —%
diagonalizes the fusion rules. Verlinde’s conjectural rank formula was proved for SL(2)
independently by the works of Bertram, Bertram-Szenes, Daskalopoulos-Wentworth and
M. Thaddeus [16, 17, 22, 74]. The Verlinde formula for classical groups and Gy was proved
by G. Faltings [32] and by C. Teleman [73] in full generality. A proof for the Verlinde rank
formula was also given later using methods from symplectic geometry [4, 51]. In 1988,
Moore-Seiberg gave an outline of the proof of Verlinde’s conjecture about diagonalization
of fusion rules and a conceptual connection between modular tensor categories and the
Verlinde formula. Verlinde’s conjecture on diagonalization of fusion rules by S-matrices
has been recently proved by Y. Huang [48, 49].

Automorphisms of affine Kac-Moody Lie algebras inherited from the underlying finite
dimensional Lie algebras have been closely related to the constructions of orbifold conformal
blocks also known as twisted WZW models [19, 58]. Twisted WZW models associated
to order two diagram automorphisms of a simple Lie algebra has been constructed and
studied by Shen-Wang [79] and also by Birke-Fuchs-Schweigert [19]. Starting with a vertex
algebra along with an action of a finite group I', Frenkel-Szczesny [39] constructed orbifold
conformal blocks. More precisely, given a pointed I'-cover (5, C,p,p) (along with a lift
p) of a smooth curve C along with n-marked points p = (p1,...,pn), they attached a
module for the twisted vertex algebra. This construction can be carried out in families

of stable curves to get a quasi-coherent sheaf Vp on the stack Mgn of pointed I'-cover
introduced in [51]. Later Szczesny [72] realized Vr as a twisted D-module on the open part

Mg of the stack M », corresponding to smooth curves. It is natural to consider whether
the I'-twisted WZW model associated to level (- representatlons of a I'-twisted affine Kac-

Moody Lie algebra [53] gives a vector bundle on M., which is also a twisted D-module

g?’rl’
with logarithmic singularities at the boundary A;n
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In [46], Hong-Kumar studied the I'-twisted WZW-models associated to an arbitrary
I'-twisted affine Kac-Moody Lie algebra. Adapting the constructions of Tsuchiya-Ueno-
Yamada [76] in the twisted setting along with assumption that I' preserves a Borel subalge-

bra of g, Hong-Kumar [46] construct a locally free sheaf over M;n that satisfies factoriza-
tion and propagation of vacua. Similar results for diagram automorphisms of g were also
obtained by the second coauthor independently. In her thesis, C. Damiolini [21] consid-
ered the twisted conformal blocks where the marked points are never ramified and proved

factorization, propagation of vacua and local freeness over a open substack of M;n.

We briefly discuss the terminology [21, 46] and refer the reader to Section 4 for a coordi-
nate free construction. Let g be a simple Lie algebra equipped with a I'-action I' < Aut(g).
For any 7 € T', we consider the twisted affine Kac-Moody Lie algebra (see Section 3.1)
E(g, 7). The set of irreducible, integrable, highest weight representations of E(g, ) of level
{ € Z>q are denoted by P’(g,v) (see Section 3.1). If v is trivial, then P(g,id) will often
be denoted by Py(g). Now consider a stable nodal curve C' with n marked point p with
a T action. Assume that C \ T - p is affine on which I acts freely and each component
has at least one marked point. Let (v1,...,7,) be generators of stabilizers in I' of the
points (p1,...,pn) determined by using the orientation on the complex curve C. The ele-
ment v; will be called the monodromy around the point p;. Suppose for each point p; we
have attached a highest weight integrable module Ky, (g, ;) of weight \; € P*(g,7:). Let
Hy = FHx, (8,71) ® - @ H), (8, 7). Then the space of twisted covacua can be defined as

~ ~ ~\\T
Vi r(C,C,p,p,2) =3/ (g © H'(C,05(xI'.p)) K,

where z denote a choice of a formal parameter along the points p. The corresponding vector

bundles on M;n will be denoted by VX,F(G’ C,p,p). Starting with the work of Pappas-
Rapoport [67, 68], the moduli stack of Bruhat-Tits torsor ¢ associated to a pair (G,T' C
Aut(@)) has been studied by several authors [8, 43]. Results of [46] (with some restrictions
on level) and [83] (order two automorphisms of SL(r)) connect twisted conformal blocks
with global sections of line bundles on Bun%. Pappas-Rapoport [67, 68] ask if there is
a Verlinde formula for these spaces of non-abelian theta functions or twisted conformal
blocks?

Apart from the works of Birke-Fuchs-Schweigert [19] for I' = Z/2 and a double cover
of P! ramfied at two points, there is not even a conjectural description of the ranks of
the above vector bundles for arbitrary I'-twisted WZW conformal blocks. In this article,
we give a conjectural twisted Verlinde formula that computes the rank of the I'-twisted
conformal blocks for an arbitrary finite group I'. We now discuss our conjecture and an
approach to this conjecture via Verlinde formula for I'-crossed braided fusion categories.

Let (C,p) be a smooth genus g curve with n-marked points p. The fundamental group
of C'\ p has a presentation of the form

Wl(C\p,*) = <a1aﬁla"' aagaﬁg7717"' 7/7n|[a17/81] o [agaﬁg]ryl Y = 1>



6 TANMAY DESHPANDE AND SWARNAVA MUKHOPADHYAY

Let us fix a group homomorphism y : 7 (C \ p,x) — I'° C T" with image I'°. Let m; €
I’ be the image of 7;. This determines (see [51, §2.3]) an n-pointed admissible I'-cover
(5 — C,p,p) such that all the lifts p lie in the same connected component of C and
the monodromy around the points p is given by (mq,---,m,). As before, let us assume
that we have an action of I' on the simple lie algebra g and we fix a level ¢ € Z>q. Let
X = (A1, -+ Ap) with \; € Pl(g, m;). We state the following conjectural Verlinde formula
in the notation used above:

Conjecture 1.1. The rank of the twisted conformal blocks bundle er(é, C,p,p) at level
{ is given by the following formula:
o S g
rank V5 (C,C,p,p) = Z %7
HEPy(g)T* ( 0’“)

where the summation is over the set of the untwisted dominant integral level-¢ weights
of g fized by the subgroup I'° C I, the matrix S that appears in the denominator is the
untwisted S-matrix of type g at level £, the matrices S™ that appear in the numerator are
the m;-crossed S-matrices (see Chapter 13 in [53]) at level £ corresponding to the diagram
automorphism class of m; € I' and which are defined explicitly in Section 8.10.1 and where
0 is the trivial element of Py(g).

We refer the reader to Section 11 where we give a more special form of the above
formula in some special cases and provide evidence by directly computing the dimensions
using factorizations and dimensions of invariants of representations.

Remark 1.2. It is well known that the untwisted S-matrix S of type g and level 7 is a
Py(g) x Py(g) symmetric unitary matrix. On the other hand, for each m € I, the m-crossed
S-matrix S™ is a P*(g,m) x Py(g)™ matrix. It is not immediately clear, but nevertheless
true that S™ is a square matrix. Moreover, S™ is also unitary.

We now discuss the remaining results of this article which are motivated by Conjec-
ture 1.1. There has been comprehensive study by several authors [26, 61, 70, 76, 80, 81]
trying to understand the relations between modular tensor categories, 3-dimensional topo-
logical quantum field theory and 2-dimensional modular functors. A key bridge between
these three topics has been conformal blocks associated to untwisted affine Lie algebras.
Moore-Seiberg [61] has proved a Verlinde formula for any modular fusion category. In the
twisted set up, I'-crossed modular fusion categories have been introduced by V. Turaev
[77]. Motivated by the result of [61], we prove a Verlinde formula for I'-crossed modular
fusion categories. The first coauthor introduced for each v € I'; the notion of a ~-crossed
S-matrix denoted by S7 and twisted characters for any I'-graded Frobenius *-algebra aris-
ing from a Grothendieck group of a I'-crossed braided fusion category (see [77]). Extending
earlier works of the first coauthor [25], we prove a general twisted Verlinde formula in the
setting of I'-crossed braided fusion categories which computes fusion coefficients in terms
of the crossed S-matrices. We refer to Section 2.2, Theorem 2.15 for more details and to
Corollary 2.17 for a higher genus analogue of the following 3-point genus zero version.
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Theorem 1.3. Let C = @ €y be a I'-crossed modular fusion category. Let v1,7v2 € I' and
yel

let AcC,,,B € Cy, and C € C,,,, be simple objects. Then the multiplicity VE’B of C in
the tensor product A ® B is given by

Y1 Y2 Y172 1 Y2 Y172
c SA,D ’ SB,D ’ SC,D . SA,D ’ SB,D ’ SC,D
VaB = § S = E S )
p y 1,D p y 1,D
Dep 172 Dep 172

where the summation is over the simple objects D € C1 fixed by both v1,7v2 and where the
crossed S-matrices are chosen in a compatible way.

Remark 1.4. In general a v-crossed S-matrix depends on certain choices and is only well
defined up to rescaling rows by roots of unity. In the above formula, we have assumed that
the crossed S-matrices are chosen in a compatible way. In general some cocycles appear in
the Verlinde formula Corollary 2.17. However in the set up of I'-twisted conformal blocks,
the cocycles are trivial (see also Remark 7.5).

In the untwisted set up, Bakalov-Kirillov [12] introduce the notion of a 2-dimensional
complex analytic modular functor and show that it produces a weakly ribbon braided
tensor category. In Section 6 we define the notion of a I'-crossed complex analytic modular

functor generalizing the notion due to [12]. To define this notion we need to work with
_ ~T

some operations on the stacks M;n,Mgm of stable n-marked admissible I'-covers. We
briefly recall the relevant constructions in the Appendices A and B. We refer the reader to
Sections 6.5 and 6.6 for the definition of the notion of a I'-crossed modular functor and for

a more precise version of the following:

Conjecture 1.5. Let C be a finite semisimple T'-crossed abelian category (see §6.1). A
C-extended I'-crossed analytic modular functor defines the structure of a braided I'-crossed
weakly ribbon category on the category C.

We now address the question of constructing a I'-crossed modular fusion category given
the action of I on g and a level £. For this firstly we need the underlying finite semisimple
I'-crossed abelian category € = € C,. For v € T, we take C, to be the finite semisimple

er
category whose simple objects ;re the irreducible, integrable, highest weight representa-
tions of E(g, 7) of level £ parametrized by P*(g,~). This is the underlying I'-crossed abelian
category (see §7.1) on which we want to define the structure of a I'-crossed modular cate-
gory.

In Section 4, we give a coordinate free construction of the twisted conformal blocks and
discuss the associated descent data coming form Propagation of Vacua. We show that like
the untwisted case [31], twisted conformal blocks with at least one trivial weights are pull

backs (see Proposition 4.4) along along forgetful-stabilization morphism M;n 41(m, 1) —

ﬁ;n(m). Following the approach of the Beilinson-Bernstein localization functors in [36],

we extend the construction of twisted D-modules in [72] to the compactification of the
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moduli stack ﬁ;n as a twisted D-module with logarithmic singularities along the boundary
Ag,n of M;n. We d(itermine the Atiyah algebra (Theorem 5.14) of the twisted logarithmic
D-module on VXF(C’ C,p,p)-

Theorem 1.6. Let A be the pull back of the Hodge line bundle to M. gn and Z ’s denote
the line bundles corresponding to Psi-classes, then the logarithmic At@yah algebra

¢dimg

e r . ~ T
0+ hV(g))AA(log Agm) + Z NlA,\iALi(log Ag,n)

=1

acts on VX,F(é’ C,p,p). Here Ay, is the eigenvalue of the twisted Virasoro operators Lém

and h(g) is the dual Coxeter number of g.

The Atiyah algebra in Theorem 1.6 appears in our formulation (Section 6.5) of the
axioms of C-extended I'-crossed analytic modular functor. Motivated by results of [11, 12],
we conjecture the following:

Conjecture 1.7. Let I' be a finite group acting on the simple Lie algebra g and let £ € Z>.
Then the corresponding I'-twisted conformal blocks define a C-extended I'-crossed modular
functor.

We now discuss how Conjectures 1.5 and 1.7 imply Conjecture 1.1. Let I',g,¢ be as
before and let € be the corresponding level £ I'-crossed abelian category. If we assume that
Conjecture 1.5 and Conjecture 1.7 hold, then € can be given the structure of a braided
I-crossed weakly ribbon category. We can now derive Conjecture 1.1 using (6.10) if we
are in a position to apply Theorem 1.3. However, we still need to answer the following
question:

Question 1.8. Are the braided I'-crossed categories arising from I'-twisted conformal blocks
rigid?

For the untwisted case, it is well known that conformal blocks form a weakly rigid braided
tensor category [12]. Rigidity for these categories has been proved by Y. Huang [48, 49]
and also by Finkelberg [34, 35]. However in both the proofs of Huang and Finkelberg,
some variant of the Verlinde formula was used as an input. Hence in principal, the same
problem persists in the twisted setting. We circumvent this issue by proving a general fact
that if the underlying untwisted braided tensor category C; is rigid, then the weakly rigid
braided I'-crossed category € must also be rigid. This follows from the following;:

Proposition 1.9. Let C be a weakly fusion category. Let M € C be a simple object such
that M ® *M has a rigid left dual. Then M has a rigid left dual.

We refer the reader to Section 2.1, Proposition 2.5 and Corollary 2.6 for precise state-
ments and proofs. Thus to prove Conjecture 1.1, we are left to determine the ~y-crossed
S-matrices. We first compare the present situation with the untwisted situation.

The Verlinde formula for conformal blocks for untwisted Lie algebra was proved [32, 73]
by studying the characters of the fusion ring Ry(g) and realizing it as a based commutative
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Frobenius x-algebra. The fusion ring has a basis parametrized by P;(g) and its structure
constants are given by dimensions of the untwisted 3-pointed conformal blocks of untwisted
affine Kac-Moody Lie algebra associated to g. For any commutative Frobenius x-algebra
(see Section 2.2), the structure constants are determined from the set of characters. Works
of [32, 73] determine the set of characters of Ry(g) as restrictions of representations of
the Grothendieck ring R(g) of representations of the lie algebra g. This determines the
S-matrices in the untwisted setting.

First we approach our problem as in the untwisted case. With the assumptions that I
preserves a Borel subalgebra of g, it is easy to directly observe that the twisted conformal
blocks give a I'-graded Frobenius *-algebra Ry r(g) := . cr Le(g,7), where Ry(g, 1) is the
untwisted fusion ring Ry(g) and for each v € T, Ry(g,7) are modules over the untwisted
fusion ring Ry(g).

As a vector space, Ry(g,7) has a basis parametrized by P‘(g,~). Conjectures 1.5 and 1.7
imply that Ryr(g) is also the Grothendieck ring of the I'-crossed modular fusion category
given by twisted conformal blocks. Hence in the twisted set-up, we are reduced to determine
the twisted characters of the I'-graded Frobenius algebra R,r(g), since (see §2.2) these
twisted characters determine the fusion coefficients. The module Ry(g, ) does not a priori
have the structure of a Frobenius *-algebra. This presents a significant challenge. To
address this issue, we consider the twisted fusion ring (see [23]) R, associated to a I'-
crossed rigid braided tensor category and an element v € I'. It was shown [23, 24], that
the y-crossed S-matrix S7 is essentially the character table of the twisted fusion ring R,.
Hence Conjecture 1.1 reduces to the following:

Question 1.10. Determine the characters of the twisted fusion ring R .

Jiuzhu Hong [44, 45] has studied twisted fusion rings R, defined using the trace of the
action of diagram automorphisms of the Lie algebra on untwisted conformal blocks. Using
the same strategy as in [9, 32, 73], Hong gives a complete description of the character table
of R, in terms of the characters of the representations rings of the fixed point algebra g,
[39]. We observe that the twisted fusion ring R, constructed from rigid I'-crossed braided
tensor category for conformal blocks only depends on the diagram automorphism class o
of v. We apply these results directly to the categorical Verlinde formula in Section 2.2 to
derive the statement of Conjecture 1.1.

Remark 1.11. It might be possible to directly determine the set of twisted characters for
the modules Ry(g, ) using representation theoretic methods. Our work gives a conjectural
description of the twisted characters in terms of the crossed S-matrices. However our
approach facilitates a conceptual understanding by building a bridge between I'-crossed
modular fusion categories, I'-crossed modular functors and twisted conformal blocks as in
the untwisted case.

Remark 1.12. In [45] it is conjectured that the coefficients of the twisted fusion rings
R, are non-negative integers and are related to the dimensions of the twisted conformal
blocks described in [46]. This was disproved by Alejandro Ginnory [41] who showed that
these fusion coefficients could be negative. It is important to point out that the statement
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of Conjecture 1.1 involves both crossed and uncrossed S-matrices for various elements of '
whereas the Verlinde formula (see also [23, Thm. 2.12(iii)]) for the structure constants of
R, involves only the o-crossed S-matrix.

We study the twisted fusion rings, their character tables and the crossed S-matrices in
Sections 8, 9 and 10. We give an explicit description of all the crossed S-matrices. Also
in the cases of the twisted affine Lie algebras Agi)_l, fo_&l, Eé2) and Dig), we express the
crossed S-matrices as submatrices of certain larger uncrossed S-matrices. We also refer the
reader to Section 10 for the relation between unitary character table of the fusion ring R,

and the crossed S-matrices defined in [53, Chapter 13].

Acknowledgements. We sincerely thank Jochen Heinloth, Shrawan Kumar, Christian
Pauly, Michael Rapoport and Catharina Stroppel for useful discussions. We acknowledge
key communications with Christoph Schweigert regarding [19] and with the KAC software.
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matics in Bonn for its hospitality and invitation.

2. A VERLINDE FORMULA FOR BRAIDED CROSSED CATEGORIES

Let I' be a finite group. In this section we will recall the notion of a braided I'-crossed
category and prove a Verlinde formula for such categories. We will also recall the notions
of rigidity and weak rigidity in monoidal categories.

2.1. Rigidity in weakly fusion categories. We begin by reviewing the notions of weak
duality and rigidity in monoidal categories and prove a useful criterion for rigidity. We refer
the reader to [30] for more details on the theory of monoidal categories and fusion categories
and to [20] for more on weak duality and pivotal/ribbon structures in this setting.

2.1.1. Monoidal r-categories and weakly fusion categories. We begin by recalling the notion
of a monoidal r-category and a weakly fusion category.

Definition 2.1. A monoidal category (C,®, 1) is said to be an r-category if (cf. [20]):

(i) For each X € C, the functor € 3 Y — Hom(1, X ®Y') is representable by an object X*,
i.e. we have functorial identifications Hom(1, X ® Y') = Hom(X*,Y).

(ii) The functor € 3 X — X* € C° is an equivalence of categories, with the inverse functor
being denoted by X — *X.

We say that the monoidal category C is a weakly fusion category over an algebraically
closed field k if € is a finite semisimple k-linear abelian r-category such that the unit 1 is
a simple object.

Remark 2.2. Using both (i) and (ii), it follows that we have functorial identifications
Hom(1,X ® Y) = Hom(X",Y) = Hom(*Y, X)

for any pair of objects X, Y in a monoidal r-category C.
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Note that this notion of r-category is dual to the one considered in [20], namely it
corresponds to the weak duality for the “second tensor product” constructed in op. cit.
§3.1.
Let € be any monoidal r-category. By definition, for each object X € €, we have
Hom(1, X®X*) = Hom(X™*, X*). In particular we have a canonical coevaluation morphism

coevy : I — X ® X*, which we denote pictorially by

X X*

often dropping the unit 1 from the diagram. Using the identification Hom(1,X ® V) =
Hom(X™*,Y) = Hom(*Y, X), any morphism f : 1 — X ® Y corresponds to a unique

morphism f: X* — Y and *f : *Y — X such that we have the equality of morphisms

1 1 1
- *-
X Y X Y

Let us further assume that € is weakly fusion over an algebraically closed field k. Now
by the semisimplicity of € and weak duality, it follows that for each simple object X € C,
the tensor product X ® X* contains 1 as a direct summand with multiplicity one. Hence
the map coevyx has a unique splitting ex : X ® X* — 1, which we denote pictorially as

X X*

ex = \@j such that we have X X* =1.

2.1.2. Rigidity in monoidal r-categories. Let us now consider the notion of rigid duals.
Recall that an object X in a monoidal category C is said to have a left (rigid) dual X* if
and only if the functor X* ® (-) is left adjoint to the functor X ® (-). This is equivalent
to the existence of two morphisms coevy : 1 - X ® X* and evy : X* ® X — 1 denoted
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X* X
pictorially as coevy = /®\ and evy = such that we have
X X

X X* X*

(2.1) X X* = and X* X X* =

R |

We will now see that in a monoidal r-category, the two equations in (2.1) above are in fact
equivalent. In other words, to check rigidity of an object in an r-category, it is sufficient to
only check one of the above conditions.

Lemma 2.3. Let C be a monoidal r-category. Let X € C and let coevy : 1 — X ® X* be
the canonical coevaluation map. Let evy : X* ® X — 1 be any morphism. Then the two
equations in (2.1) are equivalent to each other.

Proof. Let us assume that the first equality holds and deduce the second equality. We need
to verify the equality of two morphisms in Hom(X*, X*). Since € is an r-category, this is
equivalent to verifying the equality of the corresponding morphisms in Hom(1, X ® X*).
The desired equality follows, since using the first equality from (2.1) we obtain:

e

The equivalence in the other direction follows from a similar argument. O

Now let us get back to our setting of a weakly fusion category C over an algebraically
closed field k. For each simple object X we have the coevaluation map coevy : 1T — X®X*,
but we do not know whether the desired evaluation map necessarily exists. But instead
we have the previously defined map e«x : *X ® X — 1 which splits off the corresponding
coevaluation map coev+x : 1 — *X ® X. Hence for each simple object X € C we can
construct the following two morphisms in C:

O N

(2.2) *X X X* and X* X
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Lemma 2.4. Let X be a simple object in a weakly fusion category C. Then the following
statements are equivalent:

(i) The object X has a rigid left dual.

(ii) The first morphism in (2.2) is invertible (or equivalently, nonzero).

(i1i) The second morphism in (2.2) is invertible (or equivalently, nonzero).

Proof. Let us first prove (ii)=-(i). Suppose that the first morphism in (2.2) is an isomor-

phism with inverse § : X* — *X. Define evx to be the composition evy : X* @ X — ooy

*X®X =% 1. Hence by construction, the second equation in (2.1) is satisfied. By Lemma
2.3, the first condition must also hold and we conclude that X* must in fact be the rigid
left dual of X.

To prove (i)=-(ii), suppose that X* is a rigid left dual of X. Hence we have an evaluation
map evy : X*® X — 1 satisfying (2.1). In particular by semisimplicity, 1 must be a direct
summand of X* ® X. Hence we must have *X = X*. Choosing such an isomorphism we
obtain a non-zero morphism *X®X — X*®@X — X, 1 which differs from e« y : *X®@X — 1
by an element of k*. Statement (ii) now follows.

