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*NORMAL AFFINE SURFACES PROPERLY DOMINATED BY (x (

Introduction. In 1980, Nishino-Suzuki [11] had a beautiful theorem on a cluster

set of a holomorphic mapping of a punctured disc in ( into a compact non-singular

surface, and Suzuki [12] applied it to the study of complex analytic compactifications of

( x (:* ,((:*)2 .

Later, the author applied it to the linearization of a polynomial automorphism of

(2 of finite order ( [2]) and the determination of a normal affine surface properly domi­

nated by (2 ([4]), (see also Miyanishi [8], Gurjar-Shastri [5]). An affine variety X

ia said to be properly dominated by an affine variety V if there is a proper morphism

f: V --+ X of V onto X.

Now, in trus paper, we will apply it to the determination of a normal affine sunace

*properly dominated by ()( ( . Our main result is the following

*Theorem. Let X be a normal affine surface properly dominated by ()( ( .

Then, (i) X ~ 4: 2 or 4:)( (* if X is non-ßingular J (ii) X ~ ( 2/Ga for a smaIl finite

*subgroup Ga of GL(2;G:) ,or X ~ ( )( (1Gb for a small finite subgroup Gb of

*Aut(( )( ( ) with exactly two fixed points if X is singular.

Acknowledgement. This paper was prepared while the author stays at the Max­

Planck-Intitut für Mathematik in Bonn. He ia grateful to the institute, especially, Pro­

fessor Dr. F. Hirzebruch for hospitality and encouragement.



Notation

X(M)

q(5)

P (5)
g
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i-th Betti number of M

the Euler number of M

a canonical divisor on anormal Gorenstein surface 5

Pm(S)

~X)

[D]

'­.-

ihe logarithmic Kodaira dimension of an open surface X

ihe first ehern class of a line bundle ~

the Hne bundle defined by a divisor D

o
0-0:
[00]

a non-singular rational curve with the self-intersection number m

transversal (resp. tangential) intersection of two non-singular

rational curves corresponding to the vertices
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the group of algebraic automorphisms of (2

*the group of algebraic automorphisms of ( )( (
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§ 1. Theory of cluster sets of holomorphic mappings

n
1. Let S be anormal Gorenstein projective algebraic surlace and C = i~lCi (Ci

is irreducible) be an algebraic curve in S with Sing S nC = f/J . Assume that

n
(i) any singular point of C = i U1Ci is an ordinary double point,

(ii) there is no non-6ingular rational irreducible component of C with the

self-intersection number - 1 which has at most two intersection points

with other components of C .

We caU such a pair (S,C) the minimal normal pair.

Let (S,C) be a minimal normal pair. Then we have

Lemma 1.1 (NishincrSuzuki [11]). Assume that for each Ci' there is a holomor-

* *
phic mapping 4J j : li. --+ S\C of a punctured dise li. := {z E (: ; 0 < Iz I < I} into

S\ C such that

---..- * •
where f/J.(O;S) = n f/J.(li.), 6 p := {z E (jO < Iz I < p} , f/Jj(li. p) is the closure of

1 p>O 1 p

* n4J. (A ) in S. Then the curve C = U C. must be one of the type !rom (a) to (e ) in
1 p i=l 1

Table I below, in which, for types (ßr ) (r ~ 2), (,), (,'), (5), (e), each irreducible
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component of C ia a non-tJingular rational curve ~d assigned Figures (1 - 5) represent
,. .

the dual graph r(C) of C .

2. Since S ia Gorenstein, one can define a canonical divisor KS on S.

Then we have

n
Proposition 1.2. Assume that C = U C. is one of the types (1), (1'), (5),

. 1 11=

(e) in the Table 1. H KS ia written as follow:

n

KS = 1: A.C. (Al' E 71.) ,
. 1 1 11=

then the dual graph r(C) is one of the type from F. 1 to F. 15 in Table II, in which,

adjacent to the vertex representing the irreducible component Ci of C, we write the

order Ai of KS on Ci .

For the proo{, we need the following

Lemma 1.3 (Lemma 6 in Suzuki [12]).

Let Al' ... ,Am be irreducible non-tJingular rational curves on a smooth projective

m
algebraic surface M such that .- A:= U A. ia simply connected. H there ia a pair

. 1 11=

i,j (1 ~ i,j ~ m) such that (A~) ~ 0, (A~) ~ 0 and Ai nAj = t/J , then

(A~) = (A~) = 0 , and there ia only one Ak(k f i,j) which intersects A. UA.. Furiher,
1 J 1 J

for tbis Ak , we have (Ai · Ak) = (Aj · Ak) = 11 ~ 1 .



