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ON INTEGRAL REPRESENTATIONS AND CRITICAL VALUES
OF CERTAIN TENSOR PRODUCT L-FUNCTIONS

A. Dabrowski

O. Introduction.

In the case of three holomorphic elliptic cusp forms Garrett [Gar] and Orloff
[Orl] (also Piatetski-Shapiro and Rallis, Garrett anel HarTis) have given an integral
representation for the corresponding tripie product L-functions. They also obtained
the Deligne's period conjecture in this case as a consequence.

In these notes we formulate a conjectural integral representation for fivefold­
product L-functions L(/I 0 ... 0 15 1 s), which from thc "motivic point of view"
may be considered as a natural generalization of the one in the tripie product case.
Assuming this identity, we obtain analytic continuation anel functional equation for
L(fl 0 ... 0 f51 s). Next, under the same assumption, we explain how arguments
similar to those in Garrett and Orloff give an algebraicity theorem for apart of
critical values so that it agrees with the Deligne's period conjecture in this case.

Perhaps it is worth lnentioning that here we use the group SPl5 and not SP5 as it
might be expected. We stress here that for tensor product L-functions L(/I @ ... 0
fm, s), m' 2:: 7, odd, we probably cannot expect such type of integral represcntations
(see the last section for a discussion).

After this' note had been written, the author informed Prof. S. Böcherer about
his conjecture and he pointed out that in case of foul' cusp forms an integral repre­
sentation of such type has not taken place (see Relnarks on p.3).

The author would like to thank the Max-Planck-Institut für Mathematik In
Bonn, where this work was done, for stimulating atlnosphere and support.
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1. Conjectural integral representation: 111=5 case, equal weights.

Let 11, ... ,15 be five holomorphic elliptic cusp forms of level one and of weight
2k , which we asSUlne to be normalized eigenforms for the Hecke operators.

Wri te the Fourier expansions

fi(z) = La(i,n)e(nz)
n?:l

Typeset by Aj \,.1S-'!EX-
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For p prime, we may write 1 - a(i,p)X + p2k-1 X2 = (1- a(i,p)X)(l - a'(i,p)X).

Define the fivefold product L-function L(/1 ® ... ® 15, s) :=

IId (1 (a(l,p) 0) (a(5,p) 0) _.9)-1
et 32 - 0 a'(l,p) @ ... (8) 0 a'(5,p) P

p

Let H" = { Z E M(n, C)IZ' = Z,Im(Z) > o} be the usual Siegel upper half-space

of genus n. Sp(n, IR) acts on H" as usual. Let Pn,o := {g E Sp(n)lg = (~ :)}.

For ZEHn and 9 = (~ ~) E Sp(n, IR) let /-leg, Z) := det(cZ + d) .

For sEC, k E Z and Z = X +iY E Hn we den.ne the non-holomorphic Eisenstein
senes

E~~\Z,s):=L,det(Im(,Z)Yfl("Z)-2k
...,

where, is summed over Pn,o(Z) \ Sp(n, Z) and 11n(Z) = (Z - Z)/2i.
This series converges for Re(s) » 0 and can be continued to a meromorphic

function in the whole s-plane.

Let

be defined by

( ~~.1 ~o27(Z], ... , zn) =

Let r = SL(2,Z), H = H1 .

JJ

Conjecture 1. We have the Jollowing integml representation

x n~=o res + (2k - 1)(3 - i) - 3)(n

res + 2k)((2s + 2k) n;=l r(2s +4k - 2j) n;=l ((4s + 4k - 2j)
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H + . . 1 15 d d n1S
2k-2 n1S (d d ) " "ere Zj = Xj zYj, J = , ... , an fi = j=1 Yj t=l Xt Yt. = means

the equality up to the possible luultiple 4>(k, s) (which the author can not imagine)
so that Theorellls 1,2 take place.

Renlarks (a) The author has at present no idea how to COlupute the integral in
the above conjecture. The method of [Gar], [Gd] is not generalized in any obvious
way. As Prof. S. Böcherer anel Dr. B. Heim informed the author, for the case

J (4)
E2k (T(Zl), ... , Z4), S)/1 (Z1 ) ... f,l (Z4 )dp,

(r\H)4

it appears infinite many orbits and in this case the corresponding Dirichlet series has
no Euler procIuct decoluposition. In any case, such type of integral representations
for tensor product L-functions seems to be not a general principle; the conjecture 1
if true, is apart from the results on tripie products, rather exception (see Concluding
Remarks).