The proof of (i)<>(iii) is similar. O

2.1.3. A criterion for rigidity. We prove the following useful criterion that guarantees the
existence of rigid duals in a weakly fusion category.

Proposition 2.5. Let C be a weakly fusion category. Let M € C be a simple object such
that M @ *M has a rigid left dual. Then M has a rigid left dual.

Proof. Consider the morphism e« ® id«pas : *M @ M ® *M — *M. It is non-zero, since

the morphism coevsy; Qids«pr : *M — *M ® M ® *M is its right inverse. Let us rewrite
this non-zero morphism diagrammatically as below:

Me*M

WLE

*M *M

In the second equality above, we have used the existence of the rigid left dual of the object
M®@*MeC Let f: 1> M®(*M® (M ®*M)*) be the morphism represented by the
red dotted box above. Let f: M* — *M & (M ® *M)* be the morphism corresponding to
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f using weak duality. Hence the non-zero morphism e«;; ® id«p; can be expressed as:

*M
By looking at the blue dotted box above, we conclude that the morphism
M*
must be non-zero and hence an isomorphism. From Lemma 2.4 we conclude that M has a
rigid left dual. O

Finally we deduce the following corollary of the above result:

Corollary 2.6. Let I' be a finite group and let € = @ €y be a I'-graded weakly fusion
yel’
category such that the identity component Cq is rigid. Then C is rigid and hence a fusion

category.

Proof. This follows directly from the proposition above. Let M be a simple object in C,
lying in say C,. Then *M € C,-1 and M ®*M lies in C; which we have assumed is a fusion
category. Hence M ® *M has a rigid left dual. From the proposition it follows that M has
a rigid left dual. Hence C is a fusion category. O

2.2. Braided crossed categories. Let I' be a finite group and let € be a braided I'-
crossed fusion category with unit object 1 as defined in [28, 77]. In particular, we have

a I'-grading € = @ €, and a monoidal I'-action on € such that the action of an element
yel
g € I' maps the component C, to €, ,-1. Moreover, we have functorial crossed braiding

isomorphisms
Bun:M®N S ~(N)@ M for yeT,M €€, NcC
satisfying certain compatibility relations.

Remark 2.7. By Corollary 2.6, rigidity of such a € will follow if C; is rigid and € is a
monoidal r-category.
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Let us denote by Kgas(C) the Q*-algebra obtained from the Grothendieck ring of @
by extension of scalars to Q*, the maximal abelian extension of Q. Then Kgas(€) =

@ Kgav(C,) is a I-crossed Frobenius Q*"-#-algebra as described in [25]. We briefly re-
er

gall what this means. Firstly we have the non-degeneratete symmetric linear functional
v : Kgav(€) — Q* which records the coefficient of the class of the unit [1] in any ele-
ment of Kgan(C). This allows us to identify Kgan(Cy)* = Kgan(C,-1) and hence to identify
Kgan (C)* = Kgab (€) as Kgan (€)-bimodules. Now we have the canonically defined ‘complex
conjugation’ involution of Q®P. The rigid duality on € can be used to define a Q*"-semilinear
anti-involution * : Kga»(€) — Kgan(€). This allows us to define a positive definite Her-
mitian form (a,b) := v(ab*) on Kgas(C). By the results of [30], it follows that Kgan(C) is
a split semisimple Q?P-algebra, in particular all its irreducible complex representations are
already defined over Q2P.

It follows from the braiding isomorphisms that the identity component Kgan(C1) is
central in Kgas (€). For v € T', let P, denote the finite set of (representatives of isomorphism
classes of) simple objects of the semisimple category C,. We will also think of P, as a
Q™ -basis of Kgav(€,). It is an orthonormal basis with respect to the Hermitian form
defined above. Our goal in this section is to describe the fusion coefficients of Kgan(C).
For 71,79 € [A € €,,,B € €, and C € C,,,, the fusion coefficient v§ 5 € Zx is
defined to be the multiplicity of C in the product A ® B, so that we have the equality

[A]-[Bl= Y. v§5-[C]in the Grothendieck ring. Equivalently, the fusion coefficient
CEPy , 7

can be thought of as the multiplicity of the unit 1 in A ® B ® C*, where C* € 672_1%_1 is
the rigid dual of C, i.e. VS’B =v([A]-[B]-[C*]) = dimHom(1,A® B ® C*).

2.2.1. Twisted characters. We will always assume that the grading on € is faithful, i.e.
C, is non-zero for all v € I'. We will also assume that the identity component € is
non-degeneratete as a braided fusion category. Consider an element v € I". Under our
assumptions, the component €, becomes an invertible C;-bimodule category corresponding

(under the equivalence [29, Thm. 5.2]) to the braided autoequivalence 7y : C; =, € induced
by the I'-action on €. Hence we are in the setting studied in [23, 24, 25]. Note that we
also have the braided (7)-crossed category €,y := @ €, C €, where (y) <T" denotes the

gEM)
cyclic subgroup generated by I'. Let us recall the notion of twisted characters that can be

defined in this setting.

We know from [30] that the commutative Q*"-algebra Kgay(€1) is semisimple and split.
Let Irr(Kga» (€1)) be the set of all irreducible representations p : Kga»(C) — Q. The I'-
action on C induces a I'-action on the algebra Kgan(C1) and hence on the set Irr(Kgas (C1)).
If p € Trr(Kgan(€1))?, then we can extend p to a 1-dimensional character p: Kgas(Crpy) —
Q™ (see [24]). The y-twisted character p? : Kgan(Cy) — Q2 is then defined to be
the restriction of p to Kgan(Cy). Using the identification Kgan(Cy)* = Kgan(Cy-1), let
oy € Kgav(Cy-1) be the element corresponding to p7, namely a; := AZ p([A]) - [A*] €

ep,
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Kgan(Cy-1). Note that p?, and hence ) are well-defined only up to scaling by m-th roots
of unity, where m is the order of v in I. We will call either of p7 or o} as the y-twisted
character associated with p € Irr(Kgan(C1))?. For v = 1, we have the well-defined ele-
ment a, := a, € Kgan(€1) for each p € Trr(Kgan(C1)). The following results about these
characters and -twisted characters are proved in [66, 24]:

Theorem 2.8. (i) Let p, p' € Trr(Kgan(C1). Then p'(y,) = 0 if p # p and f, = p(a,) €
Q2" is a totally positive cyclotomic integer known as the formal codegree of p. In other
words, e, := ?ﬁ—p” € Kgan(€1) is the minimal idempotent corresponding to p € Trr(Kgab(C1)).
(ii) For p,p’ € Irr(Kgav(C1)), we have orthogonality of characters, (cp, ) = 0y - f.-
(i1i) Let p € Irr(Kgav(€1))? and oy € Kgav(€,-1) the corresponding ~y-twisted character.
Then for any p" € Irr(Kgas(C1)), we have

0 if o' # p,

Qy-a) =a)-ay :{

P fo-a) ifp=p.

We have a direct sum decomposition

Kgan(Cy1) = @ Qb o) as a Kgab(C1)-module.
peIrr(I(Qab(el))’Y

(iv) For p,p’ € Trr(Kgan(C1))?, we have orthogonality of twisted characters, (az,ag,> =
Oppt * fp- In other words the y-twisted characters {o)|p € Kgan(C1)} form an orthogonal
basis of Kgav(C,-1) made up of eigenvectors for the action of Kgan(C1).
(v) For p € Trr(Kgan(C1))7, let p: Kgav(€yy) — Q™ be an extension. Let n = |(v)|. Then
the formal codegree f5 equals n - f,. Define ey = % Then (€)™ = e,.
(vi) For each v € T, we have |P]| = |Py| = | Irr(Kga» (C1))"].

This result describes the structure of Kgan(€,-1) as a Kga»(C1)-module. Now suppose
we have 41,72 € I'. Then for p; € Irr(Kgab (€1))7, we now describe the product o); - ap; €
Kgan (8751 7171) of the twisted characters. We first consider the case where the pq, p2 above

are distinct. In this case the product of the primitive idempotents e,, - €,, equals zero.
Hence the product o)) - aj} = a); - €p, - €p, - @)1 also equals zero in the case py # pa.

For p € Irr(Kgan(C1)), let T'y < T' be the stabilizer of p under the action of I' and
ep € KQab(el) the associated primitive idempotent. For each v € I',, we have the -
twisted character ;) and the element e} (determined up to scaling by roots of unity). It
follows from Theorem 2.8 that e,Kgas(C) = @ €,Kgar(€,-1) = @ QP - ¢). From this

vel'y vely
I')-graded algebra, we obtain a central extension 0 — QabX —I'y =T, = 0. Our choice

of the elements e} determines a 2-cocycle ¢, : 'y x T’y — Qabx. Hence we obtain

Corollary 2.9. (i) If y1,72 € T, p1 € Irr(Kgan (€1))™, p2 € Irr(Kgav(C1))7? and p1 # p2,
then the product of the corresponding twisted characters a2 - aj)y equals 0.

(i) Let p € Irr(Kgan(C1)) and let y1,72 € Ty Then oy’ - )t = @,p(71,72) - fp - a)p'? and
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hence ezQ 71 Sop('Yla'YQ)
extension 0 — QP — Fp — Ty = 0. Equivalently, for r; € Kga(Cy,) we have the
relation pY(r1)p"?(r2) = ¢p(71,72)p" 2 (r172).

Remark 2.10. Let p € Irr(Kgan(C1)). For any v1,---,7, in the stabilizer ') of p, let

@p(’}/lv e 7771) be such that p’ﬂ <T1> e p’Yn (TTL) = (Pp(’Yla e 77n)p71m’yn (Tl ot ’I“n)- These
scalars will appear in our twisted categorical Verlinde formula. Furthermore, for each pair

p,v) such that v € T', we have chosen the elements e} € Kgan(C,-1) to be such that
P 4 Q ¥

(e))™ =1 where m is the order of 4. It will be notationally convenient to further assume
that we always have e - ez_l = 1. It is clear that such a choice can always be made. This
ensures the equality ¢,(v,77!) = 1.

e)' ", where ¢, is a 2-cocycle corresponding to the central

2.2.2. Crossed S-matrices. Let us now suppose that the braided I'-crossed fusion category
C is also equipped with a ribbon structure. In particular, €; is a modular fusion category
and each € is equipped with a €;-module trace. Hence the trace of endomorphisms in C,
and hence categorical dimensions of objects in € are now well-defined. In this setting we
can define a P, X P]-matrix S7 known as the unnormalized y-crossed S-matrix as follows.

For each C' € P/, let us choose an isomorphism ¢ : v(C) = Casin [23, §2.1]. For
M e P,,C € P/, we set

Be,m Bm,c

‘§7\4,C:tr(c®M M®C—>’Y(C)®MMC®M),

Remark 2.11. The 7-crossed S-matrix as defined above is the transpose of the crossed
S-matrix defined in [23]. Also in op. cit. the first author only deals with unnormalized
crossed S-matrices as defined above, whereas in the current paper we will mostly work with
the normalized unitary crossed S-matrix as defined in Definition 2.13 below. This explains
the differences of notation in the categorical Verlinde formula of the two papers.

In the presence of the ribbon structure, we have the unnormalized S-matrix S of the
modular fusion category €;. Using this S-matrix, we can identify Py = Irr(Kgan(C1)) as

follows: Py 5 C'+— (pc : [D] — (i’r:’n Tmd), i.e. the S-matrix is essentially the character table of

Kgan(Cp). Similarly, the v-crossed S-matrix is essentially the table of y-twisted characters
(see [23, 24]):

SY SY SY
Theorem 2.12. (i) For M € P,,C € P} the numbers dlxc = 2L gnd 22L& = E gre

SW dimC 51 c
SW
cyclotomic integers. For C € P{ the linear functional pl : Kgan(Cy) — Q% [M] > &

is the y-twisted character assoczated with pc € Trr(Kgan(C1))7.
(ii) The categorical dimension dim Cy is a totally positive cyclotomic integer. We have

~ =T = ~
S7T-57 =57 ST =dimC; -]

For C € Py, the formal codegree fo = f,. of the corresponding character pc equals the
dim G4
dim?C”

totally positive cyclotomic integer
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Definition 2.13. We choose a square root v/dim €1 and define the normalized ~y-crossed

_ . v o 1 . ~'Y . v o Y . . . .
S-matrix to be S7 := Jame S7. The matrix S7 is a P, x P’ unitary matrix with entries
in Q@b.

2.2.3. A twisted Verlinde formula. We will now state and prove a Verlinde formula for
braided I'-crossed categories. For 71,72 €I', A€ P,,,B € P,,,C € P, ,, we will compute
the fusion coefficient VX p in terms of the crossed S-matrices, or equivalently, in terms

of the twisted character tables. By the rigid duality, it is clear that ug’ B = I/g:’ Ax =
dimHom(1,A® B® C*) = v([A] - [B] - [C*]).

More generally, let v1,--+ , v, € I with ~1 -+ - v, = 1. We will in fact prove an n-pointed
twisted Verlinde formula to compute dimHom(1,4; ® --- ® A,,) = v([41]---[Ay]) for
A; € P,,. We will use the following:

Lemma 2.14. Let vy, -,y €I and let A; € C,,, so that A1 ®---®A,, € Cy,...n,. Letp €
Irr(Kgan (€1))7 7 be such that (the 1 - - - yn-twisted character) p? 7 ([A1]---[As]) # 0.

Then p € Irr(KQab(el))<’717"'7'Yn>'

Proof. Consider any A € Cy.. Then by the crossed braiding isomorphisms, for each i we
have A (A1 ®@ - RA) 2 (AR - RA)RAZ (y1-7)(A)® (A1 ®---® A;). Hence

for each i
AR A ® - @A = (11 7)(A) @A ® - ® Ay as objects of Cyy..ryy -
Hence p" " ([A] - [A1] - - [An]) = p 77 (1 -+ ) [A] - [Aa] - - - [An]). Hence
p([A]) - 7 ([Aa] -+ [An]) = p(ya - - wlA]) - o7 ([Ad] -+ - [An]).-
Since we have assumed that p? "7 ([A;]---[Ay]) # 0, we conclude that

p([A]) = p(y1 -+ 7l A])
(

for any A € €y and 1 <4 <n. Hence p € Trr(Kga»(C1))?7 for each i. Hence we conclude
that p is fixed by each ~; as desired. O

Theorem 2.15. (Categorical twisted Verlinde formula.) Let vi,--- , vy, € T' with the con-

dition y1 -+ -y = 1. Let A; € C,, for 1 <i <n. Then

(1)

p7 ([A1]) - - - 7 ([An])
fp : ‘Pp('}’la “Yn)

)

dimHom(1,4; ® ---® A,) = Z
pelrr(KQab (61)) m)

where f, is the formal codegree and ¢,(y1,--- ,vn) are the scalars defined in Remark 2.10.
(it) Now let A; € P, be simple objects. If C is equipped with a ribbon structure, then in
terms of the crossed S-matrices we have

Y1 Tn
SapSA D
(n—2)

dimHom(1,4; ® --- ® A,) = Z

pepi “ep(y157 )

y S1,D
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Proof. To prove (i), observe that in the Frobenius *-algebra Kga»(C1) the unit
o'
1= £
2.
pelrr(K@ab (el))

is expressed as a sum of the minimal idempotents. Using the fact Kgab»(C1) = Kgab(C1)*,

this translates to the equality v = > fﬁ in Kgab(C1)*. Hence
pElrr(Kgan (€1)) ™
dimHom(1,4; ® ---® A4,) = v([A1]---[4n))

_ T P[] - [An])
pEIrr(KQab ((‘31)) fP

- Z p([Al]}“ An) (by Lemma 2.14)
pElre(K yap (€1)) 71+ m) P

) > (A1) o (4]

PEIrr(KQab(el))Wl»”'7’m> fp . (pp(’h, )

The last line follows from Remark 2.10. Now to prove (ii), observe that in the ribbon

setting we have a I'-equivariant bijection Py = Trr(Kga»(C1)) denoted by D <+ pp. By
) s

Theorem 2.12 and Definition 2.13 for each D € le’ ) we have ph([Ai]) = S?ff and

the formal codegree fp = f,, = jfn‘?z% = (SnlD

2 Statement (ii) now follows from (i). O

2.2.4. A higher genus twisted Verlinde formula. In order to motivate the higher genus
Verlinde formula for twisted conformal blocks, let us derive a categorical version of such a
formula. Let a,b € I'. For a simple object A € P,, b(A*) is a simple object of Cp,-1p-1.
We define the object

(2.3) Qap = P A®D(AY) € €y, where [a,b] = aba™"b"".
AeP,

Lemma 2.16. Let a,b € ' and let p € Irr(KQab((‘fl))[a’b} be a character fized by the
commutator [a,b]. Then

o
p[a’b] ([Qa,b]) = (pp(a7 b7 a_17 b_l)
0 else.

if p e Irr(KQab(Gl))<“’b> (see Remark 2.10)

Proof. We have pl®([Q,]) = pl®! < > 4] b[A*]) = 3 pla¥([A]-b[A*]). By Lemma
A€P, A€eP,

2.14, if pl*®] ([A] - B[A*]) # 0 for some A € P,, then we must have p € Irr(K@ab(61))<a’b“71b71>.
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Otherwise each individual term in the summation and hence p[a’b]([Qa’b]) must be zero.

Hence let us assume that p € Irr(KQab(@1))<a’bailbfl>. In this case we get
1b71 lbfl %
P ( P ° b)({A"])
20 A - Y LIV oD
i (a, ba b1 i (a, ba b—1)

Recall that here p?*~ LA Kgan (Cpg-1p-1) — Q% is the restriction of some choice of
character

pPa 7 Kgan (Cpg-1p-1y) — Q" extending p : Kgan(C1) — Q.
Hence pb*™'*™" 0 b : Kgan(€C-1y) — Q" is a character extending p o b : Kgab(€1) — Q.
Hence the composition p®® '*" ob : Kgav(Cq-1) — Q7 differs from the chosen twisted
character (p o b)“_1 by some |(a)|-th root of unity. Hence by the orthogonality of twisted
characters (Theorem 2.8(iv)) and (2.4), we get that pl®®([Q,]) = 0 if p # pob. In other
words, we have proved that if pl®t ([, ]) # 0, then we must have p € Irr(KQab(Gl))W’w.
Hence now suppose that a,b € I',. Again by the twisted orthogonality relations we have
S p([A)]) - p([A]) = 32 p(A)) - p (A7) = fo- Also using Remark 2.10, we have
€P, AEP,

ba~1b~1 ob= Pail
p BRIk
Finally using Theorem 2.15 and Lemma 2.16 we obtain the following higher genus cat-
egorical Verlinde formula:

Combining with (2.4) we complete the proof of the lemma. [

Corollary 2.17. Let g, n be non-negative integers and let ai,--- ,aqg,b1,--- ,bg,m1, -, my
be elements in I' that satisfy the relation [a1,b1]---[ag,bg] - m1---my = 1. Let I'° < T be
the subgroup generated by a;,bj, m;. Let M; € C,,,. Then

dim Hom(1, Qg ® -+ @ Qg p, @ M1 @ - @ Mp)
> (£)97" - ™ ((My]) - - ™ ([M,,))

-1 3—1 :
o @p(al)blaal 7b1 sttt My, 7mn)

pEIrr(KQab (€1))
If € is equipped with a ribbon structure and if M; € Py, are simple then
dim Hom(1, Qg 4, ® -+ @ Qg p, @ M1 @ - @ My,)

1 n+2g—2 Sml Smn
(sn,D) "PMLD PO M,,D

-1 3—1 '
(ahblaal abl a""mlv"'amn)

DeP® ¥D

Remark 2.18. The fundamental group of a smooth complex genus g curve with n punc-
tures has a presentation <a17 Bla cr, Qg /Bga Yy >7n|[a17 Bl] T [agv th/l o Un = 1> Hence
the choice of the elements a;,b;, m; € I' in the above corollary is equivalent to the choice
of a group homomorphism from the fundamental group to I'.
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3. TwWISTED KAC-MOODY LIE ALGEBRAS AND THEIR REPRESENTATIONS

Our goal is to apply the Verlinde formula for braided crossed categories to conformal
blocks for twisted affine Lie algebras. We first recall following Kac [53] some notations and
facts about twisted Kac-Moody Lie algebras and their representations. Our notations and
conventions will be similar to [53, 46], with key differences at some places.

3.1. Twisted affine Lie algebras. Let v be an automorphism of a finite dimensional
27'r\/7
simple Lie algebra g of order |y|. We fix a |y|-th root of unity € := e 1l of unity and

then we have an eigen-decomposition g = PIO g;, where

gi = {X e gh(X) = €X}.
In particular gy (also denoted by g”) is the Lie subalgebra of g invariant under 7. The

automorphism v induces an natural automorphism ~ of the affine Lie algebra Z(g) =
g ® C((t)) ® Ce. The Lie bracket given by the formula

[X®f,Y®g]:[X,Y]®fg—|—(X,Y) Resi—o gdf - c, [C7i(g)]:07

where (, )q is the normalized Killing form on g such that (0 0) = 2 for any long root 6 of g.

We define the twisted affine Lie algebra L(g v) = (L(g))”, where v acts on C((t)) by
the formula v(t) = e~ 't. Using the eigen-decomposition of g, we get

L(g,7) = ol tg @ A; o Ce,

where A; = {f(t) € C((t))|7(f(t)) = e if(t)}. The classification [53, Proposition 8.1] of
finite order automorphisms of g tells us:

Proposition 3.1. Let vy be an automorphism of g of order |y|. Then there exists a Borel
subalgebra b of g containing a Cartan subalgebra by such that

2my/—1 B,
m

where o is a diagram automorphism of g, such that we have the following:

~v = oexp(ad

Both v and o preserve ly.
h is a element of the subalgebra of b fixed by o.
o preserves a set of simple roots I = {af, ...
1 <17 <rankg.

27y/—1
d ==h)

rankg} and of(h) € Z for each

e 0 and exp(a commute.

Now we know that diagram automorphisms of finite dimensional simple Lie algebras
have been classified and the order m of ¢ is in the set {1,2,3}. Now suppose v and o are
related by Proposition 3.1, then m divides |y|. By assumption, we get that € := ehl/m g
an m-th root of unity. Consider the following natural map

ol

(3.1) Gon : L(9,0) = L(g,7), X[F] = X[tm7™H], c = c,
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where X is an €/-eigenvector of g and a k-eigenvector for exp(ad %T v71]2). By Proposition
8.6 in [53], we get that the map in Equation (3.1) is an isomorphism of Lie algebras. Thus
we are reduced to the case of studying twisted affine Lie algebras when ~ is a diagram
automorphism of g.