Name of type

(0) o(n)

(ß) ß(n)

Table I.

Explication of C

an irreducible non-singular elliptic curve with

the self-intersection numbcr (C2
) = n ~ 0

an irreducible rational curve with only one

ordinary double point and (C2) = n ~ 0

Figure I, alt ni = - 2 or max {ni} ~ 0

Figure 2, all ni = - 2 or

max {nI + 1, n2, .. ,nr-l' nr + I} ~ 0

Figure 4, (i) 00 2: - 2 ~

(ii) (tl,t2,t3) = (3,3,3) , (2A,4) or

(2,3,6 - m) (0 ~ m ~ 3) ,(iii) for each
i(l ~ i ~ 3), (ql'.tj ) is a palI of coprime

integers such that 0 < qi < tjand that

1
.t.

I
ql' = nil---~l-

n. ---
12 .... .. n.

1r.
1

(cont i nued
fract ion
expans j on),

where llj,j ~ 2 are integers appearing in

Figure 4

Figure 5, ma.:<{ni} 2: 0 .



Figure 1

Figure 2

Figure 3



eY..

:

Figure 4

----G
Figure 5
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Let us denote, for simplicity, by (nI; ... ;nk) the dual graph which looks like Fi­

gure 5. Let U8 consider the configuration (m;O;n) 01 non~ingula.r rational curves in a

smooth complex surface. Blowing up the point 01 intersection of the curves correspon­

ding to the vertices with weights 0 and n, we have the canfiguration (m;-l;-l;n-l).

Blowing down the (- l)--eurve which is the proper transform of the rational curve

carresponding to the vertex with weight 0, we have the new configuration

(m+I;O;n-l) . We call tbis transformation (m;O;n) t---t (m+l;O;n-l) the elementary

transformation (with center 0). By a succeBsion 01 N--elementary transformations, we

have the configuration (m+N;O;m-N) of non~ingu1ar rational curves.

3. We will prove Proposition 1.2 below.

(1) The case where C ia of the type (1).

First, let us cansider the caae of max{nl + l,~, ... ,nk_pnk + l} 2: 0 .

Claim (1.1). k =F 1 .

Indeed, if k = 1 , then we have the dual graph r(C) which lookslike Fig. 16.
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Fig. 16

By the adjunetion formula, we have 2(2A + 1) + (2A + 1)n1 = 0 , henee, n1 =- 2 .

Since n1 + 1 ~ 0 , this is a contradietion.

q.e.d.

Repeating blowing ups and elementary transformations on C, we have the dual

graph whieh looks like Fig. 17.

Fig. 17
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Claim (1.2). q =2 and ID2"=1 .

Indeed, if q ~ 3 , then, contracting the (-l}--eurve corresponding to the vertex

with weight -1 in Fig. 17, we have the dual graph Fig. 17'.

Fig. 17'

By Lemma 1.3, we have max{-m~p ... ,-mq} < O. We may &Ssume that m j ~ 2

(2 ~ j ~ q -1) . If mq = 1 , then, by Lemma 1.3, we must have q = 2 . This is a

contradictionJ since q ~ 3 by 88sumption. Thus mj ~ 2 for 1 5 j 5 q .

By the adjunction formula, we have easily

(1.3)
[

21-' = [mq, ,m2J(A2+1)

2Ji = [mq_l' ,m2J(A 2+1)

where [mql ... ,mi] (1 ~ i ~ q) "represents an integer defined inductively by the folIo­

wing way:



(1.4)
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=m q

Since [mq, ... ,mi] > [mq_l' .~. ,mi] if IDj ~ 2 (i ~ j ~ q) , by (1.3), we have

A2 = -1 . Let Cl be the irreducible component of C corresponding to the vertex with

weight - ID1 (see Fig. 17). Then we have

Since A2 =-1 , we have A =- ~ i u.. . This is a contradiction. Therefore we have

q ~ 2 . Using the adjunction fonnula, one can easily verify that q f 1 . Thus, q = 2 . Hy

the adjunction formula, we have (21' + 1)(m1 -1) = 0 , hence, m1 = 1 .

q.e.d.

Hy Claim (1.2), we have the dual graph F.2.

Nm, if all ni = - 2 , then we have the dual graph F.1.

(2) The case where C is of the type (1').

