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Zariski pairs arising from elliptic K3 surfaces, 11

Hiro-o TOI(UNAGA

Introduction
In this article, we shall continue to study Zariski pairs which are defined by Artal

Bartolo in [1] as follows:

Definition 0.1. Let Cl and C2 be irreducible plane sextic curves. The pair (Cl, C2 )

is ca1led a Zariski pair of degree 6 if
(i) Cl and C2 have the same set oE topological types of singularities, and
(ii) p2 \ Cl is not homeomorphic to p2 \ C2 .

The first example of a Zariski pair is found by Zariski in [ZI] and [22]. Since then,
only a few examples have been known (see [Al, [D2] and [T2]).

In the previous paper [T2l, we studied Zariski pairs of degree 6 in terms of the
index, the sum of subindicies of types of singularities, of a sextic with at most simple
singularities. In this article, we shall foeus our attention on a eonjecture posed by
Degtyarev in [D2].

Conjecture 0.2. (Degtyarev) Consider irreducible sextics witb a fixed singular set
oftbeform O'al +Ld ßda3d-I+,e6 with Lddßd+2/' = 6. Putanlax = IO-Ldßd[32d]-3"
wbere [x] denotcs the nlaximum integer not exceeding x. Then

(i) any two sextics witb 0' = O'max are isotopic to each other, and
(ii) if 0' < O'max, then there are exact1y two isotopic c1asses.

Here, foUowing to Degtyarev [Dll, we eaU two irreducible sextics Cl and C2 are
isotopic if there exists one parameter family of hOme0l110rphisms 'Pt : p2 -t p2, t E [0, I]
such that 'Po = id and 'PI (Cd = C2 • Thus Conjecture 0.2 implies that there is no
Zariski pair of degree 6 with 0' = O'max, while there is a unique Zariski pair for every
0' < O'max. We shall give a counter-example to Conjecture 0.2 (i) by using a theory of
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dihedral Galois coverings developed in [Tl], [T2], anel [T3]. This is a consequence of the
following theorem.

Theorem 0.3. For every set of singularities described below, there exists a Zariski
pair of degree 6.

Set of singulari ties of C
aal + an + es (a=O,I)
aal + 2as + es (a=O,I)

aal +a2 + aB + es (a = 0,1,2)

aal +as + 2a2 + es (a = 0,1,2)
aal +2a2 + 2e6 (a=O,I)

Theorem 0.3 shows that Conjecture 0.2 (i) is false in the cases in al + all + e6,
al + as + es, 2al + a2 + aB + es and al + 2al + 2es. Our proof of Theorem 0.3 is based
on the following two propositions.

Proposition 0.4. For every set of singularities as in Tbeorem 0.3, there exists an
irreducible sextic, C, such tbat

(i) C has the prescribed set of singularities, and
(ii) there exists no Galois covering ofp2 branched along C baving the third synlmetric

group as its Galois group.

Proposition 0.5. For every set of singularities as in Theorem 0.3, there exists an
irreducible sextic, C, such that

(i) C has the prescribed set of singularities, and
(ii) there exists a Galois covering ofp 2 branched along C having the third symmetric

group as its Galois group.

Remark 0.6. (i) Theorem 0.3 implies nothing about uniqueness for Zariski pairs.
The uniqueness in Conjecture 0.2 (ii) is still unknown.

(ii) For the sets of singularities of the forn1 aal + 4a2 + es, 0 < a ::; amax = 3, it is
known that there exist Zariski pairs in the cases when aal + 4a2 + e6, a < 3 (see [T2]).

Acknowledgement. This work is done during the author's visit to the Max­
Planck-Institut für Mathematik. The author expresses his sincere thanks to the institute
for its hospitality.
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Notations and Conventions.

Throughout this article, the ground field will always be the cOlnplex number field
C.

C(X) := the rational function field of X.
Let X be anormal variety, and let Y be a Slllooth variety. Let 1f : X --+ Y be a finite

morphism from X to Y. We define the branch locHs, ß(XjY), of f as folIows:

ß(XjY) = {y E YI~(1r-l(y)) < deg1r}.

For a divisor D on Y, 1f-l(D) denotes the set-theoretic inverse image of D, while
1f*(D) denotes the ordinary pullback. Also, S1tppD lneans the supporting set of D.

An 53 covering always means a Galois covcring having the third symmetrie group,
53, as it Galois group.