(b) In the case of arbitrary level, we should in principle (silnilar to the case of
tripie products [GaH]) 11lultiple the left hand side in conjecture 1 by the bad factors
corresponding to level divisors.

(c) In general, let 11, ... , / m be cusp fonus of weights k1, ... , km respectively;
assurne k1 ::; k2 ::; .•. :::; km.

In a case of tripie products we have two, entirely different, cases to treat: k 1 +
k2 > k3 and k] +k2 < k3 . The first one was treated in [Gar], [Gd], [GaH], ... The
second case was considered lately by M. HaIris and S. Kudla [HaI(]: they established
the algebraicity theorelll for the central critical point.

For five cusp forms we have more cases, anel our conjecture treat the case k1 +
... + k4 > ks .

(d) The following observation is due to I. Piatetski-Shapiro (Pia].
Let k be aglobai field, E be a finite set of places, containing all the archimedean

ones. Let G be any split reductive group, defined over k. Let 7r = 0p7rp be a
cuspiclal representation of G; aSSUllle 7fp is unramified for p ~ E. Let p be an
irreducible finite dinlensional representation of LC.

Let
L E (7f,p,s) := II L p (7r p ,p,s)

pilE

be the corresponding L-function.
I. Piatetski-Shapiro constructed a Poincare series pr. (g, s) such that

where c =1= 0, and 4> is a cusp form with Whittaker model lying in automorphic
representation 7f such that 4> is right invariant under !(p, p ~ E.

Eut it turns out, that in general, the problem of 111eromorphic continuation of
pE(g, s) is equivalent to the problem of merolllorphic continuation of L E(7f, p, s).
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2. The functional equation.

In this section we deduce an explicit functional equation for L(f1 0 ... 0/s, s) from
the Conjecture 1. In what follows we need the following explicit form of functional
equation for Eisenstein series on Sp(15, IR).

Proposition 1. Let

P (lS) (Z )2k 1 S

7 7

:= 1r-1S8 f(s + 2k)((2s + 2k) TI r(2s + 4k - 2j) TI ((4s +4k - 2j)E~~S\Z, s)
j;l j=l

Then
p(lS)(Z 8 - 2k - ) = _p(lS)(Z )2k' s 2k' s

Proof: It follows, for instance, from [Boe, Miz] and routine calculations using
weIl kno\vn properties of f -function.

Put

2

M(s) := (21r)-168-S0k+2STIf(s - i(2k -l))(nL(/l 0 ... ® /s,s)
i=O

Theorem 1. Assume Conjecture 1 takes place. Then

M(s) = -iVf(lOk - 4 - s)

Proof: Multiplying Conjecture 1 by

7 7

1r-1S8r(s + 2k)((2s + 2k) TI f(2s + 4k - 2j) TI ((4s + 4k - 2j)
j=l j=l

and applying Proposition 1, we obtain

2

2-168-14k+81r-168-16k+1STI f(s + (2k - 1)(3 - i) - 3)(n L(/l 0 ... 0/5, S + 6k - 6)
i=O

2

= _2163+1Bk-120rr16s+16k-113 TI f((2k -1)(2-i)+4-s)(n L(110 ... 015, 4k+2-s)
i;O

Now the linear substitution s J------7 -s + 4k +2 gives the desirecl functional equation.
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3. Special values.

Blasius [Bla] has used Deligne's period conjecture [DeI] and some periocl caIcu­
lations to corupute the expected critical values for tensor product L-functions of
arbitrary many cusp forms. In the case of five forms of equal weight 2k we have
the following

Conjecture 2.

L(fi 0 ... 0 fs, n) !fl'l(f f )
5 E"f. 1, .. ·, 5

1T16n-50k+25 TI. < f· f· >3
l=1 I, J

for 4k - 1 ::; n ::; 6k - 3.

Theorenl 2. Conjecture 1 => Conjecture 2 for 4k + 2 ::; n ::; 6k - 6.

The proof will occupy the remainder of this section.

Let X + iY = Z = (Zij) be a variable on HIS.