Since max{n1 + 1,n2, ... ,nk} ~ 0, repeating blowing ups and elementary

transformations on C J we have the dual graph which lookslike Fig. 18.
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-1 A A

+---0-8----S J

Fig. 18

where q = 0 ,or q ~ 1 and mj ~ 2 (1 5 j 5 q) by Lemma 1.3. Hy the adjunction for­

mula, we have [mq, ... ,m1] (Al + 1) = 1 . ThuB we have [mq, ... ,mi] = 1 , namely,

q = 0 . Then we have A=-1 . Therefore we have the dual graph F.3.

(3) The case where C is of the type (5).

Let CO' Ci,~ (1 ~ i 5 3, 1 ~ ~ 5 ri) be the irreducible components of C corres­

ponding to the vertices with weights nO' -no . , respectively (see Figure 4). Then weI,Jj

put

(1.5)

3

KS = AOCO+ \ (\ A.. • C.. ) ,
.l .l I,Jj 1,.l:i
1=1 J. =1

1

where AO' A. . E 11 . Hy the adjunction formula, we have
I'Jj



(1.6)
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3

-2-nO= lAi 1 1 + AO - DO
i=l

-2-D.. 1 = A.. 2 - A.. 1· n.. 1 + A. .
I,Ji- I,Ji- I,Ji- I,Jj- I,Jj

-2-n. = A. 1 - A. -n.I,l i I,Ii- I,li I,I i

We put ,t. = [no , ... ,n. 1] and q. = [no , ... ,no 2] . Since n.. >2 , we haveI I,li I, I I,li I, l,Jj -

t. > I. + 1, t. > q. > 0 . By (1.6), we have easilyI - I I I

(1.7)

(1.8)

(1.9)

l.(A. 1 + 1) - q.(AO+ 1) = 1 (1 ~ i ~ 3)I I, I

Since (tl ,f,2,f,3) = (3,3,3), (2,4,4), (2,3,6), (2,3,5), (2 ,3,4), (2,3,3), we have

3

(ii) l} > 1 C=} (f.1,f.2,f.3) = (2,3,5), (2,3,4), (2,3,3)
. 1 I1=

3

Case (i). l t- = 1 .
. 1 I1=
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3 q.
In this case, by (1.9), we have (AO+ l)(nO+ l i) = O. Hy (1.7), we have

. 1 11=

3 q. '

AO+ 1 f 0 . Hence, l i + nO= O. Since nO~ - 2, we must have nO= -1 or
. 1 11=

[ q1 q2 q3] [1 1 1] [1 1 1] [1 1 1]- 2 . H nO=-1, then we have ll' l2' l3 = ~,~, ~ , 2" 4' 4 ' '2"!' '5' .

Thus we have the dual graphs FA, F.5 and F.6, respectively. If B O= - 2, then we have

[ q1 q2 q3] [2 2 2] [1 3 3] [1 2 5]ll' l2' l3 = ~,~, ~ , 2"' 4' i ' 2"'~' B" . Thus we have the dual graphB F.7,

F.8 and F.9, respectively.

3

Case (ii). l t > 1 .
. 1 11=

In this case, we have

3 3 q
1 .

- (AO+ 1) = l r:- - 1 / l i + nOE 71 .
. 1 1 • 1 11= 1=

nO= - 1 , then we have

and AO= - 2 . Thus we have

the dual graphs F.tO, F.11 and F.12, respectively. If B O= - 2 , then

3 3
1 qi

- (AO+ 1) = l r:- - 1 / l r:- - 2 is not integer. Hence nOf - 2 . Thus, we have
. 1 1 • 1 11= 1=

finally the dual graphs FA - F.12.
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(4) The case where C is of the type (c).

Since max{ni} ~ 0 , repeating blowing ups and elementary transformations on C

a.s before, we have the dual graphs F.13, F.14 and the following Fig. 19.

o -2

Fig. 19

~q

~
"-Y'

where q ~ 1 and mj ~ 2 (1 :S j :S q) by Lemma 1.3. By the adjunction formula, we

have

(1.10)

Thus we have

Bence, q = 1 and ~1 = -1 . Thus we have the dual graph F.lS. This completes the

proof of Pro}X)sition 1.2.

Corollary 1.4. Let (S,C) be a.s in Proposition 1.2. Then we have Table m below.



Type

Type

Type

F.1

o

F.6

F.11

-1

F.2

m+4

F.7

o

F.12

o

-14-

F.3

n+4

F.8

o

F.13

8

Table 111

FA

F.9

o

F.14

8

F.5

F.10

-2

F.15
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§ 2. A characterization of (2, (x (*

Let (8,C) be a minimal normal pair of a smooth projective algebraic surface S

n
and an algebraic curve C = U C. on S. Assume that C ia one of the type hom (a)

. 1 11=

to (e) in Table 1. We put X:= 8\C .