3.2. Twisted affine Kac-Moody Lie algebras. Let Xy denote a type of finite dimen-
sional complex Lie algebra of rank N (as in the classification in [53]) and the associated Lie
algebra is g(Xu). Similarly, let X](Vm) be the affine Kac-Moody Lie algebra associated to a

diagram automorphism v of g(Xy) of order m. The affine Kac-Moody Lie algebra of type
XJ(Vm) will be denoted by g(X](Vm)). Our numbering of the vertices of the Dynkin diagram
of g(Xn) and g(X](Vm)) is the same as in [53].

Let $ be a Cartan subalgebra of g(X](Vm)) and let H* denote its dual. Denote the set
of simple roots [[ = {ag,a1,...,ax} and the simple coroots [ = {ay, .. .,a)}. The
triple (9,11, 1IV) forms a realization of the affine Kac-Moody Lie algebra g(Xj(Vm)). Since
we have fixed our numbering on the set of the vertices of the Dynkin diagram of X](Vm), we
let ag,...,an be the Coxeter labels and af, ..., a) be the dual Coxeter labels of the affine
Lie algebra g(X](Vm)). We refer the reader to Page 80 in [53] for a list of the Coxeter and
the dual Coxeter labels. The root lattice and coroot lattice of the Kac-Moody Lie algebra

will be denoted by Q and QV respectively. The center of the affine Kac-Moody Lie algebra,

v

g(X](Vm)) is one dimensional and is generated by the element K := Zfi oa; ). Similarly

consider the following:
1) 6:= 3N aa; € H*.
(2) 6:= 3N ao.
The following result can be found in [53, Proposition 6.4]

Proposition 3.2. The element 0 defined above can be explicitly described as

(1) If m = 1, then the element 0 is the unique longest root of g of height Zl]\il a;.
(2) If m = 2 and XN = Agy, the element 0 is the unique longest root of § of height
Zﬁ\; @;-
(3) If m # 1 and X # Aoy, then the element 0 is the unique shortest root of maximal
- N
height > ;" a; — 1.
3.2.1. Normalized Invariant Bilinear form. We now describe the induced normalized in-
variant bilinear form on $ and $H*. First, we fix an element d € $ which satisfies the
conditions a;(d) = 0 for 1 < i < N and ag(d) = 1. Such an element is defined up to a
summand by K. The element o, ...,a),d form a basis of the Lie algebra ). We describe
the normalized form on 9. It is given by the following formula: (see Page 81 in
[53]):
(1) Kg(xl(vm)(aiv’ af) = az‘j%@, where a;; are the entries of the Cartan matrix ofg(X](Vm)).
af,d)=0,for 1 <i<N.

a(x ™)
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Vv — —

The form & is non-degeneratete and it induces an isomorphism v,

(m) (m)y © N = H.
a(Xy) (XN
We now describe the induced form on $*. Let Ay be an element in $* defined by the
equations:
Ao(e)) = 8; for 0 < i < N,and Ag(d) = 0.
Thus once d is fixed, the element Ag is uniquely determined. Now we get a basis of h*

given by «q,...,an,Ag. The invariant normalized bilinear form Koy is given by the
N

following;:
4

a;
(1) Hg(Xj(Vm))(Oéi,Oéj) = Qij-
(2) ng(Xl(Vm)(ai,Ao) =0 for <i<N.

— -1 —
(3) HQ(XJ(VW))(O[(M AO) - a’O and /{B(Xj(\fm))(AO’ AO) - 0

3.2.2. Horizontal subalgebra and weight lattice. We denote the finite dimensional Lie alge-
bra obtained by deleting the 0-th vertex of the Dynkin diagram of g(X](Vm)) by g. Let b
denote the Cartan subalgebra of g. Clearly b is generated by the coroots oy, ..., a). Let

Q(g) (resp. QV(g)) denote the root lattice (resp. coroot lattice) of g and A denote the
positive simple roots of g.
For 1 <i < N, we define the affine fundamental weights A; that satisfies the equation

Ai(a}/) = 0;j. Then we can write A; in terms of its horizontal projection as follows:

Then Ay, ..., Ay are the fundamental weights of the horizontal subalgebra g.

Remark 3.3. The numbering of the vertices of the Dynkin diagram of g as in [53] may

not extend to a number scheme of the Dynkin diagram of g(X](Vm)). Hence we might need

to reorder the set Aj,..., Ay to match up with the usual conventions for g.

3.2.3. Level {-weights. The weight lattice P is the Z-lattice generated by Ag, ..., Ay. Sim-
ilarly let us define the set Pe(g(X](Vm))) of dominant integral weights of level ¢ as follows:
Pla(xU™)) = {A e P|A(a)) > 0 for all 0 < i < N and A(K) = £}
The set of irreducible, integrable, highest weight representations at level £ of the affine
Kac-Moody Lie algebra g(X](Vm)) is in bijection with the set Pé(g(X](Vm))). If m = 1, then
the set Pf(g(X](\})) will often be denoted by Py(g). The following Lemma is easy to prove:

Lemma 3.4. Let Py (g) denote the set of dominant integral weights of g, then

P! (a(X§")) = (A € Pr@)lr o) (A.0) < 03,

Proof. The numbering of the vertices of the Dynkin-diagram of g(X](Vm)) guarantees that

ay =1. If A = Zfi o biA;, then using the explicit description of the form Ry we get

(X](Vm))7
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MK) =aybo+---+a}by = £. This implies that Pe(g(XJ(\,m))) is in a natural bijection with
the set B
(A= bk € Py(§)layby + -+ afby < £}
i=1

Now again by the definition of  and & , _ (m)., (A, 0) = aiby + -+ aXbn.
g(Xx ") Xy

Hence the result follows. OJ

t
we get K

We refer the reader to Section 8 for an explicit description of the set P* (g(X](Vm))).

3.3. Twisted affine Lie algebras as Kac-Moody Lie algebras. Let v be a finite order
automorphism of g and ¢ a diagram automorphism related to « as in Proposition 3.1. The
map ¢y~ gives an isomorphism of Lie algebras E(g, o) ~ E(g,v). Now following [53], we
relate L(g, o) with the affine Kac-Moody Lie algebra g(X](Vm)). Let d' be a derivation on
L(g) which acts on g ® C((t)) by t% and commutes with ¢. We extend L(g, o) by d' and
denote it by E(g, o) x Cd'.

We only restrict to the following cases, when o is non-trivial. Let ¢ = 0 when in cases

TABLE 1.
Case\ XN \ o \m\ g H g
1 Aoy, n > 2 14> 2n—1 21 C, | B
2 Aoy 1,n>3 | i2n—1—14 |2 |Ch | Cp
3 Dpy1,n>4 nsn—1 2 | B, || By
4 Dy 1-4—-3—>1|3 G2 GQ
9 E6 1(—)5,2(—)4 2 F4 F4

2-5 and € = N in the case 1 from the above table. We define the set I := {0,..., N}\{e}.
In each of the above cases, [53, Section 8.3] constructs elements H;, F;, F; (indexed by
{0,...,N}) in the Lie algebra g(Xy) and an element 6y in b such that

(1) E;, F; for i € I are Chevalley generators of g°.
(2) Roots «; for i € I of the Lie algebra g°.
(3) An abelian subalgebra $ = h? @& Cc @ Cd’ of L(g,0) x Cd'.

The following result can be found in [53, Proposition 8.3, Theorem 8.3]

Proposition 3.5. Let 1T = {a. := 0 — 6y, vj, where i € I}, where 6 € h* be such that
6(d') =1 and 6(h” © Cc) = 0. Moreover let II' = {a := {*c + He, o} = H;j, where i € I}.

Then the triple (9,11, 11") gives a Kac-Moody realization of type g(X](Vm)).

3.4. Modules for twisted affine Lie algebras. For any finite order automorphism ~,
let P%(g,7) be a subset of P, (g?) parametrizing the set of integrable, irreducible highest
weight representations of L(g, ). By Proposition 3.5, we get a natural bijection

(3.3) P'(g,7) < Pla(x{")).
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We also refer the reader to [46, Section 2] for an alternate description and construction. For
A € PYg,7), let Vi denote the highest weight irreducible module of g7 of highest weight
A. Similarly, we denote the highest weight irreducible integrable modules by Hx (g, ) (also
by H, if there is no confusion). They are characterized by the property:

(1) Vx € Ha(g,7)-
(2) The central element ¢ acts on Hy (g, ) by multiplication by £.

In an upcoming section, we give a coordinate free construction of the modules Hy(g, ).

4. SHEAF OF TWISTED CONFORMAL BLOCKS

In this section, we give a brief coordinate free construction of the sheaf of twisted con-

formal blocks ([31], [39],[46],[76],[75]).

4.1. Family of pointed I'-curves. Let T be a smooth variety and consider a proper,
flat family 7 : C — T of curves with at most nodal singularities. Let I' be a finite group
that acts on C such that the map 7 is I' equivariant. Let the quotient 7 : C = C /I =T
be the induced family of curves over T. The genus of the fibers of m and 7 are related
by the Hurwitz formula. We further choose mutually disjoint sections p = (p1,...,pn)
(respectively p = (p1,...,Pn)) of T (respectively 7) such that
(1) We have pr(p(t)) = p(t) for all points t € T, where pr : C — C' is the canonical
quotient map.
(2) The points p(t) are all smooth.
(3) For any t € T', the smooth branching points of the I'-cover C; — C; are contained
in U?lei(t). N
(4) For any point ¢t € T, the data (Ct, Ct, p(t), p(t)) is a n-pointed admissible I'-cover
in the sense of [51].
(5) We assume that C \ T - p(T) is affine over T.
Let m = (mq,...,my,) € I'™ be the monodromies around the sections p, in other words
for all 1 < ¢ < n, m; is the generator of the stabilizer I'; < I of p; determined by the
orientation of the curve.

4.2. Coordinate free highest weight integrable modules. We start with a family of
pointed I'-curves satisfying the conditions in Section 4.1. Let Jg (respectively J5,) be the

ideal of the image of p (respectively p;) in C. Let O~13 be the formal completion of O
along the image of p; and iKC ~ be the sheaf of formal meromorphic functions along p;.
Observe that if I'; = (m;) denotes the stabilizer in I" of p;, then I'; acts on Xe 5,- We define
the coordinate free twisted affine Lie algebra as

(4.1) ﬁﬁi = (g ® :Kaﬁi)ri ® Orc,

Suppose pj, 1= (g ® 66 ﬁ_)ri @® Orpc. For \; € P!(g,T;) := P'(g,m;), let V3 denote the g
module of highest weight A. We let (g ® 0) & 5_)“ act on V), via evaluation at p; and ¢ acts
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on V) by multiplication by ¢. Thus /ﬁ@. act on V). We denote by M), 5, = Ind%’j V. It

Pq
follows that M), 5, admits a unique irreducible quotient which we denote by Hy, 5.
Remark 4.1. If T is a_point andAwe choose formal coordinates around p;, we get an
isomorphism of gz, with L(g,I";) = L(g, m;). Under this isomorphism H, 5, gets identified
with g‘f/\(g, Fz)

r
Consider the Lie algebra gp, = (g ® ( ® X5 ;7<)) @ Cc. This is canonically
pepr—t(p) '
identified with gz,. Similarly consider the sheaf of Lie algebras aé,p = (®]_18p, )/ Z,where
Z is a subsheaf of @' ;Orc consisting of tuples (f1,..., fn) such that f; +---+ f, = 0.

4.2.1. Sheaf of twisted covacua. Let X = (A,...,An) be an n-tuple of weights such that
each \; € P%g,T;). The sheaf H; = Hy, 5 ® - ® H,, 5, of Opr-modules is also a
representation of the sheaf of Lie algebras ﬁ(j . We define the sheaf of twisted covacua to
be

V5 1(C,C,p,p) = Hy/(g ® O5(+I'.p)) H,

where I'.p denotes the union of the I" orbits of p; for 1 <4 < N. Similarly we define the
the sheaf of vacua as

Vi (CL0,B,p) = {(¥] € HY[(¥|X[f] = 0, for all X & f € (38 O5(+"5))"}.

We now recall some basic properties of the sheaf Vy F(CN' ,C,p,p).

4.3. Properties of twisted Vacua. It can be shown that both er(é, C,p,p) and
VTxr(é,C, p,p) are coherent Op-modules [71, Lemma 2.5.2] which are compatible with

base change ([46]). Moreover like in the untwisted case, Hong-Kumar [46] (under the as-
sumption that I" preserves a Borel subalgebra of g) show that the sheaf VTX F(C’ ,C,p,p) is

locally free and V;F(a, C,p,p) and er(a, C,p,p) are dual to each other. We also refer

the reader to [72], for a more general statement on the interior of ﬁ;n.
Let q = (¢1,--.,qm) be m-sections of 7 : C — T marking étale points of the I'-cover
C — C and let q be a choice of lifts to C'. This data endows the family C' — T as a

n + m-pointed I'-cover with monodromy data m’ = (m, 1,...,1). Then we have following
[39, 46]:

Proposition 4.2. Let 0 = (0,...,0) € Py(g)" and assume that T' preserves a Borel sub-

algebra of g. Then there is a natural isomorphism between Op-modules VXF(CV’, C,p,p) ~

VXuG,F(
different choices of the étale points chosen.

C,C,puq, pUdq). Moreover these isomorphisms are compatible with each other for
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4.3.1. Descent data. Following the discussion in [31], we use Proposition 4.2 to drop the
condition that C'\ I'- p(T) is affine. Let C — T be a family satisfying conditions 1-4
in Section 4.1. We can find an étale cover T" of T" and m-sections marking étale points
q (respectively q) of the induced family C’ such that it satisfies all the conditions in

Section 4.1. Thus we can associate a sheaf Vs (C, C,pUq,plq) onT'. We can define

0,0
VX,F(C7 C,p, p) to be the natural descent of V,\uo r(
4.2. The same discussion (see Proposition 2.1) in [31], tells us that the Vy .(C,C,p,p) is

independent of the choice of the étale cover of T of T'. Thus, we get a well defined sheaf of

C, C,pUq,plq) given by Proposition

covacua Vy . on the moduli stack ﬂ;n (m) of n-pointed admissible covers defined in [51]
(see also Appendix A).

4.3.2. Factorization. Let C — C — T be a family of stable n+2 pointed stable covers with
group I'. Let p’ = (P, ¢1,¢2) be the n + 2 sections such that the monodromies around the
sections g1 and gy are inverse to each other, say v and ~~! respectively. Then identifying
the family C along the sections g; and g2, we get a new family of stable n-pointed cover
of curves D — T with group I' along with n-sections p. Assume that I' preserves a
Borel subalgebra of g. Then by the factorization theorem in [46], we have the following
isomorphisms of locally free sheaves on T'.

Proposition 4.3.

Vir(D.D.Bp) = B Viy,r(C. OB, P)
HEP(g,7)
4.3.3. Global Properties. We continue to assume that the group I' preserves a Borel sub-
algebra of g. The bundles of twisted covacua are compatible with natural morphisms on
M;n(m) which we state below.

Proposition 4.4. Let X be an n-tuple of weights corresponding to m and let V5 . denote the

sheaf of twisted covacua on ﬁ;n(m), where m = (mq,...,my) € I'. Then the following
holds:

(1) Assume that for some i, we have m; = 1, \; = 0 and that (g,n — 1) z's a stable

pair. Consider the natural forgetful stabilization map f; : En( ) — Mgn 1 (m')
obtained by forgetting the point p; (and contracting any unstable component), then
there is a natural isomorphism

Vir= ~ [ V5, I
where N (respectively m') is obtained by deleting \; = 0 (respectively m; = 1) from
A (respectively m).

—T _
(2) Let 5172,7 : Mglﬂlﬁ-l(ml’ ) X M92 712-&-1(In2”y 1) - M91+92 N1+n2(m1’m2) be the
morphism obtained by gluing two curves of genus g1 and go along the last marked
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point with monodromy v and Yy~ then there is a natural isomorphism

* ~ —_ —_
517277VX,F - @ V,\',r X VA”,F’
neP(g,y)

where N = (A1, ..., Angs i) and X' = (Anyats - - Angs 1),

~—I L . . .
(3) Let & : Mg_1,n+2(m,%7_1) — M, ,(m) be the morphism obtained by gluing a
curve along two points with opposite monodromies. Then there is a canonical iso-

morphism
* ~ o
&Vir = @ V/\Ll{mu*},l“'
HEP(g,7)
Moreover these isomorphisms induced by &12,, fi and &, are compatible with each other.

Proof. The second and the third part of the proposition follows directly from Proposition
4.3. We now discuss the proof of the first part which is similar to the discussion in Section
2.2 of [31].

Let C — Thea family of stable n+1-pointed covers with group I' and p are the sections.
Assume that the points in the fibers of C — T marked by the n + 1-th section in p are
always étale. Let X = (A1,..., Ant1) be such that A, = 0 in Ps(g). Then the forgetting
the n + 1-th section, gives a family of n-pointed I' covers which may not be stable. To
make the new family stable, we have to contract unstable components to a point. Hence
two situations can occur.

First we can contract a rational curve that has two marked points and p, and p,1 and
meets the other component E at a nodal point ¢q. In the case after stabilization we obtain
the curve E is smooth at ¢ and we declare ¢ to be the n-th marked point p,. Secondly
we can contract a rational component which has one marked point p,1; and meets the
other components F; and FEs at two distinct nodal points ¢q; and go. In this case, after
stabilization we get a curve obtained by joining F; and FEs by identifying ¢; with ¢2. We
refer the reader to Section 2 in [51] for more details on these stabilization morphisms. Now
in both these cases, part (1) of Proposition 4.4 follows from Proposition 4.3 and Lemma
4.5. O

Lemma 4.5. Let m = (v,7 1, 1) € I3 and X = (\,\*,0), where A € P7(g,~). Assume
that the marked points p are in the same connected component of C. Then the fibers of the
vector bundle VXF(C,IP’l, P, p) restricted to such points are one dimensional.

4.3.4. Equivariance with respect to permutations and conjugation. As before let m =
. . ~T
(m1,--+,my) € I and consider the moduli stack M, (m). Let o € S, be a permu-

. . o . . T
tation. Then permutation of the marked points induces an isomorphism &, : M, ,, (m) —

ﬂ;n(mg), where m, := (ma(i), C Mg(yy). If X = (A1, -+, An) is an n-tuple of weights

with \; € Pe(g,mi), we set A\, to be the permuted weights. Then we have a natural
isomorphism between the sheaves of covacua

(42) VX,F ~ g;VXmF.
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Now let v = (71, ,7) € I'™. Let Ym = (™my,--- ,7"m,) be the conjugated n-tuple,
where Yim; = ymry; 1. Then acting on the marked points p in C by 4 induces an
isomorphism &, : M, ,(m) = M;n('ym). If X = (AL, ,An) is an n-tuple of weights as

before, then we obtain the weights 4 - X with y; - \; € P%(g,"m;) (see also Section 7.1.1).
Then we have a natural isomorphism between the sheaves of covacua

(4-3) VX,F = S;V')'-X,F'

Combining the two above equations, we see that the sheaves of covacua are equivariant
for the action of the wreath product S,, X I'" on the moduli stacks of pointed admissible
I"-covers.

~T
5. ATTYAH ALGEBRA OF THE TWISTED WZW CONNECTION ON M, ,

~T
As described in Appendix A, let M, be the moduli stack of n-pointed admissible I'-
covers of genus g stable pointed curves along with a choice of local coordinates around the

marked points. Let 7 : C'— C be a I'-cover of nodal curves and let p = (p1,...,pn) be a
sequence of n-distinct points of C' and p be a lift of p to C.
Let z = (Z1, ..., 2,) be an n-tuple of formal special coordinates of p and z = (z1,...,2y)

denote an n-tuple of formal coordinates of p. The local coordinates z and z are related
by the formula z; = EZNi, where NN; is the order of the stabilizer of I'; at the points p;.

. I . . . . .
More precisely, the functor M, along with a choice of formal special coordinates will

n

~T _
be denoted by M, ,. Similarly, we denote the functor M; along with a choice of one-

n

~T
jets along the marked points by M, ,,. Let m = (mq,...,my) be an n-tuple of elements

of I'". The coherent sheaf of twisted conformal blocks on ﬁg’n(m) along with choice of
formal coordinates will be denoted by \7} F(é ,C,p,p,z). We refer the reader to [46, 72, 79]

for more details. By taking invariant pushforward, the coherent sheaf V;F(é’, C,p,p,z)

~T ~
descends to a coherent sheaf on M ,,(m) which we denote by \7} F(C ,C,p,p, V). Moreover

~ ~T
the coherent sheaf VTX F(C’ ,C,p,p,V) on ﬁgm(m) carries a flat projective connection with
~ ~T

logarithmic singularities along the boundary A, r of ﬁg’n. Following the construction of
the twisted WZW connections and the Virasoro uniformization theorem in [72], we describe
the Atiyah algebra of this projective connection. The corresponding result in the untwisted
case is due to Tsuchimoto [75]. In this section, we do not assume that I" preserves a Borel
subalgebra of g.

5.1. Atiyah Algebras. In this section, we recall the basic notion of Atiyah algebras from
[11, 18, 75]. Let E be a vector bundle of rank r on a smooth projective variety X. We
denote by D=!(E) to be the sheaf of differential operators of E of order at most 1
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Definition 5.1. The Atiyah algebra Ag of E is the subsheaf of Lie algebras of D<!(E)
such that the symbol map restricted to Ag surjects on to © x ®id, where O x is the tangent
sheaf of X. The Atiyah algebra Ag can be put in an short exact sequence of sheaves of
Lie algebras of Ox-modules:

0— &ndp, (E) - Ap - Ox ®idg — 0.

Definition 5.2. Let R be a sheaf of associative Ox-algebras endowed with the obvious
non-trivial Lie bracket. An R-Atiyah algebra consists of the following data:

e A Lie algebra extension A of the tangent sheaf ©x by Ox-module R, also known
as the fundamental exact sequence: 0 - R — A — Ox — 0.
o A left Ox-module structure on A compatible with the Ox module structures on R
and Ox. For these structures the following identities must hold:
— [, ab] = [, a]b + ala, b],
— |o, f] = €(a)(f), where a € A, f € Ox and a,b € R.

It was observed in [18] that R-Atiyah algebras form a category where the objects are
Atiyah algebras and morphisms are maps of Lie algebra extensions.

5.1.1. Operations on Atiyah algebras. We will be focusing on Atiyah algebras where R =
Ox but we will need some fundamental operations on Atiyah algebras which we recall
below.