Let
for i = j

for i # j

anel

For k E Z;::o, the M&'LSS operator

D2k := det(y~)7-2k 0 6,. 0 det(y)2k-7

maps C00 - Iuodular forms (with respect to Sp( 15, Z)) of weight k to those of weight
k+2.

Let
m ( . 1)

f m (s) := n s + l ;

1=0

Proposition 2.

D2kE~~5)(Z,s) = f15(5 + 2k - 7)E~~~1 (Z, S - 1)

Proof: See [Sh2].

It is weIl known (by the work of Siegel, Feit, ... ) that the series E~~) (Z, 0) is a
holomorphic function with rational Fourier coefficients for k 2 1.

For an integer r > 0 define D~~) := D2 k+2r-2 0 ... 0 D2k+ 2 0 D 2k , D~~) = 1.

The following result follows immediately from Proposition 2.
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Corollary 1. Far integers k ~ 1J r ~ 2, we haue

D (r)E(15)(Z) (15) ( )
2k 2k ,0 = c . E2k+2r Z,-r

with a non-zero rational constant c.

Also immediately from the Corollary 1 and the definition of 6., we obtain

Corollary 2. Far k ~ 1 and 0 ::; r :::; k - 1

where Q j is a homogeneo'lts polynomial with rational coeffici ents and h j ( Z1 , ... , Z15 )

is a holamorphic /nnction with rational Fourier coefficicnts. Moreover degQj = j
and '11,0 :i appcars to apower higher than r.

N ow we cun finish the prool 01 The01'em 2:

From Conjecture 1 and Corollary 2 we obtain for 0 :::; r :::; k - 1:

L(II 0 ... 0 fs, -, + 6k - 6)

1 ISr ( 1 1 )_ 46k-16r-il . _ _ -j.
-aJr LQ; ,..., 7T" h;(Zl, ... ,ZI5)

(f\IJ)l5 j=O YI Y15

with a non-zero rational nunlber a.

VVrite n = -r +6k - 6. Then 5k - 5 :::; n :::; 6k - 6 (i.e. "shifted half the critical
strip").

Now, in order to obtain Conjecture 2 for this part of the critical strip, we can
apply the Inethod of 5hinlura [5h1]. The renlaining special values (excluding the
values 4k - 1, 4k, 4k + 1, 6k - 5, 6k - 4, 6k - 3) may be obtained by using the
functional equation in Theorem 1.

4. Concluding relnarks.

(i) First we explain why in general one probably cannot expect such type of
integral representation for L{fl 0 ... 0 Im, s), rn ~ 7 odd.
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In fact, if one require that froln such an integral representation one can deduce
functional equation for the corresponding L-function and calculate apart of critical
values, then we fiust have

. x y= ratzonal x 2" 1f L(/I 0 ... 0 Im, 8 + 0') X f - lactar

Here N = ~c~=n ,M = 1nN. But 0' = ~ ((2k -1)(m,+ 1) - M2-3) E tz
2

doesn't belong to Z for m 2: 7. As in general we have no rationality theorem for

E~r;:)(Z,ß), for ß E tz, we cannot apply the ShiInura method.

(ii) Here we would like to say a few words abollt possible r-factors. On the one
hand we have Conjectllre 1 (and f -factor occuring there). On the other hand, we
may try to define r-factor directly, generalizing Garrett's construction (see [Gar;
Proposi tion 5.1]).

More precisely, for s, x E C, k E Z put

100 100(M) s+2k-2 1-2k-2s
1hk (8) = 0 ... 0 (Yl· ..Yflft) (Yl + ... +YA1)

x q;k s(Yi + ... +YAl )exp( -27r(Yi + ... +YM ))dy, ... dYM
!

where

and

qk,(y) =i: q2k,,(x)exp(-27Cixy)dx

Proposition 3. We haue

1J~~5) (s) = (-1) k 230-28-'l-58k1f lS-13-'l-28k

f(s + 2k - 1)lSf(15s + 30k - 15)f(s +4k - 2)
x--:..--------:---:..---------:....----=-------.:....

f(3s +6k - 3)f(14s +28 - 14)f(s + 2k)

Proof: Under the same lines as in proof of [Gar; Prop.5.1].

Therefore T]~~5
) ( s) is, in fact, far from being the one in Conjecture 1. However,

as we have no analogue of decomposition result [Gar; Prop.3.4} proved, we cau say
nothing lnore on that 11latter at the nlOlnent.
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