Proposition 2.1. If Hi (Xj11) = 0 for i > 0 , then X ~ (2 .

Proof. Let us consider an exact sequence over 11:

(2.1) ~ H i (8, C) ----t Hi(8) ----t Hi(C) --+ Hi+1 (8, C) --+

f I I J I I
H4_i (X) H3_i (X)

Since Hi(X;ll) = 0 , we have Hi (Sj71) ~ Hi(C;71) for i ~ 1 . In particular,

HI (Cj71) ~ H1(8;71) = 0 . Thus C is one of the types (1) I (1'), (6), (e). 8ince

bl (8) = 0 , we have q(8) = 0 . Further, H2(SjlI) is generated by

cl ( [Cl])' ... ,Cl ([CnJ) over 71 . Thus we have

Let T be a tubular neighborhood of C in 8 and ur be the boundary of T.

We mayassume that T\C ~ ur (deformation retract). Let us consider the following

diagram over "D.:



(2.2)
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o----t H2 (ur) --+ H2(X) S H2(T) --+ H2 (S) --+ BI (8T)~ 0

J 11 11 TJ
0---+ H3 (X) ----tl H2(C) --+ H2 (S) --+ H2 (X) ----+ 0

J11 J11

o 0

Then, we have

(iü) HI (ur;1/.) = 0

On the other hand, by the Noether formula, we have

(iv) l2Pg(S) = K~ + b2(C) - 10 ,

since q(S) = b l (S) = 0, b2(S) = b2(C) . Hy (i), we can apply Proposition 1.2. Thus, C

is one of the type from F.t to F.15. Hy (ii), C is one of the types F.3, F.10, F.II, F.12,

F.13 and F.15 (c.f. Suzuki [po 457,12]). Hy (iü), we have the types F.lO and F.13. If C

is of the type F.lO, then, by (iv) and Table ID, we have l2Pg(S) =- 8 < 0 . This is a

contradiction. Therefore C must be of the type F.13. In particular, S ~ E m (a

Hirzebruch surface), since b2(S) = b2(C) = 2 . One can easily show that

2X = S\C = (: .

q.e.d.

Proposition 2.2. (c.f. Suzuki [12]). Let (S,C) and X be aB above. If

*BI(X;1/.) = 71, Hi(Xjll) = 0 for i ~ 2 ,then X ~ (: )( ( .

Proof. Since H2(X;1/.) = 0 , by (2.1), we have
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2 2 30--+ H (S;ll) --+ H (C;ll) --+ H1(X;1l) --+ H (Sjll) = 0 .

Since b1(S) = b3(S) 5 b1(X) = 1 and S is projective, we have b1(C) = q(S),

b1(S) = 0 , that is, C is one of the types (1), (1'), (6), (c) . Funher, we have

(i)

(ii)

n

KS = l AiCi
i=1

det«C. •C.)) = 0 .
1 J

(A. e. 7l)
1

Ey the Noether formula, we have

(iii)

since b2(S) = b2(C) - 1 . Since b+(S) = 2Pg(S) + 1 ~ 1 and

i* : H2(S;IR) --+ H2(C;IR) is injective, we have,

(iv) «Ci· Cj)) is not negative semi-definite.

Now, by (i) and Proposition 1.2, we have the dual graph from F.1 to F.15. By (ii), we

have the dual graphs F.1, F.2, F.4-F.9, F.14. By (iii), we have F.1, F.2, F.14 (see Table

ll). Hy (iv), we have F.2, F.14 (c.f. [po 457, 12]). H C is of the type F.2., blowing
,

down two (-l)-eurves, we have a sIDooth projective surface S and an algebraic CUIve
,

C with the dual graph r(C') which looks like Fig. 20.
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Fig.20

, ,
Let Ci (i = 1,2), Co be the non-singula.r rational curves corresponding to the

, 1
vertices with weights 0,4 J respectively. Then there is a ruling cp: S --+!p which has

, ,
Ci as a smooth fiber and Co as a double section.