(1) (Functoriality) Let A be an R-Atiyah algebra on Y. If X — Y be a map of
smooth varieties, then f*(R) = f~'R ®f-109, Oy. We define the pull back of A by
f’(.A) =0y X f+0y f*(.A)

(2) (Ox-Atiyah algebras) We set R = Ox and we consider the following:

(i) Let A; and Ag be two Atiyah algebras, we define the sum

A+ Az = (A1 xe A2){(f, —f)If € Ox}.
(ii) For A € C, we define M = (Ox & A)/(A\,1)Ox. The fundamental exact

sequence of the Atiyah algebra AA is the following: 0 — Ox L) AS
C) x — 0.
(3) (Action on coherent sheaf) Let E be a coherent sheaf on X and A be an O x-Atiyah
algebra. We say that we have an action of A on FE if the following are satisfied:
(i) Each section of A acts on E as a first order differential operator.
(ii) The principal symbol of « consider as a first order differential operator coin-
cided with €(a) ® idg.
(iii) Let f € Oy, then the action of A restricts to multiplication by f.
(4) Let A be an Atiyah algebra acting on a coherent sheaf E on X, then the following
holds:
(i) E is locally free coherent sheaf.
(ii) The Atiyah algebra A is canonically isomorphic to ﬁﬂdet g, where rk(E)
is the rank of the locally free sheaf E.
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5.2. Atiyah Algebras with Logarithmic singularities. Let X be a smooth variety and
D be a normal crossing divisor. Let ©x p be the subsheaf of vector fields that preserve
the divisor D, i.e

O©x,p(U) :={s € Ox(U)[s(Ip(u)) € Ip(u)},
where Jp is the ideal sheaf of the divisor D, U is an open set of X. If A is a Atiyah algebra
over X, we define a log D-Atiyah algebra A(logD) := ¢ }(Ox p) C A.

If (A, R) and (B, S) are two Atiyah algebras, then we can call a morphism with logarith-
mic singularities at D, or simple a log D-morphism between A and B to be an Ox-linear
Lie algebra map f : A(logD) — B(logD) such that f(R) C S is an algebra map and the
induced map A/R — B/S is an identity on ©x p.

Let A = Ag, and B = Ag, where FE is a vector bundles on X. A log D-morphism is the
same as an integrable connection on E with logarithmic singularities at D. Let A be any
Ox-Atiyah algebra and E be a vector bundle on X, then the following are equivalent:

e A log D morphism between A(log D) — Ag(log D)
e A flat log-projective connection on the projective bundle E.

Remark 5.3. The operations on Atiyah algebras described in Section 5.1.1 can be easily
generalized to the case of log-D Atiyah algebras.

5.3. Localization of twisted D-modules. In this section, we briefly recall the definition
of Harish-Chandra pairs and the yoga of Beilinson-Bernstein localization functors [13] to
produce twisted D-modules. We mostly follow the book [36], however we discuss the
adaptation to the logarithmic settings. First we recall the definition of a Harish-Chandra
pair [36, Sections 17.1-17.2]:

Definition 5.4. A Harish-Chandra pair is a pair (s, K), where s is a Lie algebra and K is
a Lie group, along with the following data:

(1) An embedding of the Lie algebra ¢ of K into s.
(2) An action Ad of K on s which is compatible with the adjoint action of K on ¢.

Let Z be a smooth variety and let ©z be the tangent sheaf of Z. Let Az be a normal
crossing divisor in Z and let ©z A, be the sheaf of tangent vector fields preserving the
divisor Az. By a log (s, K)-action on Z we mean an action of K on Z that preserves Ay
along with a Lie algebra map a: s ® Oz — ©za,, that satisfies the following:

(1) The differential of the map K x Z — Z is the restriction of « to €.
(2) The action intertwines the representation of K on s with the action of K on Oz a,.

Motivated by the setting in [36], we say that the (s, K)-action on (Z, Az) is log-transitive
if o is surjective. Let 5 be a central extension of s and consider the short exact sequence
over Z

(5.1) 02072500z, >507; —0.

We assume the following;:

(1) The exact sequence (5.1) splits over Ker a.
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(2) The central extension defining s splits over ¢ making the pair (5, K) a new Harish-
Chandra pair.

The above assumptions on the central extension 5 imply that the quotient of 5 ® O by
Ker « is a logarithmic Atiyah algebra A(logAz) on Z. Now if V is a module for the
Harish-Chandra pair (5, K), then the formalism of Beilinson-Bernstein first considers the
sheaf V ® Oz/Ker a(Oz ® V') on which A(log Az) acts. More generally, let 1 be any Lie
algebra containing s and carrying a compatible adjoint K action and supposeTis a subsheaf
of [® O that satisfies the following:

(1) it is preserved by s ® Oz;

(2) it is preserved by the action of K

(3) it contains Ker o, where a: s ® Oz — Oz a,.

Let V be a -module W}~11ch is also a (s, K)-module, then the assumptions on [ guarantee
that the sheaf V@ Oz/l- (V ® Oyz) is a A(log Az)-module.

5.3.1. Twisted log-localization functor. We recall following Section 17.2.5 in [36] how to
descend the above twisted A(log Az) module to a free group quotient 7" of Z by K.

Let Z be a principal K-bundle over a variety T and let Ap be a normal crossing divisor
whose inverse image in Z is Az. We say a pair (T, Ar) has a log-(s, K) structure if the
Harish-Chandra pair (s, K) acts log-transitively on Z extending the action of K on the
fibers of the map m : Z — T. In this set up, the anchor map « gives a surjective map
@:5— Ora,, where 5 = (5/6® Oz)%. We denote the corresponding log-Atiyah algebra
by A(log Ar).

Remark 5.5. Unlike in [36], we do not require the action of s to have trivial stabilizers.

Further let 3, I, [ and V be as above. The A(log Az)-module V @ Oz/1- (V®0z)is
K-equivariant. Now since Z is a K-torsor over S, it follows that (V®o Z) JT-(V®0y)
descends as a Op-module on T which we denote by BB (V). Moreover BB(V) is also a
A(log Ar)-module. We now describe the fibers of the module B/E(V) at a point t € T'.

Consider the set Z; = 7=1(t). The group K acts freely transrclvely on Z; and we consider
the vector space V; := Z; xg V. Similarly for every ¢t € T, set [t = 7y XK T Slnce 1 is
preserved by the K-action, we also a get a Lie subalgebra [t of [t. The fibers of BB (V) at
a point ¢t € T are the coinvariants V; /Tt V.

5.4. Coordinate Torsors. In this section, we recall (following [36], [37]) natural coordi-
nate torsors arising out of ramified cover of disks. First we discuss the absolute situation
without covers.

5.4.1. Formal coordinate on disks. Let R be a ring, then following Section 4 in [72], we let
OR (respectively Kgr) denote the rings R[[z]] (respectively R((z))). Then Aut O (respec-
tively Aut Kg) can be identified with space of formal R-power series (respectively formal
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R-Laurent series) of the form

f(z) = chzn (resp. f(Z) = Z ann)v

n>1 n>k

where ¢, € R (respectively ¢, is nilpotent if n < 0) and ¢; is an unit. The functor
R — AutOp (respectively R — AutXp) is represented by a group scheme (resp. ind-
group scheme) which will be denoted by Aut O (respectively AutX). The Lie algebra
Der® O of Aut© (respectively Der X of AutX) is topologically generated by elements of
the form 2*0, for k > 1(respectively k € Z).

Similarly, we denote by Auty O the subgroup scheme of Aut O such that for any ring R,
we have Auty Op consists of R-power series of the form

f(z) = chz", ¢t =1and ¢, € R.

n>1

We denote the Lie algebra of Auty O by Dery O. The following elementary lemma can be
found in [36, Lemma 5.1.1].

Lemma 5.6. With the above notation

(1) Aut O is a semidirect product of Gy, and Auty O.
(2) The group Auty O is a prounipotent proalgebraic group. Moreover the exponential
map from Dery O to Auty O is an isomorphism.

5.4.2. Formal coordinates on disks with ramification. Consider the automorphism of the
1 1 1 1

ramified covering R[[z¥]] — R[[z~]] given by sending z¥ — €z~ , where ¢ is an N-th root

of unity. Let as before Aut R[[z%]] denote the automorphisms of R[[z%]] preserving the

ideal (z%) Let Auty Or denote the subgroup of Aut(R[[z%]]) preserving the subalgebra
R][z]]. Then there is an exact sequence

(5.2) 0 —Z/NZ — Auty Op — Aut Or — 0.

Following the absolute case, we consider the group scheme (ind group-scheme) Auty O
(respectively Auty K) and its Lie algebra Derg\?) O (respectively Dery K). We have the
following explicit descriptions:
(5.3) Derly) C[[z¥]] = 2N C[[2]]0_y , Dern C((27)) = 2N C((2))0_y -
z N z N
There are natural homomorphisms between the corresponding groups (respectively ind-
groups) p : Auty O — AutO (respectively Auty X — AutXK). By the exact sequence

(5.2), p is an isogeny whose derivative NG L S N 2#+19, gives an isomorphism of the
4

2|

following Lie algebras:
(5.4) dp : DerlY) © — Der® 0, dp : Dery X — Der K.

Let D = Spec R[[z]] be a formal R-disk and let  be a R-point of Dr. A formal
coordinate is an automorphism of Dg that identifies x with the origin given by the maximal
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ideal () C R[[z]]. Let Aut(Dpg,) denote the set of formal coordinates on Dp. Clearly it
is an Aut O g-torsor.

Similarly let Dr = Spec R((z%)) and let o : Dr — Dp be an automorphism of order
N that fixes a R-valued point x in Dgr. Up to a change of coordinates, we can assume
that o takes the form zN — ezN where ¢ is a N-th order root of unity. Now since
R[[z%]]Z/N = R][2]], hence Dr — Dp can be considered as a cover of Z/NZ ramified at
the point z in Dy with order of ramification V.

Let Autn(Dp ) denote the set of special formal coordinates of D which are transformed
by the rule t — et, where ¢ is an N-th root of unity. As before this is an Auty Og-torsor.
Similarly we define Auty 4+ O and Dery  O. Moreover there is a natural isomorphism
between Dery 4 O and Der O.

5.4.3. Global Situation. Let R be a C-algebra and consider a family (5 — C,p,p) of
n-pointed admissible I'-covers over Spec R in ﬁ;n(m) with p = (p1,...,Dn) being the n
marked sections of C, in particular we have I'- piNI'-p; = 0 for i # j, and the monodromies

around the marked sections being m = (my,--- ,m,,). The stabilizer I', of p; is the cyclic
subgroup of I' of order say N; generated by m;. Let Autn,(Drgz,) be the set of special

formal coordinates of the ring Spec Op at the point p; of the curve C. We define the
following:

(5.5) Aut(C/C,0R) = Auty,(Op) x --- x Auty, (OR).
(5.6) Auty(C/C,0p) = Auty, (Og) x - x Auty, 1 (O).
(5.7) Aut(C/C,Kr) = Auty, Kz X ...Auty, (Kg).

The corresponding group schemes are denoted by Aut(C/C, O), , Auty (C/C,0) and Aut(C/C, K)
respectively. We further denote their Lie algebras by Der(C/C,O), Dery (C/C,0) and
Der(CN’ /C,X). The various versions of the moduli stacks of pointed admissible I'-covers are
related by the following proposition:

- ~T ~T
Proposition 5.7. The moduli stacks M;n(m), M, ,(m) and M, ,(m) are related as fol-
lows:

(1) M,

(2) My,
(3)M

.(m) is a Aut(C/C,O)-torsor over Mg’n(m).
~ ~TI
n(m) is a Auty (C/C, 0)-torsor over M, ,,(m).

$’1Q’1©ﬂ

n(m) is a G}, -torsor over M;n(m).

Let us define Der(C/C, %) to be the Lie algebra of the ind-scheme Aut(C/C,%). Now
let Aut(C,O) (respectively Aut(C,X)) denote the group scheme associated to the func-
tor R — Aut(Or) x --- x Aut(Og) (respectively R — Aut(Kg) x --- x Aut(Kg) and
Der®(C, 0) (respectively Der(C, X)) denote their Lie algebras. Similarly define the Lie
algebra Der (C,0). The isogeny p in 5.4 gives the following isomorphisms between the
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Lie algebras

(5.8) Der®(C/C,0) ~ Der®(C,0),
(5.9) Der(C/C,X) ~ Der(C,X),
(5.10) Der, (C/C,0) ~ Der,(C,0).

5.5. Equivariant Virasoro uniformization. Let us recall the following result on I'-
equivariant Virasoro uniformization due to M. Szczesny [72, Theorem 7.1]. Strictly speak-
ing Szczesny’s result [72] is on the interior J\A/[gm(m), however the arguments can be easily
extended to the boundary. If T is trivial, the result is due to Tsuchimoto [75].

I ~
Theorem 5.8. The stack M ,,(m) carries a log-transitive action of Der(C/C,X) extending
~ T —
the action of Aut(C/C,0) along the fibers of the natural map 7@ : My, (m) — M;Tl(m)

~T

and preserving the boundary divisor Egm,p = ﬂgm(m)\ﬁgm(m).

The following is an obvious variant of the above theorem where we replace ﬁ;n(m) by
~T
Mg,n(m).

Corollary 5.9. The same results in Theorem 5.8 holds if we consider the natural action

~ ~T ~TI
of the group Aut, (C/C,0) and along the fibers of the natural map M, (m) — M, (m).

5.5.1. Virasoro Uniformization and the Hodge bundle. Let C — Z be a versal family in
~TI
M, ,(m) parametrized by a smooth scheme Z. We let z (respectively z) be the correspond-

ing choice of special local formal coordinates along the sections p (respectively p).
Let Az be the normal crossing divisor of nodal curves and as before ©7 A, be the sub-

sheaf of tangent vector fields on Z preserving the divisor Az. The Lie algebra Der(é’ /C,X)
acts log-transitively (see Definition 5.4 and the discussion afterward) on Z. In particular,
we have a surjective Lie algebra map which we will call the anchor map:

(5.11) a:Der(C/C,K)® 0Oz - Oz,

Let vect (C\I'.(p)) be the kernel of the map . This is a sheaf of Lie algebra on ﬂr ,(m)
whose fiber at a point (7 : C—C,p,pz z) is given by the Lie algebra of I'-invariant vector
fields on C’\ Ui, I'-p;. Since by assumption, the cover C — C is étale restricted to C’\F p,
it follows that a I'-invariant vector field on C\F.p descends to a vector field on C\p.

5.5.2. Uniformization and the associated Atiyah algebra. The action of Aut(é/C’, X) on
~T ~
M, ,(m) [36, Theorem 17.3.2], [72] preserves the divisor Ay, r. The Sugawara construction

gives an action of Der(C/C, %) on Hs. Let [/)&(6’/0, X) be the central extension of
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Der(CN’ /C,X) obtained as Beaer sum of the Virasoro cocycles for the individual factors.
We get an short exact sequence

(5.12) 0= 0~r -c— Der(C/C,K) — Der(C/C,X) — 0

Mg,n (m)

Moreover the short exact sequence splits when restricted to vecr(é\f‘ -p) and the Lie
algebra Der, (C'/C, 0). Taking quotients and using surjectivity of the short exact sequence
in Equation (5.11), we get an Atiyah algebra with the following fundamental exact sequence.
(513) 0= 0~r  -c— Der(C/C,K)/vec" (C\I'- (p)) = O~r - 0.

Mg,n(m) Mg,n(m%AgynyF

We denote the log-Atiyah algebra
A(C/C)(log 7™ (Agmr)) := Der(C/C,X) Jvect (C\T - (B)).

~T ~ ~T N o~
Since M ,,(m) is an Aut (C/C, O)—to?sor over M, ,,(m), the sheaf A(C/C)(log @ (Agnr))
descends to a log-Atiyah algebra on Mg,n(m) which we denote by A(C/C)(log 7! (Agnr))-

5.5.3. Virasoro Uniformization of the Hurwitz-Hodge bundle. In this section, we give a
more explicit description of the Atiyah algebra A(C'/C)(log 7~ (Ayn,r)). In the untwisted
case (i.e I is trivial), the corresponding results can be found in [5, 18, 56, 75, 76]. Consider
the natural map 7 : ﬁ;n(m) — My, and let A be the pull back of the Hodge bundle to
~T

M, ,,- Then we have the following proposition:

Proposition 5.10. Let Ax(log Ay, 1) denote the log-Atiyah algebra associated to the line
bundle A on ﬁ;n(m), then there is a natural identification A(C/C)(log 7 YAy nr)) with
1

§.Afr*A(10g Ag,n,F) .

Proof. First we consider the case when I' is trivial. In this case results in [5, 18, 56, 75, 76]
show that there is a natural isomorphism of Der(C,X)/vec(C\p) with $Ax+x(logAg,,),

~

where Ay, is the boundary divisor of Mg,n and 7 : Mg,n — Mg,n is the forgetful map.
Now consider the following commutative diagram:

~T s —T

g (M) —— M, (m)
Myp ——— My

Hence it suffice to show that W'(ﬁ&“(C, K)/vec(C\p)) is ]5&(6/0, K)/vec” (C\T - p)).

This follows from the isomorphism (5.4) of Dery K with Der X and the isomorphism of

vect (C\I - p) with vec(C\p). O
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5.6. Twisted log-D module. In this section, we recall the construction of the twisted
WZW-connection following [72] using the formalism of the twisted localization functor re-
called in Section 5.3.1.

Remark 5.11. We want to address a small but important difference from [72]. The twisted
vertex algebra arising from Kac-Moody algebras are not conformal and hence the coherent

sheaf VTX F(C~' ,C, P, p,z) does not descend to a coherent sheaf on ﬁg}n(m) under the natural
G}} -action.
Let m = (myq,...,my,) € I'™ be a monodromy vector. For each 1 <1i < n, let N; be the

order the m; and K, is an irreducible highest weight integrable module for m;-twisted Kac-
Moody Lie algebra L(g, m;) of highest weight )\; at level £. As in Sections 4, 4.3.1 and [11,

Remark 3.4.6], without loss of generality assume that we have a family of (5 — Z;p;P;2)
~T ~
in M, ,(m) such that C\p(Z) is affine and let Az be the divisor in Z corresponding to

singular curves. Following Looijenga [60, Section 5], we put the assumption that vector
fields on Z tangent to Az are locally liftable to C.
~ ~T
Similarly, we denote the corresponding family (C' — T;p; p; v) in M ,,(m). The smooth
scheme Z is a Auty (C/C, O)-torsor over T. We have the following diagram

~TI
Ay ——Z—M,,

| ]

Ap—T —M,,

For a fixed n-tuple of monodromies m and integrable highest weights X = (A, -5 ),
we consider the vector space Hy = Hy, ® ---® H), and the quasi-coherent sheaf on Z.

ﬂx = CH)-\’@ Oz.

The Sugawara action gives an action of 5&(5’ /C,X) on 3y and one naturally gets
an action of the log-Atiyah algebra A(C/C)(log Az) on the sheaf of conformal blocks
\7; F(C’ ,C,p,P,2z) on Z. Now we apply the formalism of twisted log-localization as described
with Section 5.3.1 with § = Der(C/C, %K), K = Aut, O, V = Hy, ® --- ® H,_ and [ be the
Aut(C/C, 0)-equivariant sheaf of Lie algebras whose fibers at a point (C,C,p,p,v) in T is
given by (g®HO(6’, Oé(*F.(IN))))F (see 7.2 in [72]). Hence the twisted log-localization gives
the sheaf of conformal blocks VTX 1“(6 ,C,p,p, V) on T along with an action of the log-Atiyah
algebra A(C/C)(log Ar). A direct corollary of the Proposition 5.10 is the following:

Corollary 5.12. The log-Atiyah algebra %A%*A(log ﬁg,nvp) acts on the dual twisted

conformal block bundle or the sheaf of twisted covacua VXF(CV’, C,p,p,V).
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5.7. Atiyah algebra for the twisted WZW connection on ﬁ;n(m). Let m € I'" be
a monodromy vector and for an n-tuple of integral weights A = (A1,...,\,) at level ¢, we
denote the vector bundle of conformal blocks on ﬁgn(m) by V}\I(CN’ ,C,p,p). Let I' be a
finite subgroup of . Aut(g) and let L(g,T") be the I-twisted affine Kac-Moody Lie algebra.
As before, let C'— C' be a ramified Galois cover of nodal curves and let p be a smooth
ramification point of C' whose image in C is denoted by p. Let I' be the stabilizer at the

point p and we further assume that N be the order of I'. Let X5 be the residue field of
the completed local ring at p and let K, denoted the corresponding residue field at p. The

subfield of elements of X5 under I" is K. Let 2V s a special coordinate at the point p,
then there is an isomorphism of Xz ~ (C((z%)) and similarly X, ~ C((z)).
Let R = (C[[z%]] Recall that Autn(Dpr ;) (respectively Auty 4 (Dpg5)) denote the set of

special coordinates (respectively one-jets) of the point p which is an Autx(Or) (respectively
Auty 1 (Op))-torsor. The following lemma is due to [36].

Lemma 5.13. Let V be a Dery(Og)-module such that

(1) the action z%ﬁz% has integral eigenvalues on V.

(2) Zk+%azk+% 1s locally nilpotent for all k > 1.
Then the action of Dern(Og) can be exponentiated to an action of Auty(Og). Hence
then the vector space Vi = Auty(Dp 5) X Auty(0g) V' 18 independent of the choice of special

coordinates at the point p. Similarly the vector space Vy = Auty 1 (Dpryp) X Auty 4 (0g) V18
independent of the formal jets at the points p.

The Lie algebra Dery(Opr) acts on Hy by the twisted Sugawara action under the homo-
morphism

Dery(Og) — Virr, Vo L ~NLY
z

We want to apply the above construction to the L(g,T')-module H) via the twisted Sug-
awara action. It can be checked that condition (2) in Lemma 5.13 is satisfied. Thus we get
that the following vector space is independent of the formal jets at the point p.

Frg = Autn (D) X Auty . (05) Fr

However it turns out that the eigenvalues of the zero-th twisted Virasoro operators Lg on

H, are not in %Z. In particular the eigenvalues of 2NO 1 are non integers. We refer the

1
N
reader to [62] for similar issue for trivial T'.

As in the untwisted case, let Ay denote the eigenvalues of L{ on the degree zero part of
Hy. We consider the vector space Hy ® CdzV>*. By construction of the Sugawara action,

the eigenvalues of N0 4 are of the form —NAj + Z, where Ay is a rational number. The
z
Lie algebra Dery(Og) acts on dzV* via Lie derivatives. Clearly the action of Vo 1
z

is trivial if £ > 0 and 2¥9 5 acts with eigenvalue NA). This implies that the action
z

2
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of Dery(Or) on H) ® CdzNAx satisfy the conditions of Lemma 5.13. Hence the group
Auty(Og) acts on Hy ® CdzVAr. Thus the coordinate free highest weight irreducible
integrable gz-module H, (see Section 4 for notation)of highest A can be defined as

(5.14) Hyp = AutN(DR’ﬁ) X Auty (O) (H)® CdZNA/\>.

We have the following result which summarizes the discussions in this section:

I's.
Theorem 5.14. Let Ay, be the eigenvalues of the zeroth Virasoro operator L," on the
degree zero part of the highest weight L(g,T',,)-module with highest weight \; via the twisted
Sugawara action. Then the Atiyah algebra

fdimg A
A

A (g) + 0y allog & NiAx Az (log Ag
2(hV(g) + ¢) (log gan,F)‘FZ ,\Zﬂﬁi(og gnl)

i=1
acts on VXF(C~', C,p,p), where zi;s are tautological line bundles corresponding to the i-th
psi classes and N;’s are the orders of the cyclic groups T'p,.

