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A Moonshine Module for the Baby Monster

In this talk we describe a construction of a vertex operator superalgebra (short SVOA)

the Baby monster is acting on in a natural way.

VOA's were introduced in mathematics in connection with the "Moonshine of the

Monster" - the strange connection between the Monster, the largest finite simple

~.._~._ ..,_... ~ .. _.group.·('IM.I ...,:,-,_~8....: 10.~~) ,.,and ..modular_Junctions (especially_with_j ..-:- .744._=".q::.~ .:t: ....._

196884 q + 21493760 q2 + ...). In physics VOA's appeared as the so called chiral

algebra of a CIT. VOA's are in same sense a "complexification" of the notation of

••\ 1..1. ~0::: Lie algebras, but they are related to many other structures in mathematica. '~';-: '- r;' 1

;~;j 'C:'~':_-:'::-: My original interest on VOA 's comes from topology in connection with elliptic genera.

The aim was to find a more geometrical description of elliptic cohomology theory. Let

X n be a Spin rnanifold. Then the "classical" Atyah-Singer index theorem atates

_._~_._._~ -'.- ..' .-----... -'-Iud (D® 'E)· =-A(Xn ~E)~EXO=n (pt:)"=:!.-M ö"/i·:Mn-+T~·· ... ..- '-' . _._. _.-

Here D 0 E is the pirac operator twisted by a vector bundle E which ia associated

to sorne G-princip~1 bundle over X anel Mn/i- Mn+l denotes the abelian gfoup of

isornorphism classes of graded Modules of the real Clifford algebra Cln in dimension

n modulo the ones which come from Cln +1 • For the loop space I:.X one has the

following string theoretical wish

Ind(I:.D ~ E) = epw (X, E) E EIl- (pt.) .

.- ·_--·-·--·-Here··I:.D ~-E-should-be··thehypüt'heticalDirac operator'"öff-I:.X·twisted bya bundle- -- ... -.

'T:: ,-I: assoziiated to a positive energy representation of a Joop group and r;;w is a refined

version of the Witten genus with values in suitable defined elliptic cohomology g~oup.
i .... \l~'.)i. t.

(g, V>.)

a highest weight representation

oE a redudive Lie algebra
. ..- -~.. - .. - .. ".J..' -.. ----- .. - --_._.

(g, Vk ,>.)

a highest weight representation

of a affine Kac-Moody Lie algebra oE Level k

. For one fibre one has the following pieture of pairs:
\.~r~s.:~;

(Cln,D.-)
Spinor Representation oE Cln

--.- - .------.- _..__._- ..- _._- --J..-' ~ ~- .. .. -.. _._ _.

(Cliff" (Z + ~), V~~J

infinite Spinor representation of

infinite n-dim. kompiex Clifford algebra

The main remark is, that V~~i and Vk,>. carries the m,"!ch Jarger structure of a

(S)VOA.

In this talk VOA 's are studied more from number theoretic and combinatorial point

of view.- In fact· there is a·deep analogy between Codes Cf· Lattices Ci-VOAs.· It was this

1
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analogy which motivated myselfto compute X112 - 47 XU2 = q-47/48(l + 4731 q3/2 +

96256q2 + ...), where XI/2 = ß. It is a modular function for r,,24 := Ker(P24 :

r8 =(S, T 2
) --+ C"'L P24(S) =1, p(T2

) = eW and it turns out, that the coefficients
are simple sums of dimensions of irreducible representations of the Baby monster

....._ ..Lwant to,start ..by_recalling_the_basic,definitions Jor. codes_±Jattices..•. ._ _

.\. ;.i : ,: r: Codes: A code is a linear 8Ubspace C C F~ . For u, v E F2" let (u, V)f ~::::;:.

Li UiVi (mod 2) and w(u) := Li Ui E Z the weight. Definitions:
--_. -_.- '--'=-'C'eveii:'-2 I~w(u) Vü-E,"C-'''- - " ~ ..- - _. ,. . -- ._. -.- _- - -_.._._- -------.- "- .. -,

- C sei/dual: if C = Cl. => C even

- C doubly even: 4 Iw(u) Vu E C
- weight enumerator: Wc(x) =LUEC xn-w(u).

Lattices: A lattice L is an abelian discrete subgroups of maximal rank in Rn. Defi

nition:

- L .integml: (x, y)" E Z "Ix, y E L

- L sei/dual: Ll. := {x I (x,y) E Z, Vy E L} = L

- L even: (x, x) E 2Z "Ix E L

- Theta senes: GL{q) = LZEL qt(z,z)

There is a construction from codes to lattices: Lc := ~p-l(CLwhere p : zn --+ F2"
is the reduction modulo 2. The lattice Lc is integral, even, resp. selfdual if C is even,

.doubly"ev-e"i-i-or' sEMciüäI 'Seffdli"a:f codes &-iiltÜceS' a're däSsifiecl for -n-~"24. -t~portän't'-" -.. '- .

exampIes are in the following table. ,; i : .':

Rvg{!t, /(Iit

[g
W(rK)

5t,,,·fe; iNd,..

o
2-3

((;I)... Z

Z.") -'tL· ..

-
z. &:..1

.........