, ,-

Thus S ia a rational ruled surface. Since
~ ", ,

1 =b2(C ) - b2(S) = b2(C ) - b2(S ) =3 - b2(S ), we have b2(S) =2. Bence, we

have S' ~ E
n

(in fact, S' ~ !pI )(!pl or EI)'

On the other hand, one can easily verify that

BI(X;ll) ~ B2(C;11)/B2(S;1l) ~ 71. m71.2 (see Fig. 20). This cannot occur, since

BI(X;ll) ~ 11 by a&aumption. Therefore we have finally the dual graph F.14. Then one

*can verify that S ~ Em and S\C ~ ( )( ( .

q.e.d.
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*§ 3. Affine surfaces properly dominated by ()( (

*1. Let X be a normal affine surface over ( and I: ( )( ( ----+ X be a proper

*morphism 01 ()( 4: onto X. Let (S,C) be a minimal normal completion of X,

n
namely, S ia anormal projective algebraic surfa.ce and C = U C. is an algebraic curve

. 1 11=

on S such that X ~ S\C . Hy aresolution of singularities, we mayassume that S is
)

non-singular at every point on C.

Lemma 3.1 C is one of the type from (a) to (c) in Table I.

Proof (c.f. [2]). By the proof of Lemma 2 in Suzuki [12], we can find two

regular points PI' P2 01 Ci and a divergent sequence of points {(xkn 'Ykn)}:=l in

*( )( ( satisfying (i) 1i m f(xkn'Ykn) = Pk (k = 1,2), (ii)
n~ m

1im x1n = 1i m ~n = m, (üi) x1n =1= ~n . Further, we can find a holomorphic
n~ m n~ (J) .

•function with no zero on tJ.p such thai h(xkn) = Ykn :f. 0 for k = 1,2 and

n = 1,2 , .... We put tPi(x):= f(x,h(x)) . Then we have a holomorphic mapping

•tPi : tJ.p ----+ S\C such that tPi(O;S)(C C) containa two regular points of Ci of C.

Thus, by Proposition 3 of Nishino-Suzuki [11], we have Ci C tPi(O;S) ( C . By Lemma

1.1, we have the claim.

q.e.d.

*2. Since ()( ( is Stein and I is proper finite, X is also Stein, and further

Hj(X;7Z) = 0 tor j > 2, H2(Xjll) js a torsion free group (see Narasimhan [9], [10]).
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Lemma 3.2. Assume that HI (X;71) has a torsion. Then there is a finite unramified

covering ~: X --t X of X such that BI(X;71) is uee.

fI.QQf. Since X is Stein, we have H1(X,O) ~ H2(X;11) ~ H2(X;11) e Tor H1(X;11)

(the universal coefficient theorem). Then, there is a line bundle L on X with

~m ( ).J. . ~mL = I for some m > I m E 11 . Let s rObe a non---zero seeilon of L = 1 .
N N

Then we put X:= R(nvi) (the Riemann domain over X). Then X is a n-fold section

of L , which is desired.

q.e.d.

* -
Let V be the fiber product of (x ( and X over X. Then we have a commu-

tative diagramm:

,
f -

V IX

11"' 1;) 1w(3.1)

*(x ( .x
f

, -
where r , f are the natural projections. Since 11": X ---+ X is a finite unramified co-

* *vering, so is 1("': V --t ( X ( • Then we have V ~ ( x ( by Lemma 3.3 below.

*Lemma 3.3. Let v:= {vI' ... ,vk} (k ~ 0) be a set of k points in (x ( , where
, .

v = r/> if k = 0 . Let rp': M --t ( X ( - V is a finite unramified algebraic covering.
. * *

Then there is a finite unramified algebraic covering <p: ( x ( --+ ( x ( such that

, * I ' •M ~ ( x ( - <p- (v) . In panicular, if k = 0 , then M ~ (; x ( .
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,
Proof. M can be imbedded in a normal (affine) surface M such that <p' extends

* *to a proper morphism <p: M --t ( X ( • Since ()( ( is smooth and <p' is unrami-

*fied, M is smooth, and thus, <p : M --t ( )( ( is also unramified. Now, since

* *1["1(()( ( ) ~ 71. , we have 1["1(()( ( )/'I"1(M) ~ 7I.m for some m> 1 (m E 71.) • Thus

* * *cp : M --t ( )( ( is equivalent to a covering r/J : ( )( ( --t ( x ( with

m . *r/J(z,w) = (z,w ), where (z,w) is a coordinate system of ( )( ( .

q.e.d.

Definition 3.4. We call the normal affine surface X the torsion free reduction of

x.
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§ 4. Proof of Theorem (Non-singular case)

*Assume that X is no~-singular. Since {: ( )( ( --t X is proper finite, we have

*bi(X) 5 bi(( )( ( ) for i 2: 1 (c.f. Theorem (2.1) in Fujita [lJ). Thus we have two ca-

ses:

(i) bi(X) = 0 for i > 0 ,

Since X ia Stein, we have Hi (Xj71) = 0 for i 2: 2 in any case.