~T
Proof. First of all we observe that the M, is a substack of the total stack of the Gr,-torsor
_ ~ ~ ~ ~TI
on M;n given by the line bundles £q,...,£,. Hence the pull back of each £; to M, is

~T _
trivial. Let 7 : Mg, — M;n be the forgetful map and consider the Atiyah algebra

n
A AN (log 7 Agnr) + Y Nildy 7 Ay (log 7' Ay ),
=1

¢dim g
5.15 A= ——F—
19 20+ h (@)
Then by Proposition 5.10, Corollary 5.12 and the coordinate free construction (see (5.14))
tell us that the log-Atiyah algebra given by Equation (5.15) actson V := 7* (V; F(C’, C,p,p))-
i.e a Lie algebra homomorphism V : A — Ay which is also equivariant under the G} -torsor.

Hence the result follows.
O

6. I'-CROSSED MODULAR FUNCTORS

Let I' be a finite group. In this section we define the notion of a complex algebraic
I’-crossed modular functor. We conjecture that this notion is equivalent to the notion of
a weakly rigid I'-crossed modular category. We will prove this conjecture in the second
part of this paper. In this section all abelian categories that we consider are supposed
to be C-linear, even though we may not mention this explicitly and all additive functors
considered are supposed to be C-linear.

6.1. I'-crossed abelian categories. Let C be a C-linear abelian category equipped with
a linear action of a finite group I'. For an object M € € let T'ys := {(g,¢)|g € T, :

g(M) =M }. We can define a group structure on I'j; in the evident way and we obtain a
central extension

(6.1) 1 — Aut(M) — Ty — Tap — 1,
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where I'y; < T'is the stabilizer of the isomorphism class of the object M.

Remark 6.1. We say that an object M € C is ['-invariant if I'y; = I' and if the central
extension above is split. Any I'-invariant object in € can be naturally lifted to an object
of the I'-equivariantization C', namely the object in the equivariantization corresponding
to the I'-invariant object M and the trivial representation of I'.

Now for each n € Zsq, the tensor power C¥" is a C-linear abelian category equipped

with an action of the wreath product S, x I'", where S, is the symmetric group on n-letters
acting on I'"™ by permutation of factors. Note that we have the diagonal subgroup A’ C I'™
or in other words, the fixed point subgroup in I'" for the S,-action. The direct product
Sn x AT is a subgroup of the wreath product S, x I'™ and hence it acts linearly on the
abelian category €%".

e&n

Remark 6.2. By a symmetric I'-invariant object in , we simply mean an S, x Al'-

invariant object of X",

Definition 6.3. By a (C-linear) I'-crossed abelian category we mean a (C-linear) abelian
category € along with
e a ['-grading of abelian categories € = @ C,,,

mel’
e a linear action of I' on € such that v(C;,) C €.,y -

e a [-invariant object (see Remark 6.1) 1 € C; and

e a symmetric I-invariant object (see Remark 6.2) R € €2 such that R = @ R,
gel

1 for all v,m €T,

with each R, € €, K C,,-1.

Remark 6.4. If C is a I'-crossed abelian category as above, then we have a I'"-grading of
(.ZIETL

¥ = P €, where € i= €y, K-+ R Cp,, € " for m = (ma, -+, my).

m
melm

6.2. Factorization functors. Let C be a I'-crossed abelian category. Let g € Z>g, A a
finite set and (X, m,b) € .')Cg 4 (see Definition B.4). With such a weighted A-legged I'-graph

we associate the abelian category (‘BEH(X). Now consider a morphism (X, mx,bx) m)
(Y,my,by) in 3ng 4- We have the associated functor

(6.2) Ry CRIM) Bl

M B )T (M) ) X 1,by(h1)) - R )
(hEH(Y) h)'_)(f*hef*H(Y)’Y() ( h)> ({hl,hz}eE(X)\f*E(Y)( (1)) - P )

Here we are just inserting the suitable translate of a graded component (to be more precise,
the object (1,bz(h1)) - Rmy(h) € Cmyx(h1) X Cmy(hy)) Of the symmetric I'-invariant object
R € G2 at the edges of X which have been contracted by f : X — Y. It is clear that if
we have two morphisms

(X) defined as

(XamX7bX) fl’i} (Kmy,by) M (vaZabZ)
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then we have a natural isomorphism between the two functors

eRH(Z)

~ XH(X
(6’3) R(fz,’yz)O(fl,‘Yl) = Rfly')’l o CRf2772 “Lmy — emx( )'

6.3. Propagation of vacua functors. Suppose as usual that g, A is a stable pair. Let B
be any finite set and we can consider the disjoint union ALIB. Consider the full subcategory
f)C; aB C DC; aup of stable weighted A U B-legged I'-graphs whose legs labeled by B are

all marked by 1 € I'. Then we have the functor xg AB DC; - This functor essentially
just forgets the legs marked by B. However when we delete a leg from a vertex of a stable
graph, that vertex might become unstable. In this case, the vertex must necessarily be of
genus (i.e. weight) 0 and degree 2 with at least one incident half-edge being part of an edge
to a different vertex. Hence in this case, we can erase the vertex and glue the two incident
half-edges. In case one of the incident half-edges is a leg (marked by some group element),
after erasing the unstable vertex we are left with a leg which we mark by the same group
element. In case both the incident half-edges are parts of edges, then after erasing the
vertex the two incident edges collapse into a single edge. We mark both the half-edges of
this new edge by 1 € I'. In this way we get a well defined functor np : f)C; AB DCE’ A-

Here is another way to think about the previous construction. Let (X, mglmylilp,b) €
DCE, 4,5 Where mp corresponds to the marking data for the edges, m4 the marking data
for the A-legs and with all the B-legs being marked by 1 € T'. Consider the set of all
vertices which will become unstable after deleting the B-legs. Now consider all the edges
incident at these unstable vertices and contract these edges to obtain an edge contraction
morphism

ctrg: (X, mpUmuUlp,b) — (X m'p UmyUlg,b)in DCE’AB.

Now if we delete the B-legs, we will obtain the stable I'-graph (X", m’p Limy,b’) € DC;A
as desired. Note that here the stable weighted A-legged graph X” is obtained from the
stable weighted A LI B-legged graph X' by deleting the B-legs.

We have an analogous construction at the level of moduli stacks. Let (X, mp U my4 U
1p,b) € Dng A, as before. After applying the forgetful construction above we obtain the
stable graph (X", m’;,Umy, b’) € DC; 4- We can then apply the forgetting tails construction
described in [51, §2.2] to obtain the map of stacks which factors through a clutching

—T -
(64) MX,mElJmALllB,b MX//,m/E,leA,b’

NW

8
MX/,m%,umALIIB,b/ .
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At the level of categories of twisted logarithmic D-modules of central charge ¢ € C we
obtain the diagram of functors
(6.5)

B
~T SpX,mEumAulB,b

D, MOd(MX mplimalilg, b D, MOd J\/[X” m’E,LImA7b’)

W V

~T
D, MOd(MX’,m’E,LImAI_IlB,b’)'

Note that the functor Sp%,

Next suppose that € is a I'-crossed abelian category. Then we obtain the commutative
diagram of functors

,Um AUl 5 is simply the functor forget’.

fRB

RH(X) X,mpUm4Ulp b RH (X"

(66) emEl_lmALIIB em’ ,Um 4
E
jQctrB
X’,m/E,\_ImAulB,b/
,Ul’nALl].B
where the functor
B  SRH(X") RH(X') _ ORH(X")UB . .

(67) :RX/vmlElumAU1B,b’ : em%,UmA - emZE,I_ImAulB - em;E,UmALIIB is given by

( X Mh>H< X M> (®n>
he H(X") he H(X") beEB

i.e. we insert the I'-invariant object 1 at all the B-legs.
To summarize for any (X,m,b) € f)Cg’ Ap C f)Cg, aup We have defined the contracted

stable A-legged I'-graph 75(X,m,b) =: (X", m”,b") € DCE}A. Then we have defined the
functor
B ~TI ~T
(68) SpX,m,b . Dc MOd(MX”,m”,b”) — Dc MOd<MX,m,b)'
Furthermore, if € is a I'-crossed abelian category we have functors

(6.9) RE g ColXT) _ eRH0,

6.4. The category X!'. We now define the category X! of stable weighted legged I'-graphs.
An object is simply a stable weighted legged T-graph (X, m € T#(X) b e THEO\LX)) of
any genus as before, except we do not identify the set of legs with any fixed set. A morphism

(f7’7) : (vaX)bX) — (Y,mY,bY) in :X:F

is the data of a surjective map f. : V(X) — V(Y) compatible with the weights (see
condition (B.1)), an injective map f* : H(Y) < H(X) such that the legs of L(X) which
do not occur in the image f*L(Y) are all marked by the element 1 € T' and where y € TH()



ON THE VERLINDE FORMULA FOR TWISTED CONFORMAL BLOCKS 43

is as in Definition B.4, i.e. it conjugates the I'-markings on f*H(Y) C H(X) to the I'-
markings on H(Y') and v at the two half-edges which are part of an edge are compatible as
in Definition B.4. The only difference from Definition B.4 is that the morphisms are now
allowed to forget some legs of (X, m,b) if they are marked by 1 € I". Note that as before if
we have a morphism (f,7) : (X, my,bx) — (Y,my,by) in X', then the genus of X and
Y must be the same.

Let us now rephrase our constructions in terms of the category X'. As before for

any (X,m,b) € X' we have the smooth Deligne-Mumford stack M&m’b. If (f,y) :
(X,mx,bx) — (Y,my,by) in X" is a morphism then we have corresponding maps of
stacks £ : ﬁX,mx,bx — ﬁY,my,by' These maps are defined in terms of clutching/gluing

and forgetting some marked points with trivial monodromy. These maps preserve the
corresponding Hodge line bundles under pullback.

~T
If ¢ € C we have the abelian category D.Mod(My b, ) of twisted logarithmic D-

modules. If (f,7) : (X, mx,by) — (Y,my, by) is a morphism in X" we have the associated
functor (see Appendix B)

~T ~TI
Spf,’)’ . Dc MOd(MY,my,by) — Dc MOd(MXmebe)
~T
and the assignment (X, mx,bx) — DeMod(My 1 by ) is functorial in XT.
If (C, 1, R) is a I'-crossed abelian category, then associated with each morphism

(fa’Y) : (X7mX7bX) — (YamY7bY)

we have the functor

P (Y) (X)

RH

y’fv'y : my — ernX

defined by inserting suitable translates of the corresponding direct summands of the sym-
metric [-invariant object R at the contracted edges and 1 € C at the deleted 1-marked

legs. The assignment (X, mx,bx) — GEE((X) is functorial in XT.

6.5. C-extended I'-crossed modular functors. Let C be a I'-crossed abelian category.
We will now define the notion of a C-extended I'-crossed modular functor extending the
notion of a modular functor as defined in [7, Ch. 6].

Definition 6.5. Let C be a I'-crossed abelian category with I'-invariant object 1 € € and

symmetric I-invariant object R = @ R,, € €2, Let ¢ € C. A C-extended modular
mel’
functor of central charge c consists of the following data:

1. For each stable pair (g, A) and m € T'4 a conformal blocks functor
~T
Vg Am : oyt — De Mod(M,, 4 (m)).
Once we have functors as above, we can canonically extend them to obtain functors

(X)

~T
Vb Cm ) — DeMod(My pn p)
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for each (X, m,b) € X'. We will often abuse notation and denote the functors
VX mb as just V.
2. For each morphism (f,7) : (X,mx,byx) — (Y,my,by) in X' a natural isomor-

~7T
phism Gy as below between the two functors from G%Ii(y) to De Mod(My i by )

ny’Y : VXJanbX © Rfﬁ - Spf,'y OvymevbY

compatible with compositions of morphisms in XT.

3. A normalization Vo 31(1 X1 X 1)(P* x T' — P!, p,p,v) = C, where the 3 marked
points p in P! x {1} C P! x I are the 3 roots of unity in C and with tangent vectors
being the inward pointing unit vectors.

We will often abuse notation and denote all functors Vx m p simply by V. Also if (l~? —
~T

D,d,q,W) € My pmp and M € €'

as the fiber of the twisted D-module Vx m (M) at the point (D — D, q,q,w).

, the vector space VM(ﬁ — D,q,q,w) is defined

Remark 6.6. Since morphisms in X! involve contracting edges as well as forgetting 1-
marked legs, the condition 2 above gives the factorization isomorphisms, the propagation
of vacua as well as all the compatibilities mentioned in [7, §6.7]. When I' is the trivial
group, it is clear that the above definition agrees with the one in loc. cit.

It is also useful to define the notion of a C-extended I'-crossed modular functor in genus
0.

Definition 6.7. Let xg C X' denote the full subcategory formed by graphs of genus 0,
i.e. those graphs which are trees and all of whose vertices have weight 0. The notion of a
C-extended I'-crossed modular functor in genus 0 is obtained by replacing the category X'
with the full subcategory X§ in Definition 6.5.

~T
Remark 6.8. Note that in genus 0, the Hodge bundles on M, 4 are all trivial and hence

~T
we do not need to consider the central charge and each V(M) is a D-module on M 4 with
log-singularities at the boundary.

6.6. The neutral modular functor. Let (C= & C,, 1, @ Ry,) be a-crossed abelian
mel’ mel’
category and suppose we are given a C-extended I'-crossed modular functor V of additive

central charge ¢ € C. We will now define a Cj-extended modular functor V; in the sense
of [7, Ch. 6] with the same central charge c.

Let X € X be a stable weighted legged graph and let M € G?H(X). Then we want

to define Vi(M) € D.Mod(Mx). We have a functor X — X! defined on objects by
X = (X,1,15(x)\1(x)) (mark all half-edges by 1 € T') and on morphisms by f — (f,1).

~ ~T
We also have a morphism of stacks ix : Mx — My ; ; defined by (D,q,w) — (D xT' —
D,qx1,q,wx1). Since V is a C-extended I'-crossed modular functor, we have the twisted

~TI ~
D-module V(M) on My 1 1. We define V1(M) to be the pullback i% V(M) € D, Mod(Mx).
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We can perform the same construction for the genus 0 case. Hence in this setting we obtain
using [7]:

Proposition 6.9. (i) Given a C-extended T'-crossed modular functor V in genus 0, the
functor V1 defined above is a Ci-extended modular functor in genus 0. In particular, this
defines the structure of a weakly ribbon category on Cy and the action of I' on €1 respects
this structure.

(ii) Given a C-extended I'-crossed modular functor V with central charge c, the functor V;
defined above is a Ci-extended modular functor with central charge c.

Remark 6.10. Unlike rigid categories, in monoidal r-categories, the weak duality functor
X — X* is not necessarily monoidal. However, by [20] the double duality functor is indeed
monoidal and also braided in case the original category is braided. A ribbon r-category is a
braided monoidal r-category equipped with a monoidal isomorphism between the identity
functor and the double duality functor, X = X** satisfying a certain balancing property.
See [20] for details.

6.7. Some conjectures. In this section, we state some conjectures which generalize known
results in the untwisted case. We will prove these conjectures in part II of the paper.

Suppose that (€, 1, R) is a finite semisimple I'-crossed abelian category such that 1 € €
is a simple object. In this case, we conjecture that the notion of a C-extended I'-crossed
modular functor in genus 0 is equivalent to giving € the additional structure of a I'-crossed
weakly fusion ribbon category. In a weakly rigid category we have natural isomorphisms
Hom (M, M') = Hom(1,*M ® M'). Now given a C-extended I'-crossed modular functor we
want to define a tensor product, i.e. given m € " M= M X---K M, € CE", we want
to describe the tensor product M; ® --- ®@ My, € Cpimgeeom,, < C.

Given a C-extended I'-crossed modular functor, let us describe the desired morphism
space Hom(1, M; ® --- ® M,). If the product my ---m,, # 1, then this space is 0. Hence
suppose that myq - --m,, = 1. Consider the n-marked curve (P!, j1,,, yt,) where the n marked
points are the n-th roots of unity p, € C C P! and for each marked point w € ju,, the
associated tangent vector is again w considered as a tangent vector at w. Consider 0 as
the basepoint on P! \ 1,. Consider loops 7; in P\ yu, based at 0 and encircling the

. 2w/ =15 . . .
point e =» * counterclockwise. Then we obtain a presentation of the fundamental group

T (PY\ pin, 0) = (41, s Ynly1 - -y = 1). Hence if my - --m,, = 1, then 7v; — m; defines a
group homomorphism ¢ : 71 (P!\ y1,,,0) — T'. Then as described in [51, §2.4] this determines
an n-marked admissible cover (5 — PY P, fin, V). Then we want to define a tensor product
on € which satisfies:

(6.10) Hom(1, M; ® - -- @ My) = Vi (C — PL. B, i, V).

We state this as a conjecture which will be proved in a future paper.

Conjecture 6.11. Let (C, 1, R) be a finite semisimple T'-crossed abelian category with 1
being a simple object.

(i) The notion of a C-extended I'-crossed modular functor in genus 0 is equivalent to equip-
ping C with the structure of a braided I'-crossed weakly ribbon category.
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(ii) Let C be a I'-crossed modular category, i.e. a faithfully graded braided I'-crossed rib-
bon category with C1 being a modular category. Then the corresponding I'-crossed modular
functor in genus 0 can be extended to arbitrary genus. Partially conversely, suppose that
the I'-crossed abelian category is faithfully graded and that we are given a C-extended I'-
crossed modular functor and suppose that the corresponding weakly fusion category is rigid.
Then in fact C is a I'-crossed modular category.

7. I'-CROSSED MODULAR FUNCTORS FROM TWISTED CONFORMAL BLOCKS

In this section, we discuss and conjecture how twisted conformal blocks associated to Ga-
lois covers of curves give a C-extended I'-crossed modular functor. We follow the notations
of Sections 6.1 and Section 4.

7.1. T-crossed abelian category. Recall that for each v € T', we have the set P’(g,~)
that parametrizes representations of the twisted affine Kac-Moody Lie algebra E(g,v).
We set C, to be the C-linear abelian category whose simple objects are parametrized by
P'(g,v). We define € := ®~erC€y which is I'-graded.

7.1.1. T-action on C. Let o be an automorphism on g of order |o|. Recall from Section 3.3,

27”|fj, where 0 < j < |o|. Now if I" is a group
acting on g and let v and o be any two elements of I'. Consider the map g5 ; — gy0y-1;

J
obtained by sending X to yX induces an isomorphism of the affine Lie algebras

¥y = L(g,0) = L(g,voy" )

Since the group I' acts on g, it follows that 1., = ¥, 01,,, where 1 and 7, are arbitrary
elements of I'. This in turns induces an action on the set of the simple objects @%ppé(g, v)
of €. Observe that 1, induces the identity morphism on g° and hence it acts by identity
on P'(g,0). Extending the action C-linearly, we get an action on C.

the eigenspaces g, ; of g with eigenvalue exp

7.1.2. Invariant Object. Now observe that the simple objects of C; are just elements in
Py(g). This has a special object corresponding to the vacuum representation of the un-
twisted affine Kac-Moody Lie algebra which we declare to be the I'-invariant object 1.

7.1.3. Symmetric Tensor. Let g7 be the Lie subalgebra of g fixed by . For every weight
w € Py(g7), let pu* be the dominant integral weight of g7 which is the highest weight of the
dual representation V,,. Now it is easy to see (Lemma 5.3 in [46]) that u € P%(g,~) if and
only if u* € P*(g,v~!'). We define the following:

(7.1) Ry:= Y  puRyu"€R,®WR 1, and R:= GyerR,.
HeEP(g,7)

By the definition of the action of I on €, the object R is clearly I'-invariant. Thus we have
checked that the I'-graded abelian category satisfies all the conditions of Definition 6.3.
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7.2. Twisted conformal blocks. For each stable pair (g, 4) and m € T4 (see Defi-

nition 6.5 for notation) and X e CRA we assign the vector bundle of twisted covacua

~ ~T
VX,F(C’ C,f),p,f,v) on M, 4(m). ByNTheorem 5.14, we know that that the.log Atiyah
algebra A (log A;A(m)) acts on V5 .(C,C, p, p, v, Vv) with central charge %. Here
~ ~I ~
A denote the pull back of the Hodge bundle of My 4 to M, 4(m) and A;A(m) denotes

~T
the boundary divisor of M, 4(m). Thus this assignment defines a functor from eHA to

D.Mod (Mg’ A(m)), where ¢ = %. It is clear that the above assignment, satisfies
Condition (3) of Definition 6.5. Motivated by the results of [12], we have the following

conjecture:

Conjecture 7.1. The assignment above realizes sheaf of twisted covacua as a C-extended

I'-crossed modular functor with central charge %, i.e. it satisfies the axioms of

Definition 6.5.

7.3. Some consequences of the conjectures. Let us first state the following well known
result in the untwisted case. We continue to use the same notation as before, in particular
we consider the category C; of level £ representations of the untwisted affine lie algebra.

Theorem 7.2. The conformal blocks for the untwisted affine Lie algebra define a Ci-
extended modular functor of central charge %. The associated weak ribbon category
structure endowed on €y is in fact rigid, and hence C1 is a modular fusion category with
additive central charge %.

Remark 7.3. We remark that the rigidity statement above follows from the works [49, 48].

We can now deduce the following consequences from Conjectures 6.11 and 7.1. Firstly,
using both the conjectures, twisted conformal blocks equip € with the structure of a braided
I'-crossed weakly ribbon category. Moreover, by the theorem above, C; is rigid. Hence by
Corollary 2.6 the whole of € must be rigid. Hence we obtain the following consequence of
the conjectures:

Consequence 7.4. Twisted conformal blocks equip the semisimple I'-crossed abelian cate-
gory C with the structure of a I'-crossed modular fusion category of additive central charge

fdim g
2(£+h¥ ()"

In particular, we will then have the associated crossed S-matrices. In the remainder of
this paper, we give an explicit conjectural description of the associated crossed S-matrices.
If Conjectures 6.11 and 7.1 hold, then it will also follow that these are the actual crossed
S-matrices we want.

Remark 7.5. Let v be any automorphism of g. Then ~ induces an automorphism of the
abstract Cartan algebra b as well as of the abstract root system preserving positive roots.

Using Lemma 2.1 in [3], we get a canonical isomorphism 77 : 7V =N Vyx, where V), is a
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finite dimensional irreducible g-representation of highest weight A\. If a group I' acts on g,
then we have an induced I'-action on the root system preserving the positive roots and let
I"y be the stabilizer of A. In particular for each v € I'y, we have a canonical isomorphism

T, : "V — Vy. Using this we can ensure that the cocycle ¢, in the statement of Theorem
2.15 is trivial for twisted conformal blocks. Hence we obtain:

Consequence 7.6. The Verlinde formula (Conjecture 1.1) holds for twisted conformal
blocks associated with I'-twisted affine Lie algebras.