Let S be a finite double covering of a smooth projeetive surface :E. The "canonical
resolution" of S always means the resolution given by I-Iorikawa in [H].

Let S be an elliptic surface over C. S is said to be rninimal if the fibration is relatively
minimal. In this paper, we always assurne that an elliptic surface is minimal and has
a section So. For singular fibers of an elliptic surfacc, we use the notation of I(odaira
[K]. For the configuration of singular fibers, we shall use the same notations as those in
[M-P2] anel [P2].

We denote by F n a Hirzebruch surface of degree n.
A (-n )-curve always means a rational curve with self-intersection number -no
Let D1 , D2 be divisors.
D t l"oJ D 2 : linear equivalence of divisors.
Dt :=::: D2 : algebraic equivalence of divisors.
Dt :=:::Q D2 : Q-algebraic equivalence of divisors.
For singularities of a plane curve, we shallllse the saIne notation as in [PI]. Through­

out the article, we assume that singularities of a plane curve are at most simple.

§1 Preliminaries

It is well-known that any elliptic 1(3 surface can be obtained as a double covering of
F4 (For example, see [M2] III). In this section, we shall consider an elliptic 1(3 surface is
obtained as a double covering of p 2

• Details lnay be olnitted since most results in this
section can be proved in a similaI' way as for the corresponding results of a 1(3 surface
obtained as a double covering of Fot. For details, see [13], [N], [M2] and [PI].
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Let C be a sextic such that (i) all singularities are at most simple and (ii) C has
an e6 singularity, x. Let f : W --+ p2 be a double covering branched along C, and let
J.l : E --+ W be its canonical resolution, which satisfies the following diagram:

(1.1 )

where v : L: --+ p2 is a succession of blowing-ups and j is the induced finite double
covering. Let a be the covering transformation on t induccd by j. Note that E/ (0') = E.

Ey our assumption, t has an elliptic fibration arising [roin a pencil of lines through
x. We denote it by epx : t --+ pI. Following to Persson [PI], we call epx the standard
fibration centered at x. Note that epx has a section, So, which is an irreducible component
of the exceptional divisor of the E6 singularity, P, of vl! lying over x. Ey looking into
the canonical resolution, it is straightforward to see that other irreducible components
of the exceptional divisor of P are those of a singular fiber of type In (n 2:: 6). Thus
we obtain an elliptic K3 surface with a section So having a singular fiber, Fa, of type In
(n 2:: 6) from C in a canonical way.

We shall next look into the converse of this construction. Nanlely let ep : t --+ pI be
an elliptic K3 surface with a section So having a singular fiber, Fa, of type In (n 2:: 6).
We shall consider when t satisfies tbe following pl'operties:

(i) t is a double covering of p2 branchecl along a sextic, C, with at most simple
singulari ties.

(ii) ep : E --+ pI is the standard fibration ccntered at a tripie point of C.
For this question, the following proposition holds:

Proposition 1.2.(Persson) Let ep : E --+ pi be an elliptic K3 surface as above.
Tben there exists a degree 2 morphism 9 : E --+ p2 such that (i) the branch locus oE f is
a sextic curve, C, witb at most simple singularities, and (ii) ep : E --+ pi is the standard
libration at an e6 singularity, x, of C.

Proof of Proposition 1.1 is basically the same as that in [PI], p. 282. As ep has a
section So, E is considered as a double covering of F ... Let a' be the covering transforma­
tion, and let E/ (0") be the quotient by a'. By looking into the action of a' on a singular
fiber of type In (cf. (Bl, §1, and (N], §2), if ep has a singular fiber of type In (n 2:: 6), we
can blow down t / (0") to p2 so that (i) the branch locus of t --+ t / (a') --+ p2 is a sextic
curve, C, with an e6 singularity, x, and (ii) ep is the standard fibration centered at x.
For details, see [PI], [Bl, and (N].
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As an consequence of Proposition 1.2, we obtain a sextic with an e6 singularity from
E: in a canonical way. By looking into the corresponelencc betwecn C anel E given above,
we have the following (cf. [M2] 01' [MPl], Table 6.2):

Lemma 1.3. With t'he notations as above, if Fo = 16 or 17 , then tbere is a cor­
respondence between singular fibers oE <p and singula,rities of C. More precisely, we
have

Type of a singular fiber Fo In (n 2:: 2), # Fo 11 1*n
Type oE a singular poin t e6 an-l B. smooth poin t dn+4