Let (S,C) be the minimal normal completion of X. By Lemma 3.1, C is one of

the type from (a) to (c) in Table I. If BI(Xjll) ia Iree, then, by Proposition 2.1 and

Proposition 2.2, we have X ~ (2 or ()( (* .

Lemma 4.1. BI(X;ll) has no torsion.

Proof. If BI(X;71) has a torsion, then we take the torsion free reduction
NN

*11'": X --t X . Then there ia a proper morphism f': ( )( ( --t X (see (3.1)). Since

N N 2 * N

BI(Xjll) is free, we have X ~ ( or (x ( . In the case of X = (2 , since

2 N

1 = X (( ) = (deg 11'") • X (X) , we have deg 'I" = 1 ,namely, X ~ X . In the case of
N

*X ~ ( )( ( ,by the same argument aB in Proposition 1.2, we can see that the dual graph

r(c) looks like F.2 or F.14. If the dual graph lookslike F.2, then one can easily see that

~X) = 1 . On the other hand, since '1": X --t X is a finite unramified covering, we
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*have - m = ~4: x 4: ) =~X) = i(X) (c.f. Iitaka [6]). This is a contradiction. Thus

*the dual graph must be F.14. Hence X = S\C =( x ( . Therefore H1(X;1I) has no

torsion.

q.e.d.

This completes the proof of the non-singular case.
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§ 5. Proof of Theorem (Singular case)

Let x = {xl' ... ,xr} be the singular points of X , and Uj be a small dosed con­

tractible neighborhood of xj such that Uj \xj ~ 8 Uj (deformation retract) and

Uj nUk = I/J (~f k) • where 8 Uj ia the boundary of Uj . Take a point Vj E r 1(xj) .

Since f: ( x ( ----t X is a proper finite mapping, there is a small ball 6 j with center

*Vj in (x ( such that fl6j : 6 j ----t Uj is a proper finite mapping with

6. nr 1(x.) = {v.} . Since 'l"1(6\V.) = 1 and deg f16. < + Q), 1I"1(U.\x.) = '1"1(8 U.)
J J J J J J J J J

is a finite group.

Thus we have

Lemma 5.1 Each xj is a quotient singularity.

Now, let K be a subgroup of 11"1(X\x) of finite index and u': y' ----t X\x be a

finite covering associated with the subgroup K. Then the finite quotient group

" *,G := 1I'{X\x)/K acts on Y freely. Let Z be the fiber product of (x ( - v and Y

over X\x, where v:= r 1(x) . Then we have a commutative diagram:

, g' I

Z • X

r 1 ;) 1u'(5.1)

* .x\x(x(-v ,
f

where r, g' are the natural projections. One can easily / show thai
, * , ,r : Z ----t ( X ( - v is a finite unramified covering. Then Z (resp. Y) can be im-
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bedded in a normal affine surface Z (resp. Y) such ihai r' (resp. 0") extends io a pro-

* *per morphism r: Z--t ( )( ( (resp. 0' : Y --t X) , since ()( ( , X are normal
, ,

and f, 0" are proper morphisms. Furiher, the morphism g': Z ---+ Y also extends

to a proper morphism g: Z ----+ Y . Thus we have a commuiaiive diagram:

z __---a.g"----+I Y

(5.2) T 1 ~
*( )( ( -------tl X

f

In particular, G can be extended to algebraic automorphisms of Y (with isolated

fixed points). Thus we have

Lemma 5.2. X ~ Y/G .

-1' *Next, since r: Z - r (v) --t ( )( ( - v is a finite unramified covering, by

Lemma 3.3, we have

*Lemma 5.3. Z ~ 0: )( (

We put y:= 0'-1(x) and z = g-l(y) . Then we have Y\y = Y' . Since

*1["l(Z\z) = w1(()( ( -z) ~ 71 ,the image Im(1["l(Z\z) Co..-+ 'K1(Y\y) is isomorphie to

llm (m E IN U{O}) . Since Im(11"1 (Z\z) is a subgroup of w1(Y\y) of finite index (c.f.

Theorem (2.12) in Fujita [lJ), 1["1(Y\y) is a finite subgroup if m f 0 .