8. CROSSED S-MATRICES FOR DIAGRAM AUTOMORPHISMS

Let g be a finite dimensional Lie algebra which is simply laced. Let D(g) be the Dynkin
diagram of g. A diagram automorphism o of g is a graph automorphism of the Dynkin
diagram D(g). Let N be the order of o. It is well known that N € {1,2,3}. We can extend
o to an automorphism of the Lie algebra g. To this data, one can (see [38]) attach a new
Lie algebra g, known as the orbit Lie algebra.

8.1. Orbit Lie algebras. In this section, we recall the construction of the orbit Lie al-
gebras. Let A = {a;j}rx; be the Cartan matrix of the Lie algebra g. We enumerate the
vertices I of D(g) as in [53] by integers. We fix an enumeration the orbit representatives
such that the it is the smallest in the orbit. More precisely

I={iclli<o"i), and0<a<N —1}

Let N; denote the order of the orbit at i € I. One defines a new matrix |I| x |[|-matrix A
by taking sums of rows related by the automorphism o by the following formula:

N N—-1 N;—1
(81) Aij = Siﬁl Z Aaaivj,where S; = 1-— Z Aaai,i-
a=0 a=1

By the above formula, we get that A is an indecomposable Cartan matrix of finite type and
the associate simple Lie algebra is denote by g,. Further denote by g° the Lie algebra of
g fixed by o. The Lie algebras g, and g° are Langlands dual to each other. The following
list is from [38]:

q

Case | g oo | 8
1 Aomn>2 [ Oy | B,
2 Asp_1,m >3 | B, | Cy
3 | Dyii,n>4|C,| B,
4 Dy Go | Gy
5 Es Fy | Fy

Let P(g)? denote the set of integral weights which are invariant under o and consider
the fundamental weights w1, ..., Wrankg of g. The following is an easy observation:

Lemma 8.1. There is a natural bijection ¢ : P(g)° — P(g,) which has the following
properties:
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(1) Fori € I, we get Zi\io (wgai) = w;
(2) «(p) = p,, where p and p, are sums of the fundamental weights of g and g, respec-
tively.

Following [53], we now recall the notion S-matrices in the setting of twisted affine Lie
algebras and connect them to the characters of the fusion ring in Section 9.1. As observed
in [53], these S-matrices (except for Agi)) are not matrices for the modular transformation
of the characters with respect to the group SLa(Z). These S-matrices should be considered
as crossed S-matrices as in [23, 25]. We follow the ordering and labeling of the roots

and weights as in [53]. We first use Lemma 3.4 to give an explicit description of the set

Pg(g(X](Vm))). Through out this section @ will denote the root lattice Q(§).
8.2. Integrable Highest weight representations of A;i)_l. In this case g = C), and
the orbit Lie algebra g, = B,. Let Ag,..., A, denote the affine fundamental weights of

g(Agl)_l) and Ag,...A,, denote the orthogonal projection to C,, under the normalized
(2)

invariant bilinear form on g(Ay, ;) denoted by x4. For notational conveniences, we let wy

to be weights corresponding to the trivial representation of C, and regard it as the 0-th

fundamental weights. Now let wqg,ws1,...,w, denote the fundamental weights of C,,. It

turns out that for all 0 < i < n, the A; = wé .)The set of level £ integrable highest weight
2

representations of the affine Lie algebra g(As, ;) can be rewritten as the follows:
(8.2) P! (a(AS) 1)) = {D_ biw; € Py(Cp)lby +2(bz + -+ + by) < £}
i=1

8.3. Integrable Highest weight representations of Dq(f—i)-l‘ In this case g = B,, and

the orbit Lie algebra g, = C,,. Let Ag,...,A, denote the affine fundamental weights
of g(Dﬁl) and Ay, ...A,, denote the orthogonal projection to B,, under the normalized

invariant bilinear form on D7(12421 denoted by rg. For notational conveniences, we let wy
to be weights corresponding to the trivial representation of B, and regard it as the 0-th
fundamental weights. Now let wg,ws,...,w, denote the fundamental weights of B,. As
in the previous case, it turns out that for all 0 < ¢ < n, the A; = w;. The set of level
¢ integrable highest weight representations of the affine Lie algebra Q(Agz)—ﬁ are can be
rewritten as the follows:

(8.3) PHo(DE)) = (3 b € Py(Ba)[2(br + -+ b 1)+ bo < 0.
i=1

8.4. Integrable Highest weight representations of DZ(LB). In this case g = go and the

orbit Lie algebra g, is also go. Let Ag, A1, Ao denote the affine fundamental weighs of

g(Df’)) and Ag, Ay, Ay denote their orthogonal horizontal projections with respect to the

invariant bilinear form on Dflg). Then Ay = wy and Ay = wy, where w; and wy are the
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fundamental weights of the Lie algebra gs. Moreover Ag = wg. With this notation, we have

(8.4) PYg(D3?)) = {brw1 + bows € Py (g2)|3b1 + 2by < £}

8.5. Integrable Highest weight representations of Eé2). In this case g = f4 and the

orbits of the Lie algebra g, is also f4. Let Ag, ..., A4 denote the affine fundamental weights
of g(EéQ)) and Ag,..., A, denote their orthogonal projections to go with respect to the
invariant bilinear form on Eé2). Then Ay = wy and Ay = w3, A3 = wo and Ay = wy, where
w1, .. .,wq are the fundamental weights of the Lie algebra f4. Moreover Ag = wy. With this
notation, we have

(8.5) PU(EP)) = {brwy + -+ + bywy € Py (f4)|2by + 4by + 3bs + 2by < £}

8.6. S-matrix for Aéi)_l. Let Pé(g(A;l)_l))” denote the set of integrable level ¢ weights
of the Lie algebra g(AgQ_l) which are fixed by the involution o : i — 2n — ¢ of the vertices
of the Dynkin diagram of As,_1. It can be described explicitly as.
n—1
PYg(AS) )7 = {3 bilwi + wanei) + bwn € Pi(Aza—1)[2(b1 + - + b1) + by < £},
i=1
Since the fixed point orbit Lie algebra of As, 1 under the action of the involution o is
B, there is a natural bijection between ¢ : P(Ag,-1)° — P(B,). Thus under the map ¢
restricts to a bijection of

(8.6) L: P€(9<A§L)—1>)U = Pe(g(Dfﬂl))

and we identify the two via ¢. We recall the following map between the Cartan subalgebras
of B, and C,, following Section 13.9 in [53]

Tx 2 B(Bpn) = h(Cy), w; — %wi, for1<i<n
a;

i
and ay,...,a, (respectively aY,...,a,) denote the Coxeter (respectively dual Coxeter)
label of the Lie algebra Q(Aéi)q)-

The rows and columns of the S-matrix are parametrized by the set Pz(g(Agl)_l)) and
Pt (g(Agln)fl))" respectively. Under the identification ¢, the columns will be parametrized
by P* (g(D(z) )). We recall the following formula [53] for the crossed S-matrix S (Z)(A;i)_l)

n+1
whose (A, u)-th entry is given by the formula:

(8.7)
SCIPIC IR - V2 _ (_ omri N (4T >7
sl = |M* /(€ 4 2n)Q|2 w%f(w) o €+2nﬁg(w( +P) i +7)

where p (respectively p’) denotes the sum of the fundamental weights of C), (respectively

B,), hY = 2n is the dual Coxeter number of g(Agi)_l), M* denote the dual lattice of Q
with respect to the Killing form ry.
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8.7. S-matrix for D;L%Zl. Let Pe(g(DSll))" denote the set of integrable level ¢ weights

of the Lie algebra g(Dfll_il) which are fixed by the involution which exchanges the n and
n + 1-th vertices of the Dynkin diagram of D,41. It can be described explicitly as.

PYa(D)))7 = {3 biwi + bu(wn + wit1) € Pa(Dygn)lbr +2(b1 + -+ by) < 0.
i=1
Since the fixed point orbit Lie algebra of D, under the action of the involution o is

Cp, there is a natural isomorphism between ¢ : P(Dy4+1)? — P(C,,). Moreover the map ¢
restricts to a bijection of

(8.8) v PYa(D) )7 ~ PY(g(AS) )

and we identify the two via . We recall the following map between the Cartan subalgebras
of C,, and B, following Section 13.9 in [53]

a;

—y Wi,

V
a;

Tr 2 B(Ch) = b(By), w; —

where 1 <i <n and ay,...,a, (respectively ay,...,a,

Dual Coxeter) labels of the Lie algebra g(DfﬁZl). o
2

The rows and columns of the S-matrix are parametrized by the set P¢(g(D,7;)) and

Pe(g(DT(LlJZl))" respectively. Under the identification ¢, the columns will be parametrized

by Pf(g(Agi)_l)). The (A, p)-th entry of the crossed S-matrix S&e) (Dfﬁl) is

M
(8.9)
0 @)\ _ Ay V2 2 _ _
D) = ild+ S : :
Sl Pnt) = O ge(w)exp 712y Fa(w+2), Tl + 7))

) denote the Coxeter (respectively

where p (respectively p’) denotes the sum of the fundamental weights of C,, (respectively

B,), kY = 2n is the dual Coxeter number of g(DﬁiZl), M* denote the dual lattice of Q
with respect to the Killing form xg.

8.8. S-matrix for Df’). Let Pg(g(Dfll)))” denote the set of integrable level ¢ weights of

the Lie algebra g(Dfll)) which are fixed by rotation o that rotates the 1 - 3 — 4 — 1-th
vertices of the Dynkin diagram of Dy. It can be described explicitly as.

PUg(DM))7 i= {by (w1 + ws + wa) + baws € Py (g2)[3by + 2by < £}

Since the fixed point orbit Lie algebra of D4 under the action of the involution o is go,
there is a natural isomorphism between ¢ : P(D4)? — P(g2). Moreover the map ¢ restricts
to a bijection of

(8.10) v: PYg(D{D))7 ~ P(g(DY))



52 TANMAY DESHPANDE AND SWARNAVA MUKHOPADHYAY

and we identify the two via ¢. We recall the following map between the Cartan subalgebra
of go following Section 13.9 in [53]

as ai
Tt B(g2) = blg2), w2 = w1, w1 = —;wa,

where 1 < i < 2 and ay,ay (respectively ay,ay) denote the Coxeter (respectively Dual
Coxeter) labels of the Lie algebra g(Df)).

The rows and columns of the S-matrix are parametrized by the set Pé(g(Df’))) and
Pz(g(DS)))" respectively. Under the identification ¢, the columns will be parametrized

by P’ (g(Df’))). We recall the following formula [53] which is known as the Kac-Petersen
formula [54].

(5)) = 418+ V3 e(w) ex —ﬂ:‘i w 0),T, 0
) = v aat = ) (= 2o+ bl 7)),

where p denotes the sum of the fundamental weights of go, hY = 6 is the dual Coxeter
number of g(Df’)), M* denote the dual lattice of ) with respect to the Killing form Kg.

8.9. S-matrix for EéQ). Let P[(g(Eél)))" denote the set of integrable level ¢ weights of
the Lie algebra g(Eél)) which are fixed by rotation ¢ that interchanges 1-st with 5-th;2-th
with 4-th and fixes the 3rd and 6-th vertices of the Dynkin diagram of Fg. It can be
described explicitly as.

Pg(g(Eél)))a = {bl(wl —|—W5)+b2(WQ +W4)+b3W3+b4w6 S P+(f4)‘2b1 +4bg + 3bg +2by < f}

Since the orbit Lie algebra of Eg under the action of the involution o is f4, there is a natural
bijection between ¢ : P(Eg)? — P(f4). Moreover the map ¢ restricts to a bijection of

(8.12) v P(ED)) =~ Pl(a(ES))

and we identify the two via t. We recall the following map between the Cartan subalgebra
of f4 following Section 13.9 in [53]

ay4 as a9 al
Tt D(F4) = B(fa), wa = w1, W3 = w2, Wy — W3, W1 — —, Wi,
a4 as ay ap

where a1, a2, a3, as (respectively ay,ay, ay,ay) denote the Coxeter (respectively Dual Cox-
eter) labels of the Lie algebra g(Eéz)).

The rows and columns of the S-matrix are parametrized by the set P* (g(EéQ))) and
Pt (g(Eél)))" respectively. Under the identification ¢, the columns will be parametrized by
Pt (g(Eéz))). We recall the following formula from [53]:

(8.13)
SUW(ES) = V2R /(0+12)Q17% Y elw)exp ( - (W 7), 7l +p>),

weWw
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where p denotes the sum of the fundamental weights of f4 , Y = 12 is the dual Coxeter
number of g(EéQ)), M* denote the dual lattice of ) with respect to the Killing form r.

8.10. S-matrix for Aéi) In this case g = C,, and the orbit Lie algebra g, = C,,. Let
Ao, ..., A, denote the affine fundamental weights of g(Agl)) and Ag,...A,, denote the
projection to (), under the normalized invariant bilinear form on denoted by xy. Now let
wo, W1, - - - ,wp denote the fundamental weights of C,. It turns out that for all 0 < i < n,
the A; = w;. The set of level ¢ integrable highest weight representations of the affine Lie
algebra g(Agl)) can be rewritten as the follows:

n
(8.14) PYG(AS)) = (D biwi € Pe(C)|2(by +ba + -+ + by) < €}

i=1
Remark 8.2. With the convention of the numbering of the vertices of the affine Dynkin
diagram in the case Agi), we get the fixed point Lie algebra is of type B,, whereas g = C,,.
However it is sometimes convenient to choose a different ordering of the vertices of the
Dynkin diagram such that the new horizontal subalgebra is same as the fixed point algebra
B,,. This can be done if we renumber the vertices by reflecting about the n-th vertex of the
affine Dynkin diagram. Under the new numbering system we get an alternate description

" ~
~ ~ ~ b Vi ~
(815)  PYa(AS)) ={D biwi € Pr(Bu)lby + -+ + b1 + 5 <5 £— by is even),
i=1
where w1, ..., w, are fundamental weights of the Lie algebra of type B,. In particular, we

observe that Pl(g,0) = {w,}. We refer the reader to compare it with the description of
P'(g,v) in [46].

Let Pe(g(Agln)))” denote the set of integrable level ¢ weights of the Lie algebra g(Agln))
which are fixed by the involution ¢ : ¢ — 2n 4+ 1 — i. It can be described explicitly as.

PAo(AG))7 i= {3 ailwi + wan-i) € Pi(Aza)|2(by + -+ + b) < €},
i=1
Under the map ¢ : P(Asg,)? — P(C),), there is a natural bijection between ¢ : Pé(g(ASL)))" —
Pt (g(Agi))) Hence we will identify the two using the map ¢. The rows and columns of the

S-matrix are parametrized by the set P’ (g(Aéi))) and P* (g(ASL)))" respectively. We recall
the following Theorem 13.8 [53] which is known as the Kac-Petersen formula [54].

0) 2y _ A _1 21 i -
(8.16) Sy ) (A,)) =i+ I(0+2n+1)2 Z e(w) exp (-Mmmg(w(ﬂp),wp)),
weW
where p denotes the sum of the fundamental weights of C,, and hY = 2n + 1 is the dual

Coxeter number of g(Agi)) Moreover the matrix S®) (Aéi)) has the following properties
[53)].
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Proposition 8.3. The matriz (S(Z) (Agi))) by SE\ZL(A%)) is symmetric and unitary.

A7
8.10.1. Crossed S-matrices associated to arbitrary automorphisms. Let v be an arbitrary
automorphism of a simple Lie algebra g and let L(g, ) denote the twisted Kac-Moody Lie
algebra as defined in Section 3.1. Recall there is a natural isomorphism of L(g,~) with an

twisted affine Kac-Moody Lie algebra of type X](Vm), where the Lie algebra g is of type X

and X](Vm) is determined by the diagram automorphism o arising from . Thus there are
natural bijections

By : Py(g)” = Pi(g)’, and Bz : P'(g, (7)) ~ P'(g(X{")).

Let for any element (X, 1) € P%(g,~) x Py(g)”, consider the number

(8.17) SY, =Sy (x\m)y,

B1(A),B2()
where S(e)(X](Vm)) is the crossed S-matrix at level ¢ given by equations 8.7, 8.9, 8.11, 8.13
and 8.16.

Definition 8.4. We define the crossed S-matriz S7 at level ¢ associated to v to be a matrix
whose rows and columns are parametrized by P*(g, (7)) and P,(g)” and whose (), ut)-th
entry Szu is given by Equation 8.17.

8.11. Relation with untwisted S-matrices. This section is motivated by the two obser-
vations. First the equivariantization of a I'-crossed modular functor is a modular functor,
hence crossed S-matrices must be submatrices of an uncrossed S-matrix. In the KAC soft-
ware, the uncrossed S-matrices and the crossed S-matrices of type Agi) are available for
computational purposes. Using the software KAC-and the discussion below, one can com-
pute all crossed S-matrices in the remaining types.
Let A be a Cartan matrix of either of the following types
A: Agi)_p D£L2-i)-1’ E((S2)’ Dz(ls)'

In this section, we discuss how the crossed S matrix for the twisted affine Lie algebra of
A discussed in the Section 8 for can be regarded as a submatrix S-matrix of an untwisted
Lie algebra.We consider the Cartan matrix A? obtained by taking transpose of the matrix
A. In these cases, observe that the affine Lie algebra associated to A? is of untwisted type.
They are given as:

1 1
At : B7(7,1)7C’r(L1)7F4§ )7G§ )

If A and A' denote the Cartan matrix obtained by deleting the 0-th row and column,
then we get g(A) and g(/it) are Langlands dual. The following extends the correspondence
we between the root lattice (respectively weights lattice)of g(A) with the coroot lattice
(respectively the coweight lattice) of g(A?) to the affine case.
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Lemma 8.5. The following map between the Cartan subalgebras T : h(A) — h(A?), define
an isometry invariant map with respect to the Weyl group :

\
(8.18) Ai — ZAL 5
a;

where Ao, ..., Ay, (respectively AL, ..., AL) are affine fundamental weights for the affine Lie
algebra associated to A (respectively A) and § (respectively ') as in Section 5.2.

Consider the map 7 : P*(g(A)) < P ~"(g(A?)) given by the formula
(8.19) (A :=1(A+p) =7,

where p(respectively pt) are sum of the fundamental weights of the horizontal subalgebra
of g(A) and g(A?) respectively.
The affine Lie algebras of type A? are all untwisted affine Kac-Moody Lie algebra, hence

denote by S&%L(At)—the (X, )-th entry of the S-matrix of type A’ at level £. We refer the
reader to Chapter 13 in [53] for more details. The following proposition is well known and

can be checked directly (see Proposition 3.2 in [41]).

Proposition 8.6. Let g(A) be a twisted affine Kac-Moody Lie algebra associated to the
Cartan matriz A of type Agi)fl,Dgzl,Df),Eém, then the crossed S matrices are related

to the S matrices of g(A) by the following formula
¢ 2 o L (+hV—h
SS(A) = (@) /QIZSE A o (AD),
where h"Y and h are the dual Cozeter numbers of the Lie algebra g(A) and g(A*) respectively.

Moreover |Vg(@v)/@| is two when A is either Agn)fl, Dﬁﬁl and EéZ) and is three when A
(3)

is of type D,

8.11.1. Some computations. We list the following facts which are very useful in computing
the crossed S-matrices. Using proposition 8.6, we can use Kac-software to compute the
crossed S matrices.

e The case Aéi)_l
— T o7, is identity.
— 7(wj) =w! for 1 <i<n—1and 7(wy,) = 2w%.
— 7(wp) = wh.
e The case D7(12421
— T o7y is identity.
— 7(w;) =w! for 1 <i<n—1and 7(wy,) = 2w.
— 7(wp) = wt.
e The case Dflg):
— 7(wy) = 3wh and T(wy) = wi.
— 70T (w) =w! for 1 <i<2.
— 7(wp) = 2wh

e The case EéQ):
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- 7(w1) = 2wf1, T(w2) = 2w§, T(ws3) = wé, T(wg) = w’i.
— ToTg(w;) =w; for 1 <i<A4.
— F(wp) = Wi + W}

9. TwisTED FusioN RINGS

9.1. Fusion rules associated to diagram automorphism. Let g be any simple Lie
algebra. For any n-tuple A = (A1,...,\,), consider the dual conformal block VX(}P’I, Z) at
level £. Now given any diagram automorphism o : g — g, we get an automorphism of
o* : Py(g) — Py(g). This induces a map of the dual conformal blocks

o V3(Ph2) =V . 5 (B, 2),

—

where 0*(A) = (0*A1,...,0%\,). Let Py(g)? denote the set of level ¢ weights fixed by o.
Thus, if A € (Py(g)7)", then we get an element ¢ in End(V5(P!,2)). In [44], Z. Hong
defines a fusion rule associated to o.

9.1.1. Twisted Fusion Rule. Now we restrict to the case when g is simply laced and o is
diagram automorphism of the Lie algebra g. The following proposition can be found in
[44]

Proposition 9.1. The map N, : N7 (@ — C given by No(3; \i) = Tr(o|V5 (P, 2))
satisfies the hypothesis of fusion rules (see [9]).

The set of characters of the fusion ring R, has been described in [44]. We recall the
details below. Let G, be the simply connected group associated to the Lie algebra g,
and T, be a maximal torus in G,. Let Q(g) be the root lattice of g and let Q(g)? be
elements in the root lattice of g which are fixed by the automorphism ¢. Then under the
transformation ¢ : P(g)? — P(g,), we get

oy _ | Qlgo g # Ao
©-1) Q) = { ngo'; = 3Q(go) 9= Az
Consider the following subset 15, of T;, given by
T, ={teT,le*(t)=1for a € ({+h")(Q7(g))}.
An element t of 15, is called regular if the Weyl group W, of g, acts freely on ¢ and let
T flfg is set of regular elements in T;, ;. Now the main result in [44] is the following:

Proposition 9.2. For t € T.?/W,, the set Tr.(t) gives the characters of the fusion ring
Ry

Thus to study the character table of the fusion ring R,, we need to give an explicit
description of the set T;elfg’ /W, in terms of weights of the level (-representations of the

twisted affine Lie algebra g(X](Vm)) associated to o.

Remark 9.3. In the case of the usual fusion ring Fy, there is a natural bijection [9]
between Py(g) and T, /W, where W is the Weyl group of g. However in the case of
twisted fusion ring R, there is no such natural bijection.
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The following proposition should be considered as a generalization of Proposition 6.3 in
[9] to the case of all affine Kac-Moody Lie algebras.

Proposition 9.4. There is a natural bijection between T,y /Wy with Pg(g(X](Vm))).