11 11* 111 I 11* IV IV*
a smooth point es al e7 a2 e6

Remark 1.4. Consider E aB a double covering of F 4. Let E be a Weierstrass model
of E. t is a double covering of F4 with some rational double points, and E is considered
as the canonical resolution of E. Hence we have the following cliagram:

where ~' --+ F 4 is a succession of blowing-ups. On the other hand, let C be the sextic
curve as in Proposition 0.2, anel consider a double covering f : W -t p2 branched along
C. Then the canonical resolution of W coincides with E. Also, ~' coincides to ~ in the
diagram (1.1). Thus we have the following diagraIn:

111 +--- E: -t t
~ ~ ~

p2 +--- E = E' --+ F"

where E is a Weierstrass fibration of E.

(1.5)

Let tp : E -t pI anel C be as in Proposition 1.2. Let MW(E) be the Mordell-Weil
group of E, i.e., the group of sections, with So as the zero elelnent.

Lemma 1.6. If there is no non-trivial 2-torsion element in MW(E), then C is
irreducible.

Proof. Consider E as a double covering of F 4 , aüd let .6.0 + T be the branch locus
of it. Then T is the image of C by the birational map from p2 to F 4 in the above
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diagram. Hence if C is reducible, then T is also reducible. This means T contains a
section cOlnponent. Therefore MW(E) has a non-trivial 2-torsion element.

We shall end this section with the following two propositions which will playa key
role in proving Propositions 0.4 and 0.5.

Proposition 1.7. Let E be an elliptic [(3 surface as in Proposition 1.2, and let C
be the corresponding sextic curve. If therc exists a.n 53 covering of p 2 branched along
C, then there exists a non-trivial 3-torsion in A1W(E).

For a proof, see [T2] Proposition 4.1.

Proposition 1.8. Let E be an elliptic 1(3 surface as in Proposition 1.2, let C be
the corresponding sextic curve, and let x be tbe e6 singularity in Proposition 1.2 (ii).
Suppose that

(i) the singular fiber arising (rom x, Fo, is oE type h, and
(ii) there exists a non-trivial 3-torsion in A1W(E).
Then there exists an 53 covering ofp2 branched along C.

For a proof, see [T2], §5 and [T3], §3.

§2 Proof of Proposition 0.4

In this section, we shall use the notations of §1. We shall first reduce the existence
of a sextic curve with singularities described in Theorem 0.3 to that of an elliptic K3
surfaces with a prescribed singular fibers.

Lemma 2.1 Let E be an elliptic K3 SUfraCe as in Proposition 1.2, and let C be the
corresponding sextic curve. Then we have the following table:
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Singular tibers oE E Sei' of singularities o[ C
17 , 112 , 12 , 311 al + all + e6

17 , 112 , 511 all + es
17 , 2/s, 12 , 311 al + 2a5 + es

17 , 21s, 5/1 2as + es
17 , 19 , 13 , 21z, 11 2al + az + aB + es
17 , 19 , 13 , Iz, 311 ([1 + ([2 + aB + es

17, 19 , 13 , 511 az + aB + es
17 , IV·, 213 , 1z, 11 ai + 2az + 2es
17 , 1\/·, 213 , 3/1 2az + 2e6

This is immediate by Lemma 1.4. We shall show in §4 that every elliptic K3 surface
in the above table exists.

We now go on to prove Proposition 0.4. ßy Proposition 1.6, it is enough to show
the following two lemmas.

Lemma 2.2. Let!.p: E ~ pI be an arbitrary clliptic }(3 surface as in Lemma 2.1.
Tben tbere is no non-trivial three torsion elelnent in 1\11'V([).

Proof. Let !.p : E ~ pI be any elliptic 1<3 surfacc as in Lelnma 2.1. If E has only In
fibers, our statement easily follows from Proposition 0.2 in [T4]. vVe shall go on to the
case that !.p has a singular fibers of type IV·. 8uppose that MW( E) has a torsion of
order 3. Let s be the corresponding section, and let ( ,) denote Shioda's pairing defined
in [82]. Then, by Theorem 8.6 in [82], we have

abc
(s, s) = 4 + 28So - ;; - 3 - 2"

where a E {O, 6,10, 12}, b E {O, 2, 4, 6, 8} and c E {O, I}.
As s corresponds to a torsion, (s, s) = °by Theorenl 8.4 in [82]. This, however, is

impossible for any possible combination of a, b, c as above.