. *
T&king a finite. eovering associated with the subgroup Im(1["1((: )( ( \ z)) (or ta-

king the universal ~vering if 1["1(Y\y) is a finite group) if necessary, we mayassume



-26-

that 1r1(Y\y) = 1 or 1l. Further, taking the torsion uee reduction of Y if necessary,

we mayassume that H1(Y;l1) is free.

Thus we have

Lemma 5.4. 'K1(Y\y) = 1 or 11, and H1(Y;11) is free.

Let W be a contractible neighborhood of y in Y with W\y ~ {J W (deforma­

tion retract), where (J W is the boundary of W . Then we have an exact sequence over

11.:

(5.3) ----+ H.( 8 W) ---+ H.(Y\y) mH.(W) ---+ H.(Y) ----+ H. 1(8 W) ---+ .) 1 ) ) )-

We know that y = u-l(x) consists of ai worst quotient singularities (c.f. Lemma 5.1).

Thus, both 1r1( 8 W) and H1( 8 W;71) are finite groups.

*On the other hand, since g: ( )( ( - z ---+ Y - y is proper finite, we have

*
bi(Y\y) 5 bi(( )( 4: - z) namely, b1(Y\y) ~ 1 and b2(Y\y) = 0 . Thus by Lemma

5.3 and (5.3) above, we have

Lemma 5.5.

(a) 'K1(Y\y) = 1 {::::} Hi(Y;ll) = 0 (i > 0), H2(Y\y;71) = 0 ,

H1(8W;71)=O,
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(b) ~1(Y\Y) = 11. F} H1(Yj1l.) = 11. )

H2(Y.\Yj1l.) = 0 ,

H.(Y;1I.) = 0 (i > 1) J
1

H1(8 W; 11.) = 0 .

8ince 11'1(lJ W) is a finite group and H1(8 Wj1l.) = 0 J we have

Corollary 5.6 The set y = u-1(x) consists of at worst rational double points of

ES - type.

Let (8,C) be the minimal normal completion of X such that S is smooth in a

n
neighborhood of C = U C. (see § 3). By Lemma 3.1, C is one of the type from (a)

. 1 11=

to (t).

r. 1 m
Let lJ: S ---+ S be the minimal resolution of S and put lJ- (y) = E = U E. J

j=1 J

where y = u-l(x) e............, X e............, S . Hy Corollary 5.6, one can define a canonical divisor

KS on S , and further, we have

Lemma 5.7. Supp Kr. nE = t/J, Kr. ~ KS .
S S

*f!QQf. We have Kr. = lJ KS + ~n.E. (n. E 11.) • Since each E. ia (- 2) - curve
S J J J J

and the intersection matrix ((Ei • Ej )) ia negative definite, we have all nj ,= 0 .

q.e.d.
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Let us consider an ex.act sequence over 7l.:

----+ H i (8, C U E) ----+ Hi (8) ----+ Hi(C UE) ----+ Hi+1 (8, C U E)---+

J11 J11

H4-i (Y\y) H3-i (y\y)

Hy Lemma 5.5, we have

(5.5)
2 A 2

o ----+ H (S;71) ---+ H (C UEj71) ---+ H1(Y\y) ----+ 0 .

A A

Indeed, by (5.4), we have b3(S) ~ b1(Y\y) ~ 1 . Since S is projective, we have
A A A

o = b3(S) = b1(S) = b1(C) = q(S) . By (5.5) and Lemma 5.6, we have

(i)

n

KS = l A.C.
. 1 1 1
1=

Since b+(5) = 2Pg(5) + 1 ~ 1 and ((Ei • Ej )) ia negative definite, we have

(iü) ((Ci • Cj» is not negative semi-definite.

Hy the Noether formula, we have
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12P (8) = K~ + b2(C) + 8t - 10 if '1"1(y\y) = 1 ,
g S

where t(~ 0) is the number cf singularities cf ES-type in Y .

A

Let 8 T be the boundary cf a small tubular neighborhcod T cf C in S. Repla-

""cing, in the diagram (2.2), C, S by C UE,S, respectively, we have

Proposition 5.8. Y ~ (2 cr 0:)( (:* .

Proof. We have only to prove the smoothness of Y (see (5.2), Lemma 5.3, Lemma

5.5). Hy Lemma 5.5, we have two ca.ses (a) and (b). First, let us co~sider the case (a).