Proof. We divide our proof in the two major cases. First we consider the case when the

twisted affine Kac-Moody Lie algebra is of type Agi)_l, fo_&l, EéQ) or Df). In [44], Hong

introduces the following subset set of coweights P(g,)
Pog:= {1 € P(g5)105 (1) < £}.
Now Lemma 5.20 in [44], shows that there is a natural bijection between P(,,g and T, /W,

Thus we will be done if we can show that P*(g, o) is in a natural bijection with 1507@. This
set can be precisely described as

(1) If g = Agy—1, then ]50,4 = {3 eiwiler +2(ea + -+ + ep) < L}

(2) If g = Dyy1, then P, p:= {30 e;il2(e1 + -+ en_1) +en < £}

(3) If g = Dy, then pmg = {61(1)1 + 62@2‘361 + 2e9 < f}

(4) If g = Eg, then P, := {31, eiv;|2e1 + 4by + 3b3 + 2e4 < ().
Here w;’s are the fundamental coweights of the Lie algebra g, and e;’s are non-negative
integers. By the explicit description of the set Pe(g(X](Vm))) by equations (8.2), (8.3),(8.4)
and (8.5), it follows that there is a natural bijection between P* (g(XI(\,m))).

Now we consider the remaining case when A = Agi) In this case the horizontal sub-
algebra g is same as g,. We define the map 3 : P*(g(A)) — T, is given by the formula
B(N\) = exp (%VQ(A)(/\ + 7)), where vg4) is the isomorphism between $*(A) — H(A)
induced by the normalized Cartan-Killing form 44y on g(A) and p is the sum of the
fundamental weights of the horizontal subalgebra g. Now the rest of the proof follows as
in Proposition 9.3 in [9].

]

9.1.2. Fusion rings associated to arbitrary automorphisms. In the previous section, we dis-
cussed how one can associate fusion rings to diagram automorphism. Let v : g — g be a
arbitrary automorphism and ¢ be the diagram automorphism of g related to « by Proposi-
tion 3.1. Then v and o differ by an inner automorphism of g and hence we get a bijection
between P(g)” and P(g)?. Now since v and ¢ both preserve a normalized Cartan Killing
form it follows that there exists a bijection between Pp(g)? and Py(g)e.

IEX=(A,..., ) € (Pu(g)7)", then as in Section 9.1, we get an element in End(V(P!, 2).
Since the conformal block V(P', Z) is constructed as coinvariants of representation of the
Lie algebra g ® Op1(*Z), it follows that inner automorphism of g acts trivially on V;\(Pl, Z).
The above discussion can be summarized as follows.

Proposition 9.5. Let X € (Py(g)?)", we get Tr(v|V;(P', 2)) = Tr(o| V5 (P!, 2)).

Hence the fusion ring associated to an arbitrary automorphism - just depends on the
class of the diagram automorphism o.
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10. CHARACTER TABLE AND THE S-MATRIX

Let F be a fusion ring at level ¢ with basis I and let S be the set of characters. Consider
a matrix > whose rows are parametrized by S and columns are parametrized by 1. For
(x,A) € Sx1I,weset X, x = x(\). We denote by ¥', the unitary matrix corresponding to
3.

In this section, we describe how to compute the character table ¥’ for the fusion ring
R, associated to diagram automorphisms o at level £ as discussed in Section 9.1. Recall
by Proposition 9.2, the rows of the matrix ¥’ are parametrized by the set T:zg /Wy, where

T, :={teT,)e*(t)=1for a € ({+h")(Q7(g))},

where T, is a maximal torus of the orbit Lie algebra g, and +(Q7) be as in equation 9.1.
The columns of the matrix ¥’ are parametrized by the set P‘(g)”.
Consider the element w = . P?(g) AN* and the diagonal matrix D,, whose entries are

Ix(\)|? for x € S. Now by the Weyl character formula and the proof of Lemma 9.7 in [9]
and [44], we get

1
(10.1) Du(t) = w( IT ) - 1>) |

acAs

By the definition of ¥’ and the Weyl character formula, we get that the following:

i Maca, 30 =73 (1)] ( 3 E(w)e(w(qu(,))(t))’

Maca,, (€3() —e 2 (0) \ 55,

where p, is the sum of the fundamental weights of g, and W, is the Weyl group of g,-.
Recall that by Proposition 9.4 there is a natural bijection 8 : PY(g(A)) — 1% /Wy, where
g(A) is a twisted affine Kac-Moody Lie algebra.

(10.2) E;,u =T,

Proposition 10.1. Let A, denote the set of roots of the Lie algebra g,. Then the relations
between the matriz ¥’ and the crossed S-matrices are given by the following:

e <Ha%,+ 3 (30) - e HBOY) >§Z)
g aca, , (€2 (BO)) — e 2(B())) )

where ¢ is the natural bijection between P(g)? and P(gs) and Syz

S-matrices given in Equations 8.7, 8.9,8.11,8.13 and 8.16.

denote the crossed
(w)

Proof. We split up the proof of the proposition to case by case for the untwisted affine Lie
algebras.

10.1. The case A = A;i) In this case § = g,. Hence we get W, = W and Py = p. Let
Ly (BA) = X wew, e(w)eW m+po)) (B(N)). In this case the bijection 3 is given by the
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213

following B(A) = exp(75v (Vg(4) (A +p))). Hence we get

(10.3) BB = 3 elw)exp (g (wlut) + 911 +7)
weW
(10.4) = il 2m)250)  (AD)

Hence we get the following

i aea, , [€2(B) —e 2 (B(V))
10.5 oo (l) = 'A+|< Aot 5 )S“) AP
( ) ,8()\)7}1«( ) 7 HOCEAUFF (65(5(>\)) . 675(/8()\))) )\,L(’u,)( 2TL)
This completes the proof in the case A = A(Q) ]

10.2. The case A is either Agl)_l, Dfizl, Df’), EéQ). In these cases the Lie algebras g

and the g, are Langlands dual. In particular W = W, and QV is equal to Q(g,) and vice
versa. As before let 3 : P*(g(A)) — 1% be the natural bijection. Then define a function

J4 from the set T x P‘(g)° given by the formula

TaBO)m) = 3 ew)exp ((wam) " p>><5<x>>).

weWw

Let Py(A) = {
bijection 7 : P*
by the formula:

/-\y(
\/m

ar 2me NN
D= 3 dw)ew i (w0 G+ h)

where p and p are the sum of the fundamental weights (respectively coweights) of the Lie
algebra g. By a direct calculation, we can check that

Ja(BN), 1) = T4 (A n(p)).

To a Cartan matrix A of types A;i)fl, ijl, EéQ), V. Kac [53] associates another Cartan

matrix A’ of type Df_zl,Agi)_l, Eég) respectively. Since g, and g are Langlands dual,
we observe by the calculations in Section 8 that there a natural bijection 1’ : Py(A) —

P*(g(A")). In particular, we get

(10.6) Ja(BON), 1) = i34, 3 Sxi

n'on(u )(A)'

Substituting Equation 10.6 in Equation 10.2, we get the required result by observing that
/
t=mn"on.
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11. DIMENSIONS OF THE CONFORMAL BLOCKS USING THE VERLINDE FORMULA

In this section, we use the Verlinde formula conjecture 1.1 stated in the introduction to
compute dimensions of some twisted conformal blocks. In various check, we cross check
our answer by obtaining the same result by using different methods like factorizations etc.

11.1. Etale Cases. Let I' = (7) be a cyclic group of order m acting on g and consider

an étale-Galois cover C' — C' with Galois group I'. We assume that g is either of type
Ap>2, Dp>4, Eg. We consider the following cases.

11.1.1. Genus zero case. Assume that C = P!, then C = Uzi_ollP’l where v sends the i-th
component to the ¢ + 1-th component. Further assume that we have three marked points
q, p1 and Py on C and an integer i such that 4% - P, ¢ and p; are in the same component
of C. Let p be the image of the tuple (p1, p2,q) in P

Let A € Pi(g). We consider the following tuples (6, P p1, pa, ¢; A, A*,0) and (6, Pl oy,
P2,q; A\, 7' A%, 0) and the corresponding twisted conformal blocks V;7A*707F(5, P b1, 02,4, P)

_I.
and V. ~iA*,0,T

both conformal blocks have the same dimension and moreover since (p1,v'pa, §) are in the

(C’, P! p1,~' - P2, ¢, p) attached to the data. By construction (Section 4.3.4),

same component of C , we get the following by construction:

Proposition 11.1. dim¢ Vi,vi_)\*70’F(C,P1;ﬁ1,fyi - p2,q,P) = dime V1 (}P’l;p), where

A, A*,0

dimc VI, ., (PLp) =
HIC Y yian0 ( P) {0 otherwise

The dimension equality of Proposition 11.1 can be seen directly from the Verlinde formula
in Conjecture 1.1 taking into account that the untwisted S-matrices are unitary and I'° is
trivial. Hence this verifies Conjecture 1.1 in this case.

11.1.2. Genus one case. Assume that C is an elliptic curve and C is another elliptic curve
and C — C is an étale _Galois cover with Galois group I'. The cover C — C can be
degenerated to a curve D — D, where D is a nodal curve with m- copies of P! forming
regular m-polygon and D is an elhptlc curve with one cycle pinched. Let p be any marked
point of C and p be its image in C'. Note that it is an unramified point. We consider
the twisted conformal block V}(é, C) = V(T),F(é, C,p,p) (by Propagation of vacua). By
factorization (Proposition 4.3), we get

dime VL(C,0) = > dime V. (P'q,q).
AEP(g)

By applying Proposition 11.1, we get dimg¢ V;(CN’, C) = |Pi(g)7]. On the other hand if we
apply the condition that n = 0 and g = 1 in the Verlinde formula in Conjecture 1.1, we
also get |P1(g)”|. This also supports our conjecture.
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11.1.3. Genus one case with one marked point. Let g = Ayx and ~ is the diagram auto-
morphism of Ay. We denote the fundamental weights by w; for 0 < ¢ < N — 1. Then
|P1(An)7| is two if N is odd and one if N is even. We gave the following proposition to
support Conjecture 1.1.

Proposition 11.2. Let C and C be as above and p be a marked point in C and p be denote
the tmage of p in C.

(1) Let g = Agy_1, then dimc VL“F(C?’, C,p,p) =2 if i is even and O otherwise.

(2) Let g = Agy, then dimc VL“F(@, C,p,p) =1, for all i.

Proof. We degenerate the cover C — C to D — D as in the Section 11.1.2. We apply the
factorization theorem and get

dim¢ VL“F(CZ 07 ﬁ’ p) = Z dim¢ VI\,’Y'/\*,Wi (Pla p,)
A€Pi(g)

It is well known [31] that if g = A,, then the dimension of level one conformal blocks with
three marked points dime Vo, o, w, (P, p’) is one if and only (r 4 1)[(i + j + k) and is zero
otherwise. Using this we have the following:

e Let g = Ay 1. If 7 is odd and A\ = w,,, we get dimgc VK)\’WZ,(IP’l,p’) = 0. This
follows from the fact that by choice 2m + 7 is odd and hence 2\ 4+ w; is not in the
root lattice of Agp_1.

e Let g= Ay 1. If i =2aiseven, a < r—1and A = wy,, then dim¢ V; /\,w2a(P17 p’) is
one dimensional if and only if 2m + 2a is divisible by 2r. In the ranée 0<m < 2r,
then m = r —a or (2r — a) are the two solutions.

e Let g = As.. For any A = w,,, we get the condition 2m + i is divisible by 2r + 1
and 0 < m < 2r has exactly one solution.

Thus the result follows. O]

This can also be checked by using the Verlinde formula in Conjecture 1.1.

11.1.4. Etale double cover of a genus two curve. Let C bea genus 3 curve and C' be a genus
two curve such that C' — C' is an étale Galois cover of degree 2. Let g = An and consider
the conformal blocks V%(é ,C). We can degeneratete the cover such that it normalization
is a disjoint union of étale double covers of elliptic curves. By the computation in Section
11.1.3, we get the following:

(1) Let g = Ag,1, then dime VI(C, C) = 4r.
(2) Let g = Agy, then dim(cV}:(C, C)=2r+1.

11.1.5. Arbitrary genus case. Let pu be any element in P;(g) and S be the uncrossed S-
matrix for L(g) at level one. We observe the following:

(1) If g = A, then Sy, = ———.

n

(2) If g = D, then So,, = 3.

H
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(3) If g= Eﬁ, then SO,M = %
Let v be an automorphism of order m acting on g and let C — C be a étale cyclic Galois
cover of order m. Let g be the genus of C'. Then by the Verlinde formula in Conjecture
1.1, we get

(11.1) dime V](C, C) = |Py(9)"[(S00)* .

The above can be checked directly using the degenerations and the genus zero computations
in Sections 11.1.3, 11.1.4 for the group g = Ax and vy being the diagram automorphism of
Ap directly using the degenerations and the genus zero computations in Sections 11.1.3,
11.1.4 for the group g = Ax and 7 is the diagram automorphism of Ay .

Remark 11.3. G. Faltings [33] has shown that in the untwisted case that conformal blocks
for a simply laced Lie g algebra has dimension |Z; |9, where Z¢ is the center of the simply
connected group with center g. This can also be seen from the Verlinde formula. The
formula in Equation 11.1 can be thought of a generalization of the result to the twisted
case.

11.2. Ramified Cases with diagram automorphisms of order two. We use compute
some dimensions of twisted covers of conformal blocks associated diagram automorphism
and ramified cover of curves.

11.2.1. Twisted affine Lie algebra: Agill at level one. Consider the diagram automor-

phism of As,._1. The level one weights of Agi)_l are {0,w;}. By Proposition 8.6 and the

computations in Section 8.11.1, tell us that the crossed S-matrix is given by the following
2 X 2 matrix.
1
ST =+2. <% 21) )
2 2
Consider the Galois two cover P! — P! ramified at two points p; and ps and let p3 be any

étale point on P!. Then using the Verlinde formula in Conjecture 1.1 and the KAC software,
we get the dimension of the level one twisted conformal block

1 if7is even

dime V), (P1, P!, p,p) =
¢ Vo0 22 0 otherwise,
where w; is the i-th fundamental weight of Ag,_;. Similarly, we can also check that

dlm VT . ]P)17P17~7 =
C O,MM( P.P) 0 otherwise.

{1 if 7 is odd

This can be verified directly from the fact that these conformal blocks are isomorphism to
the space of invariant Homgy (o, (A'C?",C) (respectively Homgp o, (C?" ® A'C?",C)) which
has dimensions one or zero depending on the parity of .
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11.2.2. Agb)fl and four ramification points at level one. Consider the degree two Galois

cover of P! ramified at four points p. Then C is an elliptic curve. By the crossed S-matrix
in Section 11.2.1 and the Verlinde formula in Conjecture 1.1, we get the following:

(1) dime V§ g0,0(C, P, 5, p) = 1;

(2) dime V], o (C,PLP,p) = 1;

(3) dimg Vg4, (C,PL P, p) = 1.
We can now degeneratete the double cover of P! with four marked points to a reducible P*
with two components meeting at one point, which is étale. Then normalizing we get two

disjoint copies of P! with a double cover ramified at two points. By factorization and the
calculations in Section 11.2.1 we get back the above numbers.

11.2.3. Ag}_l and arbitrary genus at level one. Let C' be a smooth curve of genus g and

consider a double cover C of C which is ramified at 2n points p. Assume that C is connected
and hence is of genus 2g +n — 1. Consider the 2n-tuple of weights 0 = (0,...,0). Then by
the Verlinde formula in Conjecture 1.1, we get

dimc Vi(é, C,p,p) = 297971,

If we assume that g = 0, then C is a curve of genus n — 1. We can degenerate the cover
C — P! to cover D' — D, where D' has n — 1- -components consists of a chain of elliptic
curves such that the two extreme components has three ramification points and all others
have two ramification points. Moreover all the nodes are also ramification points. We can
applying the factorization theorem and apply the calculations in Section 11.2.2 to get the
dimension of the twisted conformal block is #"~!. This also verifies the Verlinde formula
conjecture 1.1 in this case.

11.2.4. Twisted affine Lie algebra: Ag} in genus zero. Consider the diagram automorphism

of Agz). The level one weights of Ag} is just the r-th fundamental weight @, of the Lie
algebra of type B,. Consider the same data of the curve and marked points as in Section
11.2.1. Then by the Verlinde formula in Conjecture 1.1, we get the dimension of the twisted
conformal blocks at level one.

(11.2) dime Vi, . . (P',P',p,p) = 1.
Again this can be verified directly by the fact that VL o i (P, P!, p, p) is isomorphic to

the space H0m50(2r+1)(vm ® Vi, ® N'C? 1 C), where V, are irreducible representations
of s0(2r + 1) with highest weight w,.. This space of invariants is always one dimensional by
[55].

11.3. The twisted affine Lie algebra Df’) . Consider a connected ramified Galois cover
C — P! of order three with three marked points p. By the Riemann-Hurwitz formula, we
get that C is an elliptic curve. We consider the triple 0 = (0,0,0) of weights in Pé(Df’))

and consider the twisted conformal block Vg(é ,PL. D, p) at level .
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Remark 11.4. Since the curve C has genus one, like in the untwisted case, the twisted
conformal blocks V%(é ,PL.p,p) do not embed in the space of invariants of tensor product
representations. Hence the dimension of invariants do not give any natural upper bounds.
This will be clear in the next two examples.

11.3.1. The case ¢ = 1. In this case, the set Pl(Df’)) and it follows that the crossed S-
matrix is has integer 1. Now by the uncrossed S-matrix for D} at level one has Sy = %

Hence by the Verlinde formula in Conjecture 1.1, it follows that V%(é’,ﬂ”l,ﬁ,p) is two
dimensional.

11.3.2. The case £ = 2. The set PQ(DS’)) = {0,w2}. By Proposition 8.6, Section 8.11.1
and using KAC software, we get the crossed S-matrix:

11
51— 3. (vlé % ) |
V6 V6
The fixed points of Pl(Dfll)) under the diagram automorphism are {0,ws} and from the

uncrossed S-matrix we get Spo = ﬁ and So., = %. Now the Verlinde formula in

Conjecture 1.1 implies that dimc Vg(é,IP’l,f)’p) = 3.

APPENDIX A. MODULI STACKS OF ADMISSIBLE I'-COVERS
Let ' be a finite group. In this appendix we recall the definitions, basic properties
r ~TI

and operations on the stacks M;n from [51] as well as the related stacks ﬂg’n and ﬂg,n
for non-negative integers g,n. These are moduli stacks of (balanced) admissible I'-covers
of stable n-pointed curves of genus g with additional marking data as described in this
section.

Let Mg,n denote the Deligne-Mumford stack of stable n-pointed curves of genus g. Let
(C — T;p1,...,pn) be a stable n-pointed curve of genus g over a scheme T with marked
sections pi,...,pp : T — C. For such a stable n-pointed curve (C,p), let Cgen C C' denote
the open subset obtained by removing the marked points p = (p1,---,pn) and nodes of
C. For a finite group I', the notion of a balanced admissible I'-cover 7 : C — C of such
a stable pointed curve is defined in [2]. In particular we have a (left) action of I" on C
and 7 :C — C maps nodes to nodes, 7 is a left principal I'-bundle above the open part
Cgen € C and induces an isomorphism C'/I' 2 C. Moreover for each p € C the stabilizer
I'5; C T'is a cyclic group. If g € Cisa node, then we have also imposed balancedness, that
is, the induced action of the cyclic group I'; on the two branches of the tangent cone are
inverse to each other. As in [2], we denote the Deligne-Mumford stack of such admissible
covers (m: C' — C;p) by My.n(BT).

Following [51], we now consider a certain variant of the above stack of admissible I'-
covers. Given an admissible I'-cover (5 — C;p), where p = (p1,--- ,pn), let p; € 771 (p;)
be a choice of a point in the fiber over p; for all 1 <i < n. We denote p = (p1, - ,Pn)-
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Definition A.1. Let ﬁ;n denote the stack of n-pointed admissible I'-covers
(w:C = C;pip)

of n-pointed, genus-g stable curves, where p = (p1,--- ,Pn) are a choice of marked points
of C lying above the marked points p = (p1,--- ,pp) in C.

The orientation of the curve C' and the fact that C is a principal I'-bundle over Cgey give
rise to an n-tuple m = (my,...,my,) € I'™ keeping track of the monodromies around the
points p;’s. More precisely, the isotropy subgroup I's, of the point p; is a cyclic subgroup,
of order say N;. The cyclic group I';, acts on the tangent space 7; 51,6 faithfully. Then

2rv=l  Hence

m; € I' is defined as the generator of I'j, which acts as multiplication by exp N,

we have the evaluation morphism
. r n
ev: M, =T

and let ﬁ;n(m) :=ev_!(m). We also have the morphism of stacks ﬁ;n — My, defined
by forgetting the admissible cover. The following theorem is due to [51]:

Theorem A.2. The stack M. and the open and closed substacks M;n(m) are smooth,

g7n

Deligne-Mumford stacks, flat, proper, and quasi finite over ﬂg’n. Moreover, the ﬂ;n(m)

. L . =~
are a finite disjoint union of connected components of M ,,.

Next we introduce some more variants of these stacks that are needed in the paper.

A.1. Moduli stacks of pointed admissible covers with local coordinates. We now
introduce the stack of n-pointed admissible I'-covers of stable n-pointed curves of genus g
with local coordinates.

~T
Definition A.3. Let M/, denote the stack of n-marked admissible I'-covers

(1:C — C;P;p; Z; 2)

where (7 : C—C ; P; p) is an n-pointed admissible I'-cover and z = (21, - - - , Z,) are special
formal local coordinates at the points p in C such that z = (Z{Vl, -+, ZNn) are formal local

coordinates at the points p in C, where N; is the order of the cyclic group I';,. As before,
associated with such a data we have the monodromy m € I'" around the points p. For
notational convenience, we will often drop z from the notation of a family of n-pointed
admissible I'-covers with C}E)%en coordinates.

For a finite set A, let M, 4 denote the stack of A-marked admissible covers, where
instead of numbering the marking data, we have bijections of the marked points and formal
coordinates with A. In this setting the associated monodromy of an A-marked admissible

S ~TI
[-cover is a function m : A — I'. Given a function m : A — I" we let M, 4(m) C M, 4 be
the substack of those A-marked admissible I'-covers with monodromy given by m.
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~T
Definition A.4. Let A be a finite set. Let M, 4 denote the stack of n-marked admissible
I"-covers of the form N
(m:C = C;p;p;V;v)
where (7 : C - C:p: p) is an A-pointed admissible I'-cover, v is a choice of non-zero

tangent vectors to C' at the points p and v is a choice of tangent vectors to C at the points
p compatible with v.

It is clear that we have the following commutative diagram:

—T
(A1) Mga——Mga—— Mg 4

L]

~ ~

MQ,A ﬂg)A M97A

A.2. A stratification in terms of dual graphs of stable pointed curves. We now

describe a stratification of the smooth Deligne-Mumford stacks Mg, 4 and M% A in terms
of the dual graph of stable pointed curves. We refer to [6, Chapter XII| for more details
and proofs. Let us first recall the definition of weighted legged graphs and some related
notions.