Lemma 2.3. Every C in Lemma 2.1 is irreducible.

Proof. By Lemilla 1.6, it is enough to show that i\1W(E) of the corresponding
elliptic 1(3 surface has no non-trivial 2-torsion element. We can show it in the same way
as in the proof of Lemma 2.2, so we omit it.
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§3 Proof of Proposition 0.5

In this section, we also use the notations of §1. 'vVe shall start with the following
lemma.

Lemnla 3.1. Let E be an elliptic K3 surface as in Proposition 1.2, and let C be the
corresponding sextic curve. Tben we bave the following table:

Singular fibers of E Set; oE singulal'i ties oE C
h, l 1Z, Iz , 411 al + au + e6

16 , I 1Z , 6/1 all + e6

3/6 , I z , 4/1 al + 2a5 + e6

3/6 , 6/1 2a5 + e6

16 , 19 , 13 , 2/2 , 2/1 2a 1 + az + aB + e6

16 , 19 , 13 , I z , 4/1 al + (Lz + aB + e6

16 , 19 , 13 , 6/1 az + aB + e6

16, IV·, 2/3 , 12, 2/1 al + 2a2 + 2e6

16 , IV·, 2/3 , 4/1 2az + 2e6

This is straightforward by Lemma 1.3. By Proposition 1.7, in order to prove Propo­
sition 0.5, it is enough to show the following two lelnn1as.

Lemma 3.2. There exists an elliptic 1(3 surface, E, with a non-trivial 3-torsion
element in MW(E) for all cases in Lemma 3.1.

Lemma 3.3. Every C in Lemma 3.1 is irreducible.

We shall prove Lenllna 3.2 in the next section.

Praaf of Lemma 3.3. By Lemma 1.6, it is enough to show that there is no non­
trivial2-torsion elelnent in MW(E). By Proposition 0.2 in [T4] and Ren1ark 1.10 in [SI],
there is no non-trivial 2-torsion element in MHf(E) except in the first 4 cases. We shall
show that if the configuration of singular fibers of E is {/6 , I12 , 16 ,4/1}, then there is no
non-trivial 2 torsion element in MW(E). Suppose that there is a non-trivial 2-torsion
element in MW(E), and let s be the corresponding section. Let (,) denote Shioda's
pairing. Then, by Lemma 1.2 in [T4] and Theorem 8.6 in [82], we have

3 1
(s s) = 4 - -a - 3b - -c, 2 2

where a, b, c E {O, I}. By Theorem 8.4 in [S2], the left hand side must be 0, but this
is impossible for all possible combinations of a, b, c. Similarly, we can disprove the
existence of a non-trivial 2-torsion element for remaining three cases.
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§4 Existence of elliptic K3 surfaces

In this section, we shall show that there exist elliptic K3 surfaces in Lemma 2.1
and Lemma 3.2. Our basic idea is to consider elliptic surfaces obtained as pull-backs of
rational elliptic surfaces. To this purpose, we shall first study morphisms form pI to pi.

Let f : pI ~ pI be a Inorphism of degree n. Let Vi (i = 1, ... , k) bc the brauch points

of f. We say that / has ramification type (eii), ... , e~i)) at Vi if /-1 (Vi) = {u 1, ••• , U,IJ and

the ramification index at Uj is ey). "Vith these notations, we have the following:

Lemma 4.1. There exist the following morphisms, /t, (i = 1, ...5) from pI to pI.

deg/i Branch points Ramification types

11 2 VI, V2 Vi:(2)(i=],2)

/2 3 VI, V2, V3 VI: (3), Vi: (2,1) (i = 2,3)

/3 4 VI, V2, V3 Vi: (3,1) (i = 1,2,3)

/4 4 VI, ... , Vs VI: (3,1), Vi: (2,1,1) (i = 2, ... ,5)

/5 6 VI, V2, V3, V4
VI : (3,3), V2 : (3,2,1)

V3 : (2, 2, 1, 1) V4: (2,1,1,1,1)

Proof. For morphisms of degrees 2 anel 3 in the table, it is well-known that such
morphisms exist. For morphislns of degree d ~ 4, we denote loops around Vi by Oi and
by Sd the d-th symmetrie group. Then, by covering space theory and the Riemann
existence theorem ([F), Proposition 1.2 01' [M2]), it is enough to give a map

X : 1TI(p2 \ {v!, ... , v r }) ~ Sd,

such that
(i) if the ramification type over Vi is (e ~i) , ... , e~i)), t hen X(ot) has the cycle strueture

(1) (i)
(eI,···,ek)'

(ii) x(Ji ) (i = 1, ... , r) generate a transitive Sll bgroup of Sd, anel
(iii) x(Jd ... X( Or) = 1 (Here we multiply permutations from right to left).