We have then (i), (ii)a' (iii), (iv)a' (v)a above. Hy the same argument as in Proposition

""
2.1, we have the dual !raph r(C) which looks like F.I0 (with 12Pg(S) = S(t - 1)) ,

and F.13 (with 12P (S) =8t) . Looking at the order of K"" = KS in these graphs, one
g S

""can easily see that Pm(S) = P m(S) = 0 for m > 0 . Thus, if r(C) looks like F.13,

then we have t = 0 ,namely, Y is smooth. If r(C) looks like F.lO, then we have

t = 1 , namely I Sing Y consists of exactly one rational double point of Es-type. Gur­

jar-Shastri [po 481-482,5] proved, in this situation, that 1r1(Y\y) f 1 . Therefore Y

must be smooth if '1"1(Y\y) =1 .
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Next, let us consider the case (b). We have then (i), (ii)b' (iii), (iv)b' Hy the same

argument aB in Proposition 2.2, we have the dual graph r(C) which looks like F.2 (with
A A

12Pg(S) = m + 8i) , F:4 (wiih 12Pg(S) = 8t) . Looking at these dual graphs (and Fig.

20), one can set that S has a struciure of a ruled surface over a non-singular rational
A

curve (c.!. Suzuki [po 459,12]). Thus we have Pg(S) = 0 . I! r(C) lookslike F.14, ihen

t = 0 , namely Y is smooth. H r(C) lookslike F.2, ihen we have ~Y) = 1 (c.f. [6]).

*On the oiher hand, since g: Z ~ ( )( ( ---+ Y is proper finite morphism, we have

*~Y) :5 ~( )( ( ) = - ID • This is a coniradiction. There!ore Y is smooth if

11"1(Y\y) ~ 71 .

q.e.d.

Hy Lemma 5.2, we have

2 *Corollary 5.9. X ~ ( ·/Ga or ()( ( 1Gb, where Ga (resp. Gb) ia a emaIl finite

* *subgroup or Aut(( ) (resp. Aut(( )( ( )) .

Lemma 5.10 (Miyanishi [7], Furushima [3]). For a finite aubgroup of

Aut(G: 2), there ia an automorphism 0 = 0G EAut(G: 2) such thai

Cl 0 G 0 0-
1 := {a 0 g 0 0-

1 ; G E G} C GL(2,() .

*Let g(z,w) = (gl(z,w), g2(z,w)) be an algebraic automorphiam or G:)( ( ,

*where (z,w) is a coordinate system or ()( ( , and gj(z,w) (j = 1,2) ia a regular

*rational function on ()( ( .

* * *Let 11'": ( )( ( ---+ I[ be the natural projection. For a point w E( J the restric-

tion '1"1 g(1I'"-I(w)) : g('I"-l(w) ~ (---+ (* is a non-zero regular rational funciion. Hence

it must be non-zero constant. Thus we have g(r-1(w)) = ?r-
1(w') for BOrne w' E (* .
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*Therefore ginduces an automorphism Pg E Aut(4: ) such that P
g

0 1(" = 1(" 0 g , hence,

I
8(gl'g2) I *

g2(z,w) = P (w) . Since f 0 on 4:)( ( , we have
g 8(z,w)

gl(z,w) = Pg(w) · Z + Qg(w) , where Pg(w), Qg(w) are rational functions of W •

a *
Now, since Pg(w) = ag • W ,or vf (ag E ( ) , the set F(J.'g) of fixed points of

#g consists of two points if F(#g) +t/J . Since any automorphism h f id of 4: has at

most one fixed point, the number of fixed points of g is equal to two.

Thus we have

*Lemma 5.11. Gb CAut(4: )( () has exact1y two (isolated) fixed points on

*( )( ( .

Hy Corollary 5.9, Lemma 5.10, Lemma 5.11, we eomplete the prcof of Theorem.

Remark. Similarly, one ean also prove that a normal affine surfaces properly domi-

nated by (4:*)2 is isomorphie to either (2, 4:)( (* (4:*)2 or 4: 2/Ga '

* * 2( )( ( 1Gb , (() IGe for a small finite subgroup Ga' Gb , Ge of GL(2,(),

Aut(( )( (*), Aut((*)2 , respectively. The details will be discussed elsewhere.
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3"\+1

•

F.5

F.6

2;\+1

3;\+2

4A+2

2;\+1

6;\+4
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2..\

F.8

F.9

2;\ 4;\

2..\ 3..\

3~-

-0--G
4..\ 3..\ 2..\ ..\

8--0-·-0-
6..\ 5..\ 4..\ 3..\



F.!O

-37-

-1

-1 -2

-1

-1

F.1!

-1 -2

'-8
-1

F.12

-1

-1 -2 -1
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m-2 -2

m-I -2 -1

F.15

TABLE 11

(k~ 2)