Definition A.5. A weighted legged graph is a tuple (V, H,t,v,w), where V is the finite
set of vertices, H is the finite set of half-edges, « : H — H is an involution, v : H — V
the function which assigns to a half-edge its vertex of origin and finally w : V' — Z>¢ is a
weight function on the vertices. The fixed points H* C H are said to be the legs of such a
weighted legged graph. We let E (the set of edges) denote the set of t-orbits of size 2.

Let A be a finite set. A weighted A-legged graph is a tuple (V, H,¢,v,w,l : A = H"),
i.e. we also have the additional data of a bijection between A and the legs H".

The genus g of such a weighted legged graph is then defined to be (in particular, it does
not depend on the data related to the legs):

g:=|E|—|V]+ Zw(v) + 7o,
veV
where g is the number of connected components of the graph.
For a weighted legged graph, the degree deg(v) of a vertex is, as usual, the total number
of half-edges incident at the vertex. We say that a weighted A-legged graph is stable if it
is connected and for every v € V', we have 2w(v) — 2 + deg(v) > 0.

Remark A.6. In this paper we will only consider stable (and in particular connected)
weighted legged graphs. The genus of such a graph is g := |E| — |[V|+ > w(v) + 1.
veV
An isomorphism between weighted legged graphs is an isomorphism between the asso-
ciated 1-dimensional CW complexes which preserves the weights. Equivalently an isomor-
phism is a pair of bijections between the sets of vertices and the sets of half-edges preserving
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all the structures. If A is a finite set, then an isomorphism between A-legged graphs is
an isomorphism as before which also respects the labeling of the legs by A. If X is an
A-legged graph, we let Aut(X) denote its group of automorphisms as above.

Let us denote by X, 4 the set of isomorphism classes of stable weighted A-legged graphs
of genus g. If this set is non-empty, then we say that the pair (g, A) is a stable pair.
If (C,p) is a stable A-pointed curve of genus g, then we have its associated dual graph
X (C,p) whose vertices are the irreducible components of C' weighted by their arithmetic
genus, edges correspond to the nodes and legs to the marked points. Then X (C,p) € X, 4.
Hence we get a stratification of stacks Mg,A = [I Mxga and ﬂg,A = [I Mxga,

XeXg a XeXy a
where My 4 4 C ﬂ%A and Mx 44 C ﬁg,A are the substacks formed by the stable A-pointed
curves of genus g whose dual graph is isomorphic to X € X 4. The strata Mx 44 C ﬁg, A

(resp. JV[X’%A C ﬁgﬁ) are locally closed. Let MX,g,A C Mg,A (resp. MX%A C M%A)
denote the closure of the strata.

A.3. Stratifications for stacks of pointed admissible covers. We now describe strat-
_ ~T
ifications of the moduli stacks M; 4, My 4. For this we need the notion of a weighted

A-legged I'-marked graph.

Definition A.7. Let I' be a finite group and A a finite set. A weighted A-legged I'-marked
graph is a tuple (V, H,t,v,w,l : A= H*m : H* — T, u) where (V, H,t,v,w,l : A= H") is
a weighted A-legged graph, m assigns an element of the group I' to every leg and 1 assigns
to each edge an unordered pair {7,y '} up to I'-conjugacy under the diagonal action. Such
a weighted A-legged I'-marked graph is said to be stable if the underlying weighted legged
graph is so. An isomorphism of weighted A-legged I'-marked graphs is an isomorphism of
the underlying weighted A-legged graphs which is compatible with the edge markings. The
set of isomorphism classes of stable weighted A-legged I'-marked graphs of genus g will be
denoted by X; 4 (see also [50]).

If (5 — C,p,p) € ﬁ;A, then we have the weighted A-legged dual graph X (C,p) as
defined previously. The monodromies around the points p determine the I'-markings on
the legs. Furthermore, the nodes of C' are parametrized by the edges of X (C,p). For each
node g € C, let us choose a lift § € 5’, and a branch of the tangent cone at §. These
additional choices determines a unique generator v of the stabilizer I'y. If we had chosen
the other branch, v would be replaced by y~!. We attach to the node g (or equivalently the
corresponding edge in the dual graph) the I'-conjugacy class of the unordered pair {v,vy~!}.

Hence for each (5’ — C,p,p) € MZ,A’ we have defined its dual graph Xr(é — C,p,p)
which is a weighted A-legged I'-marked graph. Hence we have stratifications

~TI
~L T ~r . i
(A.2) Mg 4= H MXf,g,A and My 4 = H MXF,Q,A’
XTexy 4 XTexy 4
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where ME(F,g, 4 (respectively JT/E&RQ, 4) denote the locus of A-pointed I'-covers of genus g
curves (respectively with chosen non-zero tangent vectors) whose underlying dual graph is
XT. . . r r

We denote by Myr , 4 € M, 4 and Mxr , 4 © M, 4 the closure of the corresponding
locally closed strata. We have the forgetful map X;A — Xga. If X € X, 4, we let XI'(X)
denote the fiber of the forgetful map above X and we set

r _ r =T _ T
MX,gyA - H jV[XF,g,A and MngvA - H MXF,Q,A
XTexT(X) XTexI'(X)

to obtain coarser stratifications of the moduli stacks parametrized by the set X, 4.

APPENDIX B. CLUTCHING MAPS FOR THE MODULI STACKS

In this appendix, we describe clutching maps between the moduli stacks Mg, A,M; 4 as
~ ~T

well as the stacks Mg 4, M, 4.
B.1. The category of weighted legged graphs. We will work with the category of
weighted legged graphs as defined in [40, 69]. Let us denote by X, 4 the category whose
objects are stable weighted A-legged graphs of genus g. A morphism between two weighted
A-legged graphs X,Y is a composition of an isomorphism and edge contractions which
preserve the labeling of the legs and weights. In particular if the vertices vy, -+ , v, € V(X)
are mapped to a vertex v € V(Y) by such a morphism, we demand the equality

k
(B.1) 2wy (v) — 2+ degy (v) = Z 2wy (v;) — 2 + degx (vi).
i=1
For example, this last condition tells us what weight to assign to a vertex if certain edges
have been contracted. It guarantees that the genus of X and Y must be the same. Hence
we have defined categories X, 4 of weighted A-legged graphs of genus g for each g € Z>g
and finite set A.

Remark B.1. Consider the weighted A-legged graph with one vertex of weight g and no
edges. Such a graph is known as a corolla. It is the final object of the category X, 4.

We say that (g, A) is a stable pair if Xy 4 is non-empty. This is equivalent to saying that
the A-legged corolla of weight g is stable. We will always implicitly assume that all pairs
(g9, A) considered in this paper are stable.

B.2. Clutching with respect to morphisms between weighted legged graph. Let
X € X4 a4 be a weighted A-legged graph and let L(X) denote the set of A-legs of X. As

described previously we have the locally closed stratum Mx 44 C ﬁ% A (resp. M X,9,A C
My, 4) and its closure Mx g4 € My a (resp. Mx ga € Mg a).
We now recall the definition of the clutching map associated with X. First we cut up

the graph X at the midpoints of all its edges. For each vertex v of X, we now have
a set of half edges and legs incident at v. Let us denote this set by L,. Note that
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AC ]I L, =: H(X), the set of all half-edges of X. We define the smooth Deligne-
veV(X)
Mumford stack

(B.2) H My (0),L(v) and its open substack Mx := H My
veV (X veV(X)

where we recall that w(v) denotes the weight of the vertex v of X. Similarly we define

(B.3) H J\/[ v),L(v) and its open substack J\/[X H Jﬁw(v),L(v).
veV(X veV(X)

Then as described in [6, Ch. XII-§7] we have the clutching map
(B4)  &x: My — Mxga C My 4 restricting to Ex : My — [Mx/ Aut(X)] 2 Mx 4.4

giving a description of the stratum My 4 4 C ﬁ% A as stack quotient of Mx by the group
of automorphisms of the stable weighted A-legged graph X. The clutching map factorizes
as

Ex My — [Mx/Aut(X)] —» MX,Q,A - ﬁg,A

where the second map is a normalization which is an isomorphism on the open part
MX,g,A - MX,g,A-

So far, we have described the clutching operation associated with an object X € Xy 4.
We will now describe clutching with respect to morphisms in X, 4. The previous construc-
tion can be thought of as a special case corresponding to the unique morphism of any given
object X € Xy o to the final object (which we called the corolla).

Let f: X — Y be a morphism in X4 4. In particular we have a surjection f, : V(X) —
V(Y) and a map f* : H(Y) — H(X) which is a bijection on the legs preserving the A-
markings and which is induces an injection on the edges. Also we have the two smooth
Deligne-Mumford stacks My and My. Then associated with the morphism f : X — Y
we have the clutching map defined by gluing together the points marked by the half-edges
corresponding to the edges contracted by f: X — Y

(B.5) §r: My — My-.

Remark B.2. In case Y is the corolla, My = ﬁg, 4 and we recover the previously defined
clutching map given in Equation (B.4).

Remark B.3. It is clear that if we have two morphisms X i) Y £> Z in Xg4 4 then

Efrofs = Ef, 0 &y, In other words the assignment X +— My is functorial.

For each h € H(X) there is the line bundle £;, (known as the point bundle associated
with h € H(X)) on the stack My and its dual line bundle £) on Mx. By definition, the
fiber of £}/ at (a possibly disconnected curve with connected components parametrized by
V(X)) (D,q) € My is the tangent space Ty(n)D to the curve D at the point labeled by
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h € H(X). Let us recall from [6, Ch. XIII-§3] that the normal bundle on Mx to the
clutching map §; decomposes as

(B.6) Ngp = &b Ly, ® Ly,
{h1,he}e E(X)\f*E(Y)

where the summation is over the edges of X which have been contracted by f: X — Y.
Now we want to lift this clutching construction to the stacks (see Equation (B.3) for

notation) My and My taking into account the normal bundles. Consider the stack ﬁ)ﬂ ¥
parametrizing data of the form (D, q,v), where (D,q) € Mx is an H(X)-pointed curve
and v is a choice of non-zero tangent vectors to the possibly disconnected curve D at the
points marked by f*H(Y) C H(X). We should think as q and v as morphisms from H (X)
that assigns a smooth marked point and a non-zero tangent vector at the marked points
respectively. Note that

A2 L(Y) = L(X) C fAH(Y) C H(X).

We have the natural forgetful map ﬁ X — ﬁ x,f which forgets the choice of tangent vectors
at the points marked by H(X) \ f*H(Y). We have a Cartesian square of the form

(B.7) Mx f —— My
(G,J;*H(Y) torsorJ{ JGr},{(Y)—torsor
S

M X — My,
where 5} denotes the pullback of £;. It follows from (B.6) that the normal bundle N §~f —

M)Q ¢ decomposes as

(B.8) N§~f = @ Ly @ XLy, with fibers at a point
{h1,h2}e E(XO\f*E(Y)

(B.9) N&f (paw) = &y Toth)D & Ty D for (D,q,v) € My ;.
{h1,ha e E(XO\fE(Y)

Here L,v” and L,\Z/Q also denote the pull backs of the corresponding dual of the point bundles

under the Gg H(y) torsor.

Let FFN é;c — ﬁX, ¢ denote the frame bundle associated with the vector bundle N é —

ﬁx, ¢ preserving the above decomposition into line bundles. Hence F'N é;c — MX, risa

Gﬁ(X)\f "EY)_torsor. Note that the forgetful map ﬁx — ﬁ)g ¢ factors through the frame
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bundle and we obtain the diagram

(B.10) My —— FNE

L

~ £ ~
MXJ *fﬂny

where the top horizontal map is given by

Mx 3 (D,q,w) = (D, q, W|pemvy), (W(h1) @ W(h)) iy heteB(XO\fE(Y)) € FNé;.

B.3. Clutchings for pointed admissible covers. In this section we carry out the clutch-
ing constructions for pointed admissible I'-covers where I' is a finite group.

B.3.1. The category of group marked graphs. Let us first define the category XU 9.4 of
weighted A-legged I'-graphs. We refer to [69, §3.3] for details.

Definition B.4. An object of XE’A is a tuple (X,m: H(X) - I,b: HX)\L(X)—-T)
where X € X, 4, and such that whenever {h1, ho} is an edge, ®°")m(h1) - m(ha) = 1 and
b(h1) - b(hg) = 1. Here ®")m(hy) := b(h1)m(hy)b(h1) ™

If (X,mx,bx),(Y,my,by) are objects of f)ngA, a morphism between them is a pair
(f: X =>Y,v: HY) —T) such that

y(h) -mx(f*h) -y(h)™' = my(h) for all h € H(Y) and
by(hl)’y(hl) = ’y(h2>bx(f*h2) whenever {hl, hg} S E(Y)

Remark B.5. A I'mmarked corolla is just a corolla with legs marked by elements of I". If
(X,m,b) € I)ng 4 then we can cut up the graph at the midpoints of all edges to obtain a
collection of I'-marked corollas parametrized by V (X). As before, for each vertex v € V(X))
we let L, denote the set of half-edges of X incident at v, which form the legs of the corolla
corresponding to the vertex.

B.3.2. Smooth Deligne-Mumford stacks associated with group-marked graphs. For any ele-
ment (X, m,b) € X! g.4 define the smooth Deligne-Mumford stacks

(Bll) MX’an = H M v), Ly m‘L )
veV(X)
~T ~T
(B.12) My mp = H Moy, L, (ML)
veV(X)

The stack ﬂ?m,b parametrizes H (X)-pointed admissible I-covers (D — D, g, q) of curves

(D,q) in Mx with connected components parametrized by V(X) and with monodromies
around the H(X) marked points q being given by m.
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Remark B.6. By definition, if {hi,he} € E(X), then P*)m(h;) and m(hy) are inverse
to each other. The monodromy around the point (A1) € D is m(h1) and hence the mon-
odromy around the point b(h1) - q(h1) is m(h2)~!. In other words, using the construction
of [51] we can glue the two points b(hy) - q(hy) and §(hs) on the admissible cover D — D
corresponding to an edge of X. We get the same glued pointed admissible I'-cover if we
glue with respect to the two points q(h1) and b(hs) - q(h2).

As in the untwisted case, for any h € H(X) we have the associated rank 1 point bundle
L, on M?m’b and its dual line bundle £) whose fiber at (D = D,q,q) € M?m’b is the
tangent space T; a(h)ﬁ- We recall the following proposition from [52].

Proposition B.7. Consider the natural forgetful map  : ﬁ;n(m) — My, then 7 L; is

N;

[

(respectively M;n) and Nj is the order of m; € T.

natural isomorphic to L where L; (respectively ZZ) denote the i-th point bundle on ﬁg,n

B.3.3. Clutching with respect to morphisms between group-marked graphs. By Remark B.6,
given any morphism (f,7y) : (X,mx,bx) — (Y,my,by) in DC};A we have the gluing or
clutching map

~T ~T
(B13) gf,’y : MX,mx,bX — MY,myJ)y'
Remark B.8. If we have two morphisms

(fim) (f2:r2)

(X>mX7bX) (KmY7bY) (Z7mZ>bZ)

. ) —
in f)Cg’A then &1, yn)o(fim) = Sforve © 1 and the assignment (X,mx,bx) — MX myx by
is functorial.

~T
The normal bundle on My 1, 1, to the map £, decomposes as

311 Nea- D Gk
{h1,ho}eE(X)\f*E(Y)
Our next goal is to lift this clutching construction to the stacks (see Equations (B.11),
~T ~TI
(B.12) for notation) My . b, and My, while also taking into account the normal
~T ~

bundles. Consider the stack M , . f Parametrizing data of the form (D — D, q,q, V),
where (D — D,q,q) € ﬂ?m by 18 an H(X)-pointed admissible I'-cover and v is a choice
of non-zero tangent vectors to D at the points marked by f*H(Y) C H(X). We have the
Cartesian square

~T grf\; ~T
(B.15) MX,mX,bX,f,'y MY,m%bY
G{:H(Y)—torsorJ J{Gg(y)tOMOT

£y

— RV
MXme bx MY,my by *
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— ~TI
It follows that the normal bundle N§fy — My 1 1 4 decomposes as

(B.16) Néjq = D Ly, @ Ly,
{hiha e E(XONfE(Y)
~ ~TI
where we use £ to also denote the line bundle on M X.myx by, f~ OPtained by pullback of

. . I
the corresponding point bundle on My 1,y -

_— ~T «
Let F'NEfy — My my by.fy denote the frame bundle (it will be a GEXON E(Y)—torsor)
— ~T
associated with the vector bundle N&fy — My 1, b 7 Preserving the above decompo-
sition into line bundles. As in the untwisted case, we obtain the diagram

~T —
(B.17) My by —— FNEf~

X,my,bx,fy Y,my by

where the top horizontal map is given by
(D — D,q, W) — ((f) = D,q, Wl pry)), (W(h) @ vN\f(hz)){hl,h2}eE(X)\f*E(Y)> :

We think of F'N§; . as the open part of Ny, obtained by deleting the hyperplane bundles
of zero sections corresponding to the decomposition (B.16) of the normal bundle into line
bundles. The hyperplane bundles which are deleted are parametrized by the contracted
edges E(X)\ f*E(Y). They give one set of boundary divisors on N¢¢,, that we will need
to consider. We will need to consider another set of boundary divisors in §B.4.2 below.

B.4. Twisted D-modules and specialization along clutching maps. We have de-
fined clutching maps between moduli stacks associated with morphisms in the categories
f)C; - In this section we consider twisted D-modules on these moduli stacks and functors
between them defined using specialization along the clutching maps.

B.4.1. Twisted D-modules on the moduli stacks. Let (Y, m,b) € DngA be a weighted legged
~T

I'-marked graph and ﬂ;mb, My b the corresponding smooth Deligne-Mumford stacks
defined by (B.12) with their open parts M}, = ] ME(U)L (m|g,), ML, =
) ) UEV(Y) b v ) )

II JV[};(U) . (m[z,). We have the normal crossing boundary divisors
veV(Y) Y

—7T ~ ~T ~
A1F/,m,lo = MY,m,lo \ M{/,m,b and A{/,m,lo = MY,m,b \Mxrf,m,b
Recall that we have defined the Hodge line bundles (which we will always denote by A)
~T _
on the stacks M, 4 as pullbacks of the Hodge line bundles on the stacks My 4 along the
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natural forgetful maps. Hence we can define Hodge line bundles (also denoted by A) on the

~T _
product moduli stacks My ,, 1, as the pullback of the Hodge line bundle on the product My

Consider the logarithmic Atiyah algebra Ax (log AF ) on the smooth Deligne-Mumford
~T
stack My, - For any ¢ € C consider the loganthrmc Atiyah algebra cAy (log AYm b) on
~T
My mp of additive central charge c.

~T
Definition B.9. Let (Y,m,b) € f)Cg’A and ¢ € C. We let D.Mod(My,,,) denote the
~T
category of vector bundles on the smooth Deligne-Mumford stack My, ;, equipped with

a cAjx(log Aymb) module structure. We will call such an object a vector bundle with
~T
twisted log A m,b connection on My, .

Remark B.10. By Deligne’s Riemann-Hilbert correspondence (see [47, Thm. 5.2.20]), w

have an equivalence of abelian categories D, Mod(MYm,b) D, Mod(M b), where the
latter is the category of coherent modules over the Atiyah algebra cAj on the open part
Mg m,b*

B.4.2. Specialization along clutchings. Let (f,v) : (X,mx,bx) — (Y,my,by) be a mor-
phism in X, 4. We have the following commutative diagram of the associated clutchings

~T GECONTE(Y)_yp o

-
(B.18) My by T FNE Néfy
Gfl(x)\f*E(Y)-torsorJ /
~T g ~T
Hix £
Gm< ) _torsor MX mx.,bx,fy MYmYJDY
‘M(Y)torsor GfﬂI(Y) —torsor
—T Ery =~
MXavabX MvaYabY
MX MY-
~T

Let J\/[X mxbx.fr S MXmyby,fy D€ the open part and let AL be the com-

X,mx,bx,fy

plementary boundary divisor. Let N AL CN § t~ be the corresponding divisor

X,mx,bx,fy
obtained by pullback to the normal bundle. We consider the open part F'IN f f,y CN § Fry

obtained by restricting FN§ sy | to the open part ML The complement is a

Xmx,bx,fy
normal crossing divisor on N 5 f~ which is a union of the divisor defined above and the
hyperplane bundle divisors defined previously.
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~T ~T ~T
Let My my by.fy © Mym, b, be the image ff,y(MX myx.by) It is the closure of a
~T —_—
stratum in the natural stratification on My, 4, . On the open part the map sy :

Vil r
MX ;mx,bx,fy JVEYI‘HYJDY £

lift this to a covering map from a tubular neighborhood of MY

is a stack quotient by a finite group. Moreover we can

X.my by, f'y in the normal

bundle N { 7~ to a tubular neighborhood of the stratum M{/my by, fy S My’myyby such
that the hyperplane bundle divisors on N, E}; described previously map to the boundary
divisor El;m by In other words the intersection of F'N f,yo with the tubular neigh-

borhood of MY - N§f7 maps to the intersection of the open part ML
~T

with the tubular neighborhood of the stratum Mymy by fy S Mymy, by Note that the
is a GECOVTER)

X,my,bx,fy Y,my by

open part ML -torsor over the open part FFN 5 f,,y . We obtain

X ,Jmyx, bX
homomorphisms of fundamental groups my (Ml mxby) 7 TENEy ) = m (M;my by )-
By [6, Ch. XVII], the pullback of the Hodge line bundle on My along &; is the
_ ~T
Hodge line bundle on Mx. Hence the Hodge line bundle on My, . pulls back to
~TI
the Hodge line bundle on My, p, along the top of (B.18). We also denote by A

the pullback of the Hodge line bundle to N f fn- For ¢ € C we consider the logarith-
mic Atiyah algebra cAjx(log N § vy \ FN f fy ) on N f t~ and the correspondlng category

D, Mod(Nﬁf,y) of twisted logarithmic D-modules. Any object of D, Mod(MYmY’by) =
D, Mod (ML

Y,my by

an object of Do Mod(N&s) = D.Mod(FN¢&s, ). We can now pullback along the top hor-
~TI

izontal arrow of (B.18) to obtain an object of D Mod(My p, by ) = De Mod(M& my.by)-

This defines a functor which we denote as

) (see Remark B.10) after specialization to the normal bundle gives us

(Blg) Spfv'y . DC MOd(MY,my,by) — DC MOd(MX,mx,bx)'
If we have two morphisms

(XamX7bX) % (vaY7bY) f%i) (ZamZ7bZ)

then we have a natural isomorphism between the two functors

~T ~T
(B.20) Sp(fzxn)o(flm) = Spflm © Spfz,'n D MOd(MZamZ7bZ) — D MOd(MX,mx,bx)'
~T
Hence the assignment (X, my,bx) + D.Mod(My ,, b, ) is functorial.
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