SAht AAt~lt!lr SV~I~ ItfCr#JHlI VCA

V ~ VH

(3 A1

_,(~tJt!.1' Ir)
"eve",:-
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Theorenl: The weight enumerator or theta series of an (doubly) even resp. odd (i.e.

even or integral) code C or lattice L is an homogenous polynomial of weight n =
dimension of C or L as shown in the following table

(doubly) even odd

,\ '•..':1:':
There is a third step after code + l.attices: VOA '5.

. -~. .. ..
l', .! •.• :

Renlark on definition of SVOA's:
_,._. __ p_O"__~_~ ·Dlüa:·.··VeCtöf-slSäfe- V··=~EI:)~~t~-\ln'·=-V(o)"-$ V(i)":-V';·fiTiite diril:·-C-veet'ör--'-' .-

space.

- Vertex operator Y(., z) : V --+ End(V)[[z, Z-I]] Y(v, z) = LnEZ Vn . z-n-l linear

- Elements 1 E Va =C·1 (vacuum) and W E V2 (Virasoro element) with 2 W3W =c .1 ,

rank V := c.

- Axioms: - Jacobi identity -<===} (v' I Y(al' ZI)Y(U2, Z2)V) = ±(Y(a21 z2)Y(al, Zl)V)
aB rational functiol)s ("2-poi nt correllation fu nctions on the sphere") I where Vi E V· I

al, a2, v E V (<=> causality in quantum field theory.)

- {w n , idv } form a Virasoro algebra I

-....
- ~fodul M of a SVOA V: YM (., z) : V ---+ End(Af)[[z, z-l]].

- V seifdual: V has only one irreducible module: V itself.

.. ._...._~ ..~_~ ..~l?1: y-"~=.~qL(i:~: .i~t.eJ~;~a!.gr~dipg); ..".. . ,. _ ..". .~._,.. ... " __ ._ .~. _
- Chameter: Xv := q-C/24 Ln>o dirn Fn . qn I holomorphic function in TE H , w~ere

2lfir - '. ::.(;q = e .

_... _.. _~~,...._-Examples:~·,- ~ .. - -'" ...-_.~- .... -.."- _. ,. 0 - '. .,. - .• - ..... - _ •• _ ••• _ ••.•• _. - - ~ - • "0"_ p- ._.- •. _._ •••.•_._••

- VL, ((String on Torus Rn/L" for a integrallattice L, rank VL = dimL, XVL =~.1j

- VP..mi = L'/2(O) EIl L'/2(!), XVP«m; = /"Ei = XII"

- - V. Monster VOA ('lZ2-orbifold of VA:l4"L XVI = j - 744

Theorem: V selfdual, linice" , rational VOA ==> XV E C[XVea' xv.] homogenous of

rank V ==> rank V E ~Z.

Theorem: (H.) V selfdual, unitary, Ilvery nice", rational SVOA ==> Xv E

C[XVl"umil XVsa] homogenous oE rank V ==> rank V E tZ .

.\ '. :,'! .
3
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We denot~ the even part of VF~:mi = V(O) ffi V(l) with VSO(k)' One has

where VD".l and VD.. ,1 denote the VOA's associated to the level 1 highest weight
- representatiön of the 'correspondirtg" affioe K ac~Mo6dy~ algebrä.- ..... ~.. - . - - -- - . - '-'

In analogy 1,0 the situation for code's and lattices it is expected:

- -. -_. ~- - -Let--d' E ~Z+l' d-E-8Z , d > -c:-Then -there' iS'-a -1-' :-I-correspondence between -the--"- -_.

set of unitary, "very nice" , selfdual SVOA 's of rank c and isomorphy classes of pairs

(V, Vso(d-c)L where V selfdual unitary "very nice" VOA ofrank d, VSO(d-c) sub-VOA

of V (and choice of isomorphy dass of v:."\O(8)-module for d - c =8 because of triality).

In the most interesting case of V = Vi the largest VSO(k) inside Vi is VSO(I) because

of V! =O.

Main Theorem (H.): There exists a SVOA VB of rank 23~ on which the Baby

monster B - the second largest sporadic simple grollps - ads by 311tomorphisms.

The SVOA VB is in this sense the natural object which defines B.
.. ,""rt .................. ~_ • ~ ...... _r." _ .~~ ... _. . .. -,.. • .,0·· _.~ ~.'\- ~_rl"'.•.•__ ...... • __ .' ~_. ..... • -~~ ... ..... 4 -~~

Idea ofproof: From a result of Meyer/Neutsch and indepentendly Dong/Mason/Zhu

it follows that there is a sub-VOA L1/ 2(0)0 48 C Vi. Let V(~) := Comv~ (L 1/ 2(0)) the

.commutante of one of this 48 Virasoro VOA 'so Then there ist the decomposition

- ',",1: ~ ... -,

.. - '-~We"defhie- VB wi the"sum 'V(g)~EB' V(fr 'Ohe-can-i:lefiiie-ori 'ifa~"SVOA--structüre·-in-a: ... -

natural way. The sub-VOA L1/ 2(0) is fixed by an 2A-involution in M. So 2.B =
CentM (2A) ads on VB. The central extension aets trivial and we have an action on

VB which respects in fact the full SVOA-structure. D
A selfdual unitary rational SVOA of ranke is called extremal if

i.e. the first ~[~] coeffcients are as small as possible.

Theörem- (H. ):~List üfextremaJ, ielfd tial: 'ullitary;-rätionaf SVOA 's:

4
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