Hence the table below shows that morphisms elescribed in Lemma 4.1 exist.

13 x(od = (adb), X(02) = (abc), X(03) = (cbd)
/4 x(Jd = (abc), X(J2) = (ab), X(J3 ) = (ac), X(04) = (cd), X(J5) = (cd)
/5 x(Jd = (abc)(dfe), x(J2 ) = (acb)(de), x(J3 ) = (ad)(e/), x(J4) = (ad)

With Lemma 4.1, we shall prove the following.

Lemma 4.2. For every configuration of singular fibers as below, there exists an
elliptic I<3 surface, E, with a non-trivial 3-torsion in A1Hf(E).
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1. 161 l 1Z , l z, 411,

5. 16,19,13, 21z, 211,

9. 16, IV" 1213, 411

2. 161 [lZ1 611,

6. 16,19, 13, l z, 411,

10. 191 IV·, 2131 11.

3. 3/61 l z1 411 ,

7. 161 Ig, 13,611,

4. 316 , 611 ,

8. 16 , IV*, 2131 l z1 211 ,

Proof. Let 'IjJ : Y ----t pI be a rational elliptic surface with a non-trivial 3-torsion in
MW(Y). Let fi : pI ----t pI be the morphisnl as in Lelnma 4.1. Consider the pullback
surface Y Xpt pI of Y by Ji, and denote its smooth relatively minimal model by E. Since
there exists a non-trivial 3-torsion element in MW(Y), there also exists a non-trivial
3-torsion element in M W(E). Hence our problem is to investigate when E becoines
an elliptic K3 surface with a prescribed singular fibers. For this problein, we have the
following by (MPl) Table 7.1.

li Singular fibers of Y Type of a fi bel' over Vi Singular fi bers of E
11 16, 13, 311 VI : J3 , V2 : TI 3/6 , l z1 4/1

11 16 , 13, 311 VI : 13, v2 : 10 316, 611

12 IV, 16, 2/1 VI: I V, V2 : 16, v3 : 11 112 , 16, l z , 411

12 IV, 16, 211 VI : IV, V2 : 16 , v3 : 10 11Z, 16 , 611

/3 IV"', 13, 11 VI : TV"' 1V2 : 13 , v3 : 11 IV·, I g , 213, 11

/4 IV"', 13 , 11 VI: IV·, Vz : 13, V3 : 11, V4, V5 : 10 IV"', 16 , 213 , 121 211

/4 IV"', 13, 11 VI : IV·, Vz : [3, V3, V4, V5 : 10 IV"' 1 16 , 2131 411

/5 IV"', 131 I 1 VI : IV· , V2 : /3, V3 : JI, V" : 10 J91 16 , 13, 2/2 , 211

/5 1'1·, 131 11 VI : IV·, Vz : 13 , v3 : 10 , v4 : 11 Ig , 16 , 13, 12, 4/1

/5 IV"' 1131 11 VI: IV·, vz: 13, vi: 10 , (i = 3,4) Ig , 16, 131 6/1

For every configuration of singular fibers Y in the above table, it is known that there
exists such a rational elliptic surface with a non-trivial 3-torsion in MW(Y) (see [M2]
and (P2)). Now Lemma 4.2 easily follows from this table.

4. 17 , 216 , 511 ,

8. 17 , IV"' ,213,12, 11,
3. 17 , 2h, h, 3/1 ,

7. 17 , [9113,5/1,

Corollary 4.3. There exist elliptic [{3 sUl'faces with the following configurations oE
singular fibers:

1. 17 , [12, {2, 311, 2. 17 , l IZ ,511,

5. 17,101131212111, 6. 17 , Ig , 131 12 , 3It ,

9. 17 , IV·, 213 , 3/1

Proof. For configurations with only In fibers, our result is straightforward by [MP2].
For the cases 8 and 9, we obtain such elliptic K3 surfaces by applying the argument in
[M2], p.205 to an elliptic 1<3 surface having the configuration 10 in Lemma 4.2